
STUDIA MATHEMATICA
Online First version

Restrictions of Békollé–Bonami weights and Bloch functions

by

Alberto Dayan, Adrián Llinares and Karl-Mikael Perfekt

Abstract. We characterize the restrictions of Békollé–Bonami weights of bounded
hyperbolic oscillation to subsets of the unit disc, thus proving an analogue of Wolff’s re-
striction theorem for Muckenhoupt weights. Sundberg proved a discrete version of Wolff’s
original theorem, by characterizing the trace of BMO-functions onto interpolating se-
quences. We consider an analogous question in our setting, by studying the trace of Bloch
functions. Through Makarov’s probabilistic approach to the Bloch space, our question can
be recast as a restriction problem for Bloch dyadic martingales on the unit circle.

1. Introduction. For 1 < p < ∞, a positive measurable weight w on
the unit circle T is said to be a Muckenhoupt Ap-weight if

[w]Ap := sup
I⊂T

�

I

w
( �

I

w
− 1

p−1

)p−1
< ∞,

where the supremum is taken over all subarcs I of the unit circle, |I| denotes
the normalized arc length of I and

�

I

w :=
1

|I|

�

I

w(θ)
dθ

2π

denotes the average of w on it. When p = 1, we say that w ∈ A1 if there
is a minimal constant C = [w]A1 such that Mw(θ) ≤ Cw(θ) for a.e. θ ∈ T,
where Mw is the Hardy–Littlewood maximal function of w,

Mw(θ) = sup
I∋θ

�

I

w.

Muckenhoupt weights are extremely important, because, for 1 < p < ∞,
we have w ∈ Ap if and only if the maximal function M is bounded on
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Lp(T, w dθ), and, furthermore, if and only if the Hilbert transform is bounded
on Lp(T, w dθ). In a famous unpublished preprint, circa 1980, Wolff charac-
terized the restrictions of Ap-weights to subsets of the unit circle.

Theorem 1.1 (Wolff, as cited in [11]). Let w ≥ 0 be a weight on a
measurable subset Ω ⊂ T, and let 1 ≤ p < ∞. Then the following are
equivalent:

(1) There exists W ∈ Ap such that w(θ) = W (θ) for almost every θ ∈ Ω.
(2) There exists q > 1 such that wq ∈ Ap,Ω. That is, if p > 1, then

sup
I⊂T

(
1

|I|

�

I∩Ω
wq

)(
1

|I|

�

I∩Ω
w

− q
p−1

)p−1

< ∞,

and similarly for p = 1.

By taking logarithms in the Wolff restriction theorem, one obtains a
characterization of the restrictions of BMO(T)-functions to Ω [11, Chap-
ter IV, Corollary 5.7]. Using this, Sundberg gave in [24] a discrete analogue
of Theorem 1.1, by describing the trace of BMOA functions on interpolating
sequences. We recall that a sequence Z = (zn)n∈N in the unit disc is inter-
polating for the space H∞ of bounded analytic functions on D if, given any
bounded sequence (wn)n∈N, there exists a ϕ in H∞ such that ϕ(zn) = wn,
n ∈ N. Let

ρ(z, w) :=

∣∣∣∣ w − z

1− wz

∣∣∣∣, z, w ∈ D,

be the pseudo-hyperbolic distance on D. Carleson [5] famously showed that
Z is interpolating if and only if it is weakly separated, inf n̸=j ρ(zn, zj) > 0,
and the measure

µZ :=
∑
n∈N

(1− |zn|2)δzn

satisfies the Carleson condition: µZ(S(I)) ≤ CZ |I|, where CZ > 0 is the
Carleson constant for the measure and I is any arc of the unit circle. We
remark that Z satisfies this latter Carleson condition if and only if

(1.1) sup
z∈D

∑
n∈N

(1− ρ2(z, zn)) < ∞.

Moreover, Carleson showed that the Carleson condition is equivalent to the
embedding condition

(1.2)
∑
n∈N

|g(zn)|2(1− |zn|2) ≲Z
1

2π

2π�

0

|g(eiθ)|2 dθ, g ∈ L2(T),

where g(z) denotes the value at z ∈ D of the Poisson extension of g to the
unit disc.
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We now give a slightly modified version of the original statement of Sund-
berg’s result, which can be read off from its proof.

Theorem 1.2 (Sundberg [24]). Given a sequence (wn)n∈N in C and a
sequence Z = (zn)n∈N in D satisfying the Carleson condition (1.1), there
exists a function f in BMO(T) such that (f(zn)− wn)n∈N ∈ ℓ∞ if and only
if there exists a function β : D → C and a number λ > 0 such that

(1.3) sup
z∈D

∑
n∈N

eλ|wn−β(z)|(1− ρ2(z, zn)) < ∞.

Moreover, if Z additionally is weakly separated (and hence interpolating),
then, for every sequence (wn)n∈N satisfying (1.3), there exists a function f
in BMO(T) with holomorphic Poisson extension such that f(zn) = wn for
every n.

The goal of this note is to describe to which extent Theorem 1.1 and
Theorem 1.2 have analog statements in the setting of Békollé-Bonami weights
and Bloch functions, respectively, on the unit disc. Following Békollé and
Bonami [3], for 1 < p < ∞, the Bp-class is defined as the family of all
weights w in the unit disc such D such that

[w]Bp := sup
I⊂T

�

S(I)

w dA
( �

S(I)

w
− 1

p−1 dA
)p−1

< ∞,

where dA denotes normalized area measure on D, and for an arc I, S(I)
denotes the corresponding Carleson square, that is, the sector

S(I) := {z ∈ D : z/|z| ∈ I, 1− |z| < |I|}.
For p = 1, we say that w ∈ B1 if there is a constant C such that Mw(z) ≤
Cw(z) for a.e. z ∈ D, where M now denotes the associated maximal function,

Mw(z) := sup
S(I)∋z

�

S(I)

w dA.

As for Muckenhoupt weights, for 1 < p < ∞, we know that w ∈ Bp if and
only if M is bounded on Lp(D, w dA), and, furthermore, if and only if the
Bergman projection is bounded on this weighted Lp-space.

However, the analogy stops at a certain point, since Békollé–Bonami
weights can be much more irregular than Muckenhoupt weights. In partic-
ular, they can easily fail to satisfy the reverse Hölder and self-improvement
properties that Ap-weights enjoy (cf. Theorem 1.1 with Ω = T). Recently,
it was discovered that these desirable properties can be recovered [2] if we
consider weights w ∈ Bp which are of bounded hyperbolic oscillation, that is,
weights for which there is a constant Lw > 0 such that

(1.4) w(z) ≤ Lww(λ)
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provided that λ and z belong to the same top-half T (I) of a Carleson box:

T (I) := {z ∈ S(I) : 1− |z| > |I|/2}.

The least constant Lw for which (1.4) holds uniformly on all intervals I is
called the constant of bounded hyperbolic oscillation of the weight w. Békollé–
Bonami weights satisfying (1.4), as well as their connection with the Bloch
space, were further explored in [18].

Under the regularity assumption (1.4), the main theorem of this article
establishes the analogue of the Wolff restriction theorem for general subsets
Ω ⊂ D. For a non-negative weight w on a measurable subset Ω ⊂ D, we say
that w ∈ Bp,Ω if
(1.5)

[w]Bp,Ω
:= sup

I⊂T

1

A(S(I))

�

S(I)∩Ω

w dA

(
1

A(S(I))

�

S(I)∩Ω

w
− 1

p−1 dA

)p−1

< ∞.

When p = 1, we define B1,Ω as the space of all weights w in Ω such that

(1.6) MΩw(z) := sup
S(I)∋z

1

A(S(I))

�

S(I)∩Ω

w dA ≤ Cw(z)

for almost every z ∈ Ω. We write [w]B1,Ω to denote the infimum of the
constants C in the above inequality.

Note that if w ∈ Bp,Ω, then w
− 1

p−1 ∈ B p
p−1

,Ω and [w
− 1

p−1 ]B p
p−1

,Ω coin-

cides with [w]
1

p−1

Bp,Ω
.

2−|I|
2

1− |I|

•
0

T

T (I)
S(I)

•

Fig. 1. Example of S(I), T (I) and their center
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Our first main result is the following:

Theorem 1.3. Let Ω ⊂ D of positive measure, and consider a weight
w of bounded hyperbolic oscillation on Ω, that is, a measurable function
w : Ω → (0,∞) satisfying (1.4) for points z, ζ ∈ Ω. Then, for 1 ≤ p < ∞,
the following statements are equivalent:

(1) There exists a weight W ∈ Bp of bounded hyperbolic oscillation such that
w(z) = W (z) for almost every z ∈ Ω.

(2) There exists q > 1 such that wq ∈ Bp,Ω.

The reader familiar with the theory of Ap weights notices that any Bp

weight of bounded hyperbolic oscillation on D is an Ap weight, where the Ap

characteristic is defined via the basis of all discs with centers in D, intersected
with D (see Lemma 2.2). On the other hand, not every Ap weight of D is
of bounded hyperbolic oscillation (e.g., [13, Example 7.1.7]) and neither is
every Bp weight of bounded hyperbolic oscillation (see [4]). Hence Theorem
1.3 does not quite follow from the known generalizations of Theorem 1.1 to
Ap weights on more general domains (see for instance [16]), since we do not
know a priori that the Ap extension is of bounded hyperbolic oscillation.

The proof of Theorem 1.3 is contained in Section 4, and it relies on
factorization techniques. More specifically, in Section 3 we prove that any
w ∈ Bp of bounded hyperbolic oscillation, p > 1, can be factored as w =

w1w
1−p
2 , where the weights w1, w2 ∈ B1 are also of bounded hyperbolic

oscillation. This type of factorization problem within a subclass of weights
has previously been considered by Borichev [4, Remark 2], where he studies
a different class of well-behaved Békollé–Bonami weights. Section 2 contains
the properties of weights of bounded hyperbolic oscillation that we will need
for our task.

With Theorem 1.3 at our disposal, it is natural to ask what an analog
of Theorem 1.2 should look like. As mentioned earlier in this Introduction,
by taking logarithms in the Wolff restriction theorem, one obtains a char-
acterization of the restrictions of BMO(T)-functions to Ω [11, Chapter IV,
Corollary 5.7]. The same is in principle true in our setting, when considering
the space

BMO(D) :=
{
f ∈ L1

loc(D) : sup
D

�

D∩D

∣∣∣f −
�

D∩D
f
∣∣∣ dA < ∞

}
,

where the supremum is taken over all discs D centered at points in D. How-
ever, as shown in [18, Section 3], the logarithm of any weight of bounded
hyperbolic oscillation is automatically in BMO(D), and the restriction prob-
lem therefore boils down to the extension of quasi-Lipschitz functions.

To obtain a more interesting restriction problem, we consider the space
B of holomorphic functions in BMO(D). This space is precisely the Bloch
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space [9, Section 5], which is usually introduced as the space of holomorphic
functions b on the unit disc such that

∥b∥B := |b(0)|+ sup
z∈D

|b′(z)|(1− |z|2) < ∞.

In other words, B is the space of holomorphic functions in D which are
Lipschitz with respect to the hyperbolic metric.

Given an interpolating sequence Z, we therefore seek to characterize the
trace of the Bloch space B onto Z. Note that condition (1.3) is directly
related to the John–Nirenberg inequality for BMO(T). For the larger Bloch
space we instead have the estimate

(1.7) sup
r∈(0,1)

2π�

0

e
a |b(reiθ)|2

− log(1−r2)
dθ

2π
≤ Ca, ∥b∥B ≤ 1, 0 < a < 1,

if b(0) = 0; see [6], [19] or [21, Th. 8.9]. Other variants and further refinements
of (1.7) are presented in [14].

The second main result of our paper deals with necessary conditions for
a sequence to be the trace of a Bloch function on an interpolating sequence:

Theorem 1.4. Let b be a Bloch function, and let (zn)n∈N be a sequence
in D satisfying the Carleson condition (1.1). Then the following hold:

(i) There exists λ > 0 such that

(1.8) sup
z∈D

sup
r∈(0,1)

∑
ρ(z,zn)<r

e
λ|b(zn)−b(z)|2

− log(1−r2) (1− ρ2(z, zn)) < ∞.

(ii) There exist λ > 0 and C > 0 such that, for all z in D, the function

N ∋ n 7→ e
λ|b(zn)−b(z)|2

− log(1−ρ2(z,zn)) (1− ρ2(z, zn))

has weak-L1-norm less than C with respect to the counting measure
on N, that is,

(1.9) #
{
n ∈ N : e

λ|b(zn)−b(z)|2

− log(1−ρ2(z,zn)) (1− ρ2(z, zn)) > t
}
≤ C

t
, t > 0.

Furthermore,

(iii) There exists a function b ∈ B and an interpolating sequence (zn)n∈N,
such that, for every λ > 0, the strong summability condition associated
to (1.9) fails at z = 0, that is,

(1.10)
∑
n∈N

e
λ|b(zn)−b(0)|2

− log(1−|zn|2) (1− |zn|2) = ∞.

Remark 1.5. Since Bloch functions are Lipschitz, we have |b(z)−b(0)| ≲
log 1

1−|z|2 . Therefore (1.10) also implies that (1.3) fails.
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Of course, Theorem 1.4 begs the following question:

Question 1.6. Suppose additionally that Z = (zn)n∈N is weakly sep-
arated, and hence interpolating. Given a sequence (wn) in C, are either of
the conditions (1.8) or (1.9) (with wn replacing b(zn), and a general given
function β(z) replacing b(z)) sufficient for the existence of a Bloch function
b such that b(zn) = wn?

The proof of Theorem 1.4 is found in Section 5. The main ingredient
comes from the insight of Makarov, [20], who showed that Bloch functions are
in one-to-one correspondence with the set of dyadic martingales on the unit
circle that satisfies a certain Lipschitz condition once seen as functions on the
dyadic tree (see (5.3) for a precise definition). In light of this correspondence,
such dyadic martingale are referred to as Bloch martingales. This establishes
a probabilistic viewpoint on Bloch functions, which comes with an additional
set of tools from probability theory to study properties of the Bloch space.
For instance, (1.7) is a consequence of the Azuma–Hoeffding inequality for
dyadic martingales; see Lemma 5.3. Moreover, the law of iterated logarithm
for Bloch martingales led Makarov to an estimate on the mean growth of
Bloch functions (see (5.4)).

In particular, any restriction problem for the Bloch space can be recast
as a restriction problem for Bloch martingales, and Question 1.6 is equally
interesting - and challenging - in such discrete probabilistic setting.

Notation. Given two positive functions f and g, f(x) ≲ g(x) denotes
that there exists a universal constant C such that f(x) ≤ Cg(x) for all x. If
also g(x) ≲ f(x), we say that f ≃ g.

2. Weights of bounded hyperbolic oscillation. The aim of this Sec-
tion is to gather those properties of weights of bounded hyperbolic oscillation
that play a role in the proof of Theorem 1.3.

First, we note that maximal functions of L1 functions are of bounded
hyperbolic oscillation:

Lemma 2.1. Let Ω be a set of positive measure of D. If f ∈ L1(Ω) then
MΩf is of bounded hyperbolic oscillation, with constant independent of f .

Proof. Let z, λ ∈ T (I) for certain arc I ⊂ T. If z ∈ S(J) for certain
J ⊂ T, then λ is included in the Carleson box generated by 3J , the interval
with the same center as J and triple its length. Then

1

A(S(J))

�

S(J)∩Ω

|f | dA ≤ 9

A(S(3J))

�

S(3J)∩Ω

|f | dA ≤ 9MΩf(λ),

so MΩf(z) ≤ 9MΩf(λ) if z, λ ∈ T (I).
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It is worth pointing out that a weight which is of bounded hyperbolic
oscillation is a Bp weight if and only if it is an Ap weight in the unit disc.
Restricted Ap weights on a measurable subset Ω ⊂ D are defined from the
Hardy–Littlewood maximal function

Mb
Ωw(z) := sup

z∈B

1

A(B)

�

B∩Ω
w dA,

where the supremum is taken over all the Euclidean balls with center in
D containing z. A weight w is in the A1,Ω class if Mb

Ωw ≤ Cw almost
everywhere on Ω. For p > 1, w is an Ap,Ω weight if

[w]Ap,Ω
:= sup

z∈B

1

A(B)

�

B∩Ω
w dA

(
1

A(B)

�

B∩Ω
w

− 1
p−1 dA

)p−1

is finite. Clearly, MΩw ≲ Mb
Ωw for all weights w. On the other hand, Mb

Ωw
can be controlled by MΩ and the constant of bounded hyperbolic oscillation
of w:

Lemma 2.2. Consider a set Ω of positive area measure. Let w be a weight
of bounded hyperbolic oscillation and p ≥ 1. Then w ∈ Bp,Ω if and only if
w is an Ap,Ω weight of D.

Proof. Let p ≥ 1. We just need to check that w ∈ Bp,Ω is an Ap,Ω-weight
as well. Let B be the intersection of an Euclidean ball with center in D and
the unit disc, and let I ⊂ T be of minimal length such that B ⊂ S(I). If
B ⊂ T (I), then

1

A(B)

�

B∩Ω
w dA

(
1

A(B)

�

B∩Ω
w

− 1
p−1 dA

)p−1

≤ supz∈B∩Ω w

infz∈B∩Ω w
≤ Lw,

where Lw is the constant of bounded hyperbolic oscillation of w.
If B ̸⊆ T (I), then A(B) is comparable to A(S(I)), by the minimality of

I and the fact that the center of B lies in D. Therefore
1

A(B)

�

B∩Ω
w dA

(
1

A(B)

�

B∩Ω
w

− 1
p−1 dA

)p−1

≤ Cp[w]Bp,Ω
.

This shows that [w]Ap,Ω
≤ Cp,Lw [w]Bp,Ω

for all p > 1. When p = 1, the same
argument yields

MΩw(z) ≲ Mb
Ωw(z) ≲ max {Lw,MΩw(z)}.

Then the two maximal functions are comparable on weights of bounded
hyperbolic oscillation, and w ∈ A1,Ω if and only if w ∈ B1,Ω.

3. Factorization of restricted weights. The aim of this section is
to prove a factorization result within the class of Bp weights which are of
bounded hyperbolic oscillation on a measurable Ω ⊂ D. The first step in
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doing so is to describe weights in Bp,Ω as those that characterize the weak
boundedness of the associated maximal function MΩ. To this end, we will
use dyadic tools from modern harmonic analysis.

Let Dθ, 0 ≤ θ ≤ 1, be the collection of all of the arcs of the form

I =

{
e2πit :

j

2k
≤ t− θ <

j + 1

2k

}
, 0 ≤ j < 2k, k ≥ 0.

These are usually called the dyadic grids of T. Given a dyadic grid Dθ, we
will write [w]Bp,Ω,θ

and MΩ,θ to denote the dyadic version of the Békollé-
Bonami characteristic and the maximal function defined in (1.5) and (1.6),
respectively. Namely,

[w]Bp,Ω,θ
:= sup

I∈Dθ

1

A(S(I))

�

S(I)∩Ω

w dA

(
1

A(S(I))

�

S(I)∩Ω

w
− 1

p−1 dA

)p−1

and
MΩ,θw(z) := sup

S(I)∋z, I∈Dθ

1

A(S(I))

�

S(I)∩Ω

w dA.

We write [w]B1,Ω,θ to denote the infimum of the constants C for which
MΩ,θw ≤ Cw almost everywhere in Ω. For all p ≥ 1, a weight w is in
the Bp,Ω,θ class if [w]Bp,Ω,θ

< ∞.
It is clear that Bp,Ω ⊂ Bp,Ω,θ for all 0 ≤ θ < 1. We can use an observa-

tion by Hytönen and Pérez [15] (even though it seems it can be originally
attributed to Garnett and Jones [12] and Christ) to see that Bp,Ω is the finite
intersection of certain dyadic Békollé–Bonami weight classes. In order to do
so, we require the following covering lemma. We refer the reader to [10] for
further information regarding dyadic coverings.

Lemma 3.1. For all I ⊂ T there exists a J ∈ D0 ∪ D1/3 such that I ⊂ J
and |J | ≤ 8|I|.

Proof. Let k ∈ N be chosen so that 2−k−1 < |I| ≤ 2−k, and let’s ar-
gue by contradiction. If I is not included in any interval of D0 ∪ D1/3

of length 2−k+2, then there are some j1, j2 ∈ {0, . . . , 2k−2 − 1} such that

e
2πi

j1
2k−2 , e

2πi
(

1
3
+

j2
2k−2

)
∈ I. Thus we have

|I| ≥ min
0≤k<2k−2

∣∣∣∣13 − j

2k−2

∣∣∣∣ = min
0≤k<2k−2

∣∣∣∣ ∞∑
l=1

1

22l
− j

2k−2

∣∣∣∣ = ∑
2l>k−2

1

22l
> 2−k,

reaching the desired contradiction.

This implies that, while the dyadic Békollé–Bonami classes are bigger
than the continuous ones, by intersecting two particular ones we recover
classic Bp weights:
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Corollary 3.2. If p ≥ 1, then Bp,Ω = Bp,Ω,0 ∩Bp,Ω,1/3. Moreover,

(3.1) MΩf(z) ≃ MΩ,0f(z) +MΩ,1/3f(z) for all f in L1(D).
We are now ready to show that Bp,Ω and its dyadic versions are the

weights that characterize the weak boundedness of the their corresponding
maximal function. The same can be said about Ap,Ω regarding Mb

Ω, but we
will not explicitly prove it because it will not play a role in our argument.
Since these three classes of weights are distinct, these weak boundedness
properties can be understood as a fundamental difference between the max-
imal functions MΩ, MΩ,θ and Mb

Ω.

Theorem 3.3. Let w ∈ L1(Ω) \ {0} be a non-negative weight, and let
p > 1. If w ∈ Bp,Ω, then the weak-type inequality

(3.2) w
(
{z ∈ Ω : MΩf(z) > λ}

)
≲

[w]Bp,Ω

λp
∥f∥pLp(Ω,w),

where w(E) :=
	
E w dA, holds for all λ > 0 and f ∈ Lp(Ω,w). Conversely,

if the restricted maximal operator is of weak-type (p, p) with respect to w,
then w is a Bp,Ω-weight.

Proof. In light of Corollary 3.2, it is enough prove the dyadic version of
the statement.

First, assume that MΩ,θ is of weak-type (p, p). Take I ∈ Dθ such that
w
(
S(I) ∩ Ω

)
> 0. If K ⊂ S(I) ∩ Ω is a measurable set with positive area,

we see that

w(S(I) ∩Ω) ≤ w

({
z ∈ Ω : MΩ,θχK(z) ≥ A(K)

A(S(I))

})
≤ C

(
A(S(I))

A(K)

)p

w(K).

Choosing I = T, we realize that w cannot vanish in a set of positive area.
Testing with the function

fn := w−1/(p−1)χS(I)∩Ω∩{w−1/(p−1)≤n}

and the number λn = 1
A(S(I))

	
S(I)∩Ω fn dA in (3.2), we see that

1

A(S(I))

�

S(I)∩Ω

w dA

(
1

A(S(I))

�

S(I)∩Ω∩{w−1/(p−1)≤n}

w
− 1

p−1 dA

)p−1

≤ C

for all n ≥ 1. Therefore the monotone convergence theorem and the fact that
w > 0 almost everywhere yield

1

A(S(I))

�

S(I)∩Ω

w dA

(
1

A(S(I))

�

S(I)∩Ω

w
− 1

p−1 dA

)p−1

≤ C, ∀I ∈ Dθ,

and hence w is a restricted dyadic Békollé–Bonami weight.
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Now, assume w ∈ Bp,Ω,θ, take f ∈ Lp(Ω,w), let λ > 0, and consider the
superlevel set Eλ := {z ∈ Ω : MΩ,θf(z) > λ}. If z ∈ Eλ, then there exists
I ∈ Dθ with z ∈ S(I) ∩Ω and

1

A(S(I))

�

S(I)∩Ω

|f | dA > λ,

so that S(I) ∩ Ω ⊂ Eλ. Therefore, by the dyadic structure, we have Eλ =⋃
I∈J (S(I) ∩Ω) for a disjoint collection J ⊂ Dθ satisfying

1

A(S(I))

�

S(I)∩Ω

|f | dA > λ, I ∈ J .

Therefore Hölder’s inequality implies that

w(S(I) ∩Ω)

≤

	
S(I)∩Ω |f |pw dA

λp

1

A(S(I))

�

S(I)∩Ω

w dA

(
1

A(S(I))

�

S(I)∩Ω

w
− 1

p−1 dA

)p−1

≤
[w]Bp,Ω,θ

λp

�

S(I)∩Ω

|f |pw dA

for all I ∈ J , and hence (3.2) holds for the maximal function MΩ,θ. We
conclude the proof by applying (3.1).

Remark 3.4. When Ω = D, w ∈ Bp if and only if M is bounded on
Lp(D, w). The same can be said regarding the dyadic case. See, for in-
stance, [17].

Next we will prove a factorization theorem for Bp,Ω. This result is a
consequence of Rubio de Francia’s factorization techniques [22]. Nevertheless,
we include a constructive proof whose original idea is due to Coifman, Jones
and Rubio de Francia [7], as we will need to inspect the details of this
proof when considering factorization within the class of weights which are of
bounded hyperbolic oscillation.

Theorem 3.5. Let Ω ⊂ D a measurable set with positive area and p > 1.
If w ∈ L1(Ω) \ {0} has the property that MΩ is bounded on Lp(Ω,w)

and L
p

p−1 (Ω,w
− 1

p−1 ), then there exist B1,Ω weights w1 and w2 such that
w = w1w

1−p
2 and

[w1]B1,Ω
, [w2]

p−1
B1,Ω

≤ 2(∥MΩ∥
L

p
p−1 (Ω,w

− 1
p−1 )

+ ∥MΩ∥p−1
Lp(Ω,w)).

Moreover, if w is of bounded hyperbolic oscillation, then so are w1 and w2.

Proof. Assume that p ∈ (1, 2] (if not, we can factor w
− 1

p−1 ∈ B p
p−1

,Ω

instead). Consider the operator defined as
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(3.3) S(f) := MΩ(fw)w
−1 +Mp−1

Ω (|f |
1

p−1 ).

It is plain that MΩ is a positive and sublinear operator. Since 1 < p ≤ 2,
it is not difficult to check that S is also positive and sublinear. Moreover,
S is bounded from L

p
p−1 (Ω,w) to itself. Indeed, if f ∈ L

p
p−1 (Ω,w) then

|f |
1

p−1 ∈ Lp(Ω,w) and fw ∈ L
p

p−1 (Ω,w
− 1

p−1 ), so we have

∥Mp−1
Ω (|f |

1
p−1 )∥

L
p

p−1 (Ω,w)
≤ ∥MΩ∥p−1

Lp(Ω,w)∥f∥L
p

p−1 (Ω,w)

and
∥MΩ(fw)w

−1∥
L

p
p−1 (Ω,w)

≤ ∥MΩ∥
L

p
p−1 (Ω,w

− 1
p−1 )

∥f∥
L

p
p−1 (Ω,w)

.

Observe also that, by definition, the operator S satisfies

Mp−1
Ω (|f |

1
p−1 ) ≤ S(f) and MΩ(fw) ≤ S(f)w,

for all f ∈ L
p

p−1 (Ω,w).
Now, consider the function

(3.4) f :=
∞∑
k=0

Sk(u)

(2∥S∥)k
∈ L

p
p−1 (Ω,w),

where u is any positive L
p

p−1 (Ω,w) function (for instance, we might fix
u ≡ 1). Since S is positive and sublinear, an immediate computation shows
that

S(f) ≤
∞∑
k=1

Sk+1(u)

(2∥S∥)k
= 2∥S∥

∞∑
m=2

Sm(u)

(2∥S∥)m
≤ 2∥S∥f

almost everywhere in Ω. Therefore

MΩ(f
1

p−1 ) ≤ (2∥S∥)
1

p−1 f
1

p−1 and MΩ(fw) ≤ 2∥S∥fw.

In other words, we find that w1 := fw and w2 := f
1

p−1 belong to B1,Ω and
moreover

[w1]B1,Ω
≤ 2(∥MΩ∥

L
p

p−1 (Ω,w
− 1

p−1 )
+ ∥MΩ∥p−1

Lp(Ω,w)),

[w2]B1,Ω
≤ 2

1
p−1 (∥MΩ∥

L
p

p−1 (Ω,w
− 1

p−1 )
+ ∥MΩ∥p−1

Lp(Ω,w))
1

p−1 .

Since w = w1w
1−p
2 , we have obtained the desired factorization.

Note that, at this point, we have not required the fact that w is of
bounded hyperbolic oscillation. Without this assumption, of course the fac-
tors may fail to satisfy this property.

Now suppose that w is of bounded hyperbolic oscillation. In light of
Lemma 2.1, observe that for any positive u the operator S(u) introduced
in (3.3) is of bounded hyperbolic oscillation as well, with constant less than
or equal to 9Lw. Hence, the function defined in (3.4) satisfies Lf ≤ 9Lw,
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and therefore Rubio de Francia’s factorization result also holds within this
subclass of weights.

4. Proof of Theorem 1.3. The first ingredient of the proof of Theorem
1.3 is the following lemma, whose proof is mostly based on Theorem 3.4 in
Chapter II of [11], although the original idea goes back to [8].

Lemma 4.1. Let w be an integrable weight in D. Then, for every γ ∈
(0, 1) we have that (Mw)γ ∈ B1. Furthermore, [(Mw)γ ]B1 ≲ C for some
C = C(γ).

Proof. First, we will show that

M0(Mw)γ ≲ (Mw)γ

in D, with a constant depending only on γ. Let I ∈ D0 and z ∈ S(I). Consider
J1, J2 ∈ D1/3 of the same generation such that S(I) ⊂ S(J1)∪S(J2). Define
the weights w1 = wχS(J1)∪S(J2) and w2 = w − w1.

On the one hand, we have
�

S(I)

(Mw1)
γ dA =

γ

A(S(I))

∞�

0

tγ−1A({z ∈ S(I) : Mw1(z) > t}) dt.

Observe that

γ

A(S(I))

w(S(I))
A(S(I))�

0

tγ−1A({z ∈ S(I) : Mw1(z) > t}) dt ≤
(
w(S(I))

A(S(I))

)γ

and since M is of weak-type (1, 1) (with respect to the area measure) we
deduce that

γ

A(S(I))

∞�

w(S(I))
A(S(I))

tγ−1A
(
{z ∈ S(I) : Mw1(z) > t}

)
dt

≤
γ∥w1∥L1(D)

A(S(I))

∞�

w(S(I))
A(S(I))

tγ−2 dt ≤ γ

1− γ

∥w1∥L1(D)

A(S(I))

(
w(S(I))

A(S(I))

)γ−1

.

Let ζ1, ζ2 ∈ T (I) such that ζ1 ∈ S(J1) and ζ2 ∈ S(J2). Without loss
of generality, we may choose that ζ1 has the same argument as z, so that
Mw(ζ1) ≤ Mw(z) (see Figure 2).

Since ∥w1∥L1(D) = w(S(J1)) + w(S(J2)) we have

∥w1∥L1(D)

A(S(I))
≤ Mw(ζ1) +Mw(ζ2)
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•z•
ζ1

•
ζ2

T

Fig. 2. Example of S(I) and S(J1) ∪ S(J2)

and hence Lemma 2.1 yields
�

S(I)

(Mw1)
γ dA ≲

γ

1− γ
(Mw(z))γ .

Since w2 is supported outside S(J1) ∪ S(J2), we have
�

S(I)

(M0w2)
γ dA = (M0w2)

γ(z) ≤ (Mw(z))γ

and�

S(I)

(M1/3w2)
γ dA

=
A(S(J1) ∩ S(I))(M1/3w2(ζ1))

γ +A(S(J2) ∩ S(I))(M1/3w2(ζ2))
γ

A(S(I))
.

Again Lemma 2.1 yields
�

S(I)

(M1/3w2)
γ dA ≲ (Mw(z))γ

and therefore (3.1) implies that there exists C = C(γ) such that
�

S(I)

(Mw)γ dA ≤ C(Mw(z))γ .

Summing up, we have deduced that M0(Mw)γ ≤ C(γ)(Mw)γ in D.
Replacing D0 by D1/3, (3.1) implies again that (Mw)γ ∈ B1 with a constant
depending only on γ.



Restrictions of Békollé–Bonami weights and Bloch functions 15

The following result highlights a deviation between B1 and the classical
setting of A1.

Corollary 4.2. There exists w ∈ B1 \{(Mf)γ : f ∈ L1(D), 0 < γ < 1}.
Necessarily, this weight is not of bounded hyperbolic oscillation.

We are ready to prove our main extension theorem, Theorem 1.3. Observe
that thanks to Theorem 3.5, it is enough to prove the case p = 1. Indeed,
let p > 1 and suppose that wq is a Bp,Ω weight for some q > 1. Then, given
1 < t < q, wt satisfies the strong Lp estimates required in Theorem 3.5,
thanks to Theorem 3.3 and Jensen’s inequality. Therefore, wt = w1w

1−p
2 ,

for some w1 and w2 in B1,Ω of bounded hyperbolic oscillation. Assuming
Theorem 1.3 for p = 1, we can extend both w

1/t
1 and w

1/t
2 to B1 weights W1

and W2 of bounded hyperbolic oscillation. Thus W1W
1−p
2 is a Bp weight of

bounded hyperbolic oscillation that extends w.
The implication (2)⇒(1) is just the self-improvement property for Ap

weights (see [2] as well). We are therefore left to show that (1)⇒(2) for
p = 1:

Theorem 4.3. Let Ω be a set of positive area of D, and let w be a weight
in Ω of bounded hyperbolic oscillation. If wq ∈ B1,Ω for some q > 1, then
there exists W ∈ B1, of bounded hyperbolic oscillation, such that W (z) =
w(z) for almost every z ∈ Ω.

Proof. Since w is of bounded hyperbolic oscillation, from Lemma 2.2 we
have

wq(z) ≤ Mb
Ω(w

q)(z) ≤ KwMΩ(w
q)(z)

for almost every z ∈ Ω. Considering w as a weight defined on D (setting
w(z) := 0 for all z ∈ D \Ω), we see that

M(wq)(z) = MΩ(w
q)(z) ≤ [wq]B1,Ω

wq(z)

for almost every z ∈ Ω. In other words, we have seen that there exists a
function k in Ω, with log k bounded by a quantity depending only on w
and q, such that

w(z) = (k(z)M(wq)(z))1/q =: W (z)

for almost every z ∈ Ω. Finally, setting k(z) := 1 in z ∈ D \Ω we find that
W is of bounded hyperbolic oscillation (because of Lemma 2.1) and it is B1

(by Lemma 4.1).

5. Restrictions of Bloch functions and martingales. We first recall
the probabilistic framework, due to Makarov [20], connecting Bloch functions
and dyadic martingales. To this end, in this section, let Dk be the set of



16 A. Dayan, A. Llinares and K.-M. Perfekt

dyadic subintervals of [0, 1] of length 2−k,

Dk := {[j/2−k, (j + 1)/2−k) : j = 0, . . . , 2k − 1},

and let D =
⋃∞

k=0Dk be the collection of all dyadic intervals. A dyadic
martingale is a sequence of random variables M = (Mn)n∈N, defined on
[0, 1], such that

(i) Mk is constant on each interval I ∈ Dk; we denote its value by MI ;
(ii) whenever I = I1 ∪ I2, I ∈ Dk, Ij ∈ Dk+1 for j = 1, 2, we have

MI = 1
2(MI1 +MI2).

Depending on the context, we will refer to M either as the sequence (Mn)n∈N
or the family (MI)I∈D. When identifying D with a dyadic tree, one can view
a dyadic martingale as a function on the tree nodes, whose value at each
node is the average of its values at that node’s children.

Makarov first observed that given a Bloch function b and a dyadic inter-
val I, the limit

(5.1) bI := lim
r→1

1

|I|

�

I

b(re2πiθ) dθ

exists, and the collection (bI)I∈D defines a dyadic martingale on [0, 1] thanks
to holomorphicity. Moreover, there exists a universal constant C such that

(5.2) |bI − b(z)| < C∥b∥B, z ∈ T (I).

Therefore, since b is Lipschitz with respect to the hyperbolic metric of D,
the martingale (bI)I∈D satisfies

(5.3) |bI − bJ | < C∥b∥B
for every pair of adjacent dyadic intervals I and J of the same length. In
particular, (bI)I∈D has uniformly bounded increments:

|bI − bI′ | < C ′∥b∥B
for all I ∈ Dn and I ′ ⊂ I in Dn+1. Moreover, it turns out that (5.3) charac-
terizes those dyadic martingales which arise from Bloch functions:

Lemma 5.1 ([20, Lemma 2.1]). A real dyadic martingale (SI)I∈D satisfies
(5.3) if and only if there exists a Bloch function b such that Re bI = SI for
all I ∈ D.

A real dyadic martingale satisfying (5.3) is hence known as a Bloch mar-
tingale.

The next example points out how dyadic martingales with uniformly
bounded increments need not satisfy condition (5.3):
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Example 5.2 (The random walk and Kahane’s martingale). For any x
in [0, 1], let (εn(x))n∈N be its dyadic expansion, so that

x =
∞∑
n=1

εn(x)2
−n, εn(x) ∈ {0, 1}.

For any n ∈ N, let Yn : [0, 1] → {−1, 1} be the random variable defined as

Yn(x) := 2εn(x)− 1.

Then the sequence (Sn)n∈N defined as

Sn :=
n∑

k=1

Yk

is a dyadic martingale, which corresponds to the random walk on the dyadic
tree. It is a dyadic martingale with bounded increments, but it is not a Bloch
martingale. Indeed, if Ik = [1/2− 2−k, 1/2) and Jk = [1/2, 1/2 + 2−k), then
for all k ≥ 2 we have SIk = k − 2 = −SJk , so that (5.3) fails.

•-4 • -2 •-2 • 0 •-2 • 0 •0 • 2 •-2 • 0 •0 • 2 •0 • 2 •2 • 4

•-3 • -1 •-1 • 1 •-1 • 1 •1 • 3

•-2 • 0 •0 • 2

•-1 • 1

•0

Fig. 3. The first generations of the random walk

On the other hand, one can obtain a Bloch martingale by switching to
4-adic expansions. Let x =

∑∞
n=1 νn(x)4

−n be the 4-adic expansion of a
point x in [0, 1], νn(x) ∈ {0, 1, 2, 3}, and consider the sequence of random
variables

Wn(x) :=

{
1 if νn(x) ∈ {0, 3},
−1 if νn(x) ∈ {1, 2}.

Then Kahane’s martingale K, Kn :=
∑n

k=1Wk, is a Bloch martingale [20,
Prop. 2.2], which can be described as follows: K[0,1] = 0, and if I is in Dk,
then
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• if k is odd, then KI = KI′ where I ′ is the unique interval in Dk−1 con-
taining I;

• if k is even, then at the leftmost and the rightmost subintervals of I in
Dk+2 the martingale K assumes the value KI + 1, whereas at the other
two subintervals of I in Dk+2, it assumes the value KI − 1.

In particular, the jumps of K between adjacent intervals, as in (5.3), never
exceed 2.

•2 • 0 •0 • 2 •0 • -2 •-2 • 0 •0 • -2 •-2 • 0 •2 • 0 •0 • 2

•1 • 1 •-1 • -1 •-1 • -1 •1 • 1

•1 • -1 •-1 • 1

•0 • 0

•0

Fig. 4. The first generations of the Kahane martingale

Probabilistic tools turn out to be extremely valuable in the study of the
mean growth and boundary behaviour of Bloch functions b. Makarov [20,
Corollary 3.2] showed that there exists a universal constant C such that

(5.4) lim sup
r→1−

Re b(re2πiθ)√
log 1

1−r log log log
1

1−r

≤ C∥b∥B, a.e. θ ∈ [0, 1].

Moreover, inequality (1.7) can for sufficiently small a be derived from
the Azuma–Hoeffding concentration inequality for dyadic martingales with
bounded increments. We single out the following formulation of the Azuma
inequality, as stated in [23, Lemma 4.7].

Lemma 5.3. Let b be a Bloch function of norm 1, ∥b∥B = 1, and for
any I ∈ D, let lI(ε, k) be the number of dyadic intervals J contained in I,
of length 2−k|I|, and such that |bJ − bI | > εk. Then there exist universal
constants γ > 0 and C > 0 such that

lI(ε, k) ≤ C2k e−γε2k.

We now have all the necessary tools to prove Theorem 1.4.
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Proof of Theorem 1.4. (i) By conformal invariance, it suffices to prove
(1.8) for z = 0, uniformly for all Bloch functions of norm less than or equal
to 1. To do so, observe that for r ∈ (0, 1) and λ > 0, the function

g(z) := e
λ|b(z)−b(0)|2

− log(1−r2) , |z| ≤ r,

is subharmonic. Therefore, if Gr is the Poisson integral of the restriction of g
to {|z| = r}, we have that G(z) ≥ g(z) for all |z| ≤ r, and since Z = (zn)n∈N
satisfies the Carleson embedding condition (1.2),∑

|zn|<r

e
λ|b(zn)−b(0)|2

− log(1−r2) (1− |zn|2) =
�

|z|<r

g(z) dµZ(z)

≤
�

|z|<r

G(z) dµZ(z) ≲
2π�

0

|g(reiθ)|2 dθ.

The conclusion then follows from (1.7) upon choosing λ sufficiently small.
(ii) Again, by conformal invariance, it suffices to consider (1.9) for z = 0,

as long as the estimates we prove are uniform in Bloch functions b such that
∥b∥B ≤ 1. Without loss of generality we may also assume that b(0) = 0. We
are going to use the dyadic decomposition of the unit disc. Since Z satisfies
the Carleson condition, Z is a finite union of weakly separated sequences
[1, Proposition 9.11]. By possibly decomposing each weakly separated subse-
quence into further finite unions, we may assume that each dyadic top-half
contains at most one point of the sequence. Let Gk = {T (I) : I ∈ Dk} denote
the top halves of generation k.

Since Z satisfies the Carleson condition, M =
∑

n(1 − |zn|2) < ∞, and
thus

#{n : 1− |zn|2 ≥ t} ≤ M/t.

Therefore, it is sufficient to estimate

#
{
n : t > 1− |zn|2, e

λ|b(zn)|2

− log(1−|zn|2) (1− |zn|2) > t
}

=
∑

k≥log2
1
t

#

{
zn ∈ Gk : |b(zn)| > k log 2

√
1

λ

(
1 +

log t

k log 2

)}

≲
∑

k≥log2
1
t

2k e
− γk log2 2

λ

(
1+ log t

k log 2

)
= t−

γ
λ
log 2

∑
k≥log2

1
t

2k(1−
γ
λ
log 2) ≃ 1

t
,

where we used Lemma 5.3 and assumed that λ was sufficiently small, λ <
γ log 2.
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(iii) We show that the sum in (1.10) diverges at z = 0 for the Bloch
function K corresponding to the Kahane martingale and a suitably chosen
interpolating sequence (zn)n∈N. It is important for the counterexample that
K satisfies the converse inequality to (5.4); see [20, Corollary 3.5]. Namely,
there exists a constant c > 0 such that

(5.5) lim sup
r→1−

ReK(re2πiθ)√
log 1

1−r log log log
1

1−r

≥ c, a.e. θ ∈ [0, 1].

Let (sj)j∈N be an increasing sequence of positive numbers such that
sj/j → ∞ as j → ∞. We construct the desired interpolating sequence recur-
sively. We start the process by selecting points z11 , z

1
2 , . . . , z

1
l0

for which the
corresponding Carleson squares (S(Iz1i ))

l0
i=1 are pairwise disjoint. Because of

(5.5), we may choose the points such that

|K(z1i )|2

log 1
1−|z1i |2

≥ c

2
log log log

1

1− |z1i |
≥ s1, i = 1, . . . , l0,

and
1

4
≤

l0∑
i=1

(1− |z1i |2) ≤
1

2
.

In this construction, we will refer to the points Λ1 = {z11 , z12 , . . . , z1l0} as the
points of the first generation.

Recursively, given a point w ∈ Λj of generation j, we choose its successors
in generation j + 1, zj+1

1,w , . . . , zj+1
lw,w, so that I

zj+1
i,w

⊂ Iw, I
zj+1
i,w

∩ I
zj+1
k,w

= ∅ if
i ̸= k, and such that

(5.6)
|K(zj+1

i,w )|2

log 1

1−|zj+1
i,w |2

≥ c

2
log log log

1

1− |zj+1
i,w |

≥ sj+1, i = 1, . . . , lw,

and

(5.7) 1
4(1− |w|2) ≤

lw∑
i=1

(1− |zj+1
i,w |2) ≤ 1

2(1− |w|2).

Let Λj+1 be the set of all successors to points w ∈ Λj .
We consider the sequence Z = (zn)n∈N :=

⋃∞
j=1 Λj . Since the Carleson

squares associated with points of the same generation are disjoint, Z is
weakly separated, and the upper bound in (5.7) implies that µZ satisfies the
Carleson measure condition. Thus Z is interpolating. On the other hand, the
lower bound in (5.7) yields∑

z∈Λj

(1− |z|2) ≥ 4−j , j ≥ 1,
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and therefore∑
n∈N

e
λ|K(zn)−K(0)|2

− log(1−|zn|2) (1− |zn|2) ≥
∞∑
j=1

eλsj
∑
z∈Λj

(1− |z|2) = ∞,

for every λ > 0.
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