COLLOQUIUM MATHEMATICUM

Online First version

COMMUTATIVITY OF THE RESTRICTED CONNECTED HULL
IN BANACH ALGEBRAS

BY

DANIEL SUKUMAR and GAYATHRI SUGIRTHA

Abstract. The restricted topology is defined to investigate sets between the spectrum
and its hull that arise by filling the holes. In this paper, we study this topology in the
context of Banach algebras. We explore the properties of the associated connected hull that
are in common or in contrast with the well-known notions of spectrum and exponential
spectrum. Further, we deduce sufficient conditions for the commutativity of the connected
hull.

1. Introduction. Let A be a complex Banach algebra with unit 1. We
write the element A1 as A, for all A € C. Let A~! and Sing(A) be the sets
of all invertible and all singular elements of A, respectively. For any a € A,
the spectrum of a is given by

o(a):={ \eC:a- ¢ A1}

For any compact set K C C, the connected hull of K, denoted by K , is the
union of K and its holes, where the holes of K are the bounded components
of C\ K.

The spectrum, a compact subset of C [R91, Theorem 10.13], may contain

—

holes within it, and by the definition of the connected hull, o(a) fills all the
holes of the spectrum. Thus, if we have a set K C C which has some holes,
recognizing this set through a notion of spectrum in a Banach algebra A
becomes an interesting exploration.

One such example is the exponential spectrum e(a), which can be iden-
tified by using Exp(A) (= Comp 4(1,.A471)), the connected component of 1
in A=1. For any a € A, the exponential spectrum is given by

gla) ={ e C:a—\¢Exp(A)}.
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We also have the inclusion from [H76, Theorem 1],

de(a) Co(a) Cela) Cola)  (acA),
where 0K is the topological boundary of any set K in C. Therefore, £(a)
is formed by filling some of the holes of o(a) and correspondingly we have
Exp(A) € A~L. Hence, other ways of realizing the sets K such that o(a) C

K C a/(g) include expanding Exp(A) or partitioning Exp(A) into smaller
subsets.

In this setting, Mouton and Harte [MHI17] introduced the restricted con-
nected hull np(a), associated with a closed subalgebra B of A. For each
a € B, this hull satisfies

e(a) S np(a) € o(a)
and can be identified through a subset of Exp(.A). This restricted connected
hull is obtained by constructing a different topology (restricted topology) in
A and is equivalent to the exponential spectrum. Moreover, when B = A,
the restricted connected hull relative to B equals the exponential spectrum.

Mouton and Harte defined this restricted topology on any additive topo-
logical group and probed into certain properties related to this topology.
They primarily focused on the topological properties related to the group
operation (addition), and later studied this topology in the context of Ba-
nach algebras in [MHI7, [MH24]. In this paper, in Section [2 we investigate
further topological properties by exploiting the availability of the multiplica-
tive structure.

In Section [3] we see some of the properties of the restricted connected
hull. The spectrum and the exponential spectrum share many properties,
but not all. We are interested in knowing the properties that the restricted
connected hull ng(a) shares with the spectrum and/or exponential spectrum,
as well as those that are not shared. Theorem tells us that for all a € A,
ng(a) is closed and for a € B, np(a) is compact. Thus, the compactness of the
restricted connected hull partially matches the spectrum and the exponential
spectrum.

Both spectrum and exponential spectrum are Ransford spectrums cor-
responding to the Ransford sets A~! and Exp(A), respectively. So, if there
is a Ransford set K C A whose Ransford spectrum is ox such that o(a) C
ox(a) C a/(g), then it can be effectively analyzed. In this regard, Remark
ensures that the restricted connected hull can be identified by a Ransford
set.

Let K(a) be a subset of C associated with a Banach algebra element
a € A. We say K(a) commutes if for all a, b € A,

K(ab) \ {0} = K(ba) \ {0}.
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This commutativity is a well-explored and interesting area of study when
the underlying algebra is non-commutative (see |Gl [(GROS, [KRI17, M92]
RS22]). It is well known that if K(a) = o(a), then K(a) commutes [A91]
Lemma 3.1.2]. As a direct consequence, K (a) = a/(a\) also inherits the com-

mutativity property. On the other hand, if K(a) = £(a), then although
o(a) C K(a) C o(a), it does not necessarily commute [KR17, Theorem 1.1].

Motivated by the inclusion o(a) C e(a) C ng(a) C o(a), (a € B), we estab-
lish sufficient conditions for K (a) = ng(a) to commute (Theorems [4.1] [£.2).

1.1. Preliminaries. Let X be a topological space and Y be a topolog-
ical subspace of X. For any x € X, let Nbdx (z) be the set of all neighbour-
hoods of z in X, and Intx (K') and cly (K) be the interior and closure of the
set K in X, respectively. Let Compy(z, K) C X be the component of K
containing x in X.

DEFINITION 1.1 (Restricted closure). Let A be an additive topological
group and B be a subgroup of A. Let K C A. Then the restricted closure of
K in A relative to B is defined by

cB(K)={a e A:VYU € Nbdg(0), (a — U) N K # 0}.

If K C B, the restricted closure of K in A relative to B is the same as
the relative closure of K in B.

Theorem 3.5 in [MHI7| demonstrates that the restricted closure satisfies
the Kuratowski closure axioms and consequently gives rise to a topology

on A.

DEFINITION 1.2 (Restricted topology). The topology induced on an ad-
ditive topological group A by the restricted closure in A relative to a sub-
group B is the restricted topology or the B-topology.

ProprosiTION 1.3 (]MHLT7, Proposition 3.7]). If K C A, then
Int®(K) = {a € A:3U € Nbdg(0), a — U C K}.
ProprosiTION 1.4 (]MHI1T7, Proposition 3.8]). If a € A, then
Nbd®(a) = {U C A:a—U e Nbdg(0)}.

COROLLARY 1.5. Let A be a Banach algebra and B a subgroup of A. The
interior of a set and neighbourhoods in the B-topology can be described as
follows:

(1) For K C A, an element a € A belongs to Int?(K) if and only if there
exists r > 0 such that a — (B(0,7)NB) C K.
(2) Forac A,

NbdP(a) = {U C A : 3r > 0 such that a — (B(0,7) N B) C U}.
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LEMMA 1.6 ([MHI17, Lemma 3.9, Corollaries 3.10, 3.12|). Let B and C be
closed subalgebras of A such that 1 € C C B C A.

(1) If K C A, then cl(K) C cl®(K).

(2) The C-topology of A is stronger than the B-topology of A. Hence, the
B-topology is stronger than the norm topology of A.

(3) For K C A,

Int*(K) C IntB(K) € Int®(K) C cI°(K) C cIB(K) C c(K).

2. Restricted topology in Banach algebras. Throughout this sec-
tion, A will be a complex Banach algebra with unit 1 and B is a closed
subalgebra of A such that 1 € B. The set of all invertible elements of B will
be denoted by B~!, while Sing(B) = B\ B~! denotes the set of all singular
(non-invertible) elements of B.

A sequence (a,) C A is said to converge to a in the B-topology if for
every U € Nbd®(a), there exists N € N such that a, € U for all n > N.
Since A is a Banach algebra, we can see that a sequence (a,) converges
to a in the B-topology if for every r > 0 there exists N € N such that
an € a — B(0,r) N B for all n > N, and we denote it by a, 5, .

Note that when the underlying topological group A is a Banach algebra,
the B-topology is Hausdorff. Hence, the limit of any converging sequence is
unique.

LEMMA 2.1. Let a € A and (ay) be a sequence in A such that ay, 5 a
Then
(1) for allbe B, ayb LN ab,

(2) forallce A, c—ap LEN—

Proof. (1) Let U € Nbd®(ab). Then there exists 7 > 0 such that ab —
(B(0,7)NB) C U. Since ay, 5, a, there exists N € N such that for all n > N,
an € a — (B(0,r/||bl|) N B). Hence, a, —a € B and |la, — a|| < r/||b]| for
n > N. Now, for all n > N, a,b — ab = (a, —a)b € B and

lanb — abl| = [[(an — a)bl| < [lan — all [|]] <7

Hence, for all n > N, apb € ab— (B(0,7) N B) C U. Thus, a,b B, ab.

(2) Let U € Nbd®(c— a). Then there exists V' € Nbd4(0) such that U =
(c—a)—VNB. It is easy to see that, for alln > N’ ¢—a, € (c—a)-VNB = U.
Hence, ¢ — ay, LN

EXAMPLE 2.2. Let us consider the algebra A = C2. Here, a closed sub-
algebra B of C2? containing (1,1) is B = {(\,\) : A € C} (with the usual
operations).
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Let a, = (1/n,1/n). Then ay, 5, (0,0). For b = (2,1), we have anb =
(2/n,1/n) and (0,0)b = (0,0). One can see that a,b does not converge
to (0,0) in the B-topology. Thus, when b ¢ B, the sequence a,b need not
converge to ab in the B-topology.

REMARK 2.3. In a normed algebra, the multiplication operation is con-
tinuous. On the other hand, the above example shows that the multiplication
operation need not be continuous in the B-topology.

PROPOSITION 2.4. Let K C A. Then a € clP(K) if and only if there

exists a sequence (ap) in K such that ay, 5 ..

Proof. Let a € cI®(K). Then for all n € N,

[a— (B(0,1/n) N B)]N K # 0.

Let ay, € [a — (B(0,1/n) N B)] N K for all n. Then a, —a € B and ||a,, — al
< 1/n.

Let U € Nbd®(a). Then there exists N € N such that a — B(0,1/N)N B
CU. Also, a,, € a— (B(0,1/N)nB) C U for n > N. Hence, a, LAY

Conversely, assume there exists a sequence (a,,) in K such that a, 5 .
Now, for any V' € Nbd®(a) there exists 7 > 0 such that a — B(0,7)NB C V.
Since an 2 a, there exists N € N such that a, € a — B(0,r) N B for all
n > N. Hence, V N K # ), which implies a € cI5(K). =

REMARK 2.5. In the above proposition, suppose B is a closed unital
subalgebra of A such that Sing(B) C Sing(A) and a € BN cl?(A~1). Then
we can construct an invertible sequence (a,) in B such that a, 5, ..

In [MH17], Mouton and Harte proved that if U C A is closed (respectively

open or connected) in the B-topology, then for every a € A, the translated
set a + U is also closed (respectively open or connected).

LEMMA 2.6 (J]MH17, Lemma 3.17, Corollaries 3.18, 3.19]). Leta € A and
G C A.

(1) If G is closed in A in the B-topology, so is a — G.
(2) If G is open in A in the B-topology, so is a — G.
(3) If G is connected in A in the B-topology, so is a — G.

Likewise, the following lemmas characterize the circumstances under
which aU remains closed, open, or connected, whenever U is closed, open,
or connected.

LEMMA 2.7. Let K C A and a € A such that a=' € B, then clB(aK) -
aclB(K). If a € B, then acl®?(K) C c1B(aK). Moreover, if a € B, then
cdB(aK) = aclP(K).
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Proof. Let b € clP(aK). Then there exists a sequence (by,) in aK such
that b, g b. Since b,, € aK, b, = ac,, for some ¢, € K. Since a~! € B, by
Lemma ﬂ we have a='b, = ¢, 2> a~'b. This implies a~'b € cl?(K) and
hence b € a cl®(K). Thus, cl®(aK) C a clP(K).

Now, let b € cI®(K). Then there exists a sequence (by,) in K such that

by 2> b. Since a € B, aby, B, ab and it follows that ab € clf(aK). Thus,
a cdB(K) CcPuK). »

LEMMA 2.8. Let U C A be open in the B-topology and a € A such that
a~t € B. Then aU, Ua are open in the B-topology.

Proof. Let x € aU. Then x = ay for some y € U. Since U is open in the
B-topology, there exists r > 0 such that y — (B(0,r) N B) C U.

CLAIM. ay — (B(0,7/[la"Y])) N B) C aU.

Let z € ay — (B(0,7/|la”!||) N B). Then z = ay — b where b € B and
6] < r/lla”t]]. Now, a=tz =y —a~'b €y — (B(0,7)NB) C U. This implies
z € aU and hence ay — (B(0,7/|la™!|) N B) C aU.

Similarly, we can prove Ua is open in the B-topology. =

LEMMA 2.9. Let U C A be connected in the B-topology and a € B such
that a is invertible in A. Then a U, Ua are connected in the B-topology.

Proof. Suppose aU = CUD where C' and D are disjoint open sets in the
B-topology. Then U = = 'C Ua™!'D. Since a € B, both a='C and a~'D are
disjoint open sets in the B-topology. This contradicts that U is connected.
Hence, aU is connected in the B-topology.

Similarly, we can conclude that Ua is connected. m

In Lemma [2.6] it is observed that translating sets by any a € A preserves
their topological properties. In contrast, Lemmas 2.7H2.9] impose certain re-
strictions on a. These lemmas need not hold if we relax the conditions, and
the following examples support our claim.

EXAMPLE 2.10. Let A = C%2, B = C, K = {(1/n,1/n) : n € N} and
a = (2,1). It is easy to see that (0,0) € cI®(K) and hence (0,0) € a cl®(K).
But (0,0) ¢ cl®(aK). Thus, acl®(K) ¢ clP(aK).

Similarly, if K = {(2/n,1/n): n € N} and a = (1/2,1), we can see that
dB(aK) ¢ aclf(K).

REMARK 2.11. If A = C", we can find a closed subalgebra B of A and
K C Asuch that acl®(K) ¢ cl®(aK) and cl?(aK) ¢ acl®(K).

For instance, let A = C3, B = C and K = {(1/n,1/n,1/n) : n € N}.
For a = (2,1,1), we have acl®(K) ¢ cl®(aK). Similarly, we can choose a
suitable K’ C A with cl®(aK’) ¢ aclP(K").
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ExAMPLE 2.12. Let A = (C?,|| |lmax); B=C and U = B(0,1)N B =
{(A,A) 1 |[A] < 1}. Then U is open in the B-topology.

Let a = (0,1). Then aU = {(0,\) : |A\| < 1}. Let (0,\) € aU. For any
r>0,(0,A)—B0,r)NB={(—pu,A\—u): |u| <r} € aU. Hence, aU is not
open in the B-topology.

ExAMPLE 2.13. Let A = C(T), where T is the unit circle centred at 0
inCand B=C. Let U ={f, € A: f.(2) = z+r,r € C}. For any r € C,
consider the function v : [0,1] — U given by () = fi. This is a path from
fo to fr and hence the set U is path-connected. Thus, U is connected in the
B-topology.

Let h(z) = z for all z € T. Then hU = {hf, : r € C}. Consider the sets

Ulz{hfri’l“?é()}, ng{hfr:T:O}.
Let hf, € Uy. Then hf,(z) = 22 4+ rz for all z € T. For any 6 > 0, (hf, —
B(0,6) N B)NhU = {hf,} C U;. Hence U; is open in hU. Similarly, Us is
open in hU. Also we have hU = U; U Uy which implies U; and Us form a
separation for h U. Thus, h U is not connected.

REMARK 2.14. In the above example, it is evident that every singleton
subset of h U is open. Consequently, h U is a discrete set in the B-topology.

THEOREM 2.15. Let Comp®(1, A=) be the component of A~' contain-
ing 1 in the B-topology. For a € B!,

aComp®(1, A Y a! = Comp®(1, 471).

Proof. For a € B, 1 € aCompB(l,A_l)a_1 and by Lemma the
set a Comp®(1, A~1)a~! is connected in the B-topology. Hence,

aComp®(1, A~ Ya~t C CompP(1,471).
Also
Comp®(1,A71) = a7 (@ Comp®(1, A Y aHa Cat Comp®(1, A7) a.

1

By replacing a by a7+, we can deduce the desired equality m

THEOREM 2.16. Let B be a closed unital subalgebra such that Sing(B) C
Sing(A) and Exp(B) = B~!. Then

Comp®(1, A7) = Exp(B).
Proof. By [MH24, Lemma 2.1], we have
B! = Exp(B) C Comp®(1, A7 1).
If Comp®(1, A1) # B~', then CompB(1, A=)\ B! is non-empty.
CrAaM. CompB(1, A=Y\ B! is open in the B-topology.

Let a € Comp®(1, 471) \ B~!. Since a € Comp®(1, A~1), there exists
r > 0 such that a — B(0,7) N B € Comp®(1, A~1). We have Sing(B) C
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Sing(A), which implies a € Comp®(1, A=)\ B. Also B is closed in the norm
topology; thus, the distance d(a, B) between a and B is positive.
Now, let ' < min {r,d(a,B)} and b € B(0,7’) N B. Then

la = (a =)l = [l <"

Therefore, a — b € a — B(0,7) N B € Comp®(1, A1) and a — b ¢ B. It
follows that a — b € Comp®(1, A1)\ B~', implying a — B(0,7) N B C
Comp?®(1, A=1)\ B~1. Thus, Comp®(1, A=)\ B~ is open in the B-topology,
proving the claim.

Also, B~! is open in the B-topology. Hence, Comp®(1,.471) is not con-
nected, which is a contradiction. Thus, Comp?(1, A=) = B~! = Exp(B). =

3. Restricted connected hull

DEFINITION 3.1. For an element a € A, the restricted connected hull is
defined as

np(a) ={AeC:a—\¢ Comp®(1, A1)}

REMARK 3.2. For any subset K of a topological space A and t ¢ K,
we can analogously define the restricted connected hull nP(K) relative to ¢
of K, which can be found in [MHI17]. However, it is important to note that
the resulting restricted connected hull may not be a subset of C, but rather
a subset of A.

LEMMA 3.3 (JMHI17, Lemma 6.8]). Let B and C be closed subalgebras
of A such that 1€ CC B C A. Ifa € A, then

o(a) € nala) = e(a) € ns(a) S ne(a).
LEMMA 3.4. Let B be a closed subalgebra of A such that 1 € B. For
a € A, ifa’ =bab~! for some b € B~1, then ng(a’) = ns(a).

Proof. Let A € ng(a). Then
a—X\¢ Comp®(1, A7) = b(a— A\)b~! ¢ b(Comp®(1, A71))p~!
— bab~' — X\ ¢ Comp®(1, A71).
Thus, ng(a) C ng(a’). Similarly, we can prove ng(a’) C np(a). =

THEOREM 3.5. If a € A, then ng(a) is closed in C. Moreover, if a € B,
then ng(a) is compact.

Proof. Let a € A. Then the restricted connected hull of a is
ng(a) = {A e C:a— ¢ Comp®(1, A7)}
={\eC:a—\e Comp®(1, A1)}
Consider the function F': C — A given by FI(A) =a — .
CrLAIM. F is continuous from C to A with respect to the B-topology.
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Let D C C. It is enough to show that F(clc(D)) C cl®(F(D)). Let t €
cle(D) and U € Nbd®(F(t)). Then U = F(t)—V NB for some V € Nbd 4(0).

Since F' is continuous in the norm topology, F(clc(D)) C cla(F(D)).
Hence, F(t) € cla(F(D)) and (F(t) — V)N F(D) # . Choose F(a) €
(F(t) — V)N F(D). Then F(t) — F(«) € V. Now,

Ft)—Fla)=a—t—(a—a)=a—teB.

Thus, F(t) — F(a) € V N B. Hence, F(a) € U N F(D). It follows that
F(t) € cI®(F(D)). Hence, F is continuous, proving the claim.

We observe that ng(a) = F~'(Comp®(1,.471)%), and hence nz(a) is
closed in C.

Moreover, if a € B, then by [MH24, Theorem 2.2|,

ns(a) € o(a) € B(0, [lal)-
Thus, np(a) is bounded, which implies np(a) is compact whenever a € B. u

REMARK 3.6. From [MHI7, Theorem 6.7], it follows that nc(a) = C
whenever a € A\ C. Hence, if a ¢ B, ng(a) need not be compact in C.

REMARK 3.7 (Restricted connected hull as Ransford spectrum). If 2 =
BN Comp®(1, A1), then £ is an open subset of B. Moreover, by [MH24,
Corollary 3.3|, A2 C 2 for A € C\ {0}. Hence, 2 is a Ransford set in the
algebra B. In addition, the map a — ng(a) is upper semicontinuous on B as
ng(-) is a Ransford spectrum.

4. Commutativity of the restricted connected hull. In [M92], Mur-
phy posed the question of whether the exponential spectrum has the com-
mutativity property. Klaja and Ransford provided an example in [KR17|
showing that this property does not hold in general. An analogous question
arises for the restricted connected hull: does it commute?

The answer is No! Since n4(a) = ¢(a), the same example constructed by
Klaja and Ransford [KR17| demonstrates that ng(ab) \ {0} # ns(ba) \ {0}.
However, there are instances where the restricted connected hull commutes.
The following two theorems present such cases.

THEOREM 4.1. Let B be a closed unital subalgebra of A such that Sing(B)
C Sing(.A). Let a,b € B. Then

ns(ab) \ {0} = np(ba) \ {0}
provided either a or b is in the restricted closure of A~1.

Proof. Without loss of generality, let us assume a € cl® (A71). Tt follows
from [MH24 Theorem 3.4] that it is enough to show that

1 —abe Comp®(1,A7!) <= 1—ba e Comp®(1,A47}).
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Assume that 1 — ab € Comp®(1, 471). Since a € BN cl®(A~") and
Sing(B) C Sing(.A), by Proposition and Remark there exists a se-

quence (a,) C B~! such that a, B, 4. Tt follows that 1 —apb B, 1 _ab. Since
Comp®(1, A1) is open in the B-topology,
1 —apb € Comp®(1, A1)  for all n > N.
Thus,
1 —ba, = a; (1 - ayb)a, € Comp®(1, A7)  forn > N.
Since Comp®(1, A1) is closed in A~!, 1 — ba € Comp®(1, A1). =
One may naturally ask whether the converse holds. However, commu-

tativity can still occur even when a and b do not belong to cI®(A~1). The
following theorem shows that the converse need not always hold.

THEOREM 4.2. Let B be a closed unital subalgebra of A. Let a,b € B and
suppose that either a or b belongs to c1°(Z(B)B~1). Then

ns(ab) \ {0} = np(ba) \ {0}
where Z(B) = {a € A:Vx € B, ax = za}.
Proof. Without loss of generality, let us assume a € cl®(Z(B)B™1).
CASE 1: a € Z(B)B~!. Then a = zz where z € Z(B) and x € B~!. Now,
1—ab=1—zab=2(1 —bzz)r ' = z(1 — ba)z™'.
Hence 1 — ab € Comp®(1, A=) if and only if 1 — ba € Comp®(1, A~1).
CASE 2: a € c1®(Z(B)B~1)\ Z(B)B~'. Then there exists a sequence (ay,)
in Z(B)B~! such that a, 5 ..
Now assume that 1 — ab € CompP(1, A~1). Since Comp?(1, A~1)
is open, 1 — a,b € Comp®(1,.471) for n sufficiently large. By Case 1,

1 — ba, € Comp®(1, A ") for n sufficiently large. Since Comp®(1,.471)
is closed in A~!, 1 — ba € Comp®(1, 471). u

We have observed that the restricted connected hull does not commute in
general. In the example presented at the beginning of this section, the chosen
subalgebra B is the whole algebra A, leading to the non-commutativity of
the restricted connected hull. Thus, the choice of the closed unital subalgebra
B of A influences the commutativity of the restricted connected hull. This
leaves the question: For which closed unital subalgebra B of A, can we ensure
the commutativity of the restricted connected hull?
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