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Estimates of singular integrals and their commutators on
weighted Hardy spaces

NGuvYEN Duc TrRUNG, TAN Duc Do, LE XUAN TRUONG
and NGUYEN NcoCc TRONG

Abstract. We prove that singular integrals 7" with standard Calderén—Zygmund ker-
nel and § with variable kernel are bounded on appropriate weighted Hardy spaces. Simi-
lar results hold for the commutators T, and S, when b belongs to a suitable subspace of
BMO(R™).

1. Introduction. Estimates on singular integrals and the associated
commutators are certainly of interest. A driving force for such an interest
lies in the observation that the estimates can lead to regularity of solutions
to partial differential equations. Namely, the following facts (most relevant
to us) are known in the literature:

e The LP-boundedness of Calderén-Zygmund singular integrals can be used
to derive local regularity estimates up to the second order for strong so-
lutions to the elliptic equation

Zaw u+Zb8u+cu—f

with continuous leadmg coefficients a;; and bounded lower-order coeffi-
cients b; and c. See [GT83, Theorem 9.11].
e |CFL93, Theorems 4.1 and 4.2] considered the elliptic equation

(1.1) Zawa U=

with leading VMO—coefﬁcients a;j and re-established [GT83, Theorem
9.11]. This is a significant improvement since VMO-functions may not
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be continuous. The proof relies on the LP-boundedness of the associated
commutators of Calderéon—Zygmund singular integrals with coefficients in
VMO-spaces.

e [SS06, Theorems 3.1 and 4.1] proved the boundedness of singular integrals
with standard and variable kernels respectively as well as their commuta-
tors in the Hardy space HJ(R") := H'(R"™)+ L?(R"). Then those authors
obtained an interior second-order estimate for the strong solution to (|1.1))
with a;; being vanishing LMO-functions [SS06, Theorem 5.1|. This regu-
larity estimate is interesting because |[GT83, Theorem 9.11] and [CEFL93],
Theorems 4.1 and 4.2] may fail for L'-spaces. With the focus on singular
integrals and their commutators, our main results in fact extend [SS06),
Theorems 3.1 and 4.1] to a weighted setting. See also |[TTT25b].

e Concerning weighted Hardy spaces, the authors of [LKY16] investigated
d-Calderon—Zygmund operators 1" and showed that their commutators are
bounded from H}(R") to L. (R") as long as the commutator coefficient
belongs to the space BMO,,(R™), where w is a Muckenhoupt weight of

class A1 5/, (R™) satisfying {gn % dr < co. Observe that BMO,,(R")
is a proper subspace of BMO(R"™). This boundedness contrasts with the
well-known fact that such a result does not hold when w = 1, unless the
commutator coeflicient is a constant, which also explains the significance of
the result. Furthermore, the boundedness of the commutators on H_} (R™)
also holds under an extra assumption that 7%1 = 0. For more details, see
ILKY16l, Theorems 1.3 and 1.5].

e The authors of [SS05, Theorem 1.1] noted that the local estimate in [SS06),
Theorem 5.1] could be made global if the leading coefficients a;; are log-
continuous with a vanishing property. In turn, the HP-version appeared
later in |TT*25a, Theorem 1.1] under the assumption that a;; are ho-
mogeneous Lipschitz continuous functions with a vanishing property. The
proofs of [SS05, Theorem 1.1] and |[TT™25a, Theorem 1.1] are in the spirit
of [GT83, Theorem 9.11], making use of the boundedness of Calderén—
Zygmund singular integrals.

In another direction, estimates on commutators are a subject of inde-
pendent interest, with various extensions and generalizations regarding both
types of operators (generalized Calderon—Zygmund operators, operators with
rough kernels, pseudo-differential operators, etc.) and functional settings
(Hardy spaces, BMO-spaces, Herz-type spaces, etc.). See [S93], LWY02], [SS05,
CW14l [CL.99, DY03, HK15, [D25] and the references therein.

Back to our considerations, this paper investigates the boundedness of
singular integral operators T' and S with standard Calderén—Zygmund kernel
and variable kernel respectively as well as their commutators

Ty(:):=T(b-) = bT(-) and S&p(-):=S8(b-) —bS(")



Estimates of singular integrals and their commutators 3

on the weighted Hardy spaces
HM(R™) := HL(R™) + LY(R") with 1 < ¢ < oo and n > 3,

where w is a Muckenhoupt weight. The coefficients b belong to suitable func-
tion spaces. Our main results, Proposition [3.1} Theorems and
extend [SS05, Theorems 2.1 and 3.2] and [SS06, Theorems 3.1, 4.1 and 4.2] to
a weighted setting. For comparison, we recall that [SS06, Theorems 3.1, 4.1
and 4.2] assert the boundedness of T, and S, on H4(R™) when b belongs to
the space LMO(RR™), which is a subset of BMO(R"™) with the extra decaying
property on balls of small radii. In our weighted setting, for the boundedness
on H5(R™) we require b to be a member of the so-called L2MO-space, which
is a subset of LMO(R"). The L2MO-space is uniquely tied to the weighted
setting and does not appear in the unweighted setting of [SS06, Theorems
3.1, 4.1 and 4.2|. See Section below.

As an application, it has been observed in [SS06, Theorem 5.1 that
the boundedness of the commutators T;, and S, can lead to local Hessian
regularity estimates for second-order linear elliptic equations in the local
Hardy space h!(f2), where (2 is a bounded domain in R™. The global version
of [SS06, Theorem 5.1] is available in [SS09, Theorems 1.1 and 1.2]. Under
the same approach, the hP-counterpart of [SS09, Theorems 1.1 and 1.2] with
1 < p < 1 was established in [TT™25a, Theorem 1.1]. See also [TTD21].
We anticipate that the boundedness results in the present paper will enable
analogous regularity estimates in weighted Hardy spaces. We wish to follow
this idea in a future work.

Our main results here include Proposition [3.1, Theorems and
[3:8 Proposition and Theorem assert the boundedness of T" and S
on Hul,’q(]R"). Theorems and present the boundedness of the com-
mutators T, and S, on H,,?(R"). Before these, the essential background on
Muckenhoupt weights and function spaces is collected in Section [2}

Notation. Set N = {0,1,...} and N* = {1,2,...}. Constants C' and ¢
are always assumed to be positive, independent of the main parameters, and
with values changing from line to line. For any two functions f and g, we
write f < gand f ~ g tomean f < Cg and cg < f < Cg respectively. Given
ap € [1,00), the Holder-conjugate index of p is denoted by p'.

2. Preliminaries. In this section, we introduce Muckenhoupt weights
and essential function spaces together with their properties to be used later
on. The essential function spaces include weighted Lebesgue spaces, BMO-
spaces, LZMO-spaces and weighted Hardy spaces. Interactions between these
spaces are also examined.
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2.1. Muckenhoupt weights and weighted Lebesgue spaces

DEFINITION 2.1. Let 0 < w € L{ (R") and t € [1, 00).
If t > 1, we say that w € A, if there exists a constant C' > 0 such that

<;3| Juta)c) <|B| ot i) <

for all balls B C R™.
If t =1, we say that w € A; if there exists a constant C' > 0 such that

S wdz < C|B] iréfw
B
for all balls B C R™.
The smallest constant C' in the definition of w is called the A;-constant
of w and is denoted by [w]4,. We also write As 1= J,~; At

We keep in mind the following important properties of Muckenhoupt
weights (see [S93 Chapter 5] and [G09, Chapter 9]).

LEMMA 2.2. Let t € [1,00) and w € A;. Then the following statements
hold:

(i) w(AB) < [w]a,AN"w(B) for all balls B C R™ and X\ > 1.
(ii) Ay C A, whenevert < gq.
(i) w e Ay for some q € [1,t). Set

to:=inf{g>1:we A,}

which is called the critical index of w.
(iv) There exists a constant 6 = d(n, [w]a,) € (0,1) such that
w(

et {F) = 53 < o (i)

for all balls B C R™ and measurable subsets E C B, where |E| is the
Lebesgue measure of E and w(E) = {, w(z) dx.

Next we define weighted Lebesgue spaces.

DEFINITION 2.3. Let 0 < w € L] _(R") and p € (0,00). The weighted
Lebesgue space LE,(R™) is defined by

LP(R") := {f : R™ — R measurable : S |f(z)[Pw(z) de < oo}.
Rn

We endow LE(R™) with the (quasi-)norm
1/p
1l o= (§ 1 @Pw@) dn) " < co.
]Rn

If p = oo then L°(R™) := L>®(R").
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2.2. BMO-space. We recall the definition of the BMO-space BMO(R"™).
DEFINITION 2.4. Define
BMO(R") := {f € Ljoo(R") : | fllBmo(rn) < oo},
where

I fllBMo(RRr) = bup |B| S |f(z) — fB|dz

with the supremum taken over all balls B C R", and

fB = ’;;f(x) dx.

Also recall two technical lemmas concerning BMO-functions.

LEMMA 2.5 ([SS06, Lemma 2.4]). Let f € BMO(R"™). For any p > 1 and
a > 0 there exists a constant C' = C(n,p,a) > 0 such that

S |f(y) - fB‘p’x - y’—N—Oé dy < CT_aHfH%MO(Rn)y
R™\B
where B = B,.(x) is the ball of radius r centered at x.

ProproSITION 2.6 (JLKY16l Lemma 2.3]). Let w € Ao and q € [1,00).
Then there exists a positive constant C' such that

1 1/q
(W(B)Jyf(g;) — fB|%w(x) dx) < Cllfllemo(rn)

for all f € BMO(R™) and all balls B C R™.

2.3. L?MO-space and its properties. Here we discuss the function
space L2MO(R"), which will be of main interest in our analysis. Its various
properties are also examined. The space L2MO(R") was first introduced in
IBBOS5, p. 518]. More discussion of this function space and its generalizations
can be found therein.

DEFINITION 2.7. The space L2MO(R") is a subspace of BMO(R") and
is equipped with the norm

1+ |Inr|?
I lemogn = sup B0 py g da
o<r<1 |B7“ B,
+ su dr < 0o
7‘>Il) |B | S ’f( ) fB'r‘

for each f € L2MO(R™), where B, denotes an arbitrary ball with radius r.
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Similarly, the space L2MOP(R") with p € [1,00) is defined to comprise
all functions f satisfying

1/p
Flimorgenyi= s (1+nrl?)( 15 | 1) - folrds) <.
0<r<1/2 |B ‘

The space LZMO(RR™) resembles LMO(R"), the latter consisting of all
functions f satisfying

1+ |lnr
| flstoen = sup 2T p) - g5, de
0<r<1 ‘Br’ B,
+ su dr < 00.
rzltl) ’B’ S ’f( ) fBr’

The appearance of L2MO(R") is due to a technical reason in the proof of
Lemma Specifically, in Case II in that proof, we derive the estimate

[In 7|2
| B

| |z — xo| "w(x) dz < C(n) w(B)
2r<|z—=zo|<1
using a dyadic decomposition, where B := B(xg, ). In turn, if w = 1, then
| |z =)™ dz = C(n)[Inr.
2r<|z—xo|<1
Likewise, L2MOP(R"™) resembles LMOP(R"™) (see [SS06]), the latter con-
sisting of all functions f such that

1/p
[Fluvior ey :—rsﬁ;/>2<1+|1nr\><|3‘§|f<> fulds) <.

It is known that LMO(R") < LMOP(R") as seminormed spaces (see [SS00),
Lemma 2.5]). The next lemma tells us that a similar result holds for L2MO-
spaces.

LEMMA 2.8. Let p € [1,00) and f € L2MO(R™). Then there erists a
constant C = C(n,p) > 0 such that

[flLamor@®ny < Cll fllLemo®n)-
Proof. Let @ : [0,1] — [0, 00] be defined by

1
D(r)= ——.
(r) 1+ (Inr)?
Then @ is a continuous non-decreasing function which satisfies
1 1

> f No<r<s<l.
r(L+ nr?) = s(L+ [ms2) M TETSES
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By |A92, Proposition 1.13|, we obtain
1/p
sup (1 ) (5§ 160) = P ) < Clpl o
r<l/2 B
as required. m

Another property of LZMO-spaces to keep in mind is the following.

LEMMA 2.9. Suppose f € L2MO(R™). Then there exists a constant C' =
C(n) > 0 such that

V 17@) = flle =yl dy < Or (4 )71 f mogn)
R™\B
for all balls B = B,(x) with r < 1/2.
Proof. Let B := B,(x) with r < 1/2. Set Bj := 2/B for each j € N.

Choose k € N* such that 1/2¥*! < r < 1/2% which implies k ~ |Inr|. It
follows that

V 1rw) = fellz =y dy
R™\B
<>V 1@ = falle -y dy

JEN Bj1+1\B;

1
SC(H)ZW | 1fw) - feldy
JEN Bjy1

1 1 J
SC(H) § %<|Bj+l‘ S ’f(y)_fBj+1|dy+ E_:‘fBiJrl _fBi‘>
jEN Bj+1 =0

k 1 1 J
<C(n) j;o > <|BJ+1\ BS |f(y) = fB1l dy + ; |[Biy1 — fBl-|>

< 1/ 1 /
+C(n) zk: %’(\Bj+1| S |f(y) = [ | dy + Z: |fBiyy — fBi|>
+1 Bji1 i=0

k
1+ [In(27+1r)|2
— . ld
]z: ]r< —|—|ln 2]+1 )’ )|BJ+1|BS |f fB]+1| Yy

VoI EMD

- i+1’Bl )
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(e o]

1 1
+C(n) Z 2JT<|B]+1 S |f_fBj+1|dy

| Bjt1

j=k+1
k
E:j* Sl LGy S N P¥
27 | (1 + n(2+17)[2)[ By Bj+1
Jj= Bji1

J 1,.112
1+ [In(2t 1)) ]
+ E — ... |d
(1 + [In(2¢+17)|2)| Big1| BSH = Faealdy

1=
[e.9]

+Cm) Y jfluﬂmMo

. 2r
j=k+1

k
Y5 iy liaviocen
22 2 \ T+ (2172
1
+ ZZ:; 1_|_|1r12i+1r|2HfHL2MO(R”)>
[o¢]

i+ 1)(1 4 |Inr|)?
+ C(n) Z (]er(i(+—;111|:|§)|) I f lL2nvo @

Jj=k+1
= )1izj: 1 (Rl
- rem g P o+ (04 1) In2?) L2MO(R")
S j + 52
J:k+1
< C(n)liz 1 —
> 7’2:0 = 2](1+‘111’I“—|—(1_|_1)1n2| ) (R")

+C(n)rH (1 + [nr ) 7Y fllamon)

o0

1 1
< n
C(n)- ZQZ(1+|IDT+(2+1)1 2‘ )Hf”L?MO(]R )
+Cn)r "1+ Inr?)” 1HfHL2MO(IR”)

1= (i+1)%(In2)?
< — _—_ n
= C(n)r zz; 2z(1 + |lnr|2) ||f||L2MO(]R )

+Cn)r (1 + |lnT’2)71‘|f||L2MO(]R“)
< Cn)r (1 + )Y fll2mo@n),
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where we use the fact that
1 100?
<
1+]a+0]2 = 1+]al?
in the second-to-last step. m

for all a < 0 and b > 1/2

2.4. Weighted Hardy spaces. Inthissubsection, we introduce weighted
Hardy spaces on R™ and their local versions.
Let ¢ € C°(R™) be a standard mollifier, that is, ¢ is radial and satisfies

suppy C B(0,1), ¢ >0 and Sgo(:x)dle.
R’ﬂ

1 T
pi(r) = tn<P<t>
for each x € R™ and ¢ > 0.

DEFINITION 2.10. Let 0 < w € L{ _(R") and p € (0,1]. The weighted
Hardy space HL(R™) is defined by
HR") = {1 € S B : My(1)(e) = suplin+ 1 (o) € IR}

We endow HE(R™) with the quasi-norm

Denote

HfHHf,(R") = HMso(f)||L5(Rn)~
DEFINITION 2.11. Let w € A; and 0 < p < 1. Let [n(1/p—1)] < s € Z,
where [-] denotes the largest integer not exceeding the argument. A real-
valued function a is called a (p, s),-atom if

(i) a is supported in a cube @,
(it) flallze(@ny < w(Q)~17,
(iii) {gn a(z)z® dz = 0 for every multi-index a with |a| < s.

One of the most important properties of HS(R™) is atomic decomposition.
PROPOSITION 2.12. Let w € Ay and 0 < p < 1. Let f € HE(R™). Then
there exist sequences c; C IP(R) and a; of (p, s)w-atoms such that
(2.1) f=> ca; in HHR").
JjEN
For all f € HE(R™), define the quasi-norm
) 1/p
[ llatomn = inf { (3 lesl?) ™},
jeN
where the infimum is taken over all decompositions in (2.1)). Then
(HER™), |- Mz reny) = (HER™), - [lasom)-
Proof. This follows from [LL02, Theorem F|. m



10 N. D. Trung, T. D. Do, L. X. Truong and N. N. Trong

Next we introduce weighted local Hardy spaces.

DEFINITION 2.13. Let w € A; and p € (0,1]. The weighted local Hardy
space h(R™) is defined by
RL(R™) = {f € S'(R™) i mo(f)(@) i= sup |+ f(x)] € LL(R™) }.
0<t<1

We endow A%, (R"™) with the quasi-norm

£l k2 @y = lIme ()l L2 @)

DEFINITION 2.14. Let 0 < p < 1 and w € A;y. Let s € Z satisfy s >
max {[n(1/p —1)], —1}. A real-valued function a is called a type-(a) (p,s)w-
atom if

(i) a is supported in a cube @ with side length ¢(Q) < 1,
(ii) [|afl Lo @ny < w(Q)7H7,
(iii) {gn a(z)z® dz = 0 for every multi-index a with |a| < s.

A real-valued function a is called a type-(b) (p,s),-atom if it is supported
in a cube @ with side length £(Q) > 1 and satisfies (ii).

Naturally, we define the space h2>° (R").

w,atom

DEFINITION 2.15. Let w € A; and 0 < p < 1. Let s € Z satisfy s >
max {[n(1/p —1)], —1}. Then

Wi B = { [ € SR [ =3 Nay + 3wty
J J
where each a; is a type-(a) (p, s),-atom and each b; is a type-(b) (p, s),-atom
satisfying

+ < 0.

L (R™)

/\jXQj
22 S

JEN*

HjXP;
LP(R™) %\; w(Pj)L/p

p?s
w,atom

(R™) with the quasi-norm

)\jXQj
2 w(Q;)1/r

JEN*

We equip h

+
L (R™)

; Hj X P;
1f s, @y o= mf{ — 17
w,atom( ) ]% w(Pj)l/p

LY (R™) }’

where the infimum is taken over all decompositions of f as above, @; is the
supporting ball of the (p, s),-atom a; and P; is the supporting ball of the
(p, 8),-atom b;.

Next we have atomic decomposition in h%(R™).

PROPOSITION 2.16. Let w € A1 and 0 < p < 1. Let f € hL,(R™). Then
there exist sequences {\;};,{1;}; C P(R), {a;} of type-(a) (p,s)w-atoms,
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and {b;} of type-(b) (p, s)w-atoms such that
(2.2 F=S"Nag+ by in B(RY).
jeN JjeN
Moreover,
(R (R™), |- Mz, ) = (RGR™), [| - s

w,atom

Proof. Apply [CT24, Theorem 1.6] and [AF03, Theorem 2.14|. =

(R))-

Let us write

HPA(R™) := HP(R™) + LY(R™) and APIY(R") := AP (R™) + LI(R")
foreach1 <g<oocand 0 <p < 1.

LEMMA 2.17. Let w € Ay, 1 <g<ooand 0 <p<1. Then

HE9(R™) = h2A(R™)

as quasi-normed spaces.

Proof. In view of Proposition [2.16] it suffices to show that

HEI(R) = hE o (R")

as quasi-normed spaces. The inclusion HYY(R"™) C hP?. (R™) is clear from

w,atom
Proposition [2.12| For the reverse inclusion, let f € h)% ., (R™). Then
k k
— 0 b= 1i ( 0 ~->::1'
/ Z Ajaj + Z 1453 Pt Z Ajaj + Z 14505 kg{)lo(gk + hi)
JEN jEN j=1 j=1

in &', where {\;};en and {u;};en are sequences of non-negative numbers,
and the sequences of pairs {(a;,Q;)}jen and {(b;, Pj)};en satisfy

Z /\jXQj Z i X P;
w(Qj)V/r w(Py)/p

JEN* JEN*

+ < 0.

L§(R™)

LE(R™)

Using the definitions of type-(a) and type-(b) (p,q)w-atoms of hL(R™) as
well as referring to [CT24, Theorem 1.7|, we see that {gx}ren converges in
HE(R™) and {hy, }ren converges in LI(R™). Hence f € HYY(R"). w

2.5. Interactions between function spaces. For boundedness on
weighted H!'-spaces, the coefficients of the commutators are required to be
elements of LZMO-spaces. We present two results on the interactions between
the L2MO-spaces and the weighted H'-spaces.

LEMMA 2.18. Let ¢ € L2MO(R"?) N L®(R"), w € Ay and f € hL(R™).
Then ¢ f € h}(R™). Moreover, there exists a constant C' = C(n, [w]a,) > 0
such that

[h][h ey < C[Y]| Loo@ry + 1Y llL2mo@ )L f 1y )
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Proof. Taking advantage of the atomic decomposition of an hl(R")-
function, we only need to show that

(2.3) [Yallpy ey < Cn, [wla)([¢]] 2o @n) + 19]2mo@n))

for any (1, s),-atom of A} (R™).

Let a be a (1, s),-atom of hl (R"™) which is supported in B = B(x,r). If
a is of type (b), let b = H?j)HZiO(Rn)iﬁa. Then clearly b is supported in B with
r > 1. Moreover,

b(@)] = I8l 2 oy 1] < 9817 oy 10l o eyl ey < 0(B) 7

Thus, bis also a (1, s),,-atom of type (b). Let M denote the HardyLittlewood
operator. By the fact that my,(f) < Mf and by L:-boundedness of M, we
obtain

1]l &y = Il (11 L gy Y0 | 1, ) = 19011 e ey 1o ($00) | 3, greny
< ZE oy I M ($0) | 2, ey
= 7y (| M) o(@) () der)
2

< C( W\Zolo(;)lw(B M2 M(ba) | 2 gy
< Ol e ey o B
< C) ¢l o gy (B

< O [¢ll oo gy (B2 ]| oo ey (B) /271 < C(m).

n
Yall 2 (rr)

) )
) )
) )’1/2H¢”Loo(Rn)HaHLg(Rn)
) )

Next suppose a is a type-(a) (1, s),-atom. By definition, we only need to
show

I ($a)]| Ly, @ny < Cn, [Wla) ([$]l @) + [¥ll2mo@n),

where ¢ is a fixed mollifier.
Caske 1. If x € 2B, we obtain

J Imp(va)(@)lw(@) de = [my(va)(@)|w(z)w(z)/? de

2B 2B

< (| Imp(a) @) Pote) dr) (| o) )

2B 2B
< [lmy(va)l| 3 23y (2B) "/
< [|M(pa)| g2,y w(2B)

1/2
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< |[pal| 2 wnyw(2B)"/?

< C(n, (W) [¥ ]l oo ey llall 12 (royw (B)
< C(n, [w]ay)||[® ] oo @myw(B) Y/ w(B) /2
< C(n, [wla) 19l oo gny.

where we use Hoélder’s inequality in the second step, Lemma (1) in the
sixth step and the size condition for atoms in the seventh step.

Case II. If = ¢ 2B, then for y € B, t < 1 and by the mean value
theorem,
[pe(z — xo)| < C(n)|z —xo| ™",

(@ —y) — @z — z0)| < Cn)|y — o |2 — x| .
By definition of type-(a) (1, s),-atom, we obtain
| Ime(va)(@)|w(z) d
R\2B
= ‘ sup | u(z — y)v(y)aly) dy|w(x) da
ro\2p  O<t<lgn
= | | sw | ((eule =) - pulw = 20))p(w)aly)
Rri2p | O<I<gn

+ 1w — 20) (U(y) — ¥B)aly) — ¢ilw — z0)épa(y)) dy|w(x) do

< § ] s § el — )~ oile —20)0y)aly) dyfw(a) da

R"™\2B R™
+ 5 | s § e — o) (bly) — vn)aly) dyfu(x) da
RM\2B TSI Re
< | sw fleile — )~ wile = 20)| [l la()| dyw(@) dz
R"\2Bo<t<1B
+ | sup [ lpr(z — o)l [ (y) — ¥sllaly)| dyw(z) do
r\25 0<i<1 p
<cm) | Jly=aolle =20/ ) la(y)| dyw(z) do
R"\2B B
+C) § §le = 2ol ") - vsllal) dyw(z) de
R™\2B B
< C)rlel ey (Vla@)ldy) (] lo = 2ol ™ (@) de)
B R™\2B

+Cm) (Vo) [ —valdy) (| o= a0l (@) do)
B

2r<|z—xo|<1
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e (§ laly)l dy)
B
X (Z S |z — zo| 7" () dx)

JEN* 2ir<|z—mo|<27+1r

+C)(llall = § W) —vpldy) (- § ool Mw(e) da)
B

2r<|z—zo|<1
Oz (§ law)l dy) (3 (@r) " w21 B)
B JEN*
+ ) (w(B) ™ | (y) — vl dy)
B

[10322 %}—1

X ( S | — x| "w(x) daz)

J=1 2ir<je—wzo|<2i+lr

< C(n, [w]Al)TWHLw(Rn)(S la(y )|dy)( o li 2y 1+n)
B

+ Cmw(B) (| W) - vl dy)
B [10822 -1

( S (277) "w(x) da:)

Jj=1  2ir<|z—xo|<2itly

< C(n, [w]a))r [l ey (§ la()] dy)w(B)r*"*
B

+Cmw(B) ([ () ¢B|dy)( Z (2w (B))
B

< C(n, a6l oo geny (§ a(v)] dy)r—"—lwm infw(z)
B

|1n7“|2

+ Ol o) S5 (Uw(y) ¥ dy)

|In 7|2

g0<n,MAJ(||w||Lw(Rn>||a||L;(Rn>+ oE 10t~ vl dy )
B

< C(n, [w]ay) (1Yl oo mry + 19 ]lLemo®n))-

Combining all the estimates, we see that (2.3)) holds for every (1, s),,-atom
of h}(R™). Thus Lemma [2.1§] - 8| follows. =

LEMMA 2.19. Let w € Ay, f € HYU(R") with 1 < q < oo and ¥ €
L®(R™) N L2MO(R™). Then o f € Hy*(R™). Moreover, there exists a con-
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stant C' = C(n, [w]a,,q) > 0 such that
1465 gty < CUI g + 18 antome) 1 | gbogans
Proof. Let f € HYY(R"™). By Lemma we have f € hiI(R™). Let
f = h+ g be any decomposition for f with h € hl(R") and g € L4(R™). By
Lemma

19 lpyeny < [90RlRL@n) + 199 L0 Rn)
< Cn, [wlay) (19l oo @y ¥l L2mo @) 1l ey +Cll N oo @) 9] Loy

< C(n, [wla) (|9l ooy + ¥ llL2ao@n)) (10l[ay ey + 191l Larny)-
Therefore, by Lemma [2.1

||7,Z}f||H{})a(1(Rn) < C(”v [w]A17q)||¢f||h&;q(R”)
< O, Q) (191 oo mry + 19 llzmo @) L 1110 ey
< C(n, [wlay, O([$ll oo @ny + 19 lLamo@n) 1] o ey

as required. m

2.6. Spherical harmonic functions. Later on, we utilize spherical
harmonic functions to prove the boundedness of singular integrals with vari-
able kernels on weighted Hardy spaces. We devote this subsection to the
essential background.

Let H,,, be the space of spherical harmonic functions of degree m. Then

Gm = dim H,, < oo.

Define H = (J,,_oHm- It is well known that the set of all finite linear
combinations of elements in H is dense in L?(X), where

(2.4) Y i={zeR": |z = 1},

Let {Yim} with & € {1,...,9m} and m € N be an orthonormal system of
spherical harmonic functions in L?(Y),

\V2,do=1 and | YinYim do=0
x x
for any (k,m) # (k’;m’). In what follows, we always identify a spherical
harmonic function p : ¥ — R, z — p(x), with its extension p : R\ {0} — R,
x +— p(x/|z|), which is a homogeneous function of degree zero. Finally, we
introduce the operator
Au = |z|? Au

for each homogeneous function u of degree zero. The fth power of A is
denoted by A’ for each ¢ € N*. The following properties of spherical harmonic
functions will be useful (see [SS06, Section 4|). See also [CZ57, [S93, [SWTI].
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LEMMA 2.20.
(a) gm = Ctm=1 — =3 < C(n)m™2 for all m € N,
n—2
(b) |Yim(2)] < C(n)m =z for allx € R\ {0}, k € {1,...,9m} and m € N,

_ A
(©) Y = (o tm +n = 2)

LEMMA 2.21. Let f,g € C*°(R™\{0}) be homogeneous functions of degree
zero. Then

g forany k€ {1,...,gm} and £, m € N*.

Sf/llgda: Sg/llfda
) X
for all £ € N*.

3. Estimates for singular integrals and their commutators in
weighted H'-spaces. This section contains the main results of the paper.
The first two results, Proposition and Theorem assert the bound-
edness of singular integrals with standard (non-variable) kernels and their
commutators in weighted H!'-spaces. The next two results, Theorems
and generalize Proposition [3.1] and Theorem [3.3] to the case of singular
integrals with variable kernels. For the precise statements, the following two
assumptions on the weight w will be needed:

(W1) we A;.
(W2) There exists a constant 1 > 0 such that
w(B(z,1)) > k1
for all x € R™.
3.1. Commutator of singular integrals with standard kernels.

We first introduce the definition of singular integrals. Let f € C2°(R") and
let

(3.1) Tf(x):=pv. | K@ —y)f(y)dy
R’ﬂ
be the singular integral with kernel K € C(R™ \ {0}) satisfying

(i) T is a bounded operator on L?(R"),
(ii) |K(z)| < Clz|™™ for all x # 0,
(i) |K (2 — ) - K(2)] < Clyl Jo| """ for all [2] > 2ly].

For each b € LL (R™) and f € C2°(R™), define the commutator
Tpf :=T(bf) = bT(f).

We call T, the commutator generated by the singular integral operator T'
and the function b.
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It is well known that T" can be extended to bounded operators on L9-
spaces for all g € (1,00) (see [ST0O, Chapter 2]). A generalization of this result
in the direction of weighted Hardy spaces is the following.

PROPOSITION 3.1. Assume that w satisfies (W1). Let g € (1,00). Then
T is bounded on HY(R™).
Moreover, there exists a constant C = C(n,|w|a,,q,9, K) > 0 such that

”TfHHi’q(Rn) < C”fHHE;‘I(Rn)
for all f € HYI(R™).

Proof. This follows since T' is bounded on L?(R™) and at the same time
bounded on H}(R") (see [LLO2, Theorem 4]). m

We aim to prove the boundedness of 7} on Hfu’q(R"). At this point, it
is appropriate to emphasize the fact that T}, is bounded in LI(R™) for all
q € (1,00) if and only if b € BMO(RR™). Moreover, there exists a constant
C =C(n,q,K) > 0 such that

1T fllLarny < CllbllBMo®n) | f]La(®n)-

The next estimate is known as the molecular estimate for singular inte-
grals.

LEMMA 3.2. Assume that w satisfies (W1). Let a be a (1,s),-atom of
HL(R™) supported in B(xg,r). Then there exists a constant C = C(n) > 0
such that

[Ta(z)| < Cr"*Ha — | ™" lw(B) ™
for all x € R™ with |x — xo| > 2r.

Proof. Let x € R™ be such that |x—xz¢| > 2r. We will write B := B(xg, )
for short. Then

Ta(@)| = | | K@ —yaly) dy| = || K@@= y)ay) dy|
R" B

= |§ (K @~ 20— (v~ 20)) = K (@ ~ 20))aly) + K (@ ~ zo)a(y)) dy|
B

§ (K (@ — 20— (y = 20)) ~ K (w — a0))aly) dy|
B

+|K@—a0) | aty)dy
B(zo,r)

IA
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IN

V1K (@ — 20 — (y — 20)) — K (x — wo)| a(y)| dy

B
< C(n) | ly = w0l [z — w0 " |a(y)| dy

B
< Crle—zo| ™" | aly)ldy
B(zo,r)
< C(n)r"e — ol ™"l Lo @)
< C(n)r" Nz — ol w(B) 7,

where we use the size condition for K and «a in the fifth and last step respec-
tively. m

Our second result is as follows.

THEOREM 3.3. Assume that b € L2MO(R™) and that w satisfies (W1)
and (W2). Let g € (1,00). Then Ty, is bounded on Hy(R™). Moreover, there
exists a constant C = C(n, [w]a,,q,0, K,k1) > 0 such that

||beHH01J»f1(Rn) < C”b||L2MO(R”)HfHH}J‘I(Rn)
for all f € HY(R™).
Proof. By the L9-boundedness of T}, Lemma, and the atomic decom-

position of H}(R™), we only need to show that for a (1, s)-atom a of H}(R")
we have Tya € hy?(R™) and

HTbaHh&)’q(Rn) < C(”’ [w]A17Q757 K7 Hl)HbHLQMO(R”)'
Suppose a is supported in B = B(xg,r). If » > 1/8, then by the L9-
boundedness of Ty,
(32) | TvallLomny < C(n,q, K)|[bllgpmo@n)llall Lagrny
< C(n,q, K)|B"%(B) 7 ||bllpmoen)

< g B (U o, 1/9)  Plonrogae

é
< (a2 la) (PO B B0, 1/9)  llniogee

< C(n,q, K, [w]a,)|B|" " w(B(x0, 1)) "||bllBmogn)
< C(n,q,0, K, [wlay, k1) [bllBMo(rn)
<C(n,q,6, K, [W]AU K‘l)HbHLQMO(R")a

where we use Lemma, (i, iv) in the fourth and fifth step respectively, as
well as (W2) in the sixth step.
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Now assume 7 < 1/8. For each y € R", decompose Tpa as

Tya(y) = —b(y)Taly) + T'(ba)(y)
= —(b(y) = bp)Taly) + T((b—bp)a)(y)
= —1I(y) + (y).

Furthermore,
I(y) = (b(y) — bp)Ta(y)xaB(y) + (b(y) — bp)T'a(y)xB)\1B(Y)
+ (b(y) — bB)Taly)x e (v)
=: Ii(y) + I2(y) + I3(y)

for each y € R", where By := By (zp).
We will prove that I, I, €hl (R™), I3€ LY(R™), while IT€h} (R™)+L4(R™).
Let ¢ be the mollifier given in Section

Estimate on I;. We have

(3.3) S myli(x)w(z) de = S mpfl(x)w(x)l/Qw(x)l/Q dx
8B 8B

= MettliLg @) = @ ez e S Lz @)
< w(8B)"?|lm, 0| <w(®BB)2 ML) <w(8B)Y?|L|

< Clon el Jo(8)"( ] 1) = baf* Tty Py ay)"”

< Clon ol (B)*( § 100) — o) ) v (§ irato et a) v
< Clo ol (B} 400 = bl ay) " (] la(w) () dy)
< Clon () ] 1) bt ay) " w(B) w(aB)"

< Ol fala)ot3) (1 1) — bl tv) ) !

<ol (S § 1)~ ualet w) "

+ C(n)|b43 — bB‘
<C(n, [W]Al)Hb”BMO(Rn) < C(n, [W]Al)HbHLQMO(R”)a

where we use Lemma (1) in the fifth and tenth steps, the boundedness of
singular integrals in weighted Lebesgue spaces (see [H16] for details) in the
seventh step and Proposition [2.6in the eleventh step.
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If x ¢ 8B, for y € 4B, t < 1, one obtains
lpe(z —y)| < C(n)|x — zo[™"

and

px (@) =| | vue =B dy| = | | eile = 9)(b(y) — bp)Tay) dy
R" 4B

< | ler(@ = y)(b(y) — bp)Tal(y)| dy
4B

< Oz —zol ™ | |(b(y) — bp)Taly)| dy.
4B
Note that ¢; * I1(x) = 0 for all x ¢ 2By. Hence,

(3.4) | leohi@)w(z)de = | |ppeDi(2)|w(z) do
R7\8B 2Bo\8B
<Cn) | |oz—wo| "w(@)de | |(b(y)—bs)Ta(y)| dy
2Bo\8B 4B
[logy 2]+1
< C(n)< Z S |z — x| "w(x) dx)

j=1  2ir<|z—zo|<2it+lr

x| [(b(y)—bp)Taly)| dy
4B
logy 2]+1

1/2
(27r)"w(@ 1 B)) (| b(y)~bs*dy) " ITal o
j=1 4B

< O, fwla )~ "w(B)1 -+ ) | 160) b5 dy) a2 ey
4B

< Cn el (B) 1+ I ar) (| 6(w)—bol?dy) 1B %o(B)”
4B

1/2
< Cl a1+ ) (g § o)t

< C(nv [w]Al)[b]LQMOQ(Rn) < C( 7[ ]Al)HbHLQMO(R")a

where we use Lemma () together with the L?-boundedness of T in the
fifth step, the size Condltlon for a in the seventh step and Lemma [2.8|in the
last step.

Combining (3.3) and , we obtain
(3.5) [1llpy rmy < C(n, [w]a) 1BllL2mo®n)-
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Estimate on Is. Note that if x € 2B and y ¢ 4B, then |y — x| > 2r and
|y — xo| > 4r. By Lemmas and we obtain

lor % I(z)| < C(n) | [z —y|7"b(y) — bs| [Ta(y)| dy
1>|y—ao| >4r

< Cl)yr T HwB)7h | [b(y) — bl ly — ol dy
ly—zo|>4r

< C(n)w(B) ' bllpmo@n) < C(n)w(B) ™ bllL2mo@n)-
It follows that

(3.6) V Lot * Iz (a)|w(z) de < C(n)w(B)Y[blLamo@n | wiz) de
2B 2B

< C(m)|1bll 2o ®n)-

On the other hand, if x ¢ 2B then we make use of the estimate

e B@) =] | ez =) - bs)Taly) dy
Bo\4B
<| 1 el -nw) - be)Taly) dy
(Bo\4B)NBr(z)
| ele -y - be)Taly) dy|
(Bo\4B)NBE (x)

=: Jlt(ZC) + Jgt(.%').

We will estimate each term separately.

For Ji¢, observe that
2y — wol < |z —wo| < Fly — w0l

as ¢ ¢ 2B,y ¢ 4B and y € B,(z). Set Bj := 2/B. Then = € Bj11 \ B
implies y € Bj;2. By Lemma 3.2

Ju(z) < S er(r —y)|b(y) — bl [Ta(y)| dy
(Bo\4B)NB ()
< Cn)yr"w(B)™ | ez —y)lby) — bpl ly — x| " dy
By (x)
< Cn)r"Mw(B) Mo —aol " | il — y)Ib(y) — balxs,., dy
Rn

< C(n)r"Hw(B) o — x| " my(1b — bplxB,.. ) (@),
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whence
(3.7) | @w@de=>" | Jul@w@)de
R"\2B JEN* B 1\B;
< C(n)r"w(B)™t Z S |a:—x0|_”_1m<p(|b—bB|XBj+2)(a:)w(:U) dx
JENT Bj11\B;

<COmw(B)M Y @) | me(lb = blxp,,.) (@)w() de

jGN* Bj+1
-1 j\—n—1 2 1/2
< CwB) ™Y @) (] me(lb—bslxs,..) (@) (@) dz)
jEN* Bj+1
1/2
x( S w(x) d:z) /
Bjt1
< Cln)w(B)™ 3 (@) @) 2B (b — balx,a)l a2 (500
JEN*
< C)w(B) ™23 (@) MU — bslxs, o) iz )
JEN*
< C)w(B)™2 7 ()72 b balxs, a1z e
JEN*
—1/2 j\—n/2—1 2 1/2
< Cw(B) 237 (@) (] Ib(y) - bePuw(y) dy)
jEN* B]‘+2

< C(n)w(B)~1/?

~ Z (2j)—n/2—1(2j+2)n/2w(3)1/2<

JEN*

1
w(Bj2)

1/2
[ 1000) = baltu) ay
< C(n)|bllemom®n) < C(n)||bllL2mo®n)s
where we use Lemma [3.2]in the second step and Proposition [2.6]in the ninth
step.
To estimate Jo(z) we note that ¢i(x —y) = 0 for all |z — y| > 1 since
t < 1. Consequently,

(3.8) S Jo(z)w(zx) dx

R"\2B

= 1| T -0 -bs)Tay) dyfe() da
R™\2B (Bo\4B)NBY (z)

<Cw) | | eyl (@) delbly) - bs|[Ta(y)| dy

ly—wo|>4r r<|y—z|<1
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< C(n) S ( Z_ S lx — y| "w(x) dl’)
=0

2ir<|z—y|<2i+1r
x [b(y) — bl |Ta(y)|dy
< C(n)r"w(B)1+[nr?) | [b(y) - bs||Ta(y)| dy

ly—xo|>4r
< C(n)r"w(B)(1+ |In r\Q)T”Hw(B)*l
<\ ==l b(y) — baldy
|ly—xo|>4r

<Cmr(L+rf) | |y—aol " b(y) — bl dy

ly—zo|=>r

< C(n)[bllLemo®nys
where we use Lemma B:2in the fifth step and Lemma [2.9)in the final step.

Combining (3.7) and . 3.8]) yields

(3.9) S mylz(z)w(z) dz < C(n)|[b]|L2momn)-
R"\2B
With (3.6) and (3.9) in mind, we arrive at
(3.10) [ 2/l (mry = (M|l Ly mry < C(n, [w]a,)[1bllL2m0®R)-

FEstimate on I3. In view of the molecular estimate in Lemma [3.2] as well
as of Lemma [2.5[and (W2), we have

311\ IBWldy= | |0y) - bs)Ta(y)’dy

Rn R™\ By
< COp B | ly— ol () — byl dy
ly—zol>1
q
< Clm gy D1 (ZEECIN gy a1y bty
w(B) ly—z0|>1
1

1 —
< C(n,(b K1, [W]Al)r(n-‘r Ja |B|q qu”BMO (R™)

< C(n, ¢, 1, [W]4) Bl 2510 gy -

Estimate on II. By replacing I; with (b—bp)a in “Estimate on I;”, similar
arguments show that

16 = bp)allny,@n) < Cn, [way)[[bllL2mo@n-
Recall from Proposition [3.1] that 7" is bounded from Hy?(R™) to HL?(R™).
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Together with Lemma 2.17] we obtain

(312)  [T(b— bm)all,sge < Clrg. L) IT(B — b5)a) | yagen,
O(n. . []a) (b~ bp)all 1o g
O, . ] 4) (b~ b)als
O(m. 4. [w]a,) bll2nto ).

To complete the proof, put (3.2)), (3.5) and (3.10)—(3.12)) together. =

3.2. Commutators of singular integrals with variable kernels.
We start with the definition of singular integrals with variable kernels.

DEFINITION 3.4. A function k& € C®(R"\ {0}) is called a Calderon—
Zygmund kernel if

(i) k(tx) =t "k(z) for all t > 0,
(ii) §y k(x)do(x) =0, where X' is given by (2.4).
Let K be a real-valued function defined on R™ x R™ \ {(0,0)} such that

K(x,-) is a Calderon-Zygmund kernel for a.e. z € R™. For each f € C°(R")
and for a.e. x € R™, we define the singular integral with variable kernel

Sf(w):=pv. | K,z —y)f(y)dy.
Rn
Its commutator is defined by
Spf () == b(x)S f(x) — S(bf)(2)
=p.v. | K,z —y)[b(x) — b(y)f(y) dy,
Rn

where b € Li (R™).

loc

The boundedness of S on LY(R™) with g € (1, 00) is well known.

PRroPOSITION 3.5 ([CFL93, Theorem 2.3|). Let 1 < ¢ < co. Let S be a
singular integral with variable kernel K satisfying

o8

(3.13) g K@ y)

< (4.
Loo(R7 x X0)

|B|<2n

Then S can be extended to a bounded operator on L4(R™). Moreover, there
exists a constant C' = C(n,q,Cy) > 0 such that

ISfllza@ny < Cllfll Lo
for all f € LYR™).
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We also need a technical lemma.

LEMMA 3.6. Let K be a variable kernel satisfying (3.13) for each y € X.
Suppose further that K(-,y) € L2MO(R") and

L

(3.14) max a7

|B]<2n

S 021
L (L2MO(R™), )

7 K(z,y)

where

[A(x, y) || Loo (L2mo(®n),xy 2= sup |A(- y)llL2momny
yex

foreachy € X¥. Let m € N*, k € {1,...,g9m} and define

arm (7) = | K (2,9)Yim () do(y)
X

for a.e. x € R™. Then ajy, € L®°(R™) NL2MO(R™) and
lakm |l oo (mr) + [lakm llL2mo@ny < C(n)(C1 + Co)m™?

Proof. Observe that |- |"K(x,-) and Yk, are homogeneous functions of
degree zero. Therefore, it follows from Lemmas [2.20] and that

1

g () = s T e ;Iy”K(w,y)An(Ykm(y)) do(y)
1 n n
= Cotm vz LA W E @) Yin(y) doty)
B
- (—m)”(ml—i—n —2)n §]5|<2npﬂ( )885 (@, y)Yem(y) do(y),

where pg € C°(R™ \ {0}) is a homogeneous function of degree n + 3. Con-
sequently,

gl ooy <m ™" | Y do(y)

J|BI<2n

< C(n)ym=" S Z

2 |8|<2n
< C(n)Cym™2",

o°
p(Y) TyﬁK (2, 9)Yim (y)

o8

R (z,9) do(y)

Loo (R x X))

where the last step makes use of (3.13]).
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Next, let B, be a ball of radius r > 0 in R"™. Then

S lakm(7) — (arm)B, | dv

B,
2 0K (x,y) B OPK (z,y) = do
< ;BS 5|§<:2n ( 37 < 57 )B)pﬁ(y)Ykm(y) dz do(y)
- OPK (x,y) B OPK(x,y) v do
= gﬂ%nér < dy? ( Oy” )B> trdotw)

In view of (3.14]), we obtain

lakm llL2vo@ny < C(n)Cam
This finishes the proof. =

—2n

The next result tells us that S is bounded on weighted Hardy spaces under
some further conditions on the kernel K. This extends Proposition [3.I]to the
setting of singular integrals with variable kernels.

THEOREM 3.7. Assume w satisfies (W1). Let q € (1,00). Let S be a sin-
gular integral with variable kernel K satisfying K(-,y) € L2MO(R"™), (3.13)
and (3.14) for each y € X. Let f € HYY(R™). Then Sf € HY*(R™). More-
over, there exists a constant C = C(n, [w]4,,q,C1,C2) > 0 such that

187 gty < ClL Ao e
Proof. For a.e. x € R™, observe that
|- ["K(z,) € C(R"\{0}) and | |y|"K(z,y)do(y) = 0.
b

yI"K (z.y) = ) Zakm ) Yo (4

meN* k=1
for all y € R™\ {0} and for a.e. x € R™. In turn, the arguments in [C74] give

meN* k=1

Hence

where

() 1= | K (2,9)Yim(y) do(y),

for a.e. x € R™.
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By Lemma [3.6] ag, € L2MO(R") for all m € N* and k € {1,...,gm}.
Moreover, Ry, are Calderon—Zygmund singular integrals.
It follows that

am
IS Fll oy < D Dtk Riom fll gty

meN* k=1
9m
<O, [wlana) D D (lawmlzoe + lakmllizymo@e) 1 Rimf | e
meN* k=1
gm
< C(n,[w]a,,q,C1,C2) Z Zm_%”kaf”Hi“(R”)
meN* k=1
<O, [wW]a1 0, C1 Ca) D m" 2 m™ | f| o gy
meN*

S C(n7 [W]AU(:L Cl) C2)Hf||H1,q (R7)>

where we use Lemma 9 in the second step, Lemma [3.6| in the third step
and Lemma [2.20] and Pr0p081t10n 1]in the fourth Step .

The boundedness of the commutator S also follows, which is our fourth
main result. This extends Theorem to the case of singular integrals with
variable kernels.

THEOREM 3.8. Assume w satisfies (W1) and (W2). Let g € (1,00). Let S
be a singular integral with variable kernel K satisfying K (-,y) € L2MO(R"),
(B13) and (3.14) for eachy € X. Let b € L2MO(R™). Then Sy,f € HYY(R™).
Moreover, there exists a constant C = C(n,[w]a,,q,0, K, k1,C1,C2) > 0
such that

1807 oy < Clolasioganllf | pese
Proof. As in the proof of Theorem [3.7]

Spf(x)= > Zakm )Rimpf(2)

meN* k=1

for a.e. x € R", where Ry, p is the commutator of Ry, with b. Then

HSbeH}d»q(Rn)

gm
S Z Z ||akak‘m,bf||H3)v(I(Rn)

meN* k=1

gm
< C(n,[wlay @) D D (lawmllze + larmllL2vo@n) 1 Rimof | i n
meN* k=1
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< C(n, [way, 4,6, K, k1)

gm

x Y > (lakmlz= + llagmllano@n) 1bllno@ 11| g1an

meN* k=1

< C(n, [w]ay,q, 96, K, k1, C1, C2)||b]l2momr) Z mn_zm_zn”f”}[&ﬂ(ﬂ{n)

meN*

< C(n, [wlay, 4,0, K, k1, Cr, Co) bl 2o @) [ 1] gragny

where we use Lemma [2.19) in the second step, Lemma [3.2] in the third step,
and Lemmas and in the fourth step. m
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