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Estimates of singular integrals and their commutators on
weighted Hardy spaces

Nguyen Duc Trung, Tan Duc Do, Le Xuan Truong
and Nguyen Ngoc Trong

Abstract. We prove that singular integrals T with standard Calderón–Zygmund ker-
nel and S with variable kernel are bounded on appropriate weighted Hardy spaces. Simi-
lar results hold for the commutators Tb and Sb when b belongs to a suitable subspace of
BMO(Rn).

1. Introduction. Estimates on singular integrals and the associated
commutators are certainly of interest. A driving force for such an interest
lies in the observation that the estimates can lead to regularity of solutions
to partial differential equations. Namely, the following facts (most relevant
to us) are known in the literature:

• The Lp-boundedness of Calderón–Zygmund singular integrals can be used
to derive local regularity estimates up to the second order for strong so-
lutions to the elliptic equation∑

i,j

aij∂
2
iju+

∑
i

bi∂iu+ cu = f

with continuous leading coefficients aij and bounded lower-order coeffi-
cients bi and c. See [GT83, Theorem 9.11].

• [CFL93, Theorems 4.1 and 4.2] considered the elliptic equation

(1.1)
∑
i,j

aij∂
2
iju = f

with leading VMO-coefficients aij and re-established [GT83, Theorem
9.11]. This is a significant improvement since VMO-functions may not
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be continuous. The proof relies on the Lp-boundedness of the associated
commutators of Calderón–Zygmund singular integrals with coefficients in
VMO-spaces.

• [SS06, Theorems 3.1 and 4.1] proved the boundedness of singular integrals
with standard and variable kernels respectively as well as their commuta-
tors in the Hardy space H1

q (Rn) := H1(Rn)+Lq(Rn). Then those authors
obtained an interior second-order estimate for the strong solution to (1.1)
with aij being vanishing LMO-functions [SS06, Theorem 5.1]. This regu-
larity estimate is interesting because [GT83, Theorem 9.11] and [CFL93,
Theorems 4.1 and 4.2] may fail for L1-spaces. With the focus on singular
integrals and their commutators, our main results in fact extend [SS06,
Theorems 3.1 and 4.1] to a weighted setting. See also [TT+25b].

• Concerning weighted Hardy spaces, the authors of [LKY16] investigated
δ-Calderón–Zygmund operators T and showed that their commutators are
bounded from H1

w(Rn) to L1
w(Rn) as long as the commutator coefficient

belongs to the space BMOw(Rn), where w is a Muckenhoupt weight of
class A1+δ/n(Rn) satisfying

	
Rn

w(x)
1+|x|n dx < ∞. Observe that BMOw(Rn)

is a proper subspace of BMO(Rn). This boundedness contrasts with the
well-known fact that such a result does not hold when w ≡ 1, unless the
commutator coefficient is a constant, which also explains the significance of
the result. Furthermore, the boundedness of the commutators on H1

w(Rn)
also holds under an extra assumption that T ∗1 = 0. For more details, see
[LKY16, Theorems 1.3 and 1.5].

• The authors of [SS05, Theorem 1.1] noted that the local estimate in [SS06,
Theorem 5.1] could be made global if the leading coefficients aij are log-
continuous with a vanishing property. In turn, the Hp-version appeared
later in [TT+25a, Theorem 1.1] under the assumption that aij are ho-
mogeneous Lipschitz continuous functions with a vanishing property. The
proofs of [SS05, Theorem 1.1] and [TT+25a, Theorem 1.1] are in the spirit
of [GT83, Theorem 9.11], making use of the boundedness of Calderón–
Zygmund singular integrals.

In another direction, estimates on commutators are a subject of inde-
pendent interest, with various extensions and generalizations regarding both
types of operators (generalized Calderón–Zygmund operators, operators with
rough kernels, pseudo-differential operators, etc.) and functional settings
(Hardy spaces, BMO-spaces, Herz-type spaces, etc.). See [S93, LWY02, SS05,
CW14, CL99, DY03, HK15, D25] and the references therein.

Back to our considerations, this paper investigates the boundedness of
singular integral operators T and S with standard Calderón–Zygmund kernel
and variable kernel respectively as well as their commutators

Tb(·) := T (b ·)− bT (·) and Sb(·) := S(b ·)− bS(·)
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on the weighted Hardy spaces

H1,q
ω (Rn) := H1

ω(Rn) + Lq(Rn) with 1 < q <∞ and n ≥ 3,

where ω is a Muckenhoupt weight. The coefficients b belong to suitable func-
tion spaces. Our main results, Proposition 3.1, Theorems 3.3, 3.7 and 3.8,
extend [SS05, Theorems 2.1 and 3.2] and [SS06, Theorems 3.1, 4.1 and 4.2] to
a weighted setting. For comparison, we recall that [SS06, Theorems 3.1, 4.1
and 4.2] assert the boundedness of Tb and Sb on H1,q(Rn) when b belongs to
the space LMO(Rn), which is a subset of BMO(Rn) with the extra decaying
property on balls of small radii. In our weighted setting, for the boundedness
on H1,q

ω (Rn) we require b to be a member of the so-called L2MO-space, which
is a subset of LMO(Rn). The L2MO-space is uniquely tied to the weighted
setting and does not appear in the unweighted setting of [SS06, Theorems
3.1, 4.1 and 4.2]. See Section 2.3 below.

As an application, it has been observed in [SS06, Theorem 5.1] that
the boundedness of the commutators Tb and Sb can lead to local Hessian
regularity estimates for second-order linear elliptic equations in the local
Hardy space h1(Ω), where Ω is a bounded domain in Rn. The global version
of [SS06, Theorem 5.1] is available in [SS09, Theorems 1.1 and 1.2]. Under
the same approach, the hp-counterpart of [SS09, Theorems 1.1 and 1.2] with
n

n+1 < p < 1 was established in [TT+25a, Theorem 1.1]. See also [TTD21].
We anticipate that the boundedness results in the present paper will enable
analogous regularity estimates in weighted Hardy spaces. We wish to follow
this idea in a future work.

Our main results here include Proposition 3.1, Theorems 3.3, 3.7 and
3.8. Proposition 3.1 and Theorem 3.7 assert the boundedness of T and S
on H1,q

ω (Rn). Theorems 3.3 and 3.8 present the boundedness of the com-
mutators Tb and Sb on H1,q

ω (Rn). Before these, the essential background on
Muckenhoupt weights and function spaces is collected in Section 2.

Notation. Set N = {0, 1, . . .} and N∗ = {1, 2, . . .}. Constants C and c
are always assumed to be positive, independent of the main parameters, and
with values changing from line to line. For any two functions f and g, we
write f ≲ g and f ∼ g to mean f ≤ Cg and cg ≤ f ≤ Cg respectively. Given
a p ∈ [1,∞), the Hölder-conjugate index of p is denoted by p′.

2. Preliminaries. In this section, we introduce Muckenhoupt weights
and essential function spaces together with their properties to be used later
on. The essential function spaces include weighted Lebesgue spaces, BMO-
spaces, L2MO-spaces and weighted Hardy spaces. Interactions between these
spaces are also examined.
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2.1. Muckenhoupt weights and weighted Lebesgue spaces

Definition 2.1. Let 0 ≤ ω ∈ L1
loc(Rn) and t ∈ [1,∞).

If t > 1, we say that ω ∈ At if there exists a constant C > 0 such that(
1

|B|

�

B

ω(x) dx

)(
1

|B|

�

B

ω(x)1−t′ dx

)t−1

≤ C

for all balls B ⊂ Rn.
If t = 1, we say that ω ∈ A1 if there exists a constant C > 0 such that�

B

ω dx ≤ C|B| inf
B
ω

for all balls B ⊂ Rn.
The smallest constant C in the definition of ω is called the At-constant

of ω and is denoted by [ω]At . We also write A∞ :=
⋃

t≥1At.

We keep in mind the following important properties of Muckenhoupt
weights (see [S93, Chapter 5] and [G09, Chapter 9]).

Lemma 2.2. Let t ∈ [1,∞) and ω ∈ At. Then the following statements
hold:

(i) ω(λB) ≤ [ω]Atλ
ntω(B) for all balls B ⊂ Rn and λ ≥ 1.

(ii) At ⊂ Aq whenever t ≤ q.
(iii) ω ∈ Aq for some q ∈ [1, t). Set

tω := inf {q ≥ 1 : ω ∈ Aq}
which is called the critical index of ω.

(iv) There exists a constant δ = δ(n, [ω]At) ∈ (0, 1) such that

C(n, [ω]At)

(
|B|
|E|

)δ

≤ ω(B)

ω(E)
≤ [ω]At

(
|B|
|E|

)t

for all balls B ⊂ Rn and measurable subsets E ⊂ B, where |E| is the
Lebesgue measure of E and ω(E) :=

	
E ω(x) dx.

Next we define weighted Lebesgue spaces.

Definition 2.3. Let 0 ≤ ω ∈ L1
loc(Rn) and p ∈ (0,∞). The weighted

Lebesgue space Lp
ω(Rn) is defined by

Lp
ω(Rn) :=

{
f : Rn → R measurable :

�

Rn

|f(x)|pω(x) dx <∞
}
.

We endow Lp
ω(Rn) with the (quasi-)norm

∥f∥Lp
ω
:=

( �

Rn

|f(x)|pω(x) dx
)1/p

<∞.

If p = ∞ then L∞
ω (Rn) := L∞(Rn).
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2.2. BMO-space. We recall the definition of the BMO-space BMO(Rn).

Definition 2.4. Define

BMO(Rn) := {f ∈ L1
loc(Rn) : ∥f∥BMO(Rn) <∞},

where

∥f∥BMO(Rn) := sup
B

1

|B|

�

B

|f(x)− fB| dx

with the supremum taken over all balls B ⊂ Rn, and

fB :=
1

|B|

�

B

f(x) dx.

Also recall two technical lemmas concerning BMO-functions.

Lemma 2.5 ([SS06, Lemma 2.4]). Let f ∈ BMO(Rn). For any p ≥ 1 and
α > 0 there exists a constant C = C(n, p, α) > 0 such that

�

Rn\B

|f(y)− fB|p|x− y|−n−α dy ≤ Cr−α∥f∥pBMO(Rn),

where B = Br(x) is the ball of radius r centered at x.

Proposition 2.6 ([LKY16, Lemma 2.3]). Let ω ∈ A∞ and q ∈ [1,∞).
Then there exists a positive constant C such that(

1

ω(B)

�

B

|f(x)− fB|qω(x) dx
)1/q

≤ C∥f∥BMO(Rn)

for all f ∈ BMO(Rn) and all balls B ⊂ Rn.

2.3. L2MO-space and its properties. Here we discuss the function
space L2MO(Rn), which will be of main interest in our analysis. Its various
properties are also examined. The space L2MO(Rn) was first introduced in
[BB05, p. 518]. More discussion of this function space and its generalizations
can be found therein.

Definition 2.7. The space L2MO(Rn) is a subspace of BMO(Rn) and
is equipped with the norm

∥f∥L2MO(Rn) := sup
0<r<1

1 + |ln r|2

|Br|

�

Br

|f(x)− fBr | dx

+ sup
r≥1

1

|Br|

�

Br

|f(x)− fBr | dx <∞

for each f ∈ L2MO(Rn), where Br denotes an arbitrary ball with radius r.
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Similarly, the space L2MOp(Rn) with p ∈ [1,∞) is defined to comprise
all functions f satisfying

[f ]L2MOp(Rn) := sup
0<r<1/2

(1 + |ln r|2)
(

1

|Br|

�

Br

|f(x)− fBr |p dx
)1/p

<∞.

The space L2MO(Rn) resembles LMO(Rn), the latter consisting of all
functions f satisfying

∥f∥LMO(Rn) := sup
0<r<1

1 + |ln r|
|Br|

�

Br

|f(x)− fBr | dx

+ sup
r≥1

1

|Br|

�

Br

|f(x)− fBr | dx <∞.

The appearance of L2MO(Rn) is due to a technical reason in the proof of
Lemma 2.18. Specifically, in Case II in that proof, we derive the estimate

�

2r≤|x−x0|<1

|x− x0|−nω(x) dx ≤ C(n)
|ln r|2

|B|
ω(B)

using a dyadic decomposition, where B := B(x0, r). In turn, if ω = 1, then
�

2r≤|x−x0|<1

|x− x0|−n dx = C(n)|ln r|.

Likewise, L2MOp(Rn) resembles LMOp(Rn) (see [SS06]), the latter con-
sisting of all functions f such that

[f ]LMOp(Rn) := sup
r<1/2

(1 + |ln r|)
(

1

|Br|

�

Br

|f(x)− fBr |p dx
)1/p

<∞.

It is known that LMO(Rn) ↪→ LMOp(Rn) as seminormed spaces (see [SS06,
Lemma 2.5]). The next lemma tells us that a similar result holds for L2MO-
spaces.

Lemma 2.8. Let p ∈ [1,∞) and f ∈ L2MO(Rn). Then there exists a
constant C = C(n, p) > 0 such that

[f ]L2MOp(Rn) ≤ C∥f∥L2MO(Rn).

Proof. Let Φ : [0, 1] → [0,∞] be defined by

Φ(r) =
1

1 + (ln r)2
.

Then Φ is a continuous non-decreasing function which satisfies
1

r(1 + |ln r|2)
≥ 1

s(1 + |ln s|2)
for all 0 ≤ r < s ≤ 1.
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By [A92, Proposition 1.13], we obtain

sup
r<1/2

(1 + |ln r|2)
(

1

|Br|

�

Br

|f(x)− fBr |p dx
)1/p

≤ C(n, p)∥f∥L2MO(Rn)

as required.

Another property of L2MO-spaces to keep in mind is the following.

Lemma 2.9. Suppose f ∈ L2MO(Rn). Then there exists a constant C =
C(n) > 0 such that

�

Rn\B

|f(y)− fB| |x− y|−n−1 dy ≤ Cr−1(1 + |ln r|2)−1∥f∥L2MO(Rn)

for all balls B = Br(x) with r < 1/2.

Proof. Let B := Br(x) with r < 1/2. Set Bj := 2jB for each j ∈ N.
Choose k ∈ N∗ such that 1/2k+1 ≤ r < 1/2k, which implies k ∼ |ln r|. It
follows that
�

Rn\B

|f(y)− fB| |x− y|−n−1 dy

≤
∑
j∈N

�

Bj+1\Bj

|f(y)− fB| |x− y|−n−1 dy

≤ C(n)
∑
j∈N

1

2jr|Bj+1|

�

Bj+1

|f(y)− fB| dy

≤ C(n)
∑
j∈N

1

2jr

(
1

|Bj+1|

�

Bj+1

|f(y)− fBj+1 | dy +
j∑

i=0

|fBi+1 − fBi |
)

≤ C(n)

k∑
j=0

1

2jr

(
1

|Bj+1|

�

Bj+1

|f(y)− fBj+1 | dy +
j∑

i=0

|fBi+1 − fBi |
)

+ C(n)
∞∑

j=k+1

1

2jr

(
1

|Bj+1|

�

Bj+1

|f(y)− fBj+1 | dy +
j∑

i=0

|fBi+1 − fBi |
)

≤ C(n)

k∑
j=0

1

2jr

(
1 + |ln(2j+1r)|2

(1 + |ln(2j+1r)|2)|Bj+1|

�

Bj+1

|f − fBj+1 | dy

+

j∑
i=0

2n

|Bi+1|

�

Bi+1

|f − fBi+1 |
)
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+ C(n)

∞∑
j=k+1

1

2jr

(
1

|Bj+1|

�

Bj+1

|f − fBj+1 | dy

+ 2n
j∑

i=0

1

|Bi+1|

�

Bi+1

|f − fBi+1 | dy
)

≤ C(n)

k∑
j=0

1

2jr

[
1 + |ln(2j+1r)|2

(1 + |ln(2j+1r)|2)|Bj+1|

�

Bj+1

|f − fBj+1 | dy

+

j∑
i=0

1 + |ln(2i+1r)|2

(1 + |ln(2i+1r)|2)|Bi+1|

�

Bi+1

|f − fBi+1 | dy
]

+ C(n)

∞∑
j=k+1

j + 1

2jr
∥f∥BMO

≤ C(n)

k∑
j=0

1

2jr

(
1

1 + |ln(2j+1r)|2
∥f∥L2MO(Rn)

+

j∑
i=0

1

1 + |ln 2i+1r|2
∥f∥L2MO(Rn)

)

+ C(n)
∞∑

j=k+1

(j + 1)(1 + |ln r|)2

2jr(1 + |ln r|2)
∥f∥L2MO(Rn)

≤ C(n)
1

r

∞∑
j=1

j∑
i=0

1

2j(1 + |ln r + (i+ 1) ln 2|2)
∥f∥L2MO(Rn)

+ C(n)
∞∑

j=k+1

j3 + j2

2jr(1 + |ln r|2)
∥f∥L2MO(Rn)

≤ C(n)
1

r

∞∑
i=0

∑
j≥i

1

2j(1 + |ln r + (i+ 1) ln 2|2)
∥f∥L2MO(Rn)

+ C(n)r−1(1 + |ln r|2)−1∥f∥L2MO(Rn)

≤ C(n)
1

r

∞∑
i=0

1

2i(1 + |ln r + (i+ 1) ln 2|2)
∥f∥L2MO(Rn)

+ C(n)r−1(1 + |ln r|2)−1∥f∥L2MO(Rn)

≤ C(n)
1

r

∞∑
i=0

(i+ 1)2(ln 2)2

2i(1 + |ln r|2)
∥f∥L2MO(Rn)

+ C(n)r−1(1 + |ln r|2)−1∥f∥L2MO(Rn)

≤ C(n)r−1(1 + |ln r|2)−1∥f∥L2MO(Rn),
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where we use the fact that
1

1 + |a+ b|2
≤ 10b2

1 + |a|2
for all a < 0 and b > 1/2

in the second-to-last step.

2.4.WeightedHardy spaces. In this subsection, we introduce weighted
Hardy spaces on Rn and their local versions.

Let φ ∈ C∞
c (Rn) be a standard mollifier, that is, φ is radial and satisfies

suppφ ⊂ B(0, 1), φ ≥ 0 and
�

Rn

φ(x) dx = 1.

Denote
φt(x) :=

1

tn
φ

(
x

t

)
for each x ∈ Rn and t > 0.

Definition 2.10. Let 0 ≤ ω ∈ L1
loc(Rn) and p ∈ (0, 1]. The weighted

Hardy space Hp
ω(Rn) is defined by

Hp
ω(Rn) :=

{
f ∈ S ′(Rn) :Mφ(f)(x) := sup

t>0
|φt ∗ f(x)| ∈ Lp

ω(Rn)
}
.

We endow Hp
ω(Rn) with the quasi-norm

∥f∥Hp
ω(Rn) := ∥Mφ(f)∥Lp

ω(Rn).

Definition 2.11. Let ω ∈ A1 and 0 < p ≤ 1. Let [n(1/p− 1)] ≤ s ∈ Z,
where [·] denotes the largest integer not exceeding the argument. A real-
valued function a is called a (p, s)ω-atom if

(i) a is supported in a cube Q,
(ii) ∥a∥L∞(Rn) ≤ ω(Q)−1/p,
(iii)

	
Rn a(x)x

α dx = 0 for every multi-index α with |α| ≤ s.

One of the most important properties ofHp
ω(Rn) is atomic decomposition.

Proposition 2.12. Let ω ∈ A1 and 0 < p ≤ 1. Let f ∈ Hp
ω(Rn). Then

there exist sequences cj ⊂ lp(R) and aj of (p, s)ω-atoms such that

f =
∑
j∈N

cjaj in Hp
ω(Rn).(2.1)

For all f ∈ Hp
ω(Rn), define the quasi-norm

∥f∥atom = inf
{(∑

j∈N
|cj |p

)1/p}
,

where the infimum is taken over all decompositions in (2.1). Then

(Hp
ω(Rn), ∥ · ∥Hp

ω(Rn)) = (Hp
ω(Rn), ∥ · ∥atom).

Proof. This follows from [LL02, Theorem F].
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Next we introduce weighted local Hardy spaces.

Definition 2.13. Let ω ∈ A1 and p ∈ (0, 1]. The weighted local Hardy
space hpω(Rn) is defined by

hpω(Rn) :=
{
f ∈ S ′(Rn) : mφ(f)(x) := sup

0<t<1
|φt ∗ f(x)| ∈ Lp

ω(Rn)
}
.

We endow hpω(Rn) with the quasi-norm

∥f∥hp
ω(Rn) := ∥mφ(f)∥Lp

ω(Rn).

Definition 2.14. Let 0 < p ≤ 1 and ω ∈ A1. Let s ∈ Z satisfy s ≥
max {[n(1/p− 1)],−1}. A real-valued function a is called a type-(a) (p, s)ω-
atom if

(i) a is supported in a cube Q with side length ℓ(Q) < 1,
(ii) ∥a∥L∞(Rn) ≤ ω(Q)−1/p,
(iii)

	
Rn a(x)x

α dx = 0 for every multi-index α with |α| ≤ s.

A real-valued function a is called a type-(b) (p, s)ω-atom if it is supported
in a cube Q with side length ℓ(Q) ≥ 1 and satisfies (ii).

Naturally, we define the space hp,sω,atom(Rn).

Definition 2.15. Let ω ∈ A1 and 0 < p ≤ 1. Let s ∈ Z satisfy s ≥
max {[n(1/p− 1)],−1}. Then

hp,sω,atom(R
n) :=

{
f ∈ S ′(Rn) : f =

∑
j

λjaj +
∑
j

µjbj

}
,

where each aj is a type-(a) (p, s)ω-atom and each bj is a type-(b) (p, s)ω-atom
satisfying ∥∥∥∥∑

j∈N∗

λjχQj

ω(Qj)1/p

∥∥∥∥
Lp
ω(Rn)

+

∥∥∥∥∑
j∈N∗

µjχPj

ω(Pj)1/p

∥∥∥∥
Lp
ω(Rn)

<∞.

We equip hp,sω,atom(Rn) with the quasi-norm

∥f∥hp,s
ω,atom(Rn) := inf

{∥∥∥∥∑
j∈N∗

λjχQj

ω(Qj)1/p

∥∥∥∥
Lp
ω(Rn)

+

∥∥∥∥∑
j∈N∗

µjχPj

ω(Pj)1/p

∥∥∥∥
Lp
ω(Rn)

}
,

where the infimum is taken over all decompositions of f as above, Qj is the
supporting ball of the (p, s)ω-atom aj and Pj is the supporting ball of the
(p, s)ω-atom bj .

Next we have atomic decomposition in hpω(Rn).

Proposition 2.16. Let ω ∈ A1 and 0 < p ≤ 1. Let f ∈ hpω(Rn). Then
there exist sequences {λj}j , {µj}j ⊂ lp(R), {aj} of type-(a) (p, s)ω-atoms,



Estimates of singular integrals and their commutators 11

and {bj} of type-(b) (p, s)ω-atoms such that

f =
∑
j∈N

λjaj +
∑
j∈N

µjbj in hpω(Rn).(2.2)

Moreover,

(hpω(Rn), ∥ · ∥hp
ω(Rn)) = (hpω(Rn), ∥ · ∥hp,s

ω,atom(Rn)).

Proof. Apply [CT24, Theorem 1.6] and [AF03, Theorem 2.14].

Let us write

Hp,q
ω (Rn) := Hp

ω(Rn) + Lq(Rn) and hp,qω (Rn) := hpω(Rn) + Lq(Rn)

for each 1 < q <∞ and 0 < p ≤ 1.

Lemma 2.17. Let ω ∈ A1, 1 < q <∞ and 0 < p ≤ 1. Then

Hp,q
ω (Rn) = hp,qω (Rn)

as quasi-normed spaces.

Proof. In view of Proposition 2.16, it suffices to show that

Hp,q
ω (Rn) = hp,qω,atom(Rn)

as quasi-normed spaces. The inclusion Hp,q
ω (Rn) ⊂ hp,qω,atom(Rn) is clear from

Proposition 2.12. For the reverse inclusion, let f ∈ hp,qω,atom(Rn). Then

f =
∑
j∈N

λjaj +
∑
j∈N

µjbj := lim
k→∞

( k∑
j=1

λjaj +
k∑

j=1

µjbj

)
=: lim

k→∞
(gk + hk)

in S ′, where {λj}j∈N and {µj}j∈N are sequences of non-negative numbers,
and the sequences of pairs {(aj , Qj)}j∈N and {(bj , Pj)}j∈N satisfy∥∥∥∥∑

j∈N∗

λjχQj

ω(Qj)1/p

∥∥∥∥
Lp
ω(Rn)

+

∥∥∥∥∑
j∈N∗

µjχPj

ω(Pj)1/p

∥∥∥∥
Lp
ω(Rn)

<∞.

Using the definitions of type-(a) and type-(b) (p, q)ω-atoms of hpω(Rn) as
well as referring to [CT24, Theorem 1.7], we see that {gk}k∈N converges in
Hp

ω(Rn) and {hk}k∈N converges in Lq(Rn). Hence f ∈ Hp,q
ω (Rn).

2.5. Interactions between function spaces. For boundedness on
weighted H1-spaces, the coefficients of the commutators are required to be
elements of L2MO-spaces. We present two results on the interactions between
the L2MO-spaces and the weighted H1-spaces.

Lemma 2.18. Let ψ ∈ L2MO(Rn) ∩ L∞(Rn), ω ∈ A1 and f ∈ h1ω(Rn).
Then ψf ∈ h1ω(Rn). Moreover, there exists a constant C = C(n, [ω]A1) > 0
such that

∥ψh∥h1
ω(Rn) ≤ C(∥ψ∥L∞(Rn) + ∥ψ∥L2MO(Rn))∥f∥h1

ω(Rn).
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Proof. Taking advantage of the atomic decomposition of an h1ω(Rn)-
function, we only need to show that

(2.3) ∥ψa∥h1
ω(Rn) ≤ C(n, [ω]A1)(∥ψ∥L∞(Rn) + ∥ψ∥L2MO(Rn))

for any (1, s)ω-atom of h1ω(Rn).
Let a be a (1, s)ω-atom of h1ω(Rn) which is supported in B = B(x0, r). If

a is of type (b), let b = ∥ψ∥−1
L∞(Rn)ψa. Then clearly b is supported in B with

r ≥ 1. Moreover,

|b(x)| =
∣∣∥ψ∥−1

L∞(Rn)ψa
∣∣ ≤ ∥ψ∥−1

L∞(Rn)∥ψ∥L∞(Rn)∥a∥L∞(Rn) ≤ ω(B)−1.

Thus, b is also a (1, s)ω-atom of type (b). Let M denote the Hardy–Littlewood
operator. By the fact that mφ(f) ≤ Mf and by L2-boundedness of M, we
obtain

∥b∥h1
ω(Rn) = ∥mφ(∥ψ∥−1

L∞(Rn)ψa)∥L1
ω(Rn) = ∥ψ∥−1

L∞(Rn)∥mφ(ψa)∥L1
ω(Rn)

≤ ∥ψ∥−1
L∞(Rn)∥M(ψa)∥L1

ω(Rn)

= ∥ψ∥−1
L∞(Rn)

( �

2B

|M(ψa)|ω(x)1/2ω(x)1/2 dx
)

≤ C(n)∥ψ∥−1
L∞(Rn)|ω(B)|1/2∥M(ψa)∥L2

ω(Rn)

≤ C(n)∥ψ∥−1
L∞(Rn)|ω(B)|1/2∥ψa∥L2

ω(Rn)

≤ C(n)∥ψ∥−1
L∞(Rn)|ω(B)|1/2∥ψ∥L∞(Rn)∥a∥L2

ω(Rn)

≤ C(n)∥ψ∥−1
L∞(Rn)|ω(B)|1/2∥ψ∥L∞(Rn)ω(B)1/2−1 ≤ C(n).

Next suppose a is a type-(a) (1, s)ω-atom. By definition, we only need to
show

∥mφ(ψa)∥L1
ω(Rn) ≤ C(n, [ω]A1)(∥ψ∥L∞(Rn) + ∥ψ∥L2MO(Rn)),

where φ is a fixed mollifier.

Case I. If x ∈ 2B, we obtain
�

2B

|mφ(ψa)(x)|ω(x) dx =
�

2B

|mφ(ψa)(x)|ω(x)1/2ω(x)1/2 dx

≤
( �

2B

|mφ(ψa)(x)|2ω(x) dx
)1/2( �

2B

ω(x) dx
)1/2

≤ ∥mφ(ψa)∥L2
ω(2B)ω(2B)1/2

≤ ∥M(ψa)∥L2
ω(Rn)ω(2B)1/2
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≤ ∥ψa∥L2
ω(Rn)ω(2B)1/2

≤ C(n, [ω]A1)∥ψ∥L∞(Rn)∥a∥L2
ω(Rn)ω(B)1/2

≤ C(n, [ω]A1)∥ψ∥L∞(Rn)ω(B)1/2−1ω(B)1/2

≤ C(n, [ω]A1)∥ψ∥L∞(Rn),

where we use Hölder’s inequality in the second step, Lemma 2.2(i) in the
sixth step and the size condition for atoms in the seventh step.

Case II. If x /∈ 2B, then for y ∈ B, t < 1 and by the mean value
theorem,

|φt(x− x0)| ≤ C(n)|x− x0|−n,

|φt(x− y)− φt(x− x0)| ≤ C(n)|y − x0| |x− x0|−n−1.

By definition of type-(a) (1, s)ω-atom, we obtain�

Rn\2B

|mφ(ψa)(x)|ω(x) dx

=
�

Rn\2B

∣∣∣ sup
0<t<1

�

Rn

φt(x− y)ψ(y)a(y) dy
∣∣∣ω(x) dx

=
�

Rn\2B

∣∣∣ sup
0<t<1

�

Rn

(
(φt(x− y)− φt(x− x0))ψ(y)a(y)

+ φt(x− x0)(ψ(y)− ψB)a(y)− φt(x− x0)ψBa(y)
)
dy

∣∣∣ω(x) dx
≤

�

Rn\2B

∣∣∣ sup
0<t<1

�

Rn

(φt(x− y)− φt(x− x0))ψ(y)a(y) dy
∣∣∣ω(x) dx

+
�

Rn\2B

∣∣∣ sup
0<t<1

�

Rn

φt(x− x0)(ψ(y)− ψB)a(y) dy
∣∣∣ω(x) dx

≤
�

Rn\2B

sup
0<t<1

�

B

|φt(x− y)− φt(x− x0)| |ψ(y)| |a(y)| dy ω(x) dx

+
�

Rn\2B

sup
0<t<1

�

B

|φt(x− x0)| |ψ(y)− ψB| |a(y)| dy ω(x) dx

≤ C(n)
�

Rn\2B

�

B

|y − x0| |x− x0|−n−1|ψ(y)| |a(y)| dy ω(x) dx

+ C(n)
�

Rn\2B

�

B

|x− x0|−n|ψ(y)− ψB| |a(y)| dy ω(x) dx

≤ C(n)r∥ψ∥L∞(Rn)

( �
B

|a(y)| dy
)( �

Rn\2B

|x− x0|−n−1ω(x) dx
)

+ C(n)
( �
B

|a(y)| |ψ(y)− ψB| dy
)( �

2r≤|x−x0|<1

|x− x0|−nω(x) dx
)
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≤ C(n)r∥ψ∥L∞(Rn)

( �
B

|a(y)| dy
)

×
(∑
j∈N∗

�

2jr<|x−x0|<2j+1r

|x− x0|−n−1ω(x) dx
)

+ C(n)
(
∥a∥L∞(Rn)

�

B

|ψ(y)− ψB| dy
)( �

2r≤|x−x0|<1

|x− x0|−nω(x) dx
)

≤ C(n)r∥ψ∥L∞(Rn)

( �
B

|a(y)| dy
)(∑

j∈N∗

(2jr)−n−1ω(2j+1B)
)

+ C(n)
(
ω(B)−1

�

B

|ψ(y)− ψB| dy
)

×
([log2

1
r
]−1∑

j=1

�

2jr≤|x−x0|<2j+1r

|x− x0|−nω(x) dx
)

≤ C(n, [ω]A1)r∥ψ∥L∞(Rn)

( �
B

|a(y)| dy
)(
ω(B)r−n−1

∞∑
j=1

(2j)−n−1+n
)

+ C(n)ω(B)−1
( �
B

|ψ(y)− ψB| dy
)

×
([log2

1
r
]−1∑

j=1

�

2jr≤|x−x0|<2j+1r

(2jr)−nω(x) dx
)

≤ C(n, [ω]A1)r∥ψ∥L∞(Rn)

( �
B

|a(y)| dy
)
ω(B)r−n−1

+ C(n)ω(B)−1
( �
B

|ψ(y)− ψB| dy
)([log2

1
r
]−1∑

j=1

(2jr)−n(2j+1)nω(B)
)

≤ C(n, [ω]A1)r∥ψ∥L∞(Rn)

( �
B

|a(y)| dy
)
r−n−1|B| inf

B
ω(x)

+ C(n, [ω]A1)
|ln r|2

|B|

( �
B

|ψ(y)− ψB| dy
)

≤ C(n, [ω]A1)

(
∥ψ∥L∞(Rn)∥a∥L1

ω(Rn) +
|ln r|2

|B|

�

B

|ψ(y)− ψB| dy
)

≤ C(n, [ω]A1)(∥ψ∥L∞(Rn) + ∥ψ∥L2MO(Rn)).

Combining all the estimates, we see that (2.3) holds for every (1, s)ω-atom
of h1ω(Rn). Thus Lemma 2.18 follows.

Lemma 2.19. Let ω ∈ A1, f ∈ H1,q
ω (Rn) with 1 < q < ∞ and ψ ∈

L∞(Rn) ∩ L2MO(Rn). Then ψf ∈ H1,q
ω (Rn). Moreover, there exists a con-
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stant C = C(n, [ω]A1 , q) > 0 such that

∥ψf∥
H1,q

ω (Rn)
≤ C(∥ψ∥L∞(Rn) + ∥ψ∥L2MO(Rn))∥f∥H1,q

ω (Rn)
.

Proof. Let f ∈ H1,q
ω (Rn). By Lemma 2.17, we have f ∈ h1,qω (Rn). Let

f = h+ g be any decomposition for f with h ∈ h1ω(Rn) and g ∈ Lq(Rn). By
Lemma 2.18,

∥ψf∥
h1,q
ω (Rn)

≤ ∥ψh∥h1
ω(Rn) + ∥ψg∥Lq(Rn)

≤ C(n, [ω]A1)(∥ψ∥L∞(Rn)+∥ψ∥L2MO(Rn))∥h∥h1(Rn)+C∥ψ∥L∞(Rn)∥g∥Lq(Rn)

≤ C(n, [ω]A1)(∥ψ∥L∞(Rn) + ∥ψ∥L2MO(Rn))(∥h∥h1
ω(Rn) + ∥g∥Lq(Rn)).

Therefore, by Lemma 2.17,

∥ψf∥
H1,q

ω (Rn)
≤ C(n, [ω]A1 , q)∥ψf∥h1,q

ω (Rn)

≤ C(n, q)(∥ψ∥L∞(Rn) + ∥ψ∥L2MO(Rn))∥f∥h1,q
ω (Rn)

≤ C(n, [ω]A1 , q)(∥ψ∥L∞(Rn) + ∥ψ∥L2MO(Rn))∥f∥H1,q
ω (Rn)

as required.

2.6. Spherical harmonic functions. Later on, we utilize spherical
harmonic functions to prove the boundedness of singular integrals with vari-
able kernels on weighted Hardy spaces. We devote this subsection to the
essential background.

Let Hm be the space of spherical harmonic functions of degree m. Then

gm := dimHm <∞.

Define H :=
⋃∞

m=0Hm. It is well known that the set of all finite linear
combinations of elements in H is dense in L2(Σ), where

(2.4) Σ := {x ∈ Rn : |x| = 1}.
Let {Ykm} with k ∈ {1, . . . , gm} and m ∈ N be an orthonormal system of
spherical harmonic functions in L2(Σ),�

Σ

Y 2
km dσ = 1 and

�

Σ

YkmYk′m′ dσ = 0

for any (k,m) ̸= (k′,m′). In what follows, we always identify a spherical
harmonic function p : Σ → R, x 7→ p(x), with its extension p : Rn\{0} → R,
x 7→ p(x/|x|), which is a homogeneous function of degree zero. Finally, we
introduce the operator

Λu := |x|2∆u
for each homogeneous function u of degree zero. The ℓth power of Λ is
denoted by Λℓ for each ℓ ∈ N∗. The following properties of spherical harmonic
functions will be useful (see [SS06, Section 4]). See also [CZ57, S93, SW71].
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Lemma 2.20.

(a) gm = Cn+m−1
m − Cn+m−3

m−2 ≤ C(n)mn−2 for all m ∈ N,
(b) |Ykm(x)| ≤ C(n)m

n−2
2 for all x ∈ Rn \ {0}, k ∈ {1, . . . , gm} and m ∈ N,

(c) Ykm =
ΛℓYkm

(−m)ℓ(m+ n− 2)ℓ
for any k ∈ {1, . . . , gm} and ℓ,m ∈ N∗.

Lemma 2.21. Let f, g ∈ C∞(Rn\{0}) be homogeneous functions of degree
zero. Then �

Σ

fΛlg dσ =
�

Σ

gΛlf dσ

for all ℓ ∈ N∗.

3. Estimates for singular integrals and their commutators in
weighted H1-spaces. This section contains the main results of the paper.
The first two results, Proposition 3.1 and Theorem 3.3, assert the bound-
edness of singular integrals with standard (non-variable) kernels and their
commutators in weighted H1-spaces. The next two results, Theorems 3.7
and 3.8, generalize Proposition 3.1 and Theorem 3.3 to the case of singular
integrals with variable kernels. For the precise statements, the following two
assumptions on the weight ω will be needed:

(W1) ω ∈ A1.
(W2) There exists a constant κ1 > 0 such that

ω(B(x, 1)) ≥ κ1

for all x ∈ Rn.

3.1. Commutator of singular integrals with standard kernels.
We first introduce the definition of singular integrals. Let f ∈ C∞

c (Rn) and
let

(3.1) Tf(x) := p.v.
�

Rn

K(x− y)f(y) dy

be the singular integral with kernel K ∈ C(Rn \ {0}) satisfying

(i) T is a bounded operator on L2(Rn),
(ii) |K(x)| ≤ C|x|−n for all x ̸= 0,
(iii) |K(x− y)−K(x)| ≤ C|y| |x|−n−1 for all |x| > 2|y|.

For each b ∈ L1
loc(Rn) and f ∈ C∞

c (Rn), define the commutator

Tbf := T (bf)− bT (f).

We call Tb the commutator generated by the singular integral operator T
and the function b.
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It is well known that T can be extended to bounded operators on Lq-
spaces for all q ∈ (1,∞) (see [S70, Chapter 2]). A generalization of this result
in the direction of weighted Hardy spaces is the following.

Proposition 3.1. Assume that ω satisfies (W1). Let q ∈ (1,∞). Then
T is bounded on H1,q

ω (Rn).
Moreover, there exists a constant C = C(n, [ω]A1 , q, δ,K) > 0 such that

∥Tf∥
H1,q

ω (Rn)
≤ C∥f∥

H1,q
ω (Rn)

for all f ∈ H1,q
ω (Rn).

Proof. This follows since T is bounded on Lq(Rn) and at the same time
bounded on H1

w(Rn) (see [LL02, Theorem 4]).

We aim to prove the boundedness of Tb on H1,q
w (Rn). At this point, it

is appropriate to emphasize the fact that Tb is bounded in Lq(Rn) for all
q ∈ (1,∞) if and only if b ∈ BMO(Rn). Moreover, there exists a constant
C = C(n, q,K) > 0 such that

∥Tbf∥Lq(Rn) ≤ C∥b∥BMO(Rn)∥f∥Lq(Rn).

The next estimate is known as the molecular estimate for singular inte-
grals.

Lemma 3.2. Assume that ω satisfies (W1). Let a be a (1, s)ω-atom of
H1

ω(Rn) supported in B(x0, r). Then there exists a constant C = C(n) > 0
such that

|Ta(x)| ≤ Crn+1|x− x0|−n−1ω(B)−1

for all x ∈ Rn with |x− x0| ≥ 2r.

Proof. Let x ∈ Rn be such that |x−x0| ≥ 2r. We will write B := B(x0, r)
for short. Then

|Ta(x)| =
∣∣∣ �
Rn

K(x− y)a(y) dy
∣∣∣ = ∣∣∣ �

B

K(x− y)a(y) dy
∣∣∣

=
∣∣∣ �
B

((
K(x− x0 − (y− x0))−K(x− x0)

)
a(y) +K(x− x0)a(y)

)
dy

∣∣∣
≤

∣∣∣ �
B

(
K(x− x0 − (y − x0))−K(x− x0)

)
a(y) dy

∣∣∣
+
∣∣∣K(x− x0)

�

B(x0,r)

a(y) dy
∣∣∣
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≤
�

B

|K(x− x0 − (y − x0))−K(x− x0)| |a(y)| dy

≤ C(n)
�

B

|y − x0| |x− x0|−n−1|a(y)| dy

≤ C(n)r|x− x0|−n−1
�

B(x0,r)

|a(y)| dy

≤ C(n)rn+1|x− x0|−n−1∥a∥L∞(Rn)

≤ C(n)rn+1|x− x0|−n−1ω(B)−1,

where we use the size condition for K and a in the fifth and last step respec-
tively.

Our second result is as follows.

Theorem 3.3. Assume that b ∈ L2MO(Rn) and that ω satisfies (W1)

and (W2). Let q ∈ (1,∞). Then Tb is bounded on H1,q
ω (Rn). Moreover, there

exists a constant C = C(n, [ω]A1 , q, δ,K, κ1) > 0 such that

∥Tbf∥H1,q
ω (Rn)

≤ C∥b∥L2MO(Rn)∥f∥H1,q
ω (Rn)

for all f ∈ H1,q
ω (Rn).

Proof. By the Lq-boundedness of Tb, Lemma 2.17 and the atomic decom-
position of H1

ω(Rn), we only need to show that for a (1, s)-atom a of H1
ω(Rn)

we have Tba ∈ h1,qω (Rn) and

∥Tba∥h1,q
ω (Rn)

≤ C(n, [ω]A1 , q, δ,K, κ1)∥b∥L2MO(Rn).

Suppose a is supported in B = B(x0, r). If r ≥ 1/8, then by the Lq-
boundedness of Tb,

(3.2) ∥Tba∥Lq(Rn) ≤ C(n, q,K)∥b∥BMO(Rn)∥a∥Lq(Rn)

≤ C(n, q,K)|B|1/qω(B)−1∥b∥BMO(Rn)

≤ C(n, q,K)|B|1/q
(ω(B(x0, 1/8))

ω(B)

)
ω(B(x0, 1/8))

−1∥b∥BMO(Rn)

≤ (n, q,K, [ω]A1)

(
|B(x0, 1/8)|

|B|

)δ

|B|1/qω(B(x0, 1/8))
−1∥b∥BMO(Rn)

≤ C(n, q,K, [ω]A1)|B|1/q−δω(B(x0, 1))
−1∥b∥BMO(Rn)

≤ C(n, q, δ,K, [ω]A1 , κ1)∥b∥BMO(Rn)

≤ C(n, q, δ,K, [ω]A1 , κ1)∥b∥L2MO(Rn),

where we use Lemma 2.2(i, iv) in the fourth and fifth step respectively, as
well as (W2) in the sixth step.
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Now assume r < 1/8. For each y ∈ Rn, decompose Tba as

Tba(y) = −b(y)Ta(y) + T (ba)(y)

= −(b(y)− bB)Ta(y) + T ((b− bB)a)(y)

=: −I(y) + II(y).

Furthermore,

I(y) = (b(y)− bB)Ta(y)χ4B(y) + (b(y)− bB)Ta(y)χB0\4B(y)

+ (b(y)− bB)Ta(y)χBC
0
(y)

=: I1(y) + I2(y) + I3(y)

for each y ∈ Rn, where B0 := B1(x0).
We will prove that I1, I2∈h1ω(Rn), I3∈Lq(Rn), while II∈h1ω(Rn)+Lq(Rn).

Let φ be the mollifier given in Section 2.4.

Estimate on I1. We have

(3.3)
�

8B

mφI1(x)ω(x) dx =
�

8B

mφI1(x)ω(x)
1/2ω(x)1/2 dx

≤ ω(8B)1/2∥mφI1∥L2
ω(Rn) ≤ ω(8B)1/2∥M(I1)∥L2

ω(Rn)≤ω(8B)1/2∥I1∥L2
ω(Rn)

≤ C(n, [ω]A1)ω(B)1/2
( �

4B

|b(y)− bB|2|Ta(y)|2ω(y) dy
)1/2

≤ C(n, [ω]A1)ω(B)1/2
( �

4B

|b(y)− bB|4ω(y) dy
)1/4( �

4B

|Ta(y)|4ω(y) dy
)1/4

≤ C(n, [ω]A1)ω(B)1/2
( �

4B

|b(y)− bB|4ω(y) dy
)1/4( �

4B

|a(y)|4ω(y) dy
)1/4

≤ C(n, [ω]A1)ω(B)1/2
( �

4B

|b(y)− bB|4ω(y) dy
)1/4

ω(B)−1ω(4B)1/4

≤ C(n, [ω]A1)ω(B)−1/4
( �

4B

|b(y)− bB|4ω(y) dy
)1/4

≤ C(n, [ω]A1)

(
1

ω(4B)

�

4B

|b(y)− b4B|4ω(y) dy
)1/4

+ C(n)|b4B − bB|
≤ C(n, [ω]A1)∥b∥BMO(Rn) ≤ C(n, [ω]A1)∥b∥L2MO(Rn),

where we use Lemma 2.2(i) in the fifth and tenth steps, the boundedness of
singular integrals in weighted Lebesgue spaces (see [H16] for details) in the
seventh step and Proposition 2.6 in the eleventh step.
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If x /∈ 8B, for y ∈ 4B, t < 1, one obtains

|φt(x− y)| ≤ C(n)|x− x0|−n

and

|φ ∗ I1(x)| =
∣∣∣ �
Rn

φt(x− y)I1(y) dy
∣∣∣ = ∣∣∣ �

4B

φt(x− y)(b(y)− bB)Ta(y) dy
∣∣∣

≤
�

4B

|φt(x− y)(b(y)− bB)Ta(y)| dy

≤ C(n)|x− x0|−n
�

4B

|(b(y)− bB)Ta(y)| dy.

Note that φt ∗ I1(x) = 0 for all x /∈ 2B0. Hence,

(3.4)
�

Rn\8B

|φt∗I1(x)|ω(x) dx =
�

2B0\8B

|φt∗I1(x)|ω(x) dx

≤ C(n)
�

2B0\8B

|x−x0|−nω(x) dx
�

4B

|(b(y)−bB)Ta(y)| dy

≤ C(n)
([log2

2
r
]+1∑

j=1

�

2jr≤|x−x0|<2j+1r

|x−x0|−nω(x) dx
)

×
�

4B

|(b(y)−bB)Ta(y)| dy

≤ C(n)
([log2

2
r
]+1∑

j=1

(2jr)−nω(2j+1B)
)( �

4B

|b(y)−bB|2 dy
)1/2

∥Ta∥L2(Rn)

≤ C(n, [ω]A1)r
−nω(B)(1+|ln 4r|2)

( �

4B

|b(y)−bB|2 dy
)1/2

∥a∥L2(Rn)

≤ C(n, [ω]A1)r
−nω(B)(1+|ln 4r|2)

( �

4B

|b(y)−bB|2 dy
)1/2

|B|1/2ω(B)−1

≤ C(n, [ω]A1)(1+|ln 4r|2)
(

1

|4B|

�

4B

|b(y)−bB|2 dy
)1/2

≤ C(n, [ω]A1)[b]L2MO2(Rn) ≤ C(n, [ω]A1)∥b∥L2MO(Rn),

where we use Lemma 2.2(i) together with the L2-boundedness of T in the
fifth step, the size condition for a in the seventh step and Lemma 2.8 in the
last step.

Combining (3.3) and (3.4), we obtain

∥I1∥h1
ω(Rn) ≤ C(n, [ω]A1)∥b∥L2MO(Rn).(3.5)
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Estimate on I2. Note that if x ∈ 2B and y /∈ 4B, then |y − x| ≥ 2r and
|y − x0| ≥ 4r. By Lemmas 3.2 and 2.5, we obtain

|φt ∗ I2(x)| ≤ C(n)
�

1>|y−x0|≥4r

|x− y|−n|b(y)− bB| |Ta(y)| dy

≤ C(n)r−nrn+1ω(B)−1
�

|y−x0|≥4r

|b(y)− bB| |y − x0|−n−1 dy

≤ C(n)ω(B)−1∥b∥BMO(Rn) ≤ C(n)ω(B)−1∥b∥L2MO(Rn).

It follows that
�

2B

|φt ∗ I2(x)|ω(x) dx ≤ C(n)ω(B)−1∥b∥L2MO(Rn)

�

2B

ω(x) dx(3.6)

≤ C(n)∥b∥L2MO(Rn).

On the other hand, if x /∈ 2B then we make use of the estimate

|φt ∗ I2(x)| =
∣∣∣ �

B0\4B

φt(x− y)(b(y)− bB)Ta(y) dy
∣∣∣

≤
∣∣∣ �

(B0\4B)∩Br(x)

φt(x− y)(b(y)− bB)Ta(y) dy
∣∣∣

+
∣∣∣ �

(B0\4B)∩BC
r (x)

φt(x− y)(b(y)− bB)Ta(y) dy
∣∣∣

=: J1t(x) + J2t(x).

We will estimate each term separately.
For J1t, observe that

3
4 |y − x0| ≤ |x− x0| ≤ 5

4 |y − x0|

as x /∈ 2B, y /∈ 4B and y ∈ Br(x). Set Bj := 2jB. Then x ∈ Bj+1 \ Bj

implies y ∈ Bj+2. By Lemma 3.2,

J1t(x) ≤
�

(B0\4B)∩Br(x)

φt(x− y)|b(y)− bB| |Ta(y)| dy

≤ C(n)rn+1ω(B)−1
�

Br(x)

φt(x− y)|b(y)− bB| |y − x0|−n−1 dy

≤ C(n)rn+1ω(B)−1|x− x0|−n−1
�

Rn

φt(x− y)|b(y)− bB|χBj+2 dy

≤ C(n)rn+1ω(B)−1|x− x0|−n−1mφ(|b− bB|χBj+2)(x),
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whence

(3.7)
�

Rn\2B

J1t(x)ω(x) dx =
∑
j∈N∗

�

Bj+1\Bj

J1t(x)ω(x) dx

≤ C(n)rn+1ω(B)−1
∑
j∈N∗

�

Bj+1\Bj

|x− x0|−n−1mφ(|b− bB|χBj+2)(x)ω(x) dx

≤ C(n)ω(B)−1
∑
j∈N∗

(2j)−n−1
�

Bj+1

mφ(|b− bB|χBj+2)(x)ω(x) dx

≤ C(n)ω(B)−1
∑
j∈N∗

(2j)−n−1
( �

Bj+1

mφ(|b− bB|χBj+2)
2(x)ω(x) dx

)1/2

×
( �

Bj+1

ω(x) dx
)1/2

≤ C(n)ω(B)−1
∑
j∈N∗

(2j)−n−1(2j+1)n/2ω(B)1/2∥mφ(|b− bB|χBj+2)∥L2
ω(Bj+1)

≤ C(n)ω(B)−1/2
∑
j∈N∗

(2j)−n/2−1∥M(|b− bB|χBj+2)∥L2
ω(Rn)

≤ C(n)ω(B)−1/2
∑
j∈N∗

(2j)−n/2−1∥|b− bB|χBj+2∥L2
ω(Rn)

≤ C(n)ω(B)−1/2
∑
j∈N∗

(2j)−n/2−1
( �

Bj+2

|b(y)− bB|2ω(y) dy
)1/2

≤ C(n)ω(B)−1/2

×
∑
j∈N∗

(2j)−n/2−1(2j+2)n/2ω(B)1/2
(

1

ω(Bj+2)

�

Bj+2

|b(y)− bB|2ω(y) dy
)1/2

≤ C(n)∥b∥BMO(Rn) ≤ C(n)∥b∥L2MO(Rn),

where we use Lemma 3.2 in the second step and Proposition 2.6 in the ninth
step.

To estimate J2t(x) we note that φt(x − y) = 0 for all |x − y| > 1 since
t < 1. Consequently,

(3.8)
�

Rn\2B

J2t(x)ω(x) dx

=
�

Rn\2B

∣∣∣ �

(B0\4B)∩BC
r (x)

φt(x− y)(b(y)− bB)Ta(y) dy
∣∣∣ω(x) dx

≤ C(n)
�

|y−x0|≥4r

�

r≤|y−x|<1

|x− y|−nω(x) dx |b(y)− bB| |Ta(y)| dy
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≤ C(n)
�

|y−x0|≥4r

( [log2
1
r
]−1∑

i=0

�

2jr<|x−y|<2j+1r

|x− y|−nω(x) dx
)

× |b(y)− bB| |Ta(y)| dy

≤ C(n)r−nω(B)(1 + |ln r|2)
�

|y−x0|≥4r

|b(y)− bB| |Ta(y)| dy

≤ C(n)r−nω(B)(1 + |ln r|2)rn+1ω(B)−1

×
�

|y−x0|≥4r

|y − x0|−n−1|b(y)− bB| dy

≤ C(n)r(1 + |ln r|2)
�

|y−x0|≥r

|y − x0|−n−1|b(y)− bB| dy

≤ C(n)∥b∥L2MO(Rn),

where we use Lemma 3.2 in the fifth step and Lemma 2.9 in the final step.
Combining (3.7) and (3.8) yields

�

Rn\2B

mφI2(x)ω(x) dx ≤ C(n)∥b∥L2MO(Rn).(3.9)

With (3.6) and (3.9) in mind, we arrive at

∥I2∥h1
ω(Rn) = ∥mφI2∥L1

ω(Rn) ≤ C(n, [ω]A1)∥b∥L2MO(Rn).(3.10)

Estimate on I3. In view of the molecular estimate in Lemma 3.2 as well
as of Lemma 2.5 and (W2), we have

(3.11)
�

Rn

|I3(y)|q dy =
�

Rn\B0

|(b(y)− bB)Ta(y)|q dy

≤ C(n)r(n+1)qω(B)−q
�

|y−x0|≥1

|y − x0|−nq−q|b(y)− bB|q dy

≤ C(n, q, κ1)r
(n+1)q

(
ω(B(x0, 1))

ω(B)

)q �

|y−x0|≥1

|y − x0|−nq−q|b(y)− bB|q dy

≤ C(n, q, κ1, [ω]A1)r
(n+1)q 1

|B|q
r−q∥b∥qBMO(Rn)

≤ C(n, q, κ1, [ω]A1)∥b∥
q
L2MO(Rn)

.

Estimate on II. By replacing I1 with (b−bB)a in “Estimate on I1”, similar
arguments show that

∥(b− bB)a∥h1
ω(Rn) ≤ C(n, [ω]A1)∥b∥L2MO(Rn).

Recall from Proposition 3.1 that T is bounded from H1,q
ω (Rn) to H1,q

ω (Rn).
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Together with Lemma 2.17, we obtain

(3.12) ∥T (b− bB)a∥h1,q
ω (Rn)

≤ C(n, q, [ω]A1)∥T ((b− bB)a)∥H1,q
ω (Rn)

≤ C(n, q, [ω]A1)∥(b− bB)a∥H1,q
ω (Rn)

≤ C(n, q, [ω]A1)∥(b− bB)a∥h1
ω(Rn)

≤ C(n, q, [ω]A1)∥b∥L2MO(Rn).

To complete the proof, put (3.2), (3.5) and (3.10)–(3.12) together.

3.2. Commutators of singular integrals with variable kernels.
We start with the definition of singular integrals with variable kernels.

Definition 3.4. A function k ∈ C∞(Rn \ {0}) is called a Calderón–
Zygmund kernel if

(i) k(tx) = t−nk(x) for all t > 0,
(ii)

	
Σ k(x) dσ(x) = 0, where Σ is given by (2.4).

Let K be a real-valued function defined on Rn × Rn \ {(0, 0)} such that
K(x, ·) is a Calderón–Zygmund kernel for a.e. x ∈ Rn. For each f ∈ C∞

c (Rn)
and for a.e. x ∈ Rn, we define the singular integral with variable kernel

Sf(x) := p.v.
�

Rn

K(x, x− y)f(y) dy.

Its commutator is defined by

Sbf(x) := b(x)Sf(x)− S(bf)(x)

= p.v.
�

Rn

K(x, x− y)[b(x)− b(y)]f(y) dy,

where b ∈ L1
loc(Rn).

The boundedness of S on Lq(Rn) with q ∈ (1,∞) is well known.

Proposition 3.5 ([CFL93, Theorem 2.3]). Let 1 < q < ∞. Let S be a
singular integral with variable kernel K satisfying

max
|β|≤2n

∥∥∥∥ ∂β∂yβK(x, y)

∥∥∥∥
L∞(Rn×Σ)

≤ C1.(3.13)

Then S can be extended to a bounded operator on Lq(Rn). Moreover, there
exists a constant C = C(n, q, C1) > 0 such that

∥Sf∥Lq(Rn) ≤ C∥f∥Lq(Rn)

for all f ∈ Lq(Rn).
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We also need a technical lemma.

Lemma 3.6. Let K be a variable kernel satisfying (3.13) for each y ∈ Σ.
Suppose further that K(·, y) ∈ L2MO(Rn) and

max
|β|≤2n

∥∥∥∥ ∂β∂yβK(x, y)

∥∥∥∥
L∞(L2MO(Rn),Σ)

≤ C2,(3.14)

where

∥h(x, y)∥L∞(L2MO(Rn),Σ) := sup
y∈Σ

∥h(·, y)∥L2MO(Rn)

for each y ∈ Σ. Let m ∈ N∗, k ∈ {1, . . . , gm} and define

akm(x) :=
�

Σ

K(x, y)Ykm(y) dσ(y)

for a.e. x ∈ Rn. Then akm ∈ L∞(Rn) ∩ L2MO(Rn) and

∥akm∥L∞(Rn) + ∥akm∥L2MO(Rn) ≤ C(n)(C1 + C2)m
−2n.

Proof. Observe that | · |nK(x, ·) and Ykm are homogeneous functions of
degree zero. Therefore, it follows from Lemmas 2.20 and 2.21 that

akm(x) =
1

(−m)n(m+ n− 2)n

�

Σ

|y|nK(x, y)Λn(Ykm(y)) dσ(y)

=
1

(−m)n(m+ n− 2)n

�

Σ

Λn(|y|nK(x, y))Ykm(y) dσ(y)

=
1

(−m)n(m+ n− 2)n

�

Σ

∑
|β|≤2n

ρβ(y)
∂β

∂yβ
K(x, y)Ykm(y) dσ(y),

where ρβ ∈ C∞(Rn \ {0}) is a homogeneous function of degree n+ β. Con-
sequently,

∥akm∥L∞(Rn) ≤ m−2n
�

Σ

∑
|β|≤2n

∣∣∣∣ρβ(y) ∂β∂yβK(x, y)Ykm(y)

∣∣∣∣dσ(y)
≤ C(n)m−2n

�

Σ

∑
|β|≤2n

∥∥∥∥ ∂β∂yβK(x, y)

∥∥∥∥
L∞(Rn×Σ)

dσ(y)

≤ C(n)C1m
−2n,

where the last step makes use of (3.13).
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Next, let Br be a ball of radius r > 0 in Rn. Then
�

Br

|akm(x)− (akm)Br | dx

≤ m−2n
�

Σ

�

Br

∑
|β|≤2n

∣∣∣∣(∂βK(x, y)

∂yβ
−
(
∂βK(x, y)

∂yβ

)
Br

)
ρβ(y)Ykm(y)

∣∣∣∣ dx dσ(y)
≤ C(n)m−2n

�

Σ

∑
|β|≤2n

�

Br

∣∣∣∣(∂βK(x, y)

∂yβ
−
(
∂βK(x, y)

∂yβ

)
Br

)∣∣∣∣ dx dσ(y).
In view of (3.14), we obtain

∥akm∥L2MO(Rn) ≤ C(n)C2m
−2n.

This finishes the proof.

The next result tells us that S is bounded on weighted Hardy spaces under
some further conditions on the kernel K. This extends Proposition 3.1 to the
setting of singular integrals with variable kernels.

Theorem 3.7. Assume ω satisfies (W1). Let q ∈ (1,∞). Let S be a sin-
gular integral with variable kernel K satisfying K(·, y) ∈ L2MO(Rn), (3.13)
and (3.14) for each y ∈ Σ. Let f ∈ H1,q

ω (Rn). Then Sf ∈ H1,q
ω (Rn). More-

over, there exists a constant C = C(n, [ω]A1 , q, C1, C2) > 0 such that

∥Sf∥
H1,q

ω (Rn)
≤ C∥f∥

H1,q
ω (Rn)

.

Proof. For a.e. x ∈ Rn, observe that

| · |nK(x, ·) ∈ C∞(Rn \ {0}) and
�

Σ

|y|nK(x, y) dσ(y) = 0.

Hence

|y|nK(x, y) =
∑
m∈N∗

gm∑
k=1

akm(x)Ykm(y)

for all y ∈ Rn \ {0} and for a.e. x ∈ Rn. In turn, the arguments in [C74] give

Sf(x) =
∑
m∈N∗

gm∑
k=1

akm(x)Rkmf(x),

where

akm(x) :=
�

Σ

K(x, y)Ykm(y) dσ(y),

Rkmf(x) := p.v.
�

Rn

Ykm(x− y)

|x− y|n
f(y) dy

for a.e. x ∈ Rn.
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By Lemma 3.6, akm ∈ L2MO(Rn) for all m ∈ N∗ and k ∈ {1, . . . , gm}.
Moreover, Rkm are Calderón–Zygmund singular integrals.

It follows that

∥Sf∥
H1,q

ω (Rn)
≤

∑
m∈N∗

gm∑
k=1

∥akmRkmf∥H1,q
ω (Rn)

≤ C(n, [ω]A1 , q)
∑
m∈N∗

gm∑
k=1

(∥akm∥L∞ + ∥akm∥L2MO(Rn))∥Rkmf∥H1,q
ω (Rn)

≤ C(n, [ω]A1 , q, C1, C2)
∑
m∈N∗

gm∑
k=1

m−2n∥Rkmf∥H1,q
ω (Rn)

≤ C(n, [ω]A1 , q, C1, C2)
∑
m∈N∗

mn−2m−2n∥f∥
H1,q

ω (Rn)

≤ C(n, [ω]A1 , q, C1, C2)∥f∥H1,q
ω (Rn)

,

where we use Lemma 2.19 in the second step, Lemma 3.6 in the third step
and Lemma 2.20 and Proposition 3.1 in the fourth step.

The boundedness of the commutator Sb also follows, which is our fourth
main result. This extends Theorem 3.3 to the case of singular integrals with
variable kernels.

Theorem 3.8. Assume ω satisfies (W1) and (W2). Let q ∈ (1,∞). Let S
be a singular integral with variable kernel K satisfying K(·, y) ∈ L2MO(Rn),
(3.13) and (3.14) for each y ∈ Σ. Let b ∈ L2MO(Rn). Then Sbf ∈ H1,q

ω (Rn).
Moreover, there exists a constant C = C(n, [ω]A1 , q, δ,K, κ1, C1, C2) > 0
such that

∥Sbf∥H1,q
ω (Rn)

≤ C∥b∥L2MO(Rn)∥f∥H1,q
ω (Rn)

.

Proof. As in the proof of Theorem 3.7,

Sbf(x) =
∑
m∈N∗

gm∑
k=1

akm(x)Rkm,bf(x)

for a.e. x ∈ Rn, where Rkm,b is the commutator of Rkm with b. Then

∥Sbf∥H1,q
ω (Rn)

≤
∑
m∈N∗

gm∑
k=1

∥akmRkm,bf∥H1,q
ω (Rn)

≤ C(n, [ω]A1 , q)
∑
m∈N∗

gm∑
k=1

(∥akm∥L∞ + ∥akm∥L2MO(Rn))∥Rkm,bf∥H1,q
ω (Rn)
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≤ C(n, [ω]A1 , q, δ,K, κ1)

×
∑
m∈N∗

gm∑
k=1

(∥akm∥L∞ + ∥akm∥L2MO(Rn))∥b∥L2MO(Rn)∥f∥H1,q
ω (Rn)

≤ C(n, [ω]A1 , q, δ,K, κ1, C1, C2)∥b∥L2MO(Rn)

∑
m∈N∗

mn−2m−2n∥f∥
H1,q

ω (Rn)

≤ C(n, [ω]A1 , q, δ,K, κ1, C1, C2)∥b∥L2MO(Rn)∥f∥H1,q
ω (Rn)

,

where we use Lemma 2.19 in the second step, Lemma 3.2 in the third step,
and Lemmas 2.20 and 3.6 in the fourth step.
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