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A categorification for the partial-dual genus polynomial
by

Zhiyun Cheng and Ziyi Lei

Abstract. The partial-dual genus polynomial 85(;(,2) of a ribbon graph G is the
generating function that enumerates all partial duals of G. We exhibit a categorification
for this polynomial. The key ingredient of the construction is an extended Frobenius
algebra related to unoriented topological quantum field theory.

1. Introduction. A ribbon graph is a surface with nonempty bound-
ary, which consists of disjoint disks with some bands connecting them. Rib-
bon graphs occur in many areas of mathematics, such as topological graph
theory, combinatorics, low-dimensional topology and representation theory.
As a generalization of the classical Euler—Poincaré duality, Chmutov [§] in-
troduced the notion of partial duality, which is a duality of ribbon graphs
relative to a subset of edges. For a given ribbon graph G and a subset
A C E(G), the partial dual of G with respect to A defines a new rib-
bon graph GA. This duality has several natural properties. For instance,
(GMA = G, (GME = GUUBNANE) and partial duality preserves orientabil-
ity and the number of connected components of ribbon graphs. The readers
are referred to [10] for a brief survey of partial duality of ribbon graphs.

However, the genus of a ribbon graph may be changed under partial
duality. For this reason, Gross, Mansour and Tucker [11] introduced the
partial-dual genus polynomial, which enumerates all possible partial duals
of a ribbon graph by genus as represented by its generating function. This
polynomial has been intensively studied during the past several years. For ex-
ample, in [I1] a concrete example was given for which the partial-dual genus
polynomial is not log-concave. Later in [12] [13], Gross, Mansour and Tucker
introduced some other related polynomials and presented a Gray code algo-
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rithm for calculating them. For bouquets, i.e. ribbon graphs with exactly one
vertex-disk, it was proved in [30] that the partial-dual genus polynomial only
depends on the signed intersection graph. For ribbon graphs derived from
chord diagrams, recently Chmutov [9] proved that the partial-dual genus
polynomial satisfies the four-term relation, which suggests a potential rela-
tion between the partial-dual genus polynomial and finite type invariants of
knots. In particular, in this case the partial-dual genus polynomial only de-
pends on the intersection graph of the chord diagram, rather than the chord
diagram itself. The reader is referred to [5] for a combinatorial approach to
the partial-dual genus polynomial in terms of intersection graphs without
referring to chord diagrams.

Roughly speaking, categorification can be regarded as a lifting from an
n-category to an (n 4+ 1)-category. One example is the lifting from the Euler
characteristic of a smooth manifold to the homology groups. Since Kho-
vanov’s seminal work on the categorification of the Jones polynomial [16],
many quantum invariants of knots have been categorified during the past
twenty years; see [17, [I8], 19, 20] for some examples. These categorifications
reinterpreted knot invariants as the graded Euler characteristic of knot ho-
mologies. Several major breakthroughs based on categorification have been
made. For example, Rasmussen [20] introduced his s-invariant and used it to
give a purely combinatorial proof of the Milnor conjecture and the existence
of exotic R*. Recently, Piccirillo [25] indirectly used Rasmussen’s invariant
to show that the Conway knot is not slice.

On the other hand, Khovanov’s work inspired the categorification of poly-
nomials in graph theory. In [14], Helme-Guizon and Rong constructed a cat-
egorification of the chromatic polynomial of graphs. For each graph, they de-
fined a bigraded cohomology theory such that the chromatic polynomial can
be derived from the graded Euler characteristic of the cohomology groups.
In particular, the deletion-contraction formula for the chromatic polynomial
is lifted to a long exact sequence. Since then, many other graph polynomi-
als have been categorified [15, 29 27, 6, 4, 23], which may indicate some
approaches to the four coloring theorem. It turns out that usually these
categorifications contain more information compared with the original poly-
nomials. For example, the torsion part of homology cannot be read off from
the polynomials.

The main aim of this paper is to exhibit a categorification of the partial-
dual genus polynomial of ribbon graphs.

This paper is organized as follows. In Section [2] we make a quick review
of the definitions and properties of ribbon graphs and partial duality. Then
a formula for the partial-dual genus polynomial of ribbon graphs is given.
In particular, we introduce the notion of graded partial-dual genus polyno-
mial, which can be regarded as a refined version of the partial-dual genus
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polynomial. Section |3|introduces a punctured (14 1)-TQFT, which plays an
important role in the categorification of the partial-dual genus polynomial.
The construction of the cochain complex involves four n-cubes, which will
be discussed in Section 4 The main result of this paper, Theorem shows
that the graded partial-dual genus polynomial (hence also the partial-dual
genus polynomial) can be obtained from the graded Euler characteristic of
the cohomology groups. A concrete example is given in Section [6, which
suggests that the cohomology groups contain more information compared
with the partial-dual genus polynomial. We discuss some applications of this
categorification in Section [7] and consider two ribbon graphs which have
the same graded partial-dual genus polynomial and isomorphic cohomology
groups. Finally, some algebraic structures related to this categorification are
discussed in Section [8

2. Ribbon graphs and partial-dual genus polynomial

2.1. Ribbon graphs and partial dual. A ribbon graph is a surface
consisting of finitely many disjoint vertex-disks and some edge-ribbons, such
that the vertex-disks and edge-ribbons intersect in disjoint line segments and
each line segment lies on the boundary of one vertex-disk and the boundary
of one edge-ribbon. In particular, each edge-ribbon contains exactly two such
line segments. Equivalently, given a cellular embedding of a graph in a 2-
dimensional surface (not necessarily orientable), a regular neighborhood of
this graph defines an associated ribbon graph. For a given ribbon graph G,
let us use V(G) and E(G) to denote the set of vertex-disks of G and the
set of edge-ribbons of G, respectively. For simplicity, we sometimes just call
the elements in V(G) and E(G) the vertices of G and the edges of G. If we
regard a ribbon graph G as the regular neighborhood of a graph embedded
in a surface, then we call each component of the complement of G a face-disk
of G and use F(G) to denote the set of all face-disks. Some simple examples
of ribbon graphs can be found in Figure [l Note that a ribbon graph is just
an abstract surface with boundary, not an embedded surface in R3.

She1s

Fig. 1. Three examples of ribbon graphs

Before defining the partial dual of a ribbon graph, we first recall the
classical Euler—Poincaré dual. Let G be a ribbon graph. The Fuler—Poincaré
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dual G* can be obtained from G by gluing a disk to each boundary com-
ponent of G and removing the interior of all vertex-disks. Now the newly
glued disks form the set of vertex-disks of G* and the edge-ribbons of G*
are exactly the same as those of G, but the attachments are changed. Notice
that the genus of G* is equal to the genus of G, since they are the dual of
each other in the same surface.

Now we turn to the partial dual of G. For a subset A C E(G), the partial
dual G with respect to the subset A is defined as follows. Consider the
spanning subgraph consisting of V(G) and all edges in A, glue a disk to each
boundary component of this spanning subgraph and remove the interior of
all vertex-disks; then we obtain the partial dual G4. Now the newly glued
disks are the vertex-disks of G* and the edge-ribbons of G4 are the same as
those of G, but the attachments of the edges from A are different from those
in G. Tt is easy to observe that if A = F(G), then G4 = G*. The partial dual
of a ribbon graph with respect to a subset of E(G) can also be obtained from
the so-called arrow presentation. The reader is referred to |8, 24] for more
details of the construction and some basic properties of the partial dual.

In particular, when the subset A contains exactly one edge, say A =
{e} C E(G), the partial dual G* is shown in Figure 2l We remark that the
direction of the arrow in Figure [2] can be reversed, since (Gi¢})i} = G. In
general, if |A| > 2, then G* can be obtained from G by taking the partial
dual on each edge in A one by one.

//// \\\ ///\\\ //// \\\ //// \\\
\ \ \ \
LA e . B )] — | A e . B |
\\ // \\ // \\ // \\ //
G ole
//’ \\\ / //\\ //’ \\\ / //\\
/ \ / \ / \ / \
LA . B ] — V] . B |
\ // \ // \ // \ //
A 7z \\\ // \\\ // \\\ //
K € j K € j

G afe

Fig. 2. Partial dual with respect to one edge-ribbon

2.2. Partial-dual genus polynomial. Let G be a ribbon graph. After
gluing a disk to each boundary component of G, we obtain a closed surface S.
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The Euler genus of G, denoted by e(G), is defined to be twice the genus of S
if S is orientable, and otherwise the crosscap number of S. The Euler genus
of G can be calculated from the formula

e(G) = 2¢(G) = [V(G)| + |E(G)| - [F(G)],
where ¢(G) denotes the number of components of G.

DEFINITION 2.1 ([1I]). For a ribbon graph G, denote the set of vertex-
disks, edge-ribbons and face-disks of G by V(G), E(G) and F(G) respec-
tively, and let ¢(G) be the number of components of G. The partial-dual
genus polynomial of G is defined by

85G<2): Z ZE(GA)_
ACE(G)

Consider A C E(G) as the ribbon subgraph obtained from G by removing
from G all edge-ribbons out of A. Then we have the following combinatorial
formula for calculating the partial-dual genus polynomial.

LEMMA 2.2. For every ribbon graph G, we have
Oeq(z) = 22AOHEQ) Z Z FA)=IFA)]
ACE(G)

where A denotes the ribbon graph E(G) \ A.

Proof. For a subset A C E(G), the Euler genus of the partial dual G4
equals

e(GM) = 2¢(GY) = V(G| + [E(GY)| - |F(GY)
= 2¢(G) + |[B(G)| - [F(A)| = [F(A9)].

The second equality is obtained from [11, Theorem 2.1] as well as the facts
that c(G) = c(G*), |B(G)| = |E(GY)], [V(GY)| = |F(A)] and [F(G)] =
[V((GM)| = |[V(GA)| = |F(A)|. The result follows immediately. m

ExAMPLE 2.3. Consider the ribbon graph indexed by 11 in Figure [3 It
has only one vertex-disk, which is the disk twisted to form a figure eight in
the center, two edge-ribbons, which we order so that the left one precedes
the right one. It has four subgraphs, denoted by 00, 01, 10, and 11 for short,
where the index 1 means preserving the corresponding edge and 0 means
removing it. Note that |F'(00)| = [F(01)| = |F(11)] = 1 and |F(10)| = 2,
thus we have

Oe11(2) = 2212 (271 4 27178 = 222 4 22,
2.3. Graded partial-dual genus polynomial. For a given ribbon

graph G, the component number ¢(G) and edge number |E(G)| are fixed,
thus the essential part of the partial-dual genus polynomial %eg(z) is the
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\V)

00 @ 11
Fig. 3. A ribbon graph (indexed by 11) and its three proper subgraphs

sum ZAQE(G) 2~ FAI=IF(AY] ] denoted by eg(z). Therefore, the partial-dual
genus polynomial can be rewritten as

aé‘g(z) _ ZQC(G)+‘E(G)|eg(Z).

Now we introduce a polynomial of ribbon graphs in two variables, which can
be considered as a graded version of the partial-dual genus polynomial.

DEFINITION 2.4. The graded partial-dual genus polynomial of any ribbon
graph G is defined by

%G(w,z): Z wlAl e (GH) L 2c(G)+ E(G)| Z wl Al IFA)|=[F(A9)]
ACE(G) ACE(G)

The graded partial-dual genus polynomial %5 (w, 2) is a refined version
of the partial-dual genus polynomial %e¢(2): we split %eg(2) into |E(G)|+1
parts with respect to the number of edges in the subset A. Just like the
partial-dual genus polynomial, this graded version is completely determined
by the sum

éq(w,z) = Z wl AT IFAIIFAY] 4 t0 a z-degree shift.
ACE(G)
Then we have

9 52¢(G)+E(G)]

éa(w,z),éq(1,z) =eq(z) and %85(1, 2) =%q(2).

ExAMPLE 2.5. Consider the ribbon graph G indexed by 11 in Figure [3
Direct calculation shows that

Ea(w,z)=

éc(w,2) = 272 4+ 2wz + w22,
d ,2X1+2

Eg(w,z) = éc(w, z) = 22 + 22w + 2*w?
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In general, the coefficients of a partial-dual genus polynomial %eg(z) are
not symmetric; see [I1, Example 3.1] for an example. However, if the graded
partial-dual genus polynomial of a ribbon graph G has the form

|E(G)] ‘
O¢q(w,z) = Z fi(z)w',
i=0
it is easy to conclude from the definition that f;(z) = fn—i(2).

3. A punctured (1+1)D-TQFT. The aim of this section is to intro-
duce a punctured (1+1)D-TQFT, which will be used in the construction of

the categorification of the graded partial-dual genus polynomial.
Let M = Z[\/3,x]/{x3) over the ring Z[v/3], equipped with the unit

w:Z[V3] = M, 11,
natural multiplication, Frobenius trace
e:M—>Z[\/§], Lz —0; 22— 1,
and the half-genus map
h: M — M, 1|—>\/§a:;x»—>\/§a:2;x2»—>0,
which can be seen as multiplication by v/3z. It is a commutative Frobenius
algebra and the Frobenius trace induces a unique comultiplication
A:M— MM,
I W - R
x>—>x®x2+x2®x,
2 z? & z2.
Note that throughout this paper, ® denotes the tensor product over the ring
Z[V3).
Now we make M into a graded ring by assigning
degl =1, degz=0 and degz?®=—1.
Then the multiplication m, the half-genus map A and the comultiplication
A are all of degree —1, while the unit u and trace € are of degree 1.

REMARK 3.1. Here we use a different degree and an opposite trace com-
pared with the Frobenius algebra used by Khovanov in the definition of sl(3)
link homology [17]. The reason is that we do not need to realize M as the
cohomology ring of some concrete space, nor hope that our half-genus map
will introduce v/—1.

The commutative Frobenius algebra M equipped with the half-genus
map h gives rise to a functor F from the category of 2-dimensional oriented
cobordisms equipped with punctured points to the category of graded abelian
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groups. On objects, F is given by F(| |, S1) = M®*. On morphisms, for each
basic cobordism occurring in the first row of Figure [ F maps it to the map
listed below it.

@@@@@

U € h

Fig. 4. Basic cobordisms and corresponding maps

The name for the half-genus map comes from the relation

or algebraically,
h? =mo A.

That is, the addition of two punctures is equal to the addition of one genus.

REMARK 3.2. Khovanov’s sl(3) link homology uses a similar morphism
which is decorated by a dot, and F (O:O) denotes multiplication by x,

being different from our half-genus map by a coefficient v/3. To emphasize
this difference but inherit the similarity, here we use the notation of punc-
tures.

Naturally, the punctures on cobordisms should be able to move freely,
with the morphisms these cobordisms represent preserved. This follows from
the following relations:

N L0
(3.2) F( ()= F( () o ))=7 )
00 e 0
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or algebraically,

mo (h®Idy)=hom=mo (Idy ® h),
(h@ldy)oA=Aoh=(Idy ®h)o A.

Concisely speaking, h is a self-dual M-module endomorphism, thus it is
multiplication by an element. These relations play an important role in our
construction of commutative cubes.

Some other relations, especially the Frobenius relation
(Idpy @m) o (A®1Idy) = Aom = (m®@Idyy) o (Idy @ A),

are needed to prove that our cubes introduced later are commutative; these
relations hold for any Frobenius algebra. More details can be found in [21].

REMARK 3.3. The reader who is familiar with topological quantum field
theory, especially unoriented topological quantum field theory, may have re-
alized that the algebraic structure we introduced in this section is not new.
In order to construct a link homology theory for stable equivalence classes
of links in thickened orientable surfaces, the notion of unoriented topological
quantum field theory was introduced by Turaev and Turner [28]. Another
closely related idea, the Klein topological field theory, was proposed by Alex-
eevski and Natanzon [2] in the context of open-closed field theory. The iso-
morphism classes of (1+1)D unoriented topological quantum theories were
classified in terms of extended Frobenius algebras. The algebraic structure
we discussed here happens to be a special case of extended Frobenius algebra
in [28] and structure algebra in [2]. More precisely, by setting N = 3 in [28]
Example 2.6], we obtain the Frobenius algebra M above. And the case for
general N was used recently in [4] to categorify the n-color polynomial, which
explains the dot in cobordisms as connected sum of 2-punctured projective
planes. We will continue the discussion of other possible choices of algebraic
structures in Section

4. Commutative n-cube category and four cubes

4.1. Commutative n-cube category. An n-cube, geometrically, is an
n-dimensional unit cube located in an n-dimensional rectangular coordinate
system. For each vertex A € {0,1}", we assign a linear space V4 and call it
the vertex space at A. As usual, we denote by |A| the number of 1’s in A.
To each edge [ connecting A, B € {0,1}", where B can be obtained from A
by replacing a 0 with 1 (we simply say A, B satisfy the edge condition), we
assign a linear map cpﬁ : Va4 — Vp and call it the edge map from A to B. In
this way we obtain an algebraic cube (V, ¢). If for an arbitrary 2-dimensional
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face
VB
VA VD
& y
Ve

of (V, ) we have o8 o o = B o oG, then we say (V, ) is commutative.
We say (V, ) is anti-commutative if 5 o p& = —¢B o0 9.

If there is a set of linear maps between the corresponding vertex spaces of
two n-cubes, commuting with the edge maps, we call it an n-cube morphism.
The commutative n-cube category is a category which consists of a collection
of commutative n-cubes as objects and a collection of n-cube morphisms as
morphisms. The reader is referred to [3] for more details.

The commutative n-cube category can be equipped with a natural tensor
operator ®, defined below. For any two commutative n-cubes (V) and

(W, ¢), we define
Vi) @ (W, ¢) :=(VoOW,e®9),
(V ® W)A = VAR Wy, VA € {0, 1}",
(e @ ¢)5 =8 @ ¢k, VA, B € {0,1}" satisfying the edge condition.

It is straightforward to verify that (V @ W, ¢ ® ¢) is still a commutative
n-cube, which means that ® is a well defined operator in the commutative
n-cube category.

REMARK 4.1. The definition of ® can be extended to any two algebraic
cubes, including anti-commutative cubes. It is easy to check that for any
two algebraic n-cubes (V, ) and (W, ¢), if both (V, ) and (W, ¢) are anti-
commutative, then (V, ¢) ® (W, ¢) is commutative. And, if one of (V, ¢) and
(W, ¢) is commutative and the other one is anti-commutative, then (V, ¢) ®
(W, ¢) is anti-commutative.

In the remaining part of this section, we construct one anti-commutative
cube and three commutative cubes based on a given ribbon graph. According
to Remark [4.I we can take the tensor product of them to obtain an anti-
commutative cube. A cochain complex derived from this anti-commutative
cube will be given in the next section.

4.2. The anti-commutative n-cube (5, s). From now on, we always
use n to denote the number of the edge-ribbons in a given ribbon graph G.
For arbitrary A, B,C, D € {0,1}" such that AB, AC, BD,CD are adjacent,
let mﬁ denote the number of 1’s in front of the element which is 0 in A and
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1 in B. The integers mg, mg and mg can be defined similarly. It is easy to
find that

m§+mg—mg—mg:il,
which guarantees that the cube (S, s) defined below is anti-commutative.

DEFINITION 4.2. There is an anti-commutative n-cube (S, s), where for
each A € {0,1}", the vertex space S4 = Z[v/3], and for each A, B € {0,1}"
satisfying the edge condition, the edge map s is multiplication by (—1)m§.
For brevity, we call it the S-cube.

EXAMPLE 4.3. Let GG be the ribbon graph indexed by 11 in Example
the S-cube of G is shown in Figure [f|

. / \
\ /

Fig. 5. An S-cube

Here the letter S stands for sign, since if one takes the tensor product
of a commutative n-cube with the S-cube, it just adds some signs to the
edge maps of the original cube, which translates it to an anti-commutative
n-cube.

4.3. The commutative n-cube (F, f). In this subsection, we introduce
another graded algebra N = Z[v/3,y]/(y?), where the degree of 1 and y are
equal to 0 and 1, respectively. This makes the edge map of the cube defined
below have degree 0.

DEFINITION 4.4. There is a commutative n-cube (F, f), where for each
A € {0,1}" we set Fy = N®AI and for each A, B € {0,1}" which satisfy
the edge condition, ff is defined by u ® Id%w, that is,

7 NSl NelAD o1 g,

We simply call this cube the F'-cube.

REMARK 4.5. The main aim of introducing this cube is to erase the
alternating terms of the graded (quantum) Euler characteristic of the cochain
complex given later. This method was also used by Vershinin and Vesnin in

the categorification of the Yamada polynomial [29]. Actually, F4 can be
chosen to be any graded Z[v/3]-module and ff can be chosen to be any
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graded morphism. The construction of this definition is chosen to make the

cohomology groups we obtain not only easy to calculate but also preserve as
much information as possible.

EXAMPLE 4.6. For the ribbon graph indexed by 11 in Figure [3] the

F-cube is depicted in Figure [6]
W
Nez

Fig. 6. An F-cube

N
/
e
\ i

4.4. The commutative n-cube (V,v). Fix an order of the edge-ribbons
of the ribbon graph G, so that any A € {0,1}" can be seen as a subset of
E(G), where 0 means rejecting the corresponding edge-ribbon and 1 means
including the corresponding one. As before, we also use A to refer to the
subgraph obtained from G by removing the edges not in A.

Now we give the definition of the commutative cube (V,v).

DEFINITION 4.7. For each A € {0,1}", we define V = M®F(4) For
all A, B € {0,1}" satisfying the edge condition,

o if |F(B)| = |F(A)| — 1, then the addition of the new edge-ribbon merges
two circles into one circle, and we assign multiplication m on M & M
corresponding to these two circles and identity Ids to other circles, and
take the tensor product of these operators together to obtain the edge
map v%;

o if |[F(B)| = |F(A)| + 1, then the addition of the new edge-ribbon splits
one circle into two circles, and we assign a comultiplication A on M cor-
responding to this circle and identity Idjs to other circles, and take the
tensor product of these operators together to obtain the edge map ’UE ;

o if |F(B)| = |F(A)|, then the addition of the new edge-ribbon translates
one circle into another one, and we assign a half-genus map h on M cor-
responding to this circle and identity Id; to other circles and take the
tensor product of these operators together to obtain the edge map vf .

We call this cube the V-cube for short.

(1) Here, our definition may seem less rigorous because a set is used as a superscript
instead of the number of its elements. This is because we want this tensor product to
follow the order of the set.
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REMARK 4.8. The first and second cases appear in Khovanov’s approach
to the categorification of the Jones polynomial [16], and the third case occurs
because here these circles are no longer restricted to lie in S? or R?. In order
to address this new problem, we have to propose the half-genus map h.

LEMMA 4.9. The V-cube is commutative.

Proof. If the half-genus map A is not involved in a 2-dimensional face of
(V,v), the commutativity follows from the associativity of the multiplication,
the coassociativity of the comultiplication and the Frobenius relation. If A is
involved, the commutativity can be derived from f. "

EXAMPLE 4.10. For the ribbon graph indexed by 11 in Figure [3] observ-
ing that |F'(00)| = |F(01)| = |F(11)] = 1 and |F(10)| = 2, we know that
the spaces assigned to 00, 01, 11 are all M and the space associated to 10
is M ® M, and the edge map is shown in Figure [7] It is commutative since

mo A= h2.
M
/ \
M M
X /

M® M
Fig. 7. A V-cube

4.5. The commutative n-cube (W, w)

DEFINITION 4.11. For each A € {0,1}", we set W4 = M®F(A) where
A¢ = E(G)\ A. And for all A, B € {0,1}" which satisfy the edge condition,
depending on the value of |F(B¢)| — |F(A®)| € {~1,0,+1}, we define w¥% to
be the edge map v introduced in Definition [£.7} Let us call it the W-cube
for short.

Similarly to the proof of Lemma one can show that the cube (W, w)
is also commutative.

EXAMPLE 4.12. The W-cube of the ribbon graph indexed by 11 in Fig-
ure [3| can be found in Figure [§|

REMARK 4.13. In any Frobenius algebra (A, m, A €e) on a coefficient
ring R, the map
AA ASR

induces a self-dual isomorphism A* = A. For M, this isomorphism maps
x' to 227" for i € {0,1,2}. It is easy to check that multiplication m and
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M & M

/ X)
M M
\ /
M
Fig. 8. An W-cube

comultiplication A are dual to each other with respect to this isomorphism,
as also are the trace map ¢ and the unit map u. Hence the W-cube actually
can be seen as the dual cube of the V-cube. The concept of dual cube is of
less concern in this paper so we omit the details.

5. Cochain complex. In this section, we introduce a cochain complex
such that the partial-dual genus polynomial ¢ (2) can be recovered from the
graded Euler characteristic of this cochain complex. Actually, the polynomial
being categorified is not the partial-dual genus polynomial, but the graded
partial-dual genus polynomial. More precisely, the graded Euler character-
istic of this cochain complex equals the 2-variable polynomial ég(w, z). In
order to do this, for any ribbon graph G, we construct an anti-commutative
cube (Cube(G),d) by taking the tensor product of its S-, F-, V-, W-cubes
together. We name it the partial dual cube of the ribbon graph G. Based on
this cube, we construct a cochain complex and prove that its cohomology
groups categorify the polynomial ég(w, z).

ExaMpPLE 5.1. The partial dual cube of the graph indexed by 11 in
Figure [3]is shown in Figure [

N®M®3

URhRQA W}@h@m
M®2

Wh —IL(X)ICU\’W7

N®M®3

Fig. 9. The partial dual cube of the rightmost ribbon graph in Figure

The grading structures of M and N induce a bigrading structure for each
vertex space of (Cube(G),d). That is, for each monoid in a vertex space,
its bidegree is a couple of integers, where the first (second, resp.) is the
degree induced by the elements in N (M, resp.). For example, the bidegree
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of In@yR1y@r®r? € N2 M®3is (0+1,1+0+(—1)) = (1,0), where
1x and 1,4 are the identity elements in N and M, respectively.

A Z.®7Z-graded, or a bigraded Z[v/3]-module is a Z[/3]-module M with a
family of submodules M,,, ., where m, k € Z, such that M = ®m,kEZ Mo ks
and the elements of M,, ; are homogeneous elements of bidegree (m,k).
The bigraded dimension (or biquantum dimension) of M over Z[v/3] is a
2-variable power series

qdim M = Z pmqk . dimR(Mm,k ® R).
m,kEZ

Following [16], we use the notation {l} (I € Z) to denote the shift operator
on the second grading, which decreases the second grading of each monoid
by I. In other words, we have

M{l} ke = M gt

where M is a bigraded Z[v/3]-module. Now we can define our cochain com-
plex.

DEFINITION 5.2. For a given ribbon graph G, we define the partial dual
cochain complex to be (C(G),d), where the cochain groups are defined by

CH(G) = P Cube(G)a{—2i},
|A|=i
and the coboundary map 9° : C*(G) — C'TY(G) is given by 9 = > d&,
where the sum is taken over all pairs {4, B} such that |A| =1, |B| =i+ 1
and A, B satisfy the edge condition.

THEOREM 5.3. For an arbitrary ribbon graph G, (C(G),0) is a bigraded
cochain complex and the cohomology groups H*(G) are well defined ribbon
graph invariants. In particular, the graded Euler characteristic of the coho-
mology groups H*(G) is equal to ég(w,z) evaluated at w = —q*® — pg® and
z=('+14¢7"

Proof. The reason why the coboundary maps satisfy 9'T!' o 9 = 0 is
that (Cube(G),d) is anti-commutative, as it is the tensor product of one
anti-commutative cube and three commutative cubes. On the other hand,
since m, A, h are all of degree (0,—1) and f is of degree (0,0), thanks to
the shift operator {—2i}, now the differential d preserves the bidegree. More
precisely, each edge map in the V-cube and W-cube is given by tensor of
identities and one of m, A and h, and is of degree (0,—1). As the edge
maps s, f of the S, F-cubes preserve the bidegree, the tensor product of
these four cubes Cube(G) is equipped with edge maps of degree (0,—2). As
a linear combination of these maps, the differential @ preserves the degree
after the shift {—2i}. Hence (C(G),0) is a bigraded cochain complex. That
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is, decomposing elements by bidegree yields

(C(G),0) = D (C(Ghmk: Imp).
m,kEZ
where C'(G), i is the submodule of C(G) generated by monoids with degree
(m, k) and Op, , is the restriction of 0 on C(G), . Furthermore, if we use
H} 1 (G) to denote the cohomology groups of (C(G)m k, Om,k), then we have

HYG)= P H;,1(G).
m,kEZ

Since the definition of the cochain complex needs a fixed order of the
edges of G, in order to show the cohomology groups H*(G) are well defined,
we need to prove that H*(G) actually are independent of the choice of this
ordering.

Assume E(G) = {ei,...,€i,€i41,...,en} and G’ is the same ribbon
graph as G but the edges are reordered as E(G') = {e1,...,€it1,€i,...,€n},
i.e. the positions of e; and e;y; are switched. It is sufficient to show that
H*(G) and H*(G') are isomorphic, since any other order can be obtained
from the standard one via finitely many permutations of this kind. Since
C(G) = D) 4=; Cube(G)a{-2i}, it is enough to define an isomorphism
fa restricted on each submodule Cube(G)4{—2i}. Consider the map fa :
Cube(G) a{—2i} — Cube(G")a{—2i}, which is defined by

f o —id if {ei, ei+1} Q A,
A= id otherwise.

Now we define the map f : C*(G) — C*(G') by f = Dacrc), |a=i fa- 1t is
a routine exercise to check that f is a cochain map which induces the desired
isomorphism from H*(G) to H'(G").

For the graded Euler characteristic of H*(G), since the differential is bide-
gree preserving and all cochain groups are finite dimensional, one observes
that the graded (quantum) Euler characteristic of (C(G),0) equals

B@) | B@) |
Xg(C) = D (1) qdim HY(G) = > (~1)" qdim C¥(G)
i=0 i=0
B@G)
= Z (—1)* Z qdim Cube(G) 4 {—2:}
i=0 |A|=i
= (=) qdim(Sa @ Fa @ Vi @ Wa)
ACE(G)

- (—¢*) Al (qdim N) Al (qdim M) F A FHIFAY)
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= Z (=) + p)Al(g 4+ 1 + ) FAIHIFA)]
ACE(Q)

ACE(G)

w=—q2—pq?, z=(q" 1 +14¢) "1 Z AL~ F(A)|-[F(a9)]

ACE(G)
=eég(w,z). m
COROLLARY 5.4. For a given ribbon graph G, both the graded partial-dual
genus polynomial and the partial-dual genus polynomial can be recovered from
the graded Euler characteristic of the cohomology groups H*(G).

Proof. According to Theorem we have

o= _ 2¢(G)+|E(G)| ‘
calw,z) =z C
( ) ) Xq( ) —qQ—pq2:w,q*1+1+q:z*1’

aaa(z) _ Z2c(G)+\E(G)|Xq(C)‘

. n
—q?—pg?=1,q ' +14q=2"1

6. An example. In this section, we compute the cohomology groups
of the rightmost ribbon graph shown in Figure [B] The cochain complex is
as the bottom row of Figure [I0, where the other cochain groups vanish. On
the other hand, given that this complex is bigraded, we use the subscript
(J, k) to represent corresponding objects with bidegree (j, k). Additionally,
with the degree shift, these cohomology groups are nonzero only if the first
degree j is 0,1,2 and the second degree k is —2,—1,...,6. Hence we can
calculate the cohomology groups of these 3 x 9 = 27 subcomplexes one by
one and the desired cohomology is the direct sum of them.

N @ M®3{-2}

u®h®A W)\’ ®ham
M®? ®

N®2 @ M®2{—4}

URARh uQ@IdJW7

N @ M®3{-2}

Co s cl & y 2

Fig. 10. The cochain complex

Due to the special structure of the map f, the cases with the first degree
equal to 0 is relatively intricate. We list our calculation process as follows,
where the subscript of the unit element in M is omitted for short.
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Clo,-) = (@* @ 2%) = Z[V3],  Clo_y =0, Clo,-2) =0;
H?O’72) - Z[\/§]7 H(10772) - 0, H(20772) - O

e (j, k) =(0,-1):
Chyoy= (o ® 2% 22 ® 2) =0 ZIV3),

1N®x2®x2®x2> < 0 >>
ch = , =3 Z[V3],
(©=1) << 0 Iv®2? @2 a? 2 V3]

C(207_1) = 0’

30:x®x2»—>\/§< Iy@z’®r’ @ >
0 )

a:2®:r»—>\/§< ) >;

Iy @22 ® 2’ ?
=0, Hi_y=SZVINVZNVE = 925, HE_y) =0,
* (j,k) =(0,0):

C(OO,O) = <1 ®x2,x®x,m2 ® 1) — ?Z[\/g],

o _<< Iy ®z®a?® a? ) ( In®2°Q21® 2? )
(0,0) 0 5 0 s

(1N®m2®m2®x> ( 0 >
0 "\ Iv@zeier? )

0 0
( 2 2)’( 2 2 )>:@Z[\/§]7
In®zr*rer N Rz Qx 6

0(2070):0;
a0 . 1®x2’_>\/§< Iy®z®a?®a? >
: 0 ,

Iv@2?® (z@2%+ 22 @) )

l’®x'—>\/§
( Iv® @z +2’®r)a?

x2®1n—>\/§< 0 >;

Il

H(Oo,o) =0, H(lo,o) = (?Z[ﬂ]) ) <?Z3), H(QO’O) =0.
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e (j,k) = (0,1):
Cloy=(1@zrel)= @Z[ﬁ],

<1N®1®x ® z2 ) <1N®x2®1®x2>
M O b

2=

( 1N®x Q21 )7< 1N®x20®x®a: >’
( =9 Z[V3),
=0;

1N®ZL‘®ZE ®:L‘) <1N®33®5E®:B2> >
, . P

0
Clo

I

where the ellipsis means to repeat the elements before it with the two rows
switched;

80'1®x+—>\/§< Iv®z® (2@ + 2 ® 2?) )
' Ive(le?+zer+2201)®a? )

1 22 (1®a? 2®1
x®1'—>\/§< N®z® ( ®x2 +x2®x+:1: ® )>7
IN® (z@z°+2° Q)R
0o _ 1 2
. (j,k):(0,2):
1) = Z[V3],

®
(1N®1®m®x ) (1N®m®1®x2>
b 0 b

=(1

1y ® 22 ®1®:r:> <1N®1®x2®x>
b) O b)

o
(
<1N®x®x ®1 >< I’z 1 >
(

0

= aZ[V3],

1N®x®x®x
e ®

N ® 1y ® 22 ®2?) = Z[V3);

H(0072) == 0, H(10’2) == <%Z[\/§]> @ Zg, H(20’2) == Z3.
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e (J,k) = (0,3):
0(0073) == 0,

ol << 1N®1®x®x> <1N®x®1®x>
(073) 0 ) 0 ’

1N®x®m®1> (1N®x2®1®1>
) 0 9

(
<1N®1®x ®1)7(1N®1®1®x ) > V3],
={ Fevs

IN@INRzR2z%IyQ1ly R’ @) =

H?o,:a)zov H(10,3) @Z[\/g] H(o,3) O Zs.

0?0,4):(),

ol _<<1N®1®1®x> <1N®1®x®1>

(074) 0 ) 0 )
Inrzrelel
( vor: ),__.>:%zw§],

0(204) (In@1Iy®zre e, 1N®1N®1®x
Iy ® 1y ® 2? ®1>:?Z[\/§];
H(00»4) =0, H(10,4) = G;Z[\/gL H(2074) = ?Zg
* (J, ) (0,5):
0,

<( 1N®1®1®1 >< 1N®10®1®1 >> VL

05) <1N®1N®1®$71N®1N®x®1>:%az[\/g]'

H?075) =0, H(10,5) =0, H(20,5) = ?23-
* (j,k)=(0,6):
Cloe =0, Clog =0, Clog =(lv@1Iy®101) =Z[V3];
Hio =0, Hiog =0, Hiyg =ZIV3]
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When the first degree is greater than 1, we have
Clory = Hibr = 0,
and we will not repeat it in the process.
e (j,k)=(1,-2):
Clo-2) = Clo-2y =0, Hig—g) = H{p_5) = 0.
e (j,k)=(1,-1):
Ci-p = ?Z[\/gL Ch1y=0  Hy_1=0ZNV3], Hj_4=0.

2

e (j,k)=(1,0):
Clio) = %Z[ﬂ], Clio) = 0; H{y o) = %Z[\/éh Hi =0

o (k)= (1,1):
Clyy = E%Z[\/g], Clhiy=0;  Hpyy= %Z[\/gL HE gy =0

0(21,2) =(lyeyer?*erlylyer’@a?) = ?Z[\/g]7

H(11,2) = %Z[\/g], H(21,2) = Z[V3] & Zs.

e (j,k)=(1,3):

0(11,3) = %Z[\/g]v 0(21, )y = 6492[\/3];

Hi g = %Z[\/i’;], H(21,3) = (?Z[\/g]) ® (? Z3)
o (4,k)=(1,4)

C’(1175) =0 ZV3), 0(21,5) = ?Z[\/g];
Hi5 =0, Hfg = (?Z[ﬁ]) ® (%9 Z3)
e (j,k) = (1,6):
Cley =0, Clie=0ZIV3;  Hig=0 Hjg= ?Z[\@]
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If the first degree is 2, the situation is trivial, since
Cloy = Clay = Higoy = Hizoy =0, Coey = Hiyoy = ySy@ M@ M{—4}.
In particular, we have

H(22,2) = H(22,6) = Z[\/g], H(22,3) - H(22,5) - ?Z[\/gL H(22,4) = ?Z[\/g]

The graded Euler characteristic of the homology groups can be written
as follows:

Xg(C(G)) =Y (—1)'plq"dim H{; 1 (G)
4,5,k
=p°(¢"? =3 —10g — 12¢° — 10¢* — 3¢* + ¢°)
+p' (=271 — 6 — 12¢ — 12¢® — 8¢® + 2¢° + 2¢%)
+0%(¢* +2¢° + 3¢* + 2¢° + ¢°)
—7’7:_1”/(12_1 T 24+2¢7 3420+ 42
+2w(qg 3 +3¢ 24671 +7+6q+ 3¢+ )
+w?(g+2¢7 " + 3420+ ¢°)
% 272 4 2wz w?e?
=ég(w, z).
It follows that

Oea(w, z) = 22AOHEG G0 (w, 2) = 22 + 2wz + w?2?

and
Oeq(2) = %2q(1, 2) = 222 + 2z,

which coincides with the results we obtained in Examples 2.3] and 2.5] On
the other hand, notice that some terms in the cohomology groups cancel
out when one calculates the graded Euler characteristic. Consider H(l1 )

and H(ZL2

the cohomology groups. This means that the cohomology indeed contains
more information compared with the graded partial-dual genus polynomial.

) for instance. In addition, torsions also come out when calculating

7. Some applications. In this section, we review some basic operations
on ribbon graphs discussed in [I1]. The behaviors of the partial-dual genus
polynomial under these operations are given in [I1] based on the topologi-
cal definition of the partial-dual genus polynomial. In the first subsection,
we first extend these results to the graded partial-dual genus polynomial.
Then in the remaining subsections, we show that these properties can be
categorified in the cohomology theory defined in Section
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7.1. Some properties of the graded partial-dual genus polyno-
mial. In [24], Moffatt defines the so-called ribbon-join operation on two
disjoint ribbon graphs G; and G4, denoted by G1 V Go, in two steps:

e Choose an arc p; on the boundary of a vertex-disk v; of (G; that lies
between two consecutive ribbon ends, and choose another arc ps on the
boundary of a vertex-disk vy of Gs.

e Paste vertex-disks v1 and vy together by identifying the arcs p; and ps.

The following proposition extends the result of [11, Proposition 3.2(a)| from
the partial-dual genus polynomial to the graded partial-dual genus polyno-
mial.

PROPOSITION 7.1. Let G1 and G2 be disjoint ribbon graphs. Then
65G1UG2 (w, Z) = aéG1\/G2 (w’ Z) = 85~G1 (w’ Z) aéva'2 (wv Z)'
Proof. According to our combinatorial formula of the partial-dual genus

polynomial given in Lemma together with the definition of the graded
partial-dual genus polynomial, one computes

ua(w,?) =25 3wl FAIIR)

ACE(G1UGx2)
=7, Z wl At 1Az = F1 (A1) =[F2(A2) | = F1 (A7) — | F2(A3)]
A1CE(Gr)
A2CE(G2)
_ (Z2c(Gl)+|E(G1)| 3 w|A1\Z—|F1(A1)\—|F1(Ai)\)
AlgE(Gl)
x (ZQC(G2)+\E(G2)| 3 w|A2\Z—|F2<A2>\—|F2(As)\)
A2CE(G2)
= aégl (w, 2)8592 (w, 2),
where Z = 226(G1UG2)+E(G1UG2)| — ,2¢(G1)+2¢(G2)+|E(G1)|+|E(G2) and
8§G1VG2(w’ Z) = Zy Z w‘A‘Z_|FV(A)|_|FV(AC)|
ACE(G1VGa)
— 7, Z WALz ]~ FLAL) =] P (A2) [H1—| FL(AS) | —| F2 (A3)|+1
A1CE(Gh)
A3CE(G2)
:<z2c<cl>+\E(G1>| 3 wlAlszIFl(Al)llel(Af)\)
A1CE(Gh)
% (ch(a2>+|E<G2>\ Z w\Az|Z—\F2(A2>|—|F2<As>|)
A2CE(G2)

= 65(;1 (w, z) 65G2 (w, 2),
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where Z\/ — ZQC(G1\/G2)+|E(G1\/G2)| — ZQC(G1)+26(G2)—2+|E(G1)H—|E(G2)‘ and FU7
Fy, F1, F5 count the numbers of face-disks of the subgraphs of G1 UGs, G1V
G9,G1 and Ga, respectively. u

To construct a bar-amalgamation of two disjoint ribbon graphs G and G,
denoted by G = Ga, the authors of [11] start the ribbon-join operation with
selecting arcs p; and po, on the boundaries of vertex-disks v; and ve of G
and G2, and then paste one end of a new ribbon to p; and the other end
to pa2.

PROPOSITION 7.2. Let G1 and Go be disjoint ribbon graphs. Then

65G1102 (wv Z) = (1 + w)agGl (wv 2)85G2 (wv Z)'

Proof. Similar to the proof of Proposition let us use F.. to denote
the number of face-disks of the subgraphs of G; = G5. Then we have

O¢c—c,(w,2) = Z.. Z w! Al 1F=(A)| =] F= (A%)]
ACE(G1=Gs)
- ZI( S+ % )w\A|Zf|Fx<A>\f|Fx(AC>|
e ACE(G1=G2) e€ACE(G1=G2)
— 7. Z wlArF1Az| = |F1 (A1) | Fa(A2)| = F1(AS)|—| F2(AS)[+1

AleE(Gl)
AQGE(GQ)

4+ Z wl At Azl +1 = Fi(A1)|—|Fa(A2) || F1 (Af)|—\F2(A§)|+1)
A1€E(G1)
A2€E(G2)

= 8501 (w, z)aég2 (w, z) + waégl (w, 2)6502 (w, 2)

=(1+ w)aéch (w, z)aéGz (w, 2),
where Z. — 220(G1=Ga)+|E(G1=G2)| — ,2¢(G1)+2c(G2)+|E(G1)[+|E(G2) -1 ap ¢
denotes the ribbon-edge added to connect G; and Gs.
By setting w = 1, we obtain

85G11G2 (Z) = 28501 (Z) €Gy (2)7
this recovers the result of |11, Proposition 3.2(b)].

REMARK 7.3. These notations hide the information of the arcs and
vertex-disks we choose, because it can be seen from these two properties that
the graded partial-dual genus polynomial does not depend on the choices of
these arcs and vertex-disks. Actually, sliding an edge-ribbon of a ribbon
graph along the boundary from one vertex-disk to another one preserves
the partial-dual genus polynomial [9, Lemma 2.2|. One can similarly prove
that the graded partial-dual genus polynomial is also preserved under edge
sliding. Based on this fact, it is easy to observe that the graded partial-dual

0
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genus polynomial of the bar-amalgamation of two connected ribbon graphs
does not depend on the choices of the arc and vertex-disks. As for categorifi-
cation, it is routine to check that the S-, F-, V-, W-cubes also do not depend
on these choices. In other words, different choices of arcs and vertex-disks
give rise to isomorphic cohomology groups. In particular, by placing the slid-
ing edge as the last one, it is not difficult to observe that the cohomology
groups are also preserved under edge sliding.

As we mentioned before, the classical Euler—Poincaré dual of a ribbon
graph G has the same genus as G. For the generating function %eg(z), it is
obvious to conclude from Definition that the partial-dual genus polyno-
mial is preserved under the partial dual with respect to any subset A C E(G).
In other words, for arbitrary A C E(G) we have %eqa(2) = 9¢g(2). Next
we re-prove this result by using Lemma [2.2] since this method will be used
again later. The following lemma can be proved directly by using the fact
that F(A) = V(G?4), but we still want to present a pure geometrical proof
here.

LEMMA 7.4. Let G be a ribbon graph and e € E(G). For arbitrary B C
E(G)\ {e}, we have

Faey(B) = Fa(BU{e}) and Fge(BU{e}) = Fa(B),

where Feey (B) denotes the set of the face disks of the ribbon graph obtained
from G} by removing all the edges not in B.

Proof. Consider the edge e which connects two disks in Figure [2| Since
e ¢ B, one observes that the ribbon graph obtained from G1¢} by remov-
ing all the edges not in B is homeomorphic to the ribbon graph obtained
from G by removing all the edges not in BU {e}. It follows that Fi e} (B) =
Fo(BU{e}). For the cases that e connects a disk to itself, either twisted or
untwisted, one can also prove that there exists a homeomorphism between
these two ribbon graphs.

By replacing G with Gt¢}, one obtains the second equality. =

PROPOSITION 7.5. For any ribbon graph G and any subset A C E(G),

we have

92g(2) = %egal2).

Proof. 1t suffices to verify the case where A contains exactly one edge.
The general case can be proved inductively by using GAte} = (GA)te},
Assume A = {e}, and first notice that

(G =¢(@) and |B(G)| = |E@G)].

By using the natural one-to-one correspondence between the elements
in E(G1¢) and E(G), we set 2B(G1)) = 9E(G) = Fy U Ey, where Fy =
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{ACE(G)|ec A} and E2 ={A C E(G)|e ¢ A}. Then one computes
L2e(GENHBGD)| Z 5 1Fgtey (B)=IF ey (B
BCE(G{})

— Z2c(G>+\E(G>|< Z i Z )27|FG{6}<B)\7\FG{E}(BC)|

BeE; BeFEy
_ z2c<G>+\E(G>|( 3 o IFeB\DI-IFa(BULe)]

Ve (2) =

BEE,
+ 3 Z—|FG(Bu{e}>|—|FG(BC\{e}>|)
BeFEsy
— ch(G>+\E(G>|( 3 o Ee®)-FaB) . 3 z—\FG<B>|f\FG<BC>|>
BeE, BeEk;
=9%(2). =

It is worth mentioning that the graded partial-dual genus polynomial
£c(w, z) is not preserved under the partial dual in general. More precisely,
consider a ribbon graph G and an edge e € E(G), and let us still denote
Ei={ACFE(G)|ec A} and E; = {A C E(G)|e ¢ A}. Then we have

O2gw,z) = 3 whlzE 1 37 ),

AeEn A€Es

7]

For convenience, we denote ) ,cp w266") and > AcE, wl25GY) By

u(w,z) and v(w, z), respectively. In other words, %ég(w,2) = u(w,z) +

v(w, z). Mimicking the proof of Proposition one computes

L2e(GUNHEGE) Z wl Al 1F ey (DI=IF ey (A%)]
ACE(Ge})

_ Z2c<G)+\E(G>|( D ) Fiey (A)|=|F e (A°)]
AeEr A€k

= ZQC(G)HE(G)I( Z w!Al,—1Fa(A\{e})|-|Fa(A°U{e})]

V8 ter (W, 2) =

A€FE
+3 w\Alz*|FG(Au{e}>|f\FG<AC\{e}>\)
AcE»
:ch<c>+\E<G>|< 3wl IR () Fa ()
Al'eE»
+ ¥ w|A”|71[|FG(A”)|7|FG(<A”)C>|)
A’e Eq

= w tu(w, 2) + wo(w, 2).

Here A" = A\ {e} and A” = AU {e}.
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ExXAMPLE 7.6. Consider the ribbon graph G indexed by 11 in Figure [3
Direct calculation shows that

850{51}(10, 2) = z 4 222w + 2w

Comparing with the result about aég(w, z) in Example we deduce that
the partial dual operation does not preserve the graded partial-dual genus
polynomial in general.

Although the graded partial-dual genus polynomial is not preserved un-
der partial dual in general, the next proposition tells us that it is invariant
under the classical Euler—Poincaré dual.

PROPOSITION 7.7. For any ribbon graph G, we have

Yeq(w, z) = %6g+(w, 2).

Proof. Assume |E(G)| = n and 9%8g(w,2) = 3 fi(2)w’. Then one
computes

agG* (’LU’ Z) = Z w‘A|ZE((G*)A) — Z wlA‘Zé(GAC)
ACE(G*) ACE(G)

— wn—HAlEEY) = an_i(z)wi
ACE(G) i=0

= Z fi(2)w® = 85@(@0, 2)
i=0

The penultimate equality follows from the fact that f;(z) = f,—:(z), which
was given at the end of Section 2]

Later in Section [7.4] we show that G and G* actually have isomorphic
cubes, as well as cochain complexes and cohomology groups, which illustrates
that Proposition [7.7] can be lifted.

7.2. The categorification of Proposition Let G; and Gy be
two disjoint ribbon graphs. Without loss of generality, we can order @ the
face-disks connected in the ribbon-join operation of Gy U G5 to be the first
two, and the face-disk obtained in G71 V G2 to be the first one. Then

fo=id, fr =id, and fy =m®id, fir = m ®id

are S-, I'-, V-, W-cubes maps from G1 UGy to G1 VGe. And f = fe® fr®
fv ® fw is a cube map from Cube(G; U G2) to Cube(G; V G2). Moreover,
it induces a surjective chain map from C(G; U G2) to C(G1 V Ga), as well

(?) Here we want to remind the readers that to construct the homology, the set of face-
disks need to be ordered, but this order does not affect the homology up to isomorphism.
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as a homomorphism from H(G; UG2) to H(G1 V G2), denoted by f and f*
respectively. We have the following short exact sequence:

0= ker f < C(GLUG) L (G v Go) {2} — 0.

The degree shift makes this exact sequence graded. And because f is a
cochain map, ker f is a subcochain of C(G1 U G2). Additionally, this short
exact sequence gives a long exact sequence
(7'1) . *
e HY(kerf) 5 HY(GhUGS) &5 H*(G1vG) =2} & B+ (kerf) — - -,
where the map 0* is the classical partial operator given by choosing a rep-
resentative element, finding a preimage of f acted on by dg,ug,, finding a
preimage of ¢, and selecting the corresponding cohomology class.

On the other hand, since (ker f)’ is isomorphic to

P N @ker (M T MO2{—2}) @ MEFWHIFAI4 9

AQE(G1UG2)
|Al=i

we obtain the graded Euler characteristic of ker f, x4(ker f), which is

Yoo QI 14 g POREAINL — (7 14 g) 7).
AgE(GlLJGQ)
Note that the long exact sequence (|7.1)) shows that

Xq(G1V G2) - ¢ = x4(G1 U G2) — xg(ker f),

which gives
Xq(G1V G2) = (¢ + 1+ q) *xq(G1 UGa).

This equality can be used to re-prove the first equality of Proposition
since

85~G1VG2 (w’ Z) — ZQC(GlVG2)+IE(G1VG2)|X
_ 220(G1UG2)*2+|E(G1UG2)|(q—l 14 q)fQX

— Z26(G1UG2)+|E(G1UG2)|X

= 8‘§G1UG2 (wa Z)a

where x = x4(G1 U Gg)LquqQ:w’q_lHJrq:Z_l. That is, the long exact se-
quence ([7.1]) categorifies the result of Proposition

7.3. The categorification of Proposition[7.2} Suppose ribbon graphs
G1 and G are disjoint again and we order the face-disks of Gy U G2 and
G1 = (G2 similarly to the former subsection. In other words, we order the
face-disks connected in the bar-amalgamation operation of G; UG> to be the
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first two and the face-disk obtained in G; = G5 to be the first one. Then we
can split the cochain group of G = G into two parts as follows:

C'(Gr=Gy)= P NoM=Wem="I{_2)}
ACE(G1=G>)
|A]=i
- < P NeomWg MFI(A”{—%})
e€ACE(G1=G3)
|A|=i
@( b Neom+W ®MFI<AC){—2¢}>,
e¢ ACE(G1=Gs)
|A|=i
where e is the edge added in the bar-amalgamation operation and F.. counts
the number of face-disks of the corresponding subribbon graphs of G; = Gb.
Note that if e € A, then |F.(A)| = |F\(A—e)| = |[FU(A—e)|—1, |[FL(A°)| =
[PV (A)[+1 = [FU(A%)|, and if e ¢ A, then [FL(A)| = [F\(A)|+1 = |[FL(A)],
|F_(A°)| = |FV(A°)| = |FU(A)| — 1. We can construct the following cube
maps:

gs = id, gr=1id, gy =id, gw = m ®id,
hg = id, hp=id, hy =m®id, hy =id,
rg =id, rp=1id, ry=m®®id, ry =id,
tg = —id, tp=1id, ty =id, tw = m®id,

where g is the cube map from the subcube of G; = G2 with the edge set
containing e to the cube of G V Ga, h is the cube map from the subcube of
(1 = (G5 with the edge set without e to the cube of G V G, r is the cube
map from the cube of G1 U G5 to the subcube of G; = G5 with the edge set
containing e, and t is the cube map from the cube of G; UG4 to the subcube
of G1 = GG with the edge set without e.

Based on the properties of TQFT, it can be easily verified that g+ A and
r 4+t induce two graded cochain maps

g+h: C(Gl = Gg) — C(Gl V Gg){—l},
r+t:C(GyUG2) = C(G1 = Ga){—1}.
Furthermore, if we extend one of these two maps to a short exact sequence,
we will obtain a long exact sequence of cohomology groups which categorifies

Proposition [7.2] The process is quite the same as the one in the previous
subsection.

REMARK 7.8. Note that (g +h)o(r+t) =gor+hot=0,g+his
surjective and r + ¢ is injective, and we obtain a graded short sequence not
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exact only at the middle term as follows:

0= C(G1UGs) 5 (G = Go){-1} 2% 0(G1 v Go) {2} — 0.

In a sense, this sequence is not satisfactory. We guess there is no short exact

sequence utilizing these three cochain groups.

7.4. The categorification of Proposition [7.7, For a given ribbon
graph G and a subset A C F(G), the corresponding vertex space is Cube(G) 4
= N®IAl @ MFe(D) @ MEFe(AY) and for its dual graph G*, it is Cube(G*) 4 =
NOAl @ M®Fe-(4) @ M®Fe+(A9) Notice that

Fa(d) = V(GY) = V((@)™) = Feu (4,
Fg(A%) = V(GY) = V((G)!) = Fo-(A).
Now we define a linear map between these two vertex spaces by

P, : Cube(G) 4 — Cube(G*) 4,
M @NA @M@ ® M) ®mf®...®m|cFG(Ac)|
=L Q- @NA @M Q- @ Mg, (ac) @ M1 @ -+ @ MYEg(a)-
It is routine to verify that P4 is an isomorphism and commutes with the edge

maps of these two cubes, which means that it induces a cube isomorphism.
This leads to the following proposition:

PROPOSITION 7.9. For any ribbon graph G,

Cube(G) = Cube(G*), C(G)=C(G") and H(G)= H(GY).

The third isomorphism can be seen as a categorification of the equality
in Proposition [7.7 However, Example shows that this result does not
hold for general partial dual graphs, because the partial dual operation may
change the graded partial dual polynomial, not to mention the cohomology
groups. We do not know whether a similar conclusion holds if the graded
partial-dual polynomial is fixed by the partial dual operation. The following

example shows that such a partial dual operation does exist, but unfortu-
nately these two ribbon graphs have isomorphic cohomology groups.

€1
G% -
G

Gler}

Fig. 11. A ribbon graph and one of its partial dual graphs
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ExaMpPLE 7.10. Let G be the ribbon graph on the left side of Figure
with its two ribbons denoted by e and es. Then one of its partial dual graphs
G1te1} is the right one. Their cubes are illustrated in Figures [12] and

N @ M®? @ M®?

u®IdW Wm@m@m M

M®3 @ M N®2 @ M ® M®3

u@mEId @A m} @meldy @A

N® M®2 ® M®2
Fig. 12. Cube(G)

N M@ M®3

u®m®W uRId N RARMKId pr

M®? @ M®? N®2 g M®2 g J[©2

u®A®m %) ®Id ) @M A

NQM®Be M

Fig. 13. Cube(G{c1})

Note that the vertex spaces on each vertex of their cubes are isomorphic,
hence the ribbon graphs G and G{¢1} share the same graded partial-dual
genus polynomial, z*(z7% 4+ 2wz=* + w?2™*) = (1 + w)?. At first sight, the
readers may notice that they have different edge maps. However, it turns out
that these two ribbon graphs have isomorphic cohomology groups as listed
in Table [T} The integers in this table are the ranks of cohomology groups
at corresponding degrees, and the empty cells and degrees out of the table
mean that cochain groups vanish there. Additionally, the cohomology groups
of these two ribbon graphs are torsion-free.

This example indicates that the knight move theorem for the chromatic
graph cohomologies with rational coefficients proved in 7] does not hold. It
motivates us to pose the following question.

QUESTION 7.11. Do there exist two ribbon graphs that have the same
graded partial-dual genus polynomial but different cohomology groups?

8. Some remarks on algebraic structures. There are plenty of al-
gebraic structures that can be used to construct a categorification of the
partial-dual genus polynomial. Fixing the Frobenius algebra as before, we
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Table 1. Homology groups of G and Gt}

j=0 |H* | H' |H*|| j=1 | H' |H || j=2 | H?
k=-4] 1 k=-4 k=—4
k=-3| 4 k=-3 k=-3
=-2| 8 k=-2| 2 k=2
k=-1| 10 k=-1] 8 k=-1
k=0 | 8 0 k=0 [ 19 | 1 k=0
k=1 | 4 [ 16 | 0 k=1 | 28 | 4 k=1 | 4
k=2 | 1 |20 | 1 k=2 |29 | 11 || k=2 | 10
k=3 | 0 | 16 | 4 k=3 [ 20 | 20 || k=3 | 16
k=4 | 0 8 k=4 [ 9 | 27 || k=4 | 19
k=5 2 | 10 || k=5 26 || k=5 | 16
k=6 0| 8 k=6 | 0o | 18| k=6 | 10
k=1 4 k=17 4 k=7 | 4
k=38 k=8 k=38

may attempt different half-genus maps. It turns out that essentially the
half-genus map defined in Section [3]is the unique one that can realize this
categorification. And actually, we can construct a Frobenius algebra with
half-genus map for any odd dimension greater than three.

In addition, we may use the algebra M’ = C[z]/(xz?*"T! — 1) to give a
complex which is not graded. Similarly to what happens to the construction
of Baldridge and McCarty’s homology [4], this homology at degree 0 depends
on the number of colorings on the graph.

In the last subsection, we deal with a 2-dimensional algebra, which is
realized by an unoriented TQFT.

8.1. Other half-genus maps. Recall that the half-genus map h is an
endomorphism of the Frobenius algebra M with condition h? = m o A. In
order to give a TQFT corresponding to a punctured annulus, it has to satisfy

mo (h®Idy)=hom=mo (Idy ® h),
(h@Idy)oA=Aoh=(Idy @ h)o A.

The first equation shows that h € Ends (M), which implies that it is mul-
tiplication with a fixed element that belongs to M. Denote this element by
h = hg + hix' 4+ hoa?; then it is easy to check that these two equations are
satisfied for any hy, ha, hy € Z[+/3]. To get the half-genus relation h? = moA,
after some elementary calculations, we find that hg = 0,h; = +v/3 and hy
can be any element in Z[v/3].

Then for a general ho, we can construct the punctured TQFT as before
and the cochain complex whose graded Euler characteristic is the partial-
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dual genus polynomial, with a little modification. For a nonzero hso, the
half-genus map is no longer a graded map. Moreover, it has the same degree
as m and A, hence it cannot be deduced that the graded Euler characteristic
of the cohomology groups equals that of the cochain groups.

However, just as another differential in Khovanov homology theory brings
out Lee’s endomorphism [22], a new differential may give us more informa-
tion. If we still use 0 to denote the differential of the cochain complex given
by h = /3 while & by b/ = 3z + 22, then a new differential & := 9’ — 0
is given by zero multiplication, unit, comultiplication, trace while only the
half-genus map is multiplication with 2. By applying this differential in a
V-cube or W-cube, we can construct a bicomplex (C(G),d,P) whose spec-
tral sequence is given by horizontal (or vertical, resp.) filtration, say Fyo (or
Eyert, resp.). And both of them converge to H(C(G),d’), the cohomology
induced by h'.

REMARK 8.1. If a ribbon graph G is orientable, then both Fj., and
FEyert converge at the second page, since @ = 0 in this case. We define the
orientability number of G to be the minimal number of edges such that re-
moving these edges yields an orientable surface. We guess that the orientabil-
ity number of a ribbon graph G might be read off from some information of
Ehor and Eyery.

8.2. Other Frobenius algebras. We can also use other algebraic struc-
tures to categorify the partial-dual genus polynomial. This is different from
Khovanov’s categorification of the Jones polynomial [16] and Helme-Guizon
and Rong’s categorification of the chromatic polynomial [I4], because the
former one lifts the skein relation of the Jones polynomial and the latter one
lifts the deletion-contraction rule of the chromatic polynomial.

In fact, we can choose different M, such as Z[v/2n + 1,z]/2*"*!, with
Frobenius trace e mapping each polynomial to the coefficient of 22", the
half-genus map being the multiplication with v/2n 4+ 12", and @ being the
map induced by the multiplication with z"** for any ¢ > 0 to construct
the bicomplex as well as the spectral sequence. This is exactly the extended
Frobenius algebra from [4]. However, this will make the calculation much
more complicated.

REMARK 8.2. Unlike Khovanov homology [16] needing the existence of
the unit map to preserve the homology groups under three kinds of Reide-
meister moves, since we do not need the unit and trace map of the Frobe-
nius algebra, we can select an algebra without such structure, which is called
nearly Frobenius algebra in [I]. Maybe the simplest example is the ideal gen-
erated by the half-genus element, the one multiplied by the half-genus map.
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The homology groups given in this way are much easier to calculate, but
they may lose some properties as the TQFT does not work anymore.

8.3. Lee-type homology and relation to the coloring number.
It is also feasible to utilize the Frobenius algebra M = Clx]/(x?" T — 1),

with trace € : 1,...,22" 1 +— 0, 22" +— 1 and half-genus map h : zF —
V2n +12"% k= 0,...,2n. The comultiplication induced by trace is A :
s rF@a? okl @l o TP @1, k=0,...,2n. Similarly to

the one in [22], the structure of this algebra is simple under a specific basis,
called the color basis, given by Baldridge and McCarty [4].
This basis can be given by
1

n

Ck

where £k =0,1,...,2n and A = e%, such that
Cj - Ckp = 5jij, h(ck) = V2n + 1)\—nkck7 Alcg) = (2n+ 1))\—2nkck & ck.

By applying the same strategy as in [4], we could conceive the relation
between this homology and coloring numbers. Concretely speaking, if we
denote by a the number of colorings on F((}) such that adding any ribbon
edge connects two different colored circles into one, and by b the number of
colorings on F'(G) such that the deletion of any ribbon edge translates two
different colored circles into one, then the dimension of the first homology
group is

dim H(G) = (2n + DIF@lg 4 2n + 1)IFOlp — g,

Moreover, although this homology cannot categorify the polynomial di-
rectly, it is related to the original homology by a spectral sequence similar
to that in [22].

8.4. Another categorification using unoriented TQFT. To inves-
tigate link homology theories for stable equivalence classes of link diagrams
on orientable surfaces, Turaev and Turner [28] introduced the notion of un-
oriented topology quantum field theory and extended Frobenius algebras,
which are in one-to-one correspondence to each other. We omit the defini-
tion, but give an example of an extended Frobenius algebra.

EXAMPLE 8.3. Let A = Z[z]/2?, with natural unit map, multiplication,
and Frobenius trace € : 1 +— 0,  +— 0. It becomes an extended Frobenius
algebra after we equip it with an involution ¢ : 1 — 1, z — —x and an
element § =0 € A.

We can construct a V/-cube by using this rank two algebra. For each
subgraph given by A C E(G), define V) = A®F (4) and fix an orientation
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on each component of the face disks F'(A), where different choice does not
change the homology. For all A, B C E(G) satisfying the edge condition, if

e |F(B)| = |F(A)| — 1, then the addition of the new ribbon edge can be
seen as a saddle giving a cobordism from two oriented circles to one. The
orientation of the third circle induces the orientation of this cobordism,
and if any orientation of the first two circles is incompatible with this
cobordism, we apply an involution on A corresponding to this circle. Then
we apply multiplication on A ® A corresponding to these two circles.

e |F(B)| = |F(A)| + 1, then the addition of the new ribbon edge can be
seen as a saddle giving a cobordism from one oriented circle to two. The
orientation of the first circle induces an orientation of this cobordism,
and if any orientation of the last two circles is incompatible with this
cobordism, we apply an involution on A corresponding to this circle. Then
we apply a comultiplication on A corresponding to the first circle.

e |F(B)| =|F(A)|, then the addition of the new ribbon edge can be seen as
a saddle giving a cobordism from one oriented circle to another one. We
apply a zero map on A corresponding to the first circle.

For other circles we apply identity maps and ultimately we tensor those
maps together to obtain the edge map. The properties of the unoriented
TQFT preserve the commutativity of this cube. The readers can reprove it
by checking mo (¢ ®1d) o A(1) = #%. Additionally, if we keep the degree of 1
and z as 1 and 0, this algebra is graded and each edge map of this cube is
of degree —1 as well.

Replacing the W-cube by the dual of the V’-cube gives an anticommu-
tative cube by tensoring it with S, F', and the V’-cube. Then everything
happens as before and we obtain the homology which can be considered as
a categorification of the graded partial-dual genus polynomial. As the rank
of the algebra that we use is smaller, the calculation will be simpler but the
cost is the addition of the step of analyzing the orientations.

REMARK 8.4. There are many extended Frobenius algebras if we do not
assume any restriction. As long as an extended Frobenius algebra is graded,
it can be applied to categorify the graded partial-dual genus polynomial in
the same way. For ungraded ones, it can be studied by using the spectral
sequence from them to the graded ones.
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