STUDIA MATHEMATICA

Online First version

The Bergman kernel and projection
on a class of bounded Hartogs domains

by

YANYAN TANG, SHICHAO YANG and SHUO ZHANG

Abstract. We study the Bergman kernel and projection on the class of bounded
Hartogs domains defined by

HP.. ={2= (% zi41,..., 2ksm) €CTTT:

7 < Joen P50 <o < g0 < 13,

where k,m € Z*, p := (p1,Prs1,.-,Pkam) € RT)™ and Z := (z1,...,2,) € CF.
We obtain an explicit formula for the Bergman kernel of H} m and use it to establish
an optimal estimate. We then study the L? regularity and irregularity of the Bergman
projection and further investigate the weak-type estimates at the endpoints of the LP
boundedness range.

1. Introduction. Let {2 C C™ be a bounded domain. As usual, for
p > 0, the space LP({2) consists of all Lebesgue measurable functions f on

{2 such that
1/
1l = (J1FIFav() ™ < +oc,

10
where dV denotes the standard Lebesgue measure. We set AP(§2) := LP(§2)N
H($2), where H(S2) denotes the space of holomorphic functions on 2. The
Bergman space A%(2) is the Hilbert space of all square-integrable and holo-
morphic functions on §2 with the inner product (f, g) 2 := |, f(2)g(z)dV(z).
It is well known that A2(£2) is a closed subspace of L?({2).

We consider the natural orthogonal projection from L?(£2) onto A%(£2),
also known as the Bergman projection. The Bergman projection of {2 will
be written as By. It is elementary that By, is self-adjoint with respect to
the above inner product. The Bergman projection can be expressed as an
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integral operator

(1.1) Bof(z) = | Ko(z,w)f(w)dV(w), f e L*R),

Q
where K : {2 x {2 — C is the Bergman kernel of (2. It should be remarked
that when the integral in (|1.1)) converges, it is taken as the definition of By, f,
even if f ¢ L%(£2). If {¢s} is an orthonormal basis for the Bergman space
A%(£2), then the Bergman kernel has the formula

Ko(zw) = 3 ga(2)galw).

For a long time, it was difficult to obtain the explicit formula of the Bergman
kernel function. Thus it is one of central problems in several complex vari-
ables to find the explicit formula of the Bergman kernel on various domains.
We refer the readers to [24] for more information on Bergman theory.

Recently, the Bergman kernel and projection on a class of bounded Har-
togs domains, that is, the Hartogs triangle and its variants, have attracted
attention of many authors. We recall that the classical Hartogs triangle is
the domain defined by

H:={z=(21,22) € C*: |z1| < || < 1}.

It is a pseudoconvex domain that is the source of pathological phenomena
in several complex variables [27]. The Bergman kernel of H can be easily
obtained from the fact that H is biholomorphic to the product domain D xID*,
where D and D* denote the unit disc and the punctured unit disc in C,
respectively. It was shown by Chakrabarti-Zeytuncu [6] that the Bergman
projection on the Hartogs triangle H is LP-regular if and only if p € (%, 4).
Furthermore, Huo-Wick [21] proved that on the classical Hartogs triangle H,
the Bergman projection is not of weak-type (%, %), but is of weak-type (4,4).

In [8], Chen investigated the Bergman kernel and projection on the class
of generalized Hartogs triangles defined by

(1.2) Hp={z=(21,.-,2n) €C":||(21, .. -, 2)|| < |zps1]| < - <|zn| <1}.

In [I4], Edholm obtained the explicit formula for the Bergman kernel of the
2-dimensional power-generalized Hartogs triangle

(1.3) Hk = {Z = (2’1,22) € (CQ : ’Zl‘k < ’22‘ < 1}, ke Z+,

and the LP mapping properties for the associated Bergman projection were
investigated by Edholm-McNeal [I5]. Moreover, Christopherson—Koenig [11]
showed that the weak-type estimate for the Bergman projection of Hj holds
at the upper endpoint, but fails at the lower endpoint of the LP bound-
edness range. Zhang [29] studied Bergman theory on n-dimensional power-
generalized Hartogs triangles. Applying the well-known Bell formula (see [3]),



The Bergman kernel and projection 3

Chakrabarti et al. [5] derived an explicit formula for the Bergman kernel of
the elementary Reinhardt domain

n
(L) A= {e= G zm) €D < [T 1510 )

j=2
with k := (ki,...,k,) € (Z1)", and the LP boundedness for the Bergman
projection of Hy was investigated by Zhang [30]. Furthermore, Bender et
al. [4] completely characterized the LP boundedness of the Bergman projec-
tion associated to so-called monomial polyhedra. We also refer the readers
to [Il, 17, 26l 28] for more works on this topic.

It is important to observe that the Hartogs triangle and its generalizations
mentioned above share one crucial property: they are all proper holomorphic
(or even biholomorphic) to some product domains of the unit ball B™ (or
the unit disc D) and the punctured unit disc D*. We call it the product
property. For example, the classical Hartogs triangle H is biholomorphic to
the product domain I x D*; the generalized Hartogs triangle defined by
is biholomorphic to B* x (D*)"~*; and Hj, and Hj, which are defined
by and , are proper holomorphic to D x D* and D x (D*)"1,
respectively. Similarly, the monomial polyhedra studied in [4] are also proper
holomorphic to the product of some copies of the unit disc and some copies
of the punctured unit disc; see [4, Theorem 3.12]. The product property for
the domains not only makes it possible to use Bell’s formula to calculate the
Bergman kernel, but also enables us to use Bell’s transformation rule for the
Bergman projection under proper holomorphic mappings (see Bell [2, [3]) to
study the LP boundedness of the Bergman projection. See |10} 9] [13].

Inspired by this, it is therefore reasonable and interesting to investigate
the Bergman theory on some generalizations of the Hartogs triangles with-
out the product property. In this paper, we study the Bergman kernel and
projection on the generalized Hartogs triangle defined by

HII€)+m = {Z = (57 Zk‘-l—l) ctty Zk+m) E Ck+m .
HEH“ < |Zk+1‘pk+1 < e < |Zk+m‘pk+m < 1}7

where k,m € Z+a p = (pbpk-‘rla oo apk-f-m) € (R+)m+17 z = (Zla . .,Zk)
e CF and |2 := (|z1]?+ - - - +|2]?)"/? is the Euclidean norm in C*. Clearly,
when p := (1,...,1), then H} m coincides with the domain considered by
Chen [8]. If k = 1 or m = 1, then H},  reduces to the generalized Har-
togs triangles studied in [29] or [I8]. Also, Hy "+ contains many other types
of bounded Hartogs domains: see [T}, 28|. Thus, our setting unifies and ex-
tends most of the previously considered domains. More importantly, from
the definition of HY we can find that Hy +m 18 not proper holomorphic

k+m>
to any product domain in general. We therefore expect that the analysis
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developed here will provide new insights and tools for the Bergman theory

on generalized Hartogs triangles beyond the product property framework.
The paper is organized as follows. In Section 2, we study the Bergman

kernel of H ,f; +m- For simplicity, we write the Bergman kernel as Kp kim 1=

K HP,, - First, we obtain an explicit formula for the Bergman kernel in Sec-

tion 2.1: see Theorem As mentioned before, in general the domain H ]1: tm
does not have the product property, so we cannot apply Bell’s transformation
formula to compute the Bergman kernel as in the previous works. Our strat-
egy combines the method of sub-Bergman kernels and some new ideas. After
giving the explicit formula for the Bergman kernel Ky, j.,,, we find that the
form of Ky j4m is too complicated to use, and it seems hard to get a closed
form of it. Therefore, in Section 2.2, we use some technical methods to obtain
the optimal estimate for the Bergman kernel — see Theorem [2.6] which is a
crucial tool in studying the Bergman projection in the subsequent sections.

Section 3 is devoted to the LP boundedness of the Bergman projection
on H,f+m. We first consider the rational case, that is, the domain H,&m
with p := (P1,Pktt1,---,Peim) € (ZT)™FL. The key tools are the Forelli-
Rudin type estimate on Hl§+m and a generalized version of Schur’s test; see
Proposition[3.2]and Lemma respectively. Our main result is Theorem 3.7}
which gives the LP boundedness range for the Bergman projection. On the
other hand, for the irrational case, we show that the Bergman projection
Bp k+m completely degenerates as an L” mapping; see Theorem

Following this line, in Section 4, we further consider the weak-type regu-
larity for the Bergman projection of Hy +m at the endpoints of the L” bound-
edness range (I, I2) obtained in Theorem We prove that the weak-type
estimate fails at the lower endpoint I, but holds at the upper endpoint I
(see Theorems and . These weak-type estimates are new even in the
special case of m = 1. They not only complement Theorem [3.7] but also ex-
tend the earlier work of Huo-Wick [21], Jing et al. [22] and Christopherson—
Koenig [I1), 12] to a more general setting.

Throughout this paper, we use the following notations. For any multi-
index o = (a,...,a,) € Z", we write as usual ! = a1l - !, |a] =
a; + -+ ap and 2% = {20 for 2 = (21,...,2,) € C". For given
functions A(z) and B(z), we use A(z) < B(z) to signify that A(z) < kB(z)
for some constant £ > 0, and we also write A(z) ~ B(z) to mean that
A(2) S B() S A(2).

2. The Bergman kernel of Hp,

2.1. The explicit formula for the Bergman kernel. We begin with
the following lemma, which characterizes when the holomorphic monomials
2% belong to LP(Hy, ) and gives their L” norms.
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LEMMA 2.1. Let a = (@, Qp11,- .., Qpem) € ZFF™ be a multi-index,
where & := (o, ...,a) € ZF. For any generalized Hartogs triangle H,§+m
with P := (P1, Pkt1, - - - Phim) € (RT)™ T and 1 < p < oo, define the set of
multi-indices

AP(HP

o) = {aEZk+m:aiZO,i:1,...,k,

Elp+ 2k I~ oup+2
s, 3

>O,j:k+1,...,k+m}.
b1 Dt

t=k+1
Then 2% € AP(H&_m) if and only if a € AP(H,§+m). Moreover, for any a €
AP(HP, ) we have

ey, = gmighsm i LOE+D)

(Ialp +20) (157 + k) ;5 5 0) 2
where
Ap+2k S~ ap+2 .
sj(p) :=pj(||p+ > tp) -2, j=k+1,...;k+m.
b1 —ht1 Dt

Proof. We first prove the lemma for m > 2. Let o := (&, agy1, .-+, Q)
€ Z**™ be a multi-index, and let 1 < p < co. Assume that 2% € AP(HP, ).
Note that z; can be zero for i = 1, ..., k, which implieso; > Ofori =1,...,k

Now we compute the LP norm ||2%|/z». By a direct calculation, we obtain

k+m
@1 |05 = § EP [T mleraviz)
HY j=k+1
= | 2kt |57 AV (2pm) - - | |21 | TP AV (241)
D* P42
0<|zp41|<|2p42| PEH1
X | 12507 AV (3).

B Phi1
2l <lzk41] P2

Using the transformation
£= ’Zk+1|—m+1/p137

we have
Pt -

(2.2) [ 1FPavE) =zl 9 @Ry ().

_ Pr41 Bk
IZl<lzg+1] 1
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Substituting ([2.2]) into . 2.1]) yields

(2.3) B €5 v (€) | [2kegm| 4P AV (2 m) - -
Bk D*
X S |21 [PV AV (241),
Pht2

0<|zp411<|2pp 2| PEHT

where s;11(p) := agr1p + pfg—rlﬂmp + 2k).
After a straightforward computation, we conclude that

| |21 [P AV (241) < o0

P42
0<|zpy1|<| 24 2| PR +1

if and only if sg41(p) > —2. Substituting this into (2.3 and iterating the
above process, we deduce that ||2%||z» < oo if and only if

(24) @ >0, i=1,....k, and s;j(p)>-2, j=k+1,....k+m,

where sj41(p) is defined as above, and for m > 2, s;(p) (k+2<j < k+m)
are given by the recurrence relation

si(p) == ajp+ Z%(Sj_l(p) +2), k+2<j<k+m.
i

A direct calculation then shows that

Q +2k '« +2 .
Sj(P)—P]<||p + > tp)—2, j=k+1,....k+m.
P ey Pt

Together with (2.4), this implies that z* € AP(HP ) if and only if o €
AP(HP ., ), where AP(HP ) is the set of multi-indices defined in the lemma.

For any o € AP(H}, ) we have

k+m

(2.5) 107 = V1 Pav©e) - T §igl® avig).

Bk j=k+1D*

Applying polar integration gives

1 k )

~— ~ - _ A (&P 1
[P v @) = § 2ty | pdot = o L=t TEE AL
Bk 0 OBk (|5z|p—|—2/€)F( 2p +k)

Hence,

k o k+m
C (%41 1
a”i? _ 2m+1ﬂ_k‘+m Hz—l ( 2 ) I I

|2 - :
(|alp+2k) 0 (152 + k) ;55 si(P) +2

This proves the lemma for the case m > 2.
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Now we assume m = 1. In this case, (2.3)) becomes
12200, = [ 1€ av(©) - § [zl @ dV (2 11).
Bk D*
Applying the same argument as in the calculation of (2.5)), we obtain the
desired result for m = 1. =

Since H ,I; +m 18 & Reinhardt domain, the holomorphic monomials z* be-
longing to L? (H,Z_m) constitute an orthogonal basis for the Bergman space
A? (Hp,,,)- Consequently, Lemma yields the following result.

LEMMA 2.2. The holomorphic monomials {z* : o € A*(Hy, )} form an

orthogonal basis for A*(Hy, ). Moreover, for any a € A*(HE ),
al k+m 1
222, = 2rim
(Jaf + k)! };Ilsj+2

where

al+k 1
55 :=sj<2)=2pj<|a|+ + D O”)—z j=k+1,.. k+m.

o —hr1 Pt

The next two theorems constitute part of the main results of this paper.
They provide the explicit formulas for the Bergman kernel of H ]l; +m With
P = (P1,Pkits--sPkem) € (ZT)™FL. We show that the Bergman kernel
of H,§+m can be expressed as the sum of p; (for m = 1) or p; Hfﬂ’:j_f D)
(for m > 2) sub-Bergman kernels. The notion of sub-Bergman kernel is
introduced by Edholm and McNeal [16]. Roughly speaking, in some settings
we can split the Bergman space into some orthogonal subspaces (called sub-
Bergman spaces). The sub-Bergman kernels are then defined as the integral
kernels of the orthogonal projections from the Bergman space onto these
subspaces. We refer to [16] for further details. It should be noted, however,
that in the proofs of Theorems [2.3] and [2.4] we handle the Bergman kernel
directly, without decomposing the Bergman space or the Bergman projection
into pieces as in [16].

The following theorem gives a formula for the Bergman kernel of H,I;_l

THEOREM 2.3. Let Kppy1(2,w) be the Bergman kernel of HY | with
p = (p1,pr+1) € (ZT)% Then Kp i1 is given by

(2.6) Kp pt1(z,w) Z Kpg, (z,w)
B1=1

where for each integer 51 with 1 < 1 < p1, the sub-Bergman kernel Kpg, (2, w)
can be expressed as
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(2.7)  Kp(z,w)

1 iye
(B1) E
TR (241 1)) ( ) (1 — up1)

1=

o e En(Br)) (1~ Uk+1) + upy
(1 — up+1)?
Here h(z) := {z} — x, and u1, ug+1, and lg+1(B1) are defined by

(uﬁl +k—1 ) (k—1) ‘

u=uj

u=u

B (Zk+1@k+1)Pk+1/p1’ k+1 '= Zk+1Wk+1,

fiksr (B1) = %wl — 1)+ {prr1Fa(B1)} —

respectively. The symbol {x} denotes the smallest integer strictly greater than

z eR, and E1(f1) == —(B1 +k—1)/p1.

Proof. We first calculate the Bergman kernel of H ,5’ 41 on the diagonal,
i.e., Kp rt1(2, 2). The off-diagonal Bergman kernel K, y41(2z, w) will then be
obtained via polarization.

Since Hj p+1 1s a Reinhardt domain, we deduce from Lemma n that
{29/112% M| 22 Yae a2 HP, ) forms an orthonormal basis of the Bergman space

A2 (HP ;). Applying Lemma we obtain

and

Eall
(28) prk"!‘l(’z’ Z) = Z ||Za||2
a€AP(HP, ) L2
ol + k) 5
R Ll SRR AR
aENk ) Okt 1>Th 41
where g1 1= —%(|&| + k) — 1, and sg41 is defined as in Lemma

Using the identity

I'(lal+1
Hme = Z M‘T2a7 r = (xlv o 7xn)7

al
|a|=l
we have
(o)
z+k: \a|+1 (t+k) 4
po) SRy B
i=0 1=0 |&|=1
_ZZ ‘Oé‘—i-k) |~6¢|2
- 7!
1=0 |&|=1

al+ k)
:ZWV 2.

aENk
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Observe that 741 and sgy1 depend only on || (and not on the individual
components ai,...,a). Then combining (2.8) and (2.9)), we obtain

(2.10) Kp, k+1(z z)

(! + k:)
27Tk+1 Z [EA Z (St + 2)|2zppa |2+,

/
a1=0 ak+1>rk+1

where 7, = —p’;;l (o1 + k) — 1.
We now decompose the summation index oy in ([2.10)) into residue classes
modulo p;. Namely, we write

ar=nmp1+p -1, 1<81 <pr.
Note that
Qg1 > Thyy <= kg1 > Nig1 := —prp1na + pr1 E1(61) — 1,

where E;(f1) is defined in the theorem. Consequently, the Bergman kernel
admits the decomposition

Kpit1(2,2) = ZKglzz
B1=1

where for each integer 8 with 1 < 31 < p;,

(nip1 +B1 —1+k)! o 1
2.11 K, (2, 2) E (nap1+51-1)
(2.11) 5 (2, =5 k+1 (mp1 + Br — 1) IEl

x Z (3k+1+2)|2k+1\2%“-

ag+1>Ngy1

Set O‘;eﬂ ‘= ap+1 + pr+1n1 + 1. A direct computation yields

(2.12) > (skp + 2z
ag+1>Net1
=2 Z (D171 — Pra1B1(B1) + cpr + 1)[2gpq |24+
Qp4+1>Ni41
_ Q‘Zk+1‘—2(Pk+1TL1+1) Z ()oyr — pkHEl(gl)),zkH,?%ﬂ
a;€+1>pk+1E1(ﬂl)
o
— 9|y [ 2PrEIRIHD) Z (a1 — Prr1Er (B1)|2kg1 |2+t

1 ={Pr+1E1(81)}

= 9y [2em =22 Eaa)}, MPE BLBD)A = W) + Uiy
o (1~ ws1)? ’
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where we have used the identity

oo

S U BB
n=0

Substituting (2.12) into (2.11]) gives

(2.14)  Kg (2, 2)
L 0 PBO)A = i) £ i | o2l B (80} -2

|z| <1, A,B € C.

] 0= ur)?
% i (nmip1 + 1 — 1+ k)! H’gHQ(n1pl+B171)
n1=0 (nip1 + B1 —1)! |2y 1|2PR+1m1

The summation in (2.14) can be calculated as

i (mapy + B1 — 1 4 k)! [[3]20upi+61-D)

<n1p1 + ,81 — 1)' ’zk+1’2pk+1n1
k —1+k
ooy 4wt
dukF 1 — up1

(2.15)
n1=0

U=u1

2Pk 41

k (@)
_ k 1
=l 5SS (D) (=)

=0

Combining ([2.14)) with (2.15)), we obtain the desired expression for the diag-
onal sub-Bergman kernel Kg, (z, 2).

(uﬁﬁ-k—l)(k—i) |

u=ui

u=ui’

Finally, applying polarization yields the required formula for the full
Bergman kernel Ky p11(2,w). =

The next theorem provides the Bergman kernel for the generalized Har-

togs triangle Hy, = with m > 2.

THEOREM 2.4. Let H,f:rm be the generalized Hartogs triangle with p :=

(P1y Pht1s - - - Phtm) € (ZT)™T where m > 2. Denote by Kp g1m(z,w) the
Bergman kernel of H/&m. Then

(2'16) Kp,k’-i-m(zaw) = Z Kﬁ('z?w)a
Bedp
where

Jp = {6 = (61761{4’17"'761{?4’”},71) S (Z+)m:
1<Bj<pj,j=Lk+1,....k+m—1},
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and for each B € Jp, the sub-Bergman kernel Kg(z,w) can be expressed as

(2.17)  Kg(z,w) :=

Hfﬂ?lllpa k+m 5 (3)
L e () ()

(Prr+h=1y(b=) |

u=u1
j=k+1 U=u1
k+m—1
11 h(E;(B)) (A —uj) +u; h(pPrtmErym—1(8)) (1 —tpim) + st
AL Ty (= wrrm)?
Here, h(x) is defined as in Theorem , and for z,w € H};rm we set
T 75 \Pi
Uy = (z,w>m’uj::—(ziw])f , Jj=k+1,...k+m—1,

(2k41Wk41) ™1 (i1 Wja)4
Uk+m ‘= Zk4+mWk+m-

The constants E;() and p;(B3), which depend on the multi-index [, are
defined by

—i-k:—l .
E;(B) = — G E ﬁt j=k+1,... k4+m—1,
1=kr1 P

frs1 (B) = %wl — 1) + prs1 {Br1(B)} + Brsr — 1,

15 (B) = pi({E;(B)} — {Ej—1(B)}) + B; — 1,
k42, k+m—1(ifm>3),
tm(B) = {PktmBrym—1(8)} — Petmi Exym—1(8)} — 1.

Proof. Following the approach in the proof of Theorem [2.3] we first com-
pute the Bergman kernel of H,f+m on the diagonal.

Using the same reasoning as in (2.8)), we get
(2.18)  Kpit+m(z,2)
(lee] + k) 5
= Cl Z 7&' ’Za|2

a€eNk
x Z (skr1 4 2) |z [P0 Z (St + 2)| 2|24+,
o1 >Thi1 ot STt
where C := Wj and
o 1
rj = —;i(\&Hk)—pj > o —1, j=k+1,....k+m.

t=k+1
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Applying (2.9) to (2.18) yields
(219)  Kpk+m(2:2)

—C i (Oél +k)'||5”2a1 Z (8 +2)|Z |2ak+1
=0 ol E+1 k+1

a1=0 Oék+1>7”;€+1
XS (Skam + Dz,
ak+m>7’;€+m
where
; Lt
r;::—p—](al—i—k)—pjz ¢ -1, j=k+1,....k+m.
P t=hy1 Pt

In order to compute (2.19)), we decompose the summation indices a; into
residue classes modulo p; for j =1,k +1,...,k +m — 1. We write

aj =n;p; + B — 1, nj€Z+,1§Bj <pj,i=Lk+1,...;k+m—1.
It follows that

j—1
a; >T§- & nj > Nj:=—-ny — Z e+ Ej(B),j=k+1,...;k+m—1,
t=k-+1
and
Qftm > T;f—i—m
k4+m—1
< Qktm > Negym = —Dkim (nl + Z nt) + PietmErym—1(8) — 1,
t=k+1

and
J
2pj(n1—|— > nt—Ej(B)), j=k+1,....k+m—1,
t=k+1
! 2(Pktm(m + X 1) — PhrmBrim—1(8) + Qg + 1),
t=k+1
j=k+m,
where F;(f) is as defined in the theorem.
Consequently, the Bergman kernel K, 1, (z, z) can be decomposed into
p7 +

the sum of p; Hfi,?:fll pj sub-Bergman kernels, that is,

(2.20) Kp,k-l-m(zvz) - Z KB(Z’Z)’
B:=(B1:Br+15+Brtm—1)EJp

where

Jp :{ﬁG(Z+)m1§B] Spjajzl’k+1aak+m_1}
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Moreover, for each multi-index 8 € Jp, we have

(2.21)  Kg(z,2)

k+m—1 .
SN P EGRE Y (nmp1 + 1 — 1+ k)! )
J=k+1 n1=0 (nlpl + 61 — )
% Z (81 + 2)|2ppy [PPerrmest
N1 >Ni 1
x Z (Sktm—1 + 2)|2k+m—1 2Dkt — 1Mt —1

Nptm—1>Negfm—1

X3 (ke D),

ak+7n>Nk+7n

Now we compute the sub-Bergman kernel Kg(z,2). By a direct calcula-
tion, we have

(2.22) S (Skrm 2z
ak+m>Nk+m
k+m—1
=2 Z (Pk+m (nl + Z nt) — PtmErtm—1(8) + hm + 1)
Ak tm>Neim t=k+1
k+ k+ % ‘Zk+m|2ak+m
= 2|2k4m|” 2pppm (m+ 31 ne) =2
x ) (O — Pherm Bpm—1(8) 22
&y >Phtm Ehtm—1(8)
= 2|Zk+m’_2pk+m("l+zf:+ﬂ_11 nt)=2
[oe)
!/
x > (Ot — PrtmBrim—1(8))| 2 +m

& =1PhtmErtm—1(8)}

:2|Zk+ | 2pk+m("1+zt 1 Y1) —242{pktm Etm—1(8)}

XS (@l WPkt B ()2t P

ak+m 0
= 2|2k+m|” ~2pepm (1A T 1) =242 Pk B m—1(8)}
> h(pk+mEk+mfl(/3))(1 - Uk+m) + Uk+m

(1 - uk+m)2

Here, {z} and h(x) are defined in Theorem In the derivation above we
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introduced the new summation indices
k+m—1

a§€+m = Qktm + Pk+m (m + Z nt) +1,
t=k-+1

W = Vg — APhtm Ergm—1(8)},

and the last equality in (2.22)) follows from the identity (2.13)).
Next we claim that

151y, ) P
(2.23) Kg(z,2) = % N2 pr1(B)— == (Br=1)
k+m k+m—1
j h(E;(8))(1 — uj) + u;
X H |Zj|2“3(’8)' H J .
j=k+2 j=k+1 (1= uy)
» h(PrtmErim—1(8))(1 — Ugym) + Urim
(1 - uk+m)2
x io: (nip1 + 61 — 1+ k)! H§||2(711P1+/3171)
n1=0 (nlpl + 51 — 1)! |zk+1|2pk+1n1

Indeed, substituting (2.22)) into ([2.21)) yields
(224) Kﬁ(@ Z)
= 201|Zk+m|2{pk+mEk+mfl(ﬁ)}—2

k+m—1
X H ’szQ(Bj—l) . h(PrtmErim—1(8)) (1 = Upgpm) + Uktm

(1 - uk+m)2

j=k+1

% i (nmip1+ B — 1+ k)! \|5”2(n1p1+6171)

n1=0

e e
x Z (k41 +2) <|2pk+m e

Zk
Ng41>Ni 1 | +m

2Pk tm—1 "\ Mht+m—1
Zhtm—
» 3 (sk+m_1+2)<| ktm—1] ) '

|2k | 2P+

Ngtm—1>Ngtm—1

By a similar argument to that in (2.22), we have
2Pk 4+m—1\ k+m—1
Zk4m—1
(2.25) Z (Skm—1+2) (’ 4= )

‘ 2pk+m
Nk4+m—1 >Nk+m71

’Zker

= 2pk+m_1|zk+m_1|2pk+m71{Ek+m71(:8)} ’Zk+m|—2pk+m{Ek+m,1(5)}

_ _Nktm—2
X <|Zk+m—1|2pk+’”‘l) TR (B2 (8) (L=t 1) Uk
‘Zk+m|2pk+m (1_uk+m—1)2
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If m = 2, then comblmng Wlth 2.24) immediately gives L If
m > 3, then inserting ([2.25} 1nto leads to

Kg(z, z) = 4pk+m_101’Z]H_m_l‘2pk+m71{Ek+m71(ﬁ)}

’2{pk+mEk+m71 (B)}72pk+m{Ek+m71 (IB)}72

X |2ktm
ktm—1

" ﬁ |2, 28D h(Ek+m-1(8))(1 — ukerle) + Upm—1
j=k+1 (1= m—)

" h(Pr+mErtm—1(8)) (1 — Uktm) + Utm

(1 - uk+m)2

% i (nip1+ B —1+k)!
(nip1 + B1 — D! |2ppm_1|P1Pretm—1

||2]|2(maprtB1—1)

n1=0
| 2por 2P+ ke
X Z (Sk+1 + 2) < ’Zk;erfl ‘2pk+m—l T
Ng4+1>Ngy1

|Zk+ _2|2pk+m—2 Nk+m—2
X Z (Sk+m—2 + 2) ( ; m s
nk+m—2>Nk+m72 k+m—1

Repeating this process eventually yields (2.23). Thus the claim (2.23) is
proved for all m > 2.

Finally, combining (2.23) and (2.15) gives the formula for Kpg(z,z2).
Applying polarization gives the desired formula for the Bergman kernel
Kp ptm(z,w). =

2.2. The optimal estimate for the Bergman kernel. Although the
explicit formulas for the Bergman kernel of H ,5 m have been established in
Theorems and these expressions are too complicated to use, and
a closed form seems difficult to obtain. Motivated by this, we now turn to
studying optimal estimates for the Bergman kernel Ky, 1 (2, w).

In what follows, we retain the notations of Theorems and From
these theorems we now directly derive estimates for the sub-Bergman kernels.

PROPOSITION 2.5. Let H}:+m be the generalized Hartogs triangle with
P = (P1,Pkt1,-- > Pktm) € (Z-l—)m-i—l‘

(1) If m = 1, then for the sub-Bergman kernels Kg, (z,w) (1 < 1 < p1)

given by (2.7),

Br+1(B1)
K gy (2, w)] S Rk

TRy p——e

P
zwerH
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(2) If m > 2, then for B € Jp,

k o
150 |zt )

k
1=} T = g2

Proof. We first prove (1). Assume m = 1. For each 1 < ; < py, it is
easy to check that the sum in (2.7)) can be calculated as

|Kp(z,w)| S ., z,w € HP

k+m*

k ; )
Z k 1 (1) (u,Bl-&—k—l)(k:—i)‘ _ m
1=0 ¢ L —um u=u1 u=u1 (1 _ u?l)k-{-l s

where Q(u}") is a polynomial in u}" of degree at most k. Observe that for

Z,w E H15+17
(2, w)| 12| - [|w]
ur| = T S e < L.
|2kt 1 Whs1| 72 |21 Wh1| P2
Hence,
-1
(=T | T e
Similarly, one readily checks that
h(pr+1E1(81)) (1 — wpep1) + g 1

(2.27)

(1 — upp1)? =g *

Combining (2.26)), (2.27)) and (2.7) yields (1).

We next prove (2). Assume m > 2. Direct calculations give

(2.28) h(E](ﬁ()l)(_luj;;j) Rl Sh _1uj’2, j=k+1,....k+m—1,
and
(2.29) ‘h(Pk+mEk+m—1(5))(1 — Uktm) + Uktm < 1 .

(1 = Wpym)? 11— U |?

Substituting ([2.28]), (2.29)) and (2.26]) into (2.17)) leads to the required esti-

mate for Kg(z,w). m

We now present an optimal upper estimate for the Bergman kernel
Kp ji+m(z,w). This estimate will play a crucial role in our study of the L?
regularity of the Bergman projection on H,Z_m in Section 3.

THEOREM 2.6. Let H,I;Lm be the generalized Hartogs triangle with p :=
(plapk+17 .. 7pk+m) c (Z+)m+1 Then

ket 1A
[0 |2

k
11—}t T = 2

,  z,w€ Hy

|Kp7k+m(zﬂw)| 5 k+m>?
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where the constants A; depend only on the domain H};_m and are given by

Pk+1 _ Pk+17. S
4, TJ,’““ p’plk 1, j=k+1,
VJJ_WZI_]-’ :k+2,,k+m(’l/fm22),
and M; = lem(p1, pg+1,...,p;) forj=k+1,....k+m.

Proof. We divide the proof into two cases. First, assume m = 1. A basic
fact from elementary number theory tells us that

{pe+1E1(B1)} = [ﬁkfl +pk+1E1(,31)—‘

for 1 < 81 < p1, where [z] denotes the smallest integer that is greater than
or equal to z € R. Consequently,

{pk1E1(B1)} > ﬁ“ + pr+1E1(Br),
k1

and therefore

R P P
Tkt (B1) > %(ﬁl 1) DL Lo BBy —

My 1
Pk+1 Pk+1
== =k —-1=A
M1 p1 N
This yields

p1 R
Z ‘szrl’Mk-!—l(ﬁl) < ‘Zk+1’Ak+17 = H1§+1
B1=1

This, together with and Proposition [2.5(1), completes the proof for
m = 1.

Now assume m > 2. Again from elementary number theory we know that
for every 8 € Jp,

{E;(B)} = [+E(6)w, j=k+1,...,k+m—1,

and

{karmEkerfl(B)} = ’Vﬁk—:m + pk+mEk+m1<5)-‘ .

It follows from the above two equations that

(2.30) {EJ(/B)}ZML—FE](ﬁ), j=k+1,...)k+m—1,
j

and

(2.31) {PermErrm-1(8)} = Phtm. + PhtmErrm—1(8).

Myim
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For each B € Jp, we define the functions

Grra(@) = (@ — A ) P52 4 o (B),
Pk+1

p
gk+m($) = (90 - Akz+m—1)

and set Gj(x) :=gjo---ogrya(x), j =k +2,...,k+ m. A straightforward
computation yields

i1
i(B) — A;
Gi(ur1(8)) = 1y (B) +1p; Y %
i=k-+1 pi
= pi{E;(B)} —p; E(B) — ]\ZJ—I -1
j=k+2,...,k+m—1(iff m>3)
and
Gker(,ukJrl(/B)) = {pk+mEk+mfl(6)} - karmEkerfl(ﬁ) M — L

My ym—

For each 8 € Jp, repeating the argument used for m = 1 gives

(2.32) tr1(8) = Agr.
From (2.30) and (2.31)), for j =k +2,...,k+m — 1 (if m > 3) we obtain

(233)  Gylusa(B) = A E;(B)} — ps Bs(B) — 77— —1

M,
> (e + B0 ~nE@) - 1= 4,
and
(234)  Grom(iisi (8))
= {PrtmErim-1(8)} — PramEram-1(8) — ﬁ -1

s Prtm - Pktm
= Miym Mk-l—m—l
Consequently, Gj(pup+1(8)) > Aj for j =k +1,...,k+m.
Now recall that for any z € H,f+m we have

- ]. = Ak+m.

Pj

2l < Izl (k+2<j<k+m) and |zem| <L
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Using these inequalities together with ([2.32))—(2.34)), we obtain

2{: |zt R+ B) | g | ()
BETp

< Poga A5 3 [agg Crralens O gy prem(8)

BeJp
k+2
= H |Zj|Aj . Z |zk+2|Gk+2(uk+1(5))—Ak+2 o |zk+my“k+m(5) o
Jj=k+1 Bep
k+m—1
S H ’zj’Aj ) Z |Zk+m|Gk+m(Mk+1(5))
j=k+1 Bep
k+m
S II 2|%,  zeHP .
Jj=k+1

Finally, combining this estimate with (2.16) and Proposition [2.5(2) yields
the desired result. =

REMARK 2.7. (1) For k = 1, Theorem 2.6 reduces to [29, Proposition 3.2],
which provides the optimal estimate for the Bergman kernel of H f ‘- When
m = 1, Theorem coincides with the optimal estimate for the Bergman
kernel of Hy, ; obtained in [I8]. (2) In Section 3, the estimate established in
Theorem will be used to determine the range of p for which the Bergman
projection is LP bounded (see Propositions and . Subsequently, this
range will be shown to be sharp (see Theorem . Consequently, the kernel
estimate given in Theorem is optimal.

3. An L? estimate for the Bergman projection on H]§+m. In this
section, using the main results on the Bergman kernel in Section 2, we con-
sider another interesting and important topic in Bergman theory: the LP
regularity (also referred to as LP boundedness) for the Bergman projec-
tion. A generalized Hartogs triangle H,E’+m with p := (p1,Dk+1, -« - s Pktm) €

(RT)m*1 is said to be rational if 2~ ... 21— are all rational numbers;
DPk+41 Pk+tm

otherwise, it is called irrational.

3.1. L? regularity for the Bergman projection on H5+m in ra-
tional cases. In this subsection, we investigate the LP regularity for the
Bergman projection on rational generalized Hartogs triangles H 15) - From
the definition of H. ]1: +m» it 1s clear that we only need to study the problem
for domains HY, = with p := (p1,prt1,-- - Prgm) € (Z7)"F

The following lemma provides a Forelli-Rudin type estimate on the unit
ball. As its proof is analogous to that of [19, Lemma 10|, we omit it here.
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LEMMA 3.1. Let s € ZT,t > —1,r > —2 and ¢ > 0. Then

[ll" (1 — [lnl**)* sy—c n
S ‘1 _ <§’77>s‘n+t+c+1 dV(U) S (1 - ||£H2 ) ; 5 € B".

Bn
We define
k+m
P(2) = (|zpaa [Pt — |7]|2) IT (zaler = 125),  ze HE,,,
j=k+1
where we set zgpimi1 := 1. The function 1(z) measures the distance from

z € H,§+m to the boundary 8H,§+m.

The next proposition establishes a Forelli-Rudin type estimate on H ,IC) rmo

which is a key tool in studying the LP boundedness for the Bergman projec-
tion on this domain.

PRrROPOSITION 3.2. Let H15+m be a generalized Hartogs triangle with p :=

(P1y Pkt 1s - - s Phtm) € (ZT)™FL Suppose a, b, and ¢j (j =k+1,...,k+m)
are real numbers satisfying a > 1 and —,%Ll < b < 0. Denote

2 .
Ap10 + prp1(k + 1)b + cppr + %k; Jj=k+1,
1
2pj
pj—17

where A; (j = k+1,...,k+m) are the constants defined in Theorem [2.6]
If Byy1 > —2 and

Aja+2pib+c; + j=k+2,...;k+m (if m>2),

j—1
B
Bi+p; > —>-2  j=k+2,... k+m(ifm>2),
t=k+1
then
k+m
(3.1) | K em (2 w) () T wyl dV (w) < v(z) 200+
HII:er j:k+1
k+m
% |Zk+1|(Ak+1+2(k+1)pk+1)a—(k+1)pk+1b—2(k+1)m+1 H |Zj|(Aj+4pj)a_2pjb_4pj'
j=kt2

Here, we adopt the convention that if m = 1, then the product Hfi,gz( )
in (3.1) is interpreted as 1.

Proof. Without loss of generality, we prove the proposition for the case
m = 2; the general cases follow by the same method.
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For given real numbers a, b, and ¢; satisfying the conditions in the propo-
sition, set

k+2
F(z):= S |Kp gra(z,w)| % (w)? H lwj| dV (w), z€ HP ,.
HP, =41

By Theorem [2.6] we obtain

_ 2Pk4o
(1 — [wppf?)fwpgol <2 Pos

3.2 F(2) < |zkaa Aks10 2k 2’4“2“ S —
(32 F() S sl | e

D*
(1 _ |wk+1\2p’“+1)b’ N 1‘Bk+1*2p§;rlk
|wyop o] Ph+2
X | _ M dV (w
[ » ‘ _ (1@ ga) PR ‘2‘1 (k1)
kt2 (2l 2Wk42)PR+2
0<|wip1]<[wp 42| PF+1
X dV(wk+2)7
where
(1 Il )5t

- 2Pk 41

wk+1\ ~

M = { | AV (@

}1 . (z,w)P1 |(k+1)a ( )’

P41 (Zk+lwk+l)pk+1

[@]|<|wk 1] P12

and Bj (j = k+1,...,k + m) are defined in the proposition. Changing
variables, we have

2 (1 [P =
Phtlp —1n
M = [wpa| 7 S (E,mp1‘(k+1)a V()

Bk ‘1 Pkl
Zk+1

9

(o [EP
~ P1 [ L | —
k| |2k [*Prt

where the last line follows from Lemma [3.1] This, together with the lemma,
implies that the bracketed integral [---] in (3.2)) can be estimated as

2
\wk+1|Bk+1(1 B T )b

- |wy g o] Ph+2
w, k+2
0<|wg41|<|wg42|PF+1 (2k+2Wk12)
Briit2_, -
(B +2) 5o k1| P (1= e
= wppo| P [e+1] i"k+1( [7k+1]7) 4V ()
D* ‘1 _ Mﬁ 2a
e
—2a-+b+2
S ’wk+2\(Bk+1+2)z:%? 1- |z [P ) 7
N | 2o |2Pr+2
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Here, from the first line to the second line, we used the transformation
Pr42

Mer = Wi /Wy
Substituting (3.3) into (3.2)) yields
”%«HQpl > %(72a+b+2)

Fe) S o (1= P
+

2pga1 —2a+b+2
(1= |2k+1]
’Zk+2|2pk+2

B Bjpq okt2
k421 ktlp ) (1 _ ‘wk+2’2)b

11 — 24 2Wh42]?®

dv(wk+2)7 z € HP

[ wi+2]
X S k+m-

]D)*

Sincea > 1, =1 < b < 0, and By2 —l—BkHZ';ﬁ > —2, we may apply Lemma
[3.1] to obtain

[Ek2 ) AL (—2a+b+2)

F(2) S lzna [0 2] M2 <1 RERESE

2Pk i1 —2a+b+2
X <1 — IZkH;me> (1 — |zppof?)20t0+2
k42

= ¢(Z)_2‘1+b+2 | Zkt1] [Ak+1+2(k+1)prt1la—(k+1)pr1b—2(k+1)pkt1

A +4 a—2 b—4 P
% |Zk+2|( k2 4Dk 12)a—2pg o Pht2 = Hk+m'

| |

The well-known Schur’s test is a standard tool for establishing the L
boundedness of integral operators. For the classical version, we refer to [31],
Theorem 2.9]. We now present a generalized variant of Schur’s test, intro-
duced by Khanh, Liu, and Thuc [23, Theorem 5.1] for studying the LP-L4

regularity of Toeplitz operators.

LEMMA 3.3 (see [23]). Let (X, pn) and (Y,v) be measure spaces with o-
finite, positive measures; let 1 <p<g<ooandr €R. Let K: X xY — C
and ¥ 'Y — C be measurable functions. Assume that there exist positive
measurable functions hi,hs on'Y and g on X such that

hithy € L®(Y, dv)

and the inequalities

(3.4) V1K (@, ) B (y)” doly) < Crg(a)?,
Y

(3.5) V1K (2, 9)|""g(2)? dp(z) < Coha(y)?
X

hold for almost all x € (X,u) and y € (Y,v), where 1/p+1/p' =1 and
C1,Cy are positive constants. Then the integral operator T associated to the
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kernel K(z,y) and defined by
T(f)(z) = | K(z,9)f(y)dv(y), f € LP(Y,v),

Y
is bounded from LP(Y,v) to LY X, p).
Denote by Bp j+m the Bergman projection of H, ,5 e and write
M; = lem(p1, pet1,---»p5), J=k+1,...,k+m.
We now present a sufficient condition for the LP boundedness of By 1.

PROPOSITION 3.4. Let HY  be a generalized Hartogs triangle with p :=

k+m
(P1, Pty > Pkam) € (Z*)m“. Then the associated Bergman projection
Byp k+m 1s bounded on LP(H} ) for
k k+m 1 k ktm 1
2(5 + 2000 k+1 g) 2(5 + 2500 )

(3.6) ktm <P< 7 krm 1 1

el S D + D ik T I

p1 j=k+1 p Mk+ p1 J=k+1 p;  Miym

Proof. Let p' := ﬁ be the conjugate exponent of p. Choose 0 < 8 <

min {%, ]%}, and let v; (j = k+1,...,k+m) be parameters to be determined
that satisfy

(3.7)
J

7j—1
1\ [ k 11 ,
VP Y ;t<pj<1—p><+ > +>, j=k+1,.... k+m.
t

M
t=k+1 p1 t=k+1 pe J

Here and in what follows we adopt the convention that for j = k + 1, the

empty sum Zt j1 () in (B.7) is taken to be 0.
The rest of the proof is divided into two steps.

STEP 1. We first verify that both of the following choices of parameters
satisfy the hypotheses of Proposition

(3.8) (a,b,¢5) = (L, =By, (tip;B — 1)),
(Aj +tjp;Bp")p
(3.9) (a,b,¢;) = (1 —Bp, 2 117/] .
Here, the constants A; are as in Theorem and ty41 :=k+1and tj :=2
forj=k+2,....k+m (if m >2).
For the choice (3.8), we clearly have @ > 1 and —1 < b < 0. From the
definition of B; in Proposition we compute

Ban 5 Zp(E0 5 Lty (e § 1)
T AN M T

t=k+1 t=toq1 Pt J k11 Pt
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for j =k+1,...,k 4+ m. Therefore, straightforward calculations show that

B+p]Z—

t= k+1

"t
= uen S 2en(i- (e o Lo b
1=kr1 Pt e S M
for j =k+1,...,k+m. This implies that the conditions in Proposition

are satisfied.
For the choice ({3.9)), it is also obvious that @ > 1 and —1 < b < 0. Since

k k+ 1 k k+ 1
20 + X5 ) 2Mem (5 + 20550 )
k k+ 1 1 o k k+ 1 ’
i M b, " Mo Mk+m(;71 + 2k pj-) -1

by combining this with the facts that the function x — %5 is decreasing on

p <

(1,+00) and the term M; ( + Zt k+1 B ) is increasing with respect to j,
we find that

(p1 + Zt k+1 pt)

1 )
+ Zt k+1 pt - M;
Note that Ak+1 < 0. Then (3.9) implies that

B+pjzf

(3.10) p< j=k+1,....k+m.

t=k1 P
i—1
1 k [t |
— pjp<M— —)+2pj<+ Z ) > =2
J tkat p1 P t:k_HPt
+2
= p< (pl tk“pt) =k+1,... . k+m.

& j 1 1
p1 + t=k+1 pt M;

This, together with (3.10f), implies that the conditions in Proposition [3.2|are
satisfied.

STEP 2. Now we prove that the Bergman projection Bp i+, is bounded
on LP(HP ) for p in the range (3.6).

From the analysis in Step 1, we may apply Proposition to obtain the
estimates

k+m
| 1Koz w)|o(w) ™ T Jwy P55 av (w)
Hf+m j=k+1 ket

Sy T Izl
j=k+1
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kAm (A +tjpj/3p )p
| Kppen(z )l T Iz av(2)
Hllca+m ‘] =k+1
k+m
ORI
j=k+1
For z € H;_ define
k+m A +th]BP
9(2) BN IRE ,
j=k+1
k+m
h(z) =) I (1970,
j=k+1
kt+m A +tjp]6p
ha(z) 7 H
j=k+1

Then inequalities (3.4)) and (3.5 of Lemma are satisfied.
To apply Lemma [3.3] and establish the L boundedness of the Bergman
projection, it remains to choose the parameters v; so that

hg (Z) k+m

3.11 = zi|A/PHi e Lo (HP
( ) hl(Z) lkT ’ ]’ ( k-i—m)
j=k+1
A natural choice is 7; = —%, which makes the quotient identically 1 and

therefore trivially bounded. We must verify that this choice also satisfies con-
dition (3.7). Substituting v; = —% into (3.7)) gives, for j=k+1,...,k+m,

J j
pif 1 k 1 1N\ [k 1 1
-3.7(:>—<—— —)<pil1==)—+ 4
p\M; p1 = p ! p) \p e M

t=k+1
(p1 +Zt k+1 pt)

k J 1, 17
P1 + t:k+1 Pt + M]'

1=k+1,...;k+m.

The lower bound for p in Proposition can be rewritten as

k k+m 1 k+m 1
2(;71 + Zj k+1 ;T) _ 2Mk+?”ﬂ( + Z =k+1 pj)
p> + Zkz-ﬁ-m 1 - M, ( + Zk—i—m ) + 1
j=k+1 pj + 2 ktm\py j=k+1 p;
Then by comblnmg this with the facts that the function x ﬁ is increas-

ing on (0,+00) and the term M, ( + Zt k41D ) is increasing with respect
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to 7, we obtain

(p1 +Zt k‘+1 pt)

IT1+Zt k+1 pt M

which implies that (3.7)) is satisfied for v; = —ﬁ . By Lemma we conclude

that the Bergman prOJeCtIOH Bp j+m is bounded on LP(H, m
in the interval stated in Proposition [3.4] =

, Jj=k4+1,....k+m,

) for every p

Before establishing a necessary condition for the LP boundedness of the
Bergman projection, we prove the following basic fact in elementary number
theory, which will be used later.

LEMMA 3.5. Let y1,...,yn € Z+. Then

I_IyZ lem( yl,...,yn).gcd<ni1yi Hzlyz>

b )
1 Yn

Proof. We proceed by induction on n. The case n = 2 is straightforward.
Assume the statement holds for some n =1, i.e.,

l ) l )
(3.12) Hyl lem(yi,...,y) - ged <Hz‘y113/z"“7nzyl1yz>.

We now prove it for n =1+ 1. Set ¢ :=lem(y1,...,y;). Then from (3.12)) we
have

(3.13) ged(c, yigr) =

CYl+1
lcm(y17 CIEIR 7yl+1)
+1
Hz 1Y

(l_[z 1y17.“’%) lem(yr, .-, i)

ged

Again using (3.12), we obtain

l .
(314) ng(Ca yl+1) = ng< H =1 ¥ 1 ] ’yl+1>
ng(HZ 1Y [T vi

geeey Ul

el
HL 1y1 Hé:lyz
(P, e )

ged
ids Ty
gcd(nl 1y17 e Lé:ly")

s

Combining (3.13)) and (3.14)) yields the desired identity for n = [ 4+ 1. This

completes the induction. m

gcd
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PROPOSITION 3.6. Let H,§+m be a generalized Hartogs triangle with p :=

(D1, Pkt 1s- - s Phtm) € (ZT)™TL If the associated Bergman projection By km
is bounded on LP(Hp,, ), then p satisfies (3.6).

Proof. We denote

! A A by .

Aj =1 H pt, Aji=ged|—,——,....,— ), Jj=k+1,....k+m.
it P1 Pr+1 by

Lemmaﬂshows that z* GAQ(H,§+m) if and only if

al+k 1

lal+k 3 ML 0 =kl k4m,

2 t=kr1 Pt

which is equivalent to

Nal+k) S~ Ao+ 1
MJFZwZAj’ j=k+1,....k+m.

p1 1 Dt
Since Agy,y, = ged (2itm Aktm Aetm) ist 61,0 0
mee Agqm = g€ ( [T pk+1’“"pk+m)’ €re ex1st U1, Uk+15-- - Vk4m
€ Z such that
Ak k Ak
01 = 4 O = e O = A
Pr+1 Pk+m

Clearly, for any o € ZT, we have

k+m
A A A A
(3.15) (91 +o Z k+m>k+m + <9k+1 . k+m>k+m N
ekt pj 4! P Pk+1

A A
+ <9k+m —0 k+m> ZEE = Ay
b1 Pi+m

We choose o € ZT sufficiently large so that
k+m

hi:=01+o Z

j=k+1

Ak+m > k‘,
Dj

A
i1 o= Oy — o228 <,
Y41

and fix such a o.
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Define

54._ hl_k) .7:17
T -1, j=k41, .k m,

and consider
k+m

1) __—0;
flw) = wy' H w; ' Hllf)-i-m'
j=k+1
Because 61 > 0 and 6; < 0 for j = k+1,...,k+m, the function f is bounded
on Hp, . consequently, f € LP(Hp, ) for every p > 1.

From ({3.15)) we obtain
A A A
(3.16) (81 + k) 2™ 4 (Sppq + 1) 2 e (B + 1) = Apy
b1 Pr+1 Pk+m

Lemma together with (3.16) implies that 0 := (g, Okt1s--+y0k+m) €
.AZ(HIS+m), where 6 := (61,0,...,0) € ZF. Recall that Hp ., is a Reinhardt
domain. We deduce that

Bp,k—i—mf(z) = S Kp,k+m(27 w) f(w) dV (w)
HP

k+m
o k+m
= Z W S o - wd H Ej_(sj av(w)
a€A2(HP, ) L2 HY j=k+1
SO 5 k . k+m oy
= Y Dk V@) [Twi T w57 dv(w)
a€A2(HP, ) L* gp =2 j=k+1
k+m
~ 0 H z z€ Hp ..
j=k+1
Since the Bergman projection is bounded on LP (Hk+ ), we get
k+m
Bpjsmf(z) =200 [[ =7 e LP(HP,,,),
j=k+1
or equivalently
k4+m
| 1z I 12517 dV(2) < +o0.
He, j=kt1

Then Lemma B.1] leads to

A,
(3.17) p<1+2 t>+2< +Z >>, j=k+1,... k+m.
tk+1

b1 S5 Pt
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Note that from (3.16) and Lemma 3.5 we obtain

b NTG L N
v P M S D5 P

Inserting this into (3.17)) yields the upper bound on p in (3.6]).
Finally, because the Bergman projection is self-adjoint, the lower bound
on p in (3.6) follows by duality. =

Combining Propositions and we obtain the complete characteri-
zation of LP boundedness for the Bergman projection on rational H. ,f; e

THEOREM 3.7. Let Hlf:)—&-m be a generalized Hartogs triangle with p =

(PL, Phtts- - > Phpm) € (ZT)™HL. Then the associated Bergman projection
Bp j+m is bounded on LP(H£+m) if and only if p satisfies (3.6]).

REMARK 3.8. Theorem generalizes some previous results to more
general cases. For example, when & = 1, then Theorem [3.7]reduces to Zhang’s
[29, Theorem 1.1]. When m = 1, then Theorem [3.7| coincides with the result
of Fu—Deng [18, Corollary 3.8|. If we take p = (1,...,1), then Theorem [3.7,
becomes Chen’s [8, Theorem 1.2].

3.2. L? irregularity for the Bergman projection on H]erm in ir-
rational cases. The following proposition, usually called the theorem of
Dirichlet, gives a method of approximating rational numbers by irrational
numbers quantitatively.

PROPOSITION 3.9 (see [20, Theorem 187]). If «y is irrational, then there
ezists a sequence of rational numbers {a;/b;} with a;/bj — v as j — oo such
that
b 1| 1
- = ‘ < ?'

J

aj Yy
We now show that for irrational generalized Hartogs triangles, the LP
regularity of the Bergman projection By k4., completely degenerates. This

extends earlier results of Edholm—McNeal [16, Theorem 1.2] and Fu—Deng
[18, Theorem 2.2].

THEOREM 3.10. Let H,§’+m be a generalized Hartogs triangle with p =

(P1, Phtts- - > Phom) € (RT)™HLIf at least one of the ratios p1/prst,-- -,
P1/Pk+m 18 irrational, then the Bergman projection Bp jim is bounded on
Lp(H]f;_m) if and only if p = 2.

Proof. Fix any p > 2. By hypothesis, we may assume without loss of
generality that p;/pr+1 ¢ Q. Then Proposition shows that there exists
a sequence {p1;/pPr+1j} with p1j,pr41,; € Z7T relatively prime such that
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P1,j/Pr+1,5 — P1/Pr+1 @s j — 00 and
1
p%,j .
The proof of Proposition @ indicates that we can require p;; — oo as
Jj — oo. Thus we may assume p; ; > k.
For each j € Z*, set pj := (P1,j, Ph+1,j» - - - » Phtm)- Since p1; and ppiq j

are relatively prime, there exist integers £y, Br41,; With 0 < B <p1; —k
and SBy41,; < 0 satisfying

(Br,j + k)pr+1,; + (Brsr; + 1)p1; = 1.

Denote bj := (B4, Bk+1,5,0,...,0). Then by Lemmawe know that b; €
A2(HP ).
Now we show that b; € .A2(H,£’+m). If p1/Pe+1 < p1,j/Pr1,5, then since

Br+1,j < —1, we have

Pi+1,j  Pk+1

3.18
( ) P15 b1

DP1,j 1
T (Brr1,y +1) = :
Pk+1,5 Pk+1,5

which gives bj € A*(HP ). If p1/pry1 > p1j/Prs1,j, then (B.18) leads to
1 P+l Petl)  Phil
WHJ_—%&J+@< Do) B+ k) - 1
Py P,y b1 p1

> —M(,@Lj + k) — 1.
4!

This, together with Lemma implies that b; € A*(Hp,,.).
Put f;(z) := zfl’jfl:f’f“’j. Since f1,; > 0 and Bj41; < —1, the function

fj belongs to L®(Hp,, ). As we have already shown b; € A*(H}, ), a

computation analogous to that in Proposition yields
Bij Br+1j
Bp,k—l—m(fj)(z) ~ le ]ij-ﬁl ..
From Lemma we know that Bp pim(f;) ¢ LP(Hy,,,) when

B1,jp + 2k 4 Br41,50 + 2 <
b1 Pk+1

Bri+k+ - (B +1) > B+ k+ >0,
PE+1

0,

or equivalently

1 ,
(3.19) p[l L Py LB (pk+1,] 3 pk+1>] > 2<pk+1k N 1)
D1, D1, n P

Because 0 < 1 < p1,; —k < p1, it follows from (3.18) that
1

k41,5 k+1
Pkt+1,j  Pr+ < .
P15

B
P1,j b1
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This implies

2
(3.20) LHS of (3.19) > p<p’;+1’J k+ 1) .

1,5 b1,j

Since p > 2 and p;; — 00 as j — oo, we can choose j sufficiently large

so that
2
p(pk+1’]k+ 1> S NN 2<pk+1k+ 1).
pl,] P15 b1

This, together with ( and (8.20), shows that Bp ym(f;) ¢ LP(HE,,,)
for sufficiently large j. Consequently, the Bergman projection Bp, j4p, cannot

be bounded on LP(H,?er) for any p > 2. Note that the Bergman projection
operator is self-adjoint. It follows that By 4, cannot be bounded on L? for
any 1l <p<2. =

4. A weak-type estimate of the Bergman projection on H,E’er
Weak-type estimates for the Bergman projection are a classical subject in
Bergman theory. Recall that a linear operator T" acting on LP(X) is said to
be of weak-type (p,p) if

171,
V(e X:ITI@)] > A $ o,

where V (-) denotes the volume under the standard Lebesgue measure. Show-
ing that the Bergman projection satisfies a certain weak-type estimate is an
important method for obtaining LP regularity. For a broad class of smooth
bounded pseudoconvex domains, including finite type domains in C2, de-
coupled domains of finite type, and finite type convex domains in C"”,
McNeal [25] proved that the Bergman projection is of weak-type (1,1).
Charpentier—Dupain [7] also followed this approach in the case of smooth
bounded pseudoconvex domains with locally diagonalizable Levi form. For
weak-type estimates for the Bergman projection on non-smooth domains, we
refer the readers to |11}, 21].

This section studies the weak-type estimate for the Bergman projection
By k+m on the generalized Hartogs triangle H k+m with p := (p1, Pr+1,-- -,
Pitm) € (ZT)™FL. Theorem [3.7] established that Bp jyn, is bounded on
LP(HP, ) if and only if p € (.71, I5), where

k+m
k k+m 1 k k+m 1
2(171 + 2= ’f+1 E) Iy = 2(171 + 2k pj-)
k k+m ’ Tk ktm 1 1
m T ZJ k+1 p + Mk+m or T Zj:k-H P Migm
are the endpoints of the LP boundedness range. It should be mentioned that

1'1_1 + 1'2_1 =1, that is, I; and I are Holder conjugate. Now we further show
that the weak-type estimate for By j4,, fails at the lower endpoint Iy, but

Il =
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holds at the upper endpoint Is. Our results generalize the analogous ones ob-
tained by Huo—Wick [2I] and Christopherson—Koenig [11] on 2-dimensional
Hartogs triangles, and also serve as examples that weak-type regularity may
break down on non-smooth bounded pseudoconvex domains.

4.1. Failure of weak-type estimate at the lower endpoint I;

THEOREM 4.1. Let H&_m be a generalized Hartogs triangle with p =
D1y Dhtls -« - s Phtm ZHYm+L . Then the Bergman projection Bp pim 15
+ + p.k+

not of weak-type (I, Il).

Proof. We will find functions fy € LP(Hp,, ) and constants cy with
¢y — 00 as A — oo such that

[N
({Z €cH k+m |Bp,k+mf)\(z)| > )‘}) EON )\IlLIl )

which shows that By, s, is not of weak-type (I1,I1), as claimed.
For A > 0, define
k+m
he) =22l T 27150,
j=k-+1
where | € N, a; € Z*, and b; € R are parameters to be determined with

I and a; depending only on the domain H,?er, and b; depending on H,&m
and \. By Lemma [2.1] we have

k+m

1
1Al ~ H :
+b

provided a; and b; satisfy

?

% L b)) + 2
7+Z(at+t)1+ >0

4.1
( ) b1 bt

, Jj=k+1,...;k+m.
t=k+1

A straightforward computation yields

Bp,k—l—mf)\(z) = S Kp,k—&-m (27 w)f)\ (w) dV(w)
Hp

k+m
o1 k L .
Ly oy Sl I
= o2
S e 2,
k+m k+m

1

l b; l —aj
o § bl T1 st avie) o T 5
le H] k+1W ”Lz HP, j=k+1 j=k+1
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under the condition that (1,0,...,0, —ari1,..., —Grpm) € A%( Hp . ) de.,
l+k & 1-
(4.2) i + Y S0, j=k+1,... k+m.
P f—ht 1 2
By Lemma [2.1]
k+m k+m
. ! 1
’ I w® :(l+k) 1T - '
j=k+1 L2 j= k+1p3(p1 +Zt k+1 pt )
Applying Lemma [2.1] again yields
k+m 1 k+m
I'(5+1) 1
§ fwnt T gl v (w)= II —
+2k
Hp, j=kt1 (I+2k) (5 +k) S Pi( pl +Zt k+1 pt )

under the condition

I4+2k O~ b +2
+ ) -

(4.3) >0, Jj=k+1,...,k+m.
2 t=kr1 Pt
Combining the above equations, we obtain

(4.4)
k l+k — k

B fo(e) = UFRITG+1) ﬁ” Y 5 ﬁ L

PRI N1+ 2k) T (L + k) EET btz J

]:

k+1 p1 +Zt k+1 p¢ Jj=k+1

under the conditions (4.1))—(4.3]).

Through a similar process to that in the proof of Proposition we can

take I, agy1,. .., apem € ZT such that
k+m
l+k 1—a 1
(4.5) + > L= YR
b1 t—kt1 bt k+m

With this choice, condition (4.2]) clearly holds. Next, if m > 2, choose real
numbers bgy1,...,bg+rm—1 such that

[42k <~ b 42
++Zt+

4.6
( ) b1 bt

>0, j=k+1,....k+m—1,
t=k+1

and fix them. Finally, determine by, from the equation

bt + 2) — )\_67
bt

k+m

I+ 2k
pk—i—m( ) + Z

t=k+1
where 0 € (0, 1) will be chosen shortly. It is obvious that (4.3) and (4.1)) are

also satisfied.
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With the parameters chosen above, (4.4) becomes
k+m

(4.7) Bp k+mfr(z 2 I 5
j=k+1
Using (4.5) and (4.6|), we compute
k+m

hm ar+b k 1
(karm Z L t)Il + 2pk+m (]71 + Z p) = Il)\ié-
t

ki1 Pt t=k+1

Consequently, the Lt norm of fy satisfies
k+m

48) 1Al ~ ] !

j b
j=k+1 (pj g:lﬁ—l atTtt)I + 2p9(;n1 - Zt k+1 pt)

~ \0

Set

P
Hk:-l—m

Clearly, Hk+m C H,E’Jr For any z € H k+m, by (4.5 one gets
k+m

{208 flanlpen < 2P < |Zk+1|f’k+1 <o < fzgmlPeem <1},

a Phtl) _ _
Bl H 12179 2 |ziga] 71 T 2| TR gy [T
j=k+1 ‘
> > |Zk+m|pk+M( Z;CJTH ;]) |Zk+m’p’“+’”(Mk+m H_Z§+lﬁ1 p%-)'

Combining this with (4.7)), we obtain

(49)  V({z € HY,, : [Bprimfa(z)] > A})
k+m

>V ({ze By, Nlal T 1517 2})

j=k+1

~p <a—1>p;im(i+z’t,:11 o)
> V({Z S Hk—i—m : |Zk+m| S A ! J Pj k4+m }) = V(T)
A straightforward computation, together with ( , gives

(4.10) V(T) =\ av(z) = AU-DE Hf A”f“ A%,
T
where s := (6 — 1)I2 -0+ 1.
Combining (4.9)) and (| -, we obtain

W) V€ By By > 2 2 200

. k+m p,k+mJA )\[ .
Observe that 1122—_111 < 1, and the condition s > 0 is equivalent to § > 1122%[11
Hence we may choose 6 € (0,1) satisfying & > 11_2 11, which guarantees

s > 0. Taking A — oo on both sides of (4.11] -, we eventually deduce that the
weak-type estimate for the Bergman projection at I fails. m
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4.2. Weak-type estimate at the upper endpoint I>. Before proving
the weak-type estimate at the upper endpoint, we give the LP boundedness
for some integral operators on B* and D.

PROPOSITION 4.2.
(i) Let B, be the operator on the unit ball B* defined by

B, f(z) := g u{(%dwg), z € B~

Then for every r > 1 and 1 < p < o0, By is a bounded operator on

LP(BF).
(ii) Let Cy be the operator on the unit disc D defined by
t
Cif(2) = | M@Q dv(), =zeD.
D ’1 - Zg’

Then for every t > —2 and 1 < p < oo, Cy is a bounded operator on

LP(D).

Proof. We prove (i); statement (11) follows by a similar argument. Define
h(z) :=1—|z||*", z € B¥, and let p’ be the Holder conjugate of p. Applying
Lemma we obtain

2r\p’
B (2) = Sé_éiﬁﬁdwasa—wwwzh@%

. (L= Jl=l*)” < (1= €l = h(e)
B,h?(€) = Su—< eyt V) S (L= [lEP)? = he)”

These two inequalities, together with Lemma imply that B, is bounded
on LP(B*). u

THEOREM 4.3. Let Hp,
(D1, Pkt1s- - s Phtm) € (ZT)™FTL. Then the Bergman projection By gim is of
weak-type (12, I5).

Proof. Let f € LIQ(H,E’+m). A direct calculation shows that

s 2my/=1(i1=1) 1. 20V 1 Uktm =1 o ;
Z Z S ‘f e P1 (fk+1"'§n)p1§,---,€ Phtm gki-;-nm)‘ 2

J1=1 ]k+'m_1~Q
k+m

I &7 avo)

j=k+1

~ S |g(£7§k+17"‘7§k+m)’12 dV( ) HgHL12
2

be a generalized Hartogs triangle with p =
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where 2 := B¥ x D™ is the product domain, ¢; := k/p; + Zgzkﬂ 1/pt —1
for j=k+41,...,k4+m, and g is the function on {2 defined by

g(&) =

Pk+m 27r\/7(]1 1 1 27V =T (g —1) ﬁ
EZ S ofle T (Gl e Tem gl
.71 1 ]k+m_1 k+m 26
T el
j=k+1

In (4.12)), we used the elementary fact that (3 a;)P ~ Y af for all a; > 0
and p > 1.
Define

J 7

A 1 k 1

d]: t:(+ E ), j:k+17,k+m,
t=poq1 Pt J P S P

where A; (j = k+1,...,k+m) are the constants defined in Theorem [2.6]
According to that theorem, we obtain

(4.13)  |Bpgsmf(2)

k k j
LY TT52005 fwi | - |f (w))]
< H |24 S _ dV(z)
o [ B § s _%,2
j=k+1 HY . (2h1 W) PR AT Hj=rta (zj41W0541)" 11
kdm T 1€ - 9(8)
A j=k+1 157177 "9
~ H |Z]| J . S —PRil - J ot . _ dv(é-)
j=k+1 2 1=(z " 2" I -2 2,117
k+m Pk+1
= [ 151" T@) " 250 a2,
j=k+1

where ~v; is given by

2¢;
(414) i = dj + 20]‘ — T; = dj +

21013" j=k+1,...)k+m,
and T'(g)(z) is defined by
T(9)(2) :=T(9)(Z, 2k+1- - - » Zhtm)
| AR ST ICS)
- EOPPTIT I - 5P
From and the fact that 1 < I; < 2, it follows that

V(&)

1
117j = Ildj + 20]' > 2(Cj + dj) = 2(M — 1) > —2,
J
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and consequently ~; > —2 for each j = k+1,...,k + m. The definition of
T'(g) shows that

T(g) = Bp1 oC.

Yet1 O © C’Yker (9)7

where By, and C,, are the operators on B* and D, respectively, introduced
in Proposition 4.2

Therefore, by (4.13]) we have
(415)  V({z € B, Bpsemf(2)] > A))
= \ dv(z)
{ZEH]}:+m: ‘Bp,k+7nf(z)|>>‘}

k+m
S | 11 l&P9avie).
{ee TIE | 1651 T (g)(€)>A} I=h+1

We denote
Qr={EeB" || >1/2}, Q2:={EeB": €] <1/2},
Qui={€eD:jg>1/2), Qu={€eD:|¢<1/2)
For any indices i1, ..., ik1m € {1,2}, set
Qil,-..,ik+m = {E €: g € @ip §k+1 € Qik+17 ) £k+m € Qik+m}-
It is clear that

(4.16)  RHS of ({.15) ke
- ¥ | [T 1&g ave).

U1y iktm {569:1—[?:;11 ‘gjldj.T(g)(§)>,\}in1 """ ot j=k+1

Now we consider the following three cases.
CASE 1. When £ € Qo . o, that is,
€l <1/2, 1&gl <1/2, G=k+1,.. k+m,
then
1= (0P~ 1, -z =1

for any z € (2. This implies that T'(g)(§) ~ C(g), where C(g) depends only
on g (and is independent of £). Polar integration with respect to zi,, gives

k+m
(4.17) | I 1&% ave)
(eI 1619 T(9)(©)>ANQs, . 2 I=FH .
= | IT 167 ave)
s j=k+1

— —d;d L -
{ee 6 pm|<TTE g4 Mt (ZQE) htm a0,
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k+m—1

2c; &
S VTGP aviE . Gem)
Bk xDm—1 j=k+1
m— —d;d Lt .
H?Ik+11 ‘E]' J k+m.( (9)?(5)) k+m
X S r2ee+mtl gy
0

k+m—1

~ S H |5j|26j 2Cj+2)‘1’€+jmdV(fk+1,...,§k+m—1)'<T<g)(§)>

Dm—1 j=k+1

where we have used the fact that 2¢; — (2¢; + 2)
= I5. Note that I1y; > —2. By Hoélder’s mequahty, we obtain

2Ck+m+2

dk+m

(o T2 16517 9(€) AV (€))7
RHS of (4.17) ~ 2 1j=k+1 7)\12
< SQ |g(§)|12 dV(f) ||g||L12 ) ||f||L12 HP )
~ pE 2 A2 )
which implies that
pasiy (R
cj (HE, )
9 5 [Tt avie) < — otk

{ee TTE T L 161 T(9)(©)>AINQa, . » =R F1
CASE 2. When £ € 94,1, that is,
1€l >1/2, 151> 1/2, j=k+1,... k+m,
then for any & € 2 with [/, |&|% - T(g)(¢) > A, we have
k+m
T »
(g)(€> > H |§J| dj Zl-

A ,
j=k+1

Proposition shows that C,; and By, are LP bounded for all 1 < p < oo,

which implies

k+m

(4.19) | IT &7 av)
{€e TIEEm | 161% T(9)(©)>AInQy, 1 I=F+1
T = By o---0C, Iy ||f|| a1,
(% (%
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Case 3. If§ € Qi iy, With (i1,. .., ig1y,) different from (1,...,1) and
(2,...,2), then without loss of generality we may assume & € Qi 12 . 2,
that is,

~ 1 1 1 1 1

€1 > 5 1| > DRRREE Ek-+40| > 5 Ektjo+1l < URREE |€krm| < B

for some 1 < jo < m (if m = 1, the pattern reduces to £ € Q; 2, meaning
€] > 1/2 and [€k41| < 1/2). Here we argue for m > 2, and the case m =1
can be proved similarly.

As in Case 1, we have

T(9)(€) = C(9)(€,Ehr1s- -+ Ertio)s

where C (g) is a function that depends only on the variables £, &t 1, - . . , Ektjo -
By a similar calculation to that in Case 1, we obtain

k+m
(4.20) | [T l&> avie)
ees: H§2ﬁ1 |§J"dj T(g)(€)>AINQu,. 1,2, 0 T=k+]
k+j )
N S H]O ’§’203—(263+2)dkdﬁ
~ J

(BFxDI0)NQ1,... 1,2,...,2 J=k+1

1P
x<ﬂ?@>cW@&qu&m>

Ip) B
< 1 (PU9) s g

Bk xDJo

Here, to obtain the last line, we have used the fact that

k+jo
H ’fj‘%r(zcjﬂ)dj/dk*m ~1, €€Qi . .12. 2
j=k+1

Under the present assumption, one easily verifies that

T(g)(g) ~ Bpl ©---0 C’Y]‘O (G(g))(g, s >§k+jo)7

where

k+m

G()(E. . &hrgo) = | 1T 167 9(©) dV(ijorts- s Erpm)-

Dm—jo j=k-+jo+1

Using the LP boundedness of the operators B, , ..., C’on (Proposition ,
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we get

T (02
(4.21)  RHS of ~ 1Tt )(ALHL

S T i 165177 - g(€) AV (&))"=

S

Az
HgHL[2 ) ||f||L12 HP )
ST~ Az ’

where we have used Holder’s inequality and the fact that I;y; > —2.

Now we return to (4.16). Combining it with (4.18)), (4.19), and (4.21]),

we eventually obtain

HfHLIQ HP
)
V({2 € HE [ Bpimf ()] > A}) S ——57-,

which means that By, 4, is of weak-type (I2,12). m

REMARK 4.4. When p = (1,...,1), Theorems and reduce to the
main results of [12]. If k¥ = 1, they reduce to the main results of [22]. Conse-
quently, our weak-type theorems extend these earlier works to a substantially
more general setting.
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