ANNALES
POLONICI MATHEMATICI

Online First version

Asymptotic behavior of solutions for the velocity-vorticity
model of the three-dimensional generalized Navier—Stokes
equations with exponential damping

LE TRAN TINH

Abstract. We propose the velocity-vorticity model of the three-dimensional (3D)
generalized Navier—Stokes equations with exponential damping terms and then study the
asymptotic behavior of solutions in a periodic bounded domain. First, we study the global
well-posedness using the Faedo—Galerkin approximation method. Then, we investigate the
asymptotic behavior of weak solutions via attractors and their properties using the theory
of the evolutionary system which was recently developed by Cheskidov, Foias and Lu.
Finally, we investigate determining wavenumbers.

1. Introduction. In this work, we will study the asymptotic behavior
of solutions for the velocity-vorticity model of the three-dimensional (3D)

generalized Navier—Stokes equations with exponential damping determined
by

dutv(—A) utwxu+a( —1)u+Vp=f,
(1.1) < Qw+v(=A) w+ (u-V)w—(w-V)uta(e™" —1)w+Vn =V xf,
V-u=V-w=0.

Here, u = u(t,z) = (u1(t,x),u2(t, ), us(t,z)) represents the fluid velocity
vector field, w = w(t, ) = (w1 (¢, x), wa(t, z), ws(t, x)) plays the role of vor-
ticity (but we do not assume w =V X u), p = p(t,z) and n = n(t, z) denote
the scalar pressure and the Lagrange multiplier at the point (¢,z) € RT x T,
(—A)! is the [-fractional Laplacian, f(t,z) is the external body force, v > 0
is the constant kinematic viscosity, a is the positive damping coefficient, the
exponents b and r are nonnegative constants, and the terms a(ebMT —1Du
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and a(e’™" — 1)w are damping terms that parameterize the extra dissipa-
tion occurring in the planetary boundary layer (see, e.g., [51] and references
therein).

It is well-known that the fractional power of the Laplacian and the damp-
ing term are very helpful from a mathematical point of view. Dissipation cor-
responding to the fractional power of the Laplacian can, in principle, arise
from modeling real physical phenomena. The fractional diffusion operators
can model anomalous diffusion and have now been widely used in turbu-
lence modeling to control the effective range of nonlocal dissipation (see,
e.g., |1, 8 20, 22 26] 35, B6] and references therein). The damping term
can be interpreted as resistance to motion and describes various physical
situations such as porous media flow, drag, or friction effects, etc. (see, e.g.,
[9, [43], 51] and references therein). Recently, exponential damping was first
used in [3] by J. Benameur (see also, e.g., [4 [0 [7, [42] for more details).

Recently, researchers have found that the velocity-vorticity formulation
of the 3D Navier—Stokes equations yields excellent numerical results for flows
with strong rotation. This formulation is as follows:

ou —vAu+w X u+ Vp = f,
(1.2) ow —vAw+ (u-V)w — (w-V)u+Vn=V x f,
V-u=V- -w=0.

Ifl =1 and b = 0, then also reduces to . To the best
of our knowledge, the system was introduced in [23]. The steady
velocity-vorticity system was analyzed in [37] in the case of no-slip
velocity boundary conditions. However, the global well-posedness and the
long-time behavior of solutions for are open issues. Therefore, the
Voigt-regularization has been used with the velocity-vorticity formulation
by A. Larios et al. [30] and they have obtained the velocity-vorticity-Voigt
(VVV) model determined by

(I —a?A)0u —vAu+w xu+Vp=f,
ow —vAw+ (u-V)w — (w-V)u+Vn=V x f,
V-u=V- -w=0.

Some results on VVV and related models have been studied in [30, 44} [50].
In [30], A. Larios et al. only proved the global well-posedness and convergence
properties of the system. In [50], G. Yue and J. Wang have also considered
the VVV model as in [30], but added the damping term Aw to the second
equation. They proved the existence of global and exponential attractors of
the three-dimensional VVV system. In [44], N. D. Toan has also considered
the VVV model with damping as in [50], but added the memory terms to
both equations.
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We are also interested in turbulence, where the fluid dynamic equations
may involve nonlocal effects, anomalous diffusion, and strong rotation. To the
best of our knowledge, studying the global well-posedness and the asymptotic
behavior of solutions of are open issues. Motivated by the results on
the 3D generalized Navier—Stokes equations and related models (see, e.g.,
[18, 19, 27, 134, 42l [46], 48, 47, 52]), our goal for studying is mainly
mathematical and to understand how the nonlinear exponential damping
terms affect the global well-posedness and the asymptotic behavior of the
weak solutions for the system (|1.1)).

The paper is organized as follows. In Section 2, we recall the functional
setting and preliminaries. In Section 3, we present the main results of the
paper. In Sections 4, we prove the global well-posedness results using the
Faedo—Galerkin approximation method. In Section 5, the long-time behavior
of solutions is investigated via attractors and their properties using the the-
ory of the evolutionary system which was recently developed by Cheskidov,
Foias and Lu in [12] 13}, 14 [15 B32]. In Section 6, we study the determining
wavenumbers.

Throughout this paper, we denote by A < > | B; an estimate of the
form A <3 | ¢;B; with some positive constants ¢;. We also use || - ||x as
the notation of norm in the normed space X.

2. Functional setting and preliminaries. We consider on a
bounded domain in R3. In fact, the most practically important boundary
conditions are no-slip and no-penetration conditions on the solid boundaries
of the fluid domain (see, e.g., [2I], B7, [49]). Due to simplicity and lack of
natural boundary conditions, we work on the torus, i.e., the spatial vari-
able x = (1, 29,73) € T := [—7,7]> and periodic boundary conditions are
assumed. Therefore, all functions are periodic in each z;, ¢ = 1,2,3, with
period 2m. If we restrict ourselves to dealing with initial data and f with
vanishing spatial averages, then the solutions will also have this property.

We will now provide some preliminary background material (see, e.g.,
[5L [30]) that is used throughout this paper.

(i) Let v : R® — R3 be divergence-free, periodic, and have zero spatial
averages. It can be represented as follows:

vi= vaﬁk with v € C3, Vg =v_k, v - k=0 Vk € J,
keJ
where ¢, = e** and J = 73\ {0}.
(ii) Let F be the space of formal Fourier series

{v = Zﬁk@c 0, € C3, ¢, = e“”}.

keJ
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We then define V as the space of divergence-free trigonometric polynomials
consisting of all v € F such that k-7, = 0 for all kK € J and v, = 0 for all
but finitely many values of k € J.

(iii) For s € R, we define
H® = {v € F: |loll = 3 Junl?Ik[?* < oo, 0% =Tt and Ty = o},
keJ

and
Ve = {v = kagbk cup € CPLvf =g, v k=0, ¢ = eF”

keJ
and > Jur?k[? < oo}.
keJ

These spaces are Hilbert spaces with the scalar product

(u,v)ys == Zuk Sv_g k.

keJ

We also see that V* is the closure of V in H® with respect to the | - || g
norm. For simplicity, we use the notation (-,-) to denote the scalar product
in VY and also the dual pairing of V-V =%, given by (u,v) := Y ke Uk - V—k-

(iv) We recall the following embeddings, interpolation, and inequalities.
We have the compact embedding V5+¢ << VS for any € > 0. Let s1 < s
and v € V52, We have

(2.1) [ollver S [loflvse.
If s1 <syand s =781+ (1 —7)s2, 0 <y <1, then
lollvs S I3 llollysy for all v e Vo2,

If0<s<3/2and 1/p > 1/2 — s/3, then the continuous embedding V* —
LP(T) holds and

[vllzeery S vllvs  forallv € V.
If s = 3/2, then
vl zory S llvllve  for any finite p and all v € V.
If s > 3/2, then
0]l oo (ry S |vllvs for all v e V.

(v) The linear operator A = (—A)'/? is defined as follows:

Av = Z \k|vk¢k with v = ka¢k7 Qbk = 6ik'x,

keJ keJ
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and its powers A° are determined by
Ndv = Z |k|*vgdp.
keJ
Therefore, (—A)* = A% and A° preserves the divergence-free condition. It
follows from the construction that A* maps V¢ onto V% and
[ollvs = [[A%v]lyo.

In particular, A° maps V* onto VY for all s > 0, so D(A*%) = V*. Denote by
P, : L*(T) — V° the Leray-Helmholtz orthogonal projection operator. We
have P, A% = AP,.

(vi) Let u,v,w € V. We define the bilinear form
B(u,v) := P,{(u-V)v},

and the trilinear form

b(u,v,w) S E uZ w]da:
Ti,j=1

(vii) We denote by IT,, the finite-dimensional projectors onto V° which
are determined by

IIv:= Z vp¢y  for v = kaqbk and ¢ = e*?,
0<|k|<n keJ
and
By, (u,v) := II,, B(u,v).

In the following results, we recall certain relevant properties and inequalities
of b (see, e.g., [5, 10, 28], 29]).
LEMMA 2.1. Let u,v,w € V. Then
(a) b(u,v,v) =0,
(b) b(u,v,w) = —b(u,w,v),
(¢) bu—v,u,u—v) =bu,u,u —v) —blv,v,u —v).
This result may be extended to larger spaces by the density of V in V7
for the appropriate values of ¢ such that the trilinear forms are continuous.
The following proposition is taken from [25, Proposition 2.5] (see also,
e.g., [2]).
PROPOSITION 2.2. The trilinear form b : Vol xV22x V7 — R is bounded
provided that all of the following conditions hold:
(a) o1+ 09 +03 > 5/2,
b) o1 +09 > s,
c) oa+o3>1,
d) o1+03>1—3s,
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for some s € {0,1}. If the last three conditions are satisfied and if o; is a
nonpositive integer for some i € {1,2,3}, then “>" in (a) can be replaced
by “>7. The nonstrict inequality is also allowed if for some s € {0, 1},

UlZOa UQZSa 0321_5-

(viii) For an integer j > 0, we set A; to be the 2/-sized block of 3D
integer lattice points,

Aj = {k = (k1,ka, k3) € Z° : [km| <27, m =1,2,3}.

We define the localized Fourier projection operators by

(22) Aof() = flk)e,
keAy

(2.3) Aif(z):= > flk)e*r, j>1,j€N
keAj\A;_1

For notational convenience, we also write A; = 0 for j < 0. With a slight
abuse of notation, we set

J
(24) Sif(@) =) Anfla) =Y flk)e™™.
m=0

kEAj

In terms of these operators, we can write the Littlewood—Paley decomposi-
tion for any f € LP(T) with 1 < p < oo as follows:

fl@) =" Anf(x).
m=0

The following lemma presents useful basic properties of the operators
defined above (see, e.g., [17, 24} [42] [45] for more details).

LEMMA 2.3. Let j > 0 be an integer. Let A; and S; be defined as in
(2.2)—(2.4). Then the following properties hold:
(a) If f € LP(T) with 1 < p < oo, then
145 flleery S Nfleerys 1S5 flleery S Il zecr)s

where the constants depend only on p and d.
(b) Let h,j > 0 be integers. Assume f € LP(T) with 1 < p < oco. Then,

DA f =0 if h# )
(¢) Let j,m>0 and n>1 be integers. Assume f, g€ LP(T) with 1 <p < oc.
Then, if |m — j| >n, we have
Ai(Sm—nfAmg) =0 and Aj(AmfAng) =0,

where

Amg = AmfnJrlg + Amfn+2.g + -+ Am+nflg-
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We also have the following Bernstein-type inequalities for A; (see, e.g.,
[17, Proposition 2.8]).

PROPOSITION 2.4. Let A; and S; be defined as in (2.2)~(2.4). Then the
following properties hold:

(a) Let 0 >0 and 1 < q<p<oo. Assume f € LP(T). Then
14547 fll Loy S 292 A £l oy,
18, fllzoery S 259V 971P) S .-

(b) Let 0 >0, 7 >0, and 1 < p < oco. Assume f € LP(T). Then there exist
positive constants Cy and Co (depending on p) such that

C12714; fllzoer) S 114547 fllzoery S C227 | Ai f |l Loy

Appealing to the periodic setting and the projection operator P,, we can
rewrite (1.1)) in the following abstract form:

du+vAu+ P {w x u} +aP,{ ("™ —1)u} = P, f,
(2.5) } yw+vA% w4+ B(u,w) — B(w,u)+aP,{ (" = 1w} = P,{V x f},
Vu=V-w=0.
Our system should be supplemented with L? initial data:
u(r,x) = ur(x), w(r,z)=w ().
Let us define the weak solutions to (2.5) with the L? initial data (u,,w,).
DEFINITION 2.5. Let v, [, a, b be positive real parameters and let r > 1.

For f € L2 (R; V'), ur,w, € VO and a fixed T > 7, a weak solution

loc

of is a pair of functions (u,w) satisfying
(2.6) we L®(r,T; V)N L*(r,T;VY) NGy (r,T; LY(T)) N Co ([, T]; V),
(2.7) we L®(n,T; V)N L2(r, T; VY N G (7, T; LY(T)) N Cy ([, T]; V°),
where
(2.8)  Gi(r,T; LY(T)) := {u: [r,T] x T — R* measurable,

(" — D)Juf? € L (7, T; L'(T))}.

Moreover, for any ¢ € [7,T] and v > max {5/2 — [, [}, it satisfies (u(7),w(7))
= (ur,w;) and

(229)  (u(®) ) +v | (Au(s), A'p) ds + | (w(s) x u(s), o) ds

+ aS (" — 1)u(s), o) ds = (ur, @) + S (f(s),¢)ds

T T
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for a.e. t € [1,T], ¢ € VI N L>®(T), and

(2:10)  (w(t),v) + v | (Aw(s), A'g) ds + | (B(u(s), w(s)), ¢) ds
— | (Blw(s),u(s), ) ds + a | (O — 1)w(s), ) ds

t

= (wr,¥) + | (V x f(s),0) ds,

T

for a.e. t € [1,T], ¥ € V¥ N L>®(T).

REMARK 2.6. In the weak formulations above, we see that the trilinear
terms are well-defined. Indeed, it is easily deduced that v > max {5/2—1,1} >
5/4 > 1, and it follows from Lemma [2.1| and Proposition [2.2| that

[(B(u, w),¥)| = [b(u, v, w)| S lullyellvlv|[wllvo,
[(B(w, u),¥)| = [b(w, ¥, u)| S lwllvolldllvallully:.

LEMMA 2.7. Let | > 0 and v = max {5/2 — I,1}. Assume that w € V°,

weVhand ¢ € VY. Then
(x4, @) S Jwllyolullyllelly-.
Proof. By employing suitable inequalities, interpolation, and embeddings,

the proof is done case by case:
CAaSE 1: [ > 3/2. We deduce that v = max{5/2 — [,I} =1 > 3/2.
Therefore,
[(w x u, o) S lwllz2qmylull ey llell oery S llwllvollullyllelv--
CASE 2: 5/4 <[ < 3/2. We deduce that v = max{5/2 —[,l} =1 €
[5/4,3/2) and 5% € (12,400). Since V! — L%(T), we get

[(w x u, )| < Jlwllz2 T)||UHL3(T H‘P”L‘S(T

S lolzacoy Il g o 1 g ) S Tolivollullllvn

Cask 3: 1 <l < 5/4. We deduce that v = max{5/2 —Ll}=5/2—-1¢€
6
(5/4,3/2). Since V! < L5 (T) < L5 (T) and V" < L7=3(T), we get

w0 x w2 S lwllzamlel oy o 91, o, o) S Tollvoliulvaliglive,

CASE 4: 0 < I < 1. We deduce that v = max{5/2 —-Ll}=5/2—-1¢
[3/2,5/2). Since V! — Lﬁ(’ﬂ‘) and V7 — L‘%(T), we get

[{w > u, @)| S [[wll g2y llull lell,

<
N 1 P L P e E e
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LEMMA 2.8. Let b be a positive real parameter and let v > 1. If (u,w) is
a weak solution of (2.5)) determined by Deﬁnitz’on then

(" — 1w e LY, T; LN(T))  and ("™ — 1)w € L} (r,T; L*(T)).
Proof. Indeed, we define
Q:=[n,T]xT,
O :={(t,x) € [, T] xT:0 < |u(t,x)| <1},
Q9 :={(t,x) € [1,T) x T : |u(t,z)| > 1}.
We then have

(2.11) S(eb“‘(sw — Du(s)|dxds = S (PO 1) |u(s)| dx ds

% 21U822
= | (MO — Dju(s)|dwds + | (O — 1D)]u(s)| da ds

.Ql 92

eblu(s)l" _ 1 ) 1 .

=\ ————|u(s)|“dxds + Pl _ 1) u(s)|? da ds

[§1 (o) u(s)| é |u(s),( )|u(s)|
S My, |\ [u(s)P dads + | ("1 —1)|u(s)® da ds

_Ql 92
< M (T = 7)l[ull oo (o) + § (O = D)Ju(s)|? da ds
(9]

S My (T — T)HUHLOO(T,T;VO) + H(eblu‘r - 1)|u’2HL1(T,T;L1(’H‘))a

where

My, := sup
o<t<t

for r > 1, b > 0. This implies that (e’*/" —1)u € L' (7, T; L1(T)). Repeating
the above arguments, we prove the above result for w. =

LEMMA 2.9. Let b be a positive real parameter; let r > 1. If (e —1)|u/|?
€ LY (7, T; LN(T)), then u € (32, L™8+2(7,T; L™*+2(T)).

Proof. Set s = bl/’“\u|. The proof is completed if we can show that, for
each positive integer k, there exists a finite positive constant C such that
Srk+2 5 Ck(esr _ 1)82

for all s € [0,00). We will consider two cases.

In the case of s € [1,00), by induction, for each positive integer k, we
have
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Therefore, there exists a finite positive constant C} such that sk < Cre®
On the other hand, if s > 1, then "i;(ale“’ms2 < (e¥" —1)s2. Thus,
§EH2 < et 2 < Ope —1)s2.

For s € [0,1), we have

(2.12) = Sk—
k=1

Since s € [0,1), we infer from (2.12)) that s" < ¥ — 1. Therefore, for each
positive integer k,
sTRF2 < g2 < (e —1)s°. m

In particular, we also have the following important inequalities for expo-
nential damping (see, e.g., [6l Lemma 2.3|).

LEMMA 2.10. Assume that b, > 0. Then there exists a positive constant
c1 such that for all z,y € R3,

((ebmr — 1z — (ebly‘r — 1)y) (x—y) >z — y|2((eb|x‘r -1)+ (eb‘yv — 1))

Let us recall the following strong continuity result in time (see, e.g., [5l
Lemma 6]).

LEMMA 2.11. Ifu € L¥ (7, T; V") and % € L*(r,T; V") for s € R
and h > 0, then w € C([r,T};V*) and
d 9 _pdu h
GO =24 S0, 2l

Let us recall the following weak continuity result in time (see, e.g., [5
Lemma 7]).

Vs

LEMMA 2.12. Let X and Y be Banach spaces such that' Y — X with a
continuous ingjection. Then

L®(1,T;Y) N Cy([1, T]; X) = Co ([, T);Y).

Let us recall some types of functions that we will need when studying
the long-time dynamical behavior of solutions via attractors (see, e.g., |10,
111, 331 131]).

DEFINITION 2.13. Let B be a reflexive separable Banach space.

(R; B) is said to be translation bounded in L?

(i) A function ¢ € Lloc ioc(R; B),

written p € L (R; B), if
t+1

p | le(s)lEds < oc.
teR
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(ii) A function ¢ € L% (R;B) is said to be normal in L _(R; B), written
¢ € L2(R; B), if for any € > 0 there exists § > 0 such that
t+6
sup | ()l ds < e.
teR

(iii) A function ¢ € L% (R;B) is said to be translation compact in L (R; B),

written ¢ € L2(R; B), if the closure of {¢(s+ h) : h € R} is compact in
L (R; B).
THEOREM 2.14 ([33, Section 4]).
(i) L2(R;B) is a closed subspace of L3 (R; B).
(ii) L2(R;B) is a closed subspace of L2 (R;B).
(iii) L2(R;B) is a proper closed subset of L2(R;B).
We also need the following Gronwall inequality (see, e.g., [38] [39, 41]):

Assume that ¢ : [7,7] — R is differentiable and satisfies the differential
inequality
d
¥ S 9o+ h(t)
for g continuous and A locally integrable. Then
t
p(t) < @(r)e M 4 [ SOOI s) ds,

T

where G(t) = StT g(r)dr. In particular, if

1 <6 +
¥ =rYT"

where 8 and 7 are constants, then

(1) < p(r)ef =) %(eﬁ“—” —1).

3. Main results. The first purpose of this paper is to establish the
global well-posedness of the weak solutions to (2.5). This is the content of
the following theorem.

THEOREM 3.1. Let v, I, a, b and r be positive real parameters with
l,r > 1. Then for f € L%OC(R; VY, ur,we € VO and a fized T > 7,
the system has a global weak solution obeying Definition with the
initial condition (ur,w;). Furthermore, the global weak solution is unique

and depends continuously on the initial data.

The second purpose of this paper is to investigate the long-time dynam-
ical behavior of solutions to (2.5)) via attractors. The main results in this
context are provided in the following theorem.
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THEOREM 3.2. Assuming that fy satisfies below and that | > 5/4,
let Ex be the evolutionary system of with forces in X and let Ex; be
its closure. Denote by Ex the evolutionary system of with forces in X,
Thus, £x; and Ex: are closed evolutionary systems with uniqueness, and then
the following results hold:

(1) The three weak uniform global attractors Ay, Ay and AZ for the evolu-
tionary systems Ex, Ex; and Ex, respectively, exist. They are the mazimal
invariant and maximal quasi-invariant sets with respect to £ and satisfy

A = AT = AT = {(u(0),w(0)) : (u,w) € Ex((—o00,00))}.

(2) The three weak trajectory attractors AZ AZ and AZ for the evolutionary
systems Ex;, Ex and Ex, respectively, exist and satisfy

Qlif = Qli = Qli% = H+ U SU((_OC)?OO))'
oy
Hence, they satisfy the finite weak uniform tracking property for all three
evolutionary systems and are weakly equicontinuous on [0,00).

(3) A, AZ and A2 are sections of .., A= and A2 :
A = Ay = AL = 45(1) = A (1) = 25 (1)
= {(u(t),w(t)) : (u,w) €A}, V> 0.
(4) If fo is normal in L2 _(R; VYY), then AZ, AZ and AZ are strongly

loc e
compact strong uniform global attractors. Furthermore, 2z, A2 and A
are strongly compact strong trajectory attractors. Moreover, .Af , Af and
A2 satisfy the finite strong uniform tracking property and are strongly

equicontinuous on [0, 00).

Finally, we study the finite uniform tracking property of attractors by
determining wavenumbers. Due to the length of the paper, we only con-
sider (2.5)). Let (u,w) and (v,h) be two weak solutions to (2.5). We define

the determining wavenumber in the following way:

(3.1)  N.(t) := min {)\q =27 /\;O‘HM/\;O‘*‘SHupHLoo(T) < cov, Vp > g,

q
and A, S\ g | ey S covs g € N},
j=0
where 0 < 6 < « is a fixed (small) parameter, and ¢y is a dimensionless
constant that depends only on [ and Ay, and u, = Apu is the pth Littlewood—
Paley projection of u. We are now ready to state our main results.

THEOREM 3.3. Let v, I, a, b and r be positive real parameters with
l,r > 1. Assume that (u,w) and (v, h) are two weak solutions to (2.5)) on the
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weak global attractor A. Let N(t) := max {NL(t), N}(t), NL(t),Ni(t)} and
Q(t) be such that N(t) = Agu)- If

(32)  ul<qu =vM<quy w)<qu =ht)<qr, VE<O,
then
u(t) =v(t), w(t)=h(t), Vt<O0.
THEOREM 3.4. Under the hypotheses of Theorem
Jim [lu(t) — v()lyo =0,
Tim [w(t) — h(t)]lyo = 0.

4. Proof of Theorem The existence of a weak solution of ([2.5)) is
obtained via using the Galerkin approximation method. Therefore, we only
outline the main points here.

(i) Ezistence. We consider sequences u,, = II,u and w, = II,w solving
the following system:

Oty +v Ay 4 I1,, Py {wy, ¥ un}+aHnPU{(eb|“”‘T —Dup} = I, P, f,
(4.1) < Oywy+vA%w,+ By (U, wy) — By (W, tn)
+all, P, {(eb*nl" —1)w,} = II, P,{V x f},

with the initial condition
Un(7) = Mpur,  wy(7) = Hyws.

Obviously, u,(7) and w,(7) strongly converge in V° to u, and w,, respec-
tively.

We take the L? inner product of equation 1 with u,, and keeping in
mind that (wy, X uy,u,) = 0, we obtain

; jtllun( )10 + 2l ()5 +all (1" = 1) un ] 1 ¢y = (£ (2), wn (1))

SIF@llv=illun@Ollve STFOllva-tllun @)l S Hun( )H%/Hr%!\f(t)ll?/lm
where we have used and the Cauchy—Schwarz inequality. Therefore,
(4.2)

%Hun(t)!@o + v]un(®)I5: + 2all (€O = D) (Pl 21 (ry S *Hf( ] [eme

Note that [|u, |2, and Si Il f(s) ds are bounded. Integrating (4.2) in time

51
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from 7 to ¢, we obtain

t t
43)  Nun(®)lFo + v § lun(o) 1§ ds + 2a § | O — 1) ()| 1 ) ds

< Murlfro + = S 1F ()11 ds = M.

It follows from (4.3) and Lemma that the sequence {u,} is uniformly
bounded in

L>®(r,T;VO) N L (7, T; V') ﬂ L™2(r,T; L™M(T)),

and
(4.4) HunHLO"(T,T;LOO(’]I‘)) < 0.
We take the L? inner product of equation ({.1))s with w,, and keeping in
mind Lemma and using integration by parts, we obtain
45) 5 w0 + vlwa @31 + all (€O = Djwa ()12 21y
= b(wn(t), un(t), wn(t)) + (V X f(t), wn(t)).

We have
(4.6)  [b(wn (), un(t), wa(t))] = [b(wn(t), wn(t), un(t))]

S Mlwn (D)l 2(m) IVwn (O] L2 (ry [[un (&) | oo (1)

S lwn @) llvo l[wn @)y l[wn (@) Loo ()

v
S 7 lwn @113 + ;Ilun(t)llioomIIwn(t)H?/o,

(4.7) (Vx f(t), wn(t)) S IV X f(0)llv-tllwn @)y

S @ Nyr-illwn @) [y
v 1
S S llwn @3+ ;Hf(t)ll%/l—z-
We deduce from (4.5)—(4.7)) that

d -
(48)  Zlwn®)lVo + vlwa @)l + 2| (O — 1)y (8) ]| 1 )

2 2
S I OR s+ ln (8 ooy @l

Eliminating v|jw,(t)||}, and 2al|(e blwn )" Dwn ()| 1¢ry in ([4.8) yields

d 2 2
(49)  Slun®lF0 S lun Ol llen®IFo + Z1£ @0
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We have

(4.10) G(t) =

R

2
[n ()| 200 ) ds S ;HUNH%W(T,T;LW(T))(T -7),

(4.11)  G(t) - G(s) ==

R

W e Y e o

2
||Un(7“)H%w(1r) dr 5 ;HUHH%W(T,T;LW(T))(T - 7).

Using (4.3), (4.4), (4.10), (4.11) and the Gronwall inequality, we deduce
from (4.9) that

2
”wn(t)H%/U S HwTH%/OC"Hu"”%“(ﬂT:LO"(T))

~

(T—7)

t
2 2 -
+ 76,/Hun”i00(7,T;L°°(’Jl‘))(T 7) S Hf(S)H%/I—l ds =: Np.
v

T

Integrating (4.8)) in time from 7 to ¢, we obtain

t t
(4.12)  fwn(®)[fo+v §lwn ()1} ds+2a § [ (" 1) wn ()| 1 ry ds
t

2
1F () ds+ Ve ()11 ey llwon () 170 ds

T

< llwe 3o+

RN

INp +

1 (Eo ds+ =T | llun($)]30 ) ds

T

S HwTH%/U"i_

B T B B B

LY

N7 ||| oo (7 ;oo
5 HwTH%/O_'_QMT_i_ (1,T; (T))

” (T'—7) =: Pr.

We infer from (4.12) and Lemma that the sequence {w,} is uniformly
bounded in

o.9]
L, T;VO) N L2 (7, T; VY 0 () L2 (7, T LTH(T).
k=1

We deduce from (4.1)) that

Ayun, = —v Ay, — 11, Po{w, X un} — all, Po{ (1" — 1)u,} + II,,P, f,
atwn = _VAQIwn - Bn(“ny wn) + Bn(wna un)

— all, P, {(?"" — 1w, } + I1,P,{V x f}.

Setting o := max {3,2l,v} we see that v < 9. Since L}(T) < V7, we
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deduce that

t
(413)  JUE O — 1) (s)lly—o ds
t
S VIO = 1) g (5) [ 2 s

T

< My (T = 1) Jun| o (r vy + 1 = Dt 1 7711 ()

where we have used formula 2__1’71[) We infer from that (e®l“rl" — 1)u,
€ LY(r,T;V~°). Hence, (" — 1)w, € L'(r,T;V~°). We infer from
the construction that A%w, € L2(r,T;V~Y) ¢ LY(7,T; V=) and A%w, €
L, T; V=Y C LY(7,T;V~°). We find from Lemma/2.7|that IT,, P, {wy, xu, }
€ LY(7,T;V—0). It then follows from Remark that By (un,w,) and
By, (wp, up) belong to L'(r,T; V=), Since f € L2 (R;V?), we infer that
II,P,f and I1,,P,{V x f} also belong to L'(r,T;V~7°). Therefore, O;u,,
and dyw,, are bounded uniformly in L!(7,T; V=70). Since

Vin () IF2(T) e V0 s Vo,
k=1
and
Vin () L™2(T) e Vs Ve,
k=1

for some [ € (0,1) such that [ + v > 5/2. We deduce from the Aubin—
Lions Lemma (see [40]) that the sequences {u,} and {w,} are compact in
L3(7,T; V%) and so we can extract subsequences, still denoted by u, and
Wy, respectively, such that

(4.14) u, — u weakly in L?(r,T; V),

(4.15) up — u weakly in L™"*2(7,T; L™"2(T)) for any positive integer k,
(4.16) w, — w weakly in L*(r,T; V"),

(4.17) w, — w weakly in L™"?(7,T; L"***(T)) for any positive integer k,
(4.18) w, —* u weakly star in L>(7, T} VO),

( ) w, =" w weakly star in L*(7, T} VO),

( ) u, — u strongly in L2(7-, T; VO),

(4.21) u, — u strongly in L2(,T; V)

(4.22) w, — w strongly in L*(r,T; V"),
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(4.23) w,, — w strongly in L*(7, T; Vl_),

(4.24) Py{wy, X up} — Py{w x u} weakly in L*(r,T;V7),
(4.25) B(tn, wy,) — B(u,w) weakly in L*(7,T;V™7),
(4.26) B(wn, un) — B(w,u) weakly in L?(7,T; V7).

Using all convergences (4.14)—(4.26)), it is a classical result to pass to the
limit in the variational formulations (2.9)) and (2.10), and prove that (u,w)
is the solution of (2.5) and inherits all the regularity from (u,,w,), i.e.,

uwe L, T; VO NLA(r, T; V) N Gi (7, T; LYT)),

w e L®(r, T;VO) N L (1, T; VY N GI (1, T; L*(T)),
where G (1, T; L*(T)) is as in (2.8). In addition, we integrate in time and we
obtain

u(t) = ur + | [-vA”u(s) — Po{w(s) x u(s)}

T

— aPp{"™" — 1)u(s)} + Py f(s)] ds,

and
w(t) =w, + S [—vAZw(s) — B(u(s),w(s)) + B(w(s), u(s))] ds

+ | [—aP, {1 — 1w (s)} + P,{V x f(s)}] ds.
This implies that u € C([7,T]; V™) and w € C([r,T]; V). In addition,
since v € L®(7,T; V) and w € L>(7,T;VY), we deduce from Lemmam
that (2.6) and (2.7)) are satisfied.

(ii) Continuous dependence on the initial data. We will consider the con-
tinuous dependence of weak solutions on the initial data to (2.5)), in partic-
ular their uniqueness. Let (u1,w;) and (ug,ws) be solutions to ([2.5) with
the same initial data (u,,w;) and the same forcing f on their common time
interval of existence (7,7"). We define U = u; — ug and W = w; — we, and
thus (U, W) satisfies
U 4+ vA2U + P, AW X uy +wo x U}

+aPo{ (™" — 1yuy — (eb*2" — 1yuy} =0,
(4.27) ¢ OW 4+ vA2W + B(U,wy) + B(ug, W) — B(W,u;) — B(ws, U)

+aPo{( = Tywn — (Ml — 1wy} = 0,
V-U=V-W=0, U(,7)=W(,7)=0.
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We take the L? inner product of equation (4.27)); with U, and keeping in
mind that (we x U,U) = 0, we have

(128) 5 DY@+ U@ + W) <), U0)
+a(P (O — 1u (1) — (201 — D)us ()}, ua () — ua(t)) = 0.
Note that { > 1. Using embeddings and Lemmas [2.9) and [2.10} we have
(4.29)  (PoA(M O — 1yuy () — ("2 — Dyus(t)}, ua(t) — ua(t)) >0,
and we can take rk € [0, 00] so that
(4.30)  [(W(t) x ur(8), UE))| < W (Olvollus (@)l priszem IU @) [y
<0G+ i OF sy IW Ol
It follows from (4.28)—(4.30) that
@30 U + IO S 2 a0 a1 Ol
We take the L? inner product of equation 2 with W, and keeping in
mind Lemma 2.1} we obtain
(@32) 5 IO + WO,
+ a{Po{ ("1 — Dy (8) = (12O = Dwa (1)}, wi (1) — wa(t))
= =b(U(t), wi(t), W(t)) + b(W (L), ur(t), W(t)) + b(wa(t), U(t), W(t)).
Using embeddings and Lemmas 2.9 and again, we have
(4.33) (P {( 1 — Dywy (1) — (201 — ywa ()}, w1 (¢) — wa(t)) = 0,
and we can take rk € [0, 00] so that
(4.34)  [pU(#),w1(t), W(t))| = [b(U(2), W(t), w1 (t))]
S MU vollW @)y llwr ()Nl Lrevzr)
S U O+ 2 0r () [V 2o,

(4.35)  [b(W(2), ur(t), W ()| = [b(W(£), W(2), ur (1))l
|

<

(W (@)lvollW (¢ )”Vl||ul(t)Her+2(1r)
S ZIIW(t)IIQVz + ;Hul(t)H%rkw(qr)HW(t)H%/Ov
(4.36)  [b(w2(), U(t), W(D))| S lwa(®)ll ri2(my [U @) [y [[W ()| vo

A
|

1
IO+ S lwa @ W (o
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It follows from (4.32)—(4.36)) that

d
(437) WO + W@

~

v
S SIUMIT

2
+ ;(le(t)HZerH(qr) + Hul(t)||2m+2(qr) + ng(t)H%THQ(T))HW@)H%O.
We deduce from (4.31)) and (4.37) that

%(HU(t)H%/O W@ I50) +vUAT@ I+ W @)1F)

3
S ;(le(t)“%rkw(qr) + Hul(t)H%m+2(T) + ng(t)H%mH(T))
< (IU@Fo + W OI0)-

Applying the Gronwall inequality implies that HU(t)H%/O + ||VV(t)H%/O =0
since U(7) = W(7) = 0. Therefore, the proof of Theorem [3.1]is now finished.

5. Proof of Theorem In this section, we use the theory of evo-
lutionary systems to study the long-time dynamical behavior of our sys-
tems. Following the ideas in [32, Section 4|, [12, Section 8|, [I5 Sections
5-6], and [13], we first define the strong and weak distances as follows for
uy, ug, wi, wz € VO

ds((u1, w1); (u2,we)) := [[ur — uallyo + |lwr — wallyo,

1 |u1y — uok| |wig, — wag|
d ; = —
w((u1, wr); (ug, w2)) I;]QW <1+|U1k—um T rE— L

where u;;, and w;;, are the Fourier coefficients of u; and w;, i = 1,2, respec-
tively. Note that the weak metric d,, induces the weak topology in any ball
in VO x V0.

We now fix an external force fy € L% _(R; V') that is translation

bounded in L% (R; V1Y) ie.,
t+1
10l = 1oty = sup | falo)lameds < oc.
R

Let Li;zU(R; V1=1) be the space L2 (R; V17!) endowed with the local weak
convergence topology. Then fj is translation compact in Li;z’ (R; VIH, ie.,

the translation family of fy,
Y :={fo(-+h): heR}

is precompact in Li;é”(R; V=Y (see, e.g., [T1]). Moreover, for all f € X, we
get

(5.1) LF15 < 1 foll3s
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and, for any positive constant # and ¢ > 7, we also have

t
(5:2)  VIF($)Fre™ ds

t—1

t
VIF)Ie ds+ § 1 £(s)[3amie” ds + -
t—1 t—2

<R +e? 4 -)e <

In this section, we also assume that fj satisfies the stronger condition

t+h
(5.3) sup | [ fo(s)l}1mr ds < Lo < 400
teR, heRy

for some positive constant Lg. Obviously, if fo satisfies (5.3), then fy is
translation bounded in L2 (R; V') ie., h = 1. Moreover, for all f € ¥,

loc
we get
t+h
(5.4) sup S ||f(s)H%/1,l ds < Ly < +00.
t€R, heRy

If fo is normal in L2 (R; V1~!), then there exists § > 0 such that

t+6
sup S lo(s)|[31-1ds < e for any e > 0.
teR
It follows from Theorem that L2(R;V!7!) is a closed subspace of
LE(R; V).
Let X be the closure of the translation family X of fy in Llo'3 (R; V1-h).
In this case, ¥ is compact in sz(]R V1=1). Moreover, ¥ is metrizable in
the weak topology, and it is compact with respect to this metric. Hence, it
is weakly sequentially compact (see, e.g., [11]).
We take the L? inner product of equation 1 with u, and keeping in
mind that (w x u,u) = 0, we obtain

; jtllu{ £)[10 +vllu()l[3 +all O —1)IU(75)|2||L1(T) = (f(t), u(®)).

By usmg the Cauchy—Schwarz inequality, we deduce from ) that

(5.6) IIU( )Hvo+VHU( M3 +2al| (1O = 1) fu(®) (| 1y S *Hf( ) [ene
By using we find that

d
@ vo +vlu@®]io < IIf( [

(5.5)
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Therefore,

d
—Allu®)Foe™} S e Hf( )| e
Integrating in time from 7 to ¢, we deduce that

t
lu(®)[Foe”” = u()[[Foe”” 18 e [lF ()11 ds.

T

T

Applying (5.2]) and (5.3) implies that
()0 S Ju(r)oe™0 4 — 20T
Vo~ 4 vier — 1)
This in turn implies that for any bounded initial condition u(7), there exist
a positive constant Ry := Ry (%) and a time 77 > 0 independent of the
initial time 7 such that

(5.7) )20 S Ry, forall ¢ > 7 =7+ Th.
Integrating over any interval [s, ] C [r1, 00), we deduce from (5.4)), (5.6) and

(5.7) that

t t
()30 + v § (€)1 d +2a | (O = 1)u(€) (| 1z dé

ame+§wu%H@sm+%.

This implies that, for any interval [s,¢] C |1, 00), we have

(5.8) Vlu(@l3 dé <

s

I/Rl + Lo
vz

We take the L? inner product of equation (2.5)2 with w, and keeping in mind
Lemma [2:1] and using integration by parts, we have

1d W)
(5.9) 5 lw®lFo +vllw®) 32 +al (€O = Dw(®)1r)
= b(w(t), u(t), w(t)) = (f(1), V x w(t)).
We use Proposition and [ > 5/4 to obtain

(5.10)
[b(w(t), u(t), w(t))] = [bw(t), w(t),u(t)] < lw)|lvollw®)|[vllwE) |y

By using the Cauchy—Schwarz inequality again, we deduce from (5.9) and
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(6-10) that
d Wt
(5.11) @llw(t)ll%/o + vllw(®) |31 + 2all (1O = 1w (@) L)
2 2
< 21+ Ol o0 o
Summing up (5.6)) and (5.11)), we infer that
d
(5:12) - A{lu@®) Vo + lw@lvo} + v{lu@® i + lw@lld
3 2
S ;Hf(t)H2vl—z + ;HU(t)HQVZ{HU(t)szo + [Jw(t)[[30}-
By using (2.1, we deduce from (5.12) that

613) TR0+ o)
{21~ v IO + @1 + 2101

Applying the Grénwall inequality implies that

(514) (o + w®)]o
t
3 - T
S u(m)llo + () [Fo}eO + 2§ AOCO) £ [} ar,
T1
where [7,t] C [11,00) and
o t
G(t) = = | [|u(r)|[fr dr — vt — 7).
T1
We use (5.8]) to obtain the following estimates:

2(L/R1+L0)

I

eG(t) 5 e—ut—l-vn—i-

and

G(H-G(r) _ 2 llu()|2, ds—v(t—r) <6—Vt+ur+%'

e

Therefore, we deduce from ([5.14]) that

— vt + (VR1+L0)

lu@®)[Fo + lw®) o < {lulm)lIFo + w(r)Fo}e

t
3 M

+ et VeI )5 dr

T1
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Applying (5.2)) and ([5.3) implies that
(VR13+L0)

2
(5.15)  [u(®)[5o + [w®)Fo S {lulr)lFo + w(m)[Foye T
3Ly 420t

+ e — 1)6 v .
We infer from (5.7) and (5.15]) that there exists a uniformly absorbing ball
Bs(0,R) C VP x V', where the radius R depends on v and L. Let us denote
Xecap a closed absorbing ball
(5.16) Xeab = {(u,w) € VO x VO |lul|fo + Jw|oe < R?}.
This means that for any bounded set B C V?x V0, there exists a time ¢ > 0,
independent of the initial time 7, such that
(5.17) (u(t),w(t)) € Xcab, VYt >t =17 +1,

for all weak solutions (u(t),w(t)) with f € X' and the initial time (u(7), w(7))
€ B. It is known that X.,p, is weakly compact in V0 x V? and metrizable with
the weak metric d,,. The weak metric d,, induces the weak topology in X ap.
For any sequence (uy,w,) of weak solutions of obeying Theorem
the following result holds.

LEMMA 5.1. Assume that (uy, vy) is a sequence of weak solutions of ([2.5))
with fn, € X satisfying Theorem and (un(t), wn(t)) € Xeap for all t > t;.
Then

e the sequences u, and w, are bounded in L*(t1,t2; V'), GF(t1,ta; L1(T))
and Loo(tl, tQ; VO),
. %un and %wn are bounded in L'(t1,ta;V70),

for all to > t1, where vy := max {3,2l}.
Moreover, there exists a subsequence (un].,wnj) that converges to some
solution (u,w) in Cy([t1,t2]; VO) x Cu([t1,t2]; V), i.e.,

o (Uun,, V) = (u,¥) uniformly on [t1,t2], as nj — oo, for all ¢ € VO.
o (wn;,1h) = (w, ) uniformly on [t1,ts], as nj — oo, for all ¢ € VO,

Proof. The proof can be completed by modifying that of Theorem
Therefore, we omit the details here (the readers can consult [I5, Lemma 5.4],
[32, Lemma 5.3]). m

We now consider the following evolutionary system of (2.5)):
Ex([r,00)) := {(u(-),w(-)) : (u(-),w(-)) is a weak solution on [r,0)
with f € X and (u(t), w(t)) € Xcap, Vt € [1,00)}, T € R,

Ex((—00,00)) := {(u(-),w(-)) : (u(:),w(-)) is a weak solution
on (—oo,00) withf € X and (u(t), w(t)) € Xcap, Vt € (—00,00)}.
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Clearly, all conditions of an evolutionary system Ex hold because of the
translation identity, i.e., a weak solution of with f € X starting at
time 7 4+ h is also a weak solution of with f(- + h) € X starting at
time 7.
We also define
C([,00); Xcab,w)

Es([r, 00)) = &([r,0)) , VTER,
Ex((=00,00)) := {(u(-),w()) = (u(-),w("))liro0) € E([7,00)), V7 € R}.
Then £y, is also an evolutionary system, called the closure of &x.

We denote K := Ex((—o0,0)) and K := Ex((—00,0)); these are called
the kernels of £5; and £y, respectively. Set

H+,C = {(u()7w())|[0,oo) : (u,w) € IC}?
ILK = {(u(-), w(-))|jo,00) : (uw,w) € K}
Following the ideas in [32] Section 4], [12], Section 8|, [15, Sections 5-6]

and [13], we will check that the evolutionary system £y of (2.5) satisfies the
following properties:

(A1) €x([0,00)) is a precompact set in C([0,00); Xcabw)-

(A2) (Energy inequality) For any ¢ > 0, there exists ¢ > 0, such that for
every (u,w) € Ex([0,00)) and t > 0,

[u(®)[IF0 + lw®)Fo0 < lulto)lo + w(to)[Fo +€

for a.e. to in (t — 9, ¢t).

(A3) (Strong a.e. convergence) Let (u,,w,) € Ex(]0,00)) be such that
(Un, wn) is & do((0,7); X ap..)-Cauchy sequence in C([0, T]; Xcap,w) for
some T' > 0. Then (u,(t), w,(t)) is a ds-Cauchy sequence a.e. in [0, 7).

We have the following lemma.

LEMMA 5.2. Assume that fy satisfies (5.3)). Then the evolutionary system
Ex of (2.5)) with the forces fo satisfies (Al) and (A3). Moreover, if fy is
normal in L% _(R; V1Y, then s of [2.5)) also satisfies (A2).

Proof. First, we verify that (A1) holds. Indeed, we deduce from Defini-
tion Theorem and that £x([0,00)) C C([0,00); Xcabw). Let
{(un,wy)} be a sequence in Ex([0,00)). It follows from Lemma that
there exists a subsequence, still denoted by {(uy,,w,)}, which converges in
C([0,1]; Xcabw) to some (u',w') € C([0,1]; Xcapw) as n — oco. Passing to
a subsequence and dropping a subindex once more, we find that this subse-
quence converges in C([0,2]; Xcabw) to some (u?,w?) € C([0,2]; Xcabw) as
n — oo. Note that (u'(t),w'(t)) = (u*(t),w?(t)) on [0, 1]. Continuing this
diagonalization process, we obtain a subsequence {(uy,,wn;)} of {(un, wn)}
that converges in C([0,00); Xcabw) to some (u,w) € C([0,00); Xcapw) as
nj — 0o. Therefore, (A1) holds.
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Next, we prove that (A3) is valid. Take a dc(jo,1);x..p.,)-Cauchy se-
quence {(up, wy)} C Ex([0,00)) in C([0,T]; Xcabw) for some T' > 0. Thanks
to Lemma again, {(u,,wy)} is bounded in L2(0,T; V') x L?(0,T;V!).
Hence, there exists some (u(t), w(t)) € C([0,T7; Xcab,w) such that, as n — oo,

T T
[ llun(s) = u(s)lFads 0, [ lun(s) = w(s) o ds - 0.
0 0

In particular, by using the Radon—Riesz property, we get |u,(t)|yo —
|u(t)||yo and ||wy(t)|[y0 — ||w(t)|ly0o as n — oo a.e. on [0, 7], which means
that {(u(t),w(t))} is a ds-Cauchy sequence a.e. on [0, 7. Thus, (A3) is valid.

Finally, for any (u,w) € £x([0,00)) and ¢ > 0, using the property of

normal functions, we can infer from (5.1)), (5.4)), (5.8) and (5.13]) that, for

any € > 0, there exists § > 0 such that
lu@) 5o + lw®)fo < luto)llfo + [lho(to) o + e,

for almost every to in (¢ — 6,¢). This implies that (A2) holds.
The readers can consult the analogous results in [I5, Lemma 5.7|. =

Using Lemma and [I5, Theorem 3.7|, [32], Theorems 3.6 and 3.12|, we
get the following result.

THEOREM 5.3. Assume that fo satisfies (5.3)) and I > 5/4. Let Ex; be the
evolutionary system of ([2.5)) with forces in X and let Ex; is its closure. Then:

(i) The weak uniform global attractor A% and the weak trajectory attrac-
tor A2 for with forces fo erist. A is the maximal invariant and
mazimal quasi-invariant set with respect to the closure Ex of the corre-
sponding evolutionary system Ex. Additionally,

Ay = wuw(Xeab) = ws(Xeap) = {(u(0), w(0)) : (u,w) € £},
Ay = K = {(u(-), w())lpc) * (u,w) € K},
AL =65 (1) = {(u(t),w(t)) : (u,w) €AY}, Ve >0.

Moreover, 2 satisfies the finite weak uniform tracking property and is
weakly equicontinuous on [0, 00).
(ii) Purthermore, if fo is normal in L (R; V'=Y) and every complete trajec-
tory of Ex; is strongly continuous, then the weak global attractor Ag 18
a strongly compact strong global attractor AZ, and the weak trajectory
attractor Qlf is a strongly compact strong trajectory attractor QISE More-
over, AT = IT, K satisfies the finite strong uniform tracking property and

is strongly equicontinuous on [0, 00).

~ We will now consider another evolutionary system of (2.5 with forces in
2 as follows:
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Ex([r,00)) == {(u(-),w(:)) : (u(-),w(-)) is a weak solution on |7, c0)
with f € X and (u(t), w(t)) € Xcap, Vt € [1,0)}, TER,
Es((—00,00)) := {(u(-),w(-)) : (u(-),w(-)) is a weak solution on (—oo, c0)
with f € X and (u(t),w(t)) € Xcap, Vt € (—00,00)}.
We can also define the evolutionary system €5 which is called the closure
of £5. We see that £x C €5 and E5 is closed.

Due to the closedness of X, the arguments in Lemma are still valid
if we substitute ¥ for X. The arguments in Lemma are still valid if we
substitute €5 for £x (see also [12, Lemma 8.6], [15, Lemmas 5.7 and 6.2]
and [32]). This implies that we can get analogous results to Theorem [5.3| for
the evolutionary system 5. We obtain the existence and the tracking prop-
erties of the weak uniform global attractor Az the weak trajectory attractor
21> the strongly compact strong global attractor AZ and the strongly com-
pact strong trajectory attractor 9182 .

As indicated in |15, [32], the attractors may not satisfy the minimality
property. So, the attractors for €5 might be bigger than those for £y in
Theorem [5.3] Therefore, we have an interesting question: Are the attractors
AT, AT and A,E , QlZ identical? The answer may be negatlve if the weak
solution of (2.5)) is not unique. The answer is affirmative if (2.5 is well-posed.

This means that the attractors satisfy the minimality property if uniqueness
does hold. This is the content of Theorem

Following Theorem we deduce that the system (2.5 is unique and
1 € Cloe([1,00); V0) for any 7 € R. The proof of Theorem is immediate

by applying [32, Theorems 3.24 and 3.25].

6. Proofs of Theorems [3.3| and [3.4]

6.1. Proof of Theorem [3.3] Denote d := v — v and g := w — h. These
satisfy the following system:

A d+v A% d+w x d+g x v+aP{ (™ —1)u— (" —1)0} = 0,
(6.1) < Org+vA¥g+B(d,w)+B(v,9) — B(w,d) - B(g,)
+aP,{("" —1)w— (M —1)n} = 0.
We deduce from that d(t)gQ(t) =0 and g(t)gQ(t) = 0. By applying 4,
to (6.1]) we see that
A+ vA?Ad + Ay(w x d) + Ay(g x v)
+adg{( " = 1u— (!~ 1)o} =0,
A9+ AP Aug + Ay(d- Vw) + Ay(v - Vg) — Ay(w - Vd)
— Ay(g- Vo) + aA (" = 1)w — (! —1)n} = 0.

(6.2)
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We take the L? inner product of equation (6.2); with A,d and equation
(6.2)2 with Ayg, and integrating by parts and using

Vu=V-v=V-w=V-h=0,

we have
1d 2 1y 2
(63) 5 —lldgl 7y + vllA'dgFag) + § Ag(w x d)dy da
T
+ S Aq(g x v)dgdz + as Aq((ebwr —Du — (e — 1)v)dg dz = 0,
T T
1d 2 L2
64) 5 Igulacey + VGl ary + | A(d - Vur)gy
T
+ S Ag(v-Vg)ggdx — S Ag(w - Vd)gqdx — S Aq(g-Vv)g,dx
T T T
+a S Aq((eb‘w‘T — 1w — (e — 1)h)gq dz = 0.

T

Integrating in time, taking the ¢2-norm of the sequence in (6.3 and using

Lemma we deduce that

t
1 1
65) SO} — 5IdM)Fe +v | 140 dr

to

t t

SZHAq(w xd)dqdaz’dT—i— | ZHAq(gxu)dqu dr
to g>0 T to q>0 T

t t

= \ndr+ | Ldr

to to

AN

We first estimate the term ;. Using Bony’s paraproduct implies

00 00 0o
wxd= ngm—2de+zmed§m—2+Zmedm’

m=0 m=0 m=0

where Wy, = Wpn—1 + Wy + Wpt1. Therefore,

Agwx d) =Y Ag(wem—2 x dm)

m=0
o9

+ Y Ag(wm X dem2) + > Ag(@m X dn).
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We use the triangle inequality and Lemma [2.3] to decompose I; as follows:

LY > |§Awen- x dn)dyde)

q20]g—m|<1 T

T Z E ’ S Ag(wm x d<pm—2)dy d:c‘

q20 |g—m|<1 T
+3 % ’ [ Ag(@m x din)d, dx(

920 |g—m|<1 T

=: 111 + L + Ii3.

We will estimate the above terms in turn. We use the convention that (Q, m—
2] is empty if m — 2 < Q. It follows from ({3.1) that

(6.6) [wmll oo (my S covdg A0 Ym > Q.

By using Proposition , Hoélder’s inequality, and Young’s inequality,
we can estimate I as follows:

=% > |4 wen-sx dn)d,da]

q>0 |g—m|<1 T

= > Y |V Awemos x dn)d, daf

¢>Q+1[g—m|<1 T

Y Y llwgum-gllzeomldmllz2emylldgll z2ery

q2Q+1 [g—m|<1

[ B )
Z Z COVAJ At ldm |l 2y 1dgll 22 (T)
¢>Q+1 Q<p<m—2<g-1

z ! 16yl -l
Sav Y, > Mnlldimll 2y Mgl dall 2 m Ay A o A o Aty
q>Q+1 Q<p<m—2<g—1

Scv Y > Al dm | 2 AL gl 22y
q>2Q+1 Q<p<m—2<g—1

Seov Y AmldmlZam +eor D A dgl7e.
m>Q+1 q>Q+1

A

N

The terms I15 and I;3 are now estimated using a similar strategy:

=% % ’ | Ag(wm x dems)d, dx‘

4>0|g—m|<1 T

-y ¥ HAq(wmxdgm_z)dqd:c‘

92Q+1|g—m|<1 T
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S D) Mwmllzeemld@um—g 2 gl r2er)
q>Q+1|g—m|<1
I+0y1—1-6
Y > oA A 1 dpll L2y ldgl 22 ()
q>Q+1 Q<p<m—2<g—1
l l Iy—1y—1 -1 -0
< v Z Z Alldpll 2 A gl 2y 2" A A Lo At Ao

qZQ+1 Q<p<m—2<g—1

< cov Z Z ALl | 22 ey b l1dgll z2¢my
> Q+1 Q<p<q—1

1 l
Seov D NdplZamy +eor D A [dglFaem.
p>Q+1 q>Q+1
and

= 3 ) | Ag(@m x dim)d, dx‘

¢>0|g—m|<1 T

=3 Y |1 A@n x du)d, do)

92Q+1|g—m|<1 T

S0 N@mllpoo ) Idmllzem gl z2emy

q>Q+1|g—m|<1

146\ 1—1—0
<)) > covAG A i1 I 2 (gl 2y
2Q+1 Q<m—2<q—1

A

Scv Y Y AnldmllmAglldglzm 2 AN A

¢>Q+1 Q<m—2<g—-1

Sav Y, > AulldmllzemAldgl 2y

¢>Q+1 Q<m—2<g—-1
l [
Scov Y Nhldmlam +eov Y A dglFa -
m>Q+1 q>Q+1

Next, we estimate the term I5. Using Bony’s paraproduct implies

o0 o oo
g><v:Zggm—2X”m+29mx’”£m—2+zgmxgm’

m=0 m=0 m=0

where Uy, = Up—1 + U + Uppr1. Therefore,

Aq(g xv) = Z Ay(g<m—2 X vm)

m=0
o9

+ > Ag(gm X v<m—2) + Z Ay(Gm X ).

m=0 m=0
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We use the triangle inequality and Lemma [2.3] to decompose Iy as follows:

LY Y |1 Augcm2 x vn)dy deo|

q>0 |g—m|<1 T

30 [ Adgm x vem-2)dyda

q>0|g—m|<1 T
NS N[PA

420 |g—m|<1 T

=: Io1 + Ioo + Ios.

We will estimate the above terms in turn. Again we use the convention that
(Q,m — 2] is empty if m — 2 < Q. It follows from (3.1)) that

(6.7) [vmllLoe(m) S coy)\g‘s)\fglf‘s, Ym > Q.

By using Proposition (6.7), Holder’s inequality and Young’s inequality,
we have

In=> > H ¢(g<m—2 X vp)dy d:r)

q>0 |g—m|<1 T

= Z Z H ¢(G<m—2 X vm)dyg dx’

¢>Q+1|g—m|<1 T

S Y Y l@m-gllzzm lomll Loy ldgll z2ery

q2Q+1 |g—m|<1

146 1—1—5
Y > corAg M 0 llgpll 2y 1dgl| 22 my
q>Q+1 Q<p<m—2<g—1
< v Z Z A gpll 2em AL gl 2 emyA 1)\_ Q>‘q A Q

2 Q+1 Q<p<m—2<q-1

< cov Z Z A llgpll p2emy AL gl r2ry

¢>Q+1Q<p<qg—1

! !
S v Z /\Z HgPH%Q(T) + cov Z )\2 HdQH%Q(’H‘)v
p>Q+1 q>Q+1

IQQZZ Z H q(Gm X V<m—2)dyg da:)

q>0|qg—m|<1 T

= Z Z H (Gm X v<m—2)dq dw‘

q2Q+1]g—m|<1 T

ST lgmlremllvgum—2ll oo gl 2ery

92Q+1 |g—m|<1

and

AN
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> > l1vpll oo (ry | gmll 2Tyl dgll 2 ()

3> Q+1 Q<p<m—2<q—1

> > G A llgmlla e ldgll ooy

2 Q+1 Q<p<m—2<q-1

1 1 -6 l l
S,COV Z Z )‘mHgm||L2(11‘))‘quqHL2('ﬂ‘)/\ 1)\17 Q>‘q p/\m Q
q2Q+1 Q<p<m—2<g—1

Sav Y. > Allgmllrzm A ldgll 2

> Q+1 Q<m—2<g—-1

Scov Y, Amlgmllizy +eov Y Alldgll e
m>Q+1 q>Q+1

and

]23—2 Z H q(Gm X Um)dy dx‘

q>01]g—m|<1 T

=3 [V Adgm x )y d

¢>Q+1|g—m|<1 T

S Z Z [0m || oo (my | gm L2y | dg | 2T

q>Q+1 [g—m|<L1

4 1
N Z Z )‘H >‘lmJlr1 ||9m”L2(’J1‘)quHL2(T)
¢>Q+1Q<m—2<q—-1

Seov 3 D MallgmlzmMldgllzam2 T AN A
q2Q+1Q<m—2<q—1

< cov Z Z Al gmllz2em Ayl dgll p2ry

> Q+1Q<m—2<q—1

I !
Scov Y Allgmlizm +eor Y A dgll7ae)
m>Q+1 >Q+1

Integrating in time, taking the ¢2-norm of the sequence in (6.4 and using
Lemma we deduce that

t
1 1
68)  Slg®lEe — Sloto)a+v | 14'9(r) 30 dr

S §Z‘§Aq(d'vw>%dfc!;f+ § > |§ A Vo)g, da| dr

tog>0 T >0 T
t

+SZHA w - Vdqufﬁ‘dT—{— Z‘ q(g- Vuquaz‘dT
tog>0 T tog>0 T

t t t t

=\ Jidr+ | dr + \ Jsdr + | Jydr.

to to to to
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Estimating J1. We use Bony’s paraproduct to obtain

d-Vw = idgm_2~vwm+ idm'vwgm_g—l— f;a“m.wm,

m=0 m=0 m=0

where Hm =dpy—1 + dim + dpy1. Thus,

Ag(d-Vw) = Ag(d<m-2 - Vivm)
m=0

o0 oo
+ > Agdm - Vircm-2) + Y Ag(dpn - V).
= m=0
Using the triangle inequality and Lemma we can estimate J; as follows:

J=3" 112, Vuw)g, da:’
q>0 T

<Z Z H (d<m—2 - Vwm)qu:p)

q20|g—m|<1 T

T Z Z ‘ S Ag(dm - Vwem—2)9q d:c‘

q>0 |g—m|<1 T
50 D[ EYCR Y

920 |g—m|<1 T

=:Jn + Jig + Ji3.

We will estimate the above terms in turn. By using Proposition ,
Holder’s inequality and Young’s inequality, we have

Jll—z Z H (d<m—2 - Vwm)qux)

¢20|g—m|<1 T

Z Z H (d<m—2 - Vwm)quaz‘

T nSGh lg=m|<1 T

Z Z Hd(Q,m72]HLQ(T))‘memHL‘”(T)HQQHLQ(’H‘)

m>Q+2 |g—m|<1

< cov Z Z )\g6>\£ﬁé\|gq||L2(Tr) Z dpllz2(T)

m2Q+2 |g—m|<1 Q<p<m—2
l -1
Sav Y > MladeeAdaile Y Mlblemrle
m2>Q+2 |g—m|<1 Q<p<m—2
l l
Seov D0 Nllgallzery D2 Mlldsllzzn
q>Q+1 Q<p<q—1

[ !
Scov D Al ey +eov Y A ldpl7acr
q>Q+1 q>Q+1
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and

Jig = Z Z ‘ SAq(dm - Vw<m—2)9q dm‘

q20|g—m|<1L T

Z Z ‘ S Ag(dm - Vw<m—2)9q d:z:‘

m>Q+2|g—m|<1 T

Z Z HdeLZ(T)”vw(Q,mfﬂHLOO(’JI‘)HQQHB(’H‘)

m>Q+2|g—m|<1

+ > D ldnllzemIVwsoliLeomI9qll z2cmy

m>Q+2 |g—m|<1

YD ldmliemyllgglezm D

m>Q+2 |g—m|<1 Q<p<m—2

+ Z Z AL Nl dil| 2 ’]I‘))‘lHQQHB(’IF

m>Q+2 |g—m|<1

S Y MldulemAbllglmAniayt S

Q<p<m-—2

m>Q+2 |g—m|<1

+ D0 AldmlZam A IV o<l e
m>Q+2

!
+ D MlgallizmyAg I Vw<oll Lo my
q>Q+1

Scv Yo Y Alldmllzzem Allggllzen

m>Q+2 |g—m|<1

l
+ Y AmlldmllZamAd® IVwzll(r)
m>Q+2

+ Z Agl\|9q”%2(1r))\292l||Vw§QHL°o(T)
q>Q+1

D

Seov Y MhldmlFam +cov D A lgall iz

m>Q+1 q>Q+1

and

Ji3 = Z Z ‘ S m - VWm)dq dx‘

20 |g—m|<1 T

Z Z ||am||L2(’]1‘)||Vwm||L°°(T)||gq”L2(T)

m>Q+1 Q<g<m+1

>y S ldpllreer

m>Q+1 Q<g<m+1 m—1<p<m-+1

Apllwpl| Lo ()

33

A IIVw<gl o (m)

co 1/)\5“s )\5)_5

-1
)\m_
Q<p<m—2<g—1

l 1
)‘q p)‘p Q

PN
covAG A 1 9q | 2y
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Seov Y, D Aodlod YL IdpllzamyAllgellza

m>Q+1 Q<g<m+1 m—1<p<m-+1
Scov Y AmldmllFem +eor Y N lgal7ae)
m>Q+1 q>Q+1

Estimating Jo. We use Bony’s paraproduct to obtain

o0 o0 o0
v-Vg= ngm_g-ng—l— va-Vggm_g—l— Zﬁm-ng,

m=0 m=0 m=0

where Uy, = vp—1 + Uy + V1. Thus,

A4(0-V9) = 3 Ayfvem-2- Van)

m=0
[ee] oo
+ Z Aq(vm : vg§m72) + Z Aq(ﬁm : v.gm)
m=0 m=0
Using the triangle inequality and Lemma [2.3] we can estimate J; as follows:
Jo = Z’ (v-Vg)gq d:c’
>0 T

<Z Z H (v<m—2 - ng)qux’

q>0 |g—m|<1 T

+Z Z H (v - Vg<m— 2)qua:‘

q>0 |g—m|<1 T
Y S [§aun T

920 ]g-m|<1L T

=: Jo1 + Jog + Jos.

We will estimate the above terms in turn. By using Proposition (6.7)),
Holder’s inequality and Young’s inequality, we have

Jo1 = Z Z ) S Aq(v<m—2 - Vgm)gq dw‘

¢>0 |g—m|<1 T

S Z Z ‘ SAQ(USm—2 : VQm)gq dx‘

¢>Q+1|g—m|<1 T

S Y Y Iv@m—gllzemAmligmll 2 llgqll z2en)
¢>Q+1 [g—m|<1

+ > > llveellemMnllgmllamllggll2r)

92Q+1|g—m|<1
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Z Z Amllgm 2 (my l9q | 2 ¢m) Z |vpll Lo (T)

¢>Q+1 |g—m|<1 Q<p<m—2

+ Z Z HUSQHLOO(T))‘MHQWHH(’H‘)ngHLQ(T)

q2Q+1 |g—m|<1

> > oA llgmllzaem A lggll p2em A T ATIAG AL
q>Q+1 Q<p<m—2<qg—1

+ > > cov Aol gm | r2em Allgqll z2emy A AL TAG
¢>Q+1 Q<p<m—2<g—1

> > cov A lgm 2y A gall z2em A E 5 A oA, 2o Ae
¢>Q+1 Q<p<m—2<g-1

1 ! ! !
+ > > gl mAn oA oo

> Q+1 Q<p<m—2<g—1

< cov Z /\mngHLz + cov Z >‘2l||gmHL2
>Q+1 m>Q+1

and

JQQ—Z Z H (Um - Vg<m— g)qul"

q>0|g—m|<1 T

S5 DD DI | TSI S

¢>Q+1|g—m|<1 T

S D D MmlliemIVa@m—2llzmllgqll 2er)
¢>Q+1[g—m|<1

I—1—-6\1+6
SO>S Y X N N llgpllraeny lgall 2
¢>Q+1 Q<p<m—2<qg—1
l l ) l l
<Y Y N llglemNllgllzmA oA iy

>Q+1 Q<p<m—2<g—1
< cov Z )\mngHLz + cov Z )\ZIHQpHm
>Q+1 p>Q+1
and

Joz = Z Z H (Vm - Vgm)gq dw‘

@>0|g—m|<1 T

Z Z H (U - ng)qu:v‘

qZQ-H lg—m|<1 T

Z Z Omll Loo () IV gm | 2 () 1991 L2 (T)

92Q+1 |g—m|<1
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51+
> > cov Xt 1°AG Al gmll 2y I 9all L2y
¢>Q+1Q<m—2<g—1

S Y arNalgmllzmMlsleminor

q>Q+1 Q<m—2<g—1

! !
< cov Z Y ||9q||%2(1r) + cov Z )‘?TLHQTTLH%Q(T)
>Q+1 m>Q+1

Estimating Js. We use Bony’s paraproduct to obtain

w-Vd = iwgm_g -Vd,, + iwm‘Vdgm_g—k i@m‘Vdm,

m=0 m=0 m=0

where Wy, = W1 + Wy + Wpe1. Thus,

Ag(w-Vd) =" Ag(wem—2 - Vi)
m=0

[ee] oo
+ ) Ag(wp - Vdam—a) + > Ag(in - Vdp).
m=0 m=0

Using the triangle inequality and Lemma we can estimate Js3 as follows:

Jg—Z’ (w - Vdqux’
q>0 T

S Y [T Awsms- Vdn)g dal

q>0|g—m|<1 T

+Z Z H (W, - Vd<pm— 2)qu:c‘

¢>0]g—m|<1 T

303 | A @ - Tdi)g, da

¢>0 |g—m|<1 T
=: J31 + J3a + J33.

We will estimate the above terms in turn. By using Proposition ,
Holder’s inequality and Young’s inequality, we have

a=> > HAq(wSm_g-Vdm)quw‘

420 |g—m|<1 T

> > [T Adwen-s Van)g,da

92Q+1|g—m|<1 T
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> lw@umegllem IVdmll 2emllgqll 2 emy

q2Q+1 [g—m|<1

+ Z Z lw<@llzoe ()l Vdm |l 2¢r) |9l 2 ()

q>Q+1 |g—m|<1

> > |wpl oo (ry Am | dm || 2 (1 | 9g | 2y

7> Q+1 Q<p<m—2<q—1

+ > Y llwllzooem Amlldm l r2emy lggll 2y

q>Q+1 |g—m|<1

16146
> > cov Xy NG Am | dunl 22 (1) 19 | 220y
>Q+1 Q<p<m—2<g—1

+ >0 Y A8 Amlldmlreenyllggll 2oy

¢>Q+1 [g—m|<1

> Y andldnlemN At

¢>Q+1 Q<p<m—2<q—1

+ ) > A ldmllzzm A llggll Lz AT oA L ode
q>Q+1 |g—m|<L1

Seov Y MhldmlFam +cov D A lgall iz

and

J32

and

m>Q+1 q>Q+1

- Z Z ‘ S Ag(wr, - Vd<m—2)gq d:c‘

q20|g—m|<1 T

Z Z ‘ SAq(wm - Vd<m—2)g4 da:‘

¢2Q+1[g—m|<1 T

ST Nwamllpem IVd@um-2ll 2 l19qll 2cr)

q2Q+1 |g—m|<1

Z Z Col/)\iﬁl_a/\gﬂs)\p||dp||L2(T)ng”L?(Tr)

¢2Q+1 Q<p<m—2<q-1

5
> > cov ALl dpll 2em Agllgall L2my Ao A 6
q>Q+1 Q<p<m—2<qg—1

Sawv D> MdlZemy +cov D AT 9allzz
p>Q+1 q=>Q+1

J33—Z Z H - Vd,, )qua:‘

¢>0]g—m|<1 T

ST N@mllpeom IVdml z2em) I ggll z2m)

92Q+1 |g—m|<1

A N A

N

I+1y—1
)‘q

m

37
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5145
> > A AT Amlldml 2 eny llgall 22y
q>Q+1 Q<m—2<g—1

> > oAl lldmllzzm A llgall 2 mAn Xl o
>Q+1 Q<m—2<g—1

Scov Y Aggllbeiy + v > A ldmlFam
>Q+1 m>Q+1

Estimating Jy. We use Bony’s paraproduct to obtain

[e.@] o o
9-VU=> gim-2-VUm+ ¥ Gm Vcm 2+ D Gm- Vom,

m=0 m=0 m=0

where Em = gm—1 T+ Gm + Gm+1- Thus,

Aqlg - Vo) =Y Ag(gzm—2 - V)

m=0
+ Z Aq(gm - V<m—2) + Z Ag(Gm - Vo).
m=0 m=0

Using the triangle inequality and Lemma we can estimate Jy as follows:

J4—Z‘ J(g- V) qux‘
q>0 T

S [V Aelgzm s Yoy da

q>0]g—m|<1 T

+Z Z H (gm - Vu<m— Q)qu:c‘

q>0|g—m|<1 T
SO S EYCRL SRS
420 |g—m[<1 T

=:Jy + Jag + Ju3.

We will estimate the above terms in turn. By using Proposition (6.7)),
Holder’s inequality and Young’s inequality, we have

Z Z H (9<m—2 - VUp)gq dx

420 |g—m|<1 T

Yo D lg@m-gl2m | Vomll e llggll 2 cr)

7>Q+1 |g—m|<1

Z Z COV)‘Z(;)‘S_(SHQPHL?(T)”gq||L2(11‘)

q>Q+1 Q<p<m—2<qg—1
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Yoo Y annlmlemAldmAnl oA oMt

> Q+1 Q<p<m—2<q—1

< cov Z /\%|9q’\%2(11‘)+00’/ Z )\zl”ng%%T)
q>Q+1 p>Q+1

Jyg = Z Z H q(gm - Vo< 2)qu$}

and

q>0 |g—m|<1 T

Z Z H (gm - Vogm— g)qul"

qZQ+1 [g—m|<1 T

S gmleemIVo@um-2)ll o mlgall 2 ery

¢>Q+1 |g—m|<1

+ Z Z gmllz2() [ Vv<@) | oo (1)l 9gll 22T

¢>Q+1 |g—m|<1

Z Z COV)\é_é)\géHQmHH(T)”9q||L2(T)

>Q+1 Q<p<m—2<q—1

+ Z Z CoVA Hgm”L2(1r ng”m(?r

q>Q+1 |g—m|<L1

Z Z CoV)\ lgm |2 ’Jl‘)>‘ ng||L2(’J1‘ p— Q>‘

q>Q+1 Q<p<m—2<q-1

+ 3 Y cordalgmlzmAlgdll e mAn- ot o
q>Q+1|g—m|<1

1
< cov Z A2 HgmHLz (T) T Co¥ Z )\2 ||gq||L2 (T)
m>Q+1 >Q+1

Jyz = Z Z H ¢(Gm - va)qux‘

q>0|g—m|<1 T

Z Z H (Gm - va)qux‘

qZQ+1 lg—=m|<1 T

Z Z Gm | L2(m) [ Vol Loo () | 9l 22 (T)

q>Q+1 [g—m|<1

N
S Y A2 9wl Igall ey
Q+1<m<g+1

S Y cordalgmlamAlgallam Al oA

Q+1<m<qg+1

Seor S N gmlar + v S A2 gqlZaem
m>Q+1 >Q+1

l
m—p

Q

l

l
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We deduce from the above estimates that
6.9 L+L+Ji+Jo+J5+Jy
< cov Z A HdeL2(T + cov Z A Hgm”L2(T

m>Q+1 m>Q+1
<Cer Y AlldmlFz +Coov D> Amllgmlizm
m>Q+1 m>Q+1

It follows from (6.5)), and that if we take cg := %, then
@10 + 910

t
S ld(to)lIFo + llg(to)lIFo — v § (1A%A(T) [0 + 14%g(r)[[F0) dr

o~
(=)

t
S ldto)lFo + lgtto)lvo — v § (IA(D)F0 + I9()130) dr
to

for all tg < ¢. Thus

1D 150 + 9@ 50 S {ldo)Fro + lg(to) [0 }Hle™ ")
for all £y < t. Let tg — —oo to complete the proof of Theorem

6.2. Proof of Theorem The proof can be obtained by repeating
the same arguments as in the proof of Theorem and taking the limit as
t tends to infinity. Due to the length of the paper, we omit the details.
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