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Abstract. Given the unital C*-algebra A, the unitary orbit of the projector p = ( 5o )
in the C*-algebra M>(A) of 2 x 2 matrices with coefficients in A is called in this paper
the Riemann sphere R of A.

We show that R is a reductive homogeneous C* manifold of the unitary group
Uz(A) C M2(A) and carries the differential geometry deduced from this structure (includ-
ing an invariant Finsler metric). Special attention is paid to the properties of geodesics
and the exponential map. If the algebra A is represented in a Hilbert space H, in terms
of local charts of R, elements of the Riemann sphere may be identified with (graphs of)
closed operators on H (bounded or unbounded).

In the first part of the paper, we develop several geometric aspects of R including a
relation between the exponential map of the reductive connection and the cross-ratio of
subspaces of H x H.

In the last section we show some applications of the geometry of R to the geometry of
operators on a Hilbert space. In particular, we define the notion of bounded deformation
of a closed operator and give some relevant examples.
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1. Introduction. This paper is presented (in the spirit of Felix Klein’s
Erlanger Program) as a sort of “elliptic” counterpart of [4], where the au-
thors develop aspects of the “hyperbolic” Poincaré half-space of a C*-algebra.
Given a unital C*-algebra A we define the Riemann sphere R of A as follows.
The unitary group Us(.A) of the C*-algebra Ms(.A) of 2 x 2 matrices with co-
efficients in A operates on the space P of projections of Ms(.A) by inner auto-
morphisms. We denote by R the Us(A)-orbit of the projection po = (§§).
If the algebra A is faithfully represented in the Hilbert space H and My(.A)
is correspondingly represented in H ¢ H, then R consists of the orthogo-
nal projections in H & H onto subspaces S of the form S = @ (H & {0}),
U € Uz(A). For example, if A = B(H) and T': D — H (where D C H is
dense) is a closed linear operator then the orthogonal projection p onto the
graph of T"is in R (see Proposition .

As in the classical case where A = C, we define the “unitary sphere”
K C A? as the unitary orbit K = {ue; : @ € Us(A),e1 = ({)} and the Hopf
fibration b : L — R by

b(x) = xx* = (

* *
127 x1x2)

* *
xQxl x2$2

where x = (%; ) It is a principal fibration with U C A as its structure group
(U = the unitary group of A, acting on K by right multiplication).

In Section [3] we define the C* structure of R by means of an appropriate
atlas. The principal chart 6y = (Vo, @0, .A) of this atlas gives a bijection ¢q
from Vo = {p € R : |[p—po|| < 1} onto the algebra A. These projections p are
of the form p = xx* where x = (71 ) € K is such that z is invertible and the
correspondence is given by p — ;vgmfl. As in projective geometry, we could
call (ﬁ;) the “homogeneous coordinates” of p, and a = z‘gznfl the “affine
coordinate”. For this reason we could call this chart the “projective chart”.



The Riemann sphere of a C*-algebra 3

Section [3:2.4] is concerned with the geometry of R as a reductive homo-
geneous space of the group Us. This differential-geometric structure contains
an affine connection on R and its geodesics. It also contains an invariant
Finsler metric which makes R into a metric space where geodesics are min-
imal curves (see [9} [@]).

The geometry of R as a reductive homogeneous space defines another at-
las on R by means of the exponential map of the connection. In Section|3.2.5
we show that the principal chart of this atlas is of the form (Vp, Logg,, W),
where Vy is again {p € R : ||p — pol| < 1}, W={X € (TR);, : || X < 7/2}
and Log;, is the inverse of the exponential map at po. We call this chart the
“geodesic chart” of R.

The relation between the two principal charts has an interesting geo-
metric meaning which we explain in Section [3.2.6] Loosely speaking, the
homogeneous coordinates of p produce the affine coordinates of a = xgxl_l,
while the geodesic coordinates X = ( J 8) € (T'R)p, produce a kind of
“polar coordinate” of p given by an “angle” and a “phase” related to the pair
(ﬁOaﬁ)'

We devote the final section (Section 5) to the study of examples and appli-
cations that we consider relevant. In Section given an unbounded densely
defined closed operator T" on a Hilbert space H, we show that there exists a
unique minimal geodesic on R joining po to Pgyr). Notice that Pgy(7) is in
the boundary of V. In particular, we analyze the case of the operator —i%
on L?[0, 1]. We also study geodesics on R with conjugate points and compute
the index of some of these geodesics related to Fredholm operators. In Sec-
tionwe define a notion of (one-parameter) bounded deformation of closed
operators as well as the notion of optimal deformation. The unique minimal
geodesic joining po to Pgrr), where T' is a closed unbounded operator, is
an optimal bounded deformation of the closed operator T'. In Section we
exhibit types of C*-algebras where 1y is dense in R. We remark that 1 is
not dense in R when A = B(H) and H is infinite-dimensional.

A second part of this paper will be devoted to the description and usage
of a non-commutative Kéahler structure on R, which will be defined as an
“elliptic” counterpart to the one defined in [4].

2. Preliminaries. We will denote by A a unital C*-algebra, G C A its
group of invertible elements and U the unitary subgroup of G. We say that
a € A is anti-self-adjoint if a* = —a. The C*-algebra of 2 x 2 matrices with
entries in A will be denoted by Ma(.A), and the corresponding group of units
and the unitary subgroup will be denoted by Go and Us. Denote by A2 the

right C* A-module
A% = {x = <:c1> i1, T9 € A}
Z2



4 E. Andruchow, G. Corach, L. Recht and A. Varela

and also write A? = {X = (z; ) : 21,22 € A}. We have maps

2 2 L1
A®— A, XZ( >r—>x*:(xf x3),

T2

A§—>A2, x = (11 x2)'—>§(*:<xl).

3

Next we have products

A% x A? = Ma(A), xy = <x1y1 xly?),

T2Y1r T2Y2
A? x A% = A, Xy = 21y1 + ZT2Y2.

Observe that the inner product in the C* A-module A% is given by
(x,y) =x"y = z{y1 + 231

The algebra M(A) is identified with the C*-algebra £ 4(A?) of A-linear
bounded adjointable operators [I1], where we fix the standard basis of A2
given by {ej, ez} with e; = ((1)), ey = ((1)) With this identification, T' €
L.4(A?) is represented by the matrix ¢ = (t“ tl?):

ta1 t22
(tn t12> (561) (t11$1 + t12$2>
T:U == ey .
to1 T2/ \x2 to1z1 + taoxa

~ t* *
Then T™ is given by t* = < 11 zl>
12 122
Note that Uy is the subgroup of My(A) that preserves the quadratic form

(x,y) — x*y when acting on the left by x — @x for x € A% and @ € Us.

DEFINITION 2.1. A pair of vectors x,y € A? will be called a unitary
basis of A? if it is of the form x = @(e;) and y = @(ez) for @ € Us where
e = ((1)) and ey = ((1))

Notice that (if x, y are a unitary basis of .A?) we have the Fourier identity
z = x(x,2z) + y(y,z) for every z € A>.

DEFINITION 2.2. A vector x € A? is called a unitary vector if it is of the
form x = wey for some 4 € Us.

Notice that every unitary vector is the first component of a unitary basis.

Now we come to the central topic of this paper. Recall that the unitary
group Us = Uy (A) operates on the space of all projections of the algebra
Ms(A) by the rule

L for @ € Us.

La(p) = apii-
The geometry related to this action is studied for example in [5].
Let po be the projector py = eje] = ((1) 8).
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DEFINITION 2.3. The Riemann sphere R of the C*-algebra A is the orbit
R ={Lua(po) : & € Ua}.

A key role in the study of R is played by the space K defined as follows.

DEFINITION 2.4. We define the unitary sphere K in A? as

(2.1) K = {x € A% : 34 € Uy such that @e; = x}.
DEFINITION 2.5. The Hopf fibration over R is the map
(2.2) h: K—=R, bh(x)=7px,

where px = xx*. The unitary group U of A operates by right multiplication
on K and is compatible with the projection h: h(xu) = h(x) for x € £ and
ueU.

PROPOSITION 2.6. The Hopf fibration is equivariant under the action
of Uy. More explicitly,

h(ux) = ah(x)u* Va € U, x € K.
Proof. Indeed, h(ux) = ux(ux)* = uxx*a* = ah(x)u*. =

NOTATION 2.7. Given x = (74 ) = ue; for a4 € Uy (x € K), we will denote
by [x] the right A-module generated by x, that is,

(2.3) x| =xA={(53) e A :aec A}.

PROPOSITION 2.8. Ifx € K and [x]| = xA is the right A-module gener-

ated by x, then
impx = [x].

Proof. Since x*x = 1 for each x € K, we have pyx = (xx¥)x = x
and then x € impy, which implies that [x] C impy (since impx is an A-
submodule of A?).

The opposite inclusion is evident: if z = pyw then z = xx*w € [x] and
hence im(px) C [x]. m

PROPOSITION 2.9. Suppose that x,z € K. The following statements are
equivalent:

(1) [x] =[],
(2) Dx = Dz,
(3) 3u € U such that z = xa.
Proof. (1)4»(2) is evident (see Proposition [2.8).
(3)=(2) is clear: if u € U and z = xu, then p, = xu(xu)* = xx* = px.
(2)=(3) If p, = px, since z = P,z = Pxz = XX*z it is enough to prove
that x*z € U, that is, (x*z)(z*x) = 1 and (z*x)(x*z) = 1. But (x*z)(z*x) =
X*PpX = X*Pxx = x*x = 1 and similarly (z*x)(x*z) = 1. =
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We mention two natural vector bundles associated to R, the tautological
vector bundle T 25 R (the bundle of images) and the co-tautological vector
bundle T’ R (the bundle of kernels), defined as follows:
T={{p,x):peR,x€imp} and pr(p,x) =07,

T ={(p,x):pER, x Ekerp} and pr'(p,x)=p.
Observe that the Hopf fibration is the “classical bundle of bases” of the
tautological bundle (see Section for more details). We will also show in

Section the relation between the co-tautological vector bundle 7’ and
the tangent bundle TR.

(2.4)

3. The smooth structure of R

3.1. The C* structure on K. Let us start by constructing a C*
structure Ax on I (a C* atlas Ax). This is done by identifying open sets
in K with appropriate C* manifolds so that the transition functions are C*
too. Define an open neighborhood Ky of e; by

(3.1) KO:{x:(ﬁ)EK:xleg}
and the map
Yo Ko — AxU,  to(x) = (w27, u),
where x1 = ru is the polar decomposition with r positive and u unitary.
We now write the inverse ¥y : A x U — K of vy,

1+ a*a)" Y2y
(3.2) Wo(a,u) = <a(<1 L a))l/zu)-

We will call the chart given by Cy = (Ko, 10, A x U) the principal chart
of the C* atlas .

For each @ € Us we describe the chart Ci = (afo, Y, A X U) of the
atlas 2 (by acting with @ on the principal chart Cy) where 1, = g0 @' :
uky — A x U. Clearly the atlas Ax = {Cq : @ € Uz} defines a C*> structure
on K.

3.2. The C* structure of R. Given a unital C*-algebra B, the space
Pr={peB:p’=p=p'}

is a C° Banach submanifold of B. This is well known and details can be
found for example in [16], [5].

REMARK 3.1. We now recall that the unitary group Up of B operates on P
by inner automorphisms L,(p) = upu*. This action divides P into orbits
and each such orbit is a homogeneous space of the group Ur. Moreover,
analyzing the infinitesimal aspect of this action we can provide each such
orbit with a reductive homogeneous structure. Details can be found in [5].
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This reductive homogeneous structure provides each orbit with an invariant
affine connection and the associated geometry including geodesics, curvature,
etc. Details can also be found in [5].

These ideas apply in our case to the C*-algebra My = Ms(.A), and the or-
bit of po under the action of the unitary group Us, i.e. the Riemann sphere R
of the algebra A, and we will use them freely along this paper.

3.2.1. The C*® atlas Ar of R. We describe a specific C* atlas on R.
We start by the principal chart €y = Vo, po,.A) of this atlas where

(3.3) Vo = b (Kp) = {xx*: x € K, z1 invertible} C R
and
(3.4) o :Vo— A, polp) = mxt if p = py for x € Ko.

Observe that if p = p, for another z € Ky, then z = xu for © € U and
zngl = :Ugl‘fl, and hence g is well defined.
Let us verify that g is injective. If o (p) = o(q) with p = px, ¢ = py for

some X,y € Ky satisfying zoz7! = yoy; ', it follows that y = ( y—llyl) =

2T
(12;;1 )yl. In order to prove that p = G it is enough to show that [x]| = [y],
since imp = [x| and im ¢ = [y]. On the one hand, x = (m;;1 Jz1 = yyy 1
and hence x € [y]. Analogously, y = xz; 'y € [x]. Therefore [x] = [y] and
pP=q

To prove the surjectivity of ¢g take any a € A. We need to find an
X € Ky such that a:gxl_l = a, and hence x = (ﬁ;) = (}l)xl should hold.
To satisfy the condition x*x = 1 we must have 23(1 a*)(})z1 = 1. Then
23(1 + a*a)z; = 1, which implies that 1 + a*a = (z123)~!. Every solution
of this equation is of the form 2, = (1 + a*a)~"?u with u € Y. Now x =
(1) (1+a*a)™'/2u must satisfy x = ey for some @ € Us and this is the case
for

1 * \—1/2 —a*(1 *\—1/2
(35) = <( tate)” Pu —a"(1+ad’) ”> with v € U.
a(l+a*a)"?u  (1+aa*)"?v
We now construct a chart €3 = Vi, ¢a, A) for @ € Uy as follows. We let
Va=Lz(Vo) and ¢z:Vi = A, pa=woo L.

Given two charts 65 and 45 where 4,0 € Uy and V; NV # 0, let us compute
the coordinate change. Let x = tie; and y = ve;. We have

(pa o3t (a) = ((@)*(L))2(((@)* (1)),) " Vaegs (VanVs).

If we write (a?)* = (¢ ;‘f) € Uy, we have

(¢ 0 05, ) (@) = (e + fa)(c + da) ™.
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REMARK 3.2. Observe that the change of coordinates for two charts in
the atlas 2z is given by a “Md&bius” transformation. Consequently, this atlas
defines on R a C* structure. We shall pursue the study of this complex
structure elsewhere.

REMARK 3.3. Note that p € Vj if and only if there is an element x =
(%) € im Py (not necessarily satisfying x*x = 1) such that x; is invertible,
we will call such an x a regular element in im pg. Also observe that both im pg
and ker pg are right A-modules and that every regular element in im pg is a
generator of this A-module. Moreover, the correspondence Vy 3 p+—a € A
is independent of the choice of the regular element x € imp. Now choose
a faithful representation of A in a Hilbert space H so that elements a € A
correspond to operators a : H — H. Consequently, Ms(A) is faithfully
represented in B(H & H).

THEOREM 3.4. With the previous notations, the following statements are
equivalent for p € R:

(1) pe Vo (see (3.3),

(2) p is the projection Payq) € B(H @ H) onto the graph of the operator
a = @0(@) (866 )7

(3) llp — poll <1,

(4) pu1 is invertible if p= (D31 D33 ).

Proof. We will denote the elements of A with the same letters as their
representations on B(H). First we will prove that item (1) implies
12} T1T5

*) for x € K with x7 invertible. Then

Suppose that p = xx* = (xzx{ woms
a = ¢o(p) = xgxl_l, p € B(H @ H) satisfies p* = p = p* and hence it is an
orthogonal projection in B(H @& H). Moreover, using zjz; + z5ze = 1 and
hence z5x9 = 1 — x]x1, we can write
~ h . mlmTthwl:r;ngl_lh . xlm’l‘h+:v1(17x’1‘x1)xl_1h . h
p(fmmf h) - ((EQ(ET’I—‘,-:DQZ;:DQZ;I"L) - (mgz’{h—kwg(l—x’l‘xl)ml—lh) - (zszlh)'
This implies that Gr(a) C imp for a = xox; . Finally,

~(h\ _ (T1TThtTiziky x1x]ht+x125k

p(}) = (:mx’}h+m2x§k) = (xzxfl(xleh+x1:c§k))’
which proves the inclusion imp C Gr(a).

To prove that itemimplies (3)| observe first that () = (&)@ (79Y)

for every (#) € H® H with (%) € Gr(a) orthogonal to (7%¥) € Gr(a)*
(see Lemma . Then H(Z)H = 1 implies that H(;@)Hz + H(_‘Z*y)HQ =1

and hence

|Par(@ = Boll = sup |[(&&) = ("¢™)| = sup - [[(G) -
I(Gk)I=1 (P15 ) 12=1
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We know that in general ||[p—po|| < 1 (see [19], Corollary 2|). If it is equal to 1,
there exist sequences {z,, }nen and {yn fnen with (a*y, a*y) + (az,ax) — 1.
This would imply that z,, — 0 and y, — 0 (since ||z||? + ||az||* + ||a*y||* +
9] = 1), a contradiction. Then || Pgy(q) — ol < 1.

The proof that item implies follows if we consider the 1,1 entry of
p—po and observe that ||[p—po|| < 1. This necessarily implies that (p—pp)11 =
p11 — 1 has norm less than 1, and hence p11 is invertible.

Finally, if py1 is invertible and p = xx* for x € K, it follows that p;; =
x12] and therefore x; is invertible. Then p € V. =

REMARK 3.5. Theorem [3.4] suggests the following considerations. Given
an unbounded operator T : D — H with dense domain D C H and closed
graph we will show that the orthogonal projection Poyr)y: HOH — H® H
belongs to the Riemann sphere R(H) of the algebra B(H). Since we have
the obvious embedding R C R(H) it is natural to ask about the relative
position of Pgy7y with respect to R. We will give some partial answers to
this question in Section [5.2]

3.2.2. The tangent map of the principal chart. We describe here the
tangent map (T'¢o)s : (TR)5 — (T'A)yyp) (= A) of the principal chart g
(see (3.3) and (3.4)). Consider the commutative diagram

Ko
h‘ICOJ’ w‘

Vo —225 A

where ICp = {x € K : x; is invertible} (see(3.2.1), b|x, is the Hopf fibration
over Vg and 1g(x) = x9(x1)"!. Now fix p € R and x € K such that hx = p.
Then we have

(3.6) (To)sY = (To)x kx(Y) foreachY € (TR)s,

where k is the structure morphism defined in [£.3] It is easy to check that
(3.6) is independent of the choice of x with h(x) = p. Explicitly,

(T(po)ﬁy = (T’(/Jo)xYX = (T"Lﬂg)x( 813;) = (YX)Q.CEl_l _ ajgxl_l(YX)Lrl—l’

(Yx)1

(Yx)s ) The inverse map ¢, Lof o is given by

where we write Yx = (

¢y (a) =ac’a” =p

where a = (1) € A% and ¢ = (1 +a*a)"%/? € A (note that x = ac € K).
The tangent map (Tpg')a : (TA)e — (TR)p is given by
(Toy')a = ac’a* +ac(a)* — aba*

where @ € (TA), (= A), a=(9) and b=c?(a*a+ a*a)c 2
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The Finsler structure of R may be translated to a Finsler structure on
the manifold A assigning to each tangent vector a € (T'A), the norm |||a|| =
|lac’a* + ac?(a)* — aba*|| (the standard operator norm of M(A)).

3.2.3. Riemann sphere projectors in C*-algebras. In this section we give
an intrinsic characterization of Riemann spheres of C*-algebras. Let M be
a unital C*-algebra.

DEFINITION 3.6. A self-adjoint projector p € M is called a Riemann
sphere projector (rsp) if p is conjugate to 1 — p, i.e. there exists an invertible
g € Gaq such that gpg™' =1 —p.

Note that if p is an rsp, there is a unitary element © € M such that
upu~! =1 — p (this can be shown by an easy argument involving the polar
decomposition of g in the definition).

From now on we assume p is an rsp in M, so upu~! = 1 — p where u is
unitary. Define the subalgebra A of M by

A = pMp.

Note that A is a C*-algebra with unit p. Consider the map J : M — My(A)
with J(a) = (1Y) where z = pap, y = paup, z = pu~'ap and t = pu~tagu,
and inverse J 71 (TY) =z + yu~! 4 uz + utut.

PROPOSITION 3.7. J is a C*-algebra isomorphism and J(p) = (§9).

The unitary orbit of p in M is consequently isomorphic to the Riemann
sphere of M3(A) and also p and 1 — p are in the same connected component
of the space of projectors of the algebra M.

The contents of Section follow the development in [15].

3.2.4. The Riemann sphere R as a reductive homogeneous space. As we
have seen, the Riemann sphere R of the algebra A is a subspace R C Pa(A).
Also it is clear that the group Us operates on Pa(A) by inner automorphisms.
In fact, R is by definition an orbit of this action, which makes R a homo-
geneous space of the group Us. This situation is studied in [6l, Section 5| for
the general case. In particular, R is a reductive homogeneous space of the
group Us and consequently it carries an invariant connection, which we will
call the standard connection, whose covariant derivative is given by

where X € (T'R);, Y is a vector field tangent to R in a neighborhood of p and

where X -Y is the directional derivative of Y in the “ambient” algebra Ms(.A)
(XY= %‘tZOY(fy(t)) for a curve v(t) in R, v(0) = p, and ¥(0) = X).

REMARK 3.8. Given a curve p; € R with ¢ € [0, 1], the differential equa-
tion %f]t = [%ﬁt,ﬁt]gt with initial condition gy = 1 has a solution g; € Us
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and the action of g; on tangent vectors produces the parallel transport of
the connection along the curve p; (see [6]).

Consequently, geodesics v(t) in R are defined by the condition
D

a’y(t) =0

and they are explicitly given by
A(t) = eFpe X
where X € (TR)5 and X = [X,5]. The curve y(t) is the unique geodesic
satisfying 7(0) = p and 4(0) = X. Therefore the exponential map is given by
Exp;(X) = (1) where X € (I'R); and 7 is the unique geodesic satisfying
7(0) = p and §(0) = X. Observe that Exp;(X) is defined for every X €
(T'R)s and has the explicit form
Exp;(X) = eXpeX.

REMARK 3.9. The exponential map Exp; : (T'R)s, — R is bijective
from Vo = {X € (TR)s, : | X|| < 7/2} toUp = {p € R : ||p — poll < 1}, as
we shall see later (see Theorem [3.16]).

In what follows we denote by sinc the analytic function defined by sinc(z)
= sin(z)/x, which is usually called the cardinal sine.

THEOREM 3.10. If v : [0,1] — R is a geodesic with initial conditions
7(0) = po = (39) and 4(0) = X = (2 &) then, considering the im(po) ®
im(pg)* decomposition,

2 * | ad *
cos” [ta*| cos |ta*|(sinc |[ta*|)ta

(sinc|tal)ta* cos [ta*| sin” |ta*|
B < cos? |ta*| Sinc(2|ta*|)ta>

sinc(2|tal)ta* sin? |ta*|

cos [ta*| .

= . (cos [ta*| tasinc|ta|)

(sinc |ta|)ta*
— (cos? |tX)iio + (sin? [£X])(1 — o) + sine(2t| X)) X o

for X = (0 ) and go= (3 %).
Proof. Recall that there is a unique geodesic such that

w0-x-(23)

which can be obtained by computing ~(t) = etX ﬁge*tX with X = (ao* *0“)
(see |15, [I7]).
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First, we will describe the unitary given by eX for X = (G?* B“). If we
separate the even and odd powers of the series we obtain

* |2k
_ 0
X% — —1k<’a‘ ) for k=0,1,...,
(—1) 0 lapt
5 0 * |2k
X2+ (—1)"?“( . o] a) for k=0,1,...,
—|a|**a* 0

and then

S ) (0 )

i (—1)k+1 < 0 —\a*]%a> B (sinc\a*] 0 ><O —a)
(2k + 1)!'\ |a|?*a* 0 0 sincla|/ \a* 0/

k=0
This implies that

(3.8) X — <( cosla*[  —(sinc|a |)a> _ cos | K| + (sinc| X)X

sinc |al)a* cos |al

since | X| = ("10*‘ |2‘). And for t € R>o,

(3.9) eti{:< cos |ta*| —(sinc|ta*|)ta

) ) = cos [t X | + sinc(|tX]) X.
(sinc |tal)ta* cos |tal

Then all the geodesics v starting at v(0) = po are of the form

V() = X (1 O) o—tX _ <( cos? [ta*| cos [ta*|(sinc |ta*])ta>

00 sinc |ta|)ta* cos [ta*| sin? |ta*|

cos |ta*| . .
= (sine [tal)ta® (cos|ta*| tasinc |tal)

where in the last equality we have used (sinc |[ta*|)ta = tasinc |ta].
In order to obtain the second equality in (3.7]), we can observe that

sinx __ lsm(2az) _

ta* cos |ta*| = (cos|ta|)ta® and that coszsincr = cosz™2¥ = 5

sinc(2z).
The last equality in (3.7)) follows by direct computations. =

REMARK 3.11. If the algebra A is faithfully represented in a Hilbert

space H and (S) € H x {0} = impy, then etX(g) € im~(t). Observe

that etx(g) = ((Siffllia‘;li*g) = ((scli)lshlffza\;‘ﬁ{) where a = v|a| is the polar
tf((g) _ (cos(ta)&

decomposition of a. For example, if a > 0, we have " (5 sin(m)&), SO
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that in the case where £ is an eigenvector of a, af = A&, etX (g) describes a
circular movement in the two-dimensional plane generated by (g) and (2)

REMARK 3.12. Note that if we consider the algebra A represented in
B(H) we can also write the formula (3.7)) as

cos? |ta*| cos [ta*|(sin [ta*|)u
(1) = (

sin [ta|)u* cos [ta*| (sin|ta|)u*(sin [ta*|)u

where a = u|al is the polar decomposition of a (the partial isometry u might
not belong to A).

The space R also carries an invariant Finsler structure given by the
C*-algebra norm of M>(A). If X € (T'R)p, X identifies with an element in
M>(A) and has the corresponding norm. This Finsler structure on R allows
us to define lengths of curves. In [I7] it is shown that geodesics in R of length
less than 7r/2 are minimal among curves joining given endpoints.

3.2.5. The inverse of the exponential map in R. The standard connec-
tion of R defines the exponential map Exp; : (T'R); — R for p € R. In
particular, the exponential map Exp;, : (TR)z, — R is given by
(3.10) Expj, (X) = eXpoe
where X € (T'R);, and X = [X, po] (explicitly, X = (ao* 8) and X = (ao* *0“)
for a € A). It is well known that the exponential map is a diffeomorphism
of a neighborhood W of 0 € (T'R);, onto a neighborhood of py in R.

In Theorem [3.16| we will produce an explicit formula for the inverse map
Log, of the exponential map Exp; . The map Log; will be defined on
the open set Uy = {p € R : ||[po,p]|| < 1/2}. The aforementioned formula
involves the real analytic function

Asinc(z) = arcs;n(x) for x € (—1,1).

REMARK 3.13. For p € R, let p = 2p — 1 (the symmetry associated
with ), and observe that My = M3 & M3 where MY = {a € My : pa = ap}
and Mg = {a € My : pa = —ap}. Furthermore, the aforementioned decom-
position defines on Ms the structure of a Zs-graded algebra. In this context
(T'R)p may be identified with the self-adjoint part of My} In particular, the
above formula for X reflects this fact. ) )

At any p € R the exponential Exp; is given by Exp;(X) = e pe~X for
X self-adjoint of degree 1 with respect to  and X = [X, 7).

LEMMA 3.14. Let pg = ((1] 8) and p be in R for p = eXpoe X for HXH <

7/2 with X = (%) and X = (2 %) € (TR)p,. Then the following
statements are equivalent:
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(1) [l[po,plll < 1/2,
@) X = [1X]] < m/4.

Proof. First note that X anticommutes with 25y — 1 and then

(811)  1/2> [|[po, Bl = lIBoe™ oe ™ — e* poe o

= Ll12p0e X poe ™ — e¥poe™ + eXpoe ™ — 2e% e o) |

= 11250 — 1)e¥poe~ — X Foe¥ (250 — 1)]|

= e poe™ (250 — 1) — X poe ¥ (260 — 1)

= Ll poe™ — eXpoe™ |

= H2e X poeX — 1= (2eXpoe X — 1)

= Hllem* (250 — 1)e* — X (250 = 1)e )|

= e ¥ (20 — 1) = ¥ (20 — )I| = Flle ¥ = ]

= 3l — .
Therefore He4X — 1|l < 2. This implies that H€4X — 1| < 2 if and only if
l[Po, D]|| < 1/2. But since He4X -1 = SUDjgc (%) \e‘w — 1], it follows that
[P0, P]|| < 1/2 if and only if |0| < 7/4 for i € o(X), which is equivalent to
X < /4. u

LEMMA 3.15. Let po,p € R be such that ||[po, p]|| < 1/2. Then p11 > 1/2

and 1/2 > paa.

Proof. The condition ||[fo, p]|| < 1/2 implies that || X|| < 7/2, and hence
there exists a unique geodesic y(t) = X poe™X, t € [0, 1], between v(0) = po
and (1) = p. This condition also implies that ||po — p|| < 1, and hence p1;
is positive definite and invertible.

Direct calculations show that [|[po,pl|| = [[p12|| = |lp21]] < 1/2. Then if
p = xx* for x = (31) € K where 2y = (p11)Y/? is positive definite and
invertible, we can write ||z123zom || = ||21|m2|?21| < 1/4, since pa; = zox1,

2?2 + |z2|?> = 1, and o1 commutes with |zs|. Moreover, we obtain
1/2 1/2 C
\|z2|z1|| = Hxl/ ]:1:2|x1/ | <1/2, which implies |zg|z1 < 1/2
since x}/2|x2|1‘}/2 > 0.
We will now use the local cross-section o : {xx* : x € K, 21 € G} = Ky

of b (see Theorem .3 or (4.2))). Now define
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The entries satisfy ;(0) = 1, 21(1) = x1 and #2(1) = x2 since ¥(0) = po
and (1) = p. Moreover, from the definition of o it follows that z(t) > 0
for all t € [0,1]. Now observe that by Lemma [3.14} since ||[tX| < /4 for
t € [0, 1], we have ||[po,v(¢)]|| < 1/2 and therefore

(3.12) |21 ()]x2(t)]|| < 1/2  forall t € [0,1].

The function g(s)=sv1 — s2, s€ [0, 1], is positive in (0, 1), with g(+/2/2)
=1/2 and ¢g(0)=g(1)=0.

Now, suppose that there exists to € (0, 1] such that ||21(t)] < v2/2.
Then g(||#1(t0)||) < 1/2. By the continuity of g, o, and |||, and the fact that
g(||Z1(0)]]) = g(1) = 0, there exists € € (tg,1) such that g(||z1(e)||) = 1/2.
Then ||z1(2)|| = v/2/2, and hence

[21()|22(0)l[| = 121(e)(1 = #1()) 2]l = [[21() VT = [l1 (e
= g([2:1(e)]) = 1/2.
This contradicts our hypothesis that ||[p, po]|| < 1/2. The issue arises because
we had already established that Hxl )|&2(t)]]| < 1/2 for all ¢t € [0,1] (see

(3.12))) but we reached 1/2, which is inconsistent with our assumption.
Thus, we conclude that ||Z1(¢)|| > v/2/2 for all ¢ € [0, 1], and

121 ()11 = [21)%] = [|1 = [22)
=1—||[2200)]?] > 1/2.
This implies that ||Z2(¢)||* < 1/2, which gives ]ﬁ:g(t)| < +/2/2. This implies
that /1 — #1(t)2 < v/2/2 and therefore 1 —41(¢)? < 1/2. Then 1/2 < #1(¢)?
for all t € [0, 1]. Hence we have 1/2 < 21(1)? = 23 = p11.

In order to prove that 1/2 > jas observe that since z2 > 1/2, it follows
that 1 — |z2/2 > 1/2 and 1/2 > |z2/?>. Thus we obtain 1/2 > H|$2|H
lz2]| = ll23]| and finally 1/2 > [23]* = pao. =

THEOREM 3.16. The exponential map Expg, (see (3.10)) is a diffeomor-
phism Exp;, : {X € (TR)p, : |X]| < 7/2} = {p € R :|p—poll < 1},
Moreover, if Uy = {p € R : ||[po,p]|| < 1/2} and Vj = {X € (TR);, :
| X|| < 7/4}, there exists an inverse map Logg;, : Uy — Vo that is a diffeo-
morphism given by

(3.13) Log;, (p) = po Asinc(2|[po, p]|)[Po, P]
where pg = 2pg — 1.
We call the triple (Up, Vo, Logg,) the geodesic chart at po.

Proof. Similar computations to those made in (3.11) lead to the equiva-
lence between the properties ||p — po|| < 1 and | X|| < 7/2 for p = eX poe .
Therefore, Exp;, : {X € (TR)z, : | X|| <7/2} = {p€R:||p—pol <1} is

onto, and since ||pg — p|| < 1 implies that there is a unique geodesic between
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po and p, of the form Exp;, (tX), the map Exp;, is also injective (see for
example [I, Lemma 2.6]). Then Exp;, : {X € (TR)z : |X] < 7/2} —
{peR:|p—poll <1} is a diffeomorphism (see [17]).

Using again Lemma[3.14] and the fact we mentioned above, that || — po||
< 1 is equivalent to || X| < 7/2, it can be proved that Uy C {p € R :
[P — poll < 1}. Now we will prove that Logs : Up — Vj is the inverse of
Exp;, : Vo = Uo.

To prove that the formula of the inverse holds, we will use the
following expression from :

(314)  Fxpp, (X) = (cos? | X [)io + (sin? | X|)(1 - o) + sine(2| X[) X i

for an anti-self-adjoint codiagonal element X such that Xpyg — poX = X.
Put X = po Asinc(2|[po, p]|)[Po, p|- Then Exp; (X) = eXpoe=X for
(3.15) X = — Asinc(2|[po, p]|)[Po. 5] with |X|= 1 arcsin(2|[po, p]|)-

Note here that the condition ||[po, ]|l = |||[Po,P]]|| < 1/2 implies that arcsin
and Asinc are defined and C*> at 2|[po, p]|. Using the fact that

cos? (1 arcsin(2z)) = $(1 4+ /1 — 422)

and that p = xx* = (xlxi xlx%) for x € Vy (see Theorem , we will prove

x2x] T2

first that %(1 + /1 — 4|[po, p||*)11 = p11 = 712} = 2? (Where we can assume
that 21 can be taken invertible and positive). Note that, since x2 + |z2|? = 1
and 1 commutes with |z2|, we have

(3.16)  (2cos? (4 arcsin(2|[po, 7][)11) — 1)°
=1 —4(|[po, )11 = 1 — daflz2f’ = 1 — 4aF(1 — aF) = (221 — 1)*.
We can use Lemma here to obtain 223 —1 >0, since 2 =p; > 1/2. This
implies that (1—423(1—22))/2 = 2231 and then 3 (14++/1 — 4][po, ] [*)11 =
22 = py1, which is the equality Exps, (X)11 = p11-
For the pso entry we can reason similarly, but using instead the fact that
in this case sin?( arcsin(2z)) = 1(1 — v/1 — 422), and obtain

(1 — 2sin? (% arcsin(2|[250715]|22)))2

=1 —4(|[po, B]*)22 = 1 — 4|pr2f*
=1 — 4(z123)*r105 = 1 — dagadalh
= 1~ day(1 — wfma)a = 1 - (s la3l*) = (1 - 23

Then, since |23|? = pa2 < 1/2 (see Lemma 3.15)), it follows that 1—2|z5|> > 0,

and hence we obtain 1 —2sin? (1 arcsin(2[[fo, p][22)) = 1 — 2|23|?. Therefore

Expj, (X )22 = sin? ($ arcsin(2|[po, p]|22)) = |23]* = poo.
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Considering the last term of (3.14)), the codiagonal of Exp; (X), observe
that if [po,p] = |[po,p]|?7 is the polar decomposition of [py, p|, we can write
(see (3.15))

sinc(2| X |) X po = —%sin(Q\X\)ﬁﬁ = —2 sin(aresin(2| [Bo, 5]|)) 7o
_|[ﬁ07ﬁ]‘ﬁﬁ0 — _[p07 ]pO

(Oplz

—por O ), the codiagonal of p coincides with the

Then, since [po,p] =
product —[po, p|po-

Therefore we have proved that Exp;, (—po Asinc(2|[po, p]|) [po,]) = p for
pelUp. m

REMARK 3.17. The formula does not give the inverse of Exp;, in
the domain {p € R : |[p — pol| < 1} D {p € R : ||[Po,p|| < 1/2}. An example
where 1/2 < ||p — pol| < 1 and Expj, (po Asinc(2|[po, P]|)[Po, p]) (P) # P is

_ cos?(m/3) sin(r/3) cos(m/3)\ [ 1/4 V3/4
b= <sm(ﬂ'/3) cos(r/3)  sin(r/3) > - <\/§/4 3/4 > ©

REMARK 3.18. In general, if Exp; (X) = p and [ X[ < 7/2, we will
say that X € (T'R)p, is the geodesic coordinate of p. In this way we have
geodesic coordinates in (TR )z, for points p € R such that ||[po, p]|| < 1/2.

M>(C).

REMARK 3.19. Consider a representation of the algebra A into a Hilbert
space H and the corresponding representation of Ms(A) in H & H. Next,
write [po,p] = |[Po,p||@, the polar decomposition of [py,p], where @ is the
partial isometry, and observe that @ commutes with |[pg, p]| since [po,p] is
anti-self-adjoint. Then we can write

Logy, (p) = 5 arcsin(2|[po, l|) poi,
the polar decomposmon of Logpo( p). In this formula we may interpret the
positive part 3 arcsin(2|[fo,]|) as a kind of “unoriented” angle between fo

and p and the partial isometry ppt as a partial imaginary unit in the sense
that (po@t)? = —§ where § is the projection @*.

3.2.6. Geometric interpretation of the logarithm. We start with an ex-
ample.

Let A = C so My = M(2,C) is the C*-algebra of 2 x 2 complex matrices.
The Us orbit of e; = ((1]) is the unit sphere K = 83 of C2. Also note
that the Riemann sphere R is the original Riemann sphere which is here
represented by the orbit of the projector pg = ((1) 8) under the action of Uy
(of course R is diffeomorphic to the projective line P*(C) “=" S?). Finally,

the Hopf fibration is the original Hopf fibration given by b : I — R,
2 —
z— h(z) =p,, where z= ('21)7 b, = 22" = <|Zl 2122)‘

29 Zizy  |22f?
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Let p € R be such that [|[po, p]|| < 1/2 and write X = Logg (p). Accord-
ing to the explicit formula for Log; we may write

_ arcs1n(22| [po’p”)ﬁoﬂ,
where [po,p] = |[po,p]|@ (@ a partial isometry) is the polar decomposition
of [po, p]. Notice that |[po, p|| commutes with [pg,p]. Observe that |[po, p|| =
|z1| | 22| (a scalar in M(2,C)). Now, since |21]? + |22|> = 1, there is a unique
angle 0 < ¢ < 7/2 such that |z2| = sin(p) and |z1| = cos(¢). Therefore, the
positive part of X is exactly ¢, so

X = ppou
is the polar decomposition of X. Finally, the positive part of the logarithm
of p is the Finsler distance dist(po,p) in the Riemann sphere.

Next we produce a geometric interpretation of [po, p| (= |[po, p]|@). Con-
sider Figure |1, where we schematically represent pp, p and the (complex)
lines Iy = ker(p), lo = im(p), I3 = im(po) and Iy = ker(pp). The correspon-
dence I3 > x — y € I3 defines a linear map y = ax from [3 to l3. The number
« is the classical cross ratio of the ordered four points Iy, lo, I3, 4 in the
complex projective line. In our case, [po, p| is

o 0 2122
[Po, P = | __
—Z1%2 0

and therefore [po,p] maps I3 into Iy and Iy into I3. We only describe the
map I3 — l4 (the other one is similar). The correspondence x — w in the
picture has matrix f = —Z729 which determines [pg, p|. We call this geometric
construction the complementary cross ratio.

Fig. 1. Cross ratio and complementary cross ratio

With this example in mind we now turn to the general case. Observe
first that the inverse (see [I7]) of the diffeomorphism Exp; : {p € R :
{X € (TR), : ||IX|| < 7/2} = ||p — Poll < 1} defined in allows
us to determine the angle between p and pg using the polar decomposition
of the corresponding X € (T'R);, in some representation of A. In what
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follows, we consider the formula of Log;, from to obtain an expression
of this angle. Let p € R be such that ||[po,p]|| < 1/2. Then Logz; p =
Asinc(2|[po, B]|) (Po[Po, B]) (see Theorem [3.16]).

We can represent the algebra A, and correspondingly Ms(.A), faithfully
in the Hilbert space H (resp. H x H) and refer the polar decompositions
to this representation. Write the right polar decomposition of the bracket
[Po, P] as [po, p] = |[Po, p]|0. Note that [pg, p|] = (—0*)|[po, ]| is the left polar
decomposition.

We claim that the polar decomposition of Logg, p is Log; p = \Logﬁo pla

arcsin 2|[po,p]|
2

where |Log;, p| = and where the partial isometry @ is @ = —pgv*.

In order to explore the positive part of Log; p we first describe |[po, p||
as follows. Take x = (73 ) € K such that h(x) = xx* = (i;ﬁ i;i%) = p and
x1 is positive invertible. Such a choice is unique. Recall that the equality
|z1]? 4 |22|? = 1 implies that |z1| = 21 commutes with |x].

Then if 22 = w|xs| is the polar decomposition of x5 we have |[fo, p]|* =

(:vl:vgaczzvl 0

0 xgx%xg )7 50

. 1|32 0
|[Bo, B]| = ik
0 w:c1|:r2\w

So we have the following expression for |Log;, pl:

arcsin(2z1|z2|) 0
S| 2
‘LOgﬁo p| = ( 0 arcsin(?wx1w2|w*)>
2

Now write 21 = cos ¢ for a unique positive element p € A (0 < ¢ < 7/4, see
Lemma [3.15), and therefore |zo| = siny. So we have proved the following
result.

THEOREM 3.20. Let p € R such that ||[po, p]|| < 1/2. Then there exists a
unique element ¢ € A (0 < ¢ < m/4) such that

- %) 0
|Log;, B = ( )

0 wew*

where x = (%) is the element in K that projects onto p with x1 positive
and invertible, and w is the partial isometry of the polar decomposition xo =
wlzal.
We call the positive operator ¢ € A the angle between pg and p.
REMARK 3.21. Since Log, p directs the geodesic in R from pg to p in R,

it follows that its norm is the Finsler distance from py to p, and therefore
this distance is [|¢||.
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REMARK 3.22. The geometric interpretation of the commutator [py, p| is
given by the constructions of “projection and section” illustrated in Figure[T]
in exactly the same way. The correspondence z — y in the picture is the
classical cross ratio as defined by Zelikin [2I]. In our case [pg,p] is given
geometrically by the correspondence =z +— w from l3 to Iy (and similarly
l4 — l3). We call this correspondence the complementary cross ratio.

4. The Hopf fibration. In this section we will describe more properties
of the Hopf fibration defined in Definition 2.5] Recall that the total space is
the sphere K in A2, the base is the Riemann sphere R of A, the group is the
unitary group U of the algebra A and the projection is

h: K — R given by bh(x)=xx" = px.

Note that U operates on the right in X by xu = (EZ) for x € K and
ueclu.

THEOREM 4.1. The Hopf fibration b is a C* principal bundle with struc-
ture group U.

Proof. We have to prove that

1. his a C*° map onto R,
2. the fibers of h are the U-orbits of the action,
3. the map h has C* local cross sections.

1. We use the atlas defined on K (see Section [3.1). It suffices to prove this
only for the case of the local identification associated with ICy (because local
identifications are obtained by just acting with U on “basic identification”
associated to Kp). In this identification the map b sends (a,u) — p, where

ac A uecl, p=xx*and x = (a((llia;fi)_ll/;l;

The map is clearly surjective since given p € R, we have p = ﬂ((l) 8)&*
and therefore p = a(} J)a* = weiefa* so that p = h(ue;).

2. Here we will show that every fiber h~!(jx) can be identified with the
unitary group U of A and that every projector px € R is the image under b
of one of such fibers.

Let us consider first the fiber {te; € K : @ € Uy and upot* = po}

over py. Here the equation @poa* = Po for @ = (w1 uys ) is equivalent to

), which is obviously smooth.

(Z;i)(u’{’l us ) = Po = (§9). This equation implies that u;;; € U and
that v21 = 0. Moreover, using the fact that 4 € U we can conclude that
ui2 = 0 and ug 2 € U also. Hence, in this case the fiber is

41) b5 (o) = {(“gl u32>e1 S UL, Uz € u} - {(g) = u},

which can be identified with /.
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Now consider the general case of px € R where x = ve; with v € Uy
and suppose that h(we1) = px with @ € Uy is any other element of the
fiber. Then we have wejejw* = px = vejejv* for w € Uz. Now, using
Do = eje] = v weejw* v = v wpow*v and v*w € Ua, the description

ui,1 0
0 u2,2) for uy1,uz2 € U. Then

0
we; = ?~)<U171 >61 = <U1’1UI71> = <v171)U171 with ur1 € U,
0  ugp V1,2U1,1 V1,2
which proves that for every x € K the fiber of px can be identified with U.
3. Consider the subset of R given by Vy = h(Kp) = {xx* : x € £ and
x1 € G} where Ky is the domain of the map )y defined in (3.1]), which is

also the range of its inverse ¥y : AQU — Ko (see (3.2))). Then V} is an open
neighborhood of py where we can define a section o by

proves that v*w = (

o:Vy — Ko,

B o= mten = (007 = (D

for x = Wy(a, w) with u €U (or equivalently for x = (5} ) such that zor7! =a).

Let us see first that o is well defined. Suppose that py = xx* = zz* = p,.
Then x = zu for u € U (see Proposition . Hence, if 1 = rv for r > 0
and v € U, then zy = rvu for v € U and zo = zou. Therefore zzzfl =
zouu*zy " = xoxy !, which implies that o (px) = o(pz).

Moreover, if we compose o with the map ¢y : Kg — A x U we ob-
tain Yo(o(px)) = Yo(Wo(wazyt,1)) = (w227, 1), which is clearly C* since
(Px)2.1 (ﬁx)l_} = zoxi(z1a]) ™! = aoxi(x})la]! = wox]! is an analytic
function of two of the entries of px € Ma(A). =

DEFINITION 4.2. Given p € R we will say that (z;,22) € A x A is a
pair of homogeneous coordinates for p if x = (ﬁ;) € imp and there exists

an invertible element A € A such that x\ € K.

Observe that every p € R has a pair of homogeneous coordinates. Also
note that if (x1,x92) and (2,2)) are pairs of homogeneous coordinates of
p then there exists an invertible element A in A such that 2} = z1A and

/
Ty = T2

REMARK 4.3. The open set Vy defined in (3.3]) consists of all p that have
homogeneous coordinates (x1,x2) with x; invertible.

4.1. Relation between geodesic and homogeneous coordinates
in R. We now give an explicit expression for the relation between homoge-
neous coordinates and geodesic coordinates of an element p € Uj.
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THEOREM 4.4. Let p € Uy. Consider the diagram
Ko CK

b

Expj, )
‘/E)C(TR)f,O — = UgcR—— A

w w

X=(99)" vtan|al

where Log; (p) = X and v comes from the polar decomposition a = vlal.

Then
wo(p) = vtan|al.
Proof. Suppose that Exp; (X) = p with X = (94") and | X|| = ||a| =
|la*|| < m/4. We know from , considering that in Theorem we have

used X = (0@), that = (% Y(cos|a (sinc|al)a*) is a possible ex-

asinc |al
pression of p in terms of a. Now consider x = (ﬁ; ) = (a((;?zc'ﬂ‘) ) = (U(C;i‘ﬁbln )
where v is the isometry of the polar decomposition a = v|a|. Then z; =
cos |a| is invertible since ||a|| < 7/4 and x*x = (cos |a])? + |a|?*(sinc |a])? =
(cos |a])? + (sin |a])? = 1. We can also find a unitary @ € Us as in such
that x = @({) and then x € K. Therefore, zoz7' = vsin|a|(cos|a])~! =

vtan |a| and hence we obtain the formula po(p) = vtan|al. =

REMARK 4.5. Consider the classical picture in Figure [2] where we have
schematically represented homogeneous coordinates (x1, x2) for p. The “affine”
coordinate pg(p) is xoz ', while the element v tan |a| is related to the geodesic
coordinate of p, which is X. This suggests naming |a| the unoriented angle
between p and pg, and the partial isometry v becomes a “phase” related to

the pair (po, p)-

=

()

a _ ;
il

Fig. 2. Unoriented angle

Note that the angle |a| coincides with the one denoted by ¢ in Theorem
0. 20)

4.2. The canonical connection on the Hopf fibration. We will
define a C* horizontal distribution Hx of subspaces of the tangent spaces
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(TK)x for x € K. This distribution turns out to be invariant under the right
action of U on K and consequently defines a connection on the principal
bundle £ — R. We will call this connection the canonical connection on the
Hopf fibration.

Observe that given x € K the tangent space (T'K)x is described as follows:

(TK)x = {€ € A% : (x,€) is anti-self-adjoint}.

Observe that every x € K satisfies (x*,x) = 1.

At each point x € K we have the vertical tangent space Vi C (TK)x
defined by

Vi = ker (T'h)x,

where Th is the tangent map. Clearly V4 is the image of the Lie algebra of
U under the derivative at v = 1 of the action u > xu. Therefore

Vi = {xa : a € A anti-self-adjoint}.
Next we define the horizontal space Hxy C (TK)x at x € K by
Hy = ker(ﬁx)a
where the vectors in Hy are considered as tangent vectors to A? at x (note
that if € € ker(px) then (x,£) = 0).
Observe that (TK)x = Vx @ Hy. It is also clear that the map TR, :

(TK)x — (T'K)xu (where R, is the right multiplication and TR, is the
tangent map of R,) satisfies

(TRy)x(Hx) = Hxy.

This completes the statement at the beginning of this subsection about the
definition of the canonical connection on the Hopf fibration.

REMARK 4.6. Clearly, the (left) action of Uy on K preserves the decom-
position (TK)x = Vx @ Hx.

We finish this section by describing the tangent map (Th)x : (TK)x —
(TR)p, for x € K. Given £ € (TK)x we clearly have Th(§) = X = {x*+xE*.
Also note the identity Xpx = (1 — px)X.

4.3. The structure morphism k : R — TK. Define R — K as the
induced vector bundle

b*(TR) —— TR

| |

K—2 R
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where we write R for h*(T'R) as a bundle over K. With this notation we
define the structure morphism k as a vector bundle morphism

R —— TK
\l
K

where kyx(X) = Xx for each x € K, X € (T'R)p, (notice that X € M(A),
x € A? and therefore Xx € A?). Observe that rx(X) € ker(px) = Hy. Also
notice that (Th)x(kxX) = X because of the identity Xxx* + xx*X = X
(observe that X is self-adjoint).

We remark that the morphism x has the following equivariance property:

Foxu(X) = (Fx(X))u

for u € U. This equivariance gives a way of constructing the tangent bundle
TR out of the principal bundle  — R and the co-tautological bundle 7~
(see (23)).

The following schematic picture illustrates our constructions:

Vi

¢

(TK)

b

Px

R

where the inner rectangle represents the tangent space (7K)x.

4.4. The Finsler metric on R and the structure form k. Recall
that A% is a Hilbert C*-module over A (acting on the right) in the usual
way defining (x,y) = zjy1 + x5y2. Then we have the following result:

THEOREM 4.7. Let X € (TR);, x € K, h(x) = p. Then
X = Nlrx (XN = [1X]]-

Here || X|| is the Finsler norm in R of the tangent vector X (i.e. the usual
norm of the self-adjoint matriv X € Ma(A)), whereas ||kx(X)|| stands for
the norm of kx(X) as an element of the C* A-module A?.
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Proof. Suppose first that p = po. In this case, since X € (T'R)p,, we have
X = (6?8) for a € A. Then

X Nansa) = llall = 1X (8) ] e = X (5) ] g = 1X[Laz,
where v € U, x € K with h(x) = xx* = pg, and || || 42 is the norm of the
Hilbert C*-module A2
The general case follows using the fact that given p € R, there is z € K
such that p = p, = zz* = () with @ € U. And every element of (TR); is
of the form aXu* for X € (TR)z,- Hence [[aXw*||pr,4) = [ X[ as504)- And
for y such that h(y) = p we have y = zv with v € U. Then

| (@X @) ylle = || (@XT) zo] 42 = | (@X@)a ()0 4o = [aX (3)0] o
= [l (ro) X @ ax (§)ol|"* =|(10) XX (3)] "
— X lasy

where the last equality was proved in the case of p = pg. =

5. Examples

5.1. The finite-dimensional case. Consider A = M,,(C). The case
where n = 1 is the classical Riemann sphere R and the classical Hopf fi-
bration  — R over the Riemann sphere (see . In this case R is the
one-dimensional complex projective line P(C) (diffeomorphic to S?) and K
is the unit sphere in C?, which is homeomorphic to S3.

The case n > 1 involves the non-commutative C*-algebra M,,(C) of op-
erators on H = C". Here M>(A) is naturally identified with M, (C) op-
erating on H @ H, which is naturally identified with C?". Also py is the
orthogonal projection in C?* onto C* C C?" as the subspace defined by
Zn+l = Zn42 = -+ = 2o = 0. Therefore, the orbit R of pyp under the ac-
tion of Us C Mz(A) can be identified with the classical Grassmann manifold
Grassy, 2, (C) of all n-dimensional subspaces of C?".

We now describe the sphere K in A% corresponding to the present situa-
tion. We have

K={x=(3):C"—C"®C":xis an isometry}.

Observe that x* = (2} z3) : C?" — C™ and xx* is an orthogonal projection
in C?" so that b : K — R is given by the usual formula. The space X may be
identified with the usual Stiefel manifold St,, 2,, of orthogonal n-frames in Cc?n
and b is therefore identified with the usual projection Sty 2, = Grassy, 2p.

In this context the open set Vy, the domain of the principal chart, consists
of all orthogonal projections p € R such that im p is the graph of a linear
map a : C" — C" and ¢y (p) = a.
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REMARK 5.1. Notice that V) is dense in R. In the standard CW-de-
composition of R, Vy is the top cell and has (real) dimension 4n2. See for
example [I4] for the real case. The complex case is similar.

5.2. Bounded and unbounded operators. In this subsection we
present the closed operators on a Hilbert space H as elements of the Riemann
sphere of the algebra A = B(H).

For a densely defined closed operator T : Dom(7T') — H, it can be proved
that its orthogonal projection Pg,(r) onto the graph of T" belongs to the Rie-
mann sphere of A = L(H). These statements are formalized in the following
result where we also provide formulas for these orthogonal projections.

PROPOSITION 5.2. Let H be a Hilbert space and T : Dom(T) — H a
densely defined operator with closed graph. Then the orthogonal projection
pr = Payr) onto the graph Gr(T) = {(h,T(h)) : h € Dom(T)} C H x H
belongs to the unitary orbit of (§ ) which is the Riemann sphere R of the
algebra B(H ). Moreover, Pgy(ry can be written as

(5.1) Payr) = (;) 1+T*T7)"'1 1%

_<1 T*)<1+T*T 0 >1
- \T TT* 0 1+TT*

B ( A+TT)"t (A +TT) T )
-\ +TT) TA+T )T

All the entries of the last matrixz are bounded operators.

Proof. Consider the operator T defined by

(5.2) T = (; _OT*>.

Since T' is a closed and densely defined operator on a Hilbert space, T™ is
also closed and densely defined (see [20, Theorem 5.3]) and 7% = T' [IS|
Theorem 1.8]. Moreover, T* = —T" and Dom(7") = Dom(T™).

Now we will consider the norms. Given (%) € Dom(T) we have
T(5) =-1"(5)

and therefore they have the same norm. This proves that T is a normal
operator in H x H (see [20, Section 5.6]). This implies that also 1 4 T is
normal and therefore invertible with a bounded inverse. This follows from
T* = —T and the functional calculus of the self-adjoint operator i7"
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Now consider the polar decomposition (see [20, Theorem 7.20])
1+T=US

where U is a unitary operator since 1 + T is invertible.

Now let us analyze the operator S. Using the same reference cited above,
S can be written as

(5.3) S=N+T|=(A+T)QA+T)Y?=((Q+T*Q+T))"?
= (1=-T)A+T)"? = (1 -T*"

Then, using (5.2), a direct computation shows that $? = |1 + T[> = 1 +
( +

(TST T%* ) = [)*T 1+%T* ) and hence
~ 1+ T*T)1/2 0
S:yl+Ty:<(+ ) )
0 (1 —|—TT*)1/2

Thus S is invertible with bounded inverse (see [18, Proposition 3.18]) and
we can write

. (1 T*) ((1 +T*T)~1/2 0 >
C\r 1 0 (14TT*)~42)"

The first column of U is (+) (1 + T*T)~1/2 = (;EET;?T);&) with an

invertible first coordinate and with second coordinate Zp = T(1+T*T)~ /2,
which is usually called the bounded transform of T.
Then it follows that A = (14 7*T)~ /24 and hence

(om0 6

can be identified with Gr(T).
The corresponding orthogonal projection pr = Pg,;) onto the graph
Gr(T') belongs to R and can be written as

e — (;)u LT T T

B ( A+71*7)"Y (A +T*T)" T )
S \T(1+T*T)"Y T +T*T)"'T*

(1 T*><1+T*T 0 >—1
= .
T 1TT* 0 1+7T™
The following facts will be useful to establish the existence of minimal
geodesics between graphs of operators.
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DEFINITION 5.3. The inverse graph (see [10]) of a densely defined oper-
ator T on Dom(7T") C H is given by

(5.4) invGr(T') = {(Tz,z) : © € Dom(T)}.
LEMMA 54. If T : Dom(T') — H is a densely defined closed operator on
Dom(T') C H, then
Cr(T)*t = {(-T*z,2) : « € Dom(T*)}
= invGr(—T1").
Proof. We can use the unitary operator V : H ® H — H & H defined
by V(z,y) = (—y,z) to write Gr(T*) = V(Gr(T)*) (see [18, Lemma 1.10]).
Then, since V2 = —1I, we can write Gr(T)* = —V?(Gr(T+)) = —V(Gr(T™))
and therefore
(5.5) Gr(T)t = —V({(z,T*z) : 2 € Dom(T™*)})
= —{(-T"z,z) : € Dom(T™)}
={(—T"z,x) : x € Dom(T™)}. =
PROPOSITION 5.5. Let S, T be bounded operators acting in H.

(1) There exists a (minimal) geodesic of R joining Pay(s) and Poyr) if and
only if dimker(1 + 7%S) = dimker(1 + S*T"). The minimal geodesic is
unique if and only if these subspaces are trivial.

(2) If S* = S and T* = T, the global unitary isomorphism 2 of H x H
given by

2(h1, ha) = (ha, —h1)
maps pairs (h,Sh) with h in ker(1 + T'S) to pairs (g,Tg) with g in
ker(1 + ST). In particular, there always exists a minimal geodesic of R
joining Pagysy and Poy(r)-

Proof. Note that Gr(T)* ={(-T"*g,g):g9€ H}. Hence, a pair (h, Sh) €
Gr(S) belongs to Gr(T)* if and only if there exists g € H such that h = —T"*g
and Sh = g. Therefore, h=—T*g=—T*Sh,i.e., h € ker(1+7*5). Conversely,
if h € ker(1 4 T*S), then (h, Sh) = (=T*Sh, Sh) € Gr(T)*. Then

Gr(S) N Gr(T)* = {(h,Sh) : h € ker(1 +T*5)},

and dim Gr(S) N Gr(T)* = dimker(1 + 7*S). Similarly, Gr(T) N Gr(S)* =
{(9,Tg) : g € ker(1 + S*T")} with the same dimension as ker(1 + S*T).
The proof follows by recalling that given two subspaces V' and W, a neces-
sary and sufficient condition for the existence of a minimal geodesic joining
the orthogonal projections Py and Py is the equality of the dimensions of
V N W and VN W; and that the minimal geodesic is unique if and only
if these intersections are trivial (see [I, Theorem 4.5]).

Suppose now that S and T are self-adjoint. Note that h € ker(1 4+ T'S)
means that 2(h, Sh) = (Sh,—h) = (Sh,T'Sh) belongs to Gr(T"), with Sh €
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ker(1 + ST): STSh = S(T'Sh) = S(—h) = —Sh. That is, £ maps Gr(S) N
Gr(T)* into Gr(T)NGr(S)+. Similarly, 2 maps Gr(T)NGr(S)* into Gr(S)N
Gr(T)*. Note that 22 = —1. u

If S or T are non-self-adjoint, there may not exist geodesics joining their
graphs, as in the following example:

EXAMPLE 5.6. Consider the (unilateral) shift operator S in ¢ defined by
S(x1,22,...)=(0,21,22,...). Put S=-2S and T'=1. Then ker(1 + T*S)
=ker(1—2S) =ker (3 —S) ={0} (the shift has no eigenvalues). On the other
hand, ker(1 4+ S*T) = ker(1 — 2S*) = ker(4 — S*), which has dimension 1.
Therefore Gr(1) = {(z,z) : z € £?} and Gr(—2S) = {(y, —2Sy) : y € 2}

cannot be joined by a geodesic of R.

5.3. The unique minimal geodesic from py to the graph of a
closed operator. Let us describe explicitly the minimal geodesic v of R
with v(0) = po = Par(o) and Pgy(ry, for T : H D Dom(T') — H a closed
operator. Recall from the formula of the projection Pgy(r):

1+7*7)"'  (Q+1T*T)"'T*
PGI"(T) = wr\—1 s\ —1x |7

T(1+T*T)~" T(1+T*T)"'T
Let T = V|T| be the polar decomposition of 7', where |T'| is a (possibly

unbounded) non-negative self-adjoint operator, and V' : im(7*) — im(7') is
a partial isometry.

THEOREM b5.7. With the current notations, we have

< : arctan(|T|)V*
(5.6)  ~(t) = e"Zpoe 2 for Z = ( 0 iarctan(|T)V >

—iV arctan(|T|) 0

Proof. To verify (5.6)), let us compute the even and odd powers of itZ.
Note that

(i2)? = <— arctan(|7|)V*V arctan(|T) 0 )

0 —V (arctan(|T|))?V*
Since V' is a partial isometry with initial space im(|7"|) and final space im(7),
and arctan(7) is a continuous function with arctan(0) = 0, it follows that

VYV = Py and thus V*V arctan(|T|) = arctan(|T'|)V*V = arctan(|T).
Therefore, we have
(iz) = <— (arctan(|T]))? 0 2 )
0 —V (arctan(|T|))* V*
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Similarly,
(,LZ)Qk — (_1)k< (arc an(\ |)) 0 o )
0 =V (arctan(|T|))*" V*
The odd powers of iZ: (iZ)? equals
(—(am:tan(|T|))2 0 > < 0 - arctan(|T|)V*>
0 —v(arctan(|T))2V*/) \V arctan(|T) 0
B < 0 arctan(|T|)V*V (arctan(|T)))? V*)
~ \=V (arctan(|T)))? 0
B ( 0 (arctan(|T|))3V*>
~ \=V (arctan(|T|))? 0 '
Similarly,
_ (arctan(IT )21 7+
(Z-Z)Qk+1 _ (_1)k< 0 - (arc a‘n(’ |)) 14 )
V (arctan(|T])) 0
Therefore,

JZ _ <cos(arctan(|T])) —sin(arctan(]TD))
sin(arctan(|T"]))  cos(arctan(|T))

Notice the function identities cos(arctan(t)) = ﬁ and sin(arctan(t)) =

\/#. Then (since T = V|T'| and T* = |T|V*), €' equals

< T[T 0+ ITIQ)‘1/2IT|V*)
VIT|(1L+|T)72 V(A + [T~ 2

_ ( A+ 2 —(+ \TP)WT*)
T\TQ TR v (TR

Then, after straightforward computations, e’ poe~*4 equals
< 1L+ 7))~ -1+ \T|2)1/2T*> <1 o>
T(L+|T)~V2 v+ (TP~ 2v*)\o o
( L+T)7V2 L+ TP )
X
T+ [T)?)? T+ |TP)~ v
_ ( (L |TP)72 (L TP T ) P
- T(1—|—|T’2)_1/2 T(1+|T|2)_1/2T* = 1Gx(T)

as claimed. =
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Note that if T is bounded, then ||Z|| = |larctan(|T|)|| = arctan(]|T]|)
< /2, while if T is unbounded, || Z|| = ||arctan(|T|)|| = =/2.

5.4. Bounded deformations of closed operators. In this section we
consider operators T' on a Hilbert space H.

DEFINITION 5.8. A bounded deformation of a closed operator T on H is

a family {7} }4c[0,a), With o > 0, of bounded operators T} such that

e t — T is continuous in the norm topology,

e lim, , - p: = pr where P, pr are in the Riemann sphere R of the algebra
B(H), p; is the orthogonal projection on Gr(7;), pr is the orthogonal
projection on Gr(7) (cf. Proposition and the limit is taken in the
Finsler metric of the Riemann sphere R.

In particular, if the bounded deformation {7}},c(o,o) of the operator T
satisfies the condition
dist (pt,, Pa) = length pyli;,  for every to € [0, )

we will call it an optimal bounded deformation. Here dist(py,, o) stands for
the Finsler distance in R, and length p;|7* means the Finsler length of the
curve, where we write p,, for pr.

In Theorem and Corollary we construct a specific optimal
bounded deformation of any closed operator T" on H.

REMARK 5.9. Observe that for an operator T,

Paver(ry = (96) Par) (15)
which implies that P,qr(1) € R.

THEOREM 5.10. Let H be a Hilbert space, Grass(H @ H) the Riemann
sphere of the C*-algebra B(H), Gr(0) = H @ {0} the graph of the null
operator and Gr(T) the graph of a densely defined closed operator T with
domain Dom(T).

The unique minimal geodeszc v [0

Pere(), 7(1) = Payery and 5(0) = (2
onal projections onto the gmphs

v(t) = Par(aw))

, 1] — Grass(H & H) such that v(0) =
@) with ||a|| < /2, consists of orthog-

with
A(t) = ta*(sinc |ta*|)(cos [ta*]|) ™! = vtan |ta*| € B(H)
fort €10,1) and v the partial isometry of the polar decomposition a* = v|a*|.
Proof. Note that ran(Pg.(g)) = Gr(0) = H & {0}, ker(Pg,(0)) = Gr(0)*,
ran(Pgy 1)) = Gr(T) = {(z, Tz) : © € Dom(T)} and ker(Pg, (1)) = Gr(T)*.
Observe that Gr(0)*NGr(T) = ({0} ® H)N{(x,Tx) :x € Dom(T)} ={(0,0)}
for any 7. Then we only need to prove that Gr(0) N Gr(T)* = {(0,0)} and
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use [I, Theorem 4.5|. With this objective, using Lemma we express
Gr(T)*+ = {(-T*z,x) : € Dom(T*)} and then obtain Gr(0) N Gr(T)*+ =
(Ho {0H)n{(-T*z,x) : x € Dom(T*)} = {(0,0)}, which proves uniqueness.

Let v : [0,1] — Grass(H @ H) be the unique geodesic that joins Pgy) =

(69) to Pgeery such that 4(0) = (% &) (see [, Proposition 2.9]). This v is
of the form (see (3.7) and Theorem [3.10)

) = <( cos |ta

sinc [ta|)ta*

|

) (cos|ta*| tasinc |tal)

for ¢ € [0,1]. Moreover, the geodesics satisfy |[( 2 &)|| = |lal]| < 7/2 (see
[1, Proposition 3.1, Theorem 3.2]). For all ¢ € [0,1), the vectors x(t) =
((sne raptar ) Bre 1 Ko because (1) = (ouher conpra ) € Uo and
o(t)(§) = x(t), and satisfy x(t)x(t)* € Vo (see (3.3)) since cos [ta*| is invert-
ible if ||a| < 7/2.

Then, since v(t) € V for all ¢ € [0,1), applying Theorem to each
projection (t), we obtain

Y(t) = Paraw))
where
Alt) = 9@0( cos|ta’| ) — (sinc [ta|)ta* (cos |ta*]) !
(sinc|tal)ta*

= ta*(sinc [ta*|)(cos [ta*|) ™! = v|ta*|(sinc [ta*|)(cos [ta*]|) ™!

= vtan |ta”|
for t € [0,1) and v is the partial isometry in the polar decomposition a* =
vla*|. =

REMARK 5.11. The orthogonal projection onto the graph of any densely
defined closed unbounded operator 7' is in the boundary of the domain of
the image of the chart ¢q (see (3.4)) when we identify the operators a € A
with the orthogonal projections Pg(,) onto their graphs (see Theorem .

COROLLARY 5.12. For any unbounded operator T there is a unique
bounded deformation {T;}ic(0,1) (see Definition [5.8) such that

(1) To =0,
(2) t— pt, t €[0,1], is a geodesic in R,
(3) p1 = Pexr).-

Proof. This follows from the properties of the unique minimal geodesic
Y(t) = Pay(a(r)), where A(t) =ta*(sinc [ta*|)(cos [ta*|) ™ = v tan [ta*| € B(H)
with ¢ € [0, 1] from Theorem .
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COROLLARY 5.13. The deformation t — {Ti}ico1) = 7(t) = Par(aw))
with A(t) = ta*(sinc|ta*|)(cos|ta*|)~! = vtan|ta*| € B(H) is an optimal
bounded deformation (see the comments after Definition , that is,

lengthl) (Bry, 1) = dist(pry, 1)
for tg € [0,1), where length and dist (distance in the Riemann sphere R)
are defined for the Finsler metric on R (see Section.

5.5. The differential operator. We study here the particular case of
an unbounded operator. The conclusions are stated in Theorem [5.15

EXAMPLE 5.14 (A geodesic between Pg,(q) and the orthogonal projection
onto the graph of the differential operator —iZ- d) " Consider the operator

d
5.7 —i—:D — L*[0,1
6.7 i D r20,1)
given by f — —if’ for f:[0,1] — C with domain
(5.8) D = {f € L*0,1] : f is absolutely continuous,

f' € L%[0,1] and f(0) = f(1)}.
This is a known densely defined closed self-adjoint unbounded operator on
the Hilbert space L?[0, 1] (see [I8, Example 1.4]). Denote by

r=Gi(-ig) = (-if) £ D)

the graph of —i%, which is closed in L?[0,1] x L?[0,1], and the orthogonal
projection P : L?[0,1] x L?[0,1] — L?[0, 1] x L?[0,1] onto I
Using Lemma and the fact that zd— is self-adjoint we have

(5.9) FL:{(—(—Z’%)EJ) :QGD}Z{(ig’,g)igep}-

Theorem establishes that there exists a unique geodesic joining Fgy(g)
with Pr. It can also be seen that

Hqq = im(PGr(O)) M im(P[') = [1] X {O},
Hoo = ker(PGr(O)) N ker(Pp) = {O} X [1],

where [1] = {f € L*[0,1] : f = M, A € C}. As in the general case, the
matrix block decomposition of Pg,(g) and Pr in Hi1 @ Hoo is

(5.10)

10
00

In order to obtain a geodesic between Py and Pr, we need to study Pr|,,
the orthogonal projection onto I" restricted to

(5.12) Ho = (H11 ® Hoo) ™ = [1]* x [1]4,

(5.11) PGr(O)"Hn@’Hoo = < > = PF"HH@’HOO'
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where [1]* = {h € L?[0,1] : Sé h(z) dx = 0}. It is clear that Hi1, Hoo and
Ho reduce Pg, () and Pr.

To describe the geodesic that connects Py to Pr, we need to calcu-
late a more specific expression of Pr restricted to Ho = [1]* x [1]*. Us-
ing the Fourier basis {&,}nez of L2[0,1] given by &,(z) = 2™ we find
that {\/ﬁ(fnﬂﬂnfn)}nez\{o} is an orthonormal basis of [1]* x [1]*.

Then, using blocks in the basis {&,}nez)\joy of [1]+ we deduce that for
(h, k) € [1]5 < [1],
Dih D2k
(5'13) PF|[1]L><[1H (Z) = (D;h D§k>
for the following diagonal operators in the {&, },ez)\ 0} basis:

Dy = diag({1/(1+ (271)*) bz o})-
(5.14) Dy = diag({27n/(1 + (27771)2)}7162\{0}),
Dy = diag({(2mn)*/(1 + (271)*) }nez 03) -

Note that Dy and Dy are positive semidefinite compact operators and
Ds is positive definite (invertible) bounded in [1]*.

Following ideas from [I}, 9] and splitting the basis {£, }nez) {0} @s {&n <ol
{€,}n>0, We can construct the self-adjoint operator Zy : [1]* x [1]* —

[1]+ x [1]* given by

(5.15)
0 0 diag, <o {—an} 0
0 0 0 diag,,~o {an}
"7 | diag,co {an} 0 0 "
0 diag,,~o {—an} 0 0
for
. 1 tan—!(27n) if n >0,
(5.16) Gp, = COS <\/m> - {_tanl(Qﬂ'n) if n <0.

Observe that 0 < cos_l(\/ﬁ) < an=a_n <7/2for every n € N and
limy, o0 @y, = /2.

Then the unitary matrix e*#0 satisfies eiZOPGr(O) ’[1]LX[1]L e~i%0 = (

(see (5.13), (5.14)).
Using the representation as in (5.15]), since for all n € Z we have

Dy Do )
D> D3

limnﬁioocos_l(ﬁ) = 7/2 and 0 < cos_l(\/ﬁ) < /2, we

deduce that ||Zp|| = /2. Then we can apply the results from [17] or [I,
Theorem 5.3]: the curve 6 : [—1,1] — P([1]* @ [1]}) given by

(517) 5(t) = eitZOPGr(O)|[1]J_€B[1]J_6_itZO for t € [—1, 1]
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is minimal along its path considering the Finsler metric defined by the oper-
ator norm in [1]+ x [1]*. In particular, using our previous computations, this
minimal geodesic joins (5(0) = PGr(O)’[l]LX[l]L to (5(1) = P]”’[HL@[”L. More-
over, this implies that, after restricting to [1]=x [1]*, we have dist(Pgy(o), Pr)
= 7T/2 and ”PGr(O) - PFH = 1.

Now considering (5.10)-(5.12), (5.15), (5.17) and the decomposition
(H11 @ Hoo) ® Ho = L*([0,1]) x L2([0,1]), we can describe the minimal
geodesic vy : [—1,1] — P(L?[0, 1] x L2[ ,1]):

(5.18)

= <((1)08) 58)) - <(1) e"?Z‘)) <((1)08) PGr<o>\E1L@[1H) ((1) 6220)

with v(0) = Pgr) and (1) = Pr.

Now observe that the unitary e?%0 (see (5.16)) in its 2 x 2 block de-
composition, restricted to {&n}nez 01 X {§ntnez\{0}, can be expressed as
eit?o = (ggg _Afig)), where the diagonal operators A(t) and B(t) are self-
adjoint and invertible for 0 < ¢ < 1.

It can moreover be shown that for 0 < ¢ < 1 the image of the projection
§(t) is also the graph of the self-adjoint bounded operator in [1]+ C L?[0, 1]
given by
(5.19) B(t)A(t)™!' = diag {tan(ttan"'(27n))} for0 <t <1.

neZ\{0}
Here —tan( =) <tan(t tan~!(27z)) <tan (%) for all z€R and || B(t)A(t)~!||
= tan( ) Therefore

(5.20) lim || B(t)A(t) || = lim tan(tm/2) = 4-o00.
t—1 t—1

Now, considering elements of the whole space, ( g) € L%[0,1] x L?[0,1] =
Hi1 © Hoo @ Ho = [1] x {0} @ {0} x [1] @ [1]* x [1]*, we can write

s (D)= (5)+ (A%, 40
N ( f<1>( )< t) (t)@)ét)) @

where we denote by /l(t) and B (t) the corresponding operators extended
to L?[0,1] such that A(t)(1) = B(t)(1) = 0, Aq(t) = A(t) + diag{d;}jez
with d;j = 0 for j # 0 and dy = 1. We also use Aq(t)B(t) = B(t)A4(t) and
A(t)? 4 diag{d} = Aq(t)?. Also note that Ag(t) : L?[0,1] — L?[0,1] is an
invertible operator for 0 < ¢ < 1.
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Hence, with the notation used in Section the 21 = Aq(t) coordinate of

‘%’(%)) is invertible for —1 < ¢ < 1, which implies that all the elements

v(t) € A% = B(L?[0,1])? belong to the chart defined in and (3.4).

We know from Theorem that the y(t) are projections onto the graph
of an operator for every t. In this case it can be proved that, in terms of the
Fourier basis,

x=(

(5.22) V() = ParBage)-1):

Therefore, since (1) = Pr, the entire geodesic v : [0,1] — P(L?[0,1] x
L?[0,1]) consists of self-adjoint orthogonal projections onto graphs of oper-
ators.

Now denote by D; the diagonal operators such that ﬁi(fo) = 0 and
[)Z(gn) = D;(&,) for n # 0, where D; are the ones obtained in for

i =1,2,3. Then we have (1) = Pp = (Dﬁgag{d} 22), expressed in terms
2 3

of the basis {£,},cz X {&n}nez- Since y(1)11 = Dy + diag{d} is a compact
operator, it is not invertible and hence is not in the domain of the chart
defined in of Section Moreover, since 7(t)1,1 is invertible for 0 <
t < 1and v(0) = Pgyo) = (), we conclude that (1) = Pr lies in the
boundary of the principal chart %y defined in , a fact that was proved
in general in Theorem and Remark

We may summarize the above considerations as follows.

THEOREM 5.15. The unique geodesic ~y : [0,1] — P(L?[0,1] & L?[0,1]),
defined in , that joins the orthogonal projection v(0) = Pgyo) =
Prapo 11@0y onto the graph Gr(0) of the zero operator to the orthogonal pro-
jection (1) = Pr onto the graph I' of the self-adjoint (unbounded, densely
defined and closed) differentiation operator —i & (see (5.7)) has the following

properties:

(1) For every t € (0,1), y(t) is the orthogonal projection onto the graph
Gry of the diagonal self-adjoint bounded operator T(t) = B(t)Aq(t)™" :
L2[0,1] — L?[0,1] (see (5.22)) that can be written as

diag,cz_, {tan(t tan™*(27n))} 0 0
T(t)= 0 0 0
0 0 diag,cz_,{tan(ttan™"(27p))}

in terms of blocks determined by the subspaces generated by the respective
subsets of the Fourier basis (&n(x) = €2™% n € Z) corresponding to

{gj}jeZ«)’ {&o} and {gj}jEZw of L*[0,1].
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(2) For 0 < t < 1 the operator norm of T(t) is | T(t)|| = tan(tw/2) and
hence
lim [|T(#)|| =0 and lim||T(t)| = 400
t—0 t—1

(see (5.20) and the properties of B(t)A(t)™1).

(3) Ewery projection ~y(t) with 0 < ¢t < 1, as an element of M(A) with
A = B(L?[0,1]), belongs to the chart defined by and (3:4).

(4) v(1) = Pr does not belong to the principal chart €y defined in
and ,' nevertheless, Pr lies on the boundary of this chart.

(5) {T'(t)}icp0,1) s an optimal bounded deformation of —i 4 (see Defini-

dzx
tion .

5.6. Conjugate parameter values. There are infinitely many geodesics
joining two orthogonal projections pyp and p in the Grassmann manifold
Grass(H) if and only if dim(im(po) N ker(p)) = dim(ker(po) N im(p)) # 0
(see [1]). Recall that (T'R)p, consists of matrices of the form X = ( % &) for
a € B(H). Also, the unique geodesic § that satisfies the initial conditions
5(0) = po and §(0) = X = (S ¢) is (see [IL Proposition 2.9])

5(t) = e X Pe X for X = (5.

THEOREM 5.16. Let Pgyo) and Q) be orthogonal projections that satisfy
dim (im(Pg,(0)) Nker(Q)) = dim(ker(Pgyy) Nim(Q)) # 0. Using the decom-
position of H x H given by H x H = H11 ® Hoo ©@ H' & Ho, with

H' = (im(Par(0)) Nker(Q)) & (ker(Pay(o)) Nim(Q)),
the geodesics v : [0,1] — R joining Pgyy to Q and with length(y) < 7/2
are of the form

1 0 0 0
(5.23) t) 00 0 0
. Yull) = cos?(tm/2) cos(tm/2)(sin(tm/2))u
00 ( (sin(tm/2))(cos(tm/2))u* sin? (t7/2) ) 0
00 0 5o()

where

e u is any isometric isomorphism between the subspaces im(Pgy (o)) Nker(Q)
and ker(Pgy (o)) Nim(Q),
. 0 Zu
* A (0) =X = (gu o)
® 0o is the unique geodesic between the reductions of Pgr) and Q) to Ho,
e v, has minimal length 7/2.
Proof. The multiplicity of these geodesics only appears in H’, which re-
duces Pg,(o) and @ to the expressions ((1) 8) and (8 (1)), respectively (see [T,

Section 3|). In what follows we will focus on the geodesics restricted to H'.
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Observe that the tangent space at Py (o) |y is also formed by codiagonals

X = (ao* 8) but with a € B(Ho1,H10), and the geodesics starting at Par(o
are described as etXPGr(O)e_tX for X = (ao* _0“).
Similarly to the computation in (3.8)), we obtain

(5.24) e <(

cosla*|  —(sinc|a*|)a ~ -
) = cos | X | + (sinc | X|) X,
sinc |al)a* cos |al

because |)~(| = (‘a*| 0 ) Then using the fact that eX is a unitary operator

0 |al
and must satisfy eX(§9)e™* = (99), it can be proved that cos|a*| =
cos|a| = 0 and hence (sin|a*|)?> = (sin|a|)? = 1. Thus, we obtain |a| =

Z;nzl(nﬂr +m/2)p; with n; € NU {0} for p; spectral projections of |a| that
satisfy > 7_, p; = 1. Considering that X must satisfy | X| = |la]| = ||a*]]

™

< /2 (length(y) < 7/2), we have |a| = 5 and then a = Ju, with a unitary

isomorphism u : Ho1 — Hio. Hence a* = Ju*.
Therefore all the possible X are of the form X = (

0 —Zu

v o ), and all the

(SIE]

unitaries e/X are (see (5.24)))
JX < cos [t5| —(sinc|t72r\)t72ru> _ < cos(t3) —sin(t;r)u>.
(sinc [tZ])t5u* cos [tT] sin(tg)u*  cos(t%)

Then considering the decomposition of H@®H = Hoo®H11 OH ®Ho with
H' = Hio®Hor (see [, Section 3]) all the geodesics between the projections
Par(0) and @ can be parameterized more explicitly as

(4¢) o 0
V(1) = 0 eX(E9e™ 0
0 0 do(t)
1 0 0 0
0 0 0 0
= COSQ(tg) cos(t%) sin(tg )u ,
00 ( sin(t3)u* cos(ty)  sin?(t%) ) 0

which is the expression for the geodesics v, of ([5.23)).

The minimality condition of the geodesics v when ¢ € [0,1] and |lal| < §
follows from [I, Theorem 5.3 and Corollary 5.5]. m

Recall that a classical Jacobi field is a field on a fixed geodesic v that can
be obtained by differentiating a family of perturbations of v by geodesics
that start and end at the same points as ~.
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DEFINITION 5.17. Given a geodesic (t), t € [0,1], a parameter value
to € [0,1] is called a conjugate of 0 along ~y if there exists a non-trivial
Jacobi field that vanishes at 0 and at #p. In this case, the index of tg is
the dimension of the space of Jacobi fields that vanish at 0 and at ¢y3. The
parameter tg is called comjugate if this index is greater than zero.

The following is an example of conjugate values in R (see involving
Fredholm operators.

THEOREM 5.18. Let T be a Fredholm operator of index zero and n =
dim(ker(T)) = dim(im(T)*) > 0. Then 1 is a conjugate parameter of 0 for
the geodesic defined in foru =1, witht € [0, 1], connecting the orthog-
onal projection onto the graph of the null operator Py and the orthogonal
projection Pyyar(r)y onto the inverse graph.

Moreover, the index of this conjugate parameter has dimension n>.

Proof. From Lemma deduce Gr(T)* = {(=T*z,z) : x € Dom(T*)}
= invGr(—T"). And since im(Pg,()) = H @ {0} and ker(Pg, (o)) = {0} x H,
we obtain
Hio = im(Pqr(0)) N ker(Poyar(r))
(5.25) = ker(T*) @ {0} = im(T)* & {0},
HOl = ker(PGr(0)> N iHl(PinvGr(T)> = {0} S ker(T)'

Therefore, the condition dim(ker(7)) = dim(im(7)%) = n > 0 implies
that there exist infinitely many geodesics joining Pay() t0 Pnvar(r) (see [11).

Then, we can use Theorem [5.16] and the expression for the geodesics 7,
from . We will differentiate curves of geodesics using the parameter s
that describes unitaries u(s) with fixed t. Observe that the only part that
changes is in the H' = Hi9 @ Ho1 space given by

cos?(tr/2) —cos(tr/2)(sin(t7/2))u
Tl ®) = ( : ¥ for ¢ 20,
(sin(tm/2))(cos(tr/2))u — sin®(tmw/2)
We will construct a Jacobi field along the fixed geodesic ;. In this case
we can consider the Jacobi field obtained after differentiating the geodesics
perturbed by unitary curves u(s) that depend on the parameter s close to
s = 0 with u(0) = 1. Then, differentiating 7,|,, () with respect to s, we
have

jﬂ(t) = 5 (7u(s)|7.[/ (t))

< 0 — cos(t7r/2)(sin(tw/2))u(s)>
(sin(tm/2))(cos(tm/2))u*(s) 0
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for t € [0,1]. Note that the derivatives u(s) belong to the space of anti-self-
adjoint operators (elements of the Lie algebra of the unitary group) that has
real dimension n? since u : Ho; — Hio (each of dimension n). m

5.7. Density (and non-density) of the geodesic neighborhoods.
Let us briefly examine examples of algebras where {G € P2(A) : ||§—poll < 1}
is dense in the orbit of py, and examples where it is not. The first example
includes the case of finite matrices.

EXAMPLE 5.19. Let A be a finite von Neumann factor, with (unique)
normal, faithful and normalized trace 7. Then M(A) is also a finite von
Neumann factor with trace Tr(¢ %) = 37(a + d). In [2] it was shown that
any pair of projections in a finite factor, in the same connected component
(i.e., in the same unitary orbit, or equivalently, with equal trace), can be
joined with a minimal geodesic. Pick as usual po € Ma(A), po = (§ ). Let
g be a projection in the orbit of pg, and (t) = X ppe "X a geodesic with
v(1) = ¢, with X* = X pp-codiagonal and || X| < m/2. It is known that
(see [17])

[v(t) = v(s)|| = sin(|t — s [|]).
Therefore, given € > 0, we can choose ty < 1 such that gy =: y(to) satisfies

130 = gl = lIv(to) = v(V) = sin((1 = to) [ X]}) <.

Clearly also ||po —qo|| = [[7(0) =7(to)[| <1. That is, {G € Pa(A) : [[§—poll <1}
is dense in R, the orbit of pg.

The next example shows that this is no longer the case if A = B(H)
for H infinite-dimensional. To present the specific subspaces, first we need
to recall results on the theory of common complements of pairs of subspaces,
as presented by M. Lauzon and S. Treil [I2], and continued by J. Giol [§].

REMARK 5.20. In [12], necessary and sufficient conditions were given for
a pair of closed subspaces S, T of an infinite-dimensional Hilbert space £ to
have (or not to have) a common complement, i.e., that there exists (or not)
a closed subspace Z C L such that S+2Z = £ and T+2Z = L, where the
symbol + stands for direct but not necessarily orthogonal sum. For instance,
in [12] it was shown that, if £ is separable, S, T C £ do not have a common
complement if and only if dimS N T+ # dim S+ N 7T and

ls — G*G : S — S is compact when restricted to N(G)*,

where G := Pr|s: S — T. Here N(G) =SNT+.
Later on, J. Giol [8] proved that S and 7 do have a common complement

if and only if there exists an intermediate orthogonal projection @ such that
[Ps —Q[l <1and |Q—Pr| <1.
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Building on these facts, it is easy to see that a pair of subspaces S, T of
L, with infinite dimension and infinite codimension, and without a common
complement, provides an example where {P € P(L) : ||[Ps — P|| < 1} is not
dense in the unitary orbit of Ps: indeed, note that in this case

{PeP(L): || Ps— P <1} n{Q € P(L) : ||Pr — Q|| < 1} =0.

Clearly, an element @ in this intersection would provide an intermediate
projection with ||Ps — Q|| < 1 and ||Pr — Q|| < 1, and this would imply, by
Giol’s result, that S and 7 have a common complement.

Moreover, it is clear how to adapt this example to our situation (where
one of the subspaces is H x {0}). Pick a unitary isomorphism U : £ — H x H
which maps S onto H x {0}. This is done by choosing orthonormal bases of S
and H x {0}, and completing them to orthonormal bases of £ and H x H,
respectively, and is possible because & has infinite dimension and infinite
codimension. Since § and 7 do not have a common complement in £, it
is clear that H x {0} = US and UT do not have common complement in
Hx H.

Therefore {P € R : ||po — P|| < 1} is not dense in R in this case.

EXAMPLE 5.21. This example was discussed in [3] in connection with
existence and non-existence of geodesics between subspaces, and it is related
to the so called Uncertainty Principle in harmonic analysis.

Let I,J C R™ be Lebesgue measurable subsets with finite positive mea-
sure. Consider

Sr={f € L*(R") :supp(f) C I}, T;={geL*R"):supp(g) C J},
where supp stands for the (essential) support, and g is the Fourier—Plancherel
transform of g. Put S = Sy and 7 = T+. We claim that S and 7 do not
have a common complement.

Indeed, it is known that (see [I3] or the survey article [7])

SNT+=8;NT;={0} and S*NT =87 NT7 is infinite-dimensional.
Also, it is known that Ps, Pr, is compact (see [7]). This clearly means that
Ps — PsPrPs = PsPiPs = Ps, Pr, Ps,
is compact, i.e., 1s — G*G is compact in the whole S (here N(G) = SN T+
= {0}). Therefore, by the result of Lauzon and Treil [12] transcribed in

Remark S and T do not have a common complement.

REMARK 5.22. Example[5.2]]tells us that the classical Hopf-Rinow Theo-
rem is not valid when A = B(H) for H infinite-dimensional. There are points
in R which cannot be reached by a geodesic starting at pg, not even approx-
imated by points in the range of the exponential based at py. Moreover,
elaborating on this example, we also infer that there exist in R infinitely
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many disjoint open subsets which are ranges of the exponential map at dif-
ferent points in R.

Example [5.19| suggests that density of the range of the exponential at pg

requires some sort of finiteness (for instance, that the algebra is finite, as
shown in this example).
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