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PETER BOYVALENKOV and SERGII FAVOROV

Abstract. Let p be a measure on the Euclidean space R? of unbounded total vari-
ation that is positive or translation bounded, and suppose its Fourier transform f in the
sense of distributions is a pure point measure. We prove that the measure v with the same
support as i and masses equal to the squares of the masses of ji is translation bounded.
We also prove that if p is as above and the restriction of its spectrum, i.e., of the support
of [i, to each ball of fixed radius is a linearly independent set over Z, then the measure [ is
also translation bounded. These results imply certain conditions for a crystalline measure
to be a Fourier quasicrystal.

1. Introduction. A complex measure p on the Euclidean space R? with
a locally finite support (that is, the support has finite intersection with any
compact set) is called crystalline if p is a tempered distribution and its
Fourier transform fi in the sense of distributions is also a measure with locally
finite support. If both measures |u| and || are tempered distributions, then
w is called a Fourier quasicrystal. Here and below we denote by |v|(E) the
variation of the complex measure v on the set E.

Recently, Fourier quasicrystals and crystalline measures have been stud-
ied very actively. Many works are devoted to the investigations of their prop-
erties (see, for example, the survey papers [17, 12, 1]). In fact, Fourier qua-
sicrystals are the form of Poisson formulas (see below); the latter were used
in particular by D. Radchenko and M. Viazovska [20].

Special attention has been paid to Fourier quasicrystals of the form

(1.1) p=> 6x MR’
AeA

(dx, as usual, means the unit mass at ). A. Olevskii and A. Ulanovskii
[18, [19] for the case d = 1 established 1-1 correspondence between such mea-
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sures and sets of zeros of real-rooted exponential polynomials. W. Lawton
and A. Tsikh [I2] partially extended this result to an arbitrary dimension d.
In [8] the result of Olevskii and Ulanovskii was generalized to Dirichlet series.
F. Gongalves [I0] and F. Gongalves and G. Vedana [II] investigated arbi-
trary measures g on R with pure point measures ji and obtained an analog
of the result of Olevskii and Ulanovskii. Measures of the form with A
in a horizontal strip of finite width were studied in [9].

Returning to the definition of a Fourier quasicrystal, it is natural to ask
whether we need additional conditions on the variations of the measures
and [ in order to prove that a crystalline measure is a Fourier quasicrystal.
The answer is positive, as in [7] the second author constructed a crystalline
measure which is not a Fourier quasicrystal.

In this paper, we investigate various additional conditions under which
a crystalline measure becomes a Fourier quasicrystal. To this end, we inves-
tigate the properties of arbitrary tempered measures in R? with a purely
point Fourier transform fi. For d = 1, this is precisely the class of measures
that was considered in [10} [11], but our study has no other common points
with these papers.

To formulate our results, we recall some notions and properties related
to the Fourier transform (see, e.g., [22]):

Denote by D the space of C*°-functions on R¢ with compact support and
by S the Schwartz space of C*°-functions ¢(t) on R? with finite norms

N (@) = sup {max {1, [t|™} - max |D*p(t)|}, m=0,1,2,...,
Rd [[El|<m

where

k=(ki,....,ka) € NU{O}? ||kl =ki+ - +kg, D" =0k ok

Zq
The Fourier transform
p(y) = | pt)e ™) dt
Rd

is a continuous bijection of & onto S. The elements of the space S’ of all
continuous linear functionals on S are called tempered distributions. For every
& € &' its Fourier transform @ is defined by the equality

(1.2) (o) = B(p), VeeD.

Since D is dense in S, we find that ¢ belongs to S'.
A positive measure v on R? is tempered if and only if

logv(B(0,7)) = O(logr), 1 — 00,
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where, as usual, B(z,r) denotes the ball with center x and radius r (see,
e.g., [0, Lemma 1]). It is clear that for a pure point measure

(1.3) o= Z b0y
yel’
with a countable I', the measure |f| is tempered if and only if
log Y |by|=0(ogr), r—o0.
vel [yl<r
A measure p in R? is translation bounded if

sup [ul(B(a, 1) < o0
zcRd

(see [14]). Clearly, every translation bounded measure p satisfies the condi-
tion
\u|(B(z,r) < Cr?,  r>1,
with some C' < oo. In particular, it follows that |u| is tempered.
When p is a tempered measure and [ is defined as in , the equal-
ity has the form

> bye(y) = | ¢la) u(dz), Ve eD.
yerl R4
For p=>3" A @x0x the above equality becomes
ST o) = axd(\), VeeD,
yel’ AEA

and is called the generalized Poisson formula. If ay # 0 for all A € A and
by # 0 for all g € I', we say that A is the support of i and I' is the spectrum
of u.

With the above notations and properties, we have the following result:

THEOREM 1.1 ([6]). Let o and i be tempered measures on R? and let p
have a polynomially discrete support, that is,

|t —t'| > cmin {1, [t|"}  Vt,t' € supp p.

Then |u| is tempered. If, in addition, fi has a polynomially discrete support,
then u is a Fourier quasicrystal.

In this paper, we obtain the following results:

THEOREM 1.2. Let pi be a positive or translation bounded measure on R?
and its Fourier transform [i be a pure point measure (1.3]). Then the measure

(1.4) v=3"[b[%,

yel’
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is translation bounded. If I' is locally finite and the numbers # (1" N B(0,r))
grow polynomially as v — oo, then || is tempered. If, in addition, u is a
crystalline measure, then pu 1s a Fourier quasicrystal.

THEOREM 1.3. Let ju be a positive or translation bounded measure on R?
and suppose its Fourier transform [i is a pure point measure . If there
exists 7 > 0 such that the sets I' N B(x,n) are linearly independent over Z
for all x € R?, then fi is translation bounded. In particular, if ju is a positive
crystalline measure with spectrum linearly independent over Z, then p is a
Fourier quasicrystal.

Recall that the set X C R? is linearly independent over Z if for any
finite number of elements zi,...,z, € X and arbitrary mq,...,m, € Z
the equality miz; + -+ + mpx, = 0 implies m; = --- = m, = 0. Note
that crystalline measures with supports linearly independent over Z were
considered by Y. Meyer [15].

COROLLARY 1.4. Let the measure p from Theorem[1.3| have a uniformly
discrete @ support A and let infye |p(N)| > 0. Then there exist a positive
integer N, lattices L1, ..., Ly in R? of rank d (some of them may coincide),
points Ai,...,\y € A, and bounded sets Sy,...,Sny C R?% such that the
support of u is a finite union of shifts of these lattices and

N
(1.5) M:Z Z [Zﬁj,362ﬂi<x7aﬁ$> S

j=1 z€Lj+X; s
with oj s € S, Bjs € C, and Y, |Bjs| < oo forallj=1,...,N.
The paper is organized as follows. In Section 2 we collect the definitions

and properties of almost periodic functions. Three necessary preliminary re-
sults are given in Section 3. Section 4 is devoted to the proofs of Theorems[I.2]

and [[31

2. Almost periodic functions. The proofs of our theorems are based
on some results of the classical theory of almost periodic functions (see [2]
for d =1 and [14} 21] for arbitrary d).

DEFINITION 2.1. A continuous function f on R? is almost periodic if for
any € > 0 the set of e-almost periods of f,

E. = {7‘ eRY: sup |flz+7)— f(2)| < 5},
reR4
is relatively dense, i.e., E.NB(z, L) # () for all z € R? and some L depending
on €.

(*) A set A is uniformly discrete if inf, wrea wpa |z — 2’| > 0.



Crystalline measures 5

Each almost periodic function in R is bounded, a finite sum or product
of almost periodic functions is also almost periodic, and the uniform limit
in R of almost periodic functions is almost periodic too. In particular, every
absolutely convergent Dirichlet series

(2.1) D(x) =Y a,e®™ ™) N a,| < oo,
wes? wel?
with a countable 2 C R? is almost periodic. In this case
D=3 ad..
wes?

For every almost periodic f and every w € R? one considers the Fourier
coefficients ¢, (f) € C defined by

)= R

S f(t)ef%ri(t,w} dt,
B(z,R)

where vy is the volume of the unit ball in R%. The limit exists uniformly in
r € R% The set {w : cu(f) # 0} is at most countable. It is easy to check
that the uniform convergence of the series implies ¢, (D) = a,, for all
w € R%. Then an analog of the Parseval identity holds:

(2.2 S el = lim — | [fOPde

Note that by a result of Y. Meyer [16, Theorem 3.8], if the Fourier trans-
form f of an almost periodic function f is a measure, then it has the form

f= Z Cu(f)dus Z lew(f)] < o0, Vr < oo.

wesn |w|<r

3. Preliminary results. We shall need the following multidimensional
version of the Kronecker lemma (cf. [3, Chapter III]). We provide a proof for
completeness.

PROPOSITION 3.1. Let x1,...,xn € R? be linearly independent over 7
and 01, ...,0n be arbitrary real numbers. Then for every € > 0 there exist
teRY andp; € Z, j=1,...,N, such that

(31) |<5L‘j,t>—(9j—pj|<€, j=1,...,N.
Proof. We set
f(t) =1+ eQ'fri[(xl,t)—Gﬂ 4ot eZﬂi[(xN,t)—GN].
It is enough to prove that sup,cga |f(t)] = N + 1. For ¢ € N we have

(3.2) fit) = Z g2 Bsrt)
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where
(3.3) Bs =miz1+ -+ myzy,

withm; € Z,0<m; <q,j=1,...,N,and my +--- +my < q. Therefore,
the number of terms on the right-hand side of is at most (¢ + 1)V

Further, f9(t) = (1421 +- -+ 2x)9, where z; = >0 =01 and every
term can be written as

le,...,mN 627riKm1x1+'“+meN7t>_¢s] ,

where
¢s =miby + -+ myby,

and the (multi-binomial) coefficient Cy,, ., coincides with the coefficient
of 2" -+ 2" in the expansion of (1 + z; + --- + zn)9, and is therefore
positive.

It follows from the linear independence of x1,. ..,z that the monomial
corresponding to s is uniquely determined. Hence the corresponding coeffi-
cient as has the form

(3.4) g = C’ml,m,mNe_Qm%.

Consequently, we have

Z ‘Oés‘ - Z le,...,mN - (N + 1)q.

mi,...,MN

On the other hand,

_ 1 —2mi(t,B.)
=SB B AL
B(z,R)

Therefore, if sup;cga |f(t)] = r < N + 1, then |oz5| < r?and ) |a,| <
r9(q 4+ 1)V, But this is impossible because r?(q + 1)V < (N + 1)4 for large

enough q. m

REMARK 3.2. Without the linear independence assumption we may have
two distinct representations for some (s in (3.3]). Then the above argument
is valid if a unique ¢5 in (3.4) (up to an integer) corresponds to these two
representations (collections of m;). Therefore, we can replace the linear in-
dependence condition of z; with the following: “if mix1 + --- +myay =0,
then m161 + --- + my6lny € Z7. It is easy to prove that the latter condi-
tion is also necessary for the existence of ¢t € R? in for all € > 0. The
one-dimensional version of the Kronecker lemma was stated in exactly this
way in [13].

We also need two results on the connection between measures and their
Fourier transforms.
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PROPOSITION 3.3 (cf. |8, Theorem 1]). If pu is a nonnegative tempered
measure on R and [i is a complex measure, then u is translation bounded.

Proof. For a C*°-function ¥ (t) # 0 such that suppy C B(0,1) we con-
sider

o) = | = mult) dt.

Rd
Then we obtain
suppp C B(0,2), @(z) = [d(x)* =0, @(x) £0,

and therefore there exist > 0, 7 > 0, and 2y € R? such that $(z) > n for
all z € B(xg,r). Then for any t € R? we consecutively have

u(BE) <t | e —t+ ao) plda)

B(t,r)

< | Bl — 1+ ) )
Rd

=" | ply)e?ml=mon) j(dy)
Rd

<y max [o(y)| |A(B(0,2)).

Since |fi| is a measure, we conclude that |i|(B(0,2)) is finite and the measure
1 is translation bounded. =

PROPOSITION 3.4. Let p be a translation bounded measure on R and
© € S. Then the function ¢ is bounded on R% by a constant that depends
neither on shifts of ;1 or ¢ nor on their multiplying by €'“, a € R.

Proof. For E C R?, h € R?, set
on(t) =t +h), pu(E)=pE+h), v(E)=p(—E).
Then for any hi, ho,z € R? we get

(1hy * oy ) () = S Pz —t+ ha) pny (dt) = S P(t) Veg—hy—hy (dP).
R4 R4
Since the measure v is also translation bounded, we obtain
‘V*w*fn*hz ’(B(Ov 7’)) <G (maX {17 T})dv
where (' does not depend on hy, ha, . Since ¢ € S, we have

lo(t)] < Co(max {1, [¢]})~*".
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It follows that

I(uhQ*whl)(w)lSCa[Iv—x—hl—hQ\(B(O,l)H Volsm e ny ol (ds)
[t]>1

i oyl (20.0

1

ds < (d+1)C1Cy.

Clearly, the constants C7,Cs do not depend on any additional multiplier
emt, a€R. =

4. Proofs of Theorems [1.2] and [1.3]

Proof of Theorem [1:9 Let ¢ € S be a nonnegative even function with
compact support such that ¢(y) =1 for |y| < 1. We have

—

pox p(t) = S [p(—y)e )] (z) pu(da) = | p(=y)e*™ Y u(dy)

Rd
2m
E byo(y ",
YEsupp ¢
Since fi is a measure, we see that }° ., [by| is finite and the last sum is

absolutely convergent. Therefore, p * ¢ is an almost periodic function. We
also see from the above equality that

prp= Y @(7)by0s.
YEsupp ¢

By Meyer’s result (see the end of Section , the Fourier coefficients of the
function p x ¢ are

cy(px @) = byp(7)-

Using Parseval’s equality (2.2)), we find that the variation of the measure v
from ((1.4) can be estimated as follows:

vI(B = It

[v]<1

<Y 1eMby P =) ey (nx @)
~ER4 ~yERE

= lim x o) (2)|? dx.
fn ] oo

It follows from Proposition [3.3] that under the conditions of the theorem,
the measure y is translation bounded. Hence by Proposition [3.4] the last
integral is bounded by a constant C'. If we replace ¢(y) with p(y — yo) (here
yo € R? can be arbitrary), then ¢ changes by a factor of e~ 2miz.0) and by
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Proposition 3.4] the constant C' remains the same. We conclude that
(4.1) V(Blyo, 1)) < C.

Consequently, the measure v is translation bounded, and v(B(0,r)) < C'r?
with some constant C’.
Finally, if
H#{yel: |y <r}=00"), r— oo,

with some p < oo, then by the Cauchy—Bunyakovskii inequality
1/2
> Ib < [Z |b'y’2} Yy e T | < r}V2 = 0@ @H)/2)

ly|<r [y|<r

as r tends to infinity. Therefore, || € S’. If p is a crystalline measure, we
conclude that it is a Fourier quasicrystal. m

REMARK 4.1. By (4.1), the masses b, are uniformly bounded as well.
Hence we can replace the exponent 2 in (1.4) with any ¢ > 2. We do not
know whether (L.4)) is valid for ¢ < 2 under the conditions of Theorem [1.2]

Proof of Theorem [1.5 1t follows from Proposition that under the
assumptions of the theorem, the measure p is translation bounded. Suppose
for a contradiction that [ is not translation bounded. Then the masses of
|ft| in balls of radius n/2 are unbounded, where 7 > 0 is the radius such that
I' N B(z,n) is linearly independent over Z, for any « € R?. This means that
there are points y, € R?, n=1,2,..., such that

> byl >5n.
YEINB(yn,n/2)

If the set I' N B(yn,n) is finite for some n € N, then we set A, =
I' 0 B(yn,n). Otherwise, taking into account that i is a measure and that
|2|(B(yn,n)) < oo, we choose A, to be a finite subset of I' N B(yy,,n) such
that

(4.2) > b,y| < n.

YEINB(yn,n)\An

> |b,| > 4n.

YEARNB(yn,n/2)

Applying Proposition we can find z,, € R? and m., € Z such that for all
v € Ap,

Then

argb,
2 Moy

<

1
<xn>’7>+ 6

Therefore, for all v € A,, we have
Re2m@nMp > b, | /2 > 0,
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and
(4.3) R > 2T p > on,
YEARNB(Yn,n/2)

Let ¢ € D be such that 0 < ¢(y) < 1, suppyp C B(0,n), and ¢(y) = 1 for
ly| < n/2. 1t follows from (4.2]) and (4.3) that

(4.4)
‘S T o (y—yn) fi(dy) ’ 2 ) > <P(’Y—yn)62’”<x"”>bv’ SED D
YEAR YEINB(yn,m)\An
>R Z 2o by+R Z (7 —yp)e2mH@n) by—n>n.
YEARNB(Yn,1/2) YE€AR\B(yn:n/2)

On the other hand,

Ve2m e Doy — yn) f(dy) = eI G0 — ) p(da)
— 20051 (2 g ().

By Proposition the modulus of the integral on the right-hand side is
bounded by a constant that does not depend on =z, or y,. This contra-
dicts . Therefore, the measure ji is translation bounded. If under the
asumptions of the theorem the measures p and [ have locally finite sup-
ports, that is, p is a crystalline measure, then p is a Fourier quasicrystal. m

Proof of Corollary. It follows from Theoremthat |i|(B(0,7)) = O(r?)
as  — 0o. Therefore, all the asumptions of [4, Theorem 3| are satisfied and
we obtain the representation ((1.5)). m

QUESTION. Let p be a crystalline measure, with |u| a tempered measure.
Is |fi| a tempered measure? And if p is moreover translation bounded? @
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(2) Added in proof. Negative answers to both questions have been obtained in
[J. Maz4ag, C. Richard, and N. Strungaru, On almost periodicity in crystalline measures,
arXiv:2605.23884v1 (2026)].
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