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The rational Gurarii space and its linear isometry group

by

Ondřej Kurka and Maciej Malicki

Abstract. We show that the classes of partial isometries in finite-dimensional poly-
hedral spaces and in finite-dimensional rational polyhedral spaces do not have the weak
amalgamation property. This implies that the linear isometry group of the rational Gu-
rarii space does not have a comeager conjugacy class. Our methods also demonstrate
that the classes of finite-dimensional polyhedral spaces and of finite-dimensional rational
polyhedral spaces fail to have the Hrushovski property.

1. Introduction. In this paper, we investigate amalgamation of partial
isometries in finite-dimensional polyhedral spaces. We prove that the classes
PQ and PR of finite-dimensional polyhedral spaces over Q and over R, re-
spectively, do not satisfy the Hrushovski property, and that the classes (PQ)1
and (PR)1 of partial isometries in the respective spaces do not have the weak
amalgamation property. In particular, this implies that the linear isometry
group Aut(GQ) of the Fraïssé limit GQ of PQ, called the rational Gurarii
space, does not admit a comeager conjugacy class.

Our investigation is motivated by a question posed by Sabok [10], namely
whether the linear isometry group LIso(G) of the Gurarii space G has the
automatic continuity property. Recall that a Polish (i.e., separable and com-
pletely metrizable) group has the automatic continuity property if all its
homomorphisms into separable topological groups are continuous. This no-
tion was first studied in the setting of C∗-algebras and Banach algebras.
For example, Sakai [11], resolving a conjecture of Kaplansky, showed that
all derivations on a C∗-algebra are norm-continuous. More recently, Tsankov
[13] established the automatic continuity for the unitary group U(H) of the
separable Hilbert space H, while Sabok [10] obtained the same for the isom-
etry group Iso(U) of the Urysohn space U.
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He developed a general framework (see also [7] for a similar but sim-
pler approach), where properties of automorphism groups of complete metric
structures are studied via certain countable substructures, and their auto-
morphism groups. His proof ultimately rests on a result of Solecki [12], who
showed that the class U0 of finite metric spaces with rational distances has
the Hrushovski property. Consequently, the isometry group Aut(U0) of the
rational Urysohn space U0, the Fraïssé limit of U0, has the automatic con-
tinuity property.

As a matter of fact, an intermediate property, called ample generics, plays
a key role there. Recall that a Polish group G has ample generics if it has
a comeager diagonal n-conjugacy class for every n ∈ N, i.e., there exists
a comeager orbit under the action of G on Gn by diagonal conjugation. It
was proved by Kechris and Rosendal [6] that a group with ample generics
has the automatic continuity property. Let us mention that Tsankov’s work
on U(H) also requires that certain countable counterpart of the separable
Hilbert space, studied by Rosendal [9], has ample generics.

It is known that LIso(G) does not have ample generics. In fact, it does not
even admit a comeager conjugacy class – indeed, [2] shows that no count-
ably infinite group has a generic representation in LIso(G). Nevertheless,
the question of whether this group has the automatic continuity property
remains open. Turning to the rational Gurarii space GQ, essentially nothing
has been established in this direction so far. In this paper we prove that
Aut(GQ) has no comeager conjugacy class, which indicates that Sabok’s
method may not extend to the Gurarii space. Still, it remains conceivable
that a different notion of a rational Gurarii space could be better suited for
such an approach.

2. Fraïssé classes. In model theory, a structure M is a set with rela-
tions, functions, and constants. The symbols denoting these objects, together
with their arities, are referred to as the signature of M .

Let K be a class of structures in a fixed signature that is closed under
isomorphism. Following [6], we say that K is hereditary if it is closed under
taking substructures; it has joint embedding property (JEP) if any two A,B ∈
K can be embedded into a single C ∈ K; it has amalgamation property (AP)
if for every A,B,C ∈ K and embeddings α : A → B and β : A → C there
is D ∈ K and embeddings γ : B → D, δ : C → D such that γ ◦ α = δ ◦ β.
Finally, K has weak amalgamation property (WAP) if for every A ∈ K there
is A′ ∈ K and an embedding ϕ : A → A′ such that for every B,C ∈ K
and embeddings α : A′ → B, β : A′ → C there is D ∈ K and embeddings
γ : B → D, δ : C → D such that γ ◦ α ◦ ϕ = δ ◦ β ◦ ϕ. Note that since K is
closed under isomorphism, we can assume that in the definitions above, only
extensions ϕ, α, β, instead of all embeddings, are considered.
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Let K be a class of finitely generated structures in a fixed signature that
is closed under isomorphism, and countable up to isomorphism. We say that
K is a Fraïssé class if it is hereditary, has JEP and AP. By the classical
theorem due to Fraïssé [3], if K is a Fraïssé class, then there exists a unique
up to isomorphism countable structure M such that K is the class of finitely
generated structures embeddable in M , and M has the extension property,
i.e., for any A,B ∈ K with A ⊆ B, and embedding α : A → M , there is
an embedding β : B → M that extends α. We call this M the Fraïssé limit
of K.

A class K of structures has the n-Hrushovski property if for any A ∈ K,
and any n-tuple f1, . . . , fn of partial automorphisms of A, there exists B ∈ K
such that A ⊆ B, and every fi can be extended to an automorphism of B.
It has the Hrushovski property if it has the n-Hrushovski property for every
n ∈ N.

For a class K of structures, let K1 be the class of all partial automorphisms
of elements from K, i.e., pairs (A, f : B → C) such that A,B,C ∈ K,
B,C ⊆ A, and f is an isomorphism between B and C. Then α : A → A′ is
an embedding of (A, f : B → C) into (A′, f ′ : B′ → C ′) if it embeds A into
A′ and α◦f ⊆ f ′◦α. In the same way, we define classes Kn of elements of the
form (A, f1 : B1 → C1, . . . , fn : Bn → Cn), where A ∈ K and fi are partial
automorphisms of A. JEP, AP and WAP can be defined for Kn analogously
to K.

Recall that a topological group is Polish if it is separable and completely
metrizable. A Polish group G has a dense (non-meager, etc.) diagonal n-
conjugacy class if there is a dense (non-meager, etc.) orbit in the action of G
on Gn defined by g.(g1, . . . , gn) = (gg1g

−1, . . . , ggng
−1), g, g1, . . . , gn ∈ G. It

has ample generics if it has a comeager diagonal n-conjugacy class for every
n ∈ N.

It is well known that the automorphism group Aut(M) of a countable
structure M , with the topology inherited from MM , where M is regarded as
a discrete space, is a Polish group. The following characterization was proved
for Fraïssé limits of classes K of finite structures in [6], and generalized to
classes K of finitely generated structures (and any countable structures M)
in [8]:

Theorem 2.1. Let M be the Fraïssé limit of a Fraïssé class K, and let
n ≥ 1. The group Aut(M) has a comeager diagonal n-conjugacy class iff Kn

has JEP and WAP.

3. Polyhedral spaces. We now recall the notion of a polyhedral space,
considered here both in the rational and real settings. First, let us formulate
the following fact that is well known (at least in the real setting).
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In what follows, in a vector space over Q, the notions of a convex hull,
an absolutely convex hull and an extreme point are defined in the same way
as in a real vector space, with the difference that rational numbers are used
instead of real numbers.

Fact 3.1. Let X be a finite-dimensional normed space over F = Q or
F = R. Then the following assertions are equivalent:

(i) The closed unit ball BX of X is the absolutely convex hull of a finite
number of points in X.

(ii) There are functionals u∗1, . . . , u
∗
n in the dual space X∗ = L(X,F) such

that the norm of X can be expressed by

(∗) ∥x∥ = max {|u∗i (x)| : 1 ≤ i ≤ n}.

Proof. We consider this fact in the setting F = R to be well known and
understood, so we concentrate only on the setting F = Q. We can assume
that X = Qd for some d. By e1, . . . , ed we denote the canonical basis of Qd.

(i)⇒(ii): Let the unit ball of X = Qd be the absolutely convex hull of
points a1, a2, . . . , am in Qd. Let B denote the absolutely convex hull in Rd of
the same set of points. Since B contains εei for a sufficiently small ε > 0 (we
can take 1/∥ei∥X) for 1 ≤ i ≤ d, the point 0 ∈ Rd belongs to the interior of B.
Hence B is the unit ball of a norm |||·||| on Rd. Let us verify that |||x||| = ∥x∥X
for every x ∈ Qd, or equivalently BX = B ∩ Qd. We need to check that if
a point x ∈ Qd can be expressed as a convex combination of ±a1, . . . ,±am,
then it can be expressed as a convex combination of ±a1, . . . ,±am with
rational coefficients. Note that x is a convex combination of at most d + 1
points ±ak that form vertices of a simplex. Then the coefficients are uniquely
determined, and since x and all ak’s belong to Qd, the coefficients must be
rational.

We know from the real case that there are functionals u∗1, . . . , u∗n such that
the norm of X can be expressed by (∗). However, we need to show that these
functionals can be chosen to be Q-valued on Qd, or equivalently u∗j (ei) ∈ Q
for 1 ≤ j ≤ n, 1 ≤ i ≤ d. For this purpose, let u∗1, . . . , u∗n be the extreme
points of the dual unit ball of the space (Rd, |||·|||). Equivalently, u∗1, . . . , u∗n
are those functionals that are equal to 1 on some (d−1)-dimensional polytope
contained in the unit sphere. Thus, each u∗j is equal to 1 for d linearly inde-
pendent points ±ak. These d points have rational coordinates and uniquely
determine the numbers u∗j (ei), so these numbers must be rational.

(ii)⇒(i): Let u∗1, . . . , u∗n in the dual space X∗ = L(Qd,Q) be such that
the norm of X can be expressed by (∗). Let us extend each u∗j to Rd in
the obvious way and equip Rd with |||·||| given by the same formula (∗).
This is clearly a pseudonorm, and we check first that it is a norm. Given
x = (x1, . . . , xd) ∈ Rd different from 0, we need to verify that |||x||| > 0.
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Assume the opposite, i.e., |||x||| = 0, and so u∗j (x) = 0 for 1 ≤ j ≤ n. Let U
denote the matrix

U = (u∗j (ei))1≤j≤n, 1≤i≤d.

Considering x as a one-column matrix, we obtain Ux = 0, and so U has
rank less than d when considered as a matrix over R. At the same time,
U is a matrix consisting of rational numbers, and it has the same rank if
considered over Q. This is because the rank of U is equal to the size of the
biggest square submatrix with non-zero determinant. Hence, there is x̃ ∈ Qd

different from 0 such that Ux̃ = 0. But then ∥x̃∥X = 0, which is not possible.
Thus |||·||| is a norm indeed.

Let a1, . . . , am be the extreme points of the unit ball of (Rd, |||·|||) (we
know from the real case that there are only finitely many of them). Each ak
belongs to Qd, since u∗j (ak) = ±1 for d linearly independent functionals u∗j ,
while these functionals are Q-valued on Qd and together with the values ±1
uniquely determine ak.

To show that the points a1, . . . , am witness that (i) holds, we need to
check that if a point x ∈ Qd can be expressed as a convex combination of
a1, . . . , am, then it can be expressed as a convex combination of a1, . . . , am
with rational coefficients. This can be done in the same way as in the proof
of the implication (i)⇒(ii).

The spaces that satisfy the equivalent conditions (i) and (ii) above are
called polyhedral. For a polyhedral space X, the extreme points of the unit
ball BX are called vertices of BX . In other words, the set of vertices of BX

is the smallest set whose convex hull is BX .
Let us note that if the dual space X∗ is polyhedral and u∗1, . . . , u∗n is the

enumeration of vertices of BX∗ , then (∗) holds for each x ∈ X.
Fact 3.2.

(a) If X is a polyhedral space, then its dual space X∗ = L(X,F) is polyhedral.
(b) If Y is a subspace of a polyhedral space X, then both Y and the quotient

X/Y are polyhedral.
(c) If X and Y are polyhedral spaces, then their ℓ∞-sum and ℓ1-sum, that

is, the space X ⊕ Y with the norms ∥(x, y)∥∞ = max {∥x∥, ∥y∥} and
∥(x, y)∥1 = ∥x∥+ ∥y∥, are polyhedral spaces.

(d) If f : X → X is a surjective linear isometry on a polyhedral space X,
then there is n ∈ N such that fn is the identity on X.
Proof. (a) We know from the above comment that if X∗ is polyhedral,

then X is polyhedral. Thus, if X∗∗ is polyhedral, then X∗ is polyhedral. It
remains to note that X∗∗ is isometric to X.

(b) It is easy to see that Y is polyhedral. The dual of X/Y is isometric
to the annihilator Y ⊥ = {u∗ ∈ X∗ : (∀y ∈ Y )(u∗(y) = 0)}, which, being a
subspace of X∗, is polyhedral. It follows that X/Y is polyhedral.
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(c) If the norm on X is given by ∥x∥ = max {|u∗i (x)| : 1 ≤ i ≤ n} and
the norm on Y is given by ∥y∥ = max {|v∗j (y)| : 1 ≤ j ≤ m}, then

∥(x, y)∥∞ = max({|u∗i (x)| : 1 ≤ i ≤ n} ∪ {|v∗j (y)| : 1 ≤ j ≤ m}),

so the ℓ∞-sum of X and Y is polyhedral. Concerning the ℓ1-sum of X and Y ,
we just point out that its dual is isometric to the ℓ∞-sum of X∗ and Y ∗.

(d) Considering the restriction of f to the vertices of BX , we obtain a
permutation π. It is sufficient to note that πn is the identity permutation for
some n.

4. Two classes of linear spaces. Let F be a field, and let LF be the
signature consisting of functional symbols fα1,...,αn(x1, . . . , xn), αi ∈ F, and
a constant symbol 0. Let NF be the signature obtained by expanding LF
by unary relational symbols ∥ · ∥α, α ∈ F. Every linear space V over F
can be regarded as a structure in the signature LF by defining functions
fα1,...,αn(x1, . . . , xn) = α1x1 + · · · + αnxn, and 0 as the zero vector. Anal-
ogously, a linear space over F with a norm ∥ ∥ taking values in F can be
regarded as a structure in the signature NF by putting ∥x∥α iff ∥x∥ = α.

Let LQ (resp. LR) be the class of finite-dimensional linear spaces over
Q (resp. R) (and linear injections as embeddings). Let PQ (resp. PR) be
the class of finite-dimensional linear spaces over Q (resp. R), with polyhe-
dral norms taking values in Q (resp. R) (and linear isometric injections as
embeddings). The following is well known and easy to verify:

Proposition 4.1. LQ, LR, PQ, and PR have JEP and WAP. In partic-
ular, because LQ and PQ are countable up to isomorphism, these classes are
Fraïssé.

The Fraïssé limit LQ of LQ is an infinite-dimensional countable linear
space over Q. The Fraïssé limit GQ of PQ is a normed linear space over Q
that we will call the rational Gurarii space. Clearly, Aut(LQ) is the linear
isomorphism group of LQ, and Aut(GQ) is the linear isometry group of GQ.

Recall that the Gurarii space G is the unique separable Banach space
having the property that for any ϵ > 0, finite-dimensional Banach spaces
E ⊆ F , and isometric embedding ϕ : E → G, there is a linear embedding Φ :
F → G extending ϕ such that in addition (1− ϵ)∥x∥ < ∥Φ(x)∥ < (1+ ϵ)∥x∥
for all x ∈ F \{0}. It can also be characterized (see, e.g., [4, Theorem 2.7]) as
the unique separable Banach space such that for any ϵ > 0, finite-dimensional
Banach spaces E ⊆ F , and isometric embedding ϕ : E → G, there is an
isometric embedding Φ : F → G such that ∥Φ↾E − ϕ∥ < ϵ. Note that finite-
dimensional rational Banach spaces, as defined in [5, Section 2.2], are exactly
completions of spaces from PQ. Moreover, G is the completion of GQ. We
sketch the proof of this folklore result for the sake of comprehensiveness.
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Proposition 4.2. The completion of the rational Gurarii space GQ is
the Gurarii space G.

Proof. Let H be the completion of GQ, and let ∥ ∥ denote the norm
on G. We start with the following observation.

Claim. Fix ϵ> 0, a set A= {a0, . . . , ak} of unit vectors in GQ, f :A→G
that gives rise to an isometry between spanA (in H) and span f [A], and a
unit vector y ∈G. There are unit vectors y′0, . . . , y

′
k, y

′ ∈G such that

• ∥f(ai)− y′i∥ < ϵ, ∥y − y′∥ < ϵ,
• ai 7→ y′i gives rise to an isometric isomorphism of spanA and
span {y′0, . . . , y′k},

• the linear space over Q spanned by {y′0, . . . , y′k, y′} is in PQ.

To show the claim, note that Lemma 2.4 in [5] and its proof show
that there exists a norm ∥ ∥′0 on B′

0 = span {f(a0), . . . , f(ak), y} that is
ϵ-equivalent to ∥ ∥ on B′

0 (i.e., (1 − ϵ)∥x∥<∥x∥′0<(1 + ϵ)∥x∥ for x∈B′
0,

x ̸=0), equal to ∥ ∥ on span {f(a0), . . . , f(ak)}, equal to 1 at y, and that
turns B′

0 into a rational space in the sense that the linear space over Q
spanned by {f(a0), . . . , f(ak), y} equipped with ∥ ∥′0 is in PQ. It is easy to
observe (see, e.g., [1, Lemma 1.6]) that then there exists a seminorm ∥ ∥′
on B′ = (B′

0, ∥ ∥) ⊕ (B′
0, ∥ ∥′0) that extends ∥ ∥ and ∥ ∥′0, and moreover

∥(f(ai),0) − (0, f(ai))∥′ < ϵ, ∥(y,0) − (0, y)∥′ < ϵ. By the above charac-
terization of the Gurarii space, we can assume that actually B′/∥ ∥′ is a
subspace of G such that ∥f(ai)− (0, f(ai))∥ < ϵ, ∥y − (0, y)∥ < ϵ. In other
words, y′i = (0, f(ai)), y′ = (0, y) witness that the claim holds.

Now, to finish the proof of the proposition, we will construct an isometric
injection f : GQ → G whose image is dense in G, and f(0) = 0. Let
X = {xi} be all the unit vectors in GQ, and let {yi} be a dense subset of
G \ {0}. Put f0(0) = 0, and suppose that injections fi : Xi → G, i ≤ n,
have been defined so that, for 1 ≤ i ≤ n,

• Xi ⊆ X is finite and Xi−1 ⊆ Xi,
• fi gives rise to an isometry between spanXi and span fi[Xi],
• ∥fi(x)− fi−1(x)∥ < 2−i for x ∈ Xi−1,
• xi ∈ spanX2i if 2i ≤ n,
• ∥y − yi∥ < 2−i for some y ∈ span f2i+1[X2i+1] if 2i+ 1 ≤ n.

For odd n, we use the above characterization of the Gurarii space to con-
struct a required fn+1. For even n, suppose that yn/2 ̸∈ span fn[Xn]. We fix
y′0, . . . , y

′
k, y

′ ∈ G as in the claim for a sufficiently small ϵ, a0, . . . , ak enu-
merating Xn, f = fn and y = yn/2/∥yn/2∥. Then, applying amalgamation
in PQ, we find l ∈ N such that fn+1 defined by fn+1(ai) = y′i, fn+1(xl) = y′

witnesses that spanXn ∪ {xl} (in H) is isometric to span fn+1[Xn] ∪ {y′}.
Finally, we define f(xn) = limm fm(xn).
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Now we point out that, similarly to Aut(HQ), where HQ is a countable
counterpart of the separable Hilbert space studied in [9], Aut(LQ) has ample
generics.

Proposition 4.3. The classes LQ and LR have the Hrushovski property.
In particular, Aut(LQ) has ample generics.

Proof. We show that LQ has the n-Hrushovski property, and that (LQ)n
has WAP, for n = 1. The proofs for n > 1 and for LR are analogous.
Fix (X, f : E → F ) ∈ (LQ)1. Without loss of generality, we can assume
that E ∪ F generates X. Fix a basis x0, . . . , xn in X such that, for some
j, k ≤ n, E = span {x0, . . . , xk}, and F = span {xj , . . . , xn} (i.e., E ∩ F =
span {xj , . . . , xk}). Since the range of f is F , we have n = j + k. We extend
f by putting xi = f(xn−i) for i < j.

It follows that there is a subfamily F ⊆ (LQ)1 that has AP, and is
cofinal in (LQ)1, i.e., for every (X, f : E → F ) ∈ (LQ)1 there is (X ′, f ′ :
E′ → F ′) ∈ F that embeds (X, f : E → F ). In particular, (LQ)1 has weak
amalgamation. Indeed, for (A, f : B → C) ∈ (LQ)1, fix (A0, f0 : A0 → A0)
∈ (LQ)1 such that f0 extends f . As A0 is obviously invariant under every
extension of f0, for any (A1, f1 : B1 → C1), (A2, f2 : B2 → C2) ∈ (LQ)1
such that f1, f2 extend f0, we can assume that A1 ∩ A2 = A0. Write A1 =
A0 ⊕ A′

1, f1 = (f0, f
′
1), A2 = A0 ⊕ A′

2, f2 = (f0, f
′
2). It is immediate that

(A0⊕A′
1⊕A′

2, (f0, f
′
1, f

′
2)) is the required amalgam. Note that JEP amounts

to amalgamation over the trivial space, so (LQ)1 has JEP as well. Using
Theorem 2.1, we conclude that Aut(LQ) has a comeager conjugacy class.

In the same way, we can show that (LQ)n has JEP and WAP for every
n ∈ N, i.e., Aut(LQ) has ample generics.

Theorem 4.4. The class PQ does not have the 1-Hrushovski property,
and (PQ)1 does not have WAP. In particular, Aut(GQ) does not have a
comeager conjugacy class.

Proof. The major part of the proof that (PQ)1 does not have WAP will
be accomplished in the next section, where we prove Lemma 5.1. According
to this lemma, it is sufficient to find an example of O = (C, f : A → B) for
which there is no extension D of C that admits an extension g : D → D of f
that is a surjective linear isometry. Such an example demonstrates at the
same time that PQ does not have the 1-Hrushovski property. Although the
following example is quite simple, perhaps it is not clear where the method
comes from. A kind of clarification will be provided later in Proposition 4.5.

Let C = Q2 with the norm ∥(x, y)∥ = |x|+ |y|. Let A = {(t, 0) : t ∈ Q},
B = {(t, t) : t ∈ Q} and f(t, 0) =

(
1
2 t,

1
2 t
)
, t ∈ Q. Assume that suitable D

and g exist. Since the norm of D is polyhedral, there is n ∈ N such that
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gn = idD. Let us consider ai = (2−i, 0) for 0 ≤ i ≤ n− 1. Then

∥a0 − f(an−1)∥ =
∥∥(1, 0)− (

1
22

−(n−1), 122
−(n−1)

)∥∥ = |1− 2−n|+ 2−n = 1,

∥ai+1 − f(ai)∥ =
∥∥(2−(i+1), 0)−

(
1
22

−i, 122
−i
)∥∥

= |2−(i+1) − 2−(i+1)|+ 2−(i+1) = 2−(i+1),

and so

1 = ∥a0 − f(an−1)∥ = ∥gn(a0)− g(an−1)∥

=
∥∥∥ n−2∑

i=0

gn−i(ai)− gn−(i+1)(ai+1)
∥∥∥

≤
n−2∑
i=0

∥gn−i(ai)− gn−(i+1)(ai+1)∥ =
n−2∑
i=0

∥g(ai)− ai+1∥

=
n−2∑
i=0

∥f(ai)− ai+1∥ =
n−2∑
i=0

2−(i+1) = 1− 2−(n−1),

a contradiction.

In the next proposition, we provide more aspects of the results stated in
Theorem 4.4. Here, we can consider both fields F = Q and F = R.

Proposition 4.5. For every O = (C, f : A→ B) ∈ (PF)1, the following
assertions are equivalent:

(1) There exist O1 ∈ (PF)1 and an embedding i : O → O1 such that for any
O2,O3 ∈ (PF)1 and embeddings j : O1 → O2, k : O1 → O3, there are
O4 ∈ (PF)1 and embeddings j̃ : O2 → O4, k̃ : O3 → O4 such that

j̃ ◦ j ◦ i = k̃ ◦ k ◦ i.

(2) There exists O′ ∈ (PF)1 of the form O′ = (E, g : E → E) that admits
an embedding i′ : O → O′.

(3) There exists n ∈ N such that for any a0, . . . , an−1 ∈ A, we have

∥a0 − f(an−1)∥ ≤
n−2∑
i=0

∥ai+1 − f(ai)∥.

Proof. (1)⇒(2): This is nothing but Lemma 5.1.
(2)⇒(1): We put O1 = O′ = (E, g : E → E) and i = i′ : C → E.

Let O2 = (C2, f2 : A2 → B2), O3 = (C3, f3 : A3 → B3) ∈ (PF)1 and
embeddings j : O1 → O2, k : O1 → O3 be given. Considering the norm
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∥(c2, c3)∥ = ∥c2∥+ ∥c3∥ on C2 ⊕ C3, we define

C4 = (C2 ⊕ C3)/N, where N = {(j(e),−k(e)) : e ∈ E},
j̃ : C2 → C4, j̃(c2) = (c2, 0) +N, c2 ∈ C2,

k̃ : C3 → C4, k̃(c3) = (0, c3) +N, c3 ∈ C3,

A4 = span(j̃(A2) ∪ k̃(A3)), B4 = span(j̃(B2) ∪ k̃(B3)).

To show that

f4(j̃(a2)) = j̃(f2(a2)), a2 ∈ A2, f4(k̃(a3)) = k̃(f3(a3)), a3 ∈ A3,

well-defines a linear mapping f4 on A4, we need to check that

j̃(a2) = k̃(a3) =⇒ j̃(f2(a2)) = k̃(f3(a3)),

or equivalently (a2,−a3) ∈ N ⇒ (f2(a2),−f3(a3)) ∈ N for a2 ∈ A2, a3 ∈ A3.
For (a2,−a3) ∈ N , there is e ∈ E such that a2 = j(e) and a3 = k(e), and so
(f2(a2),−f3(a3)) = (f2(j(e)),−f3(k(e))) = (j(g(e)),−k(g(e))) ∈ N . Thus,
f4 is indeed well defined. Let us show that it is an isometry of A4 onto B4.
Clearly, f4(A4) ⊆ B4, and regarding the opposite inclusion B4 ⊆ f4(A4),
for b4 ∈ B4 of the form b4 = j̃(b2) + k̃(b3), we can put a4 = j̃(f−1

2 (b2)) +

k̃(f−1
3 (b3)) and obtain f4(a4) = b4. Further, let us pick a4 ∈ A4, so it is of

the form
a4 = j̃(a2) + k̃(a3) = (a2, a3) +N,

while
f4(a4) = j̃(f2(a2)) + k̃(f3(a3)) = (f2(a2), f3(a3)) +N.

Since g is a surjective linear isometry on E, it follows that

∥f4(a4)∥ = inf
e∈E

(
∥f2(a2) + j(e)∥+ ∥f3(a3)− k(e)∥

)
= inf

e∈E

(
∥f2(a2) + j(g(e))∥+ ∥f3(a3)− k(g(e))∥

)
= inf

e∈E

(
∥f2(a2) + f2(j(e))∥+ ∥f3(a3)− f3(k(e))∥

)
= inf

e∈E

(
∥a2 + j(e)∥+ ∥a3 − k(e)∥

)
= ∥a4∥.

Now, let us check that the choice O4 = (C4, f4 : A4 → B4) works. For
c2 ∈ C2, we have

∥j̃(c2)∥ = ∥(c2, 0) +N∥ = inf
e∈E

(∥c2 + j(e)∥+ ∥k(e)∥) = ∥c2∥.

Analogously, ∥k̃(c3)∥ = ∥c3∥ for c3 ∈ C3, and it follows from the definition
of f4 that both j̃ and k̃ are embeddings of O2, resp. O3, into O4. Finally, for
e ∈ E,

(j̃ ◦ j)(e) = (j(e), 0) +N = (0, k(e)) +N = (k̃ ◦ k)(e),

in particular, j̃ ◦ j ◦ i = k̃ ◦ k ◦ i.
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(2)⇒(3): We can suppose that E is an extension of C and g is an ex-
tension of f . Since the norm of E is polyhedral, there is n ∈ N such that
gn = idE . Given a0, . . . , an−1 ∈ A, we denote xi = gn−i(ai), obtaining

∥a0 − f(an−1)∥ = ∥gn(a0)− g(an−1)∥

= ∥x0 − xn−1∥ =
∥∥∥ n−2∑

i=0

(xi − xi+1)
∥∥∥

≤
n−2∑
i=0

∥xi − xi+1∥ =
n−2∑
i=0

∥gn−i(ai)− gn−i−1(ai+1)∥

=

n−2∑
i=0

∥g(ai)− ai+1∥ =

n−2∑
i=0

∥f(ai)− ai+1∥.

(3)⇒(2): Let E0 be the space Cn with the norm ∥(c0, . . . , cn−1)∥ =∑n−1
i=0 ∥ci∥, and with the isometry

g0 : (c0, . . . , cn−1) 7→ (c1, . . . , cn−1, c0).

Let N be the subspace of E0 generated by all vectors of the form

(0, . . . , 0, a,−f(a), 0, . . . , 0) and (−f(a), 0, . . . , 0, a),
where a ∈ A.

Let E be the quotient E0/N . Let us denote

c̃ = (c, 0, . . . , 0) +N, c ∈ C.

Since g0(N) = N , the mapping

g(x+N) = g0(x) +N, x+N ∈ E,

is well-defined, and moreover it is an isometry. For a ∈ A, we have

g(ã) = g((a, 0, . . . , 0) +N) = g0((a, 0, . . . , 0)) +N

= (0, . . . , 0, a) +N = (f(a), 0, . . . , 0) +N = f̃(a).

Hence, it remains to show that c 7→ c̃ is an isometry. For c ∈ C, we have

∥c̃∥ = inf
u∈N

∥(c, 0, . . . , 0) + u∥,

thus ∥c̃∥ ≤ ∥c∥ by the choice u = 0. On the other hand, a general u ∈ N is
of the form

u = (a0 − f(an−1), a1 − f(a0), . . . , an−1 − f(an−2)),

for which, by the inequality from (3),

∥(c, 0, . . . , 0) + u∥ = ∥c+ a0 − f(an−1)∥+
n−2∑
i=0

∥ai+1 − f(ai)∥

≥ ∥c+ a0 − f(an−1)∥+ ∥a0 − f(an−1)∥ ≥ ∥c∥,
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yielding ∥c̃∥ ≥ ∥c∥. We obtain ∥c̃∥ = ∥c∥ for c ∈ C, finishing the proof
of (2).

To close this section, we show that the two-dimensional example from
the proof of Theorem 4.4 actually disproves the 1-Hrushovski property also
for the class of general finite-dimensional normed spaces.

Proposition 4.6. Let X be a finite-dimensional normed linear space
containing points e1, e2 such that ∥ae1+be2∥ = |a|+ |b| for all a, b ∈ F. Then
there is no surjective linear isometry on X that maps e1 to 1

2(e1 + e2).

Proof. Suppose that T is such an isometry. Without loss of gen-
erality, we suppose that X is the linear span of the sequence
e1, e2, T e1, T e2, T

2e1, T
2e2, . . . , since T maps this span into itself. Let n

be the smallest number such that Tn+1e2 belongs to the linear span of
e1, e2, T e2, T

2e2, . . . , T
ne2. We claim that e1, e2, T e2, T 2e2, . . . , T

ne2 is a ba-
sis of X. Since these vectors are linearly independent, we need only show
that each Tme1 and each Tme2 belong to their linear span.

For suitable α, β0, β1, . . . , βn, we have

Tn+1e2 = αe1 + β0e2 + β1Te2 + · · ·+ βnT
ne2.

It is easy to show by induction that

T ke1 =
1

2k
e1 +

1

2k
e2 +

1

2k−1
Te2 + · · ·+ 1

2
T k−1e2,

so

Tn+k+1e2 = αT ke1 + β0T
ke2 + β1T

k+1e2 + · · ·+ βnT
n+ke2

= α

[
1

2k
e1 +

1

2k
e2 +

1

2k−1
Te2 + · · ·+ 1

2
T k−1e2

]
+ β0T

ke2 + β1T
k+1e2 + · · ·+ βnT

n+ke2.

We first find by induction that each Tme2 belongs to the linear span of
e1, e2, T e2, T

2e2, . . . , T
ne2, and then the same holds for each Tme1.

From the formula for T ke1, we see that Tn+1e1 is a convex combination
of the basic vectors e1, e2, T e2, T 2e2, . . . , T

ne2, in which each coefficient is
positive. Since Tn+1e1 has norm 1, as also do e1, e2, T e2, T 2e2, . . . , T

ne2, the
whole convex hull of e1, e2, T e2, T 2e2, . . . , T

ne2 consists of vectors of norm 1.
Hence, the norm is smooth in Tn+1e1. The same is true for e1, as there
is obviously an isometry that maps e1 to Tn+1e1. But this is impossible,
because the norm is not smooth in e1 due to our assumptions.

5. Key lemma. This section is devoted to the proof of the following
lemma important for our proof that (PF)1 does not have WAP (where F = Q
or F = R).
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Lemma 5.1. Let O0 = (C0, f0 : A0 → B0) ∈ (PF)1 be such that there
exist O1 = (C1, f1 : A1 → B1) ∈ (PF)1 and an embedding i : O0 → O1 such
that for any O2 = (C2, f2 : A2 → B2), O3 = (C3, f3 : A3 → B3) ∈ (PF)1 and
embeddings j : O1 → O2, k : O1 → O3, there are O4 = (C4, f4 : A4 → B4) ∈
(PF)1 and embeddings j̃ : O2 → O4, k̃ : O3 → O4 such that j̃ ◦j ◦ i = k̃◦k◦ i.

Then there exists O′ ∈ (PF)1 of the form O′ = (E, f : E → E) that
admits an embedding i′ : O0 → O′.

C0 C1

C2

C3

C4

i

j

k

j̃

k̃

We start by introducing the following notation:

• D denotes the space of all finitely supported α : Z → C1 with the norm
∥α∥D =

∑
k∈Z ∥α(k)∥C1 ,

• fD denotes the shift given by [fD(α)](k) = α(k − 1),
• N ⊆ D is defined as the subspace generated by all vectors of the form
(. . . , 0, 0,−f1(a), a, 0, 0, . . . ), where a ∈ A1 and it can appear at any co-
ordinate,

• C = D/N,
• fC : C → C is given by fC(α +N) = fD(α) +N; this is well defined since
fD maps N into N, and moreover fC is an isometry,

• jC : C1 → C is given by jC(c) = (. . . , 0, c, 0, . . . ) +N, where c appears on
the 0th coordinate; it follows from the next claim applied to k = l = 0
that jC : C1 → C is an isometry.

Claim 5.2. Let k ≤ l be integers and let D[k,l] and N[k,l] be the subspaces
of D and N of all points supported by {k, k + 1, . . . , l}. Then

∥α+N∥C = inf {∥α+ η∥D : η ∈ N[k,l]}, α ∈ D[k,l].

Consequently, the subspace {α + N : α ∈ D[k,l]} of C is isometric to
D[k,l]/N[k,l], and thus it is polyhedral.

Proof. Let us fix α ∈ D[k,l]. The inequality “≤” is clear. To prove “≥”,
given η ∈ N, we want to find η′ ∈ N[k,l] such that ∥α + η′∥D ≤ ∥α + η∥D.
We can write

η = (. . . , 0,−f1(ap+1), ap+1 − f1(ap+2), . . . , aq−1 − f1(aq), aq, 0, . . . ),

where ar − f1(ar+1) appears at the rth coordinate, once η is supported by
{p, p + 1, . . . , q}. Now, if p < k, then replacing ap+1 by 0 does not increase
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∥α+ η∥D, because

∥−f1(ap+1)∥C1+∥α(p+ 1) + ap+1 − f1(ap+2)∥C1

= ∥ap+1∥C1 + ∥α(p+ 1) + ap+1 − f1(ap+2)∥C1

≥ ∥α(p+ 1)− f1(ap+2)∥C1 .

Analogously, if q > l, then replacing aq by 0 does not increase ∥α+ η∥D, as

∥α(q − 1) + aq−1−f1(aq)∥C1 + ∥aq∥C1

= ∥α(q − 1) + aq−1 − f1(aq)∥C1 + ∥f1(aq)∥C1

≥ ∥α(q − 1) + aq−1∥C1 .

Therefore, we can shrink the support of η until it is a subset of {k, k+1, . . . , l},
without increasing ∥α+ η∥D.

Claim 5.3. (fC ◦ jC)(a) = (jC ◦ f1)(a) for each a ∈ A1.

Proof. We have

(fC ◦ jC)(a) = fC((. . . , 0, a, 0, . . . ) +N)

= fD((. . . , 0, a, 0, . . . )) +N = (. . . , 0, 0, a, . . . ) +N

= (. . . , 0, f1(a), 0, . . . ) +N = jC(f1(a)) = (jC ◦ f1)(a)

for each a ∈ A1.

Let us consider a sequence {u∗k}k∈Z in the dual unit ball BC∗
1

of C1 such
that u∗k(f1(a)) = u∗k+1(a) for all k ∈ Z and a ∈ A1. Then the sequence has
the property that

∑
k∈Z u

∗
k(η(k)) = 0 for each η ∈ N. It follows that the

functional
u∗(α+N) =

∑
k∈Z

u∗k(α(k)), α ∈ D,

is well-defined, and moreover it belongs to BC∗ . Indeed, for α ∈ D, we have
|u∗(α +N)| = |

∑
k∈Z u

∗
k(α(k))| ≤

∑
k∈Z ∥u∗k∥C∗

1
∥α(k)∥C1 ≤

∑
k∈Z ∥α(k)∥C1

= ∥α∥D, as well as |u∗(α+N)| ≤ ∥α+ η∥D for η ∈ N, hence |u∗(α+N)| ≤
infη∈N ∥α+ η∥D = ∥α+N∥C, which gives ∥u∗∥C∗ ≤ 1.

Let ψ1, . . . , ψl be an enumeration of the vertices of BC∗
1
. For 1 ≤ n ≤ l,

we denote ψn,0 = ψn and choose ψn,−1, ψn,1 ∈ BC∗
1

such that ψn,−1(f1(a)) =
ψn,0(a) and ψn,0(f1(a)) = ψn,1(a) for every a ∈ A1. There are numbers
sn,m ∈ F and tn,m ∈ F such that

∑l
m=1 |sn,m| ≤ 1 and

∑l
m=1 |tn,m| ≤ 1 for

1 ≤ n ≤ l and

ψn,1 =
l∑

m=1

sn,mψm, ψn,−1 =
l∑

m=1

tn,mψm, 1 ≤ n ≤ l.
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Recursively we define, for j ≥ 1,

ψn,j+1 =
l∑

m=1

sn,mψm,j , ψn,−j−1 =
l∑

m=1

tn,mψm,−j , 1 ≤ n ≤ l.

By induction, ∥ψn,±j∥C∗
1
≤1 and ψn,j(f1(a))=ψn,j+1(a), resp. ψn,−j−1(f1(a))

=ψn,−j(a) for every a ∈ A1. Therefore, for 1 ≤ n ≤ l,

u∗n(α+N) =
∑
k∈Z

ψn,k(α(k)), α ∈ D,

defines a functional with ∥u∗n∥C∗ ≤ 1.

Claim 5.4. For c ∈ i(C0), we have

∥x∥C = sup {|u∗n(fkC (x))| : 1 ≤ n ≤ l, k ∈ Z}, x ∈ span {fkC (jC(c)) : k ∈ Z}.

Proof. We define

|||x|||C = sup
({

1
2∥x∥C

}
∪ {|u∗n(fkC (x))| : 1 ≤ n ≤ l, k ∈ Z}

)
, x ∈ C,

which is an equivalent norm on C satisfying 1
2∥x∥C ≤ |||x|||C ≤ ∥x∥C, and

such that fC : C → C is an isometry also with respect to |||·|||C. To prove the
claim, we show that the norms ∥ · ∥C and |||·|||C coincide on the linear span
of the points fkC (jC(c)), k ∈ Z.

Notice first that ∥jC(e)∥C = |||jC(e)|||C for every e ∈ C1. Indeed, for
some n with 1 ≤ n ≤ l, we have ψn(e) = ∥e∥C1 , so ∥jC(e)∥C ≥ |||jC(e)|||C ≥
u∗n(jC(e)) = u∗n((. . . , 0, e, 0, . . . )+N) = ψn,0(e) = ψn(e) = ∥e∥C1 = ∥jC(e)∥C.

It is enough to prove that ∥w∥C = |||w|||C for w of the form

w =

ν∑
k=0

wkf
k
C (jC(c)).

We can assume that ν ≥ 1. Let us put

C2 = C3 = span
ν⋃

k=0

fkC (jC(C1)).

We equip C2 with the restriction of the norm ∥·∥C and C3 with the restriction
of the norm |||·|||C. Then C2 is polyhedral by Claim 5.2, and to see that C3

is polyhedral, we prove that

∥x∥C3 = sup
({

1
2∥x∥C

}
∪ {|u∗n(fkC (x))| : 1 ≤ n ≤ l,−ν ≤ k ≤ 0}

)
, x ∈ C3.

Given x =
∑ν

r=0 f
r
C(jC(cr)) ∈ C3, it is sufficient to show that the function

k 7→ max {|u∗n(fkC (x))| : 1 ≤ n ≤ l}

is non-increasing for k ≥ 0 and non-decreasing for k ≤ −ν. Let us note that
u∗n(f

k
C (x)) = u∗n(

∑ν
r=0 f

k+r
C (jC(cr))) =

∑ν
r=0 ψn,k+r(cr) for each k ∈ Z. In
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the case k ≥ 0, we have

u∗n(f
k+1
C (x)) =

ν∑
r=0

ψn,k+1+r(cr) =
ν∑

r=0

l∑
m=1

sn,mψm,k+r(cr)

=

l∑
m=1

sn,m

ν∑
r=0

ψm,k+r(cr) =

l∑
m=1

sn,mu∗m(fkC (x)),

and consequently

|u∗n(fk+1
C (x))| ≤

l∑
m=1

|sn,m| |u∗m(fkC (x))| ≤ max {|u∗m(fkC (x))| : 1 ≤ m ≤ l}.

Similarly, for k ≤ −ν, we have

u∗n(f
k−1
C (x)) =

ν∑
r=0

ψn,k−1+r(cr) =

ν∑
r=0

l∑
m=1

tn,mψm,k+r(cr)

=
l∑

m=1

tn,m

ν∑
r=0

ψm,k+r(cr) =
l∑

m=1

tn,mu∗m(fkC (x)),

and consequently

|u∗n(fk−1
C (x))| ≤

l∑
m=1

|tn,m| |u∗m(fkC (x))| ≤ max {|u∗m(fkC (x))| : 1 ≤ m ≤ l}.

Hence, the formula for ∥ · ∥C3 holds, and C3 is polyhedral indeed.
Next, let

A2 = A3 = span

ν−1⋃
k=0

fkC (jC(C1)), B2 = B3 = span

ν⋃
k=1

fkC (jC(C1)),

where we consider the restriction of ∥ · ∥C on A2, B2 and the restriction
of |||·|||C on A3, B3. If we define i12 = i13 = jC and f2 = f3 = fC|A2 , then
i12 : C1 → C2, i13 : C1 → C3, f2 : A2 → B2 and f3 : A3 → B3 are
isometries. By Claim 5.3, (f2◦i12)(a) = (i12◦f1)(a) (equivalently (f3◦i13)(a)
= (i13 ◦ f1)(a)) for each a ∈ A1, and so i12 and i13 are embeddings from O1

into O2 = (C2, f2 : A2 → B2) and O3 = (C3, f3 : A3 → B3).

C0 C1

C2

C3

C4

i

i12

i13

i24

i34
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Now, there are O4 = (C4, f4 : A4 → B4) ∈ (PF)1 and embeddings
i24 : O2 → O4, i34 : O3 → O4 such that i24 ◦ i12 ◦ i = i34 ◦ i13 ◦ i. Note that
(i24 ◦ i12)(c) = (i34 ◦ i13)(c), that is, i24(jC(c)) = i34(jC(c)). By induction, we
can prove for 0 ≤ k ≤ ν that

i24(f
k
C (jC(c))) = i34(f

k
C (jC(c))),

since for 0 ≤ k ≤ ν − 1 we can write

i24(f
k+1
C (jC(c))) = (i24 ◦ f2)(fkC (jC(c))) = (f4 ◦ i24)(fkC (jC(c)))

= (f4 ◦ i34)(fkC (jC(c))) = (i34 ◦ f3)(fkC (jC(c)))
= i34(f

k+1
C (jC(c))).

Finally, it follows that i24(w)= i34(w) and ∥w∥C2 = ∥i24(w)∥C4 = ∥i34(w)∥C4

= ∥w∥C3 , that is, ∥w∥C= |||w|||C.
Before the next claim, let us make one more remark on the above in-

troduced functionals ψn,k and numbers sn,m and tn,m. Let S be the matrix
(sn,m)ln,m=1 and T be the matrix (tn,m)ln,m=1, and let s(j)n,m and t

(j)
n,m be the

entries of the matrices Sj and T j . Then it is straightforward to show by
induction on j ≥ 0 that

ψn,j =

l∑
m=1

s(j)n,mψm, ψn,−j =

l∑
m=1

t(j)n,mψm, 1 ≤ n ≤ l,

and
l∑

m=1

|s(j)n,m| ≤ 1,

l∑
m=1

|t(j)n,m| ≤ 1, 1 ≤ n ≤ l.

Claim 5.5. For c ∈ i(C0), ν ∈ N and ε > 0, there is η ∈ N such that
∥c+ η(0)∥C1 +

∑
0<|k|≤ν ∥η(k)∥C1 < ε.

Proof. We can assume that ∥c∥C1 = 1. Since there is a cluster point of
the sequence {(Sj , T j)}∞j=0, we can choose τ > σ ≥ 0 such that τ ≥ 3σ,
τ ≥ σ + 2ν + 1 and

|s(τ)n,m − s(σ)n,m| ≤ ε/l, |t(τ)n,m − t(σ)n,m| ≤ ε/l, 1 ≤ n,m ≤ l.

Then, for j ≥ 0, using Sτ+j−Sσ+j = Sj(Sτ −Sσ), we obtain |s(τ+j)
n,m −s(σ+j)

n,m |
= |

∑l
o=1 s

(j)
n,o(s

(τ)
o,m− s(σ)o,m)| ≤ (ε/l)

∑l
o=1 |s

(j)
n,o|. From this and from the same

for T , we get

|s(τ+j)
n,m − s(σ+j)

n,m | ≤ ε/l, |t(τ+j)
n,m − t(σ+j)

n,m | ≤ ε/l, 1 ≤ n,m ≤ l.

Let us choose R ∈ N with R ≥ 2/ε, and let

x =

2R−1∑
p=0

(−1)pf
p(τ−σ)
C (jC(c)).
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That is, x =
∑R−1

r=0 [f
2r(τ−σ)
C (jC(c)) − f

(2r+1)(τ−σ)
C (jC(c))], so for k ∈ Z and

1 ≤ n ≤ l,

u∗n(f
k
C (x)) =

R−1∑
r=0

[
ψn,2r(τ−σ)+k(c)− ψn,(2r+1)(τ−σ)+k(c)

]
.

Let us consider three cases for r:

• If 2r(τ − σ) + k ≥ σ, then

ψn,2r(τ−σ)+k(c)−ψn,(2r+1)(τ−σ)+k(c)

=

l∑
m=1

s(2r(τ−σ)+k)
n,m ψm(c)−

l∑
m=1

s((2r+1)(τ−σ)+k)
n,m ψm(c)

=
l∑

m=1

(s(2r(τ−σ)+k)
n,m − s((2r+1)(τ−σ)+k)

n,m )ψm(c),

and so

|ψn,2r(τ−σ)+k(c)− ψn,(2r+1)(τ−σ)+k(c)| ≤
l∑

m=1

(ε/l)|ψm(c)| ≤ l(ε/l)∥c∥C1 = ε.

• If (2r + 1)(τ − σ) + k ≤ −σ, then

ψn,2r(τ−σ)+k(c)−ψn,(2r+1)(τ−σ)+k(c)

=

l∑
m=1

t(−[2r(τ−σ)+k])
n,m ψm(c)−

l∑
m=1

t(−[(2r+1)(τ−σ)+k])
n,m ψm(c)

=
l∑

m=1

(t(−[2r(τ−σ)+k])
n,m − t(−[(2r+1)(τ−σ)+k])

n,m )ψm(c),

and so

|ψn,2r(τ−σ)+k(c)− ψn,(2r+1)(τ−σ)+k(c)| ≤
l∑

m=1

(ε/l)|ψm(c)| ≤ l(ε/l)∥c∥C1 = ε.

• In the remaining case 2r(τ −σ)+ k < σ and (2r+1)(τ −σ)+ k > −σ,
equivalently −σ−k

2(τ−σ) −
1
2 < r < σ−k

2(τ−σ) , we use simply

|ψn,2r(τ−σ)+k(c)− ψn,(2r+1)(τ−σ)+k(c)| ≤ 2∥c∥C1 = 2.

This may happen for at most one r, since σ−k
2(τ−σ) ≤ 1+ −σ−k

2(τ−σ) −
1
2 , as τ ≥ 3σ.

Altogether,

|u∗n(fkC (x))| ≤
R−1∑
r=0

|ψn,2r(τ−σ)+k(c)− ψn,(2r+1)(τ−σ)+k(c)|

≤ 2 + (R− 1)ε,
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and using this for all 1 ≤ n ≤ l and k ∈ Z, we deduce from Claim 5.4 that

∥x∥C ≤ 2 + (R− 1)ε ≤ Rε+ (R− 1)ε < 2Rε.

We have x = α+N, where α ∈ D has (−1)pc on the coordinate p(τ − σ) for
0 ≤ p ≤ 2R− 1, and 0 elsewhere. For some η ∈ N, we have ∥α+ η∥D < 2Rε.
Since τ ≥ σ + 2ν + 1, we can write

2R−1∑
p=0

[
∥(−1)pc+ η(p(τ − σ))∥C1 +

∑
0<|k|≤ν

∥η(p(τ − σ) + k)∥C1

]
≤

∑
k∈Z

∥α(k) + η(k)∥C1 = ∥α+ η∥D < 2Rε,

so we must have ∥(−1)pc+η(p(τ−σ))∥C1+
∑

0<|k|≤ν ∥η(p(τ−σ)+k)∥C1 < ε
for some 0 ≤ p ≤ 2R− 1, from which we easily deduce the claim.

Let us define recursively

E0 = F0 = C1, Eν+1 = f−1
1 (B1 ∩ Eν), Fν+1 = f1(A1 ∩ Fν),

and let

E =
∞⋂
ν=0

Eν .

Then Eν is the subspace of C1 of all points on which f1 can be applied ν
times and Fν is the subspace of C1 of all points on which f−1

1 can be applied ν
times, so Fν = fν1 (Eν).

We have E0 ⊇ E1 ⊇ E2 ⊇ · · · , hence there is ν0 such that Eν = E for
each ν ≥ ν0. It follows that f1|E is a surjective linear isometry on E. Also,
Fν = fν1 (Eν) = fν1 (E) = E for each ν ≥ ν0.

Claim 5.6. For every ν ∈ N ∪ {0}, there is Γν > 0 such that for each
ε > 0 and each sequence a0, a1, . . . , aν in A1 with ∥f1(an−1)− an∥C1 < ε for
1 ≤ n ≤ ν, the distance from a0 to Eν+1 is less than Γνε.

Similarly, for every ν ∈ N ∪ {0}, there is ∆ν > 0 such that for each
ε > 0 and each sequence b0, b1, . . . , bν in B1 with ∥f−1

1 (bn−1)− bn∥C1 < ε for
1 ≤ n ≤ ν, the distance from b0 to Fν+1 is less than ∆νε.

Proof. We prove only the first part. For ν = 0, this is clear, as a0 ∈ A1

= Eν+1. Concerning the induction step, let the statement hold for ν − 1
with some Γν−1. There is ϱ > 0 such that for every b ∈ B1 we have
dist(b, B1 ∩ Eν) ≤ ϱdist(b, Eν); indeed, let δ be the distance from the unit
sphere of B1/(B1 ∩ Eν) to Eν/(B1 ∩ Eν) in C1/(B1 ∩ Eν); then

δ dist(b, B1 ∩ Eν) = δ∥b+ (B1 ∩ Eν)∥
≤ dist(b+ (B1 ∩ Eν), Eν/(B1 ∩ Eν)) = dist(b, Eν),
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so we can take ϱ = 1/δ. By the induction hypothesis, dist(a1, Eν) < Γν−1ε,
and so

dist(a0, Eν+1) = dist(f1(a0), B1 ∩ Eν) ≤ ϱdist(f1(a0), Eν)

≤ ϱ(∥f1(a0)− a1∥+ dist(a1, Eν)) < ϱ(1 + Γν−1)ε.

Hence, we can put Γν = ϱ(1 + Γν−1).

Claim 5.7. i(C0) ⊆ E.

Proof. Let c ∈ i(C0), let ε > 0 be arbitrary, and let ν be large enough
to satisfy Eν+1 = Fν+1 = E. By Claim 5.5, there is η ∈ N such that
∥c+ η(0)∥C1 +

∑
0<|k|≤ν ∥η(k)∥C1 < ε. We can write

η =
∑
k∈Z

(. . . , 0, 0,−f1(ak), ak, 0, 0, . . . ),

where ak ∈ A1 appears on the kth coordinate and only finitely many ak’s are
non-zero. We have ε > ∥c+η(0)∥C1 = ∥c+a0−f1(a1)∥C1 and ε > ∥η(k)∥C1 =
∥ak − f1(ak+1)∥C1 for 0 < |k| ≤ ν. Applying Claim 5.6 on the sequences
a0, a−1, . . . , a−ν and f1(a1), f1(a2), . . . , f1(aν+1), we obtain dist(a0, Eν+1) <
Γνε and dist(f1(a1), Fν+1) < ∆νε. It follows that

dist(c, E) ≤ ∥c+ a0 − f1(a1)∥C1 + dist(a0, E) + dist(f1(a1), E)

< (1 + Γν +∆ν)ε.

Since ε > 0 was chosen arbitrarily, we arrive at c ∈ E.

To complete the proof of Lemma 5.1, we put f = f1|E and i′ = i. Then
f is a surjective linear isometry on E, and Claim 5.7 guarantees that i′ is an
embedding of O0 = (C0, f0 : A0 → B0) into (E, f : E → E).
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