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The return times theorem, auto-correlation and sequences
with an empty Fourier—-Bohr spectrum
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MATAN TAL

Abstract. This paper explores the proof by J. Bourgain, H. Furstenberg, Y. Katznel-
son and D. S. Ornstein (1989) of their return times theorem and lights a corner in it
regarding the role of auto-correlation. As for pointwise convergence, this was already ob-
served by E. Lesigne, C. Mauduit and B. Mosse (1994), and here we write down the proof.
This yields a more intrinsic characterization of the sequences satisfying the pointwise
theorem. Then we obtain a characterization linked to auto-correlation also for sequences
satisfying the mean theorem — by that theorem those were already known to be exactly
the sequences with an empty Fourier—Bohr spectrum. Some examples are provided re-
garding generic sequences satisfying the pointwise theorem for which the measure on the
circle that the auto-correlation function represents (by Fourier transform) is not atomless,
and also regarding the existence of sequences that satisfy the mean theorem but not the
pointwise one.

1. Introduction. Throughout, we work in CY. We denote its shift map
by o, and the function that gives the value at the first index by 7 : CN — C.
Our object of interest is sequences & = (z,),en € CV that satisfy

T
1
T Z TnYn(w) 5500
n=1

almost surely for any complex-valued stationary process (Y;,(w))nez of finite
variance — we shall call them pointwise cancellation sequences — and also
sequences for which

— 0

T — 00

2

L I
H T Z Tn Yn(w)
n=1

for every such process, which we shall call mean cancellation sequences.
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By a short argument (in the proof of Theorem 2) we shall see that T

@, 7=

for every bounded complex-valued stationary process (Yn(w))nez. So for x
lz1 [+ +zn|
N

is a mean cancellation sequence if and only if HT

satisfying supyen < oo (we shall anyway be concerned only
with such x), pointwise cancellation implies mean cancellation by Lebesgue’s
dominated convergence theorem. In Section 5 we shall see that there exist
bounded sequences that are mean cancellation sequences but not pointwise
ones.

In the opening paragraph of [2] the following result is proved by a direct
application of the spectral theorem to the unitary shift map (Y, — Y,4+1)
and the vector Y;.

THEOREM 0. Let © = (Zp)nen be a complex sequence satisfying

SUP NeN W < 0. The following conditions are equivalent:

(i) % ZT 11.%2 == 0 for all z € C on the unit circle.
(ii) = (Tn)nen s a mean cancellation sequence.

(The implication (ii)=-(i) is not mentioned in [2] but its proof is an im-
mediate conclusion from the fact that for every zg on the unit circle there
exist stationary processes (Y;(w))nez for which zp is in the point spectrum
of Y relative to the unitary shift map — for example, ones originating from
circle rotations.)

A sequence satisfying (i) is customarily said to have empty Foum’er Bohr
spectrum. This is a special case of sequences z for which limp_, oo A T Zn 1 Tp2"
exists for all z € C on the unit circle, which are customarily called Hartman
almost-periodic sequences (for instance see [3]). In [5] J.-P. Kahane proved
that for this last type of sequences there is at most a countable set of z
for which the limit is not zero. Theorem 0 gives another characterization of
sequences with empty Fourier—Bohr spectrum.

The main result in [2] is the following theorem.

THEOREM 1. Let x = (zp)nen be a complex sequence generic relative to
~ ~ ” N, |z1 %+ +|z N |2
a o-invariant Borel probability measure p on CV with supyey ——x———

< 00. The followmg conditions are equivalent:

(i) % Z - L in&n —— == 0 for p-almost every £ € CN.
(ii) = (Zn)nen 1S a pointwise cancellation sequence.

REMARK. This was actually formulated in [2] for  bounded, and the
cancellation property referred there to processes of finite expectation. The
formulation given above fits better the character of our paper and requires
only a straightforward modification of the original proof. In fact, also in [2]
the proof that (i)=-(ii) is written explicitly only for processes (Y, (w))nez of
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finite variance. The deduction from that to finite expectation requires a step
which is implicit in that proof, and its details can be found in [7, Lemmas 5
and 8|.

Unlike in Theorem 0, condition (i) of Theorem 1’ refers to the u for
which z is generic. It is observed in [6] (cf. also [I, p. 15]) that the proof of
Theorem 1’ can actually yield an equivalent condition to (ii) that, unlike (i),
does not refer to p and hence is a more intrinsic characterization of such x. It
involves an expression linked to the auto-correlation of . This is Theorem 1
in the present paper.

THEOREM 1. Let x = (n)nen be a complex sequence generic relative to
; ; 7 N 212+ +|zn [
a o-invariant Borel probability measure p on CV with supyey ——x———

< 00. The following conditions are equivalent:

(i) %Zn L Tnn —— == 0 for p-almost every £ € cN.
(ii) For any € > 0 there exists N’ > 0 such that for any N” > N’ there
exists T' > 0 for which

{0<7<T:3N'<SN<N" |4 50 i Tn| >}

T

(iii) & = (zp)neN s a pointwise cancellation sequence.

<e forall T>T' .

REMARK. The proof of the implication (ii)=(iii) (Proposition 2 below)
does not make use of the fact that = is generic relative to some measure.
Therefore, (ii) is a sufficient condition for (iii) also without that assumption.
We do not know whether, in this more general situation, it is also a necessary
condition.

In the next section, we write down the full proof of Theorem 1 (since
in [6] the theorem was merely formulated).
Based on a proof similar in its core to the proof of Theorem 1, we prove
. . . 244 2
the following theorem reinforcing Theorem 0 when supNer
< 00.

THEOREM 2. Let © = (Zp)neny be a compler sequence satisfying

24 .. 2 , i .
SUP N eN M < 0. The following conditions are equivalent:

(i) & ZT LT == 0 for all z € C on the unit circle.

(ii) For any increasing sequence of integers Ty, there exists a subsequence
Ty, with the property that for any e > 0 there exists v’ > 0 such that for

1
any " > 1’ there exists I' > 0 for which

T __
{0 <7 < T30 Sr<r” |7 Yok wp Tl 2 )

T <e forall>1.

1
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(iii) H % 22:1 T Y (w H2 == 0 for any compler-valued bounded stationary

process (Yo (w))nez-
(iv) = (Zn)nen s a mean cancellation sequence.

So Theorem 2 gives another characterization for a sequence to have an
empty Fourier—Bohr spectrum, this time applying an expression linked to its
auto-correlation. It is proved in Section 3. To make this paper self-contained
we include in the proof also the part that has already appeared in [2].

Turning to another line of inquiry, it was proved in [2] that for all ergodic
stationary processes (Y, (w))nez of finite variance with Y having a contin-
uous spectrum relative to the unitary shift map, the event of being generic
and also a pointwise cancellation sequence is of probability 1. A generic x
represents a stationary process with such a continuous spectrum if and only
if

T-1

. 1
fm, 7 2 dm |y Z

Section 4 is devoted to the poss1b1hty of a pointwise cancellation sequence
that is generic relative to a stationary process for which the above mentioned
spectrum is not continuous. A posteriori, after establishing Theorem 1, this is
more interesting to contemplate. We discuss this issue and provide examples
that constitute our present understanding of it.

2. The proofs of Theorems 1 and 2. Theorem 1 follows right away
from Propositions 3 and 4: Proposition 3 is (ii)=-(iii) and Proposition 4 is
(i)=(ii), while (iii)=-(i) is trivial as (i) is a special case of (iii) (by taking
the stationary process with values which are the complex conjugates of the
values of the stationary process defined by p).

PROPOSITION 3. Let © = (zp)nen be a complex sequence satisfying
2., 2
SUP yeN % < o0o. Assume that for any & > 0 there exists N' > 0

such that for any N” > N’ there exists T > 0 for which

) {0<7<T:AN'SNN" | L SN | 2psrTn| >}
T

Then x is a pointwise cancellation sequence.

<e for all T>T'.

Proof. Assuming the theorem is false, there is a o-invariant Borel prob-
ability measure on CY for which lim sup _)OO‘% 27]:[:1 TnYn
positive measure. By considering its ergodic decomposition, there exists an
ergodic o-invariant Borel probability measure v on CV, a positive v-measure
set B C CN and some a > 0 such that limsupy_, |4 Zﬁ[:l TnYn| > a for
all y € B’. We may also assume that ||71]2 = 1 in L2(CY) (by performing
dilation).
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There is a positive v-measure set B C B’ and a sequence of intervals
(Lj, M;) satisfying
O<Li <M <Ly<My<---
such that for every y € B and j € N there exists n;(y) € (Lj, M;) for which
1 n;(y)
Tny
n;(y) nzz:l o
We now fix § = 1/3. There exists, by ergodicity, some K > 0 such that
K—1
V( U O'_k(B)) >1-4/2.
k=0
We denote by G the set of all y € CN satisfying

> a.

| V-1 K-1
—k
§ 2 Myt e (W) = (U oM B)
n=0 k=0

and SNyl —~—— ||m1|3 = 1. We have v(G) = 1 so in particular G is
non-empty and this is all we shall need.

Given any y € G and J € N, for a large enough D (depending on y
and J) we aim to construct a sequence

D(y),..., N (y) e

satisfying the following (when considering these vectors with the inner prod-
uct of the normalized uniform measure on {1,..., D}):

o D)3 < supyer LLEHNE for every 5.
o (cli)(y), cl2)(y)) < 6/ for all ji # ja.
° <c(j) (), (yn)5:1> > (1 —6)a for every j.

This implies that c(y) = ¢ (y) + - - + /) (y) satisfies on the one hand

24 ... 2
le()IE = 116D (y) + -+ D ()3 < sup 2 F o]
NeN N

On the other hand, for D large enough,

J+6(J—1).

(1= 8)at < (Vy)+ -+ D), (gn)2y) < lle()]lz

< (L4 0)[[millzlle)llz = (1 + ) llc(y)l2-
Hence

24 ... 2
(1-6)2%a?J? < (1+ 5)2( sup 717+ o]
NeN N

for all J € N, and this leads to the contradiction a = 0.

J+6(J — 1)>
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Constructing the sequence ¢V (y), ..., ) (y) € CP. Fixing some y € G
and J € N, we construct these vectors for a large enough D. By deleting
some of the intervals (L;, M;) we may assume without loss of generality

K 5§ K+M;
that fl < 67’ 7Lj+1]
notation of () the following requirements hold:

(A) Ly > N, and for 1 < j < J, we have N” = Mj and Lj;1 > M; + T’

(N', N and T" are as in (x); notice that N” and T" depend on j).
We define %) (y) recursively on j from J downwards to 1. As the base

in (%), and using the

[ : 6
< 57, and also, placing € = 5775

case, /) (y) is defined as follows: we denote by lg‘])(y) the minimal 0 <[ <
D — M for which o'(y) € B and define

) )
c L ..,C
1)@ 1 ()ns (o' ) ()1 v

to be equal to
w(‘])xl s w e 1%
I SO

for w%‘]) with \ng)] =1 that has the property that
()
L e P o
+ Z Ty - (o1 (y)(y))n
ni(e W(y) 3

is a positive number (greater than a). Then denote by lé‘]) (y) the minimal

lg‘]) (y) + nJ(Ung)(y) (y)) <1< D — Mj for which o'(y) € B, and define

O ()., (v)

15" ) D (s 05 ) )1
to be equal to
e (J)
2 17 o .. 7(/(.)2 T

no(o's )
for wg‘]) with |w§‘])| = 1 such that
0 e V)

— 2o (08" (),
T =

n J(O’ 2
is a positive number (greater than a). We continue until reaching step R

()
for which after l%}) (y) + ’I’LJ(O’ZRJ ®) (y)) — 1 there is no such [. For all the rest

of the indices of ¢\/)(y) we set the value to be zero.
For indices 1 < n < D that do not belong to the union

Ry

(J)
Ui @)~ K+1,... @), .. 1 () + n(oh7 @ (y)) - 13,
=1
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necebbarllya()§éukoa k(B )ornE{D M;—K+1,...,D}. Thus,
for a large D, there are more than (1 — f)D indices 1 <n < D that belong
to that union, and thus there are more than

K 0 K ¢ 0 0
(1-2)(1-3)p>(1- 1. -3)p> (1- 5 -3)P

indices 1 < n < D that are in U {l ( ), ..,lg‘])(y) —i—nJ(alz(‘J)(y)(y)) -1}
and also satisfy o™ (y) € Uk:o a_k(B). Likewise, in the step corresponding
to each 1 < jp < J in the recursion we will prove inductively that there
are more than (1 — (J — jo + 1) ¢)D indices 1 < n < D that belong

o U (), 19(3) 1 (09— 1) e s suisy o7(y) <
Uiy o7(B).

We turn to the step of recursion for 1 < jy < J. The number c(jo)(y)
is defined with nj, as we did in the base case with ¢(/)(y) and ny, with an

additional requirement when determining ll(j 0)(y) that we now describe. We

determine lz(jo)(y) similarly to how we determined ZEJ) (y), only that we want
1 <1< D — Mj, to satisfy not only o'(y) € B, but also

{lv s ’l + njo(o-l(y)) - 1}
in+1 (J0+1)
C U (), AV ) + e (08 W(y)) — 1)
for some ¢, and moreover for all jo < j < J,

1 () () 5
m|xlcl (y)+---+ x"jo(C’l(y))cl+n]-0(al(y))_1(y)| < —

2J°
As before, the rest of the indices are set to zero.
If an index 1 < n < D does not belong to either

Rj,
. . (Jo)
Uum — K41 1 () 1 ) 4 g (087 () - 1)

or U=t o~*(B) then it must belong to at least one of the following sets:

K-1
Alz{lgngD:o”(y)géHak

Rj 1
’0 [0+

ng |J 00w, 1T @) e ) - 13,
=1
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AQ:{lgnSD:ngéAl,W {n,...,n+ K+ M;, —1}

i i (jo+1)
AP @) 1P () + g (O ) - 13,

K-1
A3 = | B

k=0
where
Bk:{lgngD:o"+k(y)€B,
i {n+k,...,n+k+nj(c" () -1}

i i € +1)
C V@), AP ) + gy (0 W (y)) — 13,

di, <3< Jd

1 (4) (») 5
m’xlcn+k(y) Tt xnjo(al(y)) n+k+njo (ontk(y))—1 ( )‘ 2J

For a large D, by the induction hypothesis, [4;| < ((J — jo) % g)
As for |Ag|, since n ¢ Aj, there exists some i for which
- Got1)
ne {1 ), 1 ) g (08 W) - 1),

but
{n,....,n+ K+ M;, -1}

- - Go+1) (,
¢ (9D (), 19D () g (08T @ () — 1.

Thus n is one of the largest K + M, — 1 numbers in

(.70+ )(y

{l(j0+1)(y) l(jO—H)( ) + n; +1(0 @ ( )) — 1},

and |Ag| is bounded from above by JO D.

Regarding |As], let us first deﬁne for every jo < j < J the set By ;
as we defined Bj except without the expression “Jj, < j < J”. So By =
U io+1 B.j- By (A), from those n that satisfy the first two requirements in
the definition of By, ; only a fraction of less than 5 satisfies the third, thus
certainly |By, ;| < eD. Hence |By| < JeD = J - -D = D and thus
|As| < 6JD < 2JD.

Overall, the number of indices 1 <n < D that do not belong to either

e ; ; (o)

UU” ~ KL 1) 1 )+ (o () - 1)

6J2K GJK
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or Uk o 0 F(B) is not greater than

0
A A A — D+ —D
Al + o]+ L] < (= o) 5 + FED
6 & 46 0
((J yo)ﬁJr +6J+6J>D

And since % < L% < %, the number of indices 1 < n < D that do not
0

6>D+K+M]~O 5

belong to either

( )
U{l )1 ) + gy (0O () - 1)
or Uk o 0 ¥(B) is smaller than
5 b 6 9 5 y 0
Ly, SR Y 2 2 \p=((J-jo+ 1> D.
6 +(( olgr+3 +6J+6J> <( o+ gz >
Up to now, we have constructed c¢M(y),...,c)(y). By the construc-

. 2 2
tion it is clear that ||c9)(y)||3 < supyen W for every j, and that

(cU)(y), c2)(y)) < §/J for every j; # jo. We have also proved that for
every j there are more than (1 — (J — jo + 1)2‘2 — g)D indices 1 <n < D

that belong to Ugl{lgj)(y), e l(j)(y) +n; (alg )(y)( )) — 1}. With the aid of

1

this fact we can infer that (c9)(y), (y,)2_,) > (1 — d)a:

1 D
5
n=1

(9)
n; (@ ¥ (y))

@)
ni (o'W (y)) 1 19 )
D (1@ (y)) ;
)
i nao B ()
ni(o 1 19
+ J( 5 (y)) . = Z T, - (0_ J(y) (y))n
1
nj(o % (y)) n=1
(@) e,
D D

> <1—(J—j0+1);]—g)a2(1—5)a. ]

PROPOSITION 4. Let © = (xy)nen be a complex sequence genem'c relative
to a o-invariant Borel probability measure pn on CN that satisfies T Z - xnén
== 0 for p-almost every § € CN. Then for any € > 0 there exists N' > 0
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such that for any N"” > N' there exists T' > 0 for which
Ho<7<T:IN'<NN” |NZn | TntrZn| > €}
T

Proof. Given € > 0 and N € N, we denote by AN C CN the measurable
set containing all points & € CN for which |% Z 1 mnfn| <eforall N > N.

<e foral T>T'.

For a large enough N we have p(AY) > 1 — . We denote the minimal such

N by N'. For every N” > N’, the set BéV/’N” = {§ e CN:VN' < N<N”"
|% 2711\/:—11 xnéﬂ < 6} is of p-measure greater than 1 —e. Its complement is a
closed set, and hence, since x is generic, there exists some 7" € N such that

HOo<7<T:0"(x) ¢ BéV/’N”}\/T < e for every T > T'. But

{0<7<T:07(x) ¢ BN N}

—{0<T§T:3N’§N§N”

N
1 Z _
N Tn+71Tn
n=1

> <

3. Mean cancellation sequences. By a similar proof to that of The-
orem 1, the following proposition can be obtained.

for every T', and hence we are done. =

PROPOSITION 5. Let © = (zp)nen be a complex sequence, and let Ty, be
|1+ o 2
Ty,
ZT 100 () converges weak™ to some probability measure p as k — o0o.

an increasing sequence of integers for which supyey < 00 and

1
Ty
The followmg conditions are equivalent:
(i) Tik ZT’“_ lxnfn —— 0 for p-almost every & € CN.
(ii) For any e > 0 there exists s > 0 such that for any s" > s’ there exists
k' > 0 for which

HO<T<Tk 35’ <s<s” ’T n= 1xn+7xn|>5}‘ <e forall k>K.

Ty
(iii) For any complex-valued stationary process (Yn(w))nez of finite variance,
1
T Z T Yn(w) 75> 0 almost surely.
n=1

Proof. The proof is carried out similarly to that of Theorem 1. In the
proof of Proposition 3 the index n;(y) should be equal to a Tj,. =

212+ +|zn|? 21|+ +|zn|
N N

The condition sup yep < 0o implies sup yen <00,
and the latter condition suffices to ensure that for every ¢ > 0 there exists
M > 0 for which the & S 8,n(z)-measure of the set {z € CV : |21 < M}



Return times, auto-correlation and Fourier—Bohr spectrum 11

is greater than 1 — ¢ for all T' € N. Thus, in the weak* topology, any partial
limit of the sequence %Zzzl dgn(z) 18 a probability measure (there is no
escape of mass).

Hence Corollary 6 below is an immediate conclusion from Proposition 5.
It does not presuppose any genericity of x.

COROLLARY 6. Let © = (zp)nen be a complex sequence satisfying

[z 24+ |?
N N

SUp v ¢ < 0. The following conditions are equivalent:

(i) For any increasing sequence of integers Ty, there exists a subsequence
Ty, with the property that for any € > 0 there exists ' > 0 such that for
any " > r' there exists I' > 0 for which

HO<7<Tp : I <r<+” |T+w :’lem-rﬁ‘ZEH

i <e foralll>1.

1

(ii) For any increasing sequence of integers Ty there exists a subsequence

Ty, such that for any complex-valued stationary process (Yp(w))nez of
finite variance
1
T 2, Yn(w) == 0 almost surely.
g

We are ready to prove Theorem 2.

Proof of Theorem 2. Given a stationary process (Y, (w))nez of finite
variance, applying the spectral theorem with the vector Y; and the uni-
tary shift map, we find that H%ZZZI asnYn(w)H2 == 0 if and only if

1 T
17 21 202"
measure.
(i)=>(iv): Assume 7 ST 2" == 0 for all z € C on the unit circle.

. 2 . . . .
5 75> 0 in L on the unit circle equipped with the spectral

Because

)

1 & 1 —
7w <[ Xl
n=1 n=1

and suppey ‘% 25:1 |xn|‘ < 00, we can apply the dominated convergence
theorem to deduce the desired result.

(iv)=-(iii): A bounded random variable is of finite variance.

(iii)=-(i): Assume the contrary, that there exists some zp on the unit
circle satisfying limsupy_,., | 7 ST zn2y| > 0. Considering Yy (w) to be
wz( where the underlying probability space is the unit circle with the uni-
form measure, the procedure above of applying the spectral theorem yields
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a spectral measure possessing an atom at zg, so
T
]' n
T E Inz
n=1

Up to now we have proved (i)<(iii)<(iv), and it is left to link these
conditions to condition (ii) which is condition (i) of Corollary 6. We will link
them to condition (ii) of Corollary 6 (which is equivalent to the latter by
that corollary).

((ii) of Cor. 6) = (iii): Given a stationary process (Y, (w))nez bounded
by M > 0, we have

T
1
T Z aann(w)H 7= 0.
n=1 2

-+ 0 and thus ’
2

)

1 1
‘TanYn(w)' < M‘TZ EN
n=1 n=1

and thus, by the dominated convergence theorem, for any increasing sequence
of integers T}, there exists a subsequence T}, satisfying

1
kln:l 2

This implies that || ST 20 Yn(W)||, 5= 0.

T —o0

(iv) = ((i) of Cor. 6): ||&> 0 i 2nYn(w)|l, 5==> O implies that

T— o0

HTik ZZ’; | TnYp(w)||, 75 0 for any increasing sequence of integers Tj.

In particular, there exists a subsequence T}, for which the convergence holds
almost surely. =

4. Generic cancellation sequences and the spectrum of m; rela-
tive to the Koopman operator. In [2], it is shown that for a o-invariant
Borel probability measure 1 on CN with 7 square integrable, the spectrum
of m relative to the Koopman operator of ¢ is continuous if and only if
p-almost every x € CN satisfies % EZ:;& &, —— 0 for p-almost every

T — 00

¢ € CN. If p is ergodic then z € CN is p-almost surely generic relative to p,
and hence when also these two conditions hold then it is u-almost surely
a pointwise cancellation sequence (by Theorem 1’). However, we now give
an example of a pointwise cancellation sequence x € CN which is generic
relative to a o-invariant Borel probability measure p but the two equivalent
conditions above do not hold for that u.

We make use of the following two standard propositions whose proofs are
found in the appendix.

PROPOSITION 7. For every irrational 8 and real o # 0, the sequence
(e2mBi e2mVnaiNeo - eqidistributes on the 2-torus.



Return times, auto-correlation and Fourier—Bohr spectrum 13

PROPOSITION 8. Let (Y, B,T,v) be probability measure preserving sys-
tem and let « be an irrational number. If h is an integrable function on the
circle (relative to the uniform measure) and f € L2(y) is orthogonal in L?(y)
to all eigenfunctions (relative to the Koopman operator) with eigenvalues of
the form e*™™ for 0 # m € 7Z, then, under every joining of (Y, %, T,v) and
the system of the circle rotation by €™, the integral of f(y)h(z) equals the
product of the integrals of each of these functions.

EXAMPLE. Let o be an irrational number, and set w = e2™**. The se-
quence xr = (62”(”+\/ﬁ)ai)§fb°:1 equidistributes on the circle (by Proposition 7)
and — because also v/n +1 — /n —— 0 — considered as a point in CN it
is generic relative to the measure which is the push-forward of the uniform
measure of the circle through the map z — (2w™)22 ;. The system of this
measure together with the shift is measure-theoretically isomorphic to the
system of the rotation of the circle by w, and so it is not weak-mixing.

We now prove that z is a pointwise cancellation sequence. Given an
ergodic o-invariant Borel probability measure v on CN for which m; is square
integrable, we can write, in L2(CY), m1(y) = f(y) + g(y) where g belongs
to the closure of the span of the eigenfunctions of eigenvalues w™ for 0 #
m € Z and f is orthogonal to this span. It is straightforward to prove using
the Cauchy-Schwarz inequality that the functions h € L2(CY) for which
lim7 00 %25:1 znh(0"(y)) = 0 v-almost surely form a closed subspace
(this is done in [7]), hence to show that limy_, = Zgzl xng(c™(y)) = 0
we may assume without loss of generality that ¢ = ¢, where g,, is an
eigenfunction of eigenvalue w™.

The equality g,,(c"(y)) = w™gm(y) holds for v-almost every y € CN.
So for v-almost every y € CY,

T T T

1 1 . 1 .

=D e = 1 D wnf (0" (W) + 5 D (0" (1) 7 0+0 =0,
n=1 n=1 n=1

The first limit vanishes for v-almost every y € CN by Proposition 8 and
the fact that the expectation of the stationary process defined by z is 0.
Regarding the second limit, it is the limit in T" of the expression

T T
1 n 1 m(n n)ai, mn
T angm(o- (y)) = f 262 (ntvn) w gm(y)
n=1 n=1

T
_ 1 2m(n(m+1)+v/n)as
- gm(y)f Z:l e ’

and %22:1 e2m(m(nt1)+vnjoi ~—= 0 by Proposition 7 (the case of m =0

is in fact the case m = 0 in the proof of Proposition 7).
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For = of the above example, it is interesting to look into the behaviour
of the expression

N N
1 o o |
N nzl Tnpr Ty = N Z 627T(n+7'+\/n+7')aze 2m(n4+/n)ai

n=1

N
_ %Z e27r(’r+\/n+7'—\/ﬁ)ai.
n=1

By Theorem 1, for any € > 0 there exists N’ > 0 such that for any
N" > N’ there exists T" > 0 for which

{{0 <7< T - 3N’ < N < N ‘% 27];/:1 e?ﬂ(T+\/n+T—\/ﬁ)o¢i| > E}‘ -
e
T

for every T > T"'. And yet,

N —o0

N
%Z e27r(7'+\/m—\/ﬁ)ai Ly emTai ol T
n=1
An objection to this example can be made claiming that z is not in the
support of the measure for which it is generic and maybe if this additional
requirement would have been added then we could not find such an x. We
will show this is not the case with a new example that makes use of the
previous one.

ExaMpLE. Consider any weak-mixing o-invariant Borel probability mea-
sure 17 on CN of full support with 71 being square integrable (e.g. independent
trials of any fully supported distribution on C of finite variance). We take
u € CN to be any of its generic points that also satisfy % Zg;é Upén —— 0

T— o0

for n-almost every ¢ € CV, and continue with z from the previous example.
The stationary process defined by 7 is disjoint from the Kronecker station-
ary process for which x is generic, and hence (z,u) is generic relative to the
product measure of the two processes. Thus x + u is generic relative to the
ergodic process which is the sum of the two processes taken independently,
i.e. the convolution of the two measures (these are measures on the additive
group CN). This new measure is of full support and, according to it, 7y is
square integrable and does not have a continuous spectrum relative to the
Koopman operator. We claim that for any complex-valued stationary process
(Y (w))nen of finite variance,

N N N
1 1 1

almost surely. The proof of the limit of the first summand was carried out
in the previous example, and the second one follows from Theorem 1’.
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This last example of x 4+ u fixed the problem of x not belonging to the
support of the measure for which it is generic, but, unlike x, x 4+ u is not
bounded. We do not have in hand such an example that is also bounded.

5. A sequence with mean but not pointwise cancellation. This
section demonstrates the existence of weak-mixing bounded stationary pro-
cesses of zero expectation that admit a generic point which is not a pointwise
cancellation sequence. However, any generic point of a bounded weak-mixing
stationary process of zero expectation satisfies condition (i) in Theorem 0
(by the disjointness of weak-mixing and Kronecker processes) and as such
forms a mean cancellation sequence.

The proof relies on a yet unpublished example of M. Hochman appearing
in the appendix, and in this section we assume the reader is familiar with
it. Hochman shows that there exists a weak-mixing system with invariant
measure p which has a generic point that satisfies the following: the points in
the fiber belonging to it in the product of the system with itself are p-almost
surely not generic relative to any o X o-invariant measure. In fact, he proves
the existence of a family of such measures which he refers to as weak-mixing
measures admitting tall covers.

We here just indicate how to modfiy what is done in Theorem 10 for our
current needs.

We choose A = {a,b} (a and b being some symbols) and take any weak-
mixing o-invariant Borel probability measure p admitting tall covers. Instead
of defining = as in Theorem 10, we define it in a simpler manner: x; =
(ah,); for |al,_4| < i < |al|. Substitute a and b with any two real numbers
a’ < 0 < b for which the corresponding process p/ on {a’,b'} is of zero
expectation and denote by 2’ the point in {a’, b'}? corresponding to =. Then
in (CY x CN, o x o) the point (2, &) has a sequence of orbital measures that
converges to the measure A,/ (in the notation of the proof of Theorem 10)
for p/-almost every & € CN. Thus for y/-almost every & € CN the sequence
+ S N | /€ has a subsequence that converges to E,(77) > 0.

6. Appendix

6.1. Proofs of Propositions 7 and 8. We present here the proofs of
Propositions 7 and 8 from the last section. These claims are standard, but
are proved here in order to make this paper self-contained.

Proof of Proposition 7. Let 8 be an irrational number and o # 0 be
a real number. It suffices to prove that for every function I : S1 — {0,1}
which is the indicator of an arc of the circle between angles 2wa and 27b for
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0 <a<b<1andm € Z, the sequence (>™5, 62“\/ﬁai);:°:1 satisfies

N
% Z I(eQW\/ﬁai)e%rmnﬂi mﬁoo {0’ m 7é 0,

e b—a, m=0,

(since step functions uniformly approximate continuous functions).

We first deal with the case m = 0. Given an € > 0, we fix a positive integer
d for which the distance between da and the nearest integer is smaller than
/2. It suffices to prove that

1 (N+d)?-1
S — (2™ _ (h—a)| < e
‘ 2Nd + d? n;\ﬂ

for every IV large enough. And this follows easily from the following consid-
erations: VN2 + k = N + gk + R(N, k), where |R(N, k)| < ;x5 for k>0
(by Taylor’s expansion for the real variable k). So when k ranges over the
integers between 0 and 2Nd + d? — 1, the sequence VN2 + k - « varies from
VN2?2.a = Nato /(N + d)?-a = (N +d)« in nearly equal steps of srea (for
large N), and (N + d)a — Na = da is an integer up to a difference of /2.
As for m # 0, suppose € > 0 is given. It suffices to prove that for large
enough N, if 2™V Nai ig inside the arc that I indicates and e2™VN—1ai ig not,
then ‘ﬁ ZnN:JC(N)fl e?mmnPi| < ¢ where 7(N) € N is the number for which

e?mVN+kai gtays inside the arc from k = 0 precisely up to k = 7(N) — 1.
Evaluating a geometric series

1 N+r—1 ' 1 1
§ : eQﬂ'mnﬁz < . i
r(N) r(N) |1 — e2mmPi]
n=N

and observing that r(N) — oo as N — oo completes the proof. m

Proof of Proposition 8. Let A be a joining of the two systems. We may
assume without loss of generality that h(z) = 2™ for some 0 # m € Z. We
need to prove that §,. o f(y)2™ dA(y, z) = 0. By the invariance of A,

N-1
| S aNw = | 5 30 T () d(w, )

Y xSt Y xSt n=0
1 N-1 A
= | e X T (T ) dA(y, 7).
Y xSt n=0

On the other hand, u(y) — e*™™% f(T(y)) is an isometry from L2 (y) to itself,
and thus by the mean ergodic theorem limy_,o0 3 Zﬁfz_ol e2mmnad f(m (y))
exists in L2(y) and equals the projection of f on the eigenspace — relative
to the Koopman operator of T — of the eigenvalue e=2"™¢ So by the as-
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sumption on f this yields limy_ oo & ZnN;Ol e2mmnai f(Tn(y)) = 0 in L2(y).
Hence

N—-1
m : m1 Tmnaoa n
| Fw)e"dMy.2)=lim § 2y BT (y) dA(y, 2) =0.
Y xSt Y xS1 n=0

6.2. Hochman’s example. Here we describe M. Hochman’s example of
a weak-mixing system with invariant measure p and its generic point whose
fiber in the product of the system with itself has a peculiar property: the
points on it are p-almost surely not generic relative to any o x o-invariant
measure (the reader interested in this topic can also look into [8, Section 3]).
It is actually not a construction of a specific example, but rather proving the
existence of a family of such invariant measures.

In the following, A is some finite alphabet. As usual, A* will denote the
collection of all finite length words in A, and if &« € A* then |a| will denote
its length. Also, [a] is the set of points y € AN satisfying y; . .. Yo = Q-

DEFINITION. Let u be a o-invariant Borel probability measure on AN,
For e > 0 and N € N we shall say that u admits an (e, N)-cover if there exist
words ai,...,a, € A* satisfying |a1| > N, |a;41| > 3la;| and p(U_;[ai]) >
1 —e. We shall say that p admits tall covers if it admits an (e, N)-cover for
all (e, N).

Although measures admitting tall covers have zero entropy (this follows
easily from the definition of entropy on the obvious generating partition),
the family of those measures is a dense G-set relative to the weak™ topology
on the Borel probability measures on AN. This is because, for every € and N,
the set of measures admitting (e, V)-covers is open and contains all periodic
measures.

The family of Borel probability measures that both admit tall covers and
are weak-mixing contains a dense Gs-set since also the set of all weak-mixing
Borel probability measures on AN contains a dense Gs-set (cf. [4, the chapter
“Category”]).

DEFINITION. Let p be a o-invariant ergodic Borel probability measure
on AN, and let @ € A*. For € > 0, we shall say that a is e-generic if each
word 3 of length not greater than 1/e appears in it with a frequency closer
than € to its p-probability, i.e.

w(B) — L

’a"{lSiﬁ|06|—\»3|+1iai---ai+|ﬁ\—1=5}\ <e.

For M € N, we shall say that « is strongly (¢, M )-generic if
1

W’{l <i<|la|=M+1:q;...0;4p0—1 is e-generic}| > 1 —e.
«
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PROPOSITION 9. If i is a o-invariant ergodic Borel probability measure
on A? that admits tall covers, then for every e > 0 and every large enough M
one can take for any N € N an (g,N)-cover consisting only of strongly
(e, M)-generic words.

Proof. By the mean ergodic theorem, if M is large enough, there is a
p-probability greater than 1 —e? that a point y € AN has y; ...y e-generic.
Given an (e, N)-cover E, we claim that if N is large enough (which we may
suppose without loss of generality) then its elements that are not strongly
(e, M)-generic have p-probability less than 3. The mean ergodic theorem
implies we can find for every large enough L some y € AN for which both
Y1 -..yr is strongly (e, M)-generic and each of the elements of E appears in
it with a frequency closer than £2/|E| to its p-probability.

Denote by E the collection of elements of E that are not strongly (e, M)-
generic and assume without loss of generality that none of them forms an
initial segment of another. Thus we can parse y; . ..yr, to read elements of £
in the following way: starting from y;, we progress to the right until we meet
an element of F, then we keep progressing to the right from the first index
after that element ends until we meet another element and so on. An index
1,..., L not covered by this parsing cannot be a beginning of an element of
Ein y; ...y, and thus there are at most (1— pu(E)+¢?)L such indices (u(E)
denotes, by abuse of notation, the p-measure of the set that the elements
of E occupy together). Hence this parsing involves at least (u(E) — €2)L of
the indices 1,...,L. For N much larger than M this means that at least
3((E) —®)L of the M-blocks in y; ...y, are not e-generic. So if u(E) > 3e
then 3(u(E) — %) > 3¢ — 1% > ¢, which contradicts the fact that y; ...yr
is strongly (e, M)-generic.

Hence we can omit from the cover the elements of ¥ and remain with a
(4e, N)-cover consisting only of strongly (¢, M )-generic words. =

We shall also need an elementary lemma.
LEMMA 10. If «v is strongly (g, M)-generic then it is 2e-generic.

Proof. We parse a as follows. We find the minimal ¢ for which «; ...
Qi+M—1 18 e-generic, include this word in the parsing, then progress to the
least index greater than ¢ + M — 1 satisfying the same property, include
that word and continue. All words of length not greater than 1/e appear
with frequency closer than € to their u-probability among the indices that
are included in the parsing as initial indices. All the indices ¢ that are not
included in this parsing are in particular indices for which «a;...a;1p7-1 is
not e-generic, hence there are less than || such indices. So they cannot
distort the frequency of those words by more than €. »

It remains to prove the following theorem.
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THEOREM 11. Let p be a o-invariant ergodic Borel probability measure
on A% admitting tall covers. Then there exists a generic point x € AN relative
to p such that the points composing {x} x AN are p-almost surely not generic
relative to any o X o-invariant Borel probability measure .

Proof. For g, = 2% and a large enough M}, as in Proposition 9, we choose
— inductively on k € N — (N, ep)-covers a1, .., a5y, with all elements
strongly (e, Mj)-generic and with N}, greater than both k|ag_;p, | (for
k> 1) and 3 - 28 M.

For notational convenience we denote the sequence made by concatenat-
ing all the elements of these covers together in order a11,...,a1,p,,021,-..,
A2.pys U315 -+ A3.ps,--- Dy {a,}>2 ;. And we denote by k(n) the k corre-
sponding to each n.

We are ready to construct x:

oo Jan)i el <@ <a, |+ [3lan]l,
(2 .
(an)i-1, lap_q]+[3lapl] <i <laj].

Since al, is strongly ( Mk(n)) -generic, every subblock of length at
least 1|an| must at least be btrongly (2k n),Mk(n)) -generic (the percentage
of “good” M-blocks in the subblock need not be less than 3/2%( due to
“boundary effects”, but the requirement M} < ——k ensures it is less than

ﬁ), so in particular 2k(n> -generic by Lemma 10. This, together with the
fact that k(n) ——> 0o, guarantees that x is generic.

By the Borel-Cantelli lemma (77, 2% =1< o), y € AV y-almost
surely belongs — for k large enough — to [ay, (k)] for some 1 < 7(y, k) < py.
Denoting by n(k,r) the n for which a;, = ay,, the fact that ay,r =
al, (e () implies that y agrees with x on the indices

1
’ n(k,r(y,k))— 1‘ <1< ’CL (k,r(y,k)) 1’ + [g’a%(k,r(y,k))ﬂ’
while on
1 .
)~ - [31000 00 [ <8< 10|

they differ by a shift of one symbol. Thus, recalling that Ny > k|ag—1p, .|,
the sequence in k of o x o-orbital measures of (x,y), taken for each k until
time {|a;(k,r(y,k))—1‘ + %|a;(kyr(y7k))ﬂ }keN converges to the push-forward
of p through the map z — (z, z), which we denote by A, while the similar
sequence taken for each k£ until time |a (ko () )\ converges to the sum of

lA and £ times the push-forward of p through z — (2, 0(2)). So the point
(:U, y) is not generic relative to any o X o-invariant measure. =
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