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On complex interpolation for pairs of quasi-Banach function
spaces with a non-separable component

by

Moritz Egert and Benjamin W. Kosmala

Abstract. Kalton and Mitrea (1998) characterized complex interpolation spaces of
quasi-Banach function spaces as Calderón products if both interpolants are separable. We
show that one separability assumption may be omitted and establish a Wolff-reiteration
result with one non-separable endpoint space.

1. Introduction. Recent literature uses Kalton and Mitrea’s complex
interpolation theory for quasi-Banach spaces [15] to prove estimates for solu-
tions to e.g. elliptic boundary value problems in tent spaces [3, 2]. Typically,
these spaces are characterized by an integrability parameter p ∈ (0,∞] such
that p ∈ (0, 1) yields quasi-Banach spaces, p ∈ [1,∞] Banach spaces, and
separable spaces are obtained if and only if p ∈ (0,∞).

Amongst others, Amenta and Auscher [2] establish interpolation iden-
tities for the whole range p ∈ (0,∞], using so-called Wolff reiteration [22,
Thm. 2] as follows: They show the desired interpolation identity for param-
eters in (0,∞), use a duality argument on [1,∞) to cover parameters in
(1,∞] and finally ‘glue’ (0,∞) and (1,∞] together using Wolff reiteration.
Regarding this final gluing procedure, [2, Thm. 2.12] contains a subtle gap,
because Wolff reiteration for the complex method is not known for general
quasi-Banach spaces.

Huang [10] derives such identities differently, by characterizing interpo-
lation spaces elegantly as appropriate products and then mainly argues on
the product side. In their case, for instance in [10, Thm. 4.3], coincidence of
products and interpolation spaces is simply taken for granted.

In the setting of quasi-Banach function spaces, the purpose of this pa-
per is thus to establish the identification of complex interpolation spaces as
appropriate products and to derive from this the desired Wolff-type result.
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We first expand on Kalton and Mitrea’s pioneering work [15, Thm. 3.4]
by identifying complex interpolation spaces as Calderón products if only
one interpolant is non-separable. Prior to our note, this was only known
for sequence spaces [14, Sect. 7]. For Calderón (or Calderón–Lozanovskĭı)
products of various other function spaces we refer for instance to [17]. Our
(standard) notation is explained in Sections 2 and 3.

Theorem 1.1 (Calderón formula). Let X0, X1 be A-convex quasi-Banach
function spaces over a separable and σ-finite measure space Ω, one of which
is separable. Then X0 +X1 is A-convex and for every θ ∈ (0, 1) the spaces
[X0, X1]θ and X1−θ

0 Xθ
1 are separable and agree up to equivalence of quasi-

norms.

We then apply a reiteration result for Calderón products due to Gomez
and Milman [9, Thm. 4.13], which provides the desired Wolff reiteration for
quasi-Banach function spaces.

Theorem 1.2. Let X0, X1, X2 and X3 be A-convex quasi-Banach func-
tion spaces over a separable and σ-finite measure space Ω, where either
X0 or X3 is separable and X0 ∩ X3 is dense in X1 and X2. Further, let
θ, η, λ, µ ∈ [0, 1] be parameters subject to the following conditions:

(i) 0 < θ < η < 1,
(ii) θ = λη,
(iii) η = (1− µ)θ + µ.

If X1 = [X0, X2]λ and X2 = [X1, X3]µ, then X1 = [X0, X3]θ and X2 =
[X0, X3]η hold up to equivalence of quasi-norms.

Remark 1.3. It remains an interesting open problem to prove Theo-
rem 1.2 for more general A-convex quasi-Banach spaces.

We will recall the complex interpolation method for general quasi-Banach
spaces in Section 2 and then focus on quasi-Banach function spaces from
Section 3 onward, while also establishing the main tools for the proofs of the
Calderón formula and the reiteration result given in Sections 4 and 5.

Concerning notation, all vector spaces are taken over C, D is the open unit
disc in C and S := {z ∈ C | Re(z) ∈ (0, 1)}. Quasi-norms on quasi-Banach
spaces X will be denoted by ∥ · ∥X , measures of measurable sets E will be
denoted by |E| and we let θ ∈ (0, 1).

2. Complex interpolation of quasi-Banach spaces. Let (X0, X1)
be an interpolation couple, namely X0 and X1 are quasi-Banach spaces that
continuously embed in some common Hausdorff topological vector space Z.
Following [14, 15], a function F : S → X0 +X1 is called analytic if for every
z0 ∈ S there exists an r ∈ (0, dist(z0, ∂S)) such that F has a power series
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representation F (z) =
∑∞

k=0 fk(z − z0)
k with convergence in X0 + X1 for

every z ∈ Br(z0). The space of admissible functions, denoted by F , contains
all bounded and analytic functions which can be continuously extended to
S so that for j = 0, 1 the traces t 7→ F (j + it) are continuous and bounded
functions into Xj . This space is endowed with the quasi-norm

∥F∥F := max
{
sup
t∈R

∥F (it)∥X0 , sup
t∈R

∥F (1 + it)∥X1 , sup
z∈S

∥F (z)∥X0+X1

}
.

We define the complex interpolation space as [X0, X1]θ := {F (θ) | F ∈ F}
and equip it with the quotient quasi-norm

∥f∥[X0,X1]θ := inf {∥F∥F | F (θ) = f, F ∈ F}.

Both F and [X0, X1]θ are again quasi-Banach spaces, which agree with
Calderón’s method when the Xj are Banach spaces [4, §2, §3]. There are
other complex interpolation methods for quasi-Banach spaces, such as [5,
Ch. 3] and [9], which come with their own partly undesired properties (the
former does not agree with Calderón’s method in the Banach setting [21,
Ch. 1.6.7, Rem. 3] and the latter does not in general produce subspaces of
X0 +X1; see [7]). They are not used in this paper.

Remark 2.1. In comparison to [15], we make two harmless but note-
worthy changes:

(i) We drop the assumption that X0 ∩ X1 is dense in both Xj , as it is
needed neither in our arguments nor in other works in the field [23,
24]. In particular, already [14, 15] contain results for which this density
assumption cannot hold. Density is typically used to extend operators T
which act on X0 ∩X1 first to both Xj and then to [X0, X1]θ. However,
if T is already defined on both Xj , then it can be extended to X0 +X1

simply by setting T (x0 + x1) := T0(x1) + T1(x1).
(ii) We drop the requirement of locally uniform convergence of the series

expansion of admissible functions on Br(z0), because convergence of
quasi-Banach-valued power series inside an open disc implies absolute
convergence inside the same open disc, from which locally uniform con-
vergence easily follows [18, Lem. 5.10].

3. Quasi-Banach function spaces. From now on, let Ω be a measure
space. We denote by L0(Ω) the space of C-valued measurable functions on Ω,
where two functions are identified if they agree almost everywhere.

In order to ‘do function spaces right’, we introduce them as in [20, Ch. 2].

Definition 3.1. A quasi-Banach space X ⊆ L0(Ω) is called a quasi-
Banach function space or a quasi-Banach function space over Ω if
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(i) X contains a weak order unit, i.e. there exists f ∈ X such that f > 0
a.e.,

(ii) X has the lattice property, i.e. if f ∈ X, g ∈ L0(Ω) with |g| ≤ |f | a.e.,
then g ∈ X with ∥g∥X ≤ ∥f∥X .

Let (X0, X1) be a couple of quasi-Banach function spaces. It is then
admissible for complex interpolation, because the sum X0+X1 is well-defined
in L0(Ω) and is again a quasi-Banach function space, into which X0 and X1

continuously embed. Also the complex interpolation space [X0, X1]θ is again
a quasi-Banach function space: As weak order unit we take the minimum of
the weak order units in the Xj , and if f ∈ [X0, X1]θ is obtained as f = F (θ)
for some F ∈ F , then every g ∈ L0(Ω) with |g| ≤ |f | is obtained as g = G(θ)
for G := (g/f)F satisfying ∥G∥F ≤ ∥F∥F .

Having pointwise products available will allow us to characterize inter-
polation spaces via

Definition 3.2. The Calderón product X1−θ
0 Xθ

1 of quasi-Banach func-
tion spaces X0 and X1 over Ω is defined to be the set of all f ∈ L0(Ω) such
that

∥f∥X1−θ
0 Xθ

1
:= inf

{
∥f0∥1−θ

X0
∥f1∥θX1

| |f | ≤ |f0|1−θ|f1|θ a.e., fj ∈ Xj

}
is finite.

With slight adaptations regarding the quasi-triangle inequality, complete-
ness of Calderón products is proved as in [4, §13.5], making them quasi-
Banach function spaces that appear naturally in the context of interpolation.

In order to show that interpolation spaces and Calderón products agree
in the Banach case, Calderón used an argument based on approximation via
truncations [4, §13.6(i)], which will also be our strategy for the quasi-Banach
setting. This requires that truncations give rise to admissible functions and
that some sort of pointwise a.e. convergence should be compatible with quasi-
norm convergence.

To identify limits of truncations in X1−θ
0 Xθ

1 and [X0, X1]θ in the common
ambient space X0 +X1 later on, we will need

Proposition 3.3 ([20, Prop. 2.3]). Let X be a quasi-Banach function
space over Ω. If xn → x in X, then xn → x locally in measure. In particular,
convergent sequences in X admit pointwise a.e. converging subsequences, and
consequently limits in X are determined by their pointwise a.e. limits.

Now, we can provide the classical construction of admissible functions
with prescribed boundary data on S. The result seems to be well known and
we only include an elementary proof for completeness, since in the quasi-
Banach case we cannot rely on difference quotients [12, p. 275].
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Lemma 3.4. Let X0 and X1 be quasi-Banach function spaces over Ω
and fj ∈ Xj such that for some M > 1 their non-zero absolute values are
contained in [M−1,M ] almost everywhere. Then F : S → X0 + X1, z 7→
|f0|1−z|f1|z, is an admissible function.

Proof. The proof is in four steps.

Step 1: F is well-defined. Let z ∈ S. Since powers of 0 are not unan-
imously defined, we need to be careful when defining F . We set |f0|1−z :=
gz ◦ |f0|, where

gz : [0,∞) → C, w 7→

{
w1−z if w ̸= 0,

0 else.

Then gz is measurable and using a similar definition for |f1|z, defining
F (z) := |f0|1−z|f1|z yields a measurable function. By Young’s inequality,∣∣|f0|1−z|f1|z

∣∣ = |f0|Re(1−z)|f1|Re(z) ≤ Re(1− z)|f0|+Re(z)|f1|.
Thus, F (z) ∈ X0 +X1 by the lattice property of X0 +X1.

Step 2: F is bounded on S. The pointwise estimate for F on S directly
translates into a quasi-norm estimate:

(1) ∥F (z)∥X0+X1 ≤
∥∥Re(1− z)|f0|+Re(z)|f1|

∥∥
X0+X1

≤ ∥f0∥X0 + ∥f1∥X1 .

Step 3: F extends continuously to S so that the traces are bounded
into Xj. To define an extension, we only need to observe that the defini-
tion of gz can be extended to z ∈ S and still yields a measurable function.
Abusing notation, we denote this extension of F to S again by F . Then
|F (j + it)| = |fj | and we deduce that t 7→ F (j + it) is a bounded map
into Xj .

For continuity on S, let z, z′ ∈ S and denote by zz′ the line segment
connecting z and z′. On A := supp(f0) ∩ supp(f1), we obtain pointwise a.e.
the estimate

|F (z)− F (z′)| =
∣∣|f0|1−z|f1|z − |f0|1−z′ |f1|z

′∣∣
=

∣∣∣ �
zz′

log(|f1|/|f0|)|f0|1−ξ|f1|ξ dξ
∣∣∣

≤ |z − z′| log(|f1|/|f0|) sup
ξ∈zz′

|f0|1−Re(ξ)|f1|Re(ξ)

≤ |z − z′| log(M2)M.

The same estimate holds true on Ω\A. As 1A ≤ M−1|fj |, the lattice property
of X0 +X1 yields 1A ∈ X0 +X1 with

∥F (z)− F (z′)∥X0+X1 ≤ |z − z′| log(M2)M∥1A∥X0+X1 ,
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showing continuity of F up to S. The continuity of the traces is proved
similarly by taking Xj-norms when z, z′ ∈ j + iR.

Step 4: F is analytic. Let z0 ∈ S. By the series expansion of the expo-
nential, we deduce that, for all z ∈ C pointwise a.e. on A,

F (z) = |f0|1−z|f1|z = |f0|ez0 log(|f1/f0|)e(z−z0) log(|f1/f0|)

=

∞∑
k=0

|f0|
k!

ez0 log(|f1/f0|) logk(|f1/f0|)(z − z0)
k

=:

∞∑
k=0

gk(z − z0)
k.

We again denote by gk the extension of gk by 0 to Ω. This yields measurable
functions and gk ∈ X0+X1, as k!|gk| ≤ |f0|M2[log(M2)]k a.e. and the latter
is in X0. By Proposition 3.3, this is the only candidate for a series expansion
in X0 + X1 and we need to check that the series converges in X0 + X1. If
z ∈ S, then∥∥∥ m∑

k=n

gk(z − z0)
k
∥∥∥
X0+X1

≤
∥∥∥∥ m∑
k=n

|f0|
k!

M2 logk(M2)|z − z0|k
∥∥∥∥
X0+X1

≤ M∥1A∥X0+X1M
2

m∑
k=n

logk(M2)

k!
|z − z0|k,

so the series indeed converges in X0 +X1 for all z ∈ Bdist(z0,∂S)(z0).

To relate functions to their truncations, we use the following concept.

Definition 3.5. A quasi-Banach function space X over Ω is order con-
tinuous if for every non-negative sequence (fn)n in X with fn ↘ 0 a.e. we
have fn → 0 in X.

We have order continuity if Ω is ‘reasonably separable’.

Definition 3.6 ([20, p. 12]). The measure space Ω is called separable
if there exists a sequence of measurable sets (An)n in Ω such that for every
measurable set E ⊆ Ω with |E| < ∞ and every ε > 0 there exists an n ∈ N
such that |An △ E| < ε.

In particular, if Ω is a separable metric space which is endowed with its
Borel σ-algebra and a regular measure, then Ω is separable in the above
sense. (Take for (An)n an enumeration of finite unions of balls with rational
radii centered around a dense sequence in Ω.)

Theorem 3.7. Let X be a quasi-Banach space over a separable and σ-
finite measure space Ω. Then X is separable if and only if X is order con-
tinuous.
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For the implication yielding order continuity from separability, see [20,
Prop. 3.13]. The other direction is more involved: Arguing by contraposition
boils down to constructing a discrete copy of P(N) in X as in [1, Cor. 14.5],
which can be adapted to the quasi-Banach setting.

Our generalization of the Calderón formula is based on

Proposition 3.8. LetX0 andX1 be quasi-Banach function spaces overΩ.
If either of them is order continuous, then so is X1−θ

0 Xθ
1 .

The proof in [8, Thm. 1.29] relies only on pointwise a.e. estimates and
the lattice property and thus works verbatim in the quasi-Banach setting.

By Theorem 3.7, the space X1−θ
0 Xθ

1 is order continuous (and therefore
truncation arguments work) if X1−θ

0 Xθ
1 is separable, which is the case if for

instance X0 and X1 are separable, as is easily seen from the definition of
∥ · ∥X1−θ

0 Xθ
1
. By Proposition 3.8 and Theorem 3.7, we can reduce to a single

separability assumption.
We will need further properties that a quasi-Banach function space may

have. The first one is a weak version of the maximum principle.

Definition 3.9. A quasi-Banach function space X over Ω is said to
be A-convex or analytically convex if there exists C ≥ 1 such that for all
polynomials P : D → X we have ∥P (0)∥X ≤ C sup|z|=1 ∥P (z)∥X .

Remark 3.10. Tent spaces as in [2, 10, 6] are covered by our definitions
of quasi-Banach function spaces and A-convexity; see e.g. the proof of [10,
Thm. 4.3]. Additionally, general Banach spaces are A-convex [14, p. 21].

The second property will yield a different perspective on the proof of the
Calderón formula later on.

Definition 3.11. A quasi-Banach function space X over Ω has the weak
Fatou property if there exists C ≥ 1 such that for all sequences (fn)n of
non-negative functions in X that satisfy lim infn→∞ ∥fn∥X < ∞, we have
lim infn→∞ fn ∈ X with ∥ lim infn→∞ fn∥X ≤ C lim infn→∞ ∥fn∥X .

Among the different versions of the Fatou property [25, Ch. 15, §65]
we choose this one, because it is most reminiscent of Fatou’s lemma from
integration theory.

4. Proof of the Calderón formula. We recall the Aoki–Rolewicz The-
orem [16, Thm. 1.3], which asserts that for every quasi-Banach space X there
is an r ∈ (0, 1] and an equivalent quasi-norm which is s-subadditive and
continuous for all s ∈ (0, r]. In particular, ∥

∑n
k=0 xk∥sX ≤ C2

∑n
k=0 ∥xk∥sX

whenever x0, . . . , xn ∈ X and s ∈ (0, r], where C ≥ 1 is the constant from
the quasi-norm equivalence.
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For the following proof, we may assume that the equivalent quasi-norms
on [X0, X1]θ and X1−θ

0 Xθ
1 are s-subadditive for the same value r ∈ (0, 1] and

switching to them from the original norms will come at the cost of constants
that we denote by C ≥ 1 and D ≥ 1, respectively. As only the equivalent
quasi-norm on X1−θ

0 Xθ
1 shows up explicitly, this one will be denoted by ∥ · ∥.

We also denote the constant from the quasi-triangle inequality of [X0, X1]θ
by C□.

Proof of Theorem 1.1. We use ideas from [4, §13.6(i)] to show that the
inclusion X1−θ

0 Xθ
1 ⊆ [X0, X1]θ holds, that it is bounded and that both spaces

are separable.
That X0 +X1 is A-convex with bounded inclusion [X0, X1]θ ⊆ X1−θ

0 Xθ
1

was proven in [15, Thm. 3.4] without the assumption of separability. To
convince the reader that these results indeed do not rely on separability, an
overview of their proofs can be found in Section 5. We set K := 2D2 and
work with the auxiliary set

D :=
{
f ∈ X1−θ

0 Xθ
1

∣∣ ∃M > 1 : |f | = K∥f∥X1−θ
0 Xθ

1
|f0|1−θ|f1|θ,

fj ∈ Xj , ∥fj∥Xj ≤ 1, M−1 ≤ |fj | ≤ M a.e. on supp(fj)
}
.

The actual argument is in three steps.

Step 1: The bounded inclusion D ⊆ [X0, X1]θ. If f ∈ D, then

F : S → X0 +X1, z 7→ f

|f |
|f0|1−z|f1|z,

is admissible by Lemma 3.4. In view of (1), the bound ∥F∥F ≤ 2 is immedi-
ate, and as F (θ) = f(K∥f∥X1−θ

0 Xθ
1
)−1, we obtain f ∈ [X0, X1]θ and

(2) ∥f∥[X0,X1]θ ≤ ∥F∥FK∥f∥X1−θ
0 Xθ

1
≤ 2K∥f∥X1−θ

0 Xθ
1
.

Step 2: D is dense in X1−θ
0 Xθ

1 . By assumption, either X0 or X1 is sep-
arable, and hence order continuous by Theorem 3.7. Using Proposition 3.8,
we obtain order continuity of X1−θ

0 Xθ
1 and then separability, again by The-

orem 3.7.
Let f ∈ X1−θ

0 Xθ
1 . Of course, we can assume f ̸= 0. Then there exist

fj ∈ Xj \ {0} such that

|f | ≤ |f0|1−θ|f1|θ, ∥f0∥1−θ
X0

∥f1∥θX1
≤ 3

2∥f∥X1−θ
0 Xθ

1
.

Replacing f0 by |f/|f1|θ|1/1−θ ≤ |f0|, we may assume that |f | = |f0|1−θ|f1|θ.
For n ∈ N we introduce En := {ω ∈ Ω | 1/n ≤ |f0(ω)|, |f1(ω)| ≤ n} and
define truncations via gn := f1En . Then gn ∈ X1−θ

0 Xθ
1 and order continuity

yields gn → f in X1−θ
0 Xθ

1 due to |f − gn| ↘ 0.
In order to show gn ∈ D, we observe that gn → f in X1−θ

0 Xθ
1 implies

∥gn∥ → ∥f∥ by continuity of ∥ · ∥ and so we have ∥f∥ ≤ 4
3∥gn∥ for all large
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enough n. Making n even larger, we can also assume ∥fj1En∥Xj > 0 and
define hi,n := fi1En∥fi1En∥−1 for those n. We have hi,n ∈ Xi and obtain

|gn| = ∥f01En∥1−θ
X0

∥f11En∥θX1
|h0,n|θ|h1,n|1−θ

≤ 3
2∥f∥X1−θ

0 Xθ
1
|h0,n|1−θ|h1,n|θ ≤ 3

2 D∥f∥ |h0,n|1−θ|h1,n|θ

≤ 2D∥gn∥ |h0,n|1−θ|h1,n|θ ≤ 2D2∥gn∥X1−θ
0 Xθ

1
|h0,n|1−θ|h1,n|θ

= K∥gn∥X1−θ
0 Xθ

1
|h0,n|1−θ|h1,n|θ.

Replacing h0,n by |gn(K∥fn∥X1−θ
0 Xθ

1
|h1,n|θ)−1|1/(1−θ) ≤ |h0,n| achieves equal-

ity and we see that every gn belongs to D by making a suitable choice of
M > 1.

Step 3: X1−θ
0 Xθ

1 ⊆ [X0, X1]θ follows by density. This is not immediate,
as D might not be a linear subspace. So, let f ∈ X1−θ

0 Xθ
1 . Inductively, we

shall construct a sequence (fn)n in D such that∥∥∥f −
n∑

k=0

fk

∥∥∥r ≤ ρn+1∥f∥r,(3)

∥fn∥r ≤ ρn+1∥f∥r,(4)

for some ρ ∈ (0, 1).
For n = 0, let c, ε > 0 be parameters to be chosen momentarily. By the

previous step, there is an f0 ∈ D such that ∥cf−f0∥r ≤ ε∥f∥r. This function
also satisfies

∥f − f0∥r ≤ ∥cf − f0∥r + ∥(1− c)f∥r ≤ (ε+ (1− c)r)∥f∥r,
∥f0∥r ≤ ∥f0 − cf∥r + ∥cf∥r ≤ (ε+ cr)∥f∥r.

Fixing c = 1/2 and ε so that ρ := ε + cr < 1 yields the claim for n = 0.
Induction over n is performed similarly by replacing f with f−

∑n
k=0 fk and

f0 with fn+1.
Since ρ ∈ (0, 1), estimate (3) implies that

∑n
k=0 fk

n→∞−−−→ f in X1−θ
0 Xθ

1 .
By (2) and (4) we also obtain

∥fn∥r[X0,X1]θ
≤ (2K)r∥fn∥rX1−θ

0 Xθ
1

≤ (2K)rDr∥fn∥r

≤ (2K)rDrρn+1∥f∥r ≤ (2K)rD2rρn+1∥f∥r
X1−θ

0 Xθ
1

,

which we use to show that (
∑n

k=0 fk)n is a Cauchy sequence in [X0, X1]θ:∥∥∥ n∑
k=m

fk

∥∥∥r
[X0,X1]θ

≤ C2r
n∑

k=m

∥fk∥r[X0,X1]θ

≤ C2r(2K)rD2r
n∑

k=m

ρk+1∥f∥r
X1−θ

0 Xθ
1

.
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Thus, the limit f̃ in [X0, X1]θ satisfies

∥f̃∥[X0,X1]θ

≤ C□

(∥∥∥f̃ −
n∑

k=0

fk

∥∥∥
[X0,X1]θ

+
∥∥∥ n∑

k=0

fk

∥∥∥
[X0,X1]θ

)
≤ C□

(∥∥∥f̃ −
n∑

k=0

fk

∥∥∥
[X0,X1]θ

+ C2(2K)D2
( n∑

k=0

ρk+1
)1/r

∥f∥X1−θ
0 Xθ

1

)
and so by passing to the limit, we obtain

(5) ∥f̃∥[X0,X1]θ ≤ C□C
2(2K)D2

(
ρ

1− ρ

)1/r

∥f∥X1−θ
0 Xθ

1
.

We have shown that as n → ∞, the partial sums above converge to f in
X1−θ

0 Xθ
1 and to f̃ in [X0, X1]θ. Since both spaces continuously embed into

X0 +X1 (by definition and Young’s inequality, respectively), the limits can
be identified by virtue of Proposition 3.3. Thus, (5) yields the claim.

Our second main result follows immediately:

Proof of Theorem 1.2. If X0 is separable, then by Theorem 1.1 also X1

is separable with X1 = [X0, X2]λ = X1−λ
0 Xλ

2 . Since X2 = [X1, X3]µ, sepa-
rability of X1 yields X2 = X1−µ

1 Xµ
3 . The same conclusion can be achieved

when X3 is separable. Now, [9, Thm. 4.13] applies and yields X1 = X1−θ
0 Xθ

3

and X2 = X1−η
0 Xη

3 . Using Theorem 1.1 again to convert Calderón prod-
ucts back to interpolation spaces, we finally obtain X1 = [X0, X3]θ and
X2 = [X0, X3]η.

Our proof of the inclusion X1−θ
0 Xθ

1 ⊆ [X0, X1]θ uses separability of the
Calderón product in a crucial way. We can simplify the argument whenever
more structure of the interpolation space is known a priori.

Corollary 4.1. Let X0, X1 be A-convex quasi-Banach function spaces
over a σ-finite measure space Ω and let [X0, X1]θ satisfy the weak Fatou
property. Then X0 +X1 is A-convex and the spaces [X0, X1]θ and X1−θ

0 Xθ
1

agree up to equivalence of quasi-norms.

Proof. We took inspiration from the proof of the corollary in [19, p. 242].
In our proof of X1−θ

0 Xθ
1 ⊆ [X0, X1]θ above, separability is only used to prove

that truncations also converge in X1−θ
0 Xθ

1 . If [X0, X1]θ satisfies the Fatou
property, we can establish this inclusion differently.

As a preliminary result, we note that f ∈ L0(Ω) belongs to some quasi-
Banach function space X if and only if |f | ∈ X and in this case we have
∥f∥X =

∥∥|f |∥∥
X

. This follows from the lattice property, since |f | ≤
∣∣|f |∣∣ and
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0 Xθ

1 ⊆ [X0, X1]θ and that the corre-
sponding quasi-norm estimates hold, it suffices to consider absolute values.

Let f ∈ X1−θ
0 Xθ

1 . Again, we may assume f ̸= 0. Then there exist fj ∈
Xj \ {0} such that

|f | ≤ |f0|1−θ|f1|θ, ∥f0∥1−θ
X0

∥f1∥θX1
≤ 2∥f∥X1−θ

0 Xθ
1

and as in Step 2 of the proof of Theorem 1.1 we may assume that |f | =
|f0|1−θ|f1|θ. For n ∈ N set En := {ω ∈ Ω | 1/n ≤ |f0(ω)|, |f1(ω)| ≤ n} and
define gn := f1En . The maps

Fn : S → X0 +X1, z 7→
∣∣∣∣ f01En

∥f01En∥X0

∣∣∣∣1−z∣∣∣∣ f11En

∥f11En∥X1

∣∣∣∣z,
are well-defined for large enough n and admissible by Lemma 3.4, and so
|gn| ∈ [X0, X1]θ with∥∥|gn|∥∥[X0,X1]θ

≤ ∥Fn∥F∥f01En∥1−θ
X0

∥f11En∥θX1

≤ 2∥f0∥1−θ
X0

∥f1∥θX1
≤ 4∥f∥X1−θ

0 Xθ
1
,

where we have used (1) and the lattice property in the second step. Since
|f | = lim infn |gn| with lim infn

∥∥|gn|∥∥[X0,X1]θ
< ∞, the weak Fatou property

of [X0, X1]θ now implies that |f | ∈ [X0, X1]θ with∥∥|f |∥∥
[X0,X1]θ

≤ C lim inf
n→∞

∥∥|gn|∥∥[X0,X1]θ
≤ 4C∥f∥X1−θ

0 Xθ
1
,

where C ≥ 1 is the constant from the weak Fatou property of [X0, X1]θ.
By the preliminary remark, we see that f ∈ [X0, X1]θ with ∥f∥[X0,X1]θ ≤
4C∥f∥X1−θ

0 Xθ
1
.

The remainder of this proof now works as indicated in Section 5 below.

5. A glimpse at the other inclusion of the Calderón formula. In
order to fully justify why separability is only used for one direction of the
proof of Theorem 1.1, we give a short overview of the proof of the inclusion
[X0, X1]θ ⊆ X1−θ

0 Xθ
1 in [15].

A motivation for the Banach case can be found in [19, Chap. 4], where
it is argued that admissible functions F are determined by their boundary
values through the Poisson formula

(6) F (z) =
�

R

F (it)P0(z, it) dt+
�

R

F (1 + it)P1(z, 1 + it) dt

=: (1− Re(z))x0 + Re(z)x1,

where P0 and P1 denote the components of the Poisson kernel for S, while
x0 and x1 define elements in X0 and X1 respectively. The above equality can
be turned into a product estimate of the form |F (θ)| ≤ x1−θ

0 xθ1 a.e., showing
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[X0, X1]θ ⊆ X1−θ
0 Xθ

1 with continuous inclusion due to the validity of the
triangle inequality for Xj-valued integrals.

As a preliminary result in the quasi-Banach case, Kalton showed in [13,
Thm. 4.4] and [11, Thm. 2.2] that for a quasi-Banach function space X,
A-convexity is equivalent to so-called p-convexity for some p ∈ (0, 1], which
means that there is C ≥ 1 depending only on p such that for all g0, . . . , gn ∈
X we have ∥∥∥( n∑

k=0

|gk|p
)1/p∥∥∥

X
≤ C

( n∑
k=0

∥gk∥pX
)1/p

.

In [11, Thm. 2.2], it is also shown that X is p-convex if and only if X is
q-convex for all q ∈ (0, p].

Straightforward estimates then show that the space X0 +X1 is p-convex
[15, Thm. 3.4]. In particular, we may assume that X0, X1 and X0 +X1 are
p-convex for the same range of parameters q ∈ (0, p].

First, in [15, Thm. 3.4] Kalton and Mitrea used the fact that every p-
convex quasi-Banach function space X admits the p-convexification Xp :=
{f ∈ L0(Ω) | |f |1/p ∈ X}, which is endowed with ∥f∥Xp :=

∥∥|f |1/p∥∥p
X

and after renorming satisfies a triangle inequality [18, Prop. 3.23], so it is a
Banach function space. The idea of the proof is then to mimic equation (6)
for |F |q, which – and this is a remarkable observation – can be turned back
into an estimate for |F | via a limiting process as q → 0.

Indeed, if f = F (θ) ∈ [X0, X1]θ for some F ∈ F , then |F |q is Banach-
valued for all q ∈ (0, p] but not analytic in general. By using scalar-valued
theory, it is shown in [15, Thm. 3.4] that |F |q satisfies the sub-mean value
formula

|F (z)( · )|q ≤
2π�

0

|F (z + reit)( · )|q dt =
[2π�
0

|F (z + reit)|q dt
]
( · )

whenever Br(z) is compactly contained in S. We stress that the above is an
a.e. estimate on Ω and that the right-hand side is a vector-valued Riemann
integral. Interchanging the inner variable and the integral was a non-trivial
consequence of analyticity of F ; compare with [18, Lem. 7.5].

Applying a positive functional φ (of which there are plenty, because the
dual space of (X0 + X1)

q contains a saturated Banach function space by
virtue of the weak order unit; see [25, Ch. 71, Thm. 4(a)] and [20, Prop. 2.5])
yields a scalar-valued subharmonic function φ(|F ( · )|q). By using the Poisson
formula for subharmonic functions on S, it is shown in [15, Thm. 3.4] that

φ(|F (θ)|q) ≤
�

R

P0(θ, it)φ(|F (it)|q) dt+
�

R

P1(θ, 1 + it)φ(|F (1 + it)|q) dt.
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Pulling φ out of the integrals by continuity and using positivity yields

|F (θ)|q ≤
�

R

P0(θ, it)|F (it)|q dt+
�

R

P1(θ, 1 + it)|F (1 + it)|q dt

=: (1− θ)f0(q)
q + θf1(q)

q,

where the functions fj(q)
q are defined as Xq

j -valued Riemann integrals. In-
terchanging inner variables and integrals is again a tedious task (see [18,
proof of Thm. 7.1, Ch. 7.3] for details), but it works and Jensen’s inequal-
ity yields |F (θ)|q ≤ (1 − θ)f0(p)

q + θf1(p)
q almost everywhere. By letting

q → 0, it is argued in [15, Thm. 3.4] that |F (θ)| ≤ f0(p)
1−θf1(p)

θ almost
everywhere. Finally, the triangle inequality for Xp

j -valued integrals (after
renorming) yields

∥fj(p)∥Xj =

(∥∥∥∥ 1

1− θ

�

R

Pj(θ, j + it)|F (j + it)|p dt
∥∥∥∥
(Xj)p

)1/p

≤
(

1

1− θ

�

R

Pj(θ, j + it)
∥∥|F (j + it)|p

∥∥
(Xj)p

dt

)1/p

≤ ∥F∥F .
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