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The return times theorem, auto-correlation and sequences
with an empty Fourier–Bohr spectrum

by

Matan Tal

Abstract. This paper explores the proof by J. Bourgain, H. Furstenberg, Y. Katznel-
son and D. S. Ornstein (1989) of their return times theorem and lights a corner in it
regarding the role of auto-correlation. As for pointwise convergence, this was already ob-
served by E. Lesigne, C. Mauduit and B. Mosse (1994), and here we write down the proof.
This yields a more intrinsic characterization of the sequences satisfying the pointwise
theorem. Then we obtain a characterization linked to auto-correlation also for sequences
satisfying the mean theorem – by that theorem those were already known to be exactly
the sequences with an empty Fourier–Bohr spectrum. Some examples are provided re-
garding generic sequences satisfying the pointwise theorem for which the measure on the
circle that the auto-correlation function represents (by Fourier transform) is not atomless,
and also regarding the existence of sequences that satisfy the mean theorem but not the
pointwise one.

1. Introduction. Throughout, we work in CN. We denote its shift map
by σ, and the function that gives the value at the first index by π1 : CN → C.

Our object of interest is sequences x = (xn)n∈N ∈ CN that satisfy

1

T

T∑
n=1

xnYn(ω) −−−→N→∞ 0

almost surely for any complex-valued stationary process (Yn(ω))n∈Z of finite
variance – we shall call them pointwise cancellation sequences – and also
sequences for which ∥∥∥∥ 1

T

T∑
n=1

xnYn(ω)

∥∥∥∥
2

−−−→
T→∞ 0

for every such process, which we shall call mean cancellation sequences.

2020 Mathematics Subject Classification: Primary 37A46; Secondary 60G10.
Key words and phrases: return times, correlation, auto-correlation, cancellation, Fourier–
Bohr.
Received 17 January 2025; revised 18 December 2025.
Published online 6 May 2026.

DOI: 10.4064/sm250117-8-1 [1] © Instytut Matematyczny PAN, 2026



2 M. Tal

By a short argument (in the proof of Theorem 2) we shall see that x

is a mean cancellation sequence if and only if
∥∥ 1
T

∑T
n=1 xnYn(ω)

∥∥
2
−−−→
T→∞ 0

for every bounded complex-valued stationary process (Yn(ω))n∈Z. So for x

satisfying supN∈N
|x1|+···+|xN |

N < ∞ (we shall anyway be concerned only
with such x), pointwise cancellation implies mean cancellation by Lebesgue’s
dominated convergence theorem. In Section 5 we shall see that there exist
bounded sequences that are mean cancellation sequences but not pointwise
ones.

In the opening paragraph of [2] the following result is proved by a direct
application of the spectral theorem to the unitary shift map (Yn 7→ Yn+1)
and the vector Y1.

Theorem 0. Let x = (xn)n∈N be a complex sequence satisfying
supN∈N

|x1|+···+|xN |
N < ∞. The following conditions are equivalent:

(i) 1
T

∑T−1
n=1 xnz

n −−−→
T→∞ 0 for all z ∈ C on the unit circle.

(ii) x = (xn)n∈N is a mean cancellation sequence.

(The implication (ii)⇒(i) is not mentioned in [2] but its proof is an im-
mediate conclusion from the fact that for every z0 on the unit circle there
exist stationary processes (Yn(ω))n∈Z for which z0 is in the point spectrum
of Y1 relative to the unitary shift map – for example, ones originating from
circle rotations.)

A sequence satisfying (i) is customarily said to have empty Fourier–Bohr
spectrum. This is a special case of sequences x for which limT→∞

1
T

∑T−1
n=1 xnz

n

exists for all z ∈ C on the unit circle, which are customarily called Hartman
almost-periodic sequences (for instance see [3]). In [5] J.-P. Kahane proved
that for this last type of sequences there is at most a countable set of z
for which the limit is not zero. Theorem 0 gives another characterization of
sequences with empty Fourier–Bohr spectrum.

The main result in [2] is the following theorem.

Theorem 1′. Let x = (xn)n∈N be a complex sequence generic relative to
a σ-invariant Borel probability measure µ on CN with supN∈N

|x1|2+···+|xN |2
N

< ∞. The following conditions are equivalent:

(i) 1
T

∑T−1
n=1 xnξn −−−→

T→∞ 0 for µ-almost every ξ ∈ CN.
(ii) x = (xn)n∈N is a pointwise cancellation sequence.

Remark. This was actually formulated in [2] for x bounded, and the
cancellation property referred there to processes of finite expectation. The
formulation given above fits better the character of our paper and requires
only a straightforward modification of the original proof. In fact, also in [2]
the proof that (i)⇒(ii) is written explicitly only for processes (Yn(ω))n∈Z of
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finite variance. The deduction from that to finite expectation requires a step
which is implicit in that proof, and its details can be found in [7, Lemmas 5
and 8].

Unlike in Theorem 0, condition (i) of Theorem 1′ refers to the µ for
which x is generic. It is observed in [6] (cf. also [1, p. 15]) that the proof of
Theorem 1′ can actually yield an equivalent condition to (ii) that, unlike (i),
does not refer to µ and hence is a more intrinsic characterization of such x. It
involves an expression linked to the auto-correlation of x. This is Theorem 1
in the present paper.

Theorem 1. Let x = (xn)n∈N be a complex sequence generic relative to
a σ-invariant Borel probability measure µ on CN with supN∈N

|x1|2+···+|xN |2
N

< ∞. The following conditions are equivalent:

(i) 1
T

∑T−1
n=1 xnξn −−−→

T→∞ 0 for µ-almost every ξ ∈ CN.
(ii) For any ε > 0 there exists N ′ > 0 such that for any N ′′ > N ′ there

exists T ′ > 0 for which∣∣{0<τ≤T :∃N ′≤N≤N ′′ ∣∣ 1
N

∑N
n=1 xn+τxn

∣∣≥ε
}∣∣

T
<ε for all T >T ′.

(iii) x = (xn)n∈N is a pointwise cancellation sequence.

Remark. The proof of the implication (ii)⇒(iii) (Proposition 2 below)
does not make use of the fact that x is generic relative to some measure.
Therefore, (ii) is a sufficient condition for (iii) also without that assumption.
We do not know whether, in this more general situation, it is also a necessary
condition.

In the next section, we write down the full proof of Theorem 1 (since
in [6] the theorem was merely formulated).

Based on a proof similar in its core to the proof of Theorem 1, we prove
the following theorem reinforcing Theorem 0 when supN∈N

|x1|2+···+|xN |2
N

< ∞.

Theorem 2. Let x = (xn)n∈N be a complex sequence satisfying
supN∈N

|x1|2+···+|xN |2
N < ∞. The following conditions are equivalent:

(i) 1
T

∑T−1
n=1 xnz

n −−−→
T→∞ 0 for all z ∈ C on the unit circle.

(ii) For any increasing sequence of integers Tk there exists a subsequence
Tkl with the property that for any ε > 0 there exists r′ > 0 such that for
any r′′ > r′ there exists l′ > 0 for which

|{0<τ ≤Tkl :∃r′≤ r≤ r′′ | 1
Tkr

∑Tkr
n=1 xn+τxn| ≥ ε}|

Tkl

<ε for all l > l′.
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(iii)
∥∥ 1
T

∑T
n=1 xnYn(ω)

∥∥
2
−−−→
T→∞ 0 for any complex-valued bounded stationary

process (Yn(ω))n∈Z.
(iv) x = (xn)n∈N is a mean cancellation sequence.

So Theorem 2 gives another characterization for a sequence to have an
empty Fourier–Bohr spectrum, this time applying an expression linked to its
auto-correlation. It is proved in Section 3. To make this paper self-contained
we include in the proof also the part that has already appeared in [2].

Turning to another line of inquiry, it was proved in [2] that for all ergodic
stationary processes (Yn(ω))n∈Z of finite variance with Y1 having a contin-
uous spectrum relative to the unitary shift map, the event of being generic
and also a pointwise cancellation sequence is of probability 1. A generic x
represents a stationary process with such a continuous spectrum if and only
if

lim
T→∞

1

T

T−1∑
τ=0

lim
N→∞

∣∣∣∣ 1N
N∑

n=1

xn+τxn

∣∣∣∣ = 0.

Section 4 is devoted to the possibility of a pointwise cancellation sequence
that is generic relative to a stationary process for which the above mentioned
spectrum is not continuous. A posteriori, after establishing Theorem 1, this is
more interesting to contemplate. We discuss this issue and provide examples
that constitute our present understanding of it.

2. The proofs of Theorems 1 and 2. Theorem 1 follows right away
from Propositions 3 and 4: Proposition 3 is (ii)⇒(iii) and Proposition 4 is
(i)⇒(ii), while (iii)⇒(i) is trivial as (i) is a special case of (iii) (by taking
the stationary process with values which are the complex conjugates of the
values of the stationary process defined by µ).

Proposition 3. Let x = (xn)n∈N be a complex sequence satisfying
supN∈N

|x1|2+···+|xN |2
N < ∞. Assume that for any ε > 0 there exists N ′ > 0

such that for any N ′′ > N ′ there exists T ′ > 0 for which

(∗)
∣∣{0<τ≤T :∃N ′≤N≤N ′′ ∣∣ 1

N

∑N
n=1 xn+τxn

∣∣≥ε
}∣∣

T
<ε for all T >T ′.

Then x is a pointwise cancellation sequence.

Proof. Assuming the theorem is false, there is a σ-invariant Borel prob-
ability measure on CN for which lim supN→∞

∣∣ 1
N

∑N
n=1 xnyn

∣∣ > 0 on a set of
positive measure. By considering its ergodic decomposition, there exists an
ergodic σ-invariant Borel probability measure ν on CN, a positive ν-measure
set B′ ⊆ CN and some a > 0 such that lim supN→∞

∣∣ 1
N

∑N
n=1 xnyn

∣∣ > a for
all y ∈ B′. We may also assume that ∥π1∥2 = 1 in L2

ν(CN) (by performing
dilation).
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There is a positive ν-measure set B ⊆ B′ and a sequence of intervals
(Lj ,Mj) satisfying

0 < L1 < M1 < L2 < M2 < · · ·
such that for every y ∈ B and j ∈ N there exists nj(y) ∈ (Lj ,Mj) for which∣∣∣∣ 1

nj(y)

nj(y)∑
n=1

xnyn

∣∣∣∣ > a.

We now fix δ = 1/3. There exists, by ergodicity, some K > 0 such that

ν
(K−1⋃

k=0

σ−k(B)
)
> 1− δ/2.

We denote by G the set of all y ∈ CN satisfying

1

N

N−1∑
n=0

1⋃K−1
k=0 σ−k(B)(σ

n(y)) −−−→
N→∞ ν

(K−1⋃
k=0

σ−k(B)
)

and 1
N

∑N
n=1 |yn|2 −−−→

N→∞ ∥π1∥22 = 1. We have ν(G) = 1 so in particular G is
non-empty and this is all we shall need.

Given any y ∈ G and J ∈ N, for a large enough D (depending on y
and J) we aim to construct a sequence

c(1)(y), . . . , c(J)(y) ∈ CD

satisfying the following (when considering these vectors with the inner prod-
uct of the normalized uniform measure on {1, . . . , D}):

• ∥c(j)(y)∥22 ≤ supN∈N
|x1|2+···+|xN |2

N for every j.
• ⟨c(j1)(y), c(j2)(y)⟩ ≤ δ/J for all j1 ̸= j2.
•
〈
c(j)(y), (yn)Dn=1

〉
> (1− δ)a for every j.

This implies that c(y) = c(1)(y) + · · ·+ c(J)(y) satisfies on the one hand

∥c(y)∥22 = ∥c(1)(y) + · · ·+ c(J)(y)∥22 ≤ sup
N∈N

|x1|2 + · · ·+ |xN |2

N
J + δ(J − 1).

On the other hand, for D large enough,

(1− δ)aJ <
〈
c(1)(y) + · · ·+ c(J)(y), (yn)Dn=1

〉
≤ ∥c(y)∥2

√√√√ 1

D

D∑
n=1

|yn|2

< (1 + δ)∥π1∥2∥c(y)∥2 = (1 + δ)∥c(y)∥2.
Hence

(1− δ)2a2J2 < (1 + δ)2
(

sup
N∈N

|x1|2 + · · ·+ |xN |2

N
J + δ(J − 1)

)
for all J ∈ N, and this leads to the contradiction a = 0.
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Constructing the sequence c(1)(y), . . . , c(J)(y) ∈ CD. Fixing some y ∈ G
and J ∈ N, we construct these vectors for a large enough D. By deleting
some of the intervals (Lj ,Mj) we may assume without loss of generality
that K

L1
< δ

6J ,
K+Mj

Lj+1
< δ

6J , and also, placing ε = δ
6J2K

in (∗), and using the
notation of (∗) the following requirements hold:

(△) L1 ≥ N ′, and for 1 ≤ j < J , we have N ′′ = Mj and Lj+1 ≥ Mj + T ′

(N ′, N ′′ and T ′ are as in (∗); notice that N ′′ and T ′ depend on j).
We define c(j)(y) recursively on j from J downwards to 1. As the base

case, c(J)(y) is defined as follows: we denote by l
(J)
1 (y) the minimal 0 ≤ l ≤

D −MJ for which σl(y) ∈ B and define

c
(J)

l
(J)
1 (y)

(y), . . . , c
(J)

l
(J)
1 (y)+nJ (σ

l
(J)
1 (y)(y))−1

(y)

to be equal to
ω
(J)
1 x1, . . . , ω

(J)
1 x

nJ (σ
l
(J)
1 (y)(y))

for ω
(J)
1 with |ω(J)

1 | = 1 that has the property that

ω
(J)
1

nJ(σl
(J)
1 (y)(y))

nJ (σ
l
(J)
1 (y)(y))∑
n=1

xn · (σl
(J)
1 (y)(y))n

is a positive number (greater than a). Then denote by l
(J)
2 (y) the minimal

l
(J)
1 (y) + nJ(σ

l
(J)
1 (y)(y)) ≤ l ≤ D −MJ for which σl(y) ∈ B, and define

c
(J)

l
(J)
2 (y)

(y), . . . , c
(J)

l
(J)
2 (y)+nJ (σ

l
(J)
2 (y)(y))−1

(y)

to be equal to
ω
(J)
2 x1, . . . , ω

(J)
2 x

nJ (σ
l
(J)
2 (y)(y))

for ω
(J)
2 with |ω(J)

2 | = 1 such that

ω
(J)
2

nJ(σl
(J)
2 (y)(y))

nJ (σ
l
(J)
2 (y)(y))∑
n=1

xn · (σl
(J)
2 (y)(y))n

is a positive number (greater than a). We continue until reaching step RJ

for which after l(J)RJ
(y)+nJ(σ

l
(J)
RJ

(y)
(y))− 1 there is no such l. For all the rest

of the indices of c(J)(y) we set the value to be zero.
For indices 1 ≤ n ≤ D that do not belong to the union

RJ⋃
i=1

{l(J)i (y)−K + 1, . . . , l
(J)
i (y), . . . , l

(J)
i (y) + nJ(σ

l
(J)
i (y)(y))− 1},
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necessarily σn(y) /∈
⋃K−1

k=0 σ−k(B) or n ∈ {D −MJ −K + 1, . . . , D}. Thus,
for a large D, there are more than (1− δ

2)D indices 1 ≤ n ≤ D that belong
to that union, and thus there are more than(

1− K

L1

)(
1− δ

2

)
D >

(
1− K

L1
− δ

2

)
D >

(
1− δ

6J
− δ

2

)
D

>

(
1− δ

2J
− δ

2

)
D

indices 1 ≤ n ≤ D that are in
⋃RJ

i=1{l
(J)
i (y), . . . , l

(J)
i (y)+nJ(σ

l
(J)
i (y)(y))− 1}

and also satisfy σn(y) ∈
⋃K−1

k=0 σ−k(B). Likewise, in the step corresponding
to each 1 ≤ j0 ≤ J in the recursion we will prove inductively that there
are more than

(
1 − (J − j0 + 1) δ

2J − δ
2

)
D indices 1 ≤ n ≤ D that belong

to
⋃Rj0

i=1{l
(j0)
i (y), . . . , l

(j0)
i (y) + nj0(σ

l
(j0)
i (y)(y))− 1} and also satisfy σn(y) ∈⋃K−1

k=0 σ−k(B).
We turn to the step of recursion for 1 ≤ j0 < J . The number c(j0)(y)

is defined with nj0 as we did in the base case with c(J)(y) and nJ , with an
additional requirement when determining l

(j0)
i (y) that we now describe. We

determine l
(j0)
i (y) similarly to how we determined l

(J)
i (y), only that we want

1 ≤ l ≤ D −Mj0 to satisfy not only σl(y) ∈ B, but also

{l, . . . , l + nj0(σ
l(y))− 1}

⊆ {l(j0+1)
i (y), . . . , l

(j0+1)
i (y) + nj0+1(σ

l
(j0+1)
i (y)(y))− 1}

for some i, and moreover for all j0 < j ≤ J ,
1

nj0(σ
l(y))

|x1c(j)l (y) + · · ·+ xnj0
(σl(y))c

(j)

l+nj0
(σl(y))−1

(y)| < δ

2J
.

As before, the rest of the indices are set to zero.
If an index 1 ≤ n ≤ D does not belong to either
Rj0⋃
i=1

{l(j0)i (y)−K + 1, . . . , l
(j0)
i (y), . . . , l

(j0)
i (y) + nj0(σ

l
(j0)
i (y)(y))− 1}

or
⋃K−1

k=0 σ−k(B) then it must belong to at least one of the following sets:

A1 =
{
1 ≤ n ≤ D : σn(y) /∈

K−1⋃
k=0

σ−k(B) or

n /∈
Rj0+1⋃
i=1

{l(j0+1)
i (y), . . . , l

(j0+1)
i (y) + nj0(σ

l
(j0+1)
i (y)(y))− 1}

}
,
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A2 =
{
1 ≤ n ≤ D : n /∈ A1, ∀i {n, . . . , n+K +Mj0 − 1}

⊈ {l(j0+1)
i (y), . . . , l

(j0+1)
i (y) + nj0+1(σ

l
(j0+1)
i (y)(y))− 1}

}
,

A3 =

K−1⋃
k=0

Bk

where

Bk =

{
1 ≤ n ≤ D : σn+k(y) ∈ B,

∃i {n+ k, . . . , n+ k + nj0(σ
n+k(y))− 1}

⊆ {l(j0+1)
i (y), . . . , l

(j0+1)
i (y) + nj0+1(σ

l
(j0+1)
i (y)(y))− 1},

∃j0 < j ≤ J

1

nj0(σ
l(y))

|x1c(j)n+k(y) + · · ·+ xnj0
(σl(y))c

(j)

n+k+nj0
(σn+k(y))−1

(y)| ≥ δ

2J

}
.

For a large D, by the induction hypothesis, |A1| <
(
(J − j0)

δ
2J + δ

2

)
D.

As for |A2|, since n /∈ A1, there exists some i for which

n ∈ {l(j0+1)
i (y), . . . , l

(j0+1)
i (y) + nj0+1(σ

l
(j0+1)
i (y)(y))− 1},

but

{n, . . . , n+K +Mj0 − 1}

⊈ {l(j0+1)
i (y), . . . , l

(j0+1)
i (y) + nj0+1(σ

l
(j0+1)
i (y)(y))− 1}.

Thus n is one of the largest K +MJ0 − 1 numbers in

{l(j0+1)
i (y), . . . , l

(j0+1)
i (y) + nj0+1(σ

l
(j0+1)
i (y)(y))− 1},

and |A2| is bounded from above by K+Mj0
Lj0+1

D.

Regarding |A3|, let us first define for every j0 < j ≤ J the set Bk,j

as we defined Bk except without the expression “∃j0 < j ≤ J”. So Bk =⋃J
j0+1Bk,j . By (△), from those n that satisfy the first two requirements in

the definition of Bk,j only a fraction of less than ε satisfies the third, thus
certainly |Bk,j | < εD. Hence |Bk| < JεD = J · δ

6J2K
·D = δ

6JKD and thus
|A3| < δ

6JD < δ
2JD.

Overall, the number of indices 1 ≤ n ≤ D that do not belong to either
Rj0⋃
i=1

{l(j0)i (y)−K + 1, . . . , l
(j0)
i (y), . . . , l

(j0)
i (y) + nj0(σ

l
(j0)
i (y)(y))− 1}
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or
⋃K−1

k=0 σ−k(B) is not greater than

|A1|+ |A2|+ |A3| <
(
(J − j0)

δ

2J
+

δ

2

)
D +

K +Mj0

Lj0+1
D +

δ

6J
D

<

(
(J − j0)

δ

2J
+

δ

2
+

δ

6J
+

δ

6J

)
D.

And since K
Lj0

< K
L1

< δ
6J , the number of indices 1 ≤ n ≤ D that do not

belong to either
Rj0⋃
i=1

{l(j0)i (y), . . . , l
(j0)
i (y) + nj0(σ

l
(j0)
i (y)(y))− 1}

or
⋃K−1

k=0 σ−k(B) is smaller than
δ

6J
D +

(
(J − j0)

δ

2J
+

δ

2
+

δ

6J
+

δ

6J

)
D =

(
(J − j0 + 1)

δ

2J
+

δ

2

)
D.

Up to now, we have constructed c(1)(y), . . . , c(J)(y). By the construc-
tion it is clear that ∥c(j)(y)∥22 ≤ supN∈N

|x1|2+···+|xN |2
N for every j, and that

⟨c(j1)(y), c(j2)(y)⟩ ≤ δ/J for every j1 ̸= j2. We have also proved that for
every j there are more than

(
1 − (J − j0 + 1) δ

2J − δ
2

)
D indices 1 ≤ n ≤ D

that belong to
⋃Rj

i=1{l
(j)
i (y), . . . , l

(j)
i (y)+nj(σ

l
(j)
i (y)(y))− 1}. With the aid of

this fact we can infer that ⟨c(j)(y), (yn)Dn=1⟩ > (1− δ)a:∣∣∣∣ 1D
D∑

n=1

c(j)n (y)yn

∣∣∣∣
=

∣∣∣∣nj(σ
l
(j)
1 (y)(y))

D
· 1

nj(σl1(y)(y))

nj(σ
l
(j)
1 (y)(y))∑
n=1

xn · (σl
(j)
1 (y)(y))n

∣∣∣∣+ · · ·

+

∣∣∣∣nj(σ
l
(j)
Rj (y))

D
· 1

nj(σ
l
(j)
Rj (y))

nJ (σ
l
(j)
Rj

(y)
(y))∑

n=1

xn · (σl
(j)
Rj

(y)
(y))n

∣∣∣∣
>

(
nj(σ

l
(j)
1 (y)(y))

D
+ · · ·+ nj(σ

l
(j)
Rj

(y)
(y))

D

)
a

>

(
1− (J − j0 + 1)

δ

2J
− δ

2

)
a ≥ (1− δ)a.

Proposition 4. Let x = (xn)n∈N be a complex sequence generic relative
to a σ-invariant Borel probability measure µ on CN that satisfies 1

T

∑T−1
n=1 xnξn

−−−→
T→∞ 0 for µ-almost every ξ ∈ CN. Then for any ε > 0 there exists N ′ > 0
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such that for any N ′′ > N ′ there exists T ′ > 0 for which

|{0<τ ≤T :∃N ′≤N ≤N ′′ | 1N
∑N

n=1 xn+τxn| ≥ ε}|
T

<ε for all T >T ′.

Proof. Given ε > 0 and Ñ ∈ N, we denote by AÑ
ε ⊆ CN the measurable

set containing all points ξ ∈ CN for which | 1N
∑N−1

n=1 xnξn| < ε for all N ≥ Ñ .

For a large enough Ñ we have µ(AÑ
ε ) > 1− ε. We denote the minimal such

Ñ by N ′. For every N ′′ ≥ N ′, the set BN ′,N ′′
ε =

{
ξ ∈ CN : ∀N ′ ≤ N ≤ N ′′∣∣ 1

N

∑N−1
n=1 xnξn

∣∣ < ε
}

is of µ-measure greater than 1− ε. Its complement is a
closed set, and hence, since x is generic, there exists some T ′ ∈ N such that
|{0 < τ ≤ T : στ (x) /∈ BN ′,N ′′

ε }|/T < ε for every T > T ′. But

{0 < τ ≤ T : στ (x) /∈ BN ′,N ′′
ε }

=

{
0 < τ ≤ T : ∃N ′ ≤ N ≤ N ′′

∣∣∣∣ 1N
N∑

n=1

xn+τxn

∣∣∣∣ ≥ ε

}
for every T , and hence we are done.

3. Mean cancellation sequences. By a similar proof to that of The-
orem 1, the following proposition can be obtained.

Proposition 5. Let x = (xn)n∈N be a complex sequence, and let Tk be

an increasing sequence of integers for which supk∈N
|x1|2+···+|xTk

|2
Tk

< ∞ and
1
Tk

∑Tk
n=1 δσn(x) converges weak∗ to some probability measure µ as k → ∞.

The following conditions are equivalent:

(i) 1
Tk

∑Tk−1
n=1 xnξn −−−→

k→∞ 0 for µ-almost every ξ ∈ CN.
(ii) For any ε > 0 there exists s′ > 0 such that for any s′′ > s′ there exists

k′ > 0 for which∣∣{0<τ≤Tk :∃s′≤s≤s′′
∣∣ 1
Ts

∑Ts
n=1 xn+τxn

∣∣≥ε
}∣∣

Tk
<ε for all k>k′.

(iii) For any complex-valued stationary process (Yn(ω))n∈Z of finite variance,

1

Tk

Tk∑
n=1

xnYn(ω) −−−→k→∞ 0 almost surely.

Proof. The proof is carried out similarly to that of Theorem 1. In the
proof of Proposition 3 the index nj(y) should be equal to a Tk.

The condition supN∈N
|x1|2+···+|xN |2

N <∞ implies supN∈N
|x1|+···+|xN |

N <∞,
and the latter condition suffices to ensure that for every ε > 0 there exists
M > 0 for which the 1

T

∑T
n=1 δσn(x)-measure of the set {z ∈ CN : |z1| ≤ M}
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is greater than 1− ε for all T ∈ N. Thus, in the weak∗ topology, any partial
limit of the sequence 1

T

∑T
n=1 δσn(x) is a probability measure (there is no

escape of mass).
Hence Corollary 6 below is an immediate conclusion from Proposition 5.

It does not presuppose any genericity of x.

Corollary 6. Let x = (xn)n∈N be a complex sequence satisfying
supN∈N

|x1|2+···+|xN |2
N < ∞. The following conditions are equivalent:

(i) For any increasing sequence of integers Tk there exists a subsequence
Tkl with the property that for any ε > 0 there exists r′ > 0 such that for
any r′′ > r′ there exists l′ > 0 for which∣∣{0<τ ≤Tkl :∃r′≤ r≤ r′′

∣∣ 1
Tkr

∑Tkr
n=1 xn+τxn

∣∣≥ ε
}∣∣

Tkl

<ε for all l > l′.

(ii) For any increasing sequence of integers Tk there exists a subsequence
Tkl such that for any complex-valued stationary process (Yn(ω))n∈Z of
finite variance

1

Tkl

Tkl∑
n=1

xnYn(ω) −−−→l→∞ 0 almost surely.

We are ready to prove Theorem 2.

Proof of Theorem 2. Given a stationary process (Yn(ω))n∈Z of finite
variance, applying the spectral theorem with the vector Y1 and the uni-
tary shift map, we find that

∥∥ 1
T

∑T
n=1 xnYn(ω)

∥∥
2
−−−→
T→∞ 0 if and only if∥∥ 1

T

∑T
n=1 xnz

n
∥∥
2
−−−→
T→∞ 0 in L2 on the unit circle equipped with the spectral

measure.
(i)⇒(iv): Assume 1

T

∑T
n=1 xnz

n −−−→
T→∞ 0 for all z ∈ C on the unit circle.

Because ∣∣∣∣ 1T
T∑

n=1

xnz
n

∣∣∣∣ ≤ ∣∣∣∣ 1T
T∑

n=1

|xn|
∣∣∣∣,

and supT∈N
∣∣ 1
T

∑T
n=1 |xn|

∣∣ < ∞, we can apply the dominated convergence
theorem to deduce the desired result.

(iv)⇒(iii): A bounded random variable is of finite variance.
(iii)⇒(i): Assume the contrary, that there exists some z0 on the unit

circle satisfying lim supT→∞
∣∣ 1
T

∑T
n=1 xnz

n
0

∣∣ > 0. Considering Yn(ω) to be
ωzn0 where the underlying probability space is the unit circle with the uni-
form measure, the procedure above of applying the spectral theorem yields
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a spectral measure possessing an atom at z0, so∥∥∥∥ 1

T

T∑
n=1

xnz
n

∥∥∥∥
2

−−−→
T→∞ 0 and thus

∥∥∥∥ 1

T

T∑
n=1

xnYn(ω)

∥∥∥∥
2

−−−→
T→∞ 0.

Up to now we have proved (i)⇔(iii)⇔(iv), and it is left to link these
conditions to condition (ii) which is condition (i) of Corollary 6. We will link
them to condition (ii) of Corollary 6 (which is equivalent to the latter by
that corollary).

((ii) of Cor. 6) ⇒ (iii): Given a stationary process (Yn(ω))n∈Z bounded
by M > 0, we have ∣∣∣∣ 1T

T∑
n=1

xnYn(ω)

∣∣∣∣ ≤ M

∣∣∣∣ 1T
T∑

n=1

|xn|
∣∣∣∣,

and thus, by the dominated convergence theorem, for any increasing sequence
of integers Tk there exists a subsequence Tkl satisfying∥∥∥∥ 1

Tkl

Tkl∑
n=1

xnYn(ω)

∥∥∥∥
2

−−−→
l→∞ 0.

This implies that
∥∥ 1
T

∑T
n=1 xnYn(ω)

∥∥
2
−−−→
T→∞ 0.

(iv) ⇒ ((ii) of Cor. 6):
∥∥ 1
T

∑T
n=1 xnYn(ω)

∥∥
2

−−−→
T→∞ 0 implies that∥∥ 1

Tk

∑Tk
n=1 xnYn(ω)

∥∥
2
−−−→
k→∞ 0 for any increasing sequence of integers Tk.

In particular, there exists a subsequence Tkl for which the convergence holds
almost surely.

4. Generic cancellation sequences and the spectrum of π1 rela-
tive to the Koopman operator. In [2], it is shown that for a σ-invariant
Borel probability measure µ on CN with π1 square integrable, the spectrum
of π1 relative to the Koopman operator of σ is continuous if and only if
µ-almost every x ∈ CN satisfies 1

T

∑T−1
n=0 xnξn −−−→

T→∞ 0 for µ-almost every

ξ ∈ CN. If µ is ergodic then x ∈ CN is µ-almost surely generic relative to µ,
and hence when also these two conditions hold then it is µ-almost surely
a pointwise cancellation sequence (by Theorem 1′). However, we now give
an example of a pointwise cancellation sequence x ∈ CN which is generic
relative to a σ-invariant Borel probability measure µ but the two equivalent
conditions above do not hold for that µ.

We make use of the following two standard propositions whose proofs are
found in the appendix.

Proposition 7. For every irrational β and real α ̸= 0, the sequence
(e2πnβi, e2π

√
nαi)∞n=1 equidistributes on the 2-torus.
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Proposition 8. Let (Y,B, T, ν) be probability measure preserving sys-
tem and let α be an irrational number. If h is an integrable function on the
circle (relative to the uniform measure) and f ∈ L2

ν(y) is orthogonal in L2
ν(y)

to all eigenfunctions (relative to the Koopman operator) with eigenvalues of
the form e2πmαi for 0 ̸= m ∈ Z, then, under every joining of (Y,B, T, ν) and
the system of the circle rotation by e2παi, the integral of f(y)h(z) equals the
product of the integrals of each of these functions.

Example. Let α be an irrational number, and set ω = e2παi. The se-
quence x = (e2π(n+

√
n)αi)∞n=1 equidistributes on the circle (by Proposition 7)

and – because also
√
n+ 1 −

√
n −−−→

n→∞ 0 – considered as a point in CN it
is generic relative to the measure which is the push-forward of the uniform
measure of the circle through the map z 7→ (zωn)∞n=1. The system of this
measure together with the shift is measure-theoretically isomorphic to the
system of the rotation of the circle by ω, and so it is not weak-mixing.

We now prove that x is a pointwise cancellation sequence. Given an
ergodic σ-invariant Borel probability measure ν on CN for which π1 is square
integrable, we can write, in L2

ν(CN), π1(y) = f(y) + g(y) where g belongs
to the closure of the span of the eigenfunctions of eigenvalues ωm for 0 ̸=
m ∈ Z and f is orthogonal to this span. It is straightforward to prove using
the Cauchy–Schwarz inequality that the functions h ∈ L2

ν(CN) for which
limT→∞

1
T

∑T
n=1 xnh(σ

n(y)) = 0 ν-almost surely form a closed subspace
(this is done in [7]), hence to show that limT→∞

1
T

∑T
n=1 xng(σ

n(y)) = 0
we may assume without loss of generality that g = gm where gm is an
eigenfunction of eigenvalue ωm.

The equality gm(σn(y)) = ωnmgm(y) holds for ν-almost every y ∈ CN.
So for ν-almost every y ∈ CN,

1

T

T∑
n=1

xnyn =
1

T

T∑
n=1

xnf(σ
n(y)) +

1

T

T∑
n=1

xngm(σn(y)) −−−→
T→∞ 0 + 0 = 0.

The first limit vanishes for ν-almost every y ∈ CN by Proposition 8 and
the fact that the expectation of the stationary process defined by x is 0.
Regarding the second limit, it is the limit in T of the expression

1

T

T∑
n=1

xngm(σn(y)) =
1

T

T∑
n=1

e2π(n+
√
n)αiωmngm(y)

= gm(y)
1

T

T∑
n=1

e2π(n(m+1)+
√
n)αi,

and 1
T

∑T
n=1 e

2π(m(n+1)+
√
n)αi −−−→

N→∞ 0 by Proposition 7 (the case of m = 0

is in fact the case m = 0 in the proof of Proposition 7).
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For x of the above example, it is interesting to look into the behaviour
of the expression

1

N

N∑
n=1

xn+τxn =
1

N

N∑
n=1

e2π(n+τ+
√
n+τ)αie−2π(n+

√
n)αi

=
1

T

N∑
n=1

e2π(τ+
√
n+τ−

√
n)αi.

By Theorem 1, for any ε > 0 there exists N ′ > 0 such that for any
N ′′ > N ′ there exists T ′ > 0 for which∣∣{0 < τ ≤ T : ∃N ′ ≤ N ≤ N ′′ ∣∣ 1

N

∑N
n=1 e

2π(τ+
√
n+τ−

√
n)αi

∣∣ ≥ ε
}∣∣

T
< ε

for every T > T ′. And yet,

1

N

N∑
n=1

e2π(τ+
√
n+τ−

√
n)αi −−−→

N→∞ e2πταi for all τ .

An objection to this example can be made claiming that x is not in the
support of the measure for which it is generic and maybe if this additional
requirement would have been added then we could not find such an x. We
will show this is not the case with a new example that makes use of the
previous one.

Example. Consider any weak-mixing σ-invariant Borel probability mea-
sure η on CN of full support with π1 being square integrable (e.g. independent
trials of any fully supported distribution on C of finite variance). We take
u ∈ CN to be any of its generic points that also satisfy 1

T

∑T−1
n=0 unξn −−−→

T→∞ 0

for η-almost every ξ ∈ CN, and continue with x from the previous example.
The stationary process defined by η is disjoint from the Kronecker station-
ary process for which x is generic, and hence (x, u) is generic relative to the
product measure of the two processes. Thus x+ u is generic relative to the
ergodic process which is the sum of the two processes taken independently,
i.e. the convolution of the two measures (these are measures on the additive
group CN). This new measure is of full support and, according to it, π1 is
square integrable and does not have a continuous spectrum relative to the
Koopman operator. We claim that for any complex-valued stationary process
(Yn(ω))n∈N of finite variance,

1

N

N∑
n=1

(x+ u)nYn(ω) =
1

N

N∑
n=1

xnYn(ω) +
1

N

N∑
n=1

unYn(ω) −−−→N→∞ 0 + 0

almost surely. The proof of the limit of the first summand was carried out
in the previous example, and the second one follows from Theorem 1′.
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This last example of x + u fixed the problem of x not belonging to the
support of the measure for which it is generic, but, unlike x, x + u is not
bounded. We do not have in hand such an example that is also bounded.

5. A sequence with mean but not pointwise cancellation. This
section demonstrates the existence of weak-mixing bounded stationary pro-
cesses of zero expectation that admit a generic point which is not a pointwise
cancellation sequence. However, any generic point of a bounded weak-mixing
stationary process of zero expectation satisfies condition (i) in Theorem 0
(by the disjointness of weak-mixing and Kronecker processes) and as such
forms a mean cancellation sequence.

The proof relies on a yet unpublished example of M. Hochman appearing
in the appendix, and in this section we assume the reader is familiar with
it. Hochman shows that there exists a weak-mixing system with invariant
measure µ which has a generic point that satisfies the following: the points in
the fiber belonging to it in the product of the system with itself are µ-almost
surely not generic relative to any σ×σ-invariant measure. In fact, he proves
the existence of a family of such measures which he refers to as weak-mixing
measures admitting tall covers.

We here just indicate how to modfiy what is done in Theorem 10 for our
current needs.

We choose Λ = {a, b} (a and b being some symbols) and take any weak-
mixing σ-invariant Borel probability measure µ admitting tall covers. Instead
of defining x as in Theorem 10, we define it in a simpler manner: xi =
(a′n)i for |a′n−1| < i ≤ |a′n|. Substitute a and b with any two real numbers
a′ < 0 < b′ for which the corresponding process µ′ on {a′, b′}N is of zero
expectation and denote by x′ the point in {a′, b′}Z corresponding to x. Then
in (CN ×CN, σ× σ) the point (x′, ξ) has a sequence of orbital measures that
converges to the measure ∆µ′ (in the notation of the proof of Theorem 10)
for µ′-almost every ξ ∈ CN. Thus for µ′-almost every ξ ∈ CN the sequence
1
N

∑N
i=1 x

′
iξ has a subsequence that converges to Eµ(π

2
1) > 0.

6. Appendix

6.1. Proofs of Propositions 7 and 8. We present here the proofs of
Propositions 7 and 8 from the last section. These claims are standard, but
are proved here in order to make this paper self-contained.

Proof of Proposition 7. Let β be an irrational number and α ̸= 0 be
a real number. It suffices to prove that for every function I : S1 → {0, 1}
which is the indicator of an arc of the circle between angles 2πa and 2πb for
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0 ≤ a < b ≤ 1 and m ∈ Z, the sequence (e2πnβi, e2π
√
nαi)∞n=1 satisfies

1

N

N∑
n=0

I(e2π
√
nαi)e2πmnβi −−−→

m→∞

{
0, m ̸= 0,

b− a, m = 0,

(since step functions uniformly approximate continuous functions).
We first deal with the case m = 0. Given an ε > 0, we fix a positive integer

d for which the distance between dα and the nearest integer is smaller than
ε/2. It suffices to prove that∣∣∣∣ 1

2Nd+ d2

(N+d)2−1∑
n=N2

I(e2π
√
nαi)− (b− a)

∣∣∣∣ < ε

for every N large enough. And this follows easily from the following consid-
erations:

√
N2 + k = N + 1

2N k + R(N, k), where |R(N, k)| < 1
4N3 for k ≥ 0

(by Taylor’s expansion for the real variable k). So when k ranges over the
integers between 0 and 2Nd+ d2 − 1, the sequence

√
N2 + k · α varies from√

N2 ·α = Nα to
√

(N + d)2 ·α = (N+d)α in nearly equal steps of 1
2Nα (for

large N), and (N + d)α−Nα = dα is an integer up to a difference of ε/2.
As for m ̸= 0, suppose ε > 0 is given. It suffices to prove that for large

enough N , if e2π
√
Nαi is inside the arc that I indicates and e2π

√
N−1αi is not,

then
∣∣ 1
r(N)

∑N+r(N)−1
n=N e2πmnβi

∣∣ < ε where r(N) ∈ N is the number for which

e2π
√
N+kαi stays inside the arc from k = 0 precisely up to k = r(N) − 1.

Evaluating a geometric series∣∣∣∣ 1

r(N)

N+r−1∑
n=N

e2πmnβi

∣∣∣∣ < 1

r(N)
· 1

|1− e2πmβi|

and observing that r(N) → ∞ as N → ∞ completes the proof.

Proof of Proposition 8. Let λ be a joining of the two systems. We may
assume without loss of generality that h(z) = zm for some 0 ̸= m ∈ Z. We
need to prove that

	
Y×S1 f(y)z

m dλ(y, z) = 0. By the invariance of λ,

�

Y×S1

f(y)zm dλ(y, z) =
�

Y×S1

1

N

N−1∑
n=0

e2πmnαizmf(Tn(y)) dλ(y, z)

=
�

Y×S1

zm
1

N

N−1∑
n=0

e2πmnαif(Tn(y)) dλ(y, z).

On the other hand, u(y) 7→ e2πmαif(T (y)) is an isometry from L2
ν(y) to itself,

and thus by the mean ergodic theorem limN→∞
1
N

∑N−1
n=0 e2πmnαif(Tn(y))

exists in L2
ν(y) and equals the projection of f on the eigenspace – relative

to the Koopman operator of T – of the eigenvalue e−2πmαi. So by the as-



Return times, auto-correlation and Fourier–Bohr spectrum 17

sumption on f this yields limN→∞
1
N

∑N−1
n=0 e2πmnαif(Tn(y)) = 0 in L2

ν(y).
Hence

�

Y×S1

f(y)zm dλ(y, z)= lim
N→∞

�

Y×S1

zm
1

N

N−1∑
n=0

e2πmnαif(Tn(y)) dλ(y, z)=0.

6.2. Hochman’s example. Here we describe M. Hochman’s example of
a weak-mixing system with invariant measure µ and its generic point whose
fiber in the product of the system with itself has a peculiar property: the
points on it are µ-almost surely not generic relative to any σ × σ-invariant
measure (the reader interested in this topic can also look into [8, Section 3]).
It is actually not a construction of a specific example, but rather proving the
existence of a family of such invariant measures.

In the following, Λ is some finite alphabet. As usual, Λ∗ will denote the
collection of all finite length words in Λ, and if α ∈ Λ∗ then |α| will denote
its length. Also, [α] is the set of points y ∈ ΛN satisfying y1 . . . y|α| = α.

Definition. Let µ be a σ-invariant Borel probability measure on ΛN.
For ε > 0 and N ∈ N we shall say that µ admits an (ε,N)-cover if there exist
words a1, . . . , ap ∈ Λ∗ satisfying |a1| > N , |ai+1| > 3|ai| and µ(

⋃p
i=1[ai]) >

1− ε. We shall say that µ admits tall covers if it admits an (ε,N)-cover for
all (ε,N).

Although measures admitting tall covers have zero entropy (this follows
easily from the definition of entropy on the obvious generating partition),
the family of those measures is a dense Gδ-set relative to the weak∗ topology
on the Borel probability measures on ΛN. This is because, for every ε and N ,
the set of measures admitting (ε,N)-covers is open and contains all periodic
measures.

The family of Borel probability measures that both admit tall covers and
are weak-mixing contains a dense Gδ-set since also the set of all weak-mixing
Borel probability measures on ΛN contains a dense Gδ-set (cf. [4, the chapter
“Category”]).

Definition. Let µ be a σ-invariant ergodic Borel probability measure
on ΛN, and let α ∈ Λ∗. For ε > 0, we shall say that α is ε-generic if each
word β of length not greater than 1/ε appears in it with a frequency closer
than ε to its µ-probability, i.e.∣∣∣∣µ(β)− 1

|α|
|{1 ≤ i ≤ |α| − |β|+ 1 : αi . . . αi+|β|−1 = β}|

∣∣∣∣ < ε.

For M ∈ N, we shall say that α is strongly (ε,M)-generic if
1

|α|
|{1 ≤ i < |α| −M + 1 : αi . . . αi+M−1 is ε-generic}| > 1− ε.
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Proposition 9. If µ is a σ-invariant ergodic Borel probability measure
on ΛZ that admits tall covers, then for every ε > 0 and every large enough M
one can take for any N ∈ N an (ε,N)-cover consisting only of strongly
(ε,M)-generic words.

Proof. By the mean ergodic theorem, if M is large enough, there is a
µ-probability greater than 1−ε2 that a point y ∈ ΛN has y1 . . . yM ε-generic.
Given an (ε,N)-cover Ẽ, we claim that if N is large enough (which we may
suppose without loss of generality) then its elements that are not strongly
(ε,M)-generic have µ-probability less than 3ε. The mean ergodic theorem
implies we can find for every large enough L some y ∈ ΛN for which both
y1 . . . yL is strongly (ε,M)-generic and each of the elements of Ẽ appears in
it with a frequency closer than ε2/|Ẽ| to its µ-probability.

Denote by E the collection of elements of Ẽ that are not strongly (ε,M)-
generic and assume without loss of generality that none of them forms an
initial segment of another. Thus we can parse y1 . . . yL to read elements of E
in the following way: starting from y1, we progress to the right until we meet
an element of E, then we keep progressing to the right from the first index
after that element ends until we meet another element and so on. An index
1, . . . , L not covered by this parsing cannot be a beginning of an element of
E in y1 . . . yL and thus there are at most (1−µ(E)+ε2)L such indices (µ(E)
denotes, by abuse of notation, the µ-measure of the set that the elements
of E occupy together). Hence this parsing involves at least (µ(E)− ε2)L of
the indices 1, . . . , L. For N much larger than M this means that at least
1
2(µ(E)−ε2)L of the M -blocks in y1 . . . yL are not ε-generic. So if µ(E) ≥ 3ε

then 1
2(µ(E)− ε2) ≥ 3

2ε−
1
2ε

2 > ε, which contradicts the fact that y1 . . . yL
is strongly (ε,M)-generic.

Hence we can omit from the cover the elements of E and remain with a
(4ε,N)-cover consisting only of strongly (ε,M)-generic words.

We shall also need an elementary lemma.

Lemma 10. If α is strongly (ε,M)-generic then it is 2ε-generic.

Proof. We parse α as follows. We find the minimal i for which αi . . .
αi+M−1 is ε-generic, include this word in the parsing, then progress to the
least index greater than i + M − 1 satisfying the same property, include
that word and continue. All words of length not greater than 1/ε appear
with frequency closer than ε to their µ-probability among the indices that
are included in the parsing as initial indices. All the indices i that are not
included in this parsing are in particular indices for which αi . . . αi+M−1 is
not ε-generic, hence there are less than ε|α| such indices. So they cannot
distort the frequency of those words by more than ε.

It remains to prove the following theorem.
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Theorem 11. Let µ be a σ-invariant ergodic Borel probability measure
on ΛZ admitting tall covers. Then there exists a generic point x ∈ ΛN relative
to µ such that the points composing {x}×ΛN are µ-almost surely not generic
relative to any σ × σ-invariant Borel probability measure µ.

Proof. For εk = 1
2k

and a large enough Mk as in Proposition 9, we choose
– inductively on k ∈ N – (Nk, εk)-covers ak,1, . . . , ak,pk with all elements
strongly (εk,Mk)-generic and with Nk greater than both k|ak−1,pk−1

| (for
k > 1) and 3 · 2kMk.

For notational convenience we denote the sequence made by concatenat-
ing all the elements of these covers together in order a1,1, . . . , a1,p1 , a2,1, . . . ,
a2,p2 , a3,1, . . . , a3,p3 , . . . by {a′n}∞n=1. And we denote by k(n) the k corre-
sponding to each n.

We are ready to construct x:

xi =

{
(a′n)i, |a′n−1| < i ≤ |a′n−1|+ ⌈13 |a

′
n|⌉,

(a′n)i−1, |a′n−1|+ ⌈13 |a
′
n|⌉ < i ≤ |a′n|.

Since a′n is strongly
(

1
2k(n) ,Mk(n)

)
-generic, every subblock of length at

least 1
3 |a

′
n| must at least be strongly

(
4

2k(n) ,Mk(n)

)
-generic (the percentage

of “good” M -blocks in the subblock need not be less than 3/2k(n) due to
“boundary effects”, but the requirement Mk < 1

2k
Nk
3 ensures it is less than

4
2k(n) ), so in particular 8

2k(n) -generic by Lemma 10. This, together with the
fact that k(n) −−−→

n→∞ ∞, guarantees that x is generic.

By the Borel–Cantelli lemma (
∑∞

k=1
1
2k

= 1 < ∞), y ∈ ΛN µ-almost
surely belongs – for k large enough – to [ak,r(y,k)] for some 1 ≤ r(y, k) ≤ pk.
Denoting by n(k, r) the n for which a′n = ak,r, the fact that ak,r(y,k) =
a′n(k,r(y,k)) implies that y agrees with x on the indices

|a′n(k,r(y,k))−1| < i ≤ |a′n(k,r(y,k))−1|+
⌈
1
3 |a

′
n(k,r(y,k))|

⌉
,

while on
|a′n(k,r(y,k))−1|+

⌈
1
3 |a

′
n(k,r(y,k))|

⌉
< i ≤ |a′n(k,r(y,k))|

they differ by a shift of one symbol. Thus, recalling that Nk > k|ak−1,pk−1
|,

the sequence in k of σ × σ-orbital measures of (x, y), taken for each k until
time

{
|a′n(k,r(y,k))−1| +

⌈
1
3 |a

′
n(k,r(y,k))|

⌉}
k∈N converges to the push-forward

of µ through the map z 7→ (z, z), which we denote by ∆µ, while the similar
sequence taken for each k until time |a′n(k,r(y,k))| converges to the sum of
1
3∆µ and 2

3 times the push-forward of µ through z 7→ (z, σ(z)). So the point
(x, y) is not generic relative to any σ × σ-invariant measure.
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