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Asymptotic behavior of solutions for the velocity-vorticity
model of the three-dimensional generalized Navier–Stokes

equations with exponential damping

Le Tran Tinh

Abstract. We propose the velocity-vorticity model of the three-dimensional (3D)
generalized Navier–Stokes equations with exponential damping terms and then study the
asymptotic behavior of solutions in a periodic bounded domain. First, we study the global
well-posedness using the Faedo–Galerkin approximation method. Then, we investigate the
asymptotic behavior of weak solutions via attractors and their properties using the theory
of the evolutionary system which was recently developed by Cheskidov, Foias and Lu.
Finally, we investigate determining wavenumbers.

1. Introduction. In this work, we will study the asymptotic behavior
of solutions for the velocity-vorticity model of the three-dimensional (3D)
generalized Navier–Stokes equations with exponential damping determined
by 

∂tu+ν(−∆)lu+w×u+a(eb|u|r −1)u+∇p = f,

∂tw+ν(−∆)lw+(u ·∇)w−(w ·∇)u+a(eb|w|r −1)w+∇η = ∇×f,
∇·u = ∇·w = 0.

(1.1)

Here, u = u(t, x) = (u1(t, x), u2(t, x), u3(t, x)) represents the fluid velocity
vector field, w = w(t, x) = (w1(t, x), w2(t, x), w3(t, x)) plays the role of vor-
ticity (but we do not assume w = ∇× u), p = p(t, x) and η = η(t, x) denote
the scalar pressure and the Lagrange multiplier at the point (t, x) ∈ R+×T,
(−∆)l is the l-fractional Laplacian, f(t, x) is the external body force, ν > 0
is the constant kinematic viscosity, a is the positive damping coefficient, the
exponents b and r are nonnegative constants, and the terms a(eb|u|r − 1)u
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and a(eb|w|r − 1)w are damping terms that parameterize the extra dissipa-
tion occurring in the planetary boundary layer (see, e.g., [51] and references
therein).

It is well-known that the fractional power of the Laplacian and the damp-
ing term are very helpful from a mathematical point of view. Dissipation cor-
responding to the fractional power of the Laplacian can, in principle, arise
from modeling real physical phenomena. The fractional diffusion operators
can model anomalous diffusion and have now been widely used in turbu-
lence modeling to control the effective range of nonlocal dissipation (see,
e.g., [1, 8, 20, 22, 26, 35, 36] and references therein). The damping term
can be interpreted as resistance to motion and describes various physical
situations such as porous media flow, drag, or friction effects, etc. (see, e.g.,
[9, 43, 51] and references therein). Recently, exponential damping was first
used in [3] by J. Benameur (see also, e.g., [4, 6, 7, 42] for more details).

Recently, researchers have found that the velocity-vorticity formulation
of the 3D Navier–Stokes equations yields excellent numerical results for flows
with strong rotation. This formulation is as follows:

∂tu− ν∆u+ w × u+∇p = f,

∂tw − ν∆w + (u · ∇)w − (w · ∇)u+∇η = ∇× f,

∇ · u = ∇ · w = 0.

(1.2)

If l = 1 and b = 0, then (1.1) also reduces to (1.2). To the best
of our knowledge, the system (1.2) was introduced in [23]. The steady
velocity-vorticity system (1.2) was analyzed in [37] in the case of no-slip
velocity boundary conditions. However, the global well-posedness and the
long-time behavior of solutions for (1.2) are open issues. Therefore, the
Voigt-regularization has been used with the velocity-vorticity formulation
by A. Larios et al. [30] and they have obtained the velocity-vorticity-Voigt
(VVV) model determined by

(I − α2∆)∂tu− ν∆u+ w × u+∇p = f,

∂tw − ν∆w + (u · ∇)w − (w · ∇)u+∇η = ∇× f,

∇ · u = ∇ · w = 0.

Some results on VVV and related models have been studied in [30, 44, 50].
In [30], A. Larios et al. only proved the global well-posedness and convergence
properties of the system. In [50], G. Yue and J. Wang have also considered
the VVV model as in [30], but added the damping term λw to the second
equation. They proved the existence of global and exponential attractors of
the three-dimensional VVV system. In [44], N. D. Toan has also considered
the VVV model with damping as in [50], but added the memory terms to
both equations.
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We are also interested in turbulence, where the fluid dynamic equations
may involve nonlocal effects, anomalous diffusion, and strong rotation. To the
best of our knowledge, studying the global well-posedness and the asymptotic
behavior of solutions of (1.1) are open issues. Motivated by the results on
the 3D generalized Navier–Stokes equations and related models (see, e.g.,
[18, 19, 27, 34, 42, 46, 48, 47, 52]), our goal for studying (1.1) is mainly
mathematical and to understand how the nonlinear exponential damping
terms affect the global well-posedness and the asymptotic behavior of the
weak solutions for the system (1.1).

The paper is organized as follows. In Section 2, we recall the functional
setting and preliminaries. In Section 3, we present the main results of the
paper. In Sections 4, we prove the global well-posedness results using the
Faedo–Galerkin approximation method. In Section 5, the long-time behavior
of solutions is investigated via attractors and their properties using the the-
ory of the evolutionary system which was recently developed by Cheskidov,
Foias and Lu in [12, 13, 14, 15, 32]. In Section 6, we study the determining
wavenumbers.

Throughout this paper, we denote by A ≲
∑n

i=1Bi an estimate of the
form A ≤

∑n
i=1 ciBi with some positive constants ci. We also use ∥ · ∥X as

the notation of norm in the normed space X.

2. Functional setting and preliminaries. We consider (1.1) on a
bounded domain in R3. In fact, the most practically important boundary
conditions are no-slip and no-penetration conditions on the solid boundaries
of the fluid domain (see, e.g., [21, 37, 49]). Due to simplicity and lack of
natural boundary conditions, we work on the torus, i.e., the spatial vari-
able x = (x1, x2, x3) ∈ T := [−π, π]3 and periodic boundary conditions are
assumed. Therefore, all functions are periodic in each xi, i = 1, 2, 3, with
period 2π. If we restrict ourselves to dealing with initial data and f with
vanishing spatial averages, then the solutions will also have this property.

We will now provide some preliminary background material (see, e.g.,
[5, 30]) that is used throughout this paper.

(i) Let v : R3 → R3 be divergence-free, periodic, and have zero spatial
averages. It can be represented as follows:

v :=
∑
k∈J

vkϕk with vk ∈ C3, v∗k = v−k, vk · k = 0 ∀k ∈ J,

where ϕk = eik·x and J = Z3 \ {0}.
(ii) Let F be the space of formal Fourier series{

v :=
∑
k∈J

v̂kϕk : v̂k ∈ C3, ϕk = eik·x
}
.



4 L. T. Tinh

We then define V as the space of divergence-free trigonometric polynomials
consisting of all v ∈ F such that k · v̂k = 0 for all k ∈ J and v̂k = 0 for all
but finitely many values of k ∈ J .

(iii) For s ∈ R, we define

Hs :=
{
v ∈ F : ∥v∥2Hs :=

∑
k∈J

|vk|2|k|2s <∞, v̂∗k = v̂−k and v̂0 = 0
}
,

and

V s :=
{
v :=

∑
k∈J

vkϕk : vk ∈ C3, v∗k = v−k, vk · k = 0, ϕk = eik·x

and
∑
k∈J

|vk|2|k|2s <∞
}
.

These spaces are Hilbert spaces with the scalar product

⟨u, v⟩V s :=
∑
k∈J

uk · v−k|k|2s.

We also see that V s is the closure of V in Hs with respect to the ∥ · ∥Hs

norm. For simplicity, we use the notation ⟨·, ·⟩ to denote the scalar product
in V 0 and also the dual pairing of V s-V −s, given by ⟨u, v⟩ :=

∑
k∈J uk · v−k.

(iv) We recall the following embeddings, interpolation, and inequalities.
We have the compact embedding V s+ε ↪→↪→ V s for any ε > 0. Let s1 ≤ s2
and v ∈ V s2 . We have

(2.1) ∥v∥V s1 ≲ ∥v∥V s2 .

If s1 ≤ s2 and s = γs1 + (1− γ)s2, 0 ≤ γ ≤ 1, then

∥v∥V s ≲ ∥v∥γV s1∥v∥
1−γ
V s2 for all v ∈ V s2 .

If 0 ≤ s < 3/2 and 1/p ≥ 1/2− s/3, then the continuous embedding V s ↪→
Lp(T) holds and

∥v∥Lp(T) ≲ ∥v∥V s for all v ∈ V s.

If s = 3/2, then

∥v∥Lp(T) ≲ ∥v∥V s for any finite p and all v ∈ V s.

If s > 3/2, then

∥v∥L∞(T) ≲ ∥v∥V s for all v ∈ V s.

(v) The linear operator Λ = (−∆)1/2 is defined as follows:

Λv :=
∑
k∈J

|k|vkϕk with v =
∑
k∈J

vkϕk, ϕk = eik·x,
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and its powers Λs are determined by

Λsv :=
∑
k∈J

|k|svkϕk.

Therefore, (−∆)s = Λ2s and Λs preserves the divergence-free condition. It
follows from the construction that Λs maps V α onto V α−s and

∥v∥V s = ∥Λsv∥V 0 .

In particular, Λs maps V s onto V 0 for all s > 0, so D(Λs) = V s. Denote by
Pσ : L2(T) → V 0 the Leray–Helmholtz orthogonal projection operator. We
have PσΛ

s = ΛsPσ.

(vi) Let u, v, w ∈ V. We define the bilinear form

B(u, v) := Pσ{(u · ∇)v},
and the trilinear form

b(u, v, w) :=
�

T

3∑
i,j=1

ui
∂vj
∂xi

wj dx.

(vii) We denote by Πn the finite-dimensional projectors onto V 0 which
are determined by

Πnv :=
∑

0<|k|≤n

vkϕk for v =
∑
k∈J

vkϕk and ϕk = eik·x,

and
Bn(u, v) := ΠnB(u, v).

In the following results, we recall certain relevant properties and inequalities
of b (see, e.g., [5, 16, 28, 29]).

Lemma 2.1. Let u, v, w ∈ V. Then

(a) b(u, v, v) = 0,
(b) b(u, v, w) = −b(u,w, v),
(c) b(u− v, u, u− v) = b(u, u, u− v)− b(v, v, u− v).

This result may be extended to larger spaces by the density of V in V σ

for the appropriate values of σ such that the trilinear forms are continuous.
The following proposition is taken from [25, Proposition 2.5] (see also,

e.g., [2]).

Proposition 2.2. The trilinear form b : V σ1×V σ2×V σ3 → R is bounded
provided that all of the following conditions hold:

(a) σ1 + σ2 + σ3 > 5/2,
(b) σ1 + σ2 ≥ s,
(c) σ2 + σ3 ≥ 1,
(d) σ1 + σ3 ≥ 1− s,
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for some s ∈ {0, 1}. If the last three conditions are satisfied and if σi is a
nonpositive integer for some i ∈ {1, 2, 3}, then “>” in (a) can be replaced
by “≥”. The nonstrict inequality is also allowed if for some s ∈ {0, 1},

σ1 ≥ 0, σ2 ≥ s, σ3 ≥ 1− s.

(viii) For an integer j ≥ 0, we set Aj to be the 2j-sized block of 3D
integer lattice points,

Aj := {k = (k1, k2, k3) ∈ Z3 : |km| ≤ 2j , m = 1, 2, 3}.
We define the localized Fourier projection operators by

∆0f(x) :=
∑
k∈A0

f̂(k)eik·x,(2.2)

∆jf(x) :=
∑

k∈Aj\Aj−1

f̂(k)eik·x, j ≥ 1, j ∈ N.(2.3)

For notational convenience, we also write ∆j = 0 for j < 0. With a slight
abuse of notation, we set

Sjf(x) :=

j∑
m=0

∆mf(x) =
∑
k∈Aj

f̂(k)eik·x.(2.4)

In terms of these operators, we can write the Littlewood–Paley decomposi-
tion for any f ∈ Lp(T) with 1 < p ≤ ∞ as follows:

f(x) =
∞∑

m=0

∆mf(x).

The following lemma presents useful basic properties of the operators
defined above (see, e.g., [17, 24, 42, 45] for more details).

Lemma 2.3. Let j ≥ 0 be an integer. Let ∆j and Sj be defined as in
(2.2)–(2.4). Then the following properties hold:

(a) If f ∈ Lp(T) with 1 < p ≤ ∞, then

∥∆jf∥Lp(T) ≲ ∥f∥Lp(T), ∥Sjf∥Lp(T) ≲ ∥f∥Lp(T),

where the constants depend only on p and d.
(b) Let h, j ≥ 0 be integers. Assume f ∈ Lp(T) with 1 < p ≤ ∞. Then,

∆h∆jf = 0 if h ̸= j.

(c) Let j,m≥ 0 and n≥ 1 be integers. Assume f, g ∈Lp(T) with 1<p≤∞.
Then, if |m− j| ≥n, we have

∆j(Sm−nf∆mg) = 0 and ∆j(∆mf∆̃mg) = 0,

where
∆̃mg = ∆m−n+1g +∆m−n+2g + · · ·+∆m+n−1g.
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We also have the following Bernstein-type inequalities for ∆j (see, e.g.,
[17, Proposition 2.8]).

Proposition 2.4. Let ∆j and Sj be defined as in (2.2)–(2.4). Then the
following properties hold:

(a) Let σ ≥ 0 and 1 ≤ q ≤ p ≤ ∞. Assume f ∈ Lp(T). Then

∥∆jΛ
σf∥Lp(T) ≲ 2σj+3j(1/q−1/p)∥∆jf∥Lq(T),

∥Sjf∥Lp(T) ≲ 23j(1/q−1/p)∥Sjf∥Lq(T).

(b) Let σ ≥ 0, j ≥ 0, and 1 ≤ p ≤ ∞. Assume f ∈ Lp(T). Then there exist
positive constants C1 and C2 (depending on p) such that

C12
σj∥∆jf∥Lp(T) ≲ ∥∆jΛ

σf∥Lp(T) ≲ C22
σj∥∆jf∥Lp(T).

Appealing to the periodic setting and the projection operator Pσ, we can
rewrite (1.1) in the following abstract form:

∂tu+νΛ
2lu+Pσ{w×u}+aPσ{(eb|u|

r −1)u} = Pσf,

∂tw+νΛ2lw+B(u,w)−B(w, u)+aPσ{(eb|w|r −1)w} = Pσ{∇×f},
∇·u = ∇·w = 0.

(2.5)

Our system should be supplemented with L2 initial data:

u(τ, x) = uτ (x), w(τ, x) = wτ (x).

Let us define the weak solutions to (2.5) with the L2 initial data (uτ , wτ ).

Definition 2.5. Let ν, l, a, b be positive real parameters and let r ≥ 1.
For f ∈ L2

loc(R;V 1−l), uτ , wτ ∈ V 0 and a fixed T > τ , a weak solution
of (2.5) is a pair of functions (u,w) satisfying

u ∈ L∞(τ, T ;V 0) ∩ L2(τ, T ;V l) ∩ Gr
b (τ, T ;L

1(T)) ∩ Cw([τ, T ];V
0),(2.6)

w ∈ L∞(τ, T ;V 0) ∩ L2(τ, T ;V l) ∩ Gr
b (τ, T ;L

1(T)) ∩ Cw([τ, T ];V
0),(2.7)

where

(2.8) Gr
b (τ, T ;L

1(T)) := {u : [τ, T ]× T → R3 measurable,

(eb|u|
r − 1)|u|2 ∈ L1(τ, T ;L1(T))}.

Moreover, for any t ∈ [τ, T ] and γ > max {5/2− l, l}, it satisfies (u(τ), w(τ))
= (uτ , wτ ) and

(2.9) ⟨u(t), φ⟩+ ν

t�

τ

⟨Λlu(s), Λlφ⟩ ds+
t�

τ

⟨w(s)× u(s), φ⟩ ds

+ a

t�

τ

⟨(eb|u(s)|r − 1)u(s), φ⟩ ds = ⟨uτ , φ⟩+
t�

τ

⟨f(s), φ⟩ ds
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for a.e. t ∈ [τ, T ], φ ∈ V γ ∩ L∞(T), and

(2.10) ⟨w(t), ψ⟩+ ν

t�

τ

⟨Λlw(s), Λlψ⟩ ds+
t�

τ

⟨B(u(s), w(s)), ψ⟩ ds

−
t�

τ

⟨B(w(s), u(s)), ψ⟩ ds+ a

t�

τ

⟨(eb|w(s)|r − 1)w(s), ψ⟩ ds

= ⟨wτ , ψ⟩+
t�

τ

⟨∇ × f(s), ψ⟩ ds,

for a.e. t ∈ [τ, T ], ψ ∈ V γ ∩ L∞(T).

Remark 2.6. In the weak formulations above, we see that the trilinear
terms are well-defined. Indeed, it is easily deduced that γ > max {5/2−l, l} ≥
5/4 > 1, and it follows from Lemma 2.1 and Proposition 2.2 that

|⟨B(u,w), ψ⟩| = |b(u, ψ,w)| ≲ ∥u∥V l∥ψ∥V γ∥w∥V 0 ,

|⟨B(w, u), ψ⟩| = |b(w,ψ, u)| ≲ ∥w∥V 0∥ψ∥V γ∥u∥V l .

Lemma 2.7. Let l > 0 and γ = max {5/2 − l, l}. Assume that w ∈ V 0,
u ∈ V l and φ ∈ V γ. Then

|⟨w × u, φ⟩| ≲ ∥w∥V 0∥u∥V l∥φ∥V γ .

Proof. By employing suitable inequalities, interpolation, and embeddings,
the proof is done case by case:

Case 1: l ≥ 3/2. We deduce that γ = max {5/2 − l, l} = l ≥ 3/2.
Therefore,

|⟨w × u, φ⟩| ≲ ∥w∥L2(T)∥u∥L3(T)∥φ∥L6(T) ≲ ∥w∥V 0∥u∥V l∥φ∥V γ .

Case 2: 5/4 ≤ l < 3/2. We deduce that γ = max {5/2 − l, l} = l ∈
[5/4, 3/2) and 6

3−2l ∈ (12,+∞). Since V l ↪→ L
6

3−2l (T), we get

|⟨w × u, φ⟩| ≲ ∥w∥L2(T)∥u∥L3(T)∥φ∥L6(T)

≲ ∥w∥L2(T)∥u∥
L

6
3−2l (T)

∥φ∥
L

6
3−2l (T)

≲ ∥w∥V 0∥u∥V l∥φ∥V γ .

Case 3: 1 < l < 5/4. We deduce that γ = max {5/2− l, l} = 5/2− l ∈
(5/4, 3/2). Since V l ↪→ L

6
3−2l (T) ↪→ L

6
5−2l (T) and V γ ↪→ L

6
2l−2 (T), we get

|⟨w × u, φ⟩| ≲ ∥w∥L2(T)∥u∥
L

6
5−2l (T)

∥φ∥
L

6
2l−2 (T)

≲ ∥w∥V 0∥u∥V l∥φ∥V γ .

Case 4: 0 < l ≤ 1. We deduce that γ = max {5/2 − l, l} = 5/2 − l ∈
[3/2, 5/2). Since V l ↪→ L

6
3−2l (T) and V γ ↪→ L

6
2l (T), we get

|⟨w × u, φ⟩| ≲ ∥w∥L2(T)∥u∥
L

6
3−2l (T)

∥φ∥
L

6
2l (T)

≲ ∥w∥V 0∥u∥V l∥φ∥V γ .
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Lemma 2.8. Let b be a positive real parameter and let r ≥ 1. If (u,w) is
a weak solution of (2.5) determined by Definition 2.5, then

(eb|u|
r − 1)u ∈ L1(τ, T ;L1(T)) and (eb|w|r − 1)w ∈ L1(τ, T ;L1(T)).

Proof. Indeed, we define

Ω := [τ, T ]× T,
Ω1 := {(t, x) ∈ [τ, T ]× T : 0 < |u(t, x)| < 1},
Ω2 := {(t, x) ∈ [τ, T ]× T : |u(t, x)| ≥ 1}.

We then have

(2.11)
�

Ω

(eb|u(s)|
r − 1)|u(s)| dx ds =

�

Ω1∪Ω2

(eb|u(s)|
r − 1)|u(s)| dx ds

=
�

Ω1

(eb|u(s)|
r − 1)|u(s)| dx ds+

�

Ω2

(eb|u(s)|
r − 1)|u(s)| dx ds

=
�

Ω1

eb|u(s)|
r − 1

|u(s)|
|u(s)|2 dx ds+

�

Ω2

1

|u(s)|
(eb|u(s)|

r − 1)|u(s)|2 dx ds

≲Mbr

�

Ω1

|u(s)|2 dx ds+
�

Ω2

(eb|u(s)|
r − 1)|u(s)|2 dx ds

≲Mbr(T − τ)∥u∥L∞(τ,T ;V 0) +
�

Ω

(eb|u(s)|
r − 1)|u(s)|2 dx ds

≲Mbr(T − τ)∥u∥L∞(τ,T ;V 0) + ∥(eb|u|r − 1)|u|2∥L1(τ,T ;L1(T)),

where

Mbr := sup
0<t≤1

ebt
r − 1

t
<∞

for r ≥ 1, b > 0. This implies that (eb|u|r − 1)u ∈ L1(τ, T ;L1(T)). Repeating
the above arguments, we prove the above result for w.

Lemma 2.9. Let b be a positive real parameter; let r ≥ 1. If (eb|u|r−1)|u|2
∈ L1(τ, T ;L1(T)), then u ∈

⋂∞
k=1 L

rk+2(τ, T ;Lrk+2(T)).

Proof. Set s = b1/r|u|. The proof is completed if we can show that, for
each positive integer k, there exists a finite positive constant Ck such that

srk+2 ≲ Ck(e
sr − 1)s2

for all s ∈ [0,∞). We will consider two cases.
In the case of s ∈ [1,∞), by induction, for each positive integer k, we

have

lim
s→+∞

srk

esr
= 0.
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Therefore, there exists a finite positive constant Ck such that srk ≲ Cke
sr .

On the other hand, if s ≥ 1, then e−1
e es

r
s2 ≤ (es

r − 1)s2. Thus,

srk+2 ≲ Cke
srs2 ≲ Ck(e

sr − 1)s2.

For s ∈ [0, 1), we have

es
r − 1 =

∞∑
k=1

srk

k!
.(2.12)

Since s ∈ [0, 1), we infer from (2.12) that sr ≲ es
r − 1. Therefore, for each

positive integer k,
srk+2 ≲ sr+2 ≲ (es

r − 1)s2.

In particular, we also have the following important inequalities for expo-
nential damping (see, e.g., [6, Lemma 2.3]).

Lemma 2.10. Assume that b, r > 0. Then there exists a positive constant
c1 such that for all x, y ∈ R3,(
(eb|x|

r − 1)x− (eb|y|
r − 1)y

)
· (x− y) ≥ c1|x− y|2

(
(eb|x|

r − 1) + (eb|y|
r − 1)

)
.

Let us recall the following strong continuity result in time (see, e.g., [5,
Lemma 6]).

Lemma 2.11. If u ∈ L2(τ, T ;V s+h) and du
dt ∈ L2(τ, T ;V s−h) for s ∈ R

and h > 0, then u ∈ C([τ, T ];V s) and

d

dt
∥u(t)∥2V s = 2

〈
Λ−hdu

dt
(t), Λhu(t)

〉
V s

.

Let us recall the following weak continuity result in time (see, e.g., [5,
Lemma 7]).

Lemma 2.12. Let X and Y be Banach spaces such that Y ↪→ X with a
continuous injection. Then

L∞(τ, T ;Y ) ∩ Cw([τ, T ];X) = Cw([τ, T ];Y ).

Let us recall some types of functions that we will need when studying
the long-time dynamical behavior of solutions via attractors (see, e.g., [10,
11, 33, 31]).

Definition 2.13. Let B be a reflexive separable Banach space.

(i) A function φ ∈ L2
loc(R;B) is said to be translation bounded in L2

loc(R;B),
written φ ∈ L2

b(R;B), if

sup
t∈R

t+1�

t

∥φ(s)∥2B ds <∞.
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(ii) A function φ ∈ L2
loc(R;B) is said to be normal in L2

loc(R;B), written
φ ∈ L2

n(R;B), if for any ϵ > 0 there exists δ > 0 such that

sup
t∈R

t+δ�

t

∥φ(s)∥2B ds ≤ ϵ.

(iii) A function φ ∈ L2
loc(R;B) is said to be translation compact in L2

loc(R;B),
written φ ∈ L2

c(R;B), if the closure of {φ(s+ h) : h ∈ R} is compact in
L2
loc(R;B).

Theorem 2.14 ([33, Section 4]).

(i) L2
n(R;B) is a closed subspace of L2

b(R;B).
(ii) L2

c(R;B) is a closed subspace of L2
b(R;B).

(iii) L2
c(R;B) is a proper closed subset of L2

n(R;B).
We also need the following Grönwall inequality (see, e.g., [38, 39, 41]):

Assume that φ : [τ, T ] → R is differentiable and satisfies the differential
inequality

d

dt
φ ≤ g(t)φ+ h(t)

for g continuous and h locally integrable. Then

φ(t) ≤ φ(τ)eG(t) +

t�

τ

eG(t)−G(s)h(s) ds,

where G(t) =
	t
τ g(r) dr. In particular, if

d

dt
φ ≤ βφ+ γ,

where β and γ are constants, then

φ(t) ≤ φ(τ)eβ(t−τ) +
γ

β
(eβ(t−τ) − 1).

3. Main results. The first purpose of this paper is to establish the
global well-posedness of the weak solutions to (2.5). This is the content of
the following theorem.

Theorem 3.1. Let ν, l, a, b and r be positive real parameters with
l, r ≥ 1. Then for f ∈ L2

loc(R;V 1−l), uτ , wτ ∈ V 0 and a fixed T > τ ,
the system (2.5) has a global weak solution obeying Definition 2.5 with the
initial condition (uτ , wτ ). Furthermore, the global weak solution is unique
and depends continuously on the initial data.

The second purpose of this paper is to investigate the long-time dynam-
ical behavior of solutions to (2.5) via attractors. The main results in this
context are provided in the following theorem.
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Theorem 3.2. Assuming that f0 satisfies (5.3) below and that l ≥ 5/4,
let EΣ be the evolutionary system of (2.5) with forces in Σ and let ĒΣ be
its closure. Denote by EΣ̄ the evolutionary system of (2.5) with forces in Σ̄.
Thus, EΣ and EΣ̄ are closed evolutionary systems with uniqueness, and then
the following results hold:

(1) The three weak uniform global attractors AΣ
w , ĀΣ

w and AΣ̄
w for the evolu-

tionary systems EΣ, ĒΣ and EΣ̄, respectively, exist. They are the maximal
invariant and maximal quasi-invariant sets with respect to EΣ̄ and satisfy

AΣ
w = ĀΣ

w = AΣ̄
w = {(u(0), w(0)) : (u,w) ∈ EΣ̄((−∞,∞))}.

(2) The three weak trajectory attractors AΣ
w , ĀΣ

w and AΣ̄
w for the evolutionary

systems EΣ, ĒΣ and EΣ̄, respectively, exist and satisfy

AΣ
w = ĀΣ

w = AΣ̄
w = Π+

⋃
σ∈Σ̄

Eσ((−∞,∞)).

Hence, they satisfy the finite weak uniform tracking property for all three
evolutionary systems and are weakly equicontinuous on [0,∞).

(3) AΣ
w , ĀΣ

w and AΣ̄
w are sections of AΣ

w , ĀΣ
w and AΣ̄

w :

AΣ
w = ĀΣ

w = AΣ̄
w = AΣ

w (t) = ĀΣ
w (t) = AΣ̄

w (t)

= {(u(t), w(t)) : (u,w) ∈ AΣ̄
w}, ∀t ≥ 0.

(4) If f0 is normal in L2
loc(R;V 1−l), then AΣ

w , ĀΣ
w and AΣ̄

w are strongly
compact strong uniform global attractors. Furthermore, AΣ

w , ĀΣ
w and AΣ̄

w

are strongly compact strong trajectory attractors. Moreover, AΣ
w , ĀΣ

w and
AΣ̄

w satisfy the finite strong uniform tracking property and are strongly
equicontinuous on [0,∞).

Finally, we study the finite uniform tracking property of attractors by
determining wavenumbers. Due to the length of the paper, we only con-
sider (2.5). Let (u,w) and (v, h) be two weak solutions to (2.5). We define
the determining wavenumber in the following way:

(3.1) N l
u(t) := min

{
λq = 2q : λ−α+1+δ

p λ−α−δ
q ∥up∥L∞(T) ≲ c0ν, ∀p > q,

and λ−2α
q

q∑
j=0

λj∥uj∥L∞(T) ≲ c0ν, q ∈ N
}
,

where 0 < δ < α is a fixed (small) parameter, and c0 is a dimensionless
constant that depends only on l and λq, and up = ∆pu is the pth Littlewood–
Paley projection of u. We are now ready to state our main results.

Theorem 3.3. Let ν, l, a, b and r be positive real parameters with
l, r ≥ 1. Assume that (u,w) and (v, h) are two weak solutions to (2.5) on the
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weak global attractor A. Let N (t) := max {N l
u(t),N l

v(t),N l
w(t),N l

h(t)} and
Q(t) be such that N (t) = λQ(t). If

u(t)≤Q(t) = v(t)≤Q(t), w(t)≤Q(t) = h(t)≤Q(t), ∀t < 0,(3.2)

then
u(t) = v(t), w(t) = h(t), ∀t ≤ 0.

Theorem 3.4. Under the hypotheses of Theorem 3.3,

lim
t→∞

∥u(t)− v(t)∥V 0 = 0,

lim
t→∞

∥w(t)− h(t)∥V 0 = 0.

4. Proof of Theorem 3.1. The existence of a weak solution of (2.5) is
obtained via using the Galerkin approximation method. Therefore, we only
outline the main points here.

(i) Existence. We consider sequences un = Πnu and wn = Πnw solving
the following system:

(4.1)


∂tun+νΛ

2lun+ΠnPσ{wn×un}+aΠnPσ{(eb|un|r−1)un} = ΠnPσf,

∂twn+νΛ
2lwn+Bn(un, wn)−Bn(wn, un)

+aΠnPσ{(eb|wn|r−1)wn} = ΠnPσ{∇×f},

with the initial condition

un(τ) = Πnuτ , wn(τ) = Πnwτ .

Obviously, un(τ) and wn(τ) strongly converge in V 0 to uτ and wτ , respec-
tively.

We take the L2 inner product of equation (4.1)1 with un, and keeping in
mind that ⟨wn × un, un⟩ = 0, we obtain

1

2

d

dt
∥un(t)∥2V 0 +ν∥un(t)∥2V l +a∥(eb|un|r −1)|un|2∥L1(T)=⟨f(t), un(t)⟩

≲∥f(t)∥V −l∥un(t)∥V l ≲∥f(t)∥V 1−l∥un(t)∥V l ≲
ν

2
∥un(t)∥2V l +

1

2ν
∥f(t)∥2V 1−l ,

where we have used (2.1) and the Cauchy–Schwarz inequality. Therefore,

d

dt
∥un(t)∥2V 0 + ν∥un(t)∥2V l + 2a∥(eb|un(t)|r − 1)|un(t)|2∥L1(T) ≲

1

ν
∥f(t)∥2V 1−l .

(4.2)

Note that ∥uτ∥2V 0 and
	t
τ ∥f(s)∥

2
V 1−l ds are bounded. Integrating (4.2) in time
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from τ to t, we obtain

(4.3) ∥un(t)∥2V 0 + ν

t�

τ

∥un(s)∥2V l ds+ 2a

t�

τ

∥(eb|un(s)|r − 1)|un(s)|2∥L1(T) ds

≲ ∥uτ∥2V 0 +
1

ν

T�

τ

∥f(s)∥2V 1−l ds =:MT .

It follows from (4.3) and Lemma 2.9 that the sequence {un} is uniformly
bounded in

L∞(τ, T ;V 0) ∩ L2(τ, T ;V l) ∩
∞⋂
k=1

Lrk+2(τ, T ;Lrk+2(T)),

and

∥un∥L∞(τ,T ;L∞(T)) <∞.(4.4)

We take the L2 inner product of equation (4.1)2 with wn, and keeping in
mind Lemma 2.1 and using integration by parts, we obtain

(4.5)
1

2

d

dt
∥wn(t)∥2V 0 + ν∥wn(t)∥2V l + a∥(eb|wn(t)|r − 1)|wn(t)|2∥L1(T)

= b(wn(t), un(t), wn(t)) + ⟨∇ × f(t), wn(t)⟩.
We have

|b(wn(t), un(t), wn(t))| = |b(wn(t), wn(t), un(t))|(4.6)
≲ ∥wn(t)∥L2(T)∥∇wn(t)∥L2(T)∥un(t)∥L∞(T)

≲ ∥wn(t)∥V 0∥wn(t)∥V l∥un(t)∥L∞(T)

≲
ν

4
∥wn(t)∥2V l +

1

ν
∥un(t)∥2L∞(T)∥wn(t)∥2V 0 ,

⟨∇ × f(t), wn(t)⟩ ≲ ∥∇ × f(t)∥V −l∥wn(t)∥V l(4.7)
≲ ∥f(t)∥V 1−l∥wn(t)∥V l

≲
ν

4
∥wn(t)∥2V l +

1

ν
∥f(t)∥2V 1−l .

We deduce from (4.5)–(4.7) that

(4.8)
d

dt
∥wn(t)∥2V 0 + ν∥wn(t)∥2V l + 2a∥(eb|wn(t)|r − 1)|wn(t)|2∥L1(T)

≲
2

ν
∥f(t)∥2V 1−l +

2

ν
∥un(t)∥2L∞(T)∥wn(t)∥2V 0 .

Eliminating ν∥wn(t)∥2V l and 2a∥(eb|wn(t)|r − 1)|wn(t)|2∥L1(T) in (4.8) yields

(4.9)
d

dt
∥wn(t)∥2V 0 ≲

2

ν
∥un(t)∥2L∞(T)∥wn(t)∥2V 0 +

2

ν
∥f(t)∥2V 1−l .
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We have

G(t) :=
2

ν

t�

τ

∥un(s)∥2L∞(T) ds ≲
2

ν
∥un∥2L∞(τ,T ;L∞(T))(T − τ),(4.10)

G(t)−G(s) :=
2

ν

t�

s

∥un(r)∥2L∞(T) dr ≲
2

ν
∥un∥2L∞(τ,T ;L∞(T))(T − τ).(4.11)

Using (4.3), (4.4), (4.10), (4.11) and the Grönwall inequality, we deduce
from (4.9) that

∥wn(t)∥2V 0 ≲ ∥wτ∥2V 0e
2
ν
∥un∥2L∞(τ,T ;L∞(T))(T−τ)

+
2

ν
e

2
ν
∥un∥2L∞(τ,T ;L∞(T))(T−τ)

t�

τ

∥f(s)∥2V 1−l ds =: NT .

Integrating (4.8) in time from τ to t, we obtain

(4.12) ∥wn(t)∥2V 0+ν

t�

τ

∥wn(s)∥2V l ds+2a

t�

τ

∥(eb|wn(s)|r−1)|wn(s)|2∥L1(T) ds

≲ ∥wτ∥2V 0+
2

ν

t�

τ

∥f(s)∥2V 1−l ds+
2

ν

t�

τ

∥un(s)∥2L∞(T)∥wn(s)∥2V 0 ds

≲ ∥wτ∥2V 0+
2

ν

T�

τ

∥f(s)∥2V 0 ds+
2NT

ν

T�

τ

∥un(s)∥2L∞(T) ds

≲ ∥wτ∥2V 0+2MT+
2NT ∥un∥2L∞(τ,T ;L∞(T))

ν
(T−τ) =: PT .

We infer from (4.12) and Lemma 2.9 that the sequence {wn} is uniformly
bounded in

L∞(τ, T ;V 0) ∩ L2(τ, T ;V l) ∩
∞⋂
k=1

Lrk+2(τ, T ;Lrk+2(T)).

We deduce from (4.1) that
∂tun = −νΛ2lun −ΠnPσ{wn × un} − aΠnPσ{(eb|un|r − 1)un}+ΠnPσf,

∂twn = −νΛ2lwn −Bn(un, wn) +Bn(wn, un)

− aΠnPσ{(eb|wn|r − 1)wn}+ΠnPσ{∇ × f}.

Setting γ0 := max {3, 2l, γ} we see that γ ≤ γ0. Since L1(T) ↪→ V −γ0 , we
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deduce that

(4.13)
t�

τ

∥(eb|un(s)|r − 1)|un(s)|∥V −γ0 ds

≲
t�

τ

∥(eb|un(s)|r − 1)|un(s)|∥L1(T) ds

≤Mbr(T − τ)∥un∥L∞(τ,T ;V 0) + ∥(eb|un|r − 1)|un|2∥L1(τ,T ;L1(T)),

where we have used formula (2.11). We infer from (4.13) that (eb|un|r − 1)un
∈ L1(τ, T ;V −γ0). Hence, (eb|wn|r − 1)wn ∈ L1(τ, T ;V −γ0). We infer from
the construction that Λ2lun ∈ L2(τ, T ;V −l) ⊂ L1(τ, T ;V −γ0) and Λ2lwn ∈
L2(τ, T ;V −l)⊂L1(τ, T ;V −γ0). We find from Lemma 2.7 thatΠnPσ{wn×un}
∈ L1(τ, T ;V −γ0). It then follows from Remark 2.6 that Bn(un, wn) and
Bn(wn, un) belong to L1(τ, T ;V −γ0). Since f ∈ L2

loc(R;V 0), we infer that
ΠnPσf and ΠnPσ{∇ × f} also belong to L1(τ, T ;V −γ0). Therefore, ∂tun
and ∂twn are bounded uniformly in L1(τ, T ;V −γ0). Since

V l ∩
∞⋂
k=1

Lrk+2(T) ↪→↪→ V 0 ↪→ V −γ0 ,

and

V l ∩
∞⋂
k=1

Lrk+2(T) ↪→↪→ V l̄ ↪→ V −γ0 ,

for some l̄ ∈ (0, l) such that l̄ + γ ≥ 5/2. We deduce from the Aubin–
Lions Lemma (see [40]) that the sequences {un} and {wn} are compact in
L2(τ, T ;V 0) and so we can extract subsequences, still denoted by un and
wn, respectively, such that

un ⇀ u weakly in L2(τ, T ;V l),(4.14)

un ⇀ u weakly in Lrk+2(τ, T ;Lrk+2(T)) for any positive integer k,(4.15)

wn ⇀ w weakly in L2(τ, T ;V l),(4.16)

wn ⇀ w weakly in Lrk+2(τ, T ;Lrk+2(T)) for any positive integer k,(4.17)

un ⇀
∗ u weakly star in L∞(τ, T ;V 0),(4.18)

wn ⇀
∗ w weakly star in L∞(τ, T ;V 0),(4.19)

un → u strongly in L2(τ, T ;V 0),(4.20)

un → u strongly in L2(τ, T ;V l̄)(4.21)

wn → w strongly in L2(τ, T ;V 0),(4.22)
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wn → w strongly in L2(τ, T ;V l̄),(4.23)

Pσ{wn × un}⇀ Pσ{w × u} weakly in L2(τ, T ;V −γ),(4.24)

B(un, wn)⇀ B(u,w) weakly in L2(τ, T ;V −γ),(4.25)

B(wn, un)⇀ B(w, u) weakly in L2(τ, T ;V −γ).(4.26)

Using all convergences (4.14)–(4.26), it is a classical result to pass to the
limit in the variational formulations (2.9) and (2.10), and prove that (u,w)
is the solution of (2.5) and inherits all the regularity from (un, wn), i.e.,

u ∈ L∞(τ, T ;V 0) ∩ L2(τ, T ;V l) ∩ Gr
b (τ, T ;L

1(T)),
w ∈ L∞(τ, T ;V 0) ∩ L2(τ, T ;V l) ∩ Gr

b (τ, T ;L
1(T)),

where Gr
b (τ, T ;L

1(T)) is as in (2.8). In addition, we integrate in time and we
obtain

u(t) = uτ +

t�

τ

[−νΛ2lu(s)− Pσ{w(s)× u(s)}

− aPσ{eb|u(s)|
r − 1)u(s)}+ Pσf(s)] ds,

and

w(t) = wτ +

t�

τ

[−νΛ2lw(s)−B(u(s), w(s)) +B(w(s), u(s))] ds

+

t�

τ

[−aPσ{eb|w(s)|r − 1)w(s)}+ Pσ{∇ × f(s)}] ds.

This implies that u ∈ C([τ, T ];V −γ0) and w ∈ C([τ, T ];V −γ0). In addition,
since u ∈ L∞(τ, T ;V 0) and w ∈ L∞(τ, T ;V 0), we deduce from Lemma 2.12
that (2.6) and (2.7) are satisfied.

(ii) Continuous dependence on the initial data. We will consider the con-
tinuous dependence of weak solutions on the initial data to (2.5), in partic-
ular their uniqueness. Let (u1, w1) and (u2, w2) be solutions to (2.5) with
the same initial data (uτ , wτ ) and the same forcing f on their common time
interval of existence (τ, T ). We define U = u1 − u2 and W = w1 − w2, and
thus (U,W ) satisfies

(4.27)



∂tU + νΛ2lU + Pσ{W × u1 + w2 × U}
+ aPσ{(eb|u1|r − 1)u1 − (eb|u2|r − 1)u2} = 0,

∂tW + νΛ2lW +B(U,w1) +B(u2,W )−B(W,u1)−B(w2, U)

+ aPσ{(eb|w1|r − 1)w1 − (eb|w2|r − 1)w2} = 0,

∇ · U = ∇ ·W = 0, U(·, τ) =W (·, τ) = 0.
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We take the L2 inner product of equation (4.27)1 with U , and keeping in
mind that ⟨w2 × U,U⟩ = 0, we have

(4.28)
1

2

d

dt
∥U(t)∥2V 0 + ν∥U(t)∥2V l + ⟨W (t)× u1(t), U(t)⟩

+ a⟨Pσ{(eb|u1(t)|r − 1)u1(t)− (eb|u2(t)|r − 1)u2(t)}, u1(t)− u2(t)⟩ = 0.

Note that l ≥ 1. Using embeddings and Lemmas 2.9 and 2.10, we have

(4.29) ⟨Pσ{(eb|u1(t)|r − 1)u1(t)− (eb|u2(t)|r − 1)u2(t)}, u1(t)− u2(t)⟩ ≥ 0,

and we can take rk ∈ [0,∞] so that

(4.30) |⟨W (t)× u1(t), U(t)⟩| ≲ ∥W (t)∥V 0∥u1(t)∥Lrk+2(T)∥U(t)∥V l

≲
ν

4
∥U(t)∥2V l +

1

ν
∥u1(t)∥2Lrk+2(T)∥W (t)∥2V 0 .

It follows from (4.28)–(4.30) that

(4.31)
d

dt
∥U(t)∥2V 0 +

3ν

2
∥U(t)∥2V l ≲

2

ν
∥u1(t)∥2Lrk+2(T)∥W (t)∥2V 0 .

We take the L2 inner product of equation (4.27)2 with W , and keeping in
mind Lemma 2.1, we obtain

(4.32)
1

2

d

dt
∥W (t)∥2V 0 + ν∥W (t)∥2V l

+ a⟨Pσ{(eb|w1(t)|r − 1)w1(t)− (eb|w2(t)|r − 1)w2(t)}, w1(t)− w2(t)⟩
= −b(U(t), w1(t),W (t)) + b(W (t), u1(t),W (t)) + b(w2(t), U(t),W (t)).

Using embeddings and Lemmas 2.9 and 2.10 again, we have

(4.33) ⟨Pσ{(eb|w1(t)|r − 1)w1(t)− (eb|w2(t)|r − 1)w2(t)}, w1(t)− w2(t)⟩ ≥ 0,

and we can take rk ∈ [0,∞] so that

|b(U(t), w1(t),W (t))| = |b(U(t),W (t), w1(t))|(4.34)
≲ ∥U(t)∥V 0∥W (t)∥V l∥w1(t)∥Lrk+2(T)

≲
ν

4
∥W (t)∥2V l +

1

ν
∥w1(t)∥2Lrk+2(T)∥U(t)∥2V 0 ,

|b(W (t), u1(t),W (t))| = |b(W (t),W (t), u1(t))|(4.35)
≲ ∥W (t)∥V 0∥W (t)∥V l∥u1(t)∥Lrk+2(T)

≲
ν

4
∥W (t)∥2V l +

1

ν
∥u1(t)∥2Lrk+2(T)∥W (t)∥2V 0 ,

|b(w2(t), U(t),W (t))| ≲ ∥w2(t)∥Lrk+2(T)∥U(t)∥V l∥W (t)∥V 0(4.36)

≲
ν

4
∥U(t)∥2V l +

1

ν
∥w2(t)∥2Lrk+2(T)∥W (t)∥2V 0 .
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It follows from (4.32)–(4.36) that

(4.37)
d

dt
∥W (t)∥2V 0 + ν∥W (t)∥2V l ≲

ν

2
∥U(t)∥2V l

+
2

ν
(∥w1(t)∥2Lrk+2(T) + ∥u1(t)∥2Lrk+2(T) + ∥w2(t)∥2Lrk+2(T))∥W (t)∥2V 0 .

We deduce from (4.31) and (4.37) that

d

dt
(∥U(t)∥2V 0 + ∥W (t)∥2V 0) + ν(∥U(t)∥2V l + ∥W (t)∥2V l)

≲
3

ν
(∥w1(t)∥2Lrk+2(T) + ∥u1(t)∥2Lrk+2(T) + ∥w2(t)∥2Lrk+2(T))

× (∥U(t)∥2V 0 + ∥W (t)∥2V 0).

Applying the Grönwall inequality implies that ∥U(t)∥2V 0 + ∥W (t)∥2V 0 = 0
since U(τ) =W (τ) = 0. Therefore, the proof of Theorem 3.1 is now finished.

5. Proof of Theorem 3.2. In this section, we use the theory of evo-
lutionary systems to study the long-time dynamical behavior of our sys-
tems. Following the ideas in [32, Section 4], [12, Section 8], [15, Sections
5-6], and [13], we first define the strong and weak distances as follows for
u1, u2, w1, w2 ∈ V 0:

ds((u1, w1); (u2, w2)) := ∥u1 − u2∥V 0 + ∥w1 − w2∥V 0 ,

dw((u1, w1); (u2, w2)) :=
∑
k∈J

1

2|k|

(
|u1k − u2k|

1 + |u1k − u2k|
+

|w1k − w2k|
1 + |w1k − w2k|

)
,

where uik and wik are the Fourier coefficients of ui and wi, i = 1, 2, respec-
tively. Note that the weak metric dw induces the weak topology in any ball
in V 0 × V 0.

We now fix an external force f0 ∈ L2
loc(R;V 1−l) that is translation

bounded in L2
loc(R;V 1−l), i.e.,

∥f0∥2b := ∥f0∥2L2
b(R;V 1−l) := sup

t∈R

t+1�

t

∥f0(s)∥2V 1−l ds <∞.

Let L2,w
loc (R;V

1−l) be the space L2
loc(R;V 1−l) endowed with the local weak

convergence topology. Then f0 is translation compact in L2,w
loc (R;V

1−l), i.e.,
the translation family of f0,

Σ := {f0(·+ h) : h ∈ R},

is precompact in L2,w
loc (R;V

1−l) (see, e.g., [11]). Moreover, for all f ∈ Σ, we
get

(5.1) ∥f∥2b ≤ ∥f0∥2b ,
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and, for any positive constant θ and t ≥ τ , we also have

(5.2)
t�

τ

∥f(s)∥2V 1−le
θs ds

≤
t�

t−1

∥f(s)∥2V 1−le
θs ds+

t−1�

t−2

∥f(s)∥2V 1−le
θs ds+ · · ·

≤ ∥f∥2b(1 + e−θ + · · · )eθt ≤ eθ

eθ − 1
∥f∥2beθt ≤

eθ

eθ − 1
∥f0∥2beθt.

In this section, we also assume that f0 satisfies the stronger condition

(5.3) sup
t∈R, h∈R+

t+h�

t

∥f0(s)∥2V 1−l ds ≤ L0 < +∞

for some positive constant L0. Obviously, if f0 satisfies (5.3), then f0 is
translation bounded in L2

loc(R;V 1−l), i.e., h = 1. Moreover, for all f ∈ Σ,
we get

(5.4) sup
t∈R, h∈R+

t+h�

t

∥f(s)∥2V 1−l ds ≤ L0 < +∞.

If f0 is normal in L2
loc(R;V 1−l), then there exists δ > 0 such that

sup
t∈R

t+δ�

t

∥φ(s)∥2V 1−l ds ≤ ϵ for any ϵ > 0.

It follows from Theorem 2.14 that L2
n(R;V 1−l) is a closed subspace of

L2
b(R;V 1−l).

Let Σ̄ be the closure of the translation family Σ of f0 in L2,w
loc (R;V

1−l).
In this case, Σ̄ is compact in L2,w

loc (R;V
1−l). Moreover, Σ̄ is metrizable in

the weak topology, and it is compact with respect to this metric. Hence, it
is weakly sequentially compact (see, e.g., [11]).

We take the L2 inner product of equation (2.5)1 with u, and keeping in
mind that ⟨w × u, u⟩ = 0, we obtain

(5.5)
1

2

d

dt
∥u(t)∥2V 0 +ν∥u(t)∥2V l +a∥(eb|u(t)|

r −1)|u(t)|2∥L1(T) = ⟨f(t), u(t)⟩.

By using the Cauchy–Schwarz inequality, we deduce from (5.5) that

(5.6)
d

dt
∥u(t)∥2V 0 +ν∥u(t)∥2V l +2a∥(eb|u(t)|r −1)|u(t)|2∥L1(T) ≲

1

ν
∥f(t)∥2V 1−l .

By using (2.1) we find that
d

dt
∥u(t)∥2V 0 + ν∥u(t)∥2V 0 ≲

1

ν
∥f(t)∥2V 1−l .
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Therefore,
d

dt
{∥u(t)∥2V 0e

νt} ≲
eνt

ν
∥f(t)∥2V 1−l .

Integrating in time from τ to t, we deduce that

∥u(t)∥2V 0e
νt − ∥u(τ)∥2V 0e

ντ ≲
1

ν

t�

τ

eνs∥f(s)∥2V 1−l ds.

Applying (5.2) and (5.3) implies that

∥u(t)∥2V 0 ≲ ∥u(τ)∥2V 0e
−ν(t−τ) +

L0e
ν

ν(eν − 1)
.

This in turn implies that for any bounded initial condition u(τ), there exist
a positive constant R1 := R1

(
L0eν

ν(eν−1)

)
and a time T1 ≥ 0 independent of the

initial time τ such that

(5.7) ∥u(t)∥2V 0 ≲ R1, for all t ≥ τ1 = τ + T1.

Integrating over any interval [s, t] ⊂ [τ1,∞), we deduce from (5.4), (5.6) and
(5.7) that

∥u(t)∥2V 0 + ν

t�

s

∥u(ξ)∥2V l dξ + 2a

t�

s

∥(eb|u(ξ)|r − 1)|u(ξ)|2∥L1(T) dξ

≲ ∥u(s)∥2V 0 +
1

ν

t�

s

∥f(ξ)∥2V 1−l dξ ≲ R1 +
L0

ν
.

This implies that, for any interval [s, t] ⊂ [τ1,∞), we have

(5.8)
t�

s

∥u(ξ)∥2V l dξ ≲
νR1 + L0

ν2
.

We take the L2 inner product of equation (2.5)2 with w, and keeping in mind
Lemma 2.1 and using integration by parts, we have

(5.9)
1

2

d

dt
∥w(t)∥2V 0 + ν∥w(t)∥2V l + a∥(eb|w(t)|r − 1)|w(t)|2∥L1(T)

= b(w(t), u(t), w(t))− ⟨f(t),∇× w(t)⟩.

We use Proposition 2.2 and l ≥ 5/4 to obtain
(5.10)

|b(w(t), u(t), w(t))| = |b(w(t), w(t), u(t))| ≲ ∥w(t)∥V 0∥w(t)∥V l∥u(t)∥V l .

By using the Cauchy–Schwarz inequality again, we deduce from (5.9) and
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(5.10) that

(5.11)
d

dt
∥w(t)∥2V 0 + ν∥w(t)∥2V l + 2a∥(eb|w(t)|r − 1)|w(t)|2∥L1(T)

≲
2

ν
∥f(t)∥2V 1−l +

2

ν
∥u(t)∥2V l∥w(t)∥2V 0 .

Summing up (5.6) and (5.11), we infer that

(5.12)
d

dt
{∥u(t)∥2V 0 + ∥w(t)∥2V 0}+ ν{∥u(t)∥2V l + ∥w(t)∥2V l}

≲
3

ν
∥f(t)∥2V 1−l +

2

ν
∥u(t)∥2V l{∥u(t)∥2V 0 + ∥w(t)∥2V 0}.

By using (2.1), we deduce from (5.12) that

(5.13)
d

dt
{∥u(t)∥2V 0 + ∥w(t)∥2V 0}

≲

{
2

ν
∥u(t)∥2V l − ν

}
{∥u(t)∥2V 0 + ∥w(t)∥2V 0}+

3

ν
∥f(t)∥2V 1−l .

Applying the Grönwall inequality implies that

(5.14) ∥u(t)∥2V 0 + ∥w(t)∥2V 0

≲ {∥u(τ1)∥2V 0 + ∥w(τ1)∥2V 0}eG(t) +
3

ν

t�

τ1

eG(t)−G(r)∥f(r)∥2V 1−l dr,

where [τ1, t] ⊂ [τ1,∞) and

G(t) =
2

ν

t�

τ1

∥u(r)∥2V l dr − ν(t− τ1).

We use (5.8) to obtain the following estimates:

eG(t) ≲ e−νt+ντ1+
2(νR1+L0)

ν3 ,

and

eG(t)−G(r) = e
2
ν

	t
r ∥u(s)∥

2
V l ds−ν(t−r) ≲ e−νt+νr+

2(νR1+L0)

ν3 .

Therefore, we deduce from (5.14) that

∥u(t)∥2V 0 + ∥w(t)∥2V 0 ≲ {∥u(τ1)∥2V 0 + ∥w(τ1)∥2V 0}e−νt+ντ1+
2(νR1+L0)

ν3

+
3

ν
e−νt+

2(νR1+L0)

ν3

t�

τ1

eνr∥f(r)∥2V 1−l dr.
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Applying (5.2) and (5.3) implies that

(5.15) ∥u(t)∥2V 0 + ∥w(t)∥2V 0 ≲ {∥u(τ1)∥2V 0 + ∥w(τ1)∥2V 0}e−νt+ντ1+
2(νR1+L0)

ν3

+
3L0

ν(eν − 1)
eν+

2(νR1+L0)

ν3 .

We infer from (5.7) and (5.15) that there exists a uniformly absorbing ball
Bs(0, R) ⊂ V 0×V 0, where the radius R depends on ν and L0. Let us denote
Xcab a closed absorbing ball

(5.16) Xcab := {(u,w) ∈ V 0 × V 0 : ∥u∥2V 0 + ∥w∥2V 0 ≤ R2}.
This means that for any bounded set B ⊂ V 0×V 0, there exists a time t ≥ 0,
independent of the initial time τ , such that

(5.17) (u(t), w(t)) ∈ Xcab, ∀t ≥ t1 := τ + t,

for all weak solutions (u(t), w(t)) with f ∈ Σ and the initial time (u(τ), w(τ))
∈ B. It is known thatXcab is weakly compact in V 0×V 0 and metrizable with
the weak metric dw. The weak metric dw induces the weak topology in Xcab.
For any sequence (un, wn) of weak solutions of (2.5) obeying Theorem 3.1
the following result holds.

Lemma 5.1. Assume that (un, vn) is a sequence of weak solutions of (2.5)
with fn ∈ Σ satisfying Theorem 3.1 and (un(t), wn(t)) ∈ Xcab for all t ≥ t1.
Then

• the sequences un and wn are bounded in L2(t1, t2;V
l), Gr

b (t1, t2;L
1(T))

and L∞(t1, t2;V
0),

• d
dtun and d

dtwn are bounded in L1(t1, t2;V
−γ0),

for all t2 ≥ t1, where γ0 := max {3, 2l}.
Moreover, there exists a subsequence (unj , wnj ) that converges to some

solution (u,w) in Cw([t1, t2];V
0)× Cw([t1, t2];V

0), i.e.,

• ⟨unj , ψ⟩ → ⟨u, ψ⟩ uniformly on [t1, t2], as nj → ∞, for all ψ ∈ V 0.
• ⟨wnj , ψ⟩ → ⟨w,ψ⟩ uniformly on [t1, t2], as nj → ∞, for all ψ ∈ V 0.

Proof. The proof can be completed by modifying that of Theorem 3.1.
Therefore, we omit the details here (the readers can consult [15, Lemma 5.4],
[32, Lemma 5.3]).

We now consider the following evolutionary system of (2.5):

EΣ([τ,∞)) := {(u(·), w(·)) : (u(·), w(·)) is a weak solution on [τ,∞)

with f ∈ Σ and (u(t), w(t)) ∈ Xcab, ∀t ∈ [τ,∞)}, τ ∈ R,

EΣ((−∞,∞)) := {(u(·), w(·)) : (u(·), w(·)) is a weak solution
on (−∞,∞) withf ∈ Σ and (u(t), w(t)) ∈ Xcab, ∀t ∈ (−∞,∞)}.
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Clearly, all conditions of an evolutionary system EΣ hold because of the
translation identity, i.e., a weak solution of (2.5) with f ∈ Σ starting at
time τ + h is also a weak solution of (2.5) with f(· + h) ∈ Σ starting at
time τ .

We also define

ĒΣ([τ,∞)) := E([τ,∞))
C([τ,∞);Xcab,w)

, ∀τ ∈ R,
ĒΣ((−∞,∞)) := {(u(·), w(·)) : (u(·), w(·))|[τ,∞) ∈ Ē([τ,∞)), ∀τ ∈ R}.

Then ĒΣ is also an evolutionary system, called the closure of EΣ .
We denote K := EΣ((−∞,∞)) and K̄ := ĒΣ((−∞,∞)); these are called

the kernels of EΣ and ĒΣ , respectively. Set

Π+K := {(u(·), w(·))|[0,∞) : (u,w) ∈ K},
Π+K̄ := {(u(·), w(·))|[0,∞) : (u,w) ∈ K̄}.

Following the ideas in [32, Section 4], [12, Section 8], [15, Sections 5–6]
and [13], we will check that the evolutionary system EΣ of (2.5) satisfies the
following properties:

(A1) EΣ([0,∞)) is a precompact set in C([0,∞);Xcab,w).
(A2) (Energy inequality) For any ε > 0, there exists δ > 0, such that for

every (u,w) ∈ EΣ([0,∞)) and t > 0,

∥u(t)∥2V 0 + ∥w(t)∥2V 0 ≤ ∥u(t0)∥2V 0 + ∥w(t0)∥2V 0 + ε

for a.e. t0 in (t− δ, t).
(A3) (Strong a.e. convergence) Let (un, wn) ∈ EΣ([0,∞)) be such that

(un, wn) is a dC([0,T ];Xcab,w)-Cauchy sequence in C([0, T ];Xcab,w) for
some T > 0. Then (un(t), wn(t)) is a ds-Cauchy sequence a.e. in [0, T ].

We have the following lemma.

Lemma 5.2. Assume that f0 satisfies (5.3). Then the evolutionary system
EΣ of (2.5) with the forces f0 satisfies (A1) and (A3). Moreover, if f0 is
normal in L2

loc(R;V 1−l), then EΣ of (2.5) also satisfies (A2).

Proof. First, we verify that (A1) holds. Indeed, we deduce from Defini-
tion 2.5, Theorem 3.1 and (5.17) that EΣ([0,∞)) ⊂ C([0,∞);Xcab,w). Let
{(un, wn)} be a sequence in EΣ([0,∞)). It follows from Lemma 5.1 that
there exists a subsequence, still denoted by {(un, wn)}, which converges in
C([0, 1];Xcab,w) to some (u1, w1) ∈ C([0, 1];Xcab,w) as n → ∞. Passing to
a subsequence and dropping a subindex once more, we find that this subse-
quence converges in C([0, 2];Xcab,w) to some (u2, w2) ∈ C([0, 2];Xcab,w) as
n → ∞. Note that (u1(t), w1(t)) = (u2(t), w2(t)) on [0, 1]. Continuing this
diagonalization process, we obtain a subsequence {(unj , wnj )} of {(un, wn)}
that converges in C([0,∞);Xcab,w) to some (u,w) ∈ C([0,∞);Xcab,w) as
nj → ∞. Therefore, (A1) holds.
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Next, we prove that (A3) is valid. Take a dC([0,T ];Xcab,w)-Cauchy se-
quence {(un, wn)} ⊂ EΣ([0,∞)) in C([0, T ];Xcab,w) for some T > 0. Thanks
to Lemma 5.1 again, {(un, wn)} is bounded in L2(0, T ;V l) × L2(0, T ;V 1).
Hence, there exists some (u(t), w(t))∈C([0, T ];Xcab,w) such that, as n→∞,

T�

0

∥un(s)− u(s)∥2V 0 ds→ 0,

T�

0

∥wn(s)− w(s)∥2V 0 ds→ 0.

In particular, by using the Radon–Riesz property, we get ∥un(t)∥V 0 →
∥u(t)∥V 0 and ∥wn(t)∥V 0 → ∥w(t)∥V 0 as n → ∞ a.e. on [0, T ], which means
that {(u(t), w(t))} is a ds-Cauchy sequence a.e. on [0, T ]. Thus, (A3) is valid.

Finally, for any (u,w) ∈ EΣ([0,∞)) and t > 0, using the property of
normal functions, we can infer from (5.1), (5.4), (5.8) and (5.13) that, for
any ϵ > 0, there exists δ > 0 such that

∥u(t)∥2V 0 + ∥w(t)∥2V 0 ≤ ∥u(t0)∥2V 0 + ∥w(t0)∥2V 0 + ϵ,

for almost every t0 in (t− δ, t). This implies that (A2) holds.
The readers can consult the analogous results in [15, Lemma 5.7].

Using Lemma 5.2 and [15, Theorem 3.7], [32, Theorems 3.6 and 3.12], we
get the following result.

Theorem 5.3. Assume that f0 satisfies (5.3) and l ≥ 5/4. Let EΣ be the
evolutionary system of (2.5) with forces in Σ and let ĒΣ is its closure. Then:

(i) The weak uniform global attractor AΣ
w and the weak trajectory attrac-

tor AΣ
w for (2.5) with forces f0 exist. AΣ

w is the maximal invariant and
maximal quasi-invariant set with respect to the closure ĒΣ of the corre-
sponding evolutionary system EΣ. Additionally,

AΣ
w = ωw(Xcab) = ωs(Xcab) = {(u(0), w(0)) : (u,w) ∈ K̄},

AΣ
w = Π+K̄ = {(u(·), w(·))|[0,∞) : (u,w) ∈ K̄},

AΣ
w = AΣ

w (t) = {(u(t), w(t)) : (u,w) ∈ AΣ
w}, ∀t ≥ 0.

Moreover, AΣ
w satisfies the finite weak uniform tracking property and is

weakly equicontinuous on [0,∞).
(ii) Furthermore, if f0 is normal in L2

loc(R;V 1−l) and every complete trajec-
tory of ĒΣ is strongly continuous, then the weak global attractor AΣ

w is
a strongly compact strong global attractor AΣ

s , and the weak trajectory
attractor AΣ

w is a strongly compact strong trajectory attractor AΣ
s . More-

over, AΣ
s = Π+K̄ satisfies the finite strong uniform tracking property and

is strongly equicontinuous on [0,∞).

We will now consider another evolutionary system of (2.5) with forces in
Σ̄ as follows:
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EΣ̄([τ,∞)) := {(u(·), w(·)) : (u(·), w(·)) is a weak solution on [τ,∞)

with f ∈ Σ̄ and (u(t), w(t)) ∈ Xcab, ∀t ∈ [τ,∞)}, τ ∈ R,
EΣ̄((−∞,∞)) := {(u(·), w(·)) : (u(·), w(·)) is a weak solution on (−∞,∞)

with f ∈ Σ̄ and (u(t), w(t)) ∈ Xcab, ∀t ∈ (−∞,∞)}.
We can also define the evolutionary system ĒΣ̄ which is called the closure
of EΣ̄ . We see that EΣ ⊂ EΣ̄ and EΣ̄ is closed.

Due to the closedness of Σ̄, the arguments in Lemma 5.1 are still valid
if we substitute Σ̄ for Σ. The arguments in Lemma 5.2 are still valid if we
substitute EΣ̄ for EΣ (see also [12, Lemma 8.6], [15, Lemmas 5.7 and 6.2]
and [32]). This implies that we can get analogous results to Theorem 5.3 for
the evolutionary system EΣ̄ . We obtain the existence and the tracking prop-
erties of the weak uniform global attractor AΣ̄

w , the weak trajectory attractor
AΣ̄
w , the strongly compact strong global attractor AΣ̄

s and the strongly com-
pact strong trajectory attractor AΣ̄

s .
As indicated in [15, 32], the attractors may not satisfy the minimality

property. So, the attractors for EΣ̄ might be bigger than those for EΣ in
Theorem 5.3. Therefore, we have an interesting question: Are the attractors
AΣ

• , AΣ
• and AΣ̄

• , AΣ̄
• identical? The answer may be negative if the weak

solution of (2.5) is not unique. The answer is affirmative if (2.5) is well-posed.
This means that the attractors satisfy the minimality property if uniqueness
does hold. This is the content of Theorem 3.2.

Following Theorem 3.1, we deduce that the system (2.5) is unique and
u ∈ Cloc([τ,∞);V 0) for any τ ∈ R. The proof of Theorem 3.2 is immediate
by applying [32, Theorems 3.24 and 3.25].

6. Proofs of Theorems 3.3 and 3.4

6.1. Proof of Theorem 3.3. Denote d := u− v and g := w−h. These
satisfy the following system:

(6.1)


∂td+νΛ2ld+w×d+g×v+aPσ{(eb|u|

r −1)u−(eb|v|
r −1)v} = 0,

∂tg+νΛ
2lg+B(d, w)+B(v, g)−B(w, d)−B(g, v)

+aPσ{(eb|w|r −1)w−(eb|h|
r −1)h} = 0.

We deduce from (3.2) that d(t)≤Q(t) ≡ 0 and g(t)≤Q(t) ≡ 0. By applying ∆q

to (6.1) we see that

(6.2)


∂t∆qd + νΛ2l∆qd +∆q(w × d) +∆q(g × v)

+ a∆q{(eb|u|
r − 1)u− (eb|v|

r − 1)v} = 0,

∂t∆qg + νΛ2l∆qg +∆q(d · ∇w) +∆q(v · ∇g)−∆q(w · ∇d)

−∆q(g · ∇v) + a∆q{(eb|w|r − 1)w − (eb|h|
r − 1)h} = 0.
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We take the L2 inner product of equation (6.2)1 with ∆qd and equation
(6.2)2 with ∆qg, and integrating by parts and using

∇ · u = ∇ · v = ∇ · w = ∇ · h = 0,

we have

(6.3)
1

2

d

dt
∥dq∥2L2(T) + ν∥Λldq∥2L2(T) +

�

T

∆q(w × d)dq dx

+
�

T

∆q(g × v)dq dx+ a
�

T

∆q

(
(eb|u|

r − 1)u− (eb|v|
r − 1)v

)
dq dx = 0,

(6.4)
1

2

d

dt
∥gq∥2L2(T) + ν∥Λlgq∥2L2(T) +

�

T

∆q(d · ∇w)gq dx

+
�

T

∆q(v · ∇g)gq dx−
�

T

∆q(w · ∇d)gq dx−
�

T

∆q(g · ∇v)gq dx

+ a
�

T

∆q

(
(eb|w|r − 1)w − (eb|h|

r − 1)h
)
gq dx = 0.

Integrating in time, taking the ℓ2-norm of the sequence in (6.3) and using
Lemma 2.10, we deduce that

(6.5)
1

2
∥d(t)∥2V 0 −

1

2
∥d(t0)∥2V 0 + ν

t�

t0

∥Λld(τ)∥2V 0 dτ

≲
t�

t0

∑
q≥0

∣∣∣ �
T

∆q(w × d)dq dx
∣∣∣ dτ + t�

t0

∑
q≥0

∣∣∣ �
T

∆q(g × v)dq dx
∣∣∣ dτ

:=

t�

t0

I1 dτ +

t�

t0

I2 dτ.

We first estimate the term I1. Using Bony’s paraproduct implies

w × d =
∞∑

m=0

w≤m−2 × dm +
∞∑

m=0

wm × d≤m−2 +
∞∑

m=0

w̃m × dm,

where w̃m = wm−1 + wm + wm+1. Therefore,

∆q(w × d) =
∞∑

m=0

∆q(w≤m−2 × dm)

+
∞∑

m=0

∆q(wm × d≤m−2) +
∞∑

m=0

∆q(w̃m × dm).
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We use the triangle inequality and Lemma 2.3 to decompose I1 as follows:

I1 ≲
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(w≤m−2 × dm)dq dx
∣∣∣

+
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(wm × d≤m−2)dq dx
∣∣∣

+
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(w̃m × dm)dq dx
∣∣∣

=: I11 + I12 + I13.

We will estimate the above terms in turn. We use the convention that (Q,m−
2] is empty if m− 2 ≤ Q. It follows from (3.1) that

(6.6) ∥wm∥L∞(T) ≲ c0νλ
l+δ
Q λl−1−δ

m , ∀m > Q.

By using Proposition 2.4, (6.6), Hölder’s inequality, and Young’s inequality,
we can estimate I11 as follows:

I11 =
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(w≤m−2 × dm)dq dx
∣∣∣

=
∑

q≥Q+1

∑
|q−m|≤1

∣∣∣ �
T

∆q(w≤m−2 × dm)dq dx
∣∣∣

≲
∑

q≥Q+1

∑
|q−m|≤1

∥w(Q,m−2]∥L∞(T)∥dm∥L2(T)∥dq∥L2(T)

≲
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

c0νλ
l+δ
Q λl−1−δ

p ∥dm∥L2(T)∥dq∥L2(T)

≲ c0ν
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

λlm∥dm∥L2(T)λ
l
q∥dq∥L2(T)λ

−1
p λ−δ

p−Qλ
−l
m−Qλ

−l
q−p

≲ c0ν
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

λlm∥dm∥L2(T)λ
l
q∥dq∥L2(T)

≲ c0ν
∑

m≥Q+1

λ2lm∥dm∥2L2(T) + c0ν
∑

q≥Q+1

λ2lq ∥dq∥2L2(T).

The terms I12 and I13 are now estimated using a similar strategy:

I12 =
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(wm × d≤m−2)dq dx
∣∣∣

=
∑

q≥Q+1

∑
|q−m|≤1

∣∣∣ �
T

∆q(wm × d≤m−2)dq dx
∣∣∣
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≲
∑

q≥Q+1

∑
|q−m|≤1

∥wm∥L∞(T)∥d(Q,m−2]∥L2(T)∥dq∥L2(T)

≲
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

c0νλ
l+δ
Q λl−1−δ

m ∥dp∥L2(T)∥dq∥L2(T)

≲ c0ν
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

λlp∥dp∥L2(T)λ
l
q∥dq∥L2(T)2

lλ−1
m λ−l

p−Qλ
−l
q+1−mλ

−δ
m−Q

≲ c0ν
∑

q≥Q+1

∑
Q<p≤q−1

λlp∥dp∥L2(T)λ
l
q∥dq∥L2(T)

≲ c0ν
∑

p≥Q+1

λ2lp ∥dp∥2L2(T) + c0ν
∑

q≥Q+1

λ2lq ∥dq∥2L2(T),

and

I13 =
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(w̃m × dm)dq dx
∣∣∣

=
∑

q≥Q+1

∑
|q−m|≤1

∣∣∣ �
T

∆q(w̃m × dm)dq dx
∣∣∣

≲
∑

q≥Q+1

∑
|q−m|≤1

∥w̃m∥L∞(T)∥dm∥L2(T)∥dq∥L2(T)

≲
∑

q≥Q+1

∑
Q<m−2≤q−1

c0νλ
l+δ
Q λl−1−δ

m+1 ∥dm∥L2(T)∥dq∥L2(T)

≲ c0ν
∑

q≥Q+1

∑
Q<m−2≤q−1

λlm∥dm∥L2(T)λ
l
q∥dq∥L2(T)2

l−1−δλ−1
m λ−δ

m−Qλ
−l
q−Q

≲ c0ν
∑

q≥Q+1

∑
Q<m−2≤q−1

λlm∥dm∥L2(T)λ
l
q∥dq∥L2(T)

≲ c0ν
∑

m≥Q+1

λ2lm∥dm∥2L2(T) + c0ν
∑

q≥Q+1

λ2lq ∥dq∥2L2(T).

Next, we estimate the term I2. Using Bony’s paraproduct implies

g × v =

∞∑
m=0

g≤m−2 × vm +

∞∑
m=0

gm × v≤m−2 +

∞∑
m=0

gm × ṽm,

where ṽm = vm−1 + vm + vm+1. Therefore,

∆q(g × v) =

∞∑
m=0

∆q(g≤m−2 × vm)

+
∞∑

m=0

∆q(gm × v≤m−2) +
∞∑

m=0

∆q(gm × ṽm).
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We use the triangle inequality and Lemma 2.3 to decompose I2 as follows:

I2 ≲
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(g≤m−2 × vm)dq dx
∣∣∣

+
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(gm × v≤m−2)dq dx
∣∣∣

+
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(gm × ṽm)dq dx
∣∣∣

=: I21 + I22 + I23.

We will estimate the above terms in turn. Again we use the convention that
(Q,m− 2] is empty if m− 2 ≤ Q. It follows from (3.1) that

(6.7) ∥vm∥L∞(T) ≲ c0νλ
l+δ
Q λl−1−δ

m , ∀m > Q.

By using Proposition 2.4, (6.7), Hölder’s inequality and Young’s inequality,
we have

I21 =
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(g≤m−2 × vm)dq dx
∣∣∣

=
∑

q≥Q+1

∑
|q−m|≤1

∣∣∣ �
T

∆q(g≤m−2 × vm)dq dx
∣∣∣

≲
∑

q≥Q+1

∑
|q−m|≤1

∥g(Q,m−2]∥L2(T)∥vm∥L∞(T)∥dq∥L2(T)

≲
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

c0νλ
l+δ
Q λl−1−δ

m ∥gp∥L2(T)∥dq∥L2(T)

≲ c0ν
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

λlp∥gp∥L2(T)λ
l
q∥dq∥L2(T)λ

−1
m λ−l

p−Qλ
−l
q−mλ

−δ
m−Q

≲ c0ν
∑

q≥Q+1

∑
Q<p≤q−1

λlp∥gp∥L2(T)λ
l
q∥dq∥L2(T)

≲ c0ν
∑

p≥Q+1

λ2lp ∥gp∥2L2(T) + c0ν
∑

q≥Q+1

λ2lq ∥dq∥2L2(T),

and

I22 =
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(gm × v≤m−2)dq dx
∣∣∣

=
∑

q≥Q+1

∑
|q−m|≤1

∣∣∣ �
T

∆q(gm × v≤m−2)dq dx
∣∣∣

≲
∑

q≥Q+1

∑
|q−m|≤1

∥gm∥L2(T)∥v(Q,m−2]∥L∞(T)∥dq∥L2(T)
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≲
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

∥vp∥L∞(T)∥gm∥L2(T)∥dq∥L2(T)

≲
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

c0νλ
l+δ
Q λl−1−δ

p ∥gm∥L2(T)∥dq∥L2(T)

≲ c0ν
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

λlm∥gm∥L2(T)λ
l
q∥dq∥L2(T)λ

−1
p λ−δ

p−Qλ
−l
q−pλ

−l
m−Q

≲ c0ν
∑

q≥Q+1

∑
Q<m−2≤q−1

λlm∥gm∥L2(T)λ
l
q∥dq∥L2(T)

≲ c0ν
∑

m≥Q+1

λ2lm∥gm∥2L2(T) + c0ν
∑

q≥Q+1

λ2lq ∥dq∥2L2(T),

and

I23 =
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(gm × ṽm)dq dx
∣∣∣

=
∑

q≥Q+1

∑
|q−m|≤1

∣∣∣ �
T

∆q(gm × ṽm)dq dx
∣∣∣

≲
∑

q≥Q+1

∑
|q−m|≤1

∥ṽm∥L∞(T)∥gm∥L2(T)∥dq∥L2(T)

≲
∑

q≥Q+1

∑
Q<m−2≤q−1

c0νλ
l+δ
Q λl−1−δ

m+1 ∥gm∥L2(T)∥dq∥L2(T)

≲ c0ν
∑

q≥Q+1

∑
Q<m−2≤q−1

λlm∥gm∥L2(T)λ
l
q∥dq∥L2(T)2

l−1−δλ−1
m λ−δ

m−Qλ
−l
q−Q

≲ c0ν
∑

q≥Q+1

∑
Q<m−2≤q−1

λlm∥gm∥L2(T)λ
l
q∥dq∥L2(T)

≲ c0ν
∑

m≥Q+1

λ2lm∥gm∥2L2(T) + c0ν
∑

q≥Q+1

λ2lq ∥dq∥2L2(T).

Integrating in time, taking the ℓ2-norm of the sequence in (6.4) and using
Lemma 2.10, we deduce that

(6.8)
1

2
∥g(t)∥2V 0 −

1

2
∥g(t0)∥2V 0 + ν

t�

t0

∥Λlg(τ)∥2V 0 dτ

≲
t�

t0

∑
q≥0

∣∣∣ �
T

∆q(d · ∇w)gq dx
∣∣∣ dτ + t�

t0

∑
q≥0

∣∣∣ �
T

∆q(v · ∇g)gq dx
∣∣∣ dτ

+

t�

t0

∑
q≥0

∣∣∣ �
T

∆q(w · ∇d)gq dx
∣∣∣ dτ + t�

t0

∑
q≥0

∣∣∣ �
T

∆q(g · ∇v)gq dx
∣∣∣ dτ

=:

t�

t0

J1 dτ +

t�

t0

J2 dτ +

t�

t0

J3 dτ +

t�

t0

J4 dτ.
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Estimating J1. We use Bony’s paraproduct to obtain

d · ∇w =
∞∑

m=0

d≤m−2 · ∇wm +
∞∑

m=0

dm · ∇w≤m−2 +
∞∑

m=0

d̃m · ∇wm,

where d̃m = dm−1 + dm + dm+1. Thus,

∆q(d · ∇w) =
∞∑

m=0

∆q(d≤m−2 · ∇wm)

+

∞∑
m=0

∆q(dm · ∇w≤m−2) +

∞∑
m=0

∆q(d̃m · ∇wm).

Using the triangle inequality and Lemma 2.3, we can estimate J1 as follows:

J1 =
∑
q≥0

∣∣∣ �
T

∆q(d · ∇w)gq dx
∣∣∣

≲
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(d≤m−2 · ∇wm)gq dx
∣∣∣

+
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(dm · ∇w≤m−2)gq dx
∣∣∣

+
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(d̃m · ∇wm)gq dx
∣∣∣

=: J11 + J12 + J13.

We will estimate the above terms in turn. By using Proposition 2.4, (6.6),
Hölder’s inequality and Young’s inequality, we have

J11 =
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(d≤m−2 · ∇wm)gq dx
∣∣∣

≲
∑

m≥Q+2

∑
|q−m|≤1

∣∣∣ �
T

∆q(d≤m−2 · ∇wm)gq dx
∣∣∣

≲
∑

m≥Q+2

∑
|q−m|≤1

∥d(Q,m−2]∥L2(T)λm∥wm∥L∞(T)∥gq∥L2(T)

≲ c0ν
∑

m≥Q+2

∑
|q−m|≤1

λl+δ
Q λl−δ

m ∥gq∥L2(T)
∑

Q<p≤m−2

∥dp∥L2(T)

≲ c0ν
∑

m≥Q+2

∑
|q−m|≤1

λlq∥gq∥L2(T)λ
−l
q−mλ

−δ
m−Q

∑
Q<p≤m−2

λlp∥dp∥L2(T)λ
−l
p−Q

≲ c0ν
∑

q≥Q+1

λlq∥gq∥L2(T)
∑

Q<p≤q−1

λlp∥dp∥L2(T)

≲ c0ν
∑

q≥Q+1

λ2lq ∥gq∥2L2(T) + c0ν
∑

q≥Q+1

λ2lp ∥dp∥2L2(T),
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and

J12 =
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(dm · ∇w≤m−2)gq dx
∣∣∣

≲
∑

m≥Q+2

∑
|q−m|≤1

∣∣∣ �
T

∆q(dm · ∇w≤m−2)gq dx
∣∣∣

≲
∑

m≥Q+2

∑
|q−m|≤1

∥dm∥L2(T)∥∇w(Q,m−2]∥L∞(T)∥gq∥L2(T)

+
∑

m≥Q+2

∑
|q−m|≤1

∥dm∥L2(T)∥∇w≤Q∥L∞(T)∥gq∥L2(T)

≲
∑

m≥Q+2

∑
|q−m|≤1

∥dm∥L2(T)∥gq∥L2(T)
∑

Q<p≤m−2

λp∥wp∥L∞(T)

+
∑

m≥Q+2

∑
|q−m|≤1

λlm∥dm∥L2(T)λ
l
q∥gq∥L2(T)λ

−l
m λ

−l
q ∥∇w≤Q∥L∞(T)

≲
∑

m≥Q+2

∑
|q−m|≤1

λlm∥dm∥L2(T)λ
l
q∥gq∥L2(T)λ

−l
m λ

−l
q

∑
Q<p≤m−2

c0νλ
l+δ
Q λl−δ

p

+
∑

m≥Q+2

λ2lm∥dm∥2L2(T)λ
−2l
m ∥∇w≤Q∥L∞(T)

+
∑

q≥Q+1

λ2lq ∥gq∥2L2(T)λ
−2l
q ∥∇w≤Q∥L∞(T)

≲ c0ν
∑

m≥Q+2

∑
|q−m|≤1

λlm∥dm∥L2(T)λ
l
q∥gq∥L2(T)

∑
Q<p≤m−2≤q−1

λ−l
m−Qλ

−l
q−pλ

−δ
p−Q

+
∑

m≥Q+2

λ2lm∥dm∥2L2(T)λ
−2l
Q ∥∇w≤Q∥L∞(T)

+
∑

q≥Q+1

λ2lq ∥gq∥2L2(T)λ
−2l
Q ∥∇w≤Q∥L∞(T)

≲ c0ν
∑

m≥Q+1

λ2lm∥dm∥2L2(T) + c0ν
∑

q≥Q+1

λ2lq ∥gq∥2L2(T),

and

J13 =
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(d̃m · ∇wm)gq dx
∣∣∣

≲
∑

m≥Q+1

∑
Q<q≤m+1

∥d̃m∥L2(T)∥∇wm∥L∞(T)∥gq∥L2(T)

≲
∑

m≥Q+1

∑
Q<q≤m+1

∑
m−1≤p≤m+1

∥dp∥L2(T)c0νλ
l+δ
Q λl−δ

m ∥gq∥L2(T)
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≲ c0ν
∑

m≥Q+1

∑
Q<q≤m+1

λ−l
q−Qλ

−δ
m−Qλ

l
m

∑
m−1≤p≤m+1

∥dp∥L2(T)λ
l
q∥gq∥L2(T)

≲ c0ν
∑

m≥Q+1

λ2lm∥dm∥2L2(T) + c0ν
∑

q≥Q+1

λ2lq ∥gq∥2L2(T).

Estimating J2. We use Bony’s paraproduct to obtain

v · ∇g =

∞∑
m=0

v≤m−2 · ∇gm +

∞∑
m=0

vm · ∇g≤m−2 +

∞∑
m=0

ṽm · ∇gm,

where ṽm = vm−1 + vm + vm+1. Thus,

∆q(v · ∇g) =
∞∑

m=0

∆q(v≤m−2 · ∇gm)

+
∞∑

m=0

∆q(vm · ∇g≤m−2) +
∞∑

m=0

∆q(ṽm · ∇gm).

Using the triangle inequality and Lemma 2.3, we can estimate J2 as follows:

J2 =
∑
q≥0

∣∣∣ �
T

∆q(v · ∇g)gq dx
∣∣∣

≲
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(v≤m−2 · ∇gm)gq dx
∣∣∣

+
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(vm · ∇g≤m−2)gq dx
∣∣∣

+
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(ṽm · ∇gm)gq dx
∣∣∣

=: J21 + J22 + J23.

We will estimate the above terms in turn. By using Proposition 2.4, (6.7),
Hölder’s inequality and Young’s inequality, we have

J21 =
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(v≤m−2 · ∇gm)gq dx
∣∣∣

≲
∑

q≥Q+1

∑
|q−m|≤1

∣∣∣ �
T

∆q(v≤m−2 · ∇gm)gq dx
∣∣∣

≲
∑

q≥Q+1

∑
|q−m|≤1

∥v(Q,m−2]∥L∞(T)λm∥gm∥L2(T)∥gq∥L2(T)

+
∑

q≥Q+1

∑
|q−m|≤1

∥v≤Q∥L∞(T)λm∥gm∥L2(T)∥gq∥L2(T)
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≲
∑

q≥Q+1

∑
|q−m|≤1

λm∥gm∥L2(T)∥gq∥L2(T)
∑

Q<p≤m−2

∥vp∥L∞(T)

+
∑

q≥Q+1

∑
|q−m|≤1

∥v≤Q∥L∞(T)λm∥gm∥L2(T)∥gq∥L2(T)

≲
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

c0νλ
l
m∥gm∥L2(T)λ

l
q∥gq∥L2(T)λ

−l+1
m λ−l

q λ
l+δ
Q λl−1−δ

p

+
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

c0νλ
l
m∥gm∥L2(T)λ

l
q∥gq∥L2(T)λ

−l+1
m λ−l

q λ
2l
Q

≲
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

c0νλ
l
m∥gm∥L2(T)λ

l
q∥gq∥L2(T)λ

−l+1
m−Qλ

−l
q−pλ

−δ
p−QλQ

+
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

c0νλ
l
m∥gm∥L2(T)λ

l
q∥gq∥L2(T)λ

−l+1
m−Qλ

−l
q−QλQ

≲ c0ν
∑

q≥Q+1

λ2lq ∥gq∥2L2(T) + c0ν
∑

m≥Q+1

λ2lm∥gm∥2L2(T),

and

J22 =
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(vm · ∇g≤m−2)gq dx
∣∣∣

≲
∑

q≥Q+1

∑
|q−m|≤1

∣∣∣ �
T

∆q(vm · ∇g≤m−2)gq dx
∣∣∣

≲
∑

q≥Q+1

∑
|q−m|≤1

∥vm∥L∞(T)∥∇g(Q,m−2]∥L2(T)∥gq∥L2(T)

≲
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

c0νλ
l−1−δ
m λl+δ

Q λp∥gp∥L2(T)∥gq∥L2(T)

≲
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

c0νλ
l
p∥gp∥L2(T)λ

l
q∥gq∥L2(T)λ

−1−δ
m−Qλ

−l+1
p−Q λ

−l
q−m

≲ c0ν
∑

q≥Q+1

λ2lq ∥gq∥2L2(T) + c0ν
∑

p≥Q+1

λ2lp ∥gp∥2L2(T),

and

J23 =
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(ṽm · ∇gm)gq dx
∣∣∣

≲
∑

q≥Q+1

∑
|q−m|≤1

∣∣∣ �
T

∆q(ṽm · ∇gm)gq dx
∣∣∣

≲
∑

q≥Q+1

∑
|q−m|≤1

∥ṽm∥L∞(T)∥∇gm∥L2(T)∥gq∥L2(T)
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≲
∑

q≥Q+1

∑
Q<m−2≤q−1

c0νλ
l−1−δ
m+1 λl+δ

Q λm∥gm∥L2(T)∥gq∥L2(T)

≲
∑

q≥Q+1

∑
Q<m−2≤q−1

c0νλ
l
m∥gm∥L2(T)λ

l
q∥gq∥L2(T)λ

−δ
m−Qλ

−l
q−Q

≲ c0ν
∑

q≥Q+1

λ2lq ∥gq∥2L2(T) + c0ν
∑

m≥Q+1

λ2lm∥gm∥2L2(T).

Estimating J3. We use Bony’s paraproduct to obtain

w · ∇d =

∞∑
m=0

w≤m−2 · ∇dm +

∞∑
m=0

wm · ∇d≤m−2 +

∞∑
m=0

w̃m · ∇dm,

where w̃m = wm−1 + wm + wm+1. Thus,

∆q(w · ∇d) =
∞∑

m=0

∆q(w≤m−2 · ∇dm)

+

∞∑
m=0

∆q(wm · ∇d≤m−2) +

∞∑
m=0

∆q(w̃m · ∇dm).

Using the triangle inequality and Lemma 2.3, we can estimate J3 as follows:

J3 =
∑
q≥0

∣∣∣ �
T

∆q(w · ∇d)gq dx
∣∣∣

≲
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(w≤m−2 · ∇dm)gq dx
∣∣∣

+
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(wm · ∇d≤m−2)gq dx
∣∣∣

+
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(w̃m · ∇dm)gq dx
∣∣∣

=: J31 + J32 + J33.

We will estimate the above terms in turn. By using Proposition 2.4, (6.6),
Hölder’s inequality and Young’s inequality, we have

J31 =
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(w≤m−2 · ∇dm)gq dx
∣∣∣

≲
∑

q≥Q+1

∑
|q−m|≤1

∣∣∣ �
T

∆q(w≤m−2 · ∇dm)gq dx
∣∣∣
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≲
∑

q≥Q+1

∑
|q−m|≤1

∥w(Q,m−2]∥L∞(T)∥∇dm∥L2(T)∥gq∥L2(T)

+
∑

q≥Q+1

∑
|q−m|≤1

∥w≤Q∥L∞(T)∥∇dm∥L2(T)∥gq∥L2(T)

≲
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

∥wp∥L∞(T)λm∥dm∥L2(T)∥gq∥L2(T)

+
∑

q≥Q+1

∑
|q−m|≤1

∥w≤Q∥L∞(T)λm∥dm∥L2(T)∥gq∥L2(T)

≲
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

c0νλ
l−1−δ
p λl+δ

Q λm∥dm∥L2(T)∥gq∥L2(T)

+
∑

q≥Q+1

∑
|q−m|≤1

λ2lQλm∥dm∥L2(T)∥gq∥L2(T)

≲
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

c0νλ
l
m∥dm∥L2(T)λ

l
q∥gq∥L2(T)λ

−l+1
m−Qλ

−l
q−pλ

−1−δ
p−Q

+
∑

q≥Q+1

∑
|q−m|≤1

λlm∥dm∥L2(T)λ
l
q∥gq∥L2(T)λ

−l+1
m−Qλ

−l
q−QλQ

≲ c0ν
∑

m≥Q+1

λ2lm∥dm∥2L2(T) + c0ν
∑

q≥Q+1

λ2lq ∥gq∥2L2(T),

and
J32 =

∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(wm · ∇d≤m−2)gq dx
∣∣∣

≲
∑

q≥Q+1

∑
|q−m|≤1

∣∣∣ �
T

∆q(wm · ∇d≤m−2)gq dx
∣∣∣

≲
∑

q≥Q+1

∑
|q−m|≤1

∥wm∥L∞(T)∥∇d(Q,m−2]∥L2(T)∥gq∥L2(T)

≲
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

c0νλ
l−1−δ
m λl+δ

Q λp∥dp∥L2(T)∥gq∥L2(T)

≲
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

c0νλ
l
p∥dp∥L2(T)λ

l
q∥gq∥L2(T)λ

−1−δ
m−Qλ

−l+1
p−Q λ

−l
q−m

≲ c0ν
∑

p≥Q+1

λ2lp ∥dp∥2L2(T) + c0ν
∑

q≥Q+1

λ2lq ∥gq∥2L2(T),

and
J33 =

∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(w̃m · ∇dm)gq dx
∣∣∣

≲
∑

q≥Q+1

∑
|q−m|≤1

∥w̃m∥L∞(T)∥∇dm∥L2(T)∥gq∥L2(T)
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≲
∑

q≥Q+1

∑
Q<m−2≤q−1

c0νλ
l−1−δ
m+1 λl+δ

Q λm∥dm∥L2(T)∥gq∥L2(T)

≲
∑

q≥Q+1

∑
Q<m−2≤q−1

c0νλ
l
m∥dm∥L2(T)λ

l
q∥gq∥L2(T)λ

−δ
m−Qλ

−l
q−Q

≲ c0ν
∑

q≥Q+1

λ2lq ∥gq∥2L2(T) + c0ν
∑

m≥Q+1

λ2lm∥dm∥2L2(T).

Estimating J4. We use Bony’s paraproduct to obtain

g · ∇v =

∞∑
m=0

g≤m−2 · ∇vm +

∞∑
m=0

gm · ∇v≤m−2 +

∞∑
m=0

g̃m · ∇vm,

where g̃m = gm−1 + gm + gm+1. Thus,

∆q(g · ∇v) =
∞∑

m=0

∆q(g≤m−2 · ∇vm)

+
∞∑

m=0

∆q(gm · ∇v≤m−2) +
∞∑

m=0

∆q(g̃m · ∇vm).

Using the triangle inequality and Lemma 2.3, we can estimate J4 as follows:

J4 =
∑
q≥0

∣∣∣ �
T

∆q(g · ∇v)gq dx
∣∣∣

≲
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(g≤m−2 · ∇vm)gq dx
∣∣∣

+
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(gm · ∇v≤m−2)gq dx
∣∣∣

+
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(g̃m · ∇vm)gq dx
∣∣∣

=: J41 + J42 + J43.

We will estimate the above terms in turn. By using Proposition 2.4, (6.7),
Hölder’s inequality and Young’s inequality, we have

I41 =
∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(g≤m−2 · ∇vm)gq dx
∣∣∣

≲
∑

q≥Q+1

∑
|q−m|≤1

∥g(Q,m−2]∥L2(T)∥∇vm∥L∞(T)∥gq∥L2(T)

≲
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

c0νλ
l−δ
m λl+δ

Q ∥gp∥L2(T)∥gq∥L2(T)



Velocity-vorticity model with exponential damping 39

≲
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

c0νλ
l
p∥gp∥L2(T)λ

l
q∥gq∥L2(T)λ

−δ
m−Qλ

−l
p−Qλ

−l
q−m

≲ c0ν
∑

q≥Q+1

λ2lq ∥gq∥2L2(T) + c0ν
∑

p≥Q+1

λ2lp ∥gp∥2L2(T),

and
J42 =

∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(gm · ∇v≤m−2)gq dx
∣∣∣

≲
∑

q≥Q+1

∑
|q−m|≤1

∣∣∣ �
T

∆q(gm · ∇v≤m−2)gq dx
∣∣∣

≲
∑

q≥Q+1

∑
|q−m|≤1

∥gm∥L2(T)∥∇v(Q,m−2])∥L∞(T)∥gq∥L2(T)

+
∑

q≥Q+1

∑
|q−m|≤1

∥gm∥L2(T)∥∇v≤Q)∥L∞(T)∥gq∥L2(T)

≲
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

c0νλ
l−δ
p λl+δ

Q ∥gm∥L2(T)∥gq∥L2(T)

+
∑

q≥Q+1

∑
|q−m|≤1

c0νλ
2l
Q∥gm∥L2(T)∥gq∥L2(T)

≲
∑

q≥Q+1

∑
Q<p≤m−2≤q−1

c0νλ
l
m∥gm∥L2(T)λ

l
q∥gq∥L2(T)λ

−δ
p−Qλ

−l
m−pλ

−l
q−Q

+
∑

q≥Q+1

∑
|q−m|≤1

c0νλ
l
m∥gm∥L2(T)λ

l
q∥gq∥L2(T)λ

−l
m−Qλ

−l
q−Q

≲ c0ν
∑

m≥Q+1

λ2lm∥gm∥2L2(T) + c0ν
∑

q≥Q+1

λ2lq ∥gq∥2L2(T),

and
J43 =

∑
q≥0

∑
|q−m|≤1

∣∣∣ �
T

∆q(g̃m · ∇vm)gq dx
∣∣∣

≲
∑

q≥Q+1

∑
|q−m|≤1

∣∣∣ �
T

∆q(g̃m · ∇vm)gq dx
∣∣∣

≲
∑

q≥Q+1

∑
|q−m|≤1

∥g̃m∥L2(T)∥∇vm∥L∞(T)∥gq∥L2(T)

≲
∑

Q+1≤m≤q+1

c0νλ
l−δ
m λl+δ

Q ∥gm∥L2(T)∥gq∥L2(T)

≲
∑

Q+1≤m≤q+1

c0νλ
l
m∥gm∥L2(T)λ

l
q∥gq∥L2(T)λ

−δ
m−Qλ

−l
q−Q

≲ c0ν
∑

m≥Q+1

λ2lm∥gm∥2L2(T) + c0ν
∑

q≥Q+1

λ2lq ∥gq∥2L2(T).
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We deduce from the above estimates that

(6.9) I1 + I2 + J1 + J2 + J3 + J4

≲ c0ν
∑

m≥Q+1

λ2lm∥dm∥2L2(T) + c0ν
∑

m≥Q+1

λ2lm∥gm∥2L2(T)

≤ Cc0ν
∑

m≥Q+1

λ2lm∥dm∥2L2(T) + Cc0ν
∑

m≥Q+1

λ2lm∥gm∥2L2(T).

It follows from (6.5), (6.8) and (6.9) that if we take c0 := 1
2C , then

∥d(t)∥2V 0 + ∥g(t)∥2V 0

≲ ∥d(t0)∥2V 0 + ∥g(t0)∥2V 0 − ν

t�

t0

(
∥Λαd(τ)∥2V 0 + ∥Λαg(τ)∥2V 0

)
dτ

≲ ∥d(t0)∥2V 0 + ∥g(t0)∥2V 0 − ν

t�

t0

(
∥d(τ)∥2V 0 + ∥g(τ)∥2V 0

)
dτ

for all t0 ≤ t. Thus

∥d(t)∥2V 0 + ∥g(t)∥2V 0 ≲ {∥d(t0)∥2V 0 + ∥g(t0)∥2V 0}∥e−ν(t−t0)

for all t0 ≤ t. Let t0 → −∞ to complete the proof of Theorem 3.3.

6.2. Proof of Theorem 3.4. The proof can be obtained by repeating
the same arguments as in the proof of Theorem 3.3 and taking the limit as
t tends to infinity. Due to the length of the paper, we omit the details.
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