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Abstract. We derive rates of convergence for the mixing of operators under infinitely
divisible measures in the framework of linear dynamics on Banach spaces. Our approach
is based on the characterization of mixing in terms of codifference functionals and control
measures, and extends previous results obtained in the Gaussian setting via the use of co-
variance operators. Explicit mixing rates are obtained for weighted shifts under compound
Poisson, a-stable, and tempered a-stable measures.

1. Introduction. The mixing and ergodicity properties of Gaussian pro-
cesses and dynamical systems under Gaussian measures have been originally
studied in [WA57| and [CFS82, Chapter 14, §2 and Theorems 1 and 2|, in
connection with the spectral properties of unitary transformations, spectral
measures and Gaussian covariances.

On the other hand, characterizations of mixing of continuous linear op-
erators T : ¥ — FE invariant on a complex separable Banach space E have
been obtained in the framework of linear dynamics under a Gaussian mea-
sure p on a complex Banach space E. Recall (see, e.g., [BM09, Definition
5.23]) that a measure-preserving map T on (E, u) is strongly mizing if either
of the following two equivalent conditions is satisfied:

(i) lim p(ANT™"(B)) = u(A)u(B), A, B € B,
(i) lim I(f,9) =0, f.g € L*(E,p),
where B is the Borel o-algebra of E and
L(f.9) == f(2)9(T"2) u(dz) = | f(2) u(dz) | g(z) p(dz), n=>0.
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Likewise, T' is weakly mizing with respect to p if either of the following two
equivalent conditions is satisfied:
1 n—1
o L —k _ _
0 Jim 3 (AT H(E) - s AW(B) =0, AB € 5

n—1

(i) Tim SO I5(f,9) =0, f.g € L2(B ).
k=0

When p is a Gaussian measure on F, the mixing of linear operators 71" has
been characterized in [BM09, Theorem 5.24] and references therein using the
covariance operator R : E* — FE of u, defined by

(Ra*,y") =\ (z,2%)(z,y") u(dz), a*,y" € B,
E

where E* is the continuous dual of F and (-,-) : E x E* — C denotes
the duality product. Such characterizations have recently been extended in
IMP24] from Gaussian measures to a wide class of infinitely divisible prob-
ability measures p on real and complex separable Banach spaces E using
strong and weak mixing properties of stationary infinitely divisible processes
established in [Mar70, [RZ96, RZ97, [S13, [PV19].

Recall that a probability measure p on the Banach space E is infinitely
divisible if for every n > 1 there exists another probability measure p, on E
such that

W= fp x ek
n times
(see e.g. |Lin86l §5.1]), where * denotes measure convolution. It is known
in addition that every infinitely divisible probability measure on a complex
Banach space E has a characteristic functional of the form

(1.1) S e Re =27} (dz)
E
= eXp(—%<Rl‘*, ¥y +iRe(z,2")+ S (e'Re=7") _1_ik(2) Re (z,2%)) )\(dz))
E
for all z* € E* (see e.g. [Ros87, §II.1]), where & € E and
e R: E* — FEis a conjugate symmetric and positive semidefinite covariance

operator,
e \is a Lévy measure, i.e., a measure on E such that A\({0}) = 0 and

(1.2) S min(1, (Re (z,z*))?) M\(dz) < 0o, a* € E*,
E

e r(z) is a bounded measurable function on E such that lim, o k(z) = 1
and k(z) = O(1/]|z||) as ||z]| — oo, called a truncation function.
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In this infinitely divisible setting, the characterization result of [MP24] uses
the codifference functionals defined by

Cy (=", y7)
:= log S el Re (z,2* —y*) u(dz) ~log S i Re (z,2*) /J(dZ) ~log S e~ iRe (z,y*) ILL(dZ)
E E E
and
C'ff(fk,y*) — log S eiRe (z,2*)—iIm (z,y*) ,LL(dZ) . IOg S 67jRe (z,2*) ,UJ(dZ)
E E
—log S e YY) 1y (dz)
E

for *,y* € E*.

In Theorembelow we start by improving on Proposition 2.2 of [MP24],
by removing the vanishing support Condition [2.I] imposed therein on the
Lévy measure of the pushforwards of y by linear functionals z* € E*. This
condition originated in [Mar70l, [RZ96|, and we rely on results of [FS13|[PV19]
that relaxed it in the framework of stochastic processes. As a result, we char-
acterize the mixing of linear operators 1" via the asymptotic vanishing of the
codifferences,

. = * *1, kN : #* * *N K\
(1.3) nh_{rolocy (az™,aT™"x*) =0 and nh—{gocﬂ (az™,aT™"x*) =0

for all z* and for some a # 0 depending on x* € E*; see Theorem
In Examples and [£.4) we consider measures £ that can be treated by
Theorem , and to which Proposition 2.2 of [MP24] does not apply.

Next, we focus our attention on the speed of mixing via the derivation of
decay rates for the codifferences appearing in . In the setting of Gaussian
measures on Hilbert spaces H, covariance decay rates of the form

P
2, T"e")| < C ,
nYy

where C' is a constant independent of z*, have been obtained in [Devl13],
provided that T is o-spanning (i.e. for every o-measurable subset A C T
such that o(A) = 1, the eigenspaces ker(T'— AI), A € A, span a dense subset
of H), and T admits a y-Holderian eigenvector field for some v € (0, 1], where
o denotes the normalized Lebesgue measure on the complex unit circle. In
the more general setting of Banach spaces, similar covariance decay rates for
classes of functions which satisfy a central limit theorem have been described
in [Bay15].

In Section 3| we derive bounds on the codifferences C} (z*,T*"z*) and
Cff (x*, T*"x*) which provide quantitative estimates of mixing speed in the
infinitely divisible setting. For this, in addition to , we consider infinitely
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divisible measures with characteristic functionals of the form

(14) [ R u(dz)

E
00

:exp<—f (Rx™, " S S wuRe (z:2") —1—iu/@(u)Re(z,x*>)p(z,du)§(dz)>

for all z* € E*, where

e {p(z,)}.ek is a family of Lévy measures on R,
e ¢ is a o-finite measure on E called a control measure,
e x is the truncation function

k(u) == 1{|u‘<1} + " ’1{‘u|>1}, u € R.

In Section [ using the control measure bounds of Section [3] we derive
mixing rates under compound Poisson measures on E = (P(N), p € [1,2),
which have characteristic functional (|1.1]) and Lévy measure of the form

- Z 5)\nen (dz),
n=0

where (ep,)n>0 denotes the canonical basis of /P(N) and 0, is the Dirac mea-
sure at © € E.

In Section[5| we let p be an a-stable measure with a € (0,2)\{1}, in which
case (Rx*,y*) = 0 and the characteristic functional of y can be written by
the Tortrat Theorem [Tor77| as

(1.5) S et Re (=) (dz)

B [e.e]

= exp <ca;_L(ei“Re () _ 1 —juk(u) Re (z, z*)) \uTlfia §(dz)>
= exp(— S |IRe (z,:v*>|°‘£(dz)), x* € E*,

B
where ¢ is a finite control measure, x(u) is a truncation function, and ¢, > 0
(see also [RZ96 Sec. 3|, [Woy19, p. 6], [LT91), Corollary 5.5|, [Lin86, Theorem
6.4.4 and Corollary 7.5.2|, [Sat99, Lemma 14.11], or [PP16] Corollary 4.1]).

In particular, in Proposition we derive explicit codifference decay

rates of the form

sup |C/L_7¢($*, T*ny*)| _ ()(nom/Z)7

wyrennfoy [l [[o72 [y (|o/2

where C); 7 denotes C, or C’,f , for weighted forward shifts T"on E = (P(7Z)
under a-stable measures with a € (1/2,2) \ {1} and p € («,2a) N [1,2],
where n € (0,1) is a constant depending on 7.
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In Corollary we extend those results by deriving decay rates for the
quantity

(1L6)  Li(fg)i= | F()g(T"2) ud2) — | £(2) pld2) § () (),
E E E
where f, g are finite or infinite linear combinations of exponentials, and 1" is
a weighted forward shift as in Proposition [5.2]
In Section [6] we consider the case where y is a tempered stable measure
whose characteristic functional takes the form and p(z,du) is given by

a— L ay _
p(z,du) = <]u1+0‘e A=l () + “T+a A+“1R+(u)>du,

with a_,a4, A, Ay > 0and a € (0,1) (see [KT13| and also [Dev13]). In this
setting we derive decay rates of the form
CZJA $*,T*ny* 3
sup | ”*5)/2 *p/2)|:0(n C)
o yrep\for 12 [P72 ||y ||

for certain backward weighted shift operators on E = ¢P(Z), where ¢ € (0,1)
is a constant depending on T for codifferences and quantities of the form (|1.6));
see Proposition [6.4] and Example [6.5]

2. Mixing conditions. The goal of this section is to prove Theorem
below, which extends the necessary and sufficient conditions for the mixing
of linear operators in terms of codifference functionals in [MP24, Proposi-
tion 2.2] by removing the technical support Condition below.

Recall (see e.g. [App09, Theorem 1.2.14]) that similarly to (L.I)), every
infinitely divisible random variable on R, d > 1, has a characteristic func-
tional of the form

S PRICEDE: pu(dz)
Rd 4
— exp (=3 (Ry,yha + ilyo, yla+ | (@00 =1~ in(2)(z,p)a) v(d2) )
R4
for all y € RY, where

yo € R? is a fixed vector,

(-,)q denotes the Euclidean inner product in R?,

R : R? — R?is a symmetric and positive semidefinite covariance operator,
#(z) is a bounded measurable function on R? such that lim, .o x(z) = 1
and k(z) = O(1/]|z||) as ||z]| — oo, called a truncation function,

v is a Lévy measure on R?, i.e. a measure that satisfies v({0}) = 0 and

S min(1, (z,y)3) v(dz) < co, ye€R%
Rd
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In what follows, we consider an F-valued random variable X with infinitely
divisible distribution pu.

CONDITION 2.1. For any z* € E*, the Lévy measure v+ of the R?-valued
random variable (Re (X, z*),Im (X, z*)) satisfies

(2.1) U« (R x 20Z) =0 and vy«(27Z x R) = 0.

The above assumption originates from a condition appearing in [Mar70],
which was used in [RZ96] Theorem 1] to characterize mixing by codifferences.
The value of 27 in is chosen for consistency with the literature, however,
it can be replaced with an arbitrary non-zero constant without affecting

Condition 211

DEFINITION 2.2. Given v a measure on R% we define the set Z4(v) as
follows. If

V(RN x {2kn} xR =0 forallk€Z, j=1,...,d,
we define Zy(v) := R\ {1}, else we let
Z4(v) == LJ{I€27r :s € R\ {0} and iy(Rj_l x {s} x R > 0}.
keZ y J=1

The following result shows that for any Lévy measure v, the set R\ Z;(v)
always contains a non-zero element.

LEMMA 2.3. For any Lévy measure v on R%, the set Z4(v) either is R\ {1}
or s at most countable.

Proof. Clearly, we may assume that

V(RI7L x {2kn} x RYT) > 0
j=1
for some k € Z, otherwise Z;(v) = R\ {1} and the proof is complete.

Denoting by B4(0,1) the unit ball and by || - |4 the Euclidean norm of RY,
by definition of Lévy measures we have

| min(1, |z v(de) = | Jalividz)+ | v(dz) < oo
R4 Bd(O,l) Rd\Bd(O,l)

Letting P; : RY — R denote the projection onto the first coordinate in R,
and denoting by p the pushforward of v by P;, we have
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o0

| min(1,2%) p(dz) = | 2?p(dx)+ | p(d)

- (_171) R\(_Ll)

< | v+ | v

(—1,1)><]Rd*1 Rd\Bd(O,l)

= | (P2)?v(dz) + | (Pz)?v(da)+ | v(dw)
B4(0,1) (=1,1)xR4=1)\Ba(0,1) R\ B4(0,1)

< ||| v(dz) + S v(dz) + S v(dr)

B4(0,1) ((—1,1)xR4—1)\ B4(0,1) R4\ B4(0,1)

,1

< 00,

hence p is o-finite and therefore it has countably many atoms, i.e. there
are at most countably many values of s € R such that v({s} x R¥~1) > 0.
Repeating this argument for each coordinate, we find that the cardinality of
Z4(v) is at most that of N, i.e. countable. =

The following results are stated for complex Banach spaces, but they
also apply to real Banach spaces by ignoring vanishing imaginary compo-
nents. Theorem [2.4] below allows for the mixing property of T' to be checked
without imposing Condition [2.I] Recall that a set D C N has density one if
lim, oo |[DNA{0,1,...,n}/(n+1) =1

THEOREM 2.4. Let p be an infinitely divisible distribution on a complex
separable Banach space E. For any x* € E*, let v,+ denote the Lévy measure
of (Re (X, z*),Im(X,z*)) on R%. Then

(i) T is mizing if and only if for each x* € E* we have

. = * *1 K%\ : #* * *1 K\
nh_}nolocu(ax,aT z*)=0 and JLIEOC“(G:U’&T z¥)=0

for some non-zero a € R\ Z(vz+);
(i1) T is weakly mizing if and only if for each x* € E* there exists a density
one set Dy« C N such that
lim C(az*,aT*"z*) =0 and lim C7 (az*,aT*"z*) =0
n—oo M n—oo M
neD  x neD  «
for some non-zero a € R\ Za(vg+).

In Example we present a non-mixing operator inspired by the ex-
ample on page 282 of [RZ96|, which can be treated by Theorem while
Condition [2.1] is not satisfied. See also Example [£.4] for a mixing operator.

EXAMPLE 2.5. Let E be the (real) sequence space (P(N), p > 1, take
R :=0, & := 2mep, k such that k(z) = 1, and let A(dz) := d2ze,(dz) in (1.1)).
Then, for z* € E* such that (eg, ") = 1, the Lévy measure vz+ = Gar (e 2+)
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on R does not satisfy (2.1)). However, the application of Theorem shows
that the identity operator T' = Id is not mixing.

Proof. Let p be the infinitely divisible distribution on E = ¢P(N) with
Lévy measure A\(dz). In this case, X can be defined by X := 27 Ney where
N is a standard Poisson random variable, and we have

E[eia<X,x*>] _ S eia(z,x*) /L(dZ) _ eXp<S(eia<2,x*> — 1) )\(dZ))
E E
— exp(emio) 1)

hence for any z* € E* the random variable (X, 2*) = 27N (eg, z*) has Lévy
measure Vg« = Ogr(ey,2+)- 10 this case, we have

k
ZW(Vgr) =<8 —= 'k EZ
1(V ) {<607x*> © }
if (eg,z*) ¢ Z, and Z1(vy+) = R\ {1} otherwise. Hence,

C (ax™,aT™"z") = C} (ax", ax") = —2log S 577 1(dz)
E

_ _2(62ia7r<eo,x*) o 1)

is constant in n > 1 and does not vanish for any a € R\ Z;(v,+), therefore
Theorem [2.4) shows that T is not mixing. =

The proof of Theorem is stated at the end of this section by carrying
over Theorem 2 of [RZ96] from the stochastic process setting to the frame-
work of linear dynamics, thereby completing the characterization of mixing
of infinitely divisible measures on Banach spaces. For this, we need to prove
the following multidimensional extension of [RZ96, Theorem 2| on mixing
and weak mixing for discrete-time stochastic processes, which removes the
support condition assumed in [F'S13| Theorem 2.1] and [PV19] Theorem 4.3].

PROPOSITION 2.6. Let d > 1, and let (Xp)n>0 = (Xﬁl),...,X,(Ld))nzo
be a stationary infinitely divisible R%-valued process. Denote by vy the Lévy
measure of Xo. Then

(a) (Xn)n>0 is mizing if and only if for some non-zero a € R\ Zy(vy) we
have D)y o) )
lim E[em(Xn -X5 )] :E[ezaXo ]E[e—zaXO ]
n—oo
for any j, k € {1,...,d};
(b) (Xn)n>0 is weakly mizing if and only if for some non-zero a € R\ Zg(1p)
and a density one set D C N we have

lim DE[em(X’(lj)_Xék))] = E[emXéj>]E[e_iaXék)]
n—o00, ne

for any j,k € {1,...,d}.
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Proof. If the condition
(2.2) vo({x = (x1,...,2q) €ER?: Fj € {1,...,d}, xj € 27Z}) = 0

holds, the assertion follows from [F'S13, Theorem 2.1| in the mixing case and
from [PV19l Theorem 4.3] in the weak mixing case, hence we may assume
that does not hold. Then, as in [RZ96, Theorem 2|, we observe that
(Xn)n>0 is mixing, respectively weak mixing, if and only if (aX,)n>0 is,
and furthermore the Lévy measure v4(-) of aXy is vo(a~1(-)). Now, since
a ¢ Zi(v), it follows that

vi({z = (z1,...,2q) € R?: 35 €{1,...,d}, zj € 21Z}) = 0.
The conclusion follows for mixing by [FS13, Theorem 2.1] (see also [PV19,
Theorem 3.2]) and for weak mixing by [PV19, Theorem 4.3]. =

Proof of Theorem[2.]]. Let X denote a random variable with distribution
p on E. For any x* € E*, let the process (X2 ),>0 be defined by
X% = (Re (X, T*z*),Im (X, T*"z*)), n >0.

By [MP24, Lemma 2.1], T is mixing if and only if (X2"),>¢ is mixing for
each z* € E*, hence the claim follows from Proposition and the relations
E[eia Re (X,z*)—ia Re <X,T*”x*)]
E[eia Re (X,z*}]E[efia Re (X,m*)] ’
E[eiaRe (X,z*)—taIm (X,T*":v*)]

E[eia Re (X,:E*)]E[e—ia Im <X,x*>] ’

Cy (ax™,aT™"z") = log

C7 (az*,aT*"z*) = log

n acR. m

3. Codifference bounds. Our first step towards the derivation of cod-
ifference decay rates in (|1.3]) is to derive bounds on codifferences using Lévy
and control measures.

LEMMA 3.1 (Lévy measure bounds). Let p be an infinitely divisible dis-
tribution with characteristic functional of the form (1.1)). For every p € [0, 2],
we have the codifference bounds

(3.1) |Cq(x*,y")| < §Re(Ra*,y*)|+2"77 | |Re (z,2%) Re (2,y") |"/* A(d2),

E

and

(3:2) |C7(z*,y")| < $/Im (Ra*,y")[+2*77 | |Re (2, 2%) Im (2, y*) P/* A(d2).
E

Proof. The codifference of u can be rewritten from (1.1)) as

(83) Cr(a®,y") = LRe(Ra®,y") + [ (1R ") —1)(e iRe (o) 1) A(dz),
E



10 C. Mau and N. Privault

and

(3.4)
Cdf?czé(l'*, y*) _ %Im <Rm*,y*> + S(eiRe (z, %) 1)(e—ilm (zy*) 1) )\(dZ),
E
for x*,y* € E*. Taking the real part in (3.3]), we have

Re C;(:L‘*,y*) = %Re (Rx™,y™)
+ | ((cos(Re (z,2%)) — 1)(cos(Re (z,5)) — 1)
E
+ sin(Re (2, 2*)) sin(Re (2, y*))) A(dz).
Likewise, taking the imaginary part in (3.3)), we obtain
ImC (", y") = S(sin(Re (z,2%))(cos(Re (z,y*)) — 1)
E
— sin(Re (z, y*))(cos(Re (z,2*)) — 1)) A(dz).
Using the inequalities
(3.5) max(|cosz — 1], [sinz|) < 22_71”‘37’}7/27 z €R,
which are valid for p € [0, 2], it follows from the triangle inequality that
IRe C7 (2%, y")| < §Re (Ra*, y")| + 2°77 | [Re (2, 2*) Re (z, y") /> \(d2).
E
Similarly, we obtain

T O (2%, )] < 227 | [Re {2,%) Re (2, y*)| A(d2),
E
which yields (3.1) by the triangle inequality. Likewise, for (??) we have
ReC7 (z*,y") =  Re (Ra*, ")
+ S((cos(Re (z,2)) — 1)(cos(Im (z,y*)) — 1)

E
+ sin(Re (2, 2*)) sin(Im (2, y*))) A(dz),
implying
Re G (%, y")| < glIm (R, ™)+ 2°77 | [Re (z,2") Im (=, ") [P/* \(dz),
E
and
Im Cf‘f(m*,y*) = S((sin(Re (z,2*))(cos(Im (z,y")) — 1)
E

— sin(Im (z, y*))(cos(Re (z,2*)) — 1)) A(dz),
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implying

m CF (2%, y*) < 2°77 | |Re (z,2%) Im (=, ") [P/ A(d>2),
E

which yields (3.2)). m

Next, we consider the case where the characteristic functional of the
infinitely divisible measure u takes the form (1.4)). Recall (see [RZ96l §3])
that any random variable X with distribution p can be represented as

X = S z A(dz),
E

where A is the infinitely divisible random measure on E defined by its char-
acteristic functional

A 2 I
E[ezt/l(A)] = exp (-4 S o?(2) &(dz) + S S (e —1 —itur(u))p(z, du) §(dz))
A A —o0

for measurable A C E and t € R, where 02 : E — [0,00) is a measurable
function.

LEMMA 3.2 (Control measure bounds). Let p be an infinitely divisible
distribution with characteristic functional of the form (1.4)). For any p € [0, 2]
and ¢ > 0, we have the codifference bounds

(3.6) |Cy («*,y")| < §Re (Rz*,y")]
+ 16 S (2*10 S |ulP| Re (z,2") Re <z,y*>]p/2p(z,du) +p(z, R\ [—¢, c])) &(dz)
E —c

and
(3.7 [CF(z*,y")| < 3[Im (Ra*, y*)|

+16 § (277 | [ul’ | Re (2, 27) Tm (=, y" )20 (z, du) + pl= R \ [=c, ])) €(d)
E

—C
for x*, y* € E*.
Proof. By taking the real part in the relation
Cy (z*,y*) = § Re (Ra*,y")

oo

N S S (eiuRe (z.a*) _ 1)(e—iuRe (zy*) 1) p(z, du) &(dz)
FE —co
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for x*,y* € E*, we have

ReCy (z%,y") = $ Re (Rz*, y")
+ S S ((cos(uRe (z,2*)) — 1)(cos(uRe (z,y*)) — 1)
E —oo
+ sin(u Re (z, 2*)) sin(u Re (2, y*))) p(z, du) £(dz).

For any ¢ > 0, using (3.5)), we have

S S [(cos(uRe (z,2*)) — 1)(cos(uRe (z,y™)) — 1)| p(z, du) £(d=)
E-

C

< (227 § Il lRe 2,0%) Re (2,y7) 2 oz, du) +4 | plz.du)) €(d)
E

—c R\[—e¢,c]
Likewise,
| | Isin(uRe(z,2%)) sin(uRe (z,5"))| p(z, du) £(dz)
E —©

< § (2277 | JulIRe (2, 0) Re (2, 5) P2 plzodu) +4 - § plz,du) ) €(d=),
E —c R\[—c¢,c]

hence by the triangle inequality we have
|Re Gy, (2%, y")| < 5/Re (Rz™, y")|

[

+8§(2*p§|uyP|Re<z,x*)Re<z,y*>|P/2p(z,du)+ | p(z,du))f(dz).
B e R\[-c,d

In a similar fashion, we have

)
S( S [ulP| Re (2, 2*) Re (z, ") [P/ p(z, du) + S p(z,du)) &(dz),
- R\[—c,]

which yields (3.6). The bound (3.7 is obtained by application of similar

arguments to

Cf(w*,y*) = %Im (Rx™,y™)

Im C (2"

+

S S piuRe (22" 1)(6—iu1m(z,y*> — 1) p(z,du)&(dz). m
E

—00
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4. Compound Poisson measures. In this section, we provide an
example of mixing operator T in Proposition [£.3] that can be treated by
Theorem and to which Proposition 2.2 of [MP24] does not apply: see
Example below. For this, we consider an infinitely divisible measure p
on E = (P(N) with characteristic functional and Lévy measure

(4.1) > Oxse,(dz)
n=0

for appropriate sequences (Ap)n>0, i.e. it is the distribution of an E-valued
random variable X whose components in the canonical basis (e, )n>0 of /7(N)
are independent Poisson random variables with means (A,)n>0. We first
determine precisely the sequences (Ap)n>o for which defines a Lévy
measure on P(N), as a consequence of the following auxiliary lemma.

LEMMA 4.1. Let p € [1,2) and q be the Holder conjugate of p. For any
complex sequence (an)n>0, the following statements are equivalent:

(1) (an)nzo € £/(N).
(2) For every (bn)n>0 in the real sequence space {4(N), we have

[o.¢]
> lanl?bal* < oo
n=0

Proof. The implication (1)=-(2) follows from Hélder’s inequality

Z |an] [bn| < H(an)TLZOHZP(N)H(bn)nZOHEq(N) <

n=0

and the fact that ¢!(N) C ¢*(N). The implication (2)=-(1) follows from the
reverse Holder inequality

00 > 3 Jan|?bal? > (Z \any%) (Z ]bn\*Q/(8*1)>
n=0 n=0 n=0
applied with s := 2/p € [1,2) to any sequence (b,)n>0 € ¢9(N) such that
Re(b,) #0 foralln > 0. m

From Lemma [£.1] we obtain the following criterion for Lévy measures in
real /P(N).

LEMMA 4.2. Let p € [1,2), and let (Ap)n>0 be a real sequence. The mea-
sure A defined by

—(s=1)

A(dz) == Z Ornen (d2)
n=0

is a Lévy measure on the real sequence space ¢P(N) if and only if (Ap)n>0 €
P(N) and A\, # 0 for alln > 0.
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Proof. Let ¢ > 2 denote the Holder conjugate of p. We note that
S min(1, (z, 2*)? me 2 (e, z*)?)
r(N)
is finite for all z* € ¢4(N) if and only if

3 e, a")?
n=0

is finite for any z* € ¢9(N), i.e. if and only if

S <

for any (by,)n>0 in the real sequence space ¢9(N). The claim follows from (1.2)),

Lemma [4.1]and the fact that A({0}) = 0 if and only if A, # 0 for alln > 0.
We now turn to the main result of this section.

PROPOSITION 4.3. Let p € [1,2). Let (wn)n>0 be a positive weight se-
quence such that the sequence (Ap)n>0 defined by

n—1

Ao >0 and )\n._AOH n>1,
wp’
1=0

satisfies (Ap)n>0 € (P(N). Let p be the compound Poisson measure on the
real space E := (P(N) with characteristic functional (1.1)) given by

R:=0, 2z:= Z)\nen and k(z) = L{21p iy <maxnso An}s Z € P(N),

and the Lévy measure

(4.2) Adz) =) Oe,(d2).
n=0

Consider the weighted backward shift operator T defined by Tey := 0 and
Tent1:=wpen, n>0.
The following are true:

(1) w is an invariant measure for T'.
(2) We have

G, Ty")

e yree\{o} [|*[[P/2 ]|y |2~

<2 PZ (A ign)P?, 2%yt € B*, n > 0.
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In particular, by Theorem 2.4, T is mizing provided that

o0

nh_{glo (/\l)\lJrn)p/z =0.
=0

Proof. (1) Note that (4.2) defines a Lévy measure by Lemmal[d.2] thus p
is well-defined. To show that p is an invariant measure for 7', we use (|1.1)
and the equalities

S (eiRe {T22") _ 1 —ik(z) Re (Tz, %)) A(dz)
E

_ Z S iRe (Tz,x* —1- iIi(Z) Re <TZ,ZE*>) 5)\nen(dz)
n=0F

= 3 (e ReTens™) _ 1 _ i Re (A, Tey,27)

[e.9]

- Z(eiRe AntaTent12") _ 1 _ i Re (Ans1Tens1, x%))

n=0
0o
Z zRe (Anen,z* —1—17Re <)\n6n7x*>)

n=0

S ( iRe(za") _q _ ir(z) Re(z, x*>) Adz),
B

gy

hence |, e'R® (T22%) (dz) = 5 e'Re(22%) 1 (dz) for any z* € E*, proving
invariance.

(2) As the characteristic functional of p also takes the form ((1.4) with
£(dz) =307 0e, (dz) and p(ey, du) = 0y, (du), n > 0, we note that by
in Lemma with p € [1,2), for any ¢ > max,>0 A, we have

|C (2", T y))

= 162( 27 | Jul?l(er, @ ><€1»T*"y*>!”/2ﬂ(€udU)+p(6z,R\[—C,CD)

—C

- pzv €1, e, Ty P2

= 2% pz)\l+n (ersm, 2™) ety Ywrpn1 - - wi”/?

(e’ [4+n—1
2
< 272 PRy P2 SO N T w2
=0 i=
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=2 PP P Y o T (52

1=0 o\

4 2 2 = Al o/
=2y 1Y ()
=0 l+n

(o]
=272l [Py P (Ndgn)P?, 2t € BT
=0
In order to deduce the claim from Theorem [2.4]it suffices to note that z* € E*
is arbitrary and R\ Z;(v,+) is never empty by Lemma .

In the framework of Proposition the random variable (X, z*) has the
distribution of Y, o AnNpen, where (Ny,)n>0 is a sequence of independent
standard Poisson random variables. The Lévy measure of (X, z*) is

Vg = Z 6An(en,w*)

n>0

on R, and we have
27k
Zi\(WVpr) =< ————:n>0,kEZ,.
1) {)‘n<em$*> "= © }

In particular, for * € E* such that A\o(ep,z*) = 27, v+ does not satisfy
Condition and Proposition 2.2 of [MP24] does not apply, as in the next
example.

EXAMPLE 4.4. Let p € [1,2), v > 1, and let T be the bounded weighted
backward shift operator defined by

1\/P
Tey:=0, Tey=-eg, Tepy1:= (1 + ) en, n=>1,
n

and consider the compound Poisson measure p on the (real) sequence space
E = (P(N) with Lévy measure ([{.2)), where A, := X\o/(n + 1)7/P, n > 0, for
some Ag > 0. Then p is an invariant measure for 7', and T is mixing with
respect to u, with the rate

|C’j(x*,T*”y*)|
sup P 211 1p/2
e yreea\foy lz*[IP72]|y*||P

_ {247’)\75B(1 — /2,y = Dn~0D 1<y <2,

2 PNPB(e/2,1 — e)n~ (179, v > 2,

for n > 1, and any € € (0,1) when v > 2, where B(-,-) denotes the beta
function.
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Proof. For any v € (1,2), we have

oo oo )\p
4.3 (NP2 =
( ) ZZ; [ lz: (l +n+ 1)7/2@ + 1)7/2
T Ao poo n'™7
= (S) (z +n)/2z7/2 =% (S) (z + 1)7/227/2 da

= 24 PAPB(1 — /2,7 — 1)n~ 07D,

and we complete the proof by applying Proposition [£.3] In the case v > 2,
we observe similarly that for any € € (0,1) we have

[e.e] o0 )\p
4.4 MNA\n P2 =
( ) lzo( N+ ) Z (l—|—n—|—1)7/2(l—{—1)7/2
)\p
— (I +n+ 1)@= 6)/2(1 +1)(2-¢)/2
< AgB(s/Z 1—¢e)n~ 179,

<

;Mg I

and in both cases the claim follows from Proposition [£.3] =

5. Stable measures. In this section, we consider the case where p is
an a-stable distribution, o € (0,2) \ {1} with characteristic functional (1.5)),

ie. 02 =0, and p(z,du) in (1.4) is
du
p(z,du)zm, u # 0;

see the discussion following [RZ96, Theorem 4|. In particular, in Proposi-
tion we will derive mixing rates for a family of weighted shifts that leave
a-stable measures invariant on the sequence space /?(N), p € [1,2]. In Corol-
lary we also derive decay rates for quantities of the form for finite
and infinite linear combinations of exponentials.

LEMMA 5.1. Let p be an a-stable distribution with control measure &
on E, a € (0,2)\{1}. For any p € (o, 2] and ¢ > 0, we have the codifference
bounds

25—pcp—o
G (@™, y)] <

IRe (z,2*) Re (z, ") P2 £( dz)+7§( )

25 PP~

CF (@, y")| < [Re (z,0%) Im (z,y")[P/? € (dZ)Jrff( );

o)
ey

for xz*,y* € E*.
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Proof. By Lemma for p € («, 2] we have
Cy (@, 47
C

1 1
— * *\ |p/2
<16 S <2 PIRe (z,z*) Re (z,y") P S Ta[Fap du + S PG du> &(dz)
E - R\[—¢,]
ol=pop—a 2
=16 (22 o o) Re )2 4 2 ) €(a)
2\ p—a ac
25-pcp—a

- - * *\ |p/2 E
= ;|Re<z,x>Re<z,y>|p §(d2) + —8(B).

The proof for CZE(:B*, y*) is similar. =

In the next proposition, for p € (a,2] N [1,2] (so that ¢P(Z) is a Banach
space and Lemma applies), we provide rates for the mixing of weighted
forward shift operators on ¢P(Z) considered in [MP24, Proposition 4.2]. In
what follows, we write f(n) = Oy(g(n)) when

[f(n)] < Cylg(n)], n =0,
for Cy > 0 a constant possibly depending on y and independent of n > 0.

Also, as above, we let (e,)n>0 denote the canonical basis of /P(N).

PROPOSITION 5.2. Let o € (0,2) \ {1} and p > 1. Let (wn)nez be a
positive weight sequence such that the sequence (kn)nez defined by

0 n

1

b= kolgney ] o T Rolm=o) []e
l=n+1 =1

belongs to £%(Z). Let u be the a-stable measure on E = (P(Z), p > 1, with
characteristic functional (1.5) and control measure

£(d2) ;:% S K2 (0 (d2) + Gien (d2)).

n=—oo

and consider the weighted forward shift operator T on E defined by
Ten = wpti1€nt1, N E€Z.
The following are true:

(1) p is an invariant measure for T.
(2) Assume that p € (o, 2] N [1,2] and there exist g— > 0, g+ > 1 such that

1
n-:= sup — <1 and ny:=supuw <1
I<—q- Wi 1>q4
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with 77p/2 % nffpﬂ. Then

:775 * T*n *

= 2a/p—1 an/2 >
ooy T oo O (e ) ), 2 0

)

In particular, T is mizing when o € (1/2,2)\{1} and p € (o, 2a)N[1,2].
Proof. (1) The condition > > |kn|® < 0o ensures that ¢ is finite as a

control measure. To show that p as an invariant measure for 7', we use ((1.5)
and the equalities

S|Re (Tz,x*)|*“&(dz) = Z kS |Re (Tep, x*)|*

E n—=—oo
= Y kpwpi[Re (enyr, 2|
= Y kalRe (engr, 2| = [ [Re (z,2%)|" £(d2),
n=—00 E

hence {, et Re(T22%) 11 (dz) = 5 e Re(22%) 1 (dz) for all z* € E*, proving in-
variance.

(2) Without loss of generality, we may assume ¢_ = 0 and ¢4 = 1. We
note that the right-hand side term in Lemma can be bounded as
} IRe (z,2%) Re (2, T*"y") P2 &(dz) < [|2*|[/2 | ||2]P/%[Re (z, T*"y") [P/? £(d=2)
E
= [|l2*[[772 § ||/ [Re (z, T*"y) [P/* £(d=2)

= a*|IP2 § ll21P%|Re (T2, ") P2 £(d2)

< Nl P72y P72 § 2172|7272 € (d=)

E
for *,y* € E*, n > 0. We have
VI )T 2 ¢ (d2) Z KV 12lP2 1T 21772 (8, (d2) + Gie (d2))
E lf—oo E
l+n )
= Z kT e |7/ = Z |
l=—00 l=—00 Jj=l+1

We split the above series into three components.
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e If [ > 0, then
l+n

H u)p/2 < pn/2
j=l+1
and so
e - 2 kg /2
Zkl II «% 2 <k pelgpn? = 170(121 _
=0 j=l+1 1=0 T
o If —m < < —1, then
I+n
p/2 1 P2 o paplep/All (L2,
kl H “j _ko H a—p/2 Hw k
J=l+1 j=I+1 Y j=1
and so
T o N (a=p/2)ll], (1+n)p/2
Z ke I o8 <kl > gt
l=—n+1 Jj=l+1 l=—n+1
— k& pn/2 (a—p/2)1 pl/2 < ka pn/2 = gfp/Q !
= o' Z - Z p/2
I=—n+1 =1 N N¥
- a—p/2 2\ n+1
_ ka pn/?(n— p/ ) - (n— p/ /772-/ )
) )
_ Mnmﬂ kgt <770‘_p/ Q)n(a_p/mn
o 2 a—p/2 1+ 2 a—n/2 2 _ .
Tﬁ/ - p/ Uﬁ/ — p/ nzi/
e If [ < —n, then
T : 1 (a—p/2)l]_pli-+nl/2
P a, (a—p p|l+n
k'l H (A) —k() H a p/2 H p/2 ~ ko'f]i n_ s
j=l+1 j=l+1¥ j=l+n+1 ¥
and so
I4+n ) 2. ol ) ) 00
Z kit H wp/ < k§ Zna P/2) 7+n)/ =k Iin/ anl
l=—00 Jj=Il+1 l=n

k& (a+p/2m
1—n>""
Hence, we have
S |Re (z,2™) Re (z, T*"y*>|p/2 ¢(dz)
E
< Kl P2y P2 (Kt + Ko 4 R
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for *,y* € E*, where

a—p/2

1 n_ 1
K '_1—n3“r+ p/2_noc—p/2’ K Tl
Ky 773 p/2 (na P/Z)
T 2 —p/2 2
ni/ nc_v p/ nﬁ/

are constants independent of n > 1. Observe that since n_ < 1, we have
n(_aer/Q)" = O(n(_afp/z)n). If nﬁﬂ > nffp/z then K3 < 0 and
* *N, ¥ * * n/2
(5:2)  [IRe(z2*) Re (2, Ty ") P2 €(dz) = (1”2 ly* 700 ().
E

Conversely, if 7 p/2 < ni*p/Q then K3 > 0. We have 773_”/2 = O(n(_afp/z)”)
and thus

)

(5.3) | [Re(z,2%) Re (2, T*"y") [P/ £(dz)
E o— n
= |l* |7/ y* P20 (TP,

a—p/2

We now bound the codifferences. If np 2 S n_

Lemma and . for any ¢ > 0 we have
=/ % *1, ok * * — 2 —

G (@, Ty ) = (|2 P72y P20y (=0 2) + Op(c™®).

n/2

, since p € (a,2], by

In particular, letting c, := [|2*||~V/2(|y*||~1/?n
we get

, n > 1, putting ¢ = ¢,

C (2, Ty )| = [l2*]*2|ly* |20, (1S,
a—p/2

In the case 77p/ < n_
a7l =2 2

, a similar argument using (5.3) with ¢, :=

, n>1, gives
=/ % *N, K * || * || ala/p—1/2)n
C (@, Ty )| = ||/ 2 ][y |20, (n P72,

Likewise, a similar argument establishes the corresponding inequality for
\C,f(x*, T*"y*)|, hence we have
* * 2 —p/2
la*11°/21ly* 1720, (") if ofl% > o2
% X —1/2 2 2
e R P O D I ¥

)

|Co7 (2, Ty = {
which can be rewritten as

Cx ﬂx Ty )| = [y |20 (max(n2* ™ ) 12),

giving (5.1)). Mixing in the case of @ > 1/2 and p € (a,2a) N [1,2] follows
from Theorem and the decay of codifferences. =
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Proposition [5.2] also applies to symmetric control measures of the form

£(dz) = i S K2 (0o (d2) + 6 (d2) + Bien (d2) + 6o (d2)).

We now extend Proposition [5.2] by determining decay rates for the quantity
In(f.9) = | f(2)9(T"2) p(dz) = | f(2) p(dz) { g(2) p(dz),  n >0,
E E E
for a family of functions f, g in L?(E, 1) when T is mixing. Table [1] displays

the equivalent codifferences

CO% (a7, y*) = log | (= D0 1)
E

~log | () u(dz) — log | ™) u(dz)
E E

for x*,y* € E*, for different choices of functions ¢, .

Table 1. Function-codifference triples

¢() | ¥0) Cit(a™y")
Re(-) | —Re(") CL (™, y")
—Re() | Re() | Cu(=2"—y")
Im(-) | —Im(-) || Cp(—iz™, —iy")
—Im(+) Im(-) Cy (ix™,iy™)
Re(:) | —Im(-) Cl(e",y")
—Re(-) | Im() || Ci(-z",—y")
Im(-) Re(-) || CF (—iz*, —iy")
—Im() | —Re() Cf (ix* iy")
—Im(-) Re(+) Cff(:c*, y*)
Im(-) | —Re(") C7 (—x*, —y")
Re(+) Im(-) Cff(—ia:*, —iy™)
—Re() | —Im(-) C’ff(m ,1y")

First, we observe that the estimate (5.1)) holds for the twelve codifference
quantities in Table [1} Next, we derive bounds on I,,(f,g) for f and g in a
class of functions defined by infinite series.

COROLLARY 5.3. Let p be the a-stable measure on E = (P(Z) for a €
(1/2,2) \ {1} and p € (a,2a) N [1,2], let T be the mizing weighted forward
shift operator defined in Proposition let (¢,1) be a pair of functions given
in Table and let (aj)jen and (by)ien be complex (1 (N) sequences such that
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> oo
ST ITIP? < 00 and Y [bi] | T)"7? < .
=0 1=0

For any x*,y*, the functions

Za] ip({z,T*I x*)) and g Zblezw( 2,T*ly*)

are well-defined in L*(E, 1), and we have

(5.4) 1n(£.9)| = O gpur(max(n’*P~ . )em/2), n >0,
Proof. For any pair (¢,1) of functions in Table |1, we have
|1, (e!Be (™) g—iRed((y7))y)

= lexp(C¥ (@, ) = 11| | R () f e 1R ()
E E
< Jexp(CP¥(a",y")) — 1]
< [C2% (@) exp(ICY (2%, y™)]).
If0<n<j—1I then
exp(|C2 (T2, Ty ) = exp(|CHH (T 00" 7))

< exp(max|0¢w(T*"x* Yy )\),
n>0

and if n > max(0, j — 1), then
exp(|Cp ¥ (T2, T* "D y*)|) = exp(|CHY (2, Ty
< [oOR VNS *N )k )
< exp(rgllggl% (@, T""y")]),
where the maxima are finite by (.1). Hence, letting
Fian(2) = ¢z T 92%) g Gy (2) = €i¢(<z,T*ly*>), 7,1 >0,
by Proposition [5.2] we have
|In(fj,x*agl,y*)|
< ‘Cﬁs,w (T*ja:*, T*(n+l)y*)‘
X exp (max (mg%( |C’l‘f’w(T*”m*, vy, max |C¢’¢ (x*, T*"y™) |))
nz

< HT*jrr*ll“/zHT*ly*H”/sz*,y*,u,T(max(n_‘”/p Ln)e?), g0,

Since (a;);>0 € £*(N) and (b;);>0 € ¢*(N), we have f,g € L*(E, u), the series
Z?io [ (2) and > g.,+(2) converge absolutely for every z € E, and
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1 (£ )1 < D lagl bil [T faes g1

§,1=0
< |2y )~

o0
1 2 —1
xS Jag ol T2 102 T2 0y o (max (2P~ ) on/2)
7,0=0

2 —1
< |2 %2y O e o (max (P ) 22)

o
x> gl [l [T T /2. w
Jil=0
Since Table |1| contains every possible pair (¢,%) € {4 Re(:),£Im(-)}?
where ¢ # 1), the rate obtained in ([5.4)) also applies to f and g given by

- Zi@ 56T and o) = 30 Zb g VT,

$ED j=0 YEW 1=0
where @, ¥ are any disjoint non-empty subsets of {+Re(-), £Im(-)}, and
(ag.j)ien, ped, (by1)ien, pew are complex ¢1(N) sequences such that
o0 ] o
D lagi| ITIP? <00 and > |by| |T)|"? <00, ¢€d, ¢ W
j=0 =0

6. Tempered stable measures. In this section, we consider the case
where p is the distribution of an ¢P(N)-valued random variable of the form

o
(6.1) > kn(01n + i020)en,
n=0
where k£, is an appropriately chosen positive sequence, and 67, and 65,
are independent and identically distributed copies of a real-valued tempered
stable random variable 6, centered at zero, with two-sided index of stability
€ (0,1) and characteristic function

E[ef?] = exp(S (e — 1 — ik(x)tx) )\(d:c)), teR,

R
where )
A1) = Lfjaj<1y + ez TER,
and
e~ A |z| e—)\+m
(6.2) Adz) = a—w r-(7) dz + S o g+ (2) dz,

with a_,ay, A, Ay > 0 (see for example |K0p95, KT13|). We first derive
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criteria under which the series (/6.1)) is well-defined, i.e. is almost surely /7 (N)-
valued, as in [Sch70, MP24].

PROPOSITION 6.1. Let o € (0,1) and (kp)n>0 € ¢*(N). Then

(1) the series Y o2 o [knb1n|P converges almost surely for all p € (a, 00);
(2) the series Y o7 lknbin + iknbon|P converges almost surely for all
p € [1,00).

Proof. To prove the first statement, we use the three-series theorem of
Kolmogorov (see e.g. [Durl0]). For notational simplicity write 6, = 61 ,,. Let

O, 00| < 1/|knl,
0, [0n| > 1/]knl,
and let f(z) denote the common probability density of 6,, n > 0.

0, =

n

e The first series condition requires showing that

00 o0 00 —1/]kn|
SoP(katnl > 1) =3 (| f@ydz+ | fe)de)
n=0 n=0 1/[kn| -
19 o oo —1/|kn|
:Z S f(x)dl‘—i—z S f(z)dx
n=0 1/|kn| n=0 —oo
< 00.

We show finiteness of the first series; the second is similar. From [KT13,
Theorem 7.10] we have

f(l‘) ~ Cl‘iliaei)\'*'w
as r — 00, where
C = ay exp(—as T(—a)(As)® + a-N(=a)[(As + A2)* — (A)°))

is a positive constant. The claim follows from
o0 o0 oo

iz
| f@yde~c | exlﬁdm <c | xl%d:x - g|kn|a
1/1kn| 1/[kn| 1/1kn]
and the fact that (ky)n>0 € (*(N).
e The second series condition requires showing that
o0 o0 o0 —1/|kn|
SCE[kaP =S |knyp( | ef@)yde+ | af(2) da;)
n=0 n=0 1/|kn| —o0
00 oo 00 —1/|kn|
=Y kal? | aPf@)de+ Y [kal? | 2P f(2)da
n=0 1/|kn| n=0 -0

< Q.
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Using the asymptotics f(z) ~ Cz™17% M as & — 0o since p > a we
have

k/|kn| Ylkal  _y 1/lken|
e~ 1 c
p dx ~ ——dx < dz = kn a*p’
§ 2P f(x)de ~ C (S) oy x<C (S) e a—p| ]

hence, since (kp)n>0 € ¢*(N), we have

o0 oo C
E[|k,0|P] < knlP - —— |k |*7P .
S Bl < 3 (Il ki) <o

e The third series condition requires showing that

> Var([kn6,, 7] = (B[[knby,[*] = B[ kn6;,[7)?)
n=0 n=0
= > E[lka ) = > E[lkat), 7T
n=0 n=0
< 00.

Observe that
> E[knb), ] < 00
n=0

by applying the second series condition argument with 2p > «. Since vari-
ance is non-negative, and the second series has only non-negative terms,
it follows that this condition also holds.

Finally, the second statement follows from the first by
ja+ b’ = (Va2 +02)" < (la| + [B)? <277 (Jal’ + [bI),  p>1.

By Proposition (6.1]) defines a probability measure p with p(¢P(N))
= 1 on the space ¢P(N) of complex sequences. In Lemma we determine
the representation of the characteristic function of p of the form (1.4).

LEMMA 6.2. Let o € (0,1), p € [1,2], and let (kn)n>0 € (*(N) be a
positive sequence. Then the distribution p on (P(N) of the random series
(6.1) has characteristic functional (L.4)) with R =0, control measure

(6.3) (dz) = kg (e, (d2) + bic,, (d2)),

n=0
and Lévy measures
o= ul/kn

|u’1+oc

e—>\+’u/l{7n

plen,du) = pliep, du) = a_ 1p- (u) du + a+W1R+ (u) du.
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Proof. From [KT13, Lemma 4.1], since 6 is tempered stable on R with
Lévy measure (6.2)), k0 is tempered stable on R with Lévy measure
efk_\u\/kn ef)\+u/kn

An(du) == kSa_ 1p- (u)du + kga+W1R+ (u) du.

‘uyl—&-a

Next, by independence of the sequences (011, )n>0, (62,n)n>0, We have

S exp(iRe (z,2%)) p(dz) = E [exp (z Re <§: kn (61,0 + i02.1)en, x*>)}
n=0

P (N)

I
3

(E[exp(i Re (kn01 nen, x*))]|Elexp(i Re (knb2 pien, ac*))])

S
I
o

I
3

(E[exp(i Re (en, ™) kn01 )] Elexp(i Re (iep, x*)kneg,n)])

S
I
o

I
8

n=0

<e ( Hi giuRe (en.c” 1—iun(u)Re(en,x*»)\nligu))

X exp <kﬁ S (et Re (ien,a™) _q _ iuk(u) Re (ien, z*)) An(dU)))
R n

= exp ( S S (eiURe %) _ 1 — juk(u)Re (z,2%))
P(N)R oo
X 3 An(du) (0, (d2) + bic, (d2))),
n=0
which is of the form (1.4)) with p(e,, du) = p(iey,du) =k, *A,(du), n > 0,
and ¢ given by (6.3)), which is finite since (kn)n>0 € £*(N).
We now present codifference bounds in the tempered stable setting.
LEMMA 6.3. Let o € (0, 1) and suppose that (kn)n>0 € £*(N) is a positive

sequence. Let p € [1,2]. Let p be the distribution of (6.1) on ¢P(N). Then the
codifference bounds

(64) 10, (2", y") <2'7P(a-ATP + a4 AT (p - @)

(Zwm% m@yW%me%>mm¢Wﬂ
n=0
and

(6.5) |C7(«",y) < 2" P(a- A2 +a AT — @)

(g EP|Re (e, x™) Im (en,y >\p/2+ g kP |Im (e,, x*) Re (en,y*)]p/2>
n=0
hold for any z*,y* € (¢P(N))*.
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Proof. Using the control measure representation from Lemma we
find that Lemma implies that for any ¢ > 0 we have

(6.6) |G (2" y")

< 27 "k [Re (e, 2") Re {en, y*) [P/ * L (en) +162ka1’ )
n=0 n=0

S1 (C) 52 (C)

%)
+24_p2k:$:|1m <en7x*> Im< - >‘p/ zen +162ka1/ zen

n=0
S3(c) Sa(c)
where
. U o=A-lul/kn ¢ o—Atukn
Ic(en) = IC(Z€n) = a—_ S W du + a4 S W du
- 0
—A_|ul|/kn 0 —Ayu/kn
€ (&
<a | Tuira—p Gt as )~ du
—00 0
AN\TPT e AN\CPT e
a AP+ a N
and
, . -c ef/\_|u\/kn o0 e*)\_;,_u/kn
Ic(en) = IC(Zen) =a— S W du + a4 S W du
—00 c
o0
1 a_ + a4
S 2(CL_+(I+) S Wdu: 2?

C

This gives the bounds

Si(e) < (@ AXEP +a X (p— ) Z kP |Re (en, ) Re (e, y*) [P/,
n=0

S3(¢) < (a- AP+ a ATV (p— a) Y Kh|Im (en, ) Tm (e, y*) P72,
n=0
independently of ¢ > 0, and
Sae) < 2250 S ke < o

- ac®
n=0
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Now taking the limit as ¢ — oo in yields (6.4]). The proof for (6.5) is

similar. m

We are now in a position to provide a class of tempered stable measures
which admits a mixing operator, and to determine its mixing rate.

PROPOSITION 6.4. Let o € (0,1), p € [1,2], and let (wp)n>0 be a bounded

positive weight sequence. In the framework of (6.1), assume that the sequence
(kn)n>0 defined by ko > 0 and

n—l1
kn::kzogwl, n>1,

satisfies (kn)n>0 € *(N). Let p be the distribution of (6.1) on the Banach
space (P(N), and consider the bounded weighted backward shift operator on
P(N) defined by

Tey:=0, Tepy1:=wne,, n>0.
The following are true:

(1) p is an invariant measure for T.

(2) We have
(6.7) sup ’CE# @ Ty
wyre@m)\(oy ¥ [P/ ly*||P/?
<P P(a AT 4 a XS (p—a) SRR,
=0

for n > 0. In particular, by Theorem T is mizing provided that

o0

: p/2,p/2 _
lim > kR =0,

Proof. (1) Let the random variable X be represented as in (6.1]). Then

TX = Z kn(el,n + i92,n)T6n = Z knwn—l(el,n + i92,n)€n—1

n=0 n=1
= Z kn(el,n—i-l + Z‘92,71—&—1)671 i Z kn(el,n + ieQ,n)en = X?
n=0 n=0

where the equality in distribution follows since the 6;,’s and 6 ,’s are in-
dependent identical copies of the same random variable. The distribution of
TX is also p, thus p is an invariant measure for 7.

(2) We may represent p with characteristic functional by Lemmal6.2]
and thus the bounds of Lemma apply. For C'u:(:n*, T*"y*), we have
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o0
> kf|Re (en, %) Re (e, T*"y*) [P/
=0

Z kL IRe (er4n, z%) Re (e, y™)wy - . . w1 |/

=0
l+n—1

2
< |l |P/? ||y ||p/2§jkl+n IT «
(=0 7=l

) ) I+n—1 k; p/2
— 1P 1Y K T (2%)
J+1
/2

1=0 j=

l
2 2 g
=PI ()

* * 2 2
= [|l2* [Py Hp/ZZkf/ K2,
(=0

and likewise

Zk’”um eV T (e T ) P2 < [ P2 1772 S R,
=0

Simllarly, the same bounds hold for Cff (x*, T*"y*). The claim follows from
Lemma In particular, by Theorem T is mixing on ¢?(N) when
goes to zero as n — 00. m

As with Proposition [5.2] Lemma [6.2] and thus Proposition [6.4] can be
applied to the symmetrized control measure

£(dz) : Z kS (8¢, (d2) + 0—c, (d2) + Gje, (dz) + 0_se,, (d2)).
n=0

By controlling the quantity
o0

> 1

kP/Qk,p/Q —
Zﬂ e g(j+l+n+1)”/2(j+1)7/2

as in (4.3)—(4.4) of Example Proposition yields the following result.

EXAMPLE 6.5. Let a € (0,1), p € [1,2], and v > 1. In the context of
Proposition let T' be the bounded weighted backward shift operator on
E = (P(N) defined by

1 v/p
Tey:=0, Tept1: =11+ en, n=>0,
n+1

i.e. the weight sequence is w, = ((n + 2)/(n + 1))"/?, n > 0. Define the
coefficients of (6.1)) by
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1
k>0, kn:k )
0 ngl

and denote by p the distribution of (6.1)). Then u is an invariant measure
for T, and T is mixing with respect to u, with the rate

sup |Cp (@, T"y))|
e yrer®)\(oy [lE* P72 |ly* (P2~
{25_p(a>\a_p +a AT (p — kBB — /2,7 —)n 07D 1<y <2

257 P(a-XTP + a AT (p — a)kgB(e/2,1 — e)n= (179, v>2,
for n > 1, and for any ¢ € (0,1) when v > 2.

We now obtain convergence rates for more general functions in the tem-
pered stable setting.

COROLLARY 6.6. In the context of Proposition|6.4] let (a;j)jen and (by)ien
be two complex £*(N) sequences such that

s .
D a7 < oo
=0

For any pair (¢,1) chosen in Table !, the functions

(6.8) Za e =TTE)  ynd g(z Z betv (= T"1y")
are well-defined in L2(E,u), and if T is mizing then
69 n(f,9) = Opgur (oI D_HPR,), nz0.
=0  j=0
Proof. Asin Corollary we have f, g € L?>(E, 11). We have the estimate

> kIRe (e, 79 Re (e, T"'y") /2

1=0

oo
= Z ka]Re <6i+l—j7 x*)wi+l_j e Wipl—1 Re <6i, y*>wi cee w,;+l_1|p/2

i=max(0,j—1)

A 00 i+1—-1

<|TIP2P2 P2 >0 Ky T w2
t=max(0,5—1) s=i
LT

j 2 2 .

ol e [ [ L W e /A N )

i=max(0,j—1)
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The same estimate holds if we replace one or both of the real parts with the
imaginary part. Hence, letting

f] xT* (Z) = €i¢(<Z,T*j$*>)’ gl y* (Z) = eiw«sz*ly*»’ j7l Z 07

by Lemma [6.3| we have
‘In(fj,w*agl,y*)‘ < |Cﬁa¢(T*]$*’T*(N+l)y*)|
[oX YV} *N k% D (¥ *MN,
X exp(maX@%ICu (T2, y7)], max [ O (a7, Ty )I))

i 2 2
= TP 200 (Y WKL)

i=max(0,j—l—n)
and

<> agl bl n(£5, 90

41=0

= Ope g (D lag TIPS PR,

7,1=0 t=max(0,j—l—n)

|In(fw*>gy*)

and follows from the series convergence assumption. m

Once again, by controlling the quantity

o0 o0 1

e - :
jgo J J+l4n ]go (j+l+n+1)y/2(j+1)'y/2

as in (4.3)—(4.4) of Example we obtain the following from Corollary [6.6]
EXAMPLE 6.7. In the context of Example if
i .
D lag |1 TP < oo,
j=0
then T" admits the mixing rate

Ofgur(n 0), 1<~<2,
[1n(f,9)] = Lot ( ,(175))
Of.gur(n ) v 2>2,

for n > 1, with any € € (0,1) when v > 2, where f, g are of the form (6.8).

Finally, we also note that the rate holds for mixed exponential
functions of the form

f(Z) = Z i a¢,j€i¢(<Z’T*jx*)) and g(z) — Z i b¢7l€iw(<z’T*ly*>)’

¢ j=0 Yev =0
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where @, ¥ are any disjoint non-empty subsets of {+Re(-),£Im(-)}, and
(ag.j)jen, peds (byi)ien, pew are complex ¢! (N) sequences such that

o0
> agylIITIP? < 00, ¢ €.
=0
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