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Abstract

We consider, in the complex domain, the Euler—Poisson equations describing the motion of a
heavy rigid body about a fixed point. The real domain is a particular case of it. The Euler—
Poisson equations admit three functionally independent first integrals Hi, Ha, Hs, i.e. the area,
geometrical and energy first integrals. In four cases (Euler, Lagrange, Kovalevskaya, kinetic
symmetry) a fourth functionally independent first integral appears. It can be found among
polynomials that do not depend on all variables.

We study when, apart from the four cases above, the Euler—Poisson equations, restricted
to the level manifolds of Hy, H2 and Hs and all their mutual intersections, admit a new first
integral which does not depend on all variables. In this way we cover the partially integrable
Goryachev—-Chaplygin case and describe, in the complex domain, a new class of partially inte-
grable cases on the level manifold {H: = 0, H, = 0}. We also deduce their uniqueness. We also
cover the Sretenskii case of partial integrability of the gyrostat equations (which generalizes the
Goryachev—Chaplygin case) and describe a new class of their integrable cases in the complex
domain.

We provide a general quasi-algorithmic method to find all these cases and corresponding
partial integrals.

The use of computer algebra is unavoidable to carry out our investigations. By following the
link (https://sdrive.cnrs.fr/public.php/dav/files/bKmGokMQnMbJobf/?accept=zip), the read-
er can verify all reported computations using EPEPcomp.zip available at that link. Note that a
public user can only download files without the edition option.
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Héatez-vous lentement, et sans perdre courage,
Vingt fois sur le métier remettez votre ouvrage,
Polissez-le sans cesse, et le repolissez,

Ajoutez quelquefois, et souvent effacez.

Nicolas Boileau, Art poétique (1674) @

In memory of our dear friend Andrzej Nowicki
who passed away while we were finishing our work

1. Introduction

This paper is one more contribution to the study of the classical problem of Euler—Poisson
equations describing the motion of a heavy rigid body about a fixed point. It can be
considered as a natural continuation of [67] but it can be read completely independently.

1.1. The problem. Let us briefly describe the content of [67] which is devoted to the
search for the so called fourth integral of Euler—Poisson equations (see below), but only
when this integral does not depend on all the variables. Let us recall some basic facts
about the Euler—Poisson equations, which we consider without distinguishing the real
case from the complex one. The Euler—Poisson equations are given by the system

11% = (I2 = I3)waws + Mg(c3y2 — c273),
12% = (I3 — I)wiws + Mg(c1ys — c3m),
13% = (I — I)wiwz + Mg(cay1 — c172),
- (L.1)
E = W32 — W23,
% = w173 — W31,
% = w271 — W12,

where M #£ 0,9 #0, Iy #0, I #0, I3 # 0, ¢1, c2, c3 are complex parameters.

(*) In classical English translation of John Dryden (1683):

Gently make haste, of Labour not afraid;

A hundred times consider what you’ve said:
Polish, repolish, every Colour lay,

And sometimes add; but oft’ner take away.

(6]
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Studying the Euler—Poisson equations (1.1)) from a mechanical point of view, one
considers only the real case with Hy = 2 + 5 + 3 = 1, together with the inequalities

M>0,g>0,11 >0,I,>0,I3 >0,y +Is > I3, I+ Is > Iy and I3+ I > I5.

Let us note that the Euler—Poisson equations with non-zero real parameters I7, Is and
I5 of different signs appear in the theory of equilibria of elastic rods [41] [47].

Equations describe the motion of a heavy rigid body of mass M > 0 about a
fixed point O. We consider a body fixed frame Oxyz with origin at O and axes coincid-
ing with the principal axes of inertia through O. Here I, I, I3 are the corresponding
principal moments of inertia, ¢, cs, c3 the coordinates of the body mass center, g is the
acceleration of gravity, g > 0, w = (w1, we,ws) is the angular velocity of the body and
v = (71,72, 73) is the unit vector directed upwards. For brevity we introduce the notation
Tc= (Il, IQ, Ig, C1,C2, Cg).

As in [67], in the present paper we study these equations as a purely mathematical
problem considering the general complex case Zc € C®, without any restrictions on the
parameters except M # 0,9 # 0,11 # 0, I # 0, I3 # 0, which will always be assumed.

It is well known that without any loss of generality one can suppose that Mg = 1,
which we will do from now on. Indeed, instead of system with principal moments
of inertia Iy, I, I5, it suffices to consider such a system but with I /(Mg), Io/(Mg),
I3/(Mg) as new principal moments of inertia. As we study the totality of the Euler—
Poisson equations , such a rescaling does not change anything.

Equations always have three functionally independent first integrals:

Hy = Liwiy1 + lawoys + I3w37ys,
Hy =7+ +73, (1.2)
Hs = Lt + Lwj + Isws 4 2(c171 + cay2 + ¢373).

In the real case these are the areal@ geometrical and conservation of energy first integrals

of system .

In the real case, in order to be integrable [5, Sec. 28|, system needs a supple-
mentary fourth first integral H,, functionally independent of Hy, Ho, H3, called briefly a
fourth integral. The only known cases when such a fourth integral exists (both in the real
and complex cases) are the following four cases: the Fuler case, defined by the condition

Cl = Cp = C3 = 0, (13)

as well as the following two cases, which up to appropriate numbering of principal mo-
ments of inertia are the Lagrange case, defined by the conditions

Il == IQ, C1 = Cg = O7 C3 7é O7 (14)
and the Kowvalevskaya case, defined by the conditions
I]_ = 12 = 2[3, (01702) 7& (0,0)7 C3 = 0. (15)

(*) We use the terminology of the reference books |13] and [88|. In [67] “the area first integral”
is by inadvertence called “kinetic moment first integral”.
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Let us note that in the real case, in the Kovalevskaya case we can always take co = 0,
which is reached by an appropriate rotation of the frame of principal axes of inertia
around the z axis. In this case we suppose ¢; # 0. Let us stress that in the complex case
the reduction to co = 0 by a linear change of variables is not always possible. The fourth
case is the kinetic symmetry case, defined by

L=1=1I. (1.6)

We denote the sets of parameters satisfying cases (1.3]) by &, and (|1.4) and (1.5) (up
to appropriate numbering of principal moments of inertia) by £ and K, respectively.

The fourth integral in cases (|1.3)—(1.6) is given as follows:
Hy = I{w} + [3w; + [3w3  when Zc € &,
Hy=ws whenZce L,

am — e\’ cam + 172\ 2 (1.7)
H, = (wf —wi — I) + <2w1w2 — I) when Zc € K,
3 3

Hy = cjwi + caws + cs3ws  in the kinetic symmetry case.

For Zc € K, when ¢y = 0, we recover

2 2
c c

Hy = (w% — w2 — Ilfyl> + (2w1w2 - 1172) ,
3 3

the standard form of the fourth integral in the real Kovalevskaya case with co = 0
(3L |6}, 111, [13] |24) 126, [28], |44} 45 [62) |88].

These four cases are called the classical cases of integrability of the Euler—Poisson
equations.

One sees that in the above four cases the fourth integral does not depend on all
variables, so that the question whether there is another case when the fourth integral
does not depend on all the variables is natural. In [67] for Zc € C®, I # 0, I, # 0, I3 # 0,
we answered this question negatively.

Usually one also cites the so called Goryachev—Chaplygin case of partial integrability,
which up to appropriate numbering of principal moments of inertia is the following. Let
I = I, = 413, (¢1,¢2) # (0,0), c3 = 0. In this case the restriction of the Euler—Poisson
equations to the five-dimensional level manifold {H; = 0} admits a supplementary first
integral functionally independent of Hy and Hs. It is given by

H4 = Ig&)g(w% + w%) - (clwl + CQ(.L)Q)’}/g. (18)

As in the above four cases, the first integral depends on strictly fewer variables
than is the dimension of the manifold {H; = 0}.

The first integral like H; in the Goryachev—Chaplygin case is an example of the so
called partial integral, i.e. a function defined on the whole phase space that is constant
along not all but a family of solutions [13, Sec. 2.4]. In [88| such functions are called
particular solutions.

We shall use the following terminology. Let a dynamical system be defined on a space
M and let N & M be an invariant subspace. Let ¢ be a partial integral defined on M,
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which is a first integral when restricted to N. We will then say that ¢ is a partial integral
with respect to N. The cases where the system on M is integrable will be ignored.

Thus the following problems become natural. Let us consider the complex manifolds
of complex dimension 5:

{Hy =Us}, {Hy=Us}, {H3=Us},

where Uy, Uy, Uz are arbitrary complex numbers. These level manifolds are always in-
variant manifolds for the Euler—Poisson equations. When do there exist partial integrals
of the Euler—Poisson equations with respect to these level manifolds and all their mutual
intersections, which do not depend on all variables?

In more detailed form these questions can be formulated as follows.

Let 1 <4,5 <3.

(a) When does there exist a partial integral of the Euler—Poisson equations with respect
to the five-dimensional complex level manifold { H; = U;}, which depends on at most
four variables?

(b) When does there exist a partial integral of the Euler—Poisson equations with respect
to the four-dimensional complex level manifold {H; = U;, H; = U,}, i # j, which
depends on at most three variables?

(c) When does there exist a partial integral of the Euler—Poisson equations with respect
to the three-dimensional complex level manifold {Hy = Uy, Hy = Uy, H3 = Us},
which depends on at most two variables?

In this paper, we give a complete answer to all these questions.

Indeed, in (a) we recover the Goryachev—Chaplygin case and in (b) we find a supple-
mentary partial integral on the level manifold {H; = 0, H> = 0}. By a meticulous and
detailed analysis, we show that these two cases are unique for (a), (b) and (c) when there
exists a partial integral which does not depend on all the variables.

Let us consider a system of k,3 < k < 6, differential equations in the complex domain.
As in the real case of Euler—Poisson equations, we shall call it integrable when the number
of its functionally independent first integrals is greater than k — 3.

By direct computations one verifies that in cases (a) and (b) when partial integrals
exist, the restrictions of the Euler—Poisson equations to the respective level manifolds
are integrable.

Let us underline that in the paper [29] by D. N. Goryachev from 1900 where the
case of Goryachev—Chaplygin appears for the first time, as well as in the paper by S. A.
Chaplygin [15] from 1901, there is no explanation how this case was found. To the best
of our knowledge no such explanation was published until 1983, when S. L. Ziglin |90]
published it for the first time. See also the 2005 paper |51] where A. J. Maciejewski and
M. Przybylska present such a deduction in a very clever and clear manner. Nevertheless
these deductions are trying and in no way can be considered as simple or elementary.

On the contrary, the deduction of the Goryachev—Chaplygin case from the general
principles described in Sec. is presented in Sec. [5:2] It only uses facts that were
already well known in 1900. It is natural and direct, although some tedious computations
are required. They are now easy through the use of elementary computer algebra.
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The Euler—Poisson equations have many modifications which describe different math-
ematical models related to the movements of rigid bodies with a fixed point [10HL2} 31|
37, 138, 53}, |54}, |88]. One of the simplest of these is the system of equations describing
the motion of the so-called gyrostat, the equations of which, in the simplest case, are
only slightly modified Euler—Poisson equations . Indeed, the gyrostat equations dif-
fer from the Euler—Poisson equations only in the first three equations, where the linear
terms byws — bows, biws — bgwy, bowi — biwa, by, by, by € C, are respectively added to the
first three Euler—Poisson equations . When b; = by = b3 = 0 we recover the Euler—
Poisson equations . The gyrostat equations are explicitly written in |25, [28] and in
[71, 72| (see also [13, Sec. 2.7], |88} Sec. 5.1.1] and [44H46), 52, [81]). The four classical inte-
grable cases of Euler—Poisson equations admit natural extensions to gyrostat equations.
As proved by L. N. Sretenskii |71, [72], the same concerns the Goryachev—Chaplygin case
of partial integrability. Its gyrostatic analogue is named the Sretenskii case. By applying
the method of Sec. [5.2] which leads to the Goryachev—Chaplygin case, in Sec. [6.2] we
recover the Sretenskii case. We also find a class of new cases of integrability of gyrostat
equations in the complex domain. Indeed, as will be proved in Sec. [6.3] in the complex
domain the gyrostat equations can have a fourth integral apart from the four classical
cases.

Let us note that this kind of deduction of Goryachev—Chaplygin and Sretenskii cases
appeared for the first time in [19], but our approach is more general.

In summary, our problem is to establish, having a multiparameter family of ordinary
differential equations, how to find the values of the parameters for which there exists a
supplementary first integral (i.e. non-obvious or not yet known) that does not depend on
all variables.

What happens if we search for a fourth integral that does depend on all variables?
As for the Euler—Poisson equations in the real domain, there are no other cases
of integrability than the four cases (Euler, Lagrange, Kovalevskaya, kinetic symmetry)
listed previously. The study of the integrability conditions in algebraic functions for the
Euler—Poisson equations (1.1) began with E. Husson [39, |40] and culminated in the epoch-
making papers of S. L. Ziglin [89, [90] concerning a meromorphic fourth integral. See
also [51]. Let us note that certain doubtful points of [39] have been corrected in [40].
See [8] for more historical details. See also |20, Chaps. 2 and 3].

Below, when we speak about smooth functions, we always mean C' functions in the
real case and analytic functions in the complex case. Indeed, in the complex case any
function having complex partial derivatives at any point of some open subset of C” is
analytic on it (see [59]).

Let us stress that we only require the C! differentiability of the first integral we are
looking for. Although in the complex domain C*! differentiability implies analyticity, we
shall never explicitly use this fact. Moreover, all the considerations are local. We never
use the fact that such a first integral is globally defined. We only require that it be
defined on an open subset of phase space and not constant on any open subset of it (see
Sec. . But the results obtained in all known examples are global because the explicit
formulas that we obtain for them are globally defined. Let us note that in the complex
case multivalued analytic functions can appear.
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An important open question is whether, in the examples under study, there are cases
with partial integral depending on all variables while there is no partial integral that does
not depend on all variables.

It should be emphasized that there is a substantial difference between |50, 67| and the
present paper. In both the cited papers, the use of computer algebra could in principle be
avoided by tedious hand calculations. This is not the case here, where the huge systems
of polynomial equations in several variables that appear cannot even be written down
without the use of computer algebra. By following the link

(https://sdrive.cnrs.fr/public.php/dav/files/bKmGokMQuMbJo5f/ ?accept=zip)),

the reader can verify all reported computations using EPEPcomp.zip available at that
link. Note that a public user can only download files without the edition option.

1.2. The method. Following [67], let us explain the approach used which is general and
can be applied to many frequently encountered systems of ordinary differential equations.
To avoid unnecessary repetitions, we describe it only in the real case but it also works in
the complex case. Only in one place (Proposition is the real case slightly more subtle
than the complex one.

Let
dzx

i G(x) (1.9)
be an autonomous system of ordinary differential equations defined on an open connected
subset U C R™, = (21,...,2n), G = (G1,...,Gy), G is of class C*°. Let us note that

=>"r, G a?c is the vector field that defines the system and for a function
fect(U), G(f) = D i 1Gl8:1:1

The vector field will be called smooth if all its components are of class C'°°. In the
complex case this corresponds to analyticity.

A function F € CY(U) is a first integral of system if F is constant along the
orbits of , that is,

Z axl 0, (1.10)

and F' is not constant on any open subset of U.

Equation (|1 is a linear equation, generally with variable coefficients, with respect
to the partial derlvatlves { 3F }1 <i<n' Since the sought first integral F' does not depend
on all the variables, by the procedure described below we are able to write many other
linear equations of this type. Then by the standard means of linear algebra, one can
deduce the existence or non-existence of the first integral F, and if it exists, write it out
explicitly.

1.2.1. Part one. If F' is a twice differentiable first integral common for two smooth
vector fields X and Y defined on some open subset U of R™, n > 2, then F is also a first
integral of their Lie bracket (also known as the Jacobi-Lie bracket or the commutator of
vector fields) [ X, Y], defined by [X,Y](f) = X (Y (f))=Y (X(f)) for all twice differentiable
functions f. Indeed, if X(F) = Y (F) = 0, then evidently [X,Y](F) = X(Y(F)) —


https://sdrive.cnrs.fr/public.php/dav/files/bKmGokMQnM5Jo5f/?accept=zip

12 J. Moulin-Ollagnier, S. I. Popov and J.-M. Strelcyn

Y(X(F)) = 0. But what happens when the first integral is only of class C'? In the
complex case there is no problem because class C'! implies analyticity. But what happens
in the real case?

For smooth vector fields

LN "9
X=Y"X,— and Y=Y, —, 1.11
2 K YL, (L

simple computations give

[ oY; 0X;\1 0
=1Lj=1 J ¢

j J

K2

Consequently, [X, Y] is also smooth.

From now on, the Lie bracket [X,Y] is defined exclusively by and [X,Y](f)
also has meaning for functions f of class C*.

As in [67], the main tools used to decide if two smooth vector fields could have a
common first integral of class C! are the simplest facts from linear algebra and the
following proposition.

ProprosiTION 1.1. @ Let U C R™ be an open set and let X and Y be two smooth vector
fields defined by (1.11)). Let F € C*(U) be their common first integral. Then F is also a
first integral of their Lie bracket [X,Y]:

if X(F) = Y(F) =0 then [X,Y](F) = 0. (1.13)

Proof. We can suppose that the vector field X does not vanish identically on U. Let
a €U and X(a) #0.

Vector fields, Lie bracket, first integrals and degree of differentiability are intrinsic
notions that do not depend on the chosen coordinate system. Thus it is enough to prove
in one well chosen coordinate system.

By the flow-box (or rectification) theorem (|60, Proposition 1.29] for the real case and
[42, Theorem 1.18] for the holomorphic case) there exists an open set V anda € V C U
such that in a C* coordinate system y = (y1,...,y,) the vector field X takes the form

X=X,—— =" 1.14
Z D9 = Oy (1.14)

where Y € C* (V), 1 < i < n. In this coordinate system the first integral F' takes the
form F = F(y), where F € C1(V).
It remains to prove that

if X(F)=Y(F)=0 then [X,Y](F) = 0. (1.15)

(3) Unfortunately, in |67] this proposition was taken as obvious but not proved.
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As X (ﬁ ) = g—i =0 on V, it follows that on V the first integral F does not depend

on y1: we have F = F(ys, ..., yn).
Let us compute [X,Y](F). Taking into account (1.14]) and ([1.12)), we get

i oY; ~0X;\10F < ~ 0Y; 0F
[]Zl( Jay Yjay'ﬂayi_;Xlamayi
aY; OF ~ OF

L0y, oy (Z 3@/1)

=1

P-y
X5

Indeed, F does not depend on y; and Fis a first integral of the vector field Y.m

For z € U, let us denote by D(z) the two-dimensional vector subspace of R™ spanned
by the vectors X (z) and Y (z). Let us denote by Dy the set of all C*> vector fields Z defined
on U such that for all x € U, Z(x) € D(x). Dy is a vector subspace of the vector space of
all vector fields defined on U. Let us set D; = Dy + [Dy, Do] = Do + {[A4, B]; A, B € Dy},
where [A, B] = AB — BA is the Lie bracket of the vector fields A and B. Let us set
Dy = D1+[D1,D1] = D1+{[A, B]; A, B € D1}, etc., where A+ B = {a+b; a € A, b € B}.

Thus Dy C D; C Dy C ---. For some k < n, necessarily [Dy,Dx] = Dk, so Dy, is the
smallest Lie algebra generated by the vector fields X and Y.
The equation X(F)(z) = 0, z € U, can be considered as a linear homogeneous

equations with unknowns { £& OF ( }1<i<n. The same is true for the equations Y (F')(x) = 0
and [X,Y](F)(x) = 0 (see (1 ) More generally, this is true for all vector fields from Dy.
Then if a € U and if dim Dk( ) = n, by continuity dim Dy (x) = n for « belonging to some
neighborhood V' C U of a. Choosing an arbitrary basis vy, ..., v, of the vector bundle
Di(V) = Uyev Dr(x) and writing the corresponding linear homogeneous equations with
(in general) variable coefficients and unknowns {gTF(x)}1<i<n’ as dimDg(x) = n for
x € V, one deduces that g—f:(m) =0 for z € V, and finally F|y = const. This contradicts
the assumption that F' is a first integral.

Thus the condition dimDg(a) < n is necessary for the existence of common first
integrals of both X and Y.

The Frobenius Integrability Theorem implies that if on some neighborhood W C U of
a one has dim Dy (a) = const = p < n for all z € W, then there exist n — p functionally
independent first integrals of both X and Y, defined on some neighborhood of a. But we
do not know if these first integrals are the restrictions of first integrals defined on the
whole phase space U for system .

All this remains valid in the complex case with G = (G, ...,G,) analytic in some
open, connected subset of C" (with obvious changes), because the Frobenius integrability
theorem can also be formulated in the complex framework [42, [59].

The vector fields X and Y such that dim Dy (a) < n will be said to be compatible at a.
If this is the case on a dense open subset of R™ (or C™), the vector fields X and Y will
be said to be compatible.

Let us return to system and let us suppose that dim Dy (z) = n—2 for x € W, where
W is an open subset of U. Let us suppose that for some fixed i, 1 <i <n, F does not depend
on x;, SO g—i(:r) =0 for all z € W. Without restricting generality we can choose 7 =1.
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In this case, for z € W, {gTF(x)}KKn
dent linear homogeneous equations. Let {¢;(x)}2<i<n be a fixed non-zero solution of this

satisfy some system of n — 2 linearly indepen-

system. Any other solution is of the form {p(x)p;(x)}2<i<n for some smooth function u.

Thus if F is a first integral, then for some function p, g—i(x) = u(z)p;(x), which
means that p is an integrating factor of the differential form )", ¢;(z)dz;. Surprisingly,
in this work in all cases when this situation arises, that is, when dimD; = n — 2 and
n < 6, MAPLE is able to compute explicitly the first integral F', globally defined. This is
precisely in this way we compute all the unknown first integrals.

Let us emphasize that although the Frobenius Integrability Theorem asserts that in
the above framework, at least locally, the sought first integral exists, in our approach this
theorem does not play any role. Nevertheless, it is our guiding force.

1.2.2. Part two. Let us search for a first integral F of system (1.9)) that does not depend
on x1, so F' = F(Z), where T = (2, ...,,), or equivalently g—fl = 0 identically. Here we
have privileged z1, but similar conditions can be written for every z,, 1 < r < n. Then

for every z,
n
=0.
Zz axz

As F does not depend on z1, for every k > 1 one has

" 9kG, OF
; ok “(x )axz( r) =0.

In other words, if one denotes by Y} the vector field

=y 2% 0 (1.16)

— ax’f ox;

then for every k > 0 one has Y;(F) = 0, where Yy = G, that is, F' is a first integral
of all these vector fields. All these vector fields are defined on an open connected subset
U C R"(x).

If among the vector fields {Y%}r>0 one can find n — 1 of them that are linearly inde-
pendent at some point a € R™(z), then by continuity they are also linearly independent
on some open neighborhood W of a. As Y (F) = 0 for all k¥ > 0, one deduces that grad F’
vanishes identically on W and consequently F'|y = const. Then F is not a first integral
of system because by definition a first integral is non-constant on any open subset
of its domain of definition. The same argument works also when arbitrary n — 1 linearly
independent vector fields {Z;}1<;<n—1 such that Z;(F) =0, 1 <i <n—1, are given and
F = F(Z). Such a criterion of non-existence of a first integral will be frequently used in
future.

Let us suppose now that the vector field G is of the form

Z%pz ) = RY(@) + -+ + 21V (B) + V(@) (1.17)

for some smooth vector fields {Y; }o<i<p defined on some open subset V of R"~*(Z). Then
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as the first integral F' = F(z) does not depend on 7, one has
0= G(F)(x) = a{Yo(F)(@) + - + 21,1 (F) (@) + Y, (F) (@).

As Y,(Z) does not depend on xy, one deduces that Y,(F) = 0. Thus G(x) = z1G1(z) +
Y, (%) where the smooth vector field Gy is

Gi(x) = 2} Yo(@) + - + 1Yy 2() + V1 (),
As above, one deduces that }7p_1(F) = 0, etc. Finally, one deduces that }Z(F) = 0 for

all 0 <14 < p. Thus all vector fields Y; defined on V have a common first integral F' that
does not depend on x.

1.2.3. Part three. Let us consider now systems of ordinary differential equations like
but depending on parameters A\ = (A1,...,Ag),
(cilizf = G(z,N), (1.18)
where G € C°°(U,R") and for f € CY(U),

G V@) = 3 Gl M) 5-():

i=1
All the content of Sec. without parameters remains valid also with parameters.
So, like we have the vector fields Yy (z, \), k > 0, etc.
As an example, let us consider the simple case when all functions G; = G;(z, A),
1 <i < n, are of the form

Let us search for a first integral F' = F(Z, \) of system (1.18]) that does not depend
on x1. We repeat the whole Sec. but now new data depending on A appear.
This leads us to the identity

0=G(F(Z\),\) = 21Yo(F(Z,\), \) + Y1 (F(Z, \), \),

where
~ - N 0 ~ . " . 0
Yo(@,\) =) gi(@, No— M@ ) = Zhi(x,)\)%.
i=2 g i=2 v

In particular, for every A = (A\1,...,Ax) and = € U, starting from the vector fields
)70(55, A) and Yi (Z, \), computing their Lie bracket and Lie brackets of higher orders we
define a Lie algebra Dj()(Z, A) like the Lie algebra Dy (x) in Sec. m

We search for a C! function F(z, \) such that for any fixed A, F is a first integral of
system . This leads to the necessary condition

dim'Dk()\)(ﬁf\, /\) <n-— 2 (1.19)

for the existence of such a first integral.

As in all examples treated below, n < 6, and without difficulty we compute explicitly
a base of the vector space Dj(n)(Z,A). Let M(Z,\) be a matrix whose rows are the
coordinates of the vectors of the above base. Then condition is nothing other than

rank M(Z,\) <n —2 (1.20)
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for all x € U. Using MAPLE and the method described in Sec. in all our examples
we manage to determine all parameters A such that holds, and thus also that
is satisfied for all z € U.

Having a concrete example to examine, we compute the associated vector fields and
their Lie brackets. Afterwards, we determine the parameters A that solve the problem
posed: existence or nonexistence of a supplementary first integral. We stress that this is
where the real difficulties arise. Practically every example requires individual treatment
(see Sections with unavoidable intensive use of computer algebra, and there is
no repetition among the very large number of individual cases studied in this paper.

1.3. History. Today, the standard approach for the detection of integrable versus non-
integrable cases of ordinary differential equations of quite general nature follows mainly
the ideas that begun with S. V. Kovalevskaya (1889) and A. M. Lyapunov (1894) on the
one hand and J. Liouville (around 1840), E. Picard (1883-1896) and E. Vessiot (1892)
on the other and culminate in the so-called Morales—Ramis theory. The history of this
subject, as well as some of its applications, can be found in [2] [27, 55157]. See also
|7, 48] 75, 76, [78H0].

The method of compatible vector fields that is used in this paper was initiated inde-
pendently by three people: Anatolii Dokshevich [19], Vladimir Bogaevskii [9] and Stefan
Rauch-Wojciechowski (formerly Wojciechowski) [84].

Let us make a digression on the problem of priority between A. Dokshevich and
V. Bogaevskii. The book including A. Dokshevich’s paper went to print on June 30, 1964.
The paper of V. Bogaevskii was received by the editors on October 20, 1964. In a footnote
on page 93 of |9] he says that the paper was submitted before the publication of [19]. Let
us also stress that [9] was published in a widely known mathematical journal published
in Moscow while [19] was published in the proceedings of a conference in Tashkent,
at the time the capital of Soviet Uzbekistan. There is no doubt that the two authors
independently of each other discovered and applied the method of compatible vector fields.

Let us give a very short review of the two papers. Both are devoted to the study of
real Euler—Poisson equations having a supplementary first integral that does not depend
on all variables. In both papers the condition 7§ + 3 + 3 = 1 is assumed.

In Dokshevich’s paper [19], using the method of compatible vector fields it is proved
that if the supplementary first integral is of the form F' = F(w1,ws, 1, ¥2) then this occurs
only in the Kovalevskaya case and when ¢ = 0, an explicit formula for the Kovalevskaya
first integral is deduced. The other cases studied in [19] concern supplementary first inte-
grals of the form F' = F(ws), F = F(w1,w2), F = F(w1,wa,71,72), F = F(w1,wa,ws,73)
which lead to the cases of integrability of Lagrange and Euler, to the invariant relation of
Hess (if 11 (Io—1I3)c? = Io(I3—11)c3, c3 = 0 then I1cjw; + Iacows = 0 is an invariant mani-
fold for the Euler—Poisson equations) and to the Goryachev—Chaplygin partial integrabil-
ity case respectively. The author notes also that Sretenskii’s case of partial integrability of
gyrostat equations can be found along the same lines as the Goryachev—Chaplygin case.

Let us mention the last paragraph of [19], where the principle of the method of com-
patible vector fields is clearly stated.
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In Bogaevskii’s paper [9] one considers supplementary first integrals of the form F =
F(w1,w2,71,72,73) for the Euler—Poisson equations of motion of a rigid body with a
fixed point in the potential force field U = U(v1,72,73). When U = c¢1v1 + coya +
¢33, we recover the standard FEuler—Poisson equations . Applying the method of
compatible vector fields one identifies the classical cases of integrability: Euler, Lagrange
and Kovalevskaya.

Afterwards, one considers the problem of finding the general form of the potential U =
U(v1,72,73) when there exists a supplementary first integral F = F (w1, w2, 71,72, 73)-
A new generalization of the Kovalevskaya case appears.

Unlike [67] and the present paper, where we sweep up all possible cases of first integrals
that do not depend on all variables, in [19] and [9] the authors only focus on a few concrete
cases that enable them to catch integrable cases.

This line of research was pursued by Yu. A. Arkhangelskii [3, |4] directly inspired by
[19] and |9] and also by S. I. Popov [63-65]. For further developments see [50, |66} [67] and
the present paper.

Around twenty years later, around 1986, Stefan Rauch-Wojciechowski motivated by
[82) [83], where implicitly the Euler equations on the duals of Lie algebras appear (see
[60, Ch. 6] and also |11} |13} 22, |44} |61} [74]) discovered independently the method of
compatible vector fields (the name coined by him) advocating their application to three-
dimensional systems |30} |73, [84H86]. For further developments see |32} 43, [58].

The method of compatible vector fields uses exclusively notions and facts already
well known by Jacobi even if their formal settings were not perfect. Jacobi and some
of his contemporaries already knew and understood vector fields, Jacobi-Lie bracket
and the link between compatible vector fields and existence of common first integrals
for them, i.e. Frobenius theorem (|14, Ch. Groupes de Lie et algébres de Lie, p. 310],
[33, Sec. 3], |34, Sec. 2.5], [35, Sec. 5], |36 Sec. 6.4.3], |69, p. 26], [79} |80]). On page 26
of [69] we even find the Deahna—Clebsch—Frobenius theorem instead of the traditional
Frobenius theorem [16, (18] [23]. On page 417 of [35] and on page 188 of 36|, the Ja-
cobi—Clebsch-Deahna-Frobenius theorem appears. We cannot therefore exclude that the
method of compatible vector fields appeared in certain works now forgotten, in the period
from the second half of the nineteenth century, or even earlier, before the publication of
(9L {19].

The present paper is organized as follows. In Sec. 2] an important technical tool,
the so called permutational symmetries, is briefly described. Sec. [3] is devoted to the
use of Grobner bases to obtain by MAPLE the solutions of the enormous systems of
polynomial equations which appear in this article. The direct approach used in [67] is
totally inappropriate here. This is one of the pivots of the paper. The very short Sec. []
gives some algebraic complements in a form that suits us.

Sec. |p|is devoted to the study of five-dimensional invariant manifolds {H; = U;}, 1 <
1 < 3, that is, problem (a) formulated above. This leads us to recover in a natural way the
Goryachev—Chaplygin case. This is the content of Sec. 5.2} In Secs. [5.3] and [5.4] without
giving the tedious and long proofs, we briefly report on what happens on the manifolds
{H3 = Us} and {H; = 0}, respectively. The case of the manifolds {H; = Uz # 0} was
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completely elucidated in [67, Sec. 5]. In Sec. |§| we sketch the study of gyrostat equations
and the derivation of the Sretenskii case of partial integrability which generalizes the
Goryachev—Chaplygin case. Furthermore, in the complex domain, we have found new
integrable cases of the gyrostat equations that were still unknown. In Sec. [7} somewhat
isolated from the rest of the paper, we determine the so-called domain of the Sretenskii
partial integral, which includes the Goryachev—Chaplygin partial integral as a special case.
In Secs. [§ and 0] we study what happens on the four- and three-dimensional invariant
manifolds

{Hi:Ui7 H]:U]}a 1§l7]§3727é.]) and
{Hy = Uy, Hy = Uy, H3 = U3},

respectively. In Sec. in the complex domain, a new class of partially integrable cases
on the level manifold {H; = 0, Hy = 0} is described. By meticulous and detailed analysis
we also deduce their uniqueness when there exists an additional partial integral that does
not depend on all variables.

We refer to |67] for some supplementary details.

The method we use is of general interest and is probably the most interesting point of
this paper. It can also be applied in many other circumstances (see for example |11H13]).

2. Permutational symmetries

The Euler—Poisson equations have an invariance property which we call permuta-
tional symmetry. The permutational symmetries can be described in a general frame-
work as follows. Let ¢ = (z1,...,2,) € C*", A = (A1,...,A,) € C?, and let V(z,\) =
(Vi(z,A),...,Va(z, ) depend smoothly on x. Let us consider the system of differential

equations
Z—j =V(z,\). (2.1)
Let o be an element of the symmetric group S,, i.e., the group of all permutations of
{1,...,n}. For a = (a1, ...,a,) € C" we will write o(a) = (as(1), - - -, o(n))-

A permutation o € S,, will be called a permutational symmetry of system if for
all z € C*, A € C", one has

Vi(o(x),0(N) = eVouy(z, ), 1<k<n, (2.2)

where ¢ = 41 is a constant depending on k but independent of x and . It is obvious
that all permutational symmetries of a given equation form a group.

Let us recall that a subset M C C" is an invariant subset of system if M is formed
by the entire orbits of the system. That means that if for some to € C, z(tg) € M, then
x(t) € M for all t € C such that z(t) is well defined.

Let us formulate the following theorem, already proved in [50] and [67]. We formulate
it in the complex setting, but it also remains valid in the real framework. For the sake of
completeness, we also report its proof.
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THEOREM 2.1. The permutational symmetries of the Euler—Poisson equations (1.1) are
the following:

={(1,2,3),(1,2,3)}, e=1,

={(1,3,2),(1,3,2)}, e=-1,

={(27371),( 31} e=1, (2.3)
={(2,1,3), (2, ,3)}, e=—1,

={(3,1,2),(3,1,2)}, e=1,

={(3,2,1),(3,2,1)}, e=-1,

06
where o{(i1,12,13), (J1,J2,43)}, 1 <'ir,jr <3, 1 <1 <3, is the permutation
0(81,52,83,t1,t2,t3) = (Siy, Sig, Sigs s bjns Ljs)-

Proof. The permutation o1 with € = 1 is evidently a permutational symmetry for the
Euler—Poisson equations. One can see from these equations that oo with ¢ = —1 is a
permutational symmetry too. The same is true for o3 with ¢ = 1.

Taking into account the equalities

04 =09003, 05=03, 0g=0300

we deduce that o4 with ¢ = —1, 05 with e = 1 and ¢ with € = —1 are permutational
symmetries for the Euler—Poisson equations.
To complete the proof it remains to note that if the permutation

0(17 27 3345 576) = (117127 135 147 l5a 16)

is a permutational symmetry for the Euler—Poisson equations then Iy, 15,13 € {1,2,3} and
la,l5,l6 € {4,5,6}. Thus 0 = {(li,,li,, liy), (5,,15,,15,) }. Now, from the Euler-Poisson

219 Y129 V13

equations one deduces easily that iy = ji, 1 <k <3. =

It is interesting to observe that the three sets £, £ and K are invariant with respect
to the permutational symmetries. The same concerns the kinetic symmetry case.

In other words, the set of permutational symmetries of the Euler—Poisson equa-
tions coincides with S3, where the same permutation is simultaneously applied
to variables {wy,ws, w3} and {v1, 72,73} and to parameters {I3, I, I3} and {c1,c2,c3}.

It is also important to note that the first integrals Hy, Hy and H3 are invariant with
respect to all permutational symmetries of the Euler—Poisson equations. This means that
for any such permutational symmetry ¢ one has

Hi(I,C,w,’Y) = Hi(a(I),o(c),o(w),a(’y)), 1<i<3,

where for o € S3, 0(a1,a2,a3) = (A1), Go(2), Go(3))-

This leads to the following general statement that will be frequently used in the future.

Let us define the function ®q, ®g(x,\) = 1 for all z € C™ and A € C". Let Uy = 1
and set M (Up, ) = {x € C"™; Dg(x,\) =1} = C™.

Let A € C™ be fixed. Let ®; = ®;(z,A), 1 < i < k < n, be a finite number of
first integrals of system which are all invariant with respect to all permutational
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symmetries o of the system , that is,
D,(x,\) = ®i(0(z),0(N), 1<i<k. (2.4)
For Uy,...,Ux € C and k > 0 let us set
MUy, ..., Ui, A) ={x € C"; &;(x,\) =U;, 0 <i < k}. (2.5)

In the future, without repeating it each time, we will only consider the cases where
MUy, ...,Ug, A) is either C™ (when k = 0) or a non-empty submanifold (perhaps with
singularities) of C" (when k > 1).

All these submanifolds of C™ are invariant manifolds of the system and from
it follows that they are all invariant with respect to all permutational symmetries

of system ({2.1)).

THEOREM 2.2. Let k > 0. Let o be some permutational symmetry of system . Let
us consider the system restricted to the invariant manifold M (Uy, ..., Uk, \) and
its local first integral F' = F(x) defined on some open subset Wr C M (Uy, ..., Uk, \).
Then the function G = F oo~ 1, ie. G(x) = F(oc7(x)), defined on the open subset
oc(Wr) = {x € M(Uy,...,Ux,\); o~ (z) € Wg} of M(Uy,...,Ux, ) is a local first
integral of the system

— =V(z,0(N) (2.6)
restricted to M(Up, ..., Uk, \).

Proof. As F is a first integral of system ({2.1)) restricted to W, for every x € Wr we have

ka z,\) ((m)( ) =0.

As o is a permutation of {1,...,n}, the last equality is equivalent to

oOF
v, A) = 0.
Z (@ (896 <k>)( %)

Taking into account (2.2]), we can write this as

S oF
> Valote) o) 5y ) ) =0

The last equality is satisfied for every € Wyx. Then putting o~ (z) instead of x, we find
that for every x € o(Wp),

; z,0 oF o l(z)) =
kZ:le(7 (A))(axam)( (e =0

On the other hand, a function G = G(z) is a first integral of system (2.6)) if

i Vk(%o(k))(aa>(x) =0.

6$k
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Thus to finish the proof it remains to prove that for G = Foo~! and 1 < k < n one has
oF 1 oG
(7o) o0 = (5 )
but this is obvious. =

For k = 0, Theorem [2.2] coincides with Theorem 2.1 from [50] (see also [67]).
Theorem shows that from the point of view of integrability /non-integrability,
systems (2.1) and (2.6), both restricted to M (Uy,...,Ux, \), are exactly of the same

nature.

In the future, when considering local first integrals, the word “local” will frequently
be omitted.
Hereafter, we will always have ®; = H;, 1 <1i < 3.

3. Solving some systems of polynomial equations

To solve all systems of polynomial equations encountered in this paper we use the theory
of Grébner bases of polynomial rings |17} |21} 68].

Let us recall some basic facts concerning them and their MAPLE implementations.
For all computations we use exclusively the monomial order

tdeg(Ur, Uz, Us, Iy, 12,13, ¢1, c2, C3)

with ordering Uy > Uy > Us > 11 > Is > I3 > ¢1 > ¢ > 03@

For a fixed monomial order a Grébner basis of an ideal of the polynomial ring Q[U, I, c|
is characterized by the property that the leading monomial of every polynomial in the
ideal is divisible by the leading monomial of some polynomial in the Groébner basis.

A Maple reduced Grobner basis is a Grobner basis such that if we remove a poly-
nomial from it, the remaining polynomials no longer form a Grébner basis and it has
the additional property that no monomial of any polynomial in the basis is divisible by
any of the leading monomials (other than itself). If all polynomials in a Maple reduced
Grobner basis have leading coefficient 1, then this basis is unique up to permutation of its
elements and is called the reduced Grobner basis. Let us stress that the reduced Grébner
basis always exists.

As proved by the following simple example, in general, a Maple reduced Groébner basis
is not the reduced Grébner basis.

The MAPLE command Groebner [Basis] @ computes Maple reduced Grébner bases
for ideals of polynomial rings.

Let us consider the polynomial ring C[z,y, 2] where 2 > y > z and its ideal L
generated by the polynomials

{3y? — 82%, xy® + y23, 2% — 222 + 5}.
(*)  |https://www.maplesoft.com/support/help/Maple/view.aspx?path=Groebner /Mono-

mialOrders.
(%) https://www.maplesoft.com/support /help /Maple /view.aspx?path=Groebner /Basis|


https://www.maplesoft.com/support/help/Maple/view.aspx?path=Groebner/MonomialOrders
https://www.maplesoft.com/support/help/Maple/view.aspx?path=Groebner/MonomialOrders
https://www.maplesoft.com/support/help/Maple/view.aspx?path=Groebner/Basis
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With monomial order tdeg(x, y, z), the command Groebner [Basis] gives the follow-
ing Maple reduced Grébner basis of L:

[ — 222 + 5,82% — 392, 8zy? + 3y°, 9y* + 48y32 + 32047

with leading coefficients [1, 8, 8, 9]. With monomial order plex(z, y, z) we obtain the Maple
reduced basis

[160023 — 962° + 2402° 4 927, —402° 4 3227 — 32% 4 80y23,
3y? — 823,1202° — 9627 4 92% + 640223, 2% — 222 + 5]

with leading coefficients [9, 80, 3, 640, 1].

We observe that the resulting Maple reduced Grobner bases consist of polynomials,
each with integer coprime coefficients and positive leading coefficient.

The reason that MAPLE in its definition of the reduced Grébner bases does not re-
quire that the leading coeflicients be 1 is due to avoiding the use of rational non-integer
numbers.

All factorizations are over QQ, that is, in the polynomial ring

QU, I,c] =Q[U1,Us,Us, I, I3, I3, c1, c2, c3).

Let us consider polynomials P; = P;(U,I,¢) = P;(Uy,Us,Us, I, I3, I3,¢1,c2,c3) €
Q[U,I,c], 1 <i < n. We want to find all complex solutions of the system P;(U,I,¢c) =0,
1 <4 < n, such that I; # 0, 1 < j < 3. Such solutions will be called good solutions. To
find them we proceed as follows (steps A.1-A.3) and in all cases encountered we achieve
a success.

Let us set C) = {(U,I,¢) € C% I; # 0,1 <i < 3}. The good solutions are in C}.
A.1. With the MAPLE command factor, we factorize over Q all polynomials P;(U, I, ¢),
1<i<n,

P = Iféil[?m]?is H Dlﬂklk7
k=1
where B € N = {1,2,...}, a;1,q42, 043 € NU {0}, D € Q[U,I,c]. Moreover, for
k # 1, the polynomials D;; and D;; are relatively prime and irreducible in Q[U, I, ¢],
1<k i<r;,1<it<n.

Then

{(U,I,c) € C); Pi(U,1,¢c)=0,1<i<n}

={(U,1,¢) €C% P(U,1,¢)=0,1<i<n}, (3.1)
where JBZ = H;; 1 Dir is a square-free factorization of HZ;1 ka““. Let us stress that
in (3.1) we have identity of zeros but perhaps not of their multiplicities.

It is clear that the following inclusion of ideals in the ring Q[U, I, ¢] holds:

(P,...,P.} C{P,..., P}, (3.2)
where {Ry, ..., R,} denotes the ideal in Q[U, I, ¢] generated by the polynomials
Ry,...,R; €Q[U, I (.
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A.2. Using the MAPLE command Groebner [Basis] we compute in the ring Q[U, I, ] a
Maple reduced Grébner basis {Q1,...,Qm} of the ideal {Py,...,P,} C Q[U,I,c|. The
polynomials @1, ..., Q. can have multiple factors in Q[U, I, c|.
Formulas (3.1]) and (3.2]) imply respectively that
{(U,I,c) € C); P(U,1,¢c)=0,1<i<n}
={(U,I,¢c) € C); Q;(U,1,¢) =0,1<j <m}

and

{P,..., P} C{Q1,...,Qm}.
As {Ri,...,R,} C{Ry,...,R,} we have
{Pr,...,P.} C{Q1,...,Qm}. (3.3)
and
{(U.1,¢)eC); Pi(UIc)=0,1<i<n}
={(U.1,0) €C% Q;(U,I,c)=0,1<j <m}. (3.4)

The passage from the system P; =0,...,P, =0 to @1 =0,..., @m = 0 will be called
simplification.

According to the system obtained by simplification has the same good solutions
as the source system and in all encountered cases the final system of equations is simpler
than the original one.

As the ring Q[U, I, ] is Noetherian, after a finite number of consecutive simplifications
we will arrive (see ) at the system S; =0,...,5; = 0, that will not be modified by
another simplification, that is, every polynomial S;, 1 < i < ¢, is square-free, without
factors of the form I7"* 15215 and the polynomials {S;}1<,<¢ form a Maple reduced
Grobner basis of the ideal {S,...,S:}.

We call the system of equations S; = 0,...,S; = 0 the reduced system or the reduction
of the source system P, = 0,...,P, = 0. The reduced system {S; = 0} has the same
set of good solutions as the source system {P; = 0}. The simplest MAPLE computational
criterion for the system S; = 0,...,5; = 0 to be the reduction of the source system is
that its simplification coincides with it. This criterion will be constantly used.

A.3. The final step is then to describe the set of all complex solutions of the reduced
system {S; =0}, 1 < j <t

It is clear that if £ = 1 and S; = 1, then the source system does not admit any good
solution.

Fortunately, in an unexplained and unexpected way, in all other cases encountered
below, the reduced systems are simple, of low degrees and all {S;}i1<j<; factorize into
products of factors that depend on only one kind of unknowns, {Uy,Us,Us}, {c1,c2,c3}
or {I1, Is, I3}. Moreover, every factor belongs to the following short list of possibilities:

Ui, Uy, Us, ayly +agls +asls, c1, c2, c3 and blcf—&—bzcg—i-bgcg, (35)

where a; and b;, 1 < ¢ < 3, are some integers. There is only one exception in Sec.
where in one of the equations of the reduced system a factor appears that depends
simultaneously on I; and ¢;, 1 <4 < 3, and it is (Iz — I3)c? + (I1 — I3)c3 + (1o — Ih)c3.
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In many cases the situation is even simpler because some of the polynomials S},
1 < j <'t, merely coincide with some of the possibilities from the list . For example,
in Sec. [7| (see formula ) we have S; = cs.

Thus, without any difficulty, all the good solutions can be found either by hand or by
applications of elementary computer algebra, MAPLE for example.

4. Some algebra

The following two simple propositions will be used repeatedly until the end of the article.
The first one is well known and follows from the well known elementary properties of
resultant (|17, Chap. 3, §6] and [21]).

Let K be a field of characteristic 0 and K[z] be as usual the ring of polynomials in
one variable z with coefficients in K.

PROPOSITION 4.1. Let g € Kz] and h(z) = %. Let p be the resultant of g and h and
suppose p # 0. Let T be some root of g. Then

(i) h(z) #0,

(ii) g has no multiple roots.

Proof. (i) follows immediately from the well known fact that if f,g € K[z] then f and ¢
have a common factor in K]z] if and only if their resultant is 0 or equivalently if f and
g have a common root (perhaps in the algebraic closure of K).

(ii) follows from the evident fact that if g has a multiple root, then h(x) = Z—g has the
same root and thus g and h have a common factor. m

The second proposition is completely evident. Let K be a field of characteristic 0. Let
fy9 € Klz] and g # 0. By Euclidean division we know that for some ¢,r € K[z] one has
f(x) =q(x)g(z) +r(x), degr <deggorr=0.

PROPOSITION 4.2. Suppose that

(i) all roots of g are simple and are in K,
(ii) all roots of g are also roots of f.

Then g divides f in K[z], so the remainder r (which is in K[z]) vanishes identically.

In the following, for fixed n > 1, let K,, = Alg(s1,...,s,) be the field of algebraic
functions of complex variables (s1,...,s,) € C™ |1},(70, [77]. The field K,, is of character-
istic 0.

Let us explain this in more detail. Following [1], let Py,..., Py € Clzy,...,x,] with
Pi(x1,...,2,) Z£0. A function y = y(x1,...,x,) is called a complex algebraic function if

Pk(xh...,xn)yk —I—Pk,l(xl,...,acn)yk_l + o 4+ Py(zr,...,2n) =0 (4.1)

for all (x1,...,2,) € C™ and if the above polynomial in y is irreducible in C[zy,...,x,].
The number k is called the degree of the algebraic function y. If & = 1, an algebraic
function is a rational function y = —Py(x1,...,2,)/Pi(21,...,2,). For k = 2,3,4, an
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algebraic function can be expressed by square and cube roots of rational functions in
Z1,...,Tn. If k > 5, this is impossible in general [21].

If k£ > 2 an algebraic function is multivalued (for example y = /z) and in an open
dense subset of C", it locally admits holomorphic (analytic) branches. This follows from
the complex implicit function theorem [42} [59].

Let us also note that any non-zero complex polynomial can be factorized into
irreducible factors [21]. Thus, the equation defines algebraic functions even if the
polynomial is not irreducible.

Let us write for short = (x1,...,%,). Let us compute the partial derivatives %’i(m),
1 <7 <, for an algebraic function of degree k. By differentiating the formula with
respect to x;, 1 <1 < n, one easily deduces that

0y _ O (2)yh + 2=t (a)yh -+ B (a) 42
(9l‘i - kPk(x)yk_l + (k — 1)Pk,1(a:)y’“_2 + -+ Pl(l‘) '

The partial derivatives of higher order of the algebraic function y = y(z) can be
computed by consecutive differentiations of the formula .

As the degree of the algebraic function y = y(x) is k, the denominator of
which is a non-vanishing algebraic function is non-zero on an open dense subset of C",
where the formula gives the derivative, which is also an algebraic function of z =
(T1,...,Zn).

Now, let us consider, on some open subset U of C", a holomorphic branch of a mul-
tivalued algebraic function y = y(z), which we shall denote f = f(z). Then, if in
instead of y one takes the function f, the formula remains valid.

Consequently, instead of analyzing separately all holomorphic branches of an algebraic
function y = y(x), it suffices to consider the multivalued algebraic function y = y(x) as
a whole, the derivatives of which are given by .

We shall also apply the following well known and easy proposition.

PROPOSITION 4.3. Let n > 2 and let V € Clzq,...,z,] be a polynomial that is not a
square of another polynomial. Then NV ¢ C(xy,...,x,), that is, V'V is not a rational
function of x1,...,Ty.

5. Five-dimensional invariant manifolds {H; = U}, 1 < ¢ < 3.
Goryachev—Chaplygin case

5.1. Extraction procedure. In this section we study the existence of a partial in-
tegral of the Euler—Poisson equations with respect to the invariant complex five-
dimensional manifolds { H; = Uy } and {H3 = Us}. We study when on each of them there
exists a partial integral that depends on at most four variables. The same problem can
be stated also for the manifold {Hs = Us}. For U; = 1 this case has been considered in
[67, Sec. 5] and the general case of Us # 0 can be easily reduced to the case Us = 1. Thus
it remains to study the case {Hy = 0}.
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Let us fix 4, 1 <14 < 3. According to (2.5)),
M(Uy,U;, Ic) = {z € C% H;((w,7),Zc) = U},

where (w, ) = (w1, w2, ws, V1, Y2,73) and dim M (Up, U;, Zc) = 5.

We search for functions F of four variables, F' = F(s1, s2, S3, 84), where (81, S2, $3, S4)
€ (w,7), of class C!, such that grad F' does not vanish identically on any open subset
of M(Uy,U;,Zc), which are partial integrals of the Euler—Poisson equations (1.1]) with
respect to M (Uy, U;, Zc).

Let ¢ = 1. The unique intrinsic property of a C! function F that is a local first
integral is that grad F' does not vanish identically on any open subset of its domain of
definition, which in this case is equal to M(Up,Uy,Zc). This implies that some of the
partial derivatives of F' may be identically zero. Thus the results of Sec. [5.2] also remain
valid for functions of at most four variables.

As %% + %% + %% + %% = 0, where Cif;, 1 <4 < 4, are given by the
right-hand sides of Euler—Poisson equations , the order of the variables s;, 1 < i < 4,
in F(s1, s2, 83, 84) is irrelevant for F to be a first integral.

We have exactly 15 different four-element subsets of (w,~y) and thus 15 cases of func-
tions of four elements to examine. We will now describe an extraction procedure based

on permutational symmetries which reduces the above 15 cases to only four.
These 15 functions of four variables (up to the order of variables) are shown in the
table below.

Table 5.1

Functions Case
F(wi,w2,ws,v:), 1 <i<3 (i)
F(wi,ws,71,73), Fwi, w2, 71,72), Flw2,ws,v2,73) | (i)
F(w17w27’71773)7 F(w17w37’71772)7 (OJ2,UJ3,’)/1,72), (iii)
( )

F
w1, Ww2,72,73), (w1,w3,72,'yg), F(UL)Q,W3,’71,’)’3)
Fwi7717727’)/3)7 1§Z§3 (IV

It is easy to see that under the group of permutational symmetries of the Euler—
Poisson equations for every case (i)—(iv) from Table each function from any case can
be transformed into any other function from the same case.

Thus in virtue of Theorem we can restrict ourselves to the study of only four
functions, each belonging to a different case from Table and chosen arbitrarily from
the functions of this case.

We will call such four functions F;, 1 <i <4, (up to the order of variables) a basis.

As Table [5.1] shows, the functions

F(W17w27w37’¥3)7 F<w17w3771a’y3)? F(W1,W2”Y17’Y3); F(w1771572ary3) (51)

form a basis.

Being a local first integral of some vector field, defined in some open subset of
some manifold, is an intrinsic property, independent of the system of coordinates used.
Thus in M (Uy,U;,Zc) instead of the coordinates (wq,ws,ws,v1,72,7s) inherited from
the Euler—Poisson equations, we can consider for example the system of coordinates
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(w1,wa,ws,71,73), where the coordinate (variable) ~2 can be eliminated thanks to the
identity Hy = U;. The same concerns all the remaining coordinates.

Using the coordinates (w1, ws,ws,v1,73) on M (Uy,U;,Zc) we can verify if the first
three functions of the basis can be partial integrals or not. For the last function of
(5.1) we will use the coordinates (w1, ws, 1, 7v2,73)-

The following general remark also concerns Secs. [§] and [0} If we are interested in
partial integrals that depend on at most three variables, for instance F(ws,ws,~3), we
can consider it as a particular case of F(wy,ws,ws,73) (case (i)), of F(wa,ws,¥2,73)
(case (ii)) and of F(ws,ws,v1,73) (case (iil)). From the study of each of these functions,
we can deduce the existence of the sought partial integral F'(wa,ws,3).

5.2. Invariant manifold {H; =U;}. Determination of the Goryachev—Chaplygin
case. Here we present our method on the example {H; = U;}. This invariant manifold
not only gives results on non-existence of partial integrals on Uy # 0, but when U; = 0
it also gives a nice derivation of the Goryachev—Chaplygin case.

5.2.1. Elimination of ~». Let us express v from the equation H; = U;. We have

_ Ui = Lwim — Izwsys

TIws '
We put this in the Euler—Poisson equations (|1.1)) and remove the fifth equation. In this
way we obtain

V2 (5.2)

dw1 - CgUl —+ .[2(.[2 — Ig)(d%(dg — Ilcgwl’yl — 1202w2’73 — IgCngg’Yg

o I Iowy ’
dwy (I3 = Ii)wiws + c173 — c3m

dt I ’
dws _ —c1U1 + Io (11 — o )wiwi + iciwiyn + Deawnnt + Izciwsys (5.3)
dt Iy I3ws ’

dy1 _ —Lwiwsyr — Lw3vys — Iswdvys + wsUy

dt Tow, ’

dvs _ Lwin + Lwin + Bwiwsys —wily

dt Irwo '

Looking for a first integral of system (/5.3)) which depends on four variables indicated
in brackets, we come to the following five possible cases:

F(w1,wa,ws,71) (case (i)).
F(wi,wa,w3,v3) (case (1)).
F(wi,w2,71,73) (case (iii)).
F(wi,ws,71,73) (case (ii)).
F(wz,ws,71,73) (case (iii)).

11

U W N

Here “case (*)” indicates in which case of Table the corresponding partial integral
appears.

Functions of types 2, 3 and 4 belong to the basis . We should study all of them.
We start with partial integrals of type 2.
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Type 2. Let us look for a first integral of system (5.3]) that does not depend on ~, i.e.
of type 2. Let us suppose that the function

F(Wlaw2,W37’73) (54)
is such a first integral of (5.3)). It satisfies the identity
dF  c3Uy + (I = I3)wiws — Liczwnmn — Leaways — [eawyys OF

dt B 11[20.)2 6&)1
(I3 — I)wiws + c173 — 371 OF
+ P
IQ 8w2
L oalit (I — B)wiws + Liciwin + Tacowant + Ieiwsys OF
1213(.4)2 8(4}3
I1w171 + Iwiy + Iwiwsys —wily OF
Irwo 0v3 ’
or equivalently
dF
11]213&)2 dt —Il’}/lyl(F)-FYg(F) :0, (55)
where Y] and Y, are the following vector fields defined in C* = C*(wy, wo, w3, 73):
0 0 0
Yl = —IgCnglTwl — 1363w2(97(,02 + (.[161(4)1 + IQCQUJQ)a + Ig(Ilwl + IQCUQ)a 3
0
Yy = I3[Ir(I> — I3)wiws — Ircaways — Izcawsys + C3U1]87J1
— Ilfgwg[(fl — [3)(4)1&)3 — Cl’}/g]aiw
0 0
-1 [Ig(]g — Il)wle 1301(,4.}3’)/3 + ClUl]a + I1 I3wq (Igw3’)/3 — Ul)@v
w3 3

As (5.5)) is an identity with respect to all the variables and as Y1 (F') and Y2(F') do not
depend on y; we have

Yi(F)=Y3(F) =0. (5.6)
We compute the Lie brackets Y3 = [Y1,Y5]/I3 and Yy = [Y7, Y3] and obtain
Ys=mg1— +maa— 0 +m33— 0 + m34i7
Ow Ows Ows 03
Y, = m41i + m42i +m43i + m44i7
8&]1 8w2 aw3 873
where
ms1 = —11[21302(.0%(4}2 — _[1]3?630.)%0.)3 — I%Ignggwg + 11[2(12 — I3)01W1w§

— L Izcicswiyz + T2 (I — 213)cows — Iy I3cacsways — I2ciwsys + I3caly,
mso = Lwy [l Izciws — I (1 — 2I3)ciw? — (I — I3)cawiwa + I3(I1 — I3)cawiws)
maz = I [[1I3c1wiws + iciwiys + Lercaways — (1o — 2Is)crwiws

+ Io(I; — I3)cawywaws — 3Io(I1 — Iz)cswiws + Izcicawsys — crealUy],
mgy = L I[N Iswiws + Nieww?ys — 2Lac1w373 + 3Lacawiways

+ (21, — 215 + I3)wiwiws + Izczwiwsys — csUyw],
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ma = Isco[—217 I3c1w3 — 1 Io(315 — I3)crwiws — 1 I3cicowrys — 315 (1o — I3)cows
— IyIzcocoways + I I3 (I — I3)cowaws — 1302w373 + UiIscd,
Mg = Lwalzcs[—2IaI3¢iw3 + (31 — 513)[1ciwi
+ 3(I1 — I3) [scowywe — (11 — I3)I3c3wiws),
mys = 11 [21 Iscy cowiwy + 217 I3ciw? + I Izctcswiys — 2015 (1o — 213)cicows
+ I Iscicacsways + 31203(1y — Is)ercswiws — 3L I3(1 — Is)cacswiwaws
+ I2c1chwsys — Lwwi (21 et — 211 el — AL I3c3 — 91 Izcs + 215 I3¢5
+ 9113¢3) — I3cicaUy),
may = L I3[21 Isciw] + 61 I I3cowiws — 412 Izciwy + 211 In(21) — 215 — I3)ciwiws
+ I I3cic3wins + 202 (211 — 215 + 313)cowiws + 41131 c3ways
— 3L I3coc3wiway3 — 8L I3(1) — Ip)cawiwiws + T2cawiwsys — IscaUiw].
Equations imply that
Y3(F) =Y4(F) = 0. (5.7)

Equations (5.6) and (5.7) can be considered as a system of four homogeneous linear

(aF OF - OF 8—F), which do not vanish

algebraic equations with unknowns grad F' = Bor? B Duos’ D
identically on any open subset of the domain of definition of F', because F' is non-constant
on any such open subset.

If a new integral F' exists, system 7 has at least one non-zero solution. Let
us consider the 4 x 4 matrix A whose rows are the coefficients of the vector fields Y7,
Y5, Y3 and Yy. The condition under which system f has at least one non-zero

solution is

rank A < 3.

We equate to zero the determinant D of the 4 x 4 matrix A of the coefficients of
system ([5.6 . ) and study when the identity
D =det(4)=0 (5.8)
is fulfilled. We compute
D = FI2I2W3D,
where D is a polynomial in wy, we, w3y and 73 having 72 monomials and thus with 72
coefficients depending on Zc and U . It is clear that to solve (5.8)) is equivalent to finding
all values of the parameters Zc and U; for which the 72 coefficients of D are zero. The
expression for D is too long to write it here. To solve this system of 72 equations we
proceed as described in Sec.
After four consecutive simplifications of the source system of 72 equations we obtain
the reduced system having only nine equations:
(IQ — .[3)0203 =0, (Il - IB)CQCB =0,
(IQ - 13)6103 = 0 (Il )6103 = 0, (Il - 12)6162 = 0,
(IQ 4[3)( 13)02 = 0 (]1 — 13)( 4[3)02 = 0,
(127.[3)( 4]3)01 :0 (127.[3)( 4[3)01 =0.
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We solve these nine equations by the MAPLE command solve and obtain five solu-
tions. Two of them lead to the Lagrange case, and one to the kinetic symmetry case. In
this way we come to the following two cases that should be studied separately:

1. I = I, =415, ¢ = 0, and (c1,¢2) # (0,0) and U; are arbitrary,
2. cp=ce=0,and c3 #£0, I; #0, I #0, Is # 0 and U; are arbitrary.

Let us study these cases.
Case 1: I} = Iy =413, ¢35 =0, (¢1,¢2) # (0,0) and Uy are arbitrary. Under this condition
we have D = 0 and therefore the vector fields Y;, 1 < i < 4, are linearly dependent.

Let us denote by D,;, the determinant of the 3 x 3 matrix obtained from the 4 x 4
matrix A by removing row a and column b. Elementary MAPLE computations show that

Dyz = T68I5w; (Wi + w3)(—cowr + crwz) (I3wiws + Iwiws — crwiys — cawas)

never vanishes identically unless ¢; = ca = 0, i.e. in the Euler case. Thus the vector
fields Y;, 1 < ¢ < 3, are linearly independent on an open dense subset of the space
C*(w1,wa,ws,vy3) for every U; € C, in particular for U; = 0.
We compute the Lie bracket Y5 = [Y2, Y3] and obtain
Y: + 0 + 0 + 0
=ms1=—— +Mpa=— +Ms3—— + Mg,
5 51 50y 52 5o 5 Dios 54 s
where
ms1 = Ig(.dg [9[301(4)%(4)20.)3 - 9[361(.&)30.)3 - 4_[302(&)?(4)3 + 14]302(,010.)%0.)3
+ 2¢1cow?y3 + crcawiyz — (363 + 2¢3)wiways],
mgo = Ig(,dg[—QIgClwzl)’wg =+ 16]301w1w§w;3 — 15[302&)%&)2&13 + 3]302(,030.)3
— 2wy — crcawiways + (—4ct — 33 )wis),
mss = l2ciwiws — 1TI2ciwiwiws + 92 cowdwows — 92 cowsw?
+ 4I3¢1 cowrwawsyz + Cow1Ya + Creaways — (¢3 — 3¢3) [z3wiwsys
+ ZC%Ulwf — ZC%Ulwg + 4cicaUrwiwa,
msy = I3[ [3wiwi — 2l5wiwiws — 3I2wiws — 2013¢1wiwawsy3
+ 14I3cowiwowsys — 6I3cowiwsys + c%w%'y% +2c,Urw?
— derUiwiw + desliwiws — 2eU1w3 + (4cF + 3¢3)w3).
Equations (5.6)—(5.7) imply that Y5(F) = 0. In this way we obtain the four equations
Yi(F) = Ya(F) = Y3(F) = Y3(F) = 0. (5.9)
If a partial integral F' exists, system (5.9) has at least one non-zero solution. We
consider the 4 x 4 matrix B of the coefficients of this system and look for values of the

parameters for which
rank B < 3. (5.10)

We have
det(B) = —3840I1wyU; (cowr — crws)?(I3wiws — c1wiys + Iswiws — coways).

Thus (5.10) will be fulfilled if and only if U; = 0, because (c1, ¢2) # (0,0).
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Let Uy = 0. Thus (5.10)) is fulfilled. As Y7, Y5, Y3 are linearly independent, Y5 is linearly
dependent on them. Moreover, as already mentioned, Y is also linearly dependent on Y;,
1 <4 <3 (see (5.8))). Thus the equations

Yi(F)=0, 1<i<3, (5.11)

are in involution. They give a system of three first order linear homogeneous partial
differential equations for determining the function F. We note here that the local solv-
ability of system around any point (w1, ws,ws,y3) where vector fields Y7, Y5 and Y3
are linearly independent follows from the Frobenius Integrability Theorem (see |59, [60]).
Hence equations have, at least locally, a non-trivial solution. We shall now present
two ways, (a) and (b), to identify F.
(a) We solve system by the MAPLE command pdsolve. In this way we obtain
the solution
F = GIzws(w? + w3) — (crw1 + cawa)7y3), (5.12)

where G is an arbitrary smooth function. By direct computations one can verify that the
function L = I3ws(w} + w3) — (ciw1 + cawz)73 that corresponds to G(z) = z is indeed
a first integral of system under the conditions Iy = I, = 4I3, c3 = 0, Uy = 0.
Computation by hand or by MAPLE shows that the time derivative %—% is not identically
0 for the Euler—Poisson equations . Thus L is a partial integral. Hy, H3 and L are
functionally independent. The Goryachev—Chaplygin case is thus integrable in the sense
of Sec. [Tl

(b) Although the use of the MAPLE command pdsolve immediately gives a solution
of system (5.11)), it is not difficult to solve it by hand starting from the following simple
remark.

Let us consider the following linear partial differential equation with constant coeffi-
cients: 9 9

pafi + qa—g =0, (5.13)
where p # 0, ¢ are constants and f = f(z,y) is a smooth function defined on some open
subset of C2.

The linear change of variables u = gz — py, v = = transforms into W =0,
where f(z,y) = f(v, ©-) = ¢(u,v). Equation is then transformed into W =0.
The general solution of this equation is ¢(u,v) = ®(u), where ® is an arbitrary smooth
function. Consequently, the general solution of is

f(z,y) = ®(qz — py). (5.14)
Let us return to system (5.11)). When Iy = Iy = 413, ¢3 = 0 and U; = 0, one has
IswsY1 = Z, where

0 9]
7 = (clwl + 02w2)87¢u3 + Ig(w% —&—wg)a—%

We have Y7 (F) = 0 if and only if Z(F) = 0. The equation Z(F) = 0 is of type (5.13),
with ¥ = w3, ¥y = 73, p = c1wi + cows and ¢ = I3(w? + w3). Thus by (5.14) the general
solution of equation Z(F) = 0 is given by (5.12)). Now, all the rest is exactly the same as
in (a).
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Let us stress that in fact we never used the Frobenius theorem. Indeed, the desired
partial integral was obtained by direct computation.
Case 2: ¢y =c3=0,¢c3 #0, 1 #0, I, # 0, I3 # 0 and U; are arbitrary. Now the first

integral Hjs is of type (5.4). If a new integral F of this type exists, system (5.6)—(5.7)
has at least two non-zero solutions. The condition under which system (5.6)—(5.7]) has at
least two linearly independent solutions is

rank A < 2. (5.15)

We compute the determinant D44 of the matrix obtained from A by crossing out its
last row and last column and obtain

Dyy = —LLIZ(I — I)Awiwiws [ (21 — 313)w? + (215 — 313)ws — 413¢373)].

Condition (5.15]) implies that D,y is identically zero. One easily sees that as cs # 0,
this is possible only when I; = I, i.e. Zc € L. Thus a partial integral of the studied type
does not exist for system (5.3]).

Type 3. Here we look for a first integral of system (5.3) of type 3, F(w1,ws,71,73), i.€.
a first integral that does not depend on ws. It satisfies the identity

dF - 03U1 =+ 12(12 — I3)LU%LU3 — 11030.}1’)/1 — 1262(,«)2’)/3 — 1363(.03’}/3 6l

E B I Ihwo Owy
(I3 — I)wiws + c173 — ez OF
+ JE—
IQ 8&12
7[1001&)3’}/1 - IQ(U%’}/g - Igwg")/g + U1w3 OF
+ [
Ihws om
+ Lwin + hwiy + Lwiwzys —wilUn OF 0
Tws 03 ’
or equivalently
dF
I wo— = w3Y1(F) + wsYa(F) + Y3(F) = 0, (5.16)

dt
where Y1, Y2 and Y3 are the following vector fields defined in C* = C*(wy, w2, v1,73):

0
Y, = —11]37387%»

0
Yy = (w313 — Lwi s — c3lsys) — Lwiwa (=13 + 1)

Ows

Ouwy

0
+ (U1 — hwim) 1 57— +wilsysh

o o3’

0 0
Y3 = (e3Uy — cslhwiy — 021201273)% + Liws(crys — 6371)$
1 2

0 0
- IIW§73128771 + (Lwin — Uwwy + 11W%71)1187%~
As (5.16) is an identity with respect to all the variables and as Y7 (F'), Y2(F') and Y5(F')
do not depend on w3, we have

Yi(F) = Y(F) = Y3(F) = 0. (5.17)
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We compute the Lie bracket Yy = [Y2,Y3]/]; and obtain
Y4 = [1226301%’)/1 + Il(Il + Ig)ng%’)/l — 2[2([2 — 13)61(4]%’}/3

+ I (I — 2I3)cowiways + Isciyiys — (I + I3)Urcawi ]

Oy
+ [l Isciwiways + T Iscgwiwayr + I (I3 — Il)ngg"}/g — I303U1w2]aiw2
+ [T esw1yi — IiIacowayiys + i Lo (I — 313)wiwsys + 1163UW1]6*W1
— (It + Is)Fwim + (311 — 2Ly + I3) [y rwrwiys + T Iscswinavs
—gg@mﬁ—hm+gﬂmﬁfuh—b+@wwa£;
Equations imply that
Y4 (F) = 0. (5.18)

Equations (5.17)) and (5.18]) can be considered as a system of four homogeneous linear
algebraic equations with unknowns grad F' = (gTF, g—F, g—F, g—F), which do not vanish
1 w2 Y1 3
identically on any open subset of the domain of definition of F', because F' is non-constant
on any such open subset.
If a new integral F' exists then system (5.17)—(5.18]) has at least one non-zero solution.
Let us consider the 4 x 4 matrix A whose rows are the coefficients of the vector fields Y7,
Y, Y3 and Y. We know that the condition under which system (5.17)—(5.18)) has at least

one non-zero solution is

D =det(A) =0. (5.19)

We compute
D = IPI2Isw3sD.

The expression for Dis long and we do not show it here. It is a polynomial in wy, wo,
~1 and 3 having 26 monomials and thus with 26 coefficients depending on Z¢ and Uj.
It is clear that solving is equivalent to finding all values of the parameters Zc¢ and
U, for which the 26 coefficients of D are zero. To solve this system of 26 equations we
proceed as described in Sec.

After three consecutive simplifications of the source system we obtain the reduced
system consisting of the following five equations:

CoC3 = O, Ci1C3 = 0, (Il - 12)63 = 0, (Il - 13)62 = O, (IQ - 13)61 = O

We solve these five equations by the MAPLE command solve and obtain five solutions.
Three of them give the Lagrange case, one the Euler case, and one the kinetic symmetry
case.

Thus a partial integral of type 3 does not exist.

Type 4. Now let us study the existence of a first integral of system ([5.3)) of type 4, i.e.
F(w1,ws,71,73). We have the identity
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dF _ c3Us + Ir(Iy — Is)wiws — Ticawiy1 — Iacawyys — Iscawsys OF

dt I Irws dwq
n (I = B)wiws + Lieiwiy + lacowent + Leiwzys — iU OF
BV BT Ows

n —Lwiwsy — hwiys — [wiys + Uiws OF
IQOJQ 8’71
Ilwﬂl + Lwiy + Iswiwsys —wiUp OF

Igwg 8'73

or equivalently
dF )
11[213(.02E = Ingyl(F) + IQWQ)/Q(F) + (U1 - Ilwl'yl - I3W3’)/3)}/3(F) = 0, (520)

where Y1, Yz and Y3 are the following vector fields defined in C* = C*(wy, w3, v1,73):

0 0 0
Y1 = wsl3(ly — I3)— + I L —Iy)— — v I 1
1 = wsl3(1s 3)8(,01 + Lwi (I 2)30.)3 Y311 387 + 71 3873
0 0
Y, = I I
2 02( 3738 + 17’16 )
0 0 0
Y3 = Iscs— — Iici=— + I1[3ws — I I3w;

Owy Ows v A3

As is an identity with respect to all the variables and as Y7 (F), Y2(F) and
Y3(F) do not depend on wy, we have

Yi(F) =Y2(F) =Y3(F) =0. (5.21)
We compute the Lie bracket Yy = [Y1, Y2]/(I11213) and obtain

0 0
Yi=—
4 CQ(’Yla +’Y3aw>
Equations ((5.21)) imply that
Y4(F) = 0. (5.22)

Equations (5.21)) and ([5.22) can be considered as a system of four homogeneous linear
OF QF QF OF

algebraic equations with unknowns grad F' = (a—wl, Dus? D1 a—%), which do not vanish
identically on any open subset of the domain of definition of F', because F' is non-constant
on any such open subset.

If a new integral F' exists then system 7 has at least one non-zero solution.
Let us consider the 4 x 4 matrix A whose rows are the coeflicients of the vector fields Y7,
Y5, Y3 and Y,. We know that the condition under which system 7 has at least
one non-zero solution is

D = det(A) =0.
We compute
D = —I{IcGyswi (i + I373).

This determinant is not zero if c; # 0. Thus in this case a first integral cannot exist.
We should consider the case ¢ = 0.
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Therefore let ¢ = 0. We compute the Lie brackets Y5 = [Y1,Y3]/(I113) and Y5 =
[Y1,Y5]. We have

) )
Ys = (I — I3)cy =— — (I} — Ia)c3 —
5 (2 S)Cl&ul (1 2)058w3
+L(L - I fI)wifI(I +1I fI)wi
1\41 2 3 18’}/1 341 2 3 38’)/3’
)ffI(IfI)UAflkggffIU'fIXIfI)cll
6 — 13\42 3 1 2 38&11 1\41 2 2 3 18(,03
)
-Jﬂgg—hb+ahg+hg—ﬂ@%57
1
)
—hg@ﬁ—hb—ﬂ¢—3+bgw@7.
3

We consider the system
Yi(F)=0, Y3(F)=0, Y5(F)=0, Ys(F)=0.
Its determinant ¢ should be zero. We compute
§ = 12133,
where R
6= [12(11 - IQ)(Il - 12 - Ig)(QIl - 2[2 - Ig)ngi)’
- I1[3(I2 - 13)(3112 - Ilfg - 3]1]3 - 2[22 + 2]2[3)61&)%&)3
— L I3(I, — L) (211 Iy — 31113 — 213 — Ir13 + 3I3)cawiwa
—+ 11(211 — 2.[2 — 13)(.[1]26% — .[1.[36% — .[1.[36% —+ IQIgC%)wl’Yg
+ I3(Iy — I3) (I + Iy — I3)(I) + 215 — 2I3)cywi
+ 13(11 + 2[2 - 2[3)([1[20? - 11[30% — 11[3C§ + 121303)(,«)3’}/1.

It is clear that the equation § = 0 is equivalent to 5 = 0. As is seen from the expression
for ¢, it is a polynomial in the variables wy, w3, 71 and -3 having six monomials and thus
with six coefficients depending on Zc. Thus we should solve a system of six equations
with respect to the parameters Zc. To solve this system we apply a simplification. After

four consecutive simplifications we obtain the reduced system consisting of the following
five equations:

(I1 = I3)cics =0, (11 — L)(2Is — Is)es =0, (20 + 215 — 313)([; — I3)es = 0,
(I = I3)(2I; — I3)e; =0, (Iy — I3)(I2 — I3)c; = 0.
We solve these five equations by the MAPLE command solve and obtain the following
six solutions:
{h=10,Ib=1, I3=13, ¢ =0, c3 =0},
{L=h, Lh=10, Is=13, ¢ =0, ¢3 =c3},
{l =215, Ir =15, Is=2I5, ¢; =0, ¢35 =c3},
{Lh=h, L=13 I3=1I3, ¢c; = c1, c3 =0},
{1 =20, Iy =I5, Is =215, ¢; =¢1, ¢c3 =c3},

{hh =13 I =13, I3 =13, c; = c1, c3 = c3}.
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Taking into account that we consider now the case co = 0 we see that the first solution
leads to the Euler case, and the second and fourth ones to the Lagrange case. The third
and fifth solutions give the Kovalevskaya case, and the last one the kinetic symmetry
case.

Thus a first integral of type 4 does not exist.

5.2.2. Elimination of ws. Let us express wy from the equation Hy; = U;. We have

Uy — Lyt — f3wsys
= . 5.2
w2 Ioyo (5:23)

We put the expression for wo from (5.23)) in the Euler—Poisson equations ([1.1)) and remove
the second equation. In this way we obtain

dwi (I — Is)ws[-Tiwiys — Tswsys + Ur] + calavi — 02127273

dt 5L Iy,

dws (I = Ip)wi[=hwin — Tswsys + Us] + calamiye — 0112’)’2

dt 1213")/2

dyi _ hwinys + Dwsy + Iswsyi — Urys (5.24)
dt 12’}/2 ’

D2 s — gy

dt 1773 371,

dys _ —hwiyf — bwiyd — Iswsmys + Uin

dt Iyye .

Looking for a first integral of system ([5.24)) which depends on four variables indicated
in brackets, we come to the following five possible cases:

(w1, w3, 71, ’72)
(w1, w3, 71, ’YS)
(wl, w3, 72, ’YS)
(wla 1, 72773)
(W3, Y1572, 73) (Case

Gu W=
R B R N

In Sec. [5.2.1] we have already studied cases (i), (ii) and (iii) from Table [5.1] It remains
to con81der case (iv). Functions of types 4 and 5 belong to this case. We should examine
one of these two first integrals, no matter which, because their study is exactly of the
same nature. We choose type 4.

Type 4. Let us study the existence of a first integral of system (5.24) of type 4, i.e.
F(W17717’727’73)~ We have

dF (I = B)ws[~Lwiv — Tawsys + Ui] + e3lan — coaloyoys OF

dt 11]2"}/2 8w1
I I 247 U oF oF
n 1w1m1ys + Towsys + Iswsys — Urys + (wrys — wyy) 28
IQ")/Q 67 872
n —Lw1y; — Lwys — Iswsyiys + Ui oF —0

Is7yo 073
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or equivalently

dF
111'272% = w3Y1(F) + wsYa(F) + Y3(F) =0, (5.25)

where Y1, Y2 and Y3 are the following vector fields defined in C* = C*(wy,y1, 2, 73):

0
Y1 =—I3(l2 - 13)7378 ,
w1

0 0
Ys = (U — Llywiy + Ishiwr vy — LUy —— + I (Ioys + 1373) —
[“)wl 8’71

0
—ilaveli =— — Isy1y3ly

9
072 O3’

Y3 = —Iava(—cav2 + Cz’Ys)aiwl —yali(=Lwim + Ul)a%l
+ 1272I1u11’73i + (=hw i — bwiys + U1’Y1)I1i
972 s
As is an identity with respect to all the variables and as Y;(F'), Y2(F) and
Y3(F') do not depend on w3, we have

Yi(F) = Ya(F) = Y3(F) = 0. (5.26)

Equations can be considered as a system of three homogeneous linear algebraic
equations with unknowns grad F' = (g—fl, g—i, g—i, g—fg), which do not vanish identically
on any open subset of the domain of definition of F, because F' is non-constant on any
such subset.

It is clear that the first integral Hs is of type 4 and therefore grad Hs is a solution
of system (5.26). If a new integral F' exists then system has at least two non-zero

solutions. This is possible if and only if
rank A < 2, (5.27)

where A is the 3 x 4 matrix whose rows are the coefficients of the vector fields Y7, Y5
and Y.

Let us consider the 3 x 3 matrix A;23 obtained from A by crossing out its last column.
A necessary condition for the fulfillment of is

D123 = det(Algg) =0.
We compute
Dias = T LI3(Ir — I3)v273 (—Tiwiyi — Iawiys — Iswiys + Uimn).
It is easily seen that Djs3 = 0 is possible if and only if Is = I3. Under this last
condition we compute the Lie bracket Y; = [Y2,Y3]/(11]3) and obtain
Yy = 2I3(— O Il 2442 +92) — 0
1= 2I3(—c3y2 + 0273)’}’1728 + Liys[Liwo (77 + 73 +73) — Ui
w1 omn

0
+ Livoyslwin (I — I3) — Ul]aiw

0
+ L[(I3 — 21)wimiys — i (0F +93) + Ui(7F + 73)]873-
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Now Y7 = 0 and we consider the following system:
Ya(F) = Y3(F) = Ya(F) = 0.
For the same reason as above we should require that
rank B < 2, (5.28)

where B is the 3 x 4 matrix whose rows are the coefficients of Y5, Y3 and Yj.
We consider the 3 x 3 matrix Bjs3 obtained from B by crossing out its last column.
Condition implies R
D1g3 = det(B123) = 0. (5.29)

We compute

Diog = ITI3 (e372 — c273)7373[—3Niwy} — (211 + Is)onm (43 +13) + U1 (398 + 3 +13)]-

One immediately sees that the condition leads to co = ¢35 = 0, which together
with I, = I3 leads to the Lagrange case. Thus a partial integral of type 4 does not exist.

The results from Secs. [5.2.1] and [5.2.2] show that we have completely studied all the
four cases of the basis . Now from Theorem we conclude that apart from the
Goryachev—Chaplygin case (I; = Io = 4I3, (¢1,¢2) # (0,0), ¢ = 0 or Iy = I3 = 415,
(c1,¢3) # (0,0), ca = 0 or Iy = I3 = 414, (c2,¢3) # (0,0), ¢1 = 0), the Euler—Poisson
equations restricted to the invariant manifold {H; = U} never have a partial integral
depending on at most four variables.

5.3. Invariant manifold {H2 = 0}. We will now study what happens on the sub-
manifold {H; = 0}. Here we proceed as in Sec. We should stress the easily seen but
important fact that now a first integral belonging to case (iv) from Table does not
exist because all possible eliminations from the equation H, = 0 are eliminations of some
i, 1 <4 < 3. We consider here the elimination of 3. The completely analogous results
concerning the elimination of 71 or 7 follow from Theorem [2:2] But they can also be
obtained in exactly the same way as the elimination of 3 that we describe below.
Let us express 3 from the equation Ho = 0. We obtain

3 =1/ 7% — 3. (5.30)
s is now considered as an algebraic function (see Sec. [4)) of (y1,72).
Putting the expression for 73 from in the Euler—Poisson equations and
removing the sixth equation we get

dw; (I — I3)wows + c372 — coy/—1F — 13

dt I 7

dwy (I3 — Iwiwg + c1y/ =77 =73 —esm

dt I ’

dws  (I1 — I)wiws + 271 — c172 (5.31)
dt I ’

% = W32 — W24/ —’72 - 72
dt Lo
dy2 /

—Q =W —Vf - ’Y% — W371-

dt
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Looking for a first integral of system ([5.31) which depends on at most four variables
we come to the following five possible cases:

F(wi,wa,ws,71) (case (i)).
F(wi,wa,ws,72) (case (1)).
F(wr,wa,71,72) (case (ii)).
F(wr,ws,71,72) (case (iii)).
F(ws, ws,71,72) (case (iii)).

Uk o=

It suffices to examine functions of types 1, 3 and 5.

Type 1. Here we use the idea from [|67] applied for the proof of Theorem 1.1.B there. Let
us look for a first integral of system (5.31)) that is of type 1, F(w1,ws,ws, 1), i.e. which
does not depend on ;. Thus F' satisfies the following identity:

dj _ (Iy — I3)wows + c37v2 — CQ\/W 8i

dt I Owy
n (Is = I)wiwz + c1y/ =7 =15 —esm OF
I Owa
L -1 - OF oF
+ th 2)urisn & e = erys + (w372 — w2 \/’Y—’Yz) =0,
I3 s om
or equivalently
dF
E=72Y1 +mYz F)+Y3(F)=0, (5.32)
where Y7, Y2 and Y3 are the following vector fields defined in C* = C*(wy, w2, w3, 71):
C3 8 C1 8 8
v, =3 2 1 -
= I1 8w1 13 a(AJ3 +w3871’
co 0 ¢ 0 0
Ys = 2 Y + 1

Il 8w1 .[2 8702_“)28771’

v, = 2= Is)waws 9 n (Is — I )wiws — ez 0 n (L — L)wwe + om0
3 Il 8(.4}1 IQ (9&12 13 8(.4}3.

(5.33)

Let us write (5.32)) in the following way:
1Y1(F) + Y3(F) = =V =97 =73 Ya(F

Squaring the last equation we obtain
B YV1(F)? + Ya(F)?] + 2921 (F)Y3(F) + 77 Y2 (F)? + Y3(F)* = 0, (5.34)

where Y7 (F'), Y2(F) and Y5(F') depend only on (w1, ws,ws,¥1).

As is an identity with respect to all the variables wy, ws, w3, ¥1 and -9, the
same concerns . Moreover, is a polynomial with respect to v5 because the
coefficients of the powers of 75 do not depend on .

Let us fix wi, we, wy and 7 # 0. We prove that

Yi(F) = Y3(F) = Y3(F) = 0. (5.35)

For this purpose, we examine the polynomial (5.34), studying two cases separately.
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Case (A): The first two coefficients of (5.34) vanish. That means that
Yi(F)? 4+ Ya(F)? =0, Yi(F)Y3(F) = 0. (5.36)

Thus either Y (F) = 0 or Y3(F) = 0. If Y1 (F) = 0, then from the first equation of
one obtains Y>(F) = 0 and thus from (5.34), Y3(F) = 0. If Y3(F) = 0, then from
one has v2Y5(F)? = 0. As 42 # 0, we get Y3(F) = 0 and thus also Y7 (F) = 0. Thus in
case (A), holds.

Case (B): At least one of the first two coefficients of is non-vanishing. In this
case is a first or second order non-zero polynomial in 7. For fixed (w,~1) such a
polynomial admits at most two roots. But this contradicts the fact that for these (w,~1),
is identically satisfied for all s.

This proves that Case (B) cannot occur and consequently implies .

Let us compute the Lie bracket Y3 = [Y3,Y3]. We obtain

(12 - Ig)Clw:)) 8 (Il - [3)62603 + IlcchQ 8

Y, = — _—
4 ,[1[2 60.)1 + 11]2 6w2
n LI — I)eiwy + Ir(Iy — 21 )cows O n (Is — I)wiws —czm1 O
11[213 8(.4}3 12 8’71 '
Equations (5.35]) imply that Y4(F) = 0 so that we have
Yi(F) = Ya(F) = Y5(F) = Ya(F) 0. (5.37)

Equations (5.37) can be considered as a system of four homogeneous linear algebraic

equations with unknowns grad F' = ( %’ %’ «%1’ %)’ which do not vanish identically.
As in Sec. we should equate to zero the determinant D of the 4 x 4 matrix A of

the coefficients of system (5.37)). We compute

D LIy(I — L) cawiws — I1T5(211 — I — I3)cacswiwiws

- 1512213[

+ 11]2(11 — Ig)c§w1w2w§ + 11]2(12 — ,[3)01030.)2(03

+ Il (Il — Ig)([g — Ig)clcgwfwg + Il (IQ — 13)616203001(,03’}/1

— 12(12 — 13)(11 — [2 + Ig)clcgwgwg — 12(11 — 12)626300%71

+ (211 — I — I3)c3eswawsys — (Inlact + I Incy — IiIzci — Inlscs)cawiml.
It is identically equal to zero and therefore all of its coefficients should be zeros. D is
a polynomial in wq, ws, w3 and 7; having ten monomials and thus with ten coefficients
depending on Ze. It is clear that solving the equation D = 0 is equivalent to finding all
values of the parameters Zc for which the ten coeflicients of D are zero. To solve this
system of ten equations we proceed as in Sec.

After three consecutive simplifications of the source system we obtain the reduced
system having five equations:

(I = I2)es =0, Iy —I3)ca =0, (I2—1I3)coc3 =0,
(IQ - 13)0163 = 0, (IQ - 13)0162 =0.

We solve these five equations by the MAPLE command solve and obtain the following
four solutions:
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11212701202:0,
1121370120320,
L =1=1;,
62263:0.

The first three of them lead to the Lagrange and kinetic symmetry cases. We should
study only the fourth solution.

Let ¢ = ¢3 = 0. In this case Y, depends on Y7, Y5 and Y5 and system has a
solution grad Hs. However, H3 is not a fourth integral. Thus, if a fourth integral F' exists,
system has at least two linearly independent solutions. We consider the 3 x4 matrix
A of the coefficients of this system. It is clear that our problem has a solution if and only if

rank A < 2. (5.38)

Now we are going to study when is fulfilled. For this purpose we calculate all pos-
sible determinants of order three which can be obtained from the matrix A. For 1 <3 <4
we denote by D; the determinant of the matrix obtained from A by crossing out its ith
column. We have

I, —I3)c I, —I3)c
Dl = 77( 21215) 10J1W2W3, D2 = 7( QIII;) 1(,0%(.«)3,
(IQ — 13)61 2 (I2 — 13)6%
Dy =——"—"— Dy=—-—"7-7-"— .
3 1112 (.AJQ(U3, 4 Il ,[213 095510953

It is easy to see that the equations D; = 0, 1 < ¢ < 4, are satisfied only if either
c1 = 0, which together with c; = ¢3 = 0 leads to the Euler case, or Is = I3, which leads
to the Lagrange case.

Thus a partial integral of type 1, i.e. F(w1,ws,ws,71), does not exist.

Type 3. Let us look for a first integral of system (5.31)) of type 3, F(w1,w2,71,72), i.e.
one which does not depend on ws. Thus F satisfies the following identity:

dF (I3 — I3)wows — cay/—71 — 73 + c3y2 OF
= i

dt Owr
4 U= hjwiws + ey -1 -1 —em OF
I2 80.)3
S5 5 OF T 5 OF
+ (w372 —waV =77 — 72)8771 + (V- -7 — w371)87,y2 =0,
which can be presented in the following way:
dF
—r =wsYi(F) + Yo(F) =0, (5.39)
where Y] and Y, are the following vector fields defined in C* = C*(wy,wa, 71, 72):
IL—1 3] Is—1T 0 0 0
y,= L= lee 9 (s-lje 0 0 9
Il (9(4)1 IQ 8&12 8’}/1 (972
Y, = 2V - —csy2 O ICRY M- -an 0
N I 80.)2

Il 8w1 2
0 0
—wa/ =7 — 722871 +wiy/ 1 - 722372-
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As (5.39) is an identity with respect to all the variables and as Y7 (F') and Y2(F) do
not depend on w3z we have

Yi(F) = Ya(F) = 0. (5.40)
We compute the Lie brackets Y3 = [Y7, Yg] and Yy = [Y1, Y3] and obtain

Y = (Is = I2)eiy/ =7 — 73 — Isesm (L= I3)ea/ =7 — 3 + Izesye

.[1]2 8w1 I1I2 870.)2
4 (117]27[3)(&11\/7’}/%*’)/22 0 (Il IQ+13 LUQ\/ 72 0
I 3’71 vy’
v, — Iscs(Iy — Iy — Is)ya + (11 — Is) (I — I3)can/—7F — 722 0
4 11[2 8w1
Iscs(Iy — Iy 4 Is)yy — (It — Is) (1o — I3)er /=3 — 73 O
+ 2
111 Ows
+ (2]1[2—{-[2[3—2[%—{-]:; 11[3 \/—’71 ’)/2 (9
L, om
+ (2]1 —2]1[2—13 —11[3+1213 \/—’}/1 72 8
Ilfg 3’}/2

Equations (5.40) imply that
Y3(F) =Y4(F) = 0. (5.41)

Equations (5.40) and (5.41) can be considered as a system of four homogeneous linear
algebraic equations with unknowns grad F' = ( SF , gF , g—F, g—F), which do not vanish
w1 w2 Y1 2
identically, because F' is non-constant on any open subset of its domain of definition.
If a new integral F' exists, system ([5.40) - 5.41)) has at least one non-zero solution. As
in Sec. [5.2| we consider the 4 x 4 matrix A of the coefficients of this system. The condition
under Wthh system ([5.40) - ) has at least one non-zero solution is rank A < 3.

Therefore we equate to zero the determinant D = det(A) and study when the identity
D=0 (5.42)

is fulfilled. We compute

1+ A ) /
D= 11313321), where D = Dyy/—7? — 43 + Ds.

The expressions for Dy and Dy are polynomials in wy, we, 1 and ~s.

It is clear that (5.42) is equivalent to D = 0, that is, Di\/—? -3+ Dy = 0. If
D, = 0 identically, then Dy = 0 identically too. Let us suppose that D; # 0. Then we
have

Dy
D,

Applying Proposition 4.3|to V = —72 —~2 one sees that can never occur because
VV ¢ C(v1,72). Consequently, D1 = Dy = 0. Thus we require that all the coefficients of
D1 and Do be zero. First we consider D;. It has six monomials and thus six coefficients
depending on Zc. We want to find all values of the parameters Zc¢ for which the six

- = (5.43)



The Euler—Poisson equations; partial integrability 43

coefficients of Dy are zero, i.e.
(I, — I3)(21, — Iy — 213)(I; — Iy — I3)co = 0,
LI (Iy — I3) (31 — 31,1, — I I3 + 21513 — 2I3)c; = 0,
LIy(I — I3) (311 Iy — 211 I3 — 313 + Io I3 + 213)cy = 0,
I (212153 + 212153 — 217 15¢2 — 11262 — L1363 — I 1h13¢
— Al IoI3cs + 211 IoI3c3 + 211 I3t + I3 13¢5 — 213 13¢5 + 21515¢5) = 0,
I3(Iy — ) (I — I + I3) (I — 215 + 2I3)c; = 0,
L(I3 1263 + I 1ych — I 3c] + 217 13¢5 — 21 13¢5 — 21, 13¢5
+ L IoI3¢2 — 211 1o I3k + AL IoI3c? — 2111362 + 212 13¢5 — 21,1262) =
After five consecutive simplifications we obtain the reduced system that consists of
seven equations,
(I1 = Ik)es =0, (I1 — I)ciea =0, (I1 — I3)(Ia — 2I5)ca = 0,
(I) = B)(I — 2I3)ca = 0, (I — I3)(Iy — 2I3)c; = 0, (Iy — I3) (I — 2I3)c; = 0,
(I — I3) (I3 — 2I3)coc3 = 0.
Solving this system by the MAPLE command solve we obtain six solutions. After

removing the solutions that lead to the Euler, Lagrange, Kovalevskaya and kinetic sym-
metry cases there remains only one solution

I, =215, I, =213, Is, c1, ca, cg are arbitrary.
Thus we should only consider the case
I =1, =2I;. (5.44)

Under the condition (5.44) we have also Dy = 0 and therefore the vector fields Y;,
1 <4 < 4, are linearly dependent (they satisfy 4Y; + Y2 = 0). That is why we compute
the Lie bracket Y5 = [Y3, Y3] and obtain

_ wi(eam +a1ye) + 203w/ —7F — 95 Hwa(exre —am) 9

Y:
5 413 Owr
wi(e171 — e272) + 2csw1v/ =73 — V5 + wa(cay1 + c172) 0
4[3 8&)2
Lw? + I3w3 — c3/—% — 73 ( 0 G, >
+ 25 - — Mo
213 omn 072
and consider the following four equations:
Yi(F)=0,1<i<3, Ys;(F)=0. (5.45)

As above we equate to zero the determinant A = det(B), where B is the matrix of
the coefficients of system (|5.45)), and study when the identity

A=0

A VTi-aER

812 ’

is fulfilled. We compute
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where

A = c3 (cawiv} + cawirine + cawin Vs + awiys — 2ciwiway; + 2cowiwa Vi Y2
— 2clw1cu271fy§ + 202w1w2’y§ — czwgfyf — clwgfyffyg — Cng'yl’yg — clwg’yg) .

It is clear that the equation A = 0 is equivalent to A =0. It is easily seen from the
expression for A that A vanishes identically only if ¢z = 0 or if ¢; = ¢o = 0. Taking into
account the condition (5.44]) we see that if ¢ = 0 we come to the Kovalevskaya case, and
if ¢; = co = 0 to the Lagrange case.

Thus a partial integral of type 3, i.e. F(w1,wa,71,72), does not exist.

Type 5. Let us look for a first integral of system (5.31)) of type 5, F(w2,ws,¥1,72), i.e.
one which does not depend on w;. Thus F satisfies the identity

dF (I3 — I)wiws + c1/ =77 — 73 —aan OF

dt I Ouws
(Il — Ig)wle + C2v1 — €172 oF
_|_ JE—
.[3 8w3
2 5, OF 2 B oF
+ (w32 —wa V=77 — 72)8771 + V-1 -—7-— W?fyl)% =0,
which can be presented in the following way:
dF

where Y] and Y, are the following vector fields defined in C* = C*(wa, w3, 71, 72):

(I3 —Il)W3 0 (Il —IQ)WQ 0 / 0
Y, = N __ A2 A2 7
! Ig awg + 13 ng * i 72 6’727

Y, = LV —f—vi—c3y1 O | ey —c1y2 O

I Ows I3 Ows
0 0
+ (wsy2 —waV=1F —73) 5— —wsy1o—.
(971 8’}/2

As (5.46)) is an identity with respect to all the variables and as Y1 (F) and Y2(F) do
not depend on wi, we have
Yi(F) = Y3(F) = 0. (5.47)

We compute the Lie brackets Y5 = [Y1,Ys] and Yy = [Y7, Y3] and obtain
Y — (I — Is)coys — Liciye O n (I — L)esyy — liein/ =% — 73 0

I3 Ows I Ows
. L(l = I + I3)weye + (L + I = I3)ws/=7f — 73 0
IPYES om
_ (Ih — Iy + I3)woma 0
I3 0y’
Y, = (Iy = I2)(Iy — I3)eayy — Li(Iy + Iz — I3)cr - — i
122]3 80.}2

(h = L)(h —I3)eoyn — Li(I — o+ I3)ciye O
IQI?? awg
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Il(Il — IQ + 13) + 2]3([2 — 13)

- IIs w32
LI + I — I3) — 2Iy(I — I3) —] 0
- W2V =7 — 2| a5~
I>I3 o
I (I — I I 215(15 — 1. 0
n 1(Iy — I + I3) + 213(1> 3)w371
1213 6'72
Equations ((5.47) imply that
Yo(F) = Ya(F) = 0. (5.48)

Equations (5.47) and (5.48) can be considered as a system of four homogeneous linear

algebraic equations with unknowns grad F' = (STFQ’ 5711, 3%, g%), which do not vanish

identically, because F' is non-constant on any open subset of its domain of definition.

If a new integral F' exists, system ([5.47] - 5.48)) has at least one non-zero solution. As
in Sec. [5.2| we consider the 4 x 4 matrix A of the coefficients of this system. The condition
under Wthh system (5.47)-(5.48)) has at least one non-zero solution is rank A < 3.

Therefore we equate to zero the determinant D = det(A) and study when the identity

D=0 (5.49)
is fulfilled. We compute
—~2 A2 ~
D= %D, where D = D1V =12 — 42 + Ds.
213
The expressions for D; and Dy are polynomials in ws, ws, y1 and 7s.

It is clear that (5.49) is equivalent to D = 0, that is, Di\/—vi -3+ Dy = 0. If
D, = 0 identically, then Dy = 0 identically too. Let us suppose that D; # 0. Then

D
Vo 2= 2 (5.50)

D,

Applying Proposition to V.= —v} — ~3 one sees that can never occur
because vV ¢ C(y1,72). Consequently, D; = Dy = 0. Thus we require that all the
coefficients of Dy and Dy be zero. First we consider Ds. It has 11 monomials and thus 11
coefficients depending on Zc. We want to find all values of the parameters Zc¢ for which
the 11 coeflicients of Dy are zero, i.e.

I3(I, — I)(2I; — 215 + I3) (I} — I + I3)cs = 0,
201315 — I3) (I — L) (1) + I — I3)c; = 0,
2012(I, — I3) (I} — L) (I + I — I3)c; = 0, IpI3(Io — I3)(I1 — I3)cicy = 0,
L3Iy — I3) (1) — I)eies = 0, I3(1 — I3)(Iy + Iy — I3) (211 + Iy — 2I3)co = 0,
I I3(21% — AL 15 + 31,13 + 212 — 21513)cic3 = 0,
I3(2I7 Ihes — AL IoI3c3 — 211 I3¢5 + 211 IoI3c? + 217 I3ch + 21512¢3
— 2N I3c% + [ T3¢ — T313¢5 — I313¢5 4 2L I5¢3 — I, IxI3¢2) = 0,
I I5(20 — I3)(I1 4+ Is — I3)cie2 = 0,
LI3(Iy — 1) (217 — 21115 + I1Is + 31515 — 313)c3 = 0,
LI3(I — I3) (217 + I, Iy — 211 I3 — 313 + 31513)co = 0.
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After six consecutive simplifications we obtain the reduced system that consists of
eight equations,

(IQ — 13)61 = 0, (IQ — I3)C3CQ = 0, (2.[1 — 13)6301 = 0,
(Ig — 13)(11 — 12)63 = O7 (Il — Ig)(2]1 —|— 2[2 — 3[3)63 = O7 (2]1 — 13)0162 = O,
(12—13)(11 —13)02 :07 (2[1 —13)(11 —Ig)CQ :0

Solving this system by the MAPLE command solve we obtain seven solutions. Remov-
ing the solutions that lead to the Euler, Lagrange, Kovalevskaya and kinetic symmetry
cases we obtain only one solution

Ig = 2]1, I3 = 2[1, I]_, C1, C2, C3 are arbitrary.
Thus we should only consider the case
I, =13=2I. (5.51)

Under condition (5.51) we also have D7 = 0 and therefore the vector fields Y;, 1 <
i < 4, are linearly dependent (they satisfy 4Y; + Y2 = 0). That is why we consider the
Lie bracket Y5 = [Y3, Y3] and obtain

caway2 + ws(2c171 — €272) + (cows 4 c3ws)y/—f — 73 O

Y =
5 4.[1 awZ
wa (26171 4 €272) + c3wsy2 — (c3wr — caws) /=77 — 73 0
4[1 awB
Lw? +Lw? —c¢
n 1Wo 1wW3 .,/ 72
26 8
and consider the following four equations:

Yi(F)=0,1<i<3, Ys;(F)=0. (5.52)

As above we equate to zero the determinant A = det(B), where B is the matrix of
the coefficients of system and study when the identity
A=0
is fulfilled. We compute
A=— 8]2A where E:Al\/—'yf—fy%—l—Az.
The expressions for Ay and Ay are the following polynomials in ws, w3, 71 and vs:
A = 0172(—63w§ + 2cowows + 03w§), Ay =y (712 + 7%)(020.)5 + 2c3waws — czwg).

As A = 0, by Proposition we have A; = Ag = 0. As is easily seen, the last
equations can be satisfied only in two cases: when ¢; = 0, which together with condition
leads to the Kovalevskaya case, and when ¢y = c¢3 = 0, which leads to the Lagrange
case. The conclusion is that a partial integral of type 5 does not exist.

5.4. Invariant manifold {H3 = Us}. Here we proceed as in Sec. We first eliminate
ws from the equation
H; = Us. (5.53)
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Then we study the elimination of v3 from (5.53)). The results are presented in the next
two subsections.

5.4.1. Elimination of ws. We express w3 from (5.53)) and obtain
s = \/Us — Lw} — Lw3 — 2c171 — 2¢272 — 2¢373
I3 '

w3 is now considered as an algebraic function of all its variables.
To shorten formulas, we denote the square root ([5.54) by 3 so that

w3 = Q3. (555)

Now we insert this form of ws in the Euler—Poisson equations (|1.1)) and remove the
third equation. In this way we obtain the following system of five differential equations:

(5.54)

dwi (2 — I3)wafd3 + c372 — 273
dt I ’
dwy (I3 — I)wifds + 173 — e3m
dt I ’
% = Q372 — w273, (5.56)
a2
dt
s
dt
There are five possible types of first integrals of this system which depend on at most
four variables. They are:

= w173 — 2371,

= W21 — wW17Y2-

F(wy,wa,71,72) (case (ii)).
F(wi,w2,71,73) (case (iii)).
F(w1,wa,72,73) (case (iii)).
F(w1,71,72,73) (case (iv)).
F(wa,71,72,73) (case (iv)).

It is then sufficient to examine functions of type 1, 2 and 4. Afterwards, eliminating
3, we will be able to study functions belonging to case (i), F(w1,ws,ws,¥1).

CU W

Type 1. Let us look for a first integral of system ((5.56]) that does not depend on ~s, i.e.
of type 1. Let us suppose that F'(wi,ws,¥1,72) is such a first integral. Then

dF oF
IlIQE = IQ[(IQ — Ig)UJQQg + c37v72 — 6273]870.}1
oF
+ Il[(I3 — Il)wlﬂg + C17Y3 — 03")/1]87
wo
oF
+ 11 15(Q37y2 — w273)8 + hila(wiys — Q)5 — =Yi(F) =0,  (5.57)
71 8’72

where Y] is a vector field, defined on C®(wy,ws, Y1, V2,73)-

Equation (5.57)) is an identity with respect to all the five variables. F does not depend
on 3. Thus if we differentiate this identity with respect to 3 we again obtain a linear
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partial differential equation for F'. Let us note that from (5.54) and (5.55) it follows that

8(23 _ C3
073 I3Qs°
In this way we deduce from (5.57) that
oY (F F
1303 1( ) = —12(13(3293 + Ircgws — Igngg)i
073 Ow1
oF OF
+ I (I1czwy — Izc3wy + 136193)87 — I I (c3yo + I3wef3) -—
(095) 671
OF
+ Illg(lgleg + 0371)87’)/2 = }/Q(F) = 0, (558)
where Y5 is a vector field, defined on C®(wq, w2, Y1, V2,73)-
We differentiate (5.58)) and obtain
Y (F) oF oF oF oF
Q) = Ioco— — Ihey— + [1Iowo— — I1Iowi— ) = Y3(F) =0, (5.59
3 s C3 2028w1 1C1 Do + 1y 2w2371 11201 9vs 3(F) , ( )

where Y3 is a vector field, defined on C®(wy,wa,v1,v2,73)-

When c¢3 = 0, Y3 vanishes identically. Therefore we consider two cases separately:
c3 # 0 and c3 = 0.

First let c3 # 0. Then we compute the Lie bracket Yy = [Ya, Y3]/(I1I2¢3) and obtain

OF oF
Y4(F) = _Cl(IQ — Ij)TM — 02(11 — 13)67@
OF
+.[1wl(117[27[3)5712602(_[1712‘%]3):0. (560)
1

Equations (5.57)—(5.60) can be considered as a system of three homogeneous linear

algebraic equations with unknowns grad F' = (g—i, g—i, %7 %)’ which do not vanish

identically, because F' is non-constant on any open subset of its domain of definition.

Thus, if a new first integral F' exists, system f has a non-zero solution
grad F'. This is possible if and only if the determinant D of the coefficients of equations
f is identically zero. We compute this determinant and obtain

D = I?136D,
where
D =11 — I3)(I) — Iy — I3)wiyy — I, (Iz — I3)(I) — Iy — Is)w?wom
— L —I3)(L — I+ Is)wlwivz + Lico(I — Iz — IS)WI'Y%
— L (I — 2L)wimye — Laea(lh — I)wiys + (I — I3) (1) — Is + I3)wim
+ Iici (Ia — I3)wa} + Taca(Io — 2I3)wamive + Tocr (It — Iz + I3)wss.
It is clear that the equation D = 0 is equivalent to D =0.D =0 has ten coefficients,
so they should all be zeros. In this way we obtain a system of ten equations for the

parameters Zc.
After three consecutive simplifications we come to the reduced system

6120, 82:0, 12—13207 11—13:0,
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which obviously leads to a particular case of the kinetic symmetry case. Thus a partial
integral of type 1 does not exist when c3 # 0.
Let ¢5 = 0. Now Q3 does not depend on v3 and Y7 (F) is of the form (see (5.57)))

Yi(F) = Z1(F)vs + Z2(F)Qs, (5.61)
where the vector fields Z; and Zs, defined on C*(wy, ws,y1,72), are as follows:
0 0 0 0
1= —Isco— + 1T — I I I I
1 2C2 o + ey 7— g 1 2u12a + 1h 2w18 v’
0 0 0 0
Lo = I5(Iy — I Ii(Is—1T I I — I I
2 2(12 3)w28 + I (I3 1)6«11a + I 272&y 1 2718 N
Equation (5.61) implies that
Z1(F) = Zy(F) =0. (5.62)

We compute the Lie brackets Zs = [Z1, Zs]/(I112) and Zy = [Z3, Z3] and obtain

0 0
J3 = (12 — 13)817 + (Il 13)02

8w1 Ow (0]
—11(11—12—13)w1i+12(11 I + I3)wa-— 0
om o2’
Zy = —Izcp(Iy — I3) (1 — Ig)i + Liey(Io — I3)(1 — 13)i
8w1 &ug

)
—AMHJFJMVQ@+QA+@MQT
1

)
— L (217 — 21105 — LI + a3 — I3)wi - —

Oy
Equations imply that
Z3(F) = Zy(F) = 0. (5.63)
Asin the case c3 # 0, the system of equations and is a linear homogeneous
system that has a non-zero solution. Thus the determinant § of its coefficients should

vanish identically. We compute
§ = 12139,
where
6 =121 — I3)(2I) — I — 2I3) (I, — I — I3)cow?
+ I Io(Iy — I3)(21315 — 31115 + 317 — I31) — 213)ciwiws
+ L Io(I) — I3) (31 Iy — 21, I3 + Io Q3 — 313 + 212) cow w3
— 121 — Iy — 2I3) (11 Isc + I Ics — I T3¢t — Ind3c3)wiye
— 131y — I3) (I — 21 + 213) (I — Iy + I3)cyws
— I(I) — 21y + 2I3) (I Ipc3 + I Iac — I I3¢3 — Iol3c2)ways .

The equation § = 0 is equivalent to 5 = 0. Thus the six coefficients of & should be
zeros. In this way we obtain a system of six equations for the parameters Ze. After five
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consecutive simplifications we come to the reduced system consisting of the following five
equations:

(I1 — I)ciea =0, (I1 — I3)(Io — 2I3)ce =0, (11 — I3)(I1 — 2I3)ce = 0,
(I — I3)(Iy — 2I5)c; =0, (Iy — I3)(I1 — 2I3)c; = 0.
We solve them by solve and obtain five solutions:
{L=hL, =10, Is=13, ¢y =0, cg =0},
=13 Ir=1 I3=13, c; =0, c2 = ca},
{h=h, L=1I I3=13, ¢c; =c1, ca =0},
{I, =2I3, Iy =2I3, Is =13, ¢ =¢1, ¢ca = Ca},
{h=1I3 Ih=1I3, Is=1I3, ¢; =c¢1, ¢ = ca}.
Taking into account that now c3 = 0 we see that the first of these solutions leads to
the Euler case, the second and third to the Lagrange case, the fourth to the Kovalevskaya

case, and the last one to the kinetic symmetry case.
Thus a partial integral of type 1 does not exist also when cg = 0.

Type 2. Let us study now a first integral of type 2, i.e. F(wi,ws,v1,73). We have

dF oF
11]2E = I[(I2 — I3)w2Qd3 + c372 — C273]aTJ1
oF
+ Il[(IS - Il)wlﬂB +c1vs — 63%]87
w2
oF oF
+ 11 15(Q3y2 — ways) 57— + L1 Lo (wayr — wiye) 57— = Yi(F) =0, (5.64)
671 873

where Y7 is a vector field on C3(wy,wa, 1,72, 73)-

Equation is an identity with respect to all the five variables. F' does not depend
on 2. Thus if we differentiate this identity with respect to 72 we again obtain a linear
partial differential equation for F'. Let us note that

893 - C2
Oy I3Q3

In this way we have
7 (F)
2

oF oF
= Iy (I3¢303 — Iacows + -7362C«12)67w1 + (L — -73)026018702

OF OF
+ I Iy (—corys + 1393)6)71 - Ilfzfgwlgga—% =Y(F)=0, (5.65)

.[393

where Y5 is a vector field on C3(wy,wa, 1,72, 73)-
We differentiate ([5.65)) with respect to v and obtain

Q3 OYa(F) OF oF oF\ B
A ca| c3 Do + 3103 o Lw v Y3(F) =0, (5.66)

where Y3 is a vector field on C3(wy,wa, 1,72, 73)-
When c; = 0, Y3 vanishes identically. Therefore we consider two cases separately:
co # 0 and ¢ = 0.
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Let first co # 0. Then we differentiate (5.66|) with respect to v, and obtain

Qs OY3(F) OF
=— =Y, (F)=0. .
3[10% 872 8’}/1 4( ) 0 (5 67)

Equations f can be considered as a system of four homogeneous linear
algebraic equations with unknowns grad F' = (8’9—51, g—fz, g—i, %)’ which do not vanish
identically, because F' is non-constant on any open subset of its domain of definition.

Thus, if a fourth integral F' exists, system 7 has a non-zero solution grad F'.
This is possible if and only if the determinant D of the coefficients of f is
identically zero. We compute

D = I?I,c3w, D,
where
D = ey(I1 — I3)wiys — c3(Ih — L)wayi — e1(fo — I3)was.

The equation D = 0 is equivalent to D=0. Thus, as ¢o # 0, the first coefficient of D
vanishes identically if and only if I; = I3. Under this condition the remaining two terms
vanish if either Iy = I3 or ¢; = ¢3 = 0. The first possibility leads to the kinetic symmetry
case, and the second to the Lagrange case.

Thus a partial integral of type 2 does not exist when cy # 0.

Let ¢ = 0. Now 3 does not depend on 7y, and Y7 (F) is of the form (see (5.64))

Yi(F) = Z1(F)v2 + Z2(F)s, (5.68)
where the vector fields Z; and Zs, defined on C*(wy, ws,v1,73), are given as follows:
0 0 0
Z1=1 11,9 — I1 Iowi —
1 2038 + 111 387 12w1873’
0 0
Zy = Ir(I2 — I3)wo Q3 n— + 11 [(I3 — I1)w1Q3 + c173 — e3m) 53—
Own Ows
0 0
— L1 hwayz m— 7, + I1lowoyr -— e
Equation ([5.68]) implies that
Z1(F) = Zy(F) = 0. (5.69)
We compute the Lie brackets Z3 = [Z7, Zs]/(I112) and Zy = [Z5, Z3]/I5 and obtain
0 0
Zs=—Iy(Iy — I —— + [I3¢305(13 — 21 I I —2I3)] —
3 2(12 3)Clw28w1 + [I3¢323(13 1) + Liciwi (I 3)] Do

0 0
—11]2(11 IQ _13)(.01(«02%+1213(Il+12_13)w293

s’
0 0

Zy=017—+as— G3W_Q4W’
1 2

8 a(UQ
where
[ (IQ — 13)[—11(211 — 13)630.)% + 11[3610.)193 — 12(311 — IQ — 13)030)%
— (81 — 2I3)ci1c371 — (Ilc? + 4]10?)) — 2]303)73 + (21, — I3)c3Us),
a9 = —IchJQ[Il(QIl - 2]2 - 13)63(,01 + 13(11 + 2[2 - 2]3)0193],
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as = L[L(I — L)1 — I — I3)wiQs + L1 (I — I — Is)cswiyn + Ii (I — I3)ciwiys

— Iy(I1 Iy — 21 I3 — I3 — IyI3 + 213)w3Qs — I3(211 — I3)c3y393),
ay = L[L (I — )1 + Iy — I3)wi + (317 — 41 I3 — I3 + I3)w w)

+ (I? 4 211y — 21113 — 21513 + 213)crwiyy + 2(11 — I3) (11 4 Is — I3)cswiys

—(Iy = I3)(I1 + Iy — I3)Uswy + Is(I1 — I2)esyi Qs + Is(Ly + Is — I3)e1y3€3).
Equations imply that

Z3(F) = Zy(F) = 0. (5.70)

Asin the case ¢o # 0, the system of equations (5.69)) and (5 - ) is a linear homogeneous

system that has a non-zero solution. Thus the determlnant ¢ of its coeflicients should
vanish identically. We compute

§ = IPI3w3030,
where

8\: 13Q3b1 + T1wqbs.

b1 and bs are polynomials in wi, wy, 71 and 73 with coefficients that depend on the
parameters Zc and Us. They are given by

by = —2@ci(Iy — I3) (I — I3)(211 + I — I3)w?
— Iy(Iy — I3) (I, + I — I3)(Iy 4 215 — 2I3)c w3
— (I1 + 21y — 2I3)(I1 Ioc3 — I I3¢3 + I Isch 4 213¢3 — AlsIsch — Iolzch + 21563y
—2c3c1(Iy — Is)(I1 + 12 — I3) (I + 215 — 213)ys
+ (Iy — I3)(Iy + Iy — I3)(I; + 21 — 2I3)c, Us,
by = 21, (I} — I3)(I; — I,)(I; — Iy — 2I3)c3w?
+ Io(I) — 1) (21 I — 31, I3 — 213 — Io 135 + 313)caws
+2(I1 — L) (=311 I3 4+ 2111, + 313 — Iy I3 — 213)cicsm
+ (27 15(c3 4 2¢2) — 211213(03 +4ck) — 2 13( +4c3) + L I I3(c3 + 8¢2)
+ LI3(cE +7c3) +4lycs — TLI3c3)]vs
— (I — L)(2LL I, — 31113 — 213 — IoI3 + 313)c3Us.
The equation § = 0 is equivalent to 5=0.0 depends on the function 23 and it is
easy to see that Q3 ¢ C(w1,ws,71,73). Thus according to Proposmlonu 3| the coefficients
b1 and by of 8 should be zeros. In this way we obtain a system of ten equations for the

parameters Zc¢ and Us. After four consecutive simplifications we come to the reduced
system consisting of the following five equations:

(It = I3)cres =0, (21 — I3)(I1 — Ix)es =0, (I — I3) (211 — 313+ 2L5)c3 = 0,
(2L — I3)(Is — I3)e; =0, (I —I3)(Iy — Is)e; = 0.
We solve them by using solve and obtain six solutions:

{L=hL, =10, Is5=13, ¢y =0, ¢c3 =0},

{li =1, Iy =1, I3=1I3, c1 =0, c3 = c3},
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{Lhi=0, I=13, I3=13, c; = ¢, c3 =0},
{l =215, Ir =1, Is=2I5, ¢ =0, ¢35 =c3},
{L =13 L=13/2, Is=13, c1 =1, ¢c3 = c3},
{L =13 Ir=13, Is=15, ¢ =¢1, c3 =c3}.
Taking into account that now co = 0 we see that the first solution leads to the Euler
case, the second and third solutions lead to the Lagrange case, the fourth and fifth to the

Kovalevskaya case, and the last one to the kinetic symmetry case.
Thus a partial integral of type 2 does not exist when ¢o = 0 either.

Type 4. Let F(w1,71,72,73) be a new first integral of type 4. Thus we have

dF OF oF
1'1% = [({2 — I3)wafd3 + c372 — 02’)’3]7&}1 + (372 — wﬂg)ia’h
OF oF
— Il(Qg"}/l — wl’yg)— —+ Il(w2’71 — wl’yg)— = Yl(F) = 0, (571)
072 03

where Y} is a vector field on C3(wy,wa, 1,72, 73)-

Equation is an identity with respect to all the five variables. F' does not depend
on wy. Thus if we differentiate this identity with respect to wo we again obtain a linear
partial differential equation for F'. Let us note that

20 __Iwy
aWQ - 1393'
In this way we have
oY1 (F oF oF
139 &52 ) _ (Iy — I3) (1393 — IZWS)TM — I (Tawayz + 137393)8771
oF oF
+ .[1]2(4)2’)/16 —+ Ilfg’Ynga s YQ(F) =0, (572)

where Y5 is a vector field on C®(wy,wa, Y1, Y2, 73)-
We differentiate (5.72)) with respect to ws and obtain

o, OYa(F) OF OF

= —415(15 — I Q33— — LI Q3 — —_—
3 Do 2( 2 3)w2 35,(*11 1 2(72 3 w273)871
oF oF
+ L1 1o Q3 — — L1 Towey1 7— = Y3(F) =0, (5.73)
572 5”73

where Y3 is a vector field on C®(wy,wa, 1,72, 73)-

Let us note that the first integral Hs is of type 4, i.e. it satisfies system (5.71))—
. Thus if a new first integral exists, then this system will have two non-zero linearly
independent solutions grad Hy and grad F'. This is possible if and only if the 3 X 4 matrix
M of the coeflicients of system f satisfies the condition

rank M < 2. (5.74)

We compute the determinant M4 obtained from M by crossing out its third column
and obtain
Moy = 171379 Moy,



54 J. Moulin-Ollagnier, S. I. Popov and J.-M. Strelcyn

where
Mgy = Q3by + bs.
Here the coefficients b; and by are the polynomials given by
by = (I — Is)(—[hwiye + 3Liwiwsy + 2wiwdye — 2c1w17172 — 2C2w173 — 2€3w17273
+ Uswiyz + 6c1weyi + 6eawsy1yz + 6eswayiys — 3Uswam),
by = =311 (Iz — I3)wiwyys — Ticswiniye + licowimys — 2L(Iz — Is)wiw3 s
—6(Iy — I3)crwiwayiys — 6(I2 — I3)cowiwayays — 6(I2 — I3)cawiways
+ 3(I — I3)Uswiways — 2c1c373y2 + 2c1c27373 — 2¢2¢37178 + 2(c3 — c2)y17273
+ c3Usv172 + 2cac3m173 — c2Us7173-
Taking into account , ]\7124 should vanish identically. According to Proposi-
tion the coefficients b; and bs should be zeros because Q3 ¢ C(w1, w2, 71,72,73). The
polynomial b; has 11 coefficients and by has 15. We only use by = 0. In this way we

obtain a system of 15 equations for the parameters Zc and Us. After two consecutive
simplifications we come to the reduced system

CQZO7 6320, 12—1320.

This leads to the Lagrange case, and therefore a partial integral of type 4 does not
exist.

5.4.2. Elimination of «3. We now study the elimination of -3 from equation (5.53)).
In this section we suppose that cs # 0 because otherwise the elimination is not possible.

We obtain
U3 — Ilw% — IQW% — 130.)% — 261’}/1 — 202’}/2
Y3 = .

e (5.75)

To shorten formulas, we denote the right side of (5.75) by I's so that v3 = I's.
Now we put this value of v3 in the Euler—Poisson equations (|1.1)) and remove the sixth
equation. In this way we obtain the following system of five differential equations:

dw1 (IQ — Ig)bdg(dg + 63’)/2 — CQFg

dt I ’

dwy (I3 — I)wiws +a1l's — csm

dt I, ’

dws (I = Ip)wiws + com — €172 (5.76)
dt I3 ’

d

% = w32 — wal’s,

d

% = w1l's —w3.

There are five possible types of first integrals of this system which depend on at most
four variables:

L. F(wi,ws2,ws,71) (case (i)).
2. F(wi,ws2,ws,72) (case (i)).
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3. F(wi,w2,v1,72) (case (ii)).
F(wi,ws,71,72) (case (iii)).
5. F(wz,ws,71,72) (case (iii)).
As the functions belonging to cases (ii) and (iii) have already been examined, it only

remains to study functions belonging to case (i).

Type 1. Let us look for a first integral of system (5.76) of type 1, i.e. F(wy,ws,ws,y1).
Then we have

e

dF oF
1'11'2[3% = LI3[(Iz — I3)waws + c3772 — 02F3]6Tul

+ L1 I3[(I3s — I)wiws + c1l's — cam]

aLUQ
oF
+ L L[(I — L)wiws + cay1 — 0172]87
w3
oF
+ 11[213((,03’72 - w21"3)8—% = Z(F) - 0, (577)

where Z is a vector field on C°(wy,ws, w3, Y1,72)-
The vector field Z is of the form Z = 2Y77, + Y5, where the polynomial vector fields
Y; and Y are defined on C*(wq,ws,ws, 1) as follows:

0 0 0 g
Y, = LI3(c3 + cg)a—w1 - Illgclcgﬁ—wg - 1112010387@, + I 2 I3(cows + 03W3)5TY17

0
Y2 = I2]3[02(I1w% + IQOJ% + Idwi + 201’}/1 — U3) + 2(.[2 — IS)CSWQUJ?’]TM

0
— 11]3[61 (Ilwf + IQUJS + Ig(x)g + 261’}/1 — Ug) + 2(.[1 — 13)630.)1603 + 26%’}/1}67“}2

0
—+ 2[1[263[(]1 — Ig)w1w2 —+ 0271]870.}3

0
+ 11]213(11(.4]% + Igwg + Igwg + 201’}/1 - U3)W2W.
1

Taking into account that ((5.77)) should be an identity with respect to all the variables
and that F' does not depend on ~5, we conclude that

Yi(F) = Ya(F) = 0. (5.78)
We compute the Lie bracket Y5 = [Y7, Ya]/(2111213) and obtain

0
)/3 = [121302(03 + cg)wl — 12(12 — Ig)Clcg{.«JQ — 13(12 — .[_3)616203(&)3]87Wl

—+ [Ilcl(Ilcg — Igcg — 2]30%)&)1 — Ilfgcgc§w2

0
- Ig([lcg + 2[10% - Igcg - 1365)630.)3]7
(9(4)2

— 3|1 (11 — I)ercowr — In (211 ¢ + I3 — Iach — Iocl)ws — 11I20362w3]a—%
" [IQ(Ilcg — Irycs — Izc3 — Igcg)wle

0
— I3(I1 — I3)cacgwws + (Iz — 13)020371]W~
1
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Then we compute Yy = [Ya, Y3]. Unfortunately, the expression for Yy is too long to be
given here.

Equations (5.78) imply that
Y3(F) = Yi(F) = 0. (5.79)

System (5.78)—(5.79)) can be considered as a homogeneous linear algebraic system with

unknowns grad F' = (%’ g—i, g—i, 86%)7 which do not vanish identically, because F' is

non-constant on any open subset of its domain of definition.

Thus, if a fourth integral F exists, system (5.78)—(5.79)) has a non-zero solution grad F'.
This is possible if and only if the determinant D of the coefficients of this system is
identically zero. We compute

D = I}I3I3c3D,

where D is a very long expression that we cannot give here. This expression is a polynomial
in wi, we, ws and 7y; with 79 coefficients, which are polynomials in the parameters Zc
and Us. As ¢z # 0 the equation D = 0 is equivalent to D = 0. Thus all the coefficients
of D should be zeros and we have to solve the corresponding system of 79 equations.

After three consecutive simplifications we come to the reduced system of six equations

(12 — 13)82 = 0, (Il — 13)62 = O, (Il — 13)01 = 0, (2[2 — 13)(11 — IQ) = 0,
(Il — IQ)(2I1 + 215 — 3]3) =0, (2]2 — Ig)([g — 13)01 =0.
Solving these equations by solve we obtain four solutions
{Us=Us, h =1y, I, =13, I3=13, ¢c; =0, c2 =0, c3 =c3},
{Us=Us, Iy =13, Iy =13, I3 =13, ¢1 = ¢y, 2 =2, €3 = c3},
{Us=Us, Iy =21, Iy =15, I3 =213, ¢; =0, ¢2 =0, c3 = c3},
{U3 = Ug, Il = 13, IQ = 13/2, Ig = 13, C1 =C1, C2 = 0, C3 — 03}.

The first solution leads to the Lagrange case, the second to the kinetic symmetry case,
and the remaining two solutions to the Kovalevskaya case.

Thus a partial integral of type 1 does not exist.

6. The gyrostat

6.1. The gyrostat equations. These equations are only slightly modified Euler—Poisson

equations (1.1J):

dw

117; = (Iy — I3)wows + bswa — bows + Mg(c3ya — c273),
dLUQ

bﬁ = (I3 - Il)“lw?) + biws — bawi + M9(0173 - 6371)7 (6-1)
dLU3

Ii—= = (I — Iz)wiwa + bawi — biwa + Mg(cay — c172),

dt
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@ =w — wary

at 372 273,

d

% = w17v3 — W31, (6-1)
% =w — w17y

dt 271 172-

Just as the Euler-Poisson equations, we study them in the complex domain, and without
any restriction of generality, we assume that Mg = 1.

Just as for the Euler—Poisson equations, Hy and Hj3 defined by continue to be
first integrals of the gyrostat equations . This is no more true for H; defined by .
The area first integral for the gyrostat is

Hy = Liwiyi + Iawaya + Iswsys — biyr — baya — bays. (6.2)

Up to the end of Sec. @ H; is defined by and is a first integral of . The first
integrals Hy, Ho and Hj are always functionally independent.

Formally the definition of permutational symmetries cannot be applied to the the
gyrostat equations because the numbers of variables and of parameters do not coincide.
But in fact it is easy to see that all permutational symmetries of the gyrostat equations,
like for Euler—Poisson equations, coincide with the symmetric group Ss, where the same
permutation is simultaneously applied to variables {wy,ws,ws} and {v1,7v2,vs} and to
the parameters {I, I, Is}, {b1,b2,b3} and {c1, ca,c3}. It is easy to verify that property
(2.2)) remains true, that is,

Vk(a(w)7 0(7)’ 0(1)7 U(b)’ O(C)) = evo'(k) (wa V. 1, b, C),
Wk(a(w)ao—('y)) = 5W0(k)(wu'7’)v 1<k<3.

Here {Vi }1<k<3 are the right sides of the first three gyrostat equations , {Wi<k<s
of the remaining three equations , and € = +1 only depends on the choice of ¢ € S3.
The same concerns the analogue of Theorem [2.2] We leave the details to the reader.

The known integrable cases for the real gyrostat equations are the same as for the
FEuler—Poisson equations but with some additional restrictions on the constants b;,
1 <4 < 3. Up to permutational symmetry they are the following ones. These cases remain
valid also for the complex gyrostat equations.

The Zhukovskii case, which is an extension of the Euler case |25, |28|, is defined by the
condition without additional restrictions on b;, 1 < i < 3. The fourth integral is

Hy = IFw? + I3w? + 202 — 2(I1byw + Ipbows + I3bzws).

When b; = b; = b3 = 0 we recover the fourth integral of the Euler case.

The Lagrange case for the gyrostat [25, 28] is defined by the conditions and
b1 = by = 0. The fourth integral in this case is the same as for the Euler—Poisson
equations, i.e.

H4 = Ws.

The Yehia case |25 [87], which is an extension of the Kovalevskaya case, is defined by
the conditions (1.5) and by = by = 0. The fourth integral in this case is
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Hy = [I3(w] — w3) — c1m + c272)” + (2Izwiws — c172 — cam)?
+ 4bgyz(c1w1 + caws) — 2b3(wi + w3) (I3ws + b3). (6.3)

When b3 = 0 we recover the Kovalevskaya fourth integral (1.7)).
The kinetic symmetry case for the gyrostat is defined by the conditions (1.6 together
with the condition that the vectors (c1, ¢, c3) and (b1, ba, b3) are proportional, i.e.

bicg =bzcr,  bacg = bsca, baci = bice,
and the fourth integral is the same as for the Euler—Poisson equations, i.e.
Hy = ciw1 + cows + c3ws.

Let us note that except for the Yehia case, in all remaining three cases, the fourth
integral can be found along the same lines as in [67], where fourth integrals are computed
for integrable cases of the Euler—Poisson equations.

This is not so for the Yehia fourth integral because even if ¢o = 0, it depends on all
variables. When ¢ = 0, this fourth integral can be found in [25] and [87]. Comparing
formula for a fourth integral in the Kovalevskaya case when co # 0 and when
¢ = 0 with formula when ¢, = 0, it is natural to conjecture that formula
with an arbitrary cy defines a fourth integral in the general Yehia case. A simple MAPLE
computation confirms this.

Just as for the Euler—Poisson equations, we will call these four cases classical integrable
cases.

6.2. The Sretenskii case. In 1963 L. N. Sretenskii discovered an extension of the
Goryachev—Chaplygin partial integral of the Euler—Poisson equations to the gyrostat
case |71 [72].

Now we apply the method used in Sec. [5.2] that led to the successful derivation of
the Goryachev—Chaplygin case for the Euler—Poisson equations to the gyrostat equa-
tions . The computations are almost the same, only slightly longer. Therefore we do
not give the details here.

We express vo from the equation Hy = Uy, where H; is the function given by ,

and obtain
_ (11W1 — b1)71 + (Ig(,dg — bg)’Yg + U1

IQUJQ - bg

72 =

We put this expression for v2 in the gyrostat equations (6.1) and remove the fifth
equation. We study the resulting system of five equations for the existence of a new
first integral F'(wy,ws,ws,"3), i.e. one which does not depend on ;. For this purpose we

compute % and take only its numerator. It is easily seen that the resulting expression
can be represented in the following way:
dF

where Y7 and Y» are vector fields on C* = C*(wy, wo,ws,73). As (6.4)) is an identity with
respect to all the variables and as Y7 (F') and Y2(F') do not depend on ~; we have

Y1(F) =Y3(F) = 0. (6.5)
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We compute the Lie brackets Y5 = [Y7,Ys] and Yy = [Y7, Y35]. Taking into account equa-
tions we find that

Yy(F) = Ya(F) = 0. (6.6)
Equations and can be considered as a system of four homogeneous linear
g—fl, gTi’ g—i, g—i), which do not vanish
identically on any open subset of the domain of definition of F', because F' is non-constant

algebraic equations with unknowns grad F' = (

on any such subset.

If a new integral F' exists, system 7 has at least one non-zero solution. Let
us consider the 4 x 4 matrix A whose columns are the coefficients of the vector fields Y7,
Y5, Y3 and Yj. The condition under which system f has at least one non-zero
solution is

rank A < 3.

We equate to zero the determinant D of A and study when it is identically equal to
Zero.

D is a polynomial in w;, ws, ws and 3. We consider the system consisting of the
coefficients of D equated to zero. This system has 226 equations in the unknowns Uy,
I;, b;, ¢;, 1 < i < 3. After four consecutive simplifications we obtain the reduced system
of 28 equations. Solving these equations by the MAPLE command solve we obtain nine
solutions. Two of them contain zero values of the moments of inertia, two lead to the
Lagrange case and three lead to the kinetic symmetry case. Thus only two essential
solutions remain:

o Iy =4I3, Iy =413, b1 =0, by=0, c3=0;
001202:0.

Studying them exactly as in Sec. we find that the first solution leads to a partial
integral Hy under the additional restriction U; = 0, which means that H; = 0. In this
case the fourth integral is

Hy = (Isws + bg)(wf + w%) — (crwr + cow2)73,

which is the Sretenskii partial integral of the gyrostat equations . When b3 = 0 we
recover the Goryachev—Chaplygin partial integral. As noted in Sec. this result was
already announced in |19]. As in the Goryachev—Chaplygin case, the Sretenskii case is
also integrable in the sense of Sec. [I.1}

The second solution, when investigated, imposes additional restrictions I; = Is and
b1 = bs =0, i.e. leads to the Lagrange case.

6.3. The new complex integrable cases. If we restrict ourselves to the real case,
then the 1906 theorem of E. Husson [39, 40| asserts that for the Euler—Poisson equations
only in the four classical cases the fourth integral is an algebraic function |3} [20} |24}, 62].
The completely analogous assertion for the real gyrostat equations was proved in 1992
by L. Gavrilov |25].

The main result of [67] can be formulated as follows. For the complex Euler—Poisson
equations, the fourth integral that does not depend on all variables exists only in the four
classical cases.
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The theorem below proves that for the complex gyrostat equations the analog
of the main result of [67] is not true. As a consequence, in the complex setting the analog
of the Gavrilov theorem fails. Indeed, in the proof of this theorem we find two new cases
of integrability with not just algebraic but polynomial fourth integrals.

THEOREM 6.1. Up to permutational symmetry the complex gyrostat equations (6.1]) admit
exactly two new (non-classical) integrable cases with a fourth integral which does not
depend on all variables. These cases are

Il = 12 = 2[3, bl = —iEbQ, b3 = O, Cc1 = i&Cg, C3 = 0, (67)

where e = +1. In both cases, the fourth integral can be found as the product of a quadratic
polynomial with the square of a linear polynomial. Indeed,

(a) if{;‘ = 1, Il = 12 = 2[3, bl = —ibg, b3 = 0, Cc1 — iCQ, C3 = 0,

then Hyy = ([30.)% + 2il3wiwo — Ing — 2icoy1 + 202’)/2)(130.)1 — il3ws + 2’5()2)2,
(b) if€ = —1, Il = 12 = 2[3, b1 = ibg, b3 = 0, C1 — —iCQ, C3 — 0,

then Hy_ = (Igw% — 2il3wiwo — I3w% + 2icay1 + 202’}/2)(13(4}1 + il3wo — 2ib2)2.

Proof. Let us look for example for a fourth integral F' of the gyrostat equations (6.1))
that does not depend on ws, i.e. F = F(w,ws,v1,72,73)-

We compute the derivative of F' with respect to the gyrostat equations and obtain

dF a3
-[1]2E = I[(I2 — I3)waws + bswe — baws + c372 — 0273](‘()%1

oF

+ Il[(Ig — Il)W1LU3 + blwg - b3w1 + C173 — 63’}/1]67“)2

oF oF
+ i1z | (w32 — wﬂs)a% + (w173 — w3’71)372 + (woy1 — sz)ai% =0.
It is easily seen that
dF
11]2% = LU3Y1(F) + YQ(F) =0, (68)

where Y; and Y5 are the following vector fields not depending on ws, defined on C® =
C®(w1,w2,71,72,73):

0 0 0 0

Y, = L|(Is — I — byl — + L1|(I5— T bi|=— + 1 Icyo— — I1 Isy1 —

1 2[(I2 3)wa 2]8w1 + I [(I3 1)wi + 1]6002 + L1d272 o 1lom 9y’

0 0
Yo = Ip(bawa + c372 — CzV:s)aTJ1 + I (—bswy +c1y3 — 63’Y1)87J2
+ L1 —w 9 +w 0 + (wey1 — w1y2)
142 273 (971 173 872 271 172 873
As Y1(F) and Y3(F) do not depend on w3, the identity implies that
Yi(F) = Ya(F) = 0. (6.9)

We consider the Lie brackets Y3 = [Y1,Y2]/(I1]2) and Yy = [Y1,Y3] and obtain
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0
Y3 = [(IQ — Il)bgwl — .[363’}/1 —+ (Ig — 12)6173 —+ blbg]i

8(4}1
0
+ [(I1 — I2)bswy — Iscaya + (I3 — I1)coys + b2b3]aTJ2
+ Lys[(Iy — I — I3)w —b]iu (I — I, — Is)w —b}i
17341 2 3)W1 1 o 273 |42 1 3)W2 2 97

0
+ [—L(L — I — I)wiy — Io(le — Iy — I3)ways + Ihbim + 125272]W7
3

Y4 = —12 [2([2 — 13)(11 — Ig)bgu.lg + 13(—12 + Il + 13)03’)/2

0
— (I = Is)(I1 — Is)cays — (I — 25 + I3)bobs] —

8&11

— Il [2(]1 — Ig)([l — 12)b3w1 + Ig(]l — IQ — 13)63’}/1
0

+ (Iy = Is)(Iy — Is)erys — (211 — I — I3)bybs] Do

(%%)

0
- 1112{73[(21211 + Ils — 213 + I3 — L1 I3)wy — (I — 215 — 13)1)2]W
1
0

+3[(Io1s + 217 — 2L 1y — I — L1 I3)wy — (211 — I + 13)51}5
2
— [(IoIs + 217 — 21115 — I§ — L I3)wiye + (21102 + oI5 — 215 + I3 — I I3)wom

0
_ (Il — 2[2 — I3>b2’)/1 — (2[1 — IQ + Ig)bl’}/g] }

s
Equations imply that
Y(F) = Yi(F) = 0. (6.10)

The system (6.9)—(6.10) is a linear homogeneous system in the unknowns grad F' =
(gTi’ g—i, g—fl, g—i, %)’ which do not vanish identically on any open subset of the do-
main of definition of F', because F' is non-constant on any such open subset.

As H, is a first integral of the sought type, i.e. it does not depend on ws, if a new
integral F' exists then system 7 should have at least two linearly independent
non-zero solutions. Let us consider the 4 x 5 matrix A whose rows are the coefficients of
the vector fields Y7, Y5, Y3 and Y,. The condition under which system f has
at least two non-zero solutions is

rank A < 3.

We compute all the five 4 x 4 minors of the matrix A and require that they be
identically zero. Denoting them by Dj;i;, where the subscript contains the numbers of
the relevant columns of A, we see that Di345 = Da3qs = 0. Thus it remains to study when
the minors Dj234, D1235 and D245 vanish identically. These three minors are polynomials
in wi, wa, v1, V2 and 3 with coefficients that are polynomials in I;, b; and ¢;, 1 <17 < 3.
We cannot write here the expressions for Dja34, D235 and Djag5 because they are too
long. They have non-zero factors which we remove by setting

D134 D1235 D15

d = 77 = 77 = 5 .
1234 I1212273 1235 1-12[2272 1245 I1212271
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After this cancellation of non-zero factors it turns out that

d1234 = _d1235 = d1245'

We can therefore restrict ourselves to considering the identity di234 = 0.

The polynomial dj234 has 83 monomials and therefore 83 coefficients which should
vanish. We consider the system consisting of the coefficients of d1234 equated to zero, i.e.
the system of 83 equations in unknowns I;, b; and ¢;, 1 < i < 3. After six consecutive
simplifications we obtain a reduced system consisting of 29 equations. Solving that system
using solve we obtain the following ten solutions:

(].) {Il = .[3, IQ = IQ, .[3 = Ig, b1 = O, b2 = 1)2, b3 = 0, c1 = 0, Cy = Cg, C3 = 0},

2 {.[1 :Il,IQZIQ, .[3:[3,1)1 :bl, b2:b2, b3:0, C1 :0, 02:0, 03:0},

3 {Il :Il,Igzjg, .[3:[3,1)1 :bl, b2:0, bgzo, 61201,02:0, 63:0},

.[1:0, IQZO, 13:0, b1:b17b2:b2,b3:0, C1 = C1, C2 = C2, 63:0},

Iy =13, Iy = I3, I3 = I3, by = <22 by = by, b3 = 0, c1 = ¢4, ¢ = ¢, ¢3 = O},

1= 2[3, .[2 = 2[3, .[3 = .[3, b1 = —iEbQ, b2 = b27 b3 = 0, Cc1 = 7;5027 Cy = C2, C3 = 0}7
.[1:.[3, 12213, 132.[3,[)1:07 b2:0, b3:b3, 61261762262703:0},

8 .[1 = —Ig, I2 = —.[37 Ig = I3, b1 = b17 bg = bg, b3 = 0, Cc1 = 0, Co = 0, C3 = 03},

9 {Il = 2[3, IQ = 2[3, Ig = Ig, bl = O, bg = 0, b3 = 07 Cl1 = C1, Cg = Cg, C3 = 03},

(10) {,[1 = ,[27 12 = Ig, I3 = I3, b1 = 0, b2 = 0, b3 = b3, Cc1 = O, Coy = 0, C3 = 03}7

(S0

D

\]
el Rt
~

(2)
(3)
(4)
(5)
(6)
(7)
(8)
9)

where € = +1.

A careful study of this list shows that only three solutions are essential. They are
the sixth, seventh and eighth solutions. All other solutions lead to some of the classical
cases of integrability of the gyrostat equations. Let us stress that the ninth solution
implies by = bs = b3 = 0 and therefore the gyrostat equations become the Euler—Poisson
equations whose fourth integrals not depending on all variables have been studied in [67].
Note that the sixth solution leads to the condition . Below we examine the three
essential solutions.

Solution 6+2 Il = 12 = 2[37 b1 = —iEbg, bg = 0, c1 = ’L'6627 C3 = O7 e=1.

Under these conditions the vector fields Y;, 1 < i < 4, are linearly dependent as
dy234 = 0. More precisely, we have
(I3wy — il3wy — ibo)Yy + I3 (I3wy — ilzwy — 4iby)Ys + 613b2Y3 = 0.
We compute Y5 = [Ya, Y3]/[413(Isw1 — il3ws — ibe)] and obtain
0] 0 0 0
Ys=-— j — —i— | —2I. j — =y .
5 ca(m1 + iy2) <8w1 Z&ug) 3(w1 + iwo) <72 o Y1 872)

Like Yy, the vector field Y5 is also linearly dependent on Y5 and Y3. Indeed, we have

213(I3w1 — il3wa — ib2)v3Ys — ([3w1y1 + [3waye — ibay1 + bay2)Ya
+ 2I3(w1y2 — way1)Y3 = 0.
Moreover, easy computations show that the vector fields Y;, 1 < ¢ < 3, are linearly

independent. Thus the system Y;(F) = 0, 1 < ¢ < 3, is in involution and according to the
Frobenius Integrability Theorem it should have two functionally independent solutions.
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The first one is the function H,. Finding another one, functionally independent of Hs, is
not feasible with crude use of the MAPLE command pdsolve. To overcome this difficulty
we add the fourth equation Yy(F) = 0, where Yy = 8%3. We choose such Y because
Yo(Hs) # 0. The MAPLE command pdsolve applied to the system of four equations
Yi(F) =0, 0 <i<3, gives the solution

(I3w% + 2il3wiwo — I3(JJ% — 2icoy1 + 282’}/2)(13(,01 — il3wy + 2ib2)2
262

F=G|-

9

where G is an arbitrary smooth function. As a second solution of the system Y;(F') = 0,
1 <i < 3, we take the function

Hy, = (Igwf + 243w wy — 13w§ — 2icoy1 + 2¢9y2) (Lswy — ilzws + 2ib2)2,
which corresponds to G(z) = —2cox.
Solution 6: I; = I, = 2[3, by = —icby, b3 =0, ¢y = iecy, c3 =0, = —1.
In this case in a completely analogous way we find
Hy_ = (Izw] — 2ilzwiws — I3w3 + 2icoy1 + 2cay2) (I3wi + ilzwe — 2ibs)?.

It is easy to verify that Hyy and H4_ are functionally independent of the first integrals
H; (see (6.2)), Ho and Hs (see (|1.2))) and thus they are fourth integrals of the gyrostat
equations (6.1]), for e = 1 and € = —1 respectively.

Solution 7: 11 = 12 = Ig, bl = b2 = 0, C3 = 0.

As in the previous case, due to the equality dia34 = 0, the Y;, 1 < i < 4, are linearly
dependent. Indeed, we have

(Wit +w2y2)Ya — I3 (0} + w3)13Y1 — I3 (wiy2 — wom1)Ys = 0.
We compute Y5 = [Ya, Y3]/I3 and obtain

9 0 0
_ Cl) + [13(w§ + wf)'yg — (b3wz — coy3)y3] 5—

Y; = —_—
5 = (w11 + w272) (Cz Doy Do o

— [Is(w] 4+ w3)y1 — (bswr — 6173)73](9*
Y2

0
— [(b3w1 — c173)y2 — (b3w2 — 0273)71]37~
V3

As Hs is a first integral of the sought type, the existence of a fourth integral of
the gyrostat equations requires that the vector fields Y;, 1 < ¢ < 3, and Y5 be linearly
dependent. We compute the determinant V3234 consisting of the first four columns of the
matrix of the coefficients of these vector fields and obtain

Viasa = ISbsys(wimi + waye)?(cowr — ciws).
If the vector fields Y;, 1 < i < 3, and Y5 are linearly dependent then Via34 should be
identically zero. It is clear that this happens either if b3 = 0, which leads to the Euler—

Poisson equations, or if ¢; = ¢ = 0, which leads to the Zhukovskii case. Thus a partial
integral for Solution 7 does not exist.
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Solution 8: 11 = [2 = —13, b3 = O, Cl =Cy = 0.
In this case Y, = —Y3. We compute Y5 = [Ya, Y3]/I3 and obtain

0 0
Ys = c373(2[3w2 + 62)87% — c373(203w1 + bl)@T@

— 13(I3wf + Igwg + biwi + bows + 263’}/3) (7288’}/1 -M 82/2) .

As in Solution 7, we compute the determinant Wiss4 consisting of the first four
columns of the matrix of the coefficients of the vector fields Y¥;, 1 < ¢ < 3, and Yj
and we obtain

Wigsa = I5cs(Isw3 + Iswi + biwy + 3csys + baws)ysw,
where
w = I3(baw17; — 2b1w1y172 — baw1 V3 + biwai + 2baway1ye — biwa3)
+bob17? — (0] — b3)m72 — bibas.

If a new first integral exists then Wi534 = 0 should be fulfilled. To avoid the Zhukovskii
case we assume that c3 # 0. In that case it is clear that Wia34 = 0 is equivalent to w = 0.
This is possible if and only if b; = by = 0, which leads to the Euler—Poisson equations.
Thus a new first integral of the sought type does not exist for Solution 8 either.

All the above considerations lead to the conclusion that the gyrostat equations (6.1))
admit a fourth integral which does not depend on w3 either in certain classical cases or
else only when the conditions are fulfilled.

Now let us look for a fourth integral F' of that does not depend on 73, i.e.
F = F(w,w2,ws,71,72)-

We compute the derivative of F' with respect to the gyrostat equations and obtain

dF oF
L1 I3— = I I3[(Iy — I3)wows + b3wa — baws + 372 — cay3] 57—
dt 6w1
oF
+ L I3[(I3 — I)wiws + biws — bswy + c17y3 — 03%]87@
oF
+ L L[(I) — Iy)wiws + bawy — biws + (c271 — 0172)]87@,
oF oF
+ I1Io13 | (wsy2 — wﬂ?’)@i'yl + (w13 — w?’%)&‘ny =0.
It is easily seen that
dF
IlIQI?’E = I3v3 21 (F) + Z2(F) = 0, (6.11)

where Z; and Z, are the following vector fields not depending on s, defined on C°> =
(CS(Wl,OJQ,W:},’Yl,’YQ):

0 0 0 0
Zy = *IchGTJ1 + IlclaTj2 — 111 <W2871 - W18w>,

0
Zy = Iy I3[(12 — Is)wows + bawa — baws + 0372]6701

0
+ L1 I3[(I3 — I)wiws + biws — bawy — 6371]872
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0
+ L1 I[(I1 — Ia)wiws + bawi — biwa + cay1 — c1y2] =—

8&)3
0 0
L1 — — 71— -
+ L1l2l3ws (’72 o " 872)
As Z1(F) and Z3(F) do not depend on ~3, the identity (6.11) implies that
Z\(F) = Zy(F) = 0. (6.12)

We consider the Lie brackets Z5 = [Z1, Z3]/(I112), Z4 = [Z1, Z3) and Z5 = [Za, Z3] /I3
and obtain

Z3 = 13[(12 — 13)01W3 + IQngl + Clbg] + 13[(11 — Ig)CQCdg + 1163(.1)2 + Cgbg]

9 9
8w1 80.)2
+ [[1(I1 — 22)cqwy + (12 — 211) Iacows — Iobaco — 111)101]87‘}3

— L I3[(1y — Iy — I3)wiws + bswy — biws + 0371]W
1

0
+ 1312[(11 - I+ IS)UJ2UJ3 — b3wa + bawsz — 0372]87727

0
+11[361037 73]1[2([1 12)6201

Z —I2I —
4 = 2 362038 Ow o 8w3
0
+ 11]213[(211 — I — 2[3)820.}3 + 211 c3wo + 2b362]W
1
0
—+ 11]213[(11 — 2[2 + 2[3)61&)3 — 2]263(4)1 — 2b361]W,
2
Zs=a 9 +a 0 +a 0 +a o +a 0
5 = 16 28 383 48’}/1 5(9’)/2’
where

a1 = L[ I(Iz — I3)cqwiwe + 11 (Iy — Iz — I3)baciwy + Io(Iz — I3) (211 — IQ)CQOJ%
— I3(21505 — I I3 — 212 + 211 Iy c3wows
— (211 Isbaco o Isbocy + Iy Isbscs — 21513b3cs — 213baco)ws
— I3(Iy — I3)(I1 — I3)cowi — I3(I1bzca — 2I3bzco + 2Iobacs + Ixbzca)ws
+ (Iy — I3)creay + (2121362 — I Ioc? + I I3¢d)ye — balyciby — Isbico — Iacabl],
ay = L[L(I — I3) (I — 21y)c1w? — I I (I; — I3)cowiws
— 13217 — 2111, — 211 Is + Lo 13)c3wiws
— (2I?bycy — 211 I3bicy — I I3bicy + 211 Isbses — IoIsbsces)w:
+ Io(I) — Iy + I3)bycows + I3(Iz — I3) (1) — I3)ciws
+ I3(211byc3 + Iibsey + Inbsey — 2I3bzer )ws + (I Iocs — 211 Ics — Iolzcd)m
— Io(I; — I3)cicoya + I1b3cy + Iabobyco + Isbacy],
az = L L[—(I1 — I)(I1 + I2)cswiws + 11 (211 — I — 213)cowiws + (211030 — Iabacs)wn
+ Iy (I — 215 + 213)ciwows + (I1bicg — 215b3¢1 )ws
+ (Isbacr — 201b1co + Inbyco — Iibacy — Isbica + 213bacy )ws + ¢3(311 — Io)camn
+ (I; — 313)c1e3y2 + b3(bica — bacy)],
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ay = —LL[IL(IL — L)1 — I — I3)wiwy + I (I} — I — I3)bow?
— L(2I) — I3 — 215)bywiws + I1 (Iy — Iz — I3)cowry1 — 11 (12 — I3)ciwiye
— Libobywy + I3(I3 + Iods — I I3 + 211 Is — 213)wows + I3(1) — Iy — 213)bswaws
— (21, — Iy)cawarys + (1103 + I3b3)wo — I3(I) — 215 — I3)bows
+ 13(211 — 2[5 — I3)cswsye — Isbabzws — I1bicoyr + (I3bscs — Iabaca)ya),
a5 = I I[Is( L)(I; — I + I3)w w3 4 (211 — 215 + I3)bywiws
— 13(2 - 211]2 —LIs+ IhI5 — I3)w1w3 I3(I; — Iy + 213)bswiws
+ I (I — 2L)crwiyn + (Iab3 + Isb3)wy — Io(Iy — Is + I3)biwi — cola (I — I3)way
— Iy (I) — I + I3)cwarys — Iobibows + I3(211 + —Io13)biw;
— I3(211 — 215 + I3)cswsyr — Isbibsws — (I1bicr — Isbscs)yr — Iacibaya).

Equations (6.12]) imply that
Z3(F) = Zy(F) = Z5(F) = 0. (6.13)

If a first integral F = F(w;,ws,ws,v1,72) exists then the system of five equations
(6-12) and (6.13) should have a non-zero solution grad F = (25, 2L OF "9F "OF) mpjg

Ow1? Ows’ Ows’ Oy1’ Ova
is possible if and only if the determinant D of the coefficients of that system vanishes
identically.

We compute D and obtain a very long polynomial whose presentation here is im-
possible. But D has a factor I$I3I3c3. Thus we should consider two cases: ¢z # 0 and
C3 = 0.

Let us start with ¢z # 0. We remove the non-zero factor of D by setting

~ D
U iR

The equation D = 0 is equivalent to D = 0. The polynomial D has 253 coefficients
depending on the parameters I;, b; and ¢;, 1 < i < 3. To satisfy the equation D=0
we should consider the system consisting of the coefficients of D equated to zero, i.e. the
system of 253 equations for the parameters. After three consecutive simplifications we
obtain a reduced system consisting of seven equations. Solving that system using solve
we obtain the following two solutions:

{li=5h, =1, Iy =13, by =b1, by =by, b3 =0b3, c1 =0, ca =0, ¢3 = c3},
bica b362}

{11 =13, Iy =13, I3 =13, by = by, by = by, b3 =03, c1 = , C2 =Co, C3 =
b2 b2
The second solution leads to the kinetic symmetry case. Thus only the first solution
should be studied. For this, let I; = Is, ¢4 = ¢o = 0. Under these conditions we have
Zy + 2I313¢37, = 0. We compute Zg = [Z3, Z5]/(I313c3) and the determinant M of the
coeflicients of the vector fields Z;, 1 <1i < 3, Z5 and Zg. We know that if the sought first
integral exists then M = 0. We have

—

M = —I§I32c§(bgw1 — blaJ2)2M7
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where

M = —3I5(I5 — 3I3)wiws — 9I3bsw® — 2(I5 — 1115)biwiws — 15I5c505y1 — Thibsw?
—6I5(Iy — 3]3)w1w2w3 — 18[3b3w1w2 —2(Iy — 11[3)b2w1w2w3 — 15]3030.)10.)272
— Thabsw?ws 4 12b3wiws — 12byczwiyy — 2(Io — 1113)bjwiwiws — 1513c3wiwiyy
— Thybgwiws 4 24b1bowiwaws — 12bgcswiwayr — 12b1czwiways — 3I3(Io — 313)wiws
— 9I3bswy — 2(Iy — 1113)bywiws — 15I3c3wiya — Thabsws + 12b3w3ws — 12bycswis.

Let us consider, for example, the coefficient of w?y; in M, that is, —1513c3. But
—1515¢3 # 0, therefore M never vanishes. Thus the only possibility to satisfy the equation
M = 0 is to put b; = by = 0. Taking into account that now I; = I, ¢; = co = 0 we come
to the Lagrange case. Thus a new first integral F' = F'(w1,wa,ws,1,72) does not exist
when c3 # 0.

We now study the case c3 = 0. Under this condition, the first integral Hs does not
depend on 73, i.e. it is of the type sought. If a fourth integral F' = F(w1,wa,ws,Y1,72)
exists then system 7 should have at least two non-zero solutions. This is
possible if and only if the matrix B of its coefficients satisfies rank B < 3. This condition
means that all four equations of system f should be linearly dependent. We
choose to consider the system

Zi{(F)=0, 1<i<3, Zs(F)=0. (6.14)

This choice is appropriate because if we choose, for example, Z;(F) =0, 1 <14 < 4, then
we come to a great number of cases which should be studied.

We compute all the five 4 x 4 minors of the 4 x 5 matrix consisting of the coefficients of
system and require that they be identically zero. These five minors are polynomials
in w1, we, 71, 72 and y3 with coefficients that are polynomials in I;, b;, 1 < ¢ < 3, ¢1
and cz. As before we denote them by A;;i; and see that they have some non-zero factors.
To remove these factors we introduce the following notations:

01234 = Dux , 01235 = Drzss ; 1245 = _Diats ;
2121, 2121, JETETES
S130s = Aq345 s = Ao3ys .
112]23]36027 I%I%Igwl

Let us note that §1234 has a factor ¢y and 01235 has a factor ¢;. We have left them
intentionally because we do not know whether c; or ¢ is zero. But, as we now consider the
case c3 = 0, we know that (¢, c2) # (0,0) because otherwise we come to the Zhukovskii

case.
It turns out that
01245 = —01345 = 02345. (6.15)
Moreover, if ¢; # 0 then
)
1235 81045, (6.16)
C1

independently of the value of co. If ¢co # 0 then

0
1230 1045, (6.17)
C2
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independently of the value of ¢;. If ¢; # 0 and ¢o # 0 we have

o 1)
1234 01235 (6.18)
C2 C1
Thus if the identity d1245 = 0 is satisfied then equations ((6.14)) will be linearly depen-
dent. Indeed, from (6.15) it follows that 1345 = d2345 = 0 independently of the values of

c1 and cso.

Let ¢; # 0 and co = 0. Then d1234 = 0 because it has a factor ¢y, and 1235 = 0 follows

from .

Let C1 7§ 0 and Co 7£ 0. Then 51235 = 0 follows from , and 51234 =0 from .

Let ¢; = 0 and ¢ # 0. Then d1235 = 0 because it has a factor ¢q, and d1234 = 0 follows
from .

The polynomial §1245 has 84 monomials and therefore 84 coefficients which should
vanish. We consider the system consisting of the coefficients of §1245 equated to zero, i.e.
the system of 84 equations in the unknowns I;, b;, 1 < ¢ < 3, ¢; and cy. After eight
consecutive simplifications we obtain a reduced system consisting of 15 equations. Using
solve we obtain the following seven solutions:

{1 =2I3, L =213, Is=13, by =0, bo =0, b3 =0, ¢1 =¢1, c2 =2},

{L =13, =I5, Is=13, by =0, by =by, b3=0, ¢; =0, ca =2},
{Lh=0h, Ir=1, Is=13, by =by, by =by, b3 =0, ¢; =0, ¢ =0},
{L=hL, L=1I3 Is=13, by =by, bo =0, b3 =0, ¢ =¢1, c2 =0},

{lLh=0, I, =0, Is=0, by =b1, by =ba, b3 =0, ¢c1 =1, ca = Ca},

{l1 =13, Ir =13, I3 =13, by = c1ba/ca, by = by, b3 =0, ¢1 =1, c2 = 2},
{I} =2I3, I =2I3, Is =13, by = —icby, by = by, b3 =0, ¢; = icca, ca = o},

where ¢ = +1.

Examining this list we see that only the last solution is essential. All the other solu-
tions lead either to the classical cases of the gyrostat equations, or to the Euler—Poisson
equations, or to the excluded cases with zero moments of inertia.

Taking into account that now c3 = 0 we see that this last solution determines the
conditions .

Under these conditions the vector field Z; vanishes identically and Zs is linearly
dependent on Z;, 1 < i < 3. Moreover, the vector fields Z;, 1 < ¢ < 3, are linearly
independent. Thus the system Z;(F) =0, 1 <14 < 3, is in involution and according to the
Frobenius Integrability Theorem it has two functionally independent solutions. The first
one is H3 and the second one is the fourth integral we look for. But it is not necessary
to look for this fourth integral. We should only notice that the fourth integrals Hy from
Case 6+ and Hy_ from Case 6— not only do not depend on ws, but also do not depend
on ys. m

Thus the problem of characterization of all cases when the complex gyrostat equations
have a fourth integral that does not depend on all the variables is solved.
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7. Domain of the Sretenskii partial integral

This section is rather isolated from the rest of the work.

7.1. Definition of the domain. Given that the gyrostat equations are polynomial

with polynomial first integrals, in this section we will restrict ourselves exclusively to

polynomial systems of ordinary differential equations and their polynomial first integrals.
Let us consider a polynomial system of ordinary differential equations

dz; .

; = fi(z), 1<i<n, (7.1)
x = (x1,...,2n) € C", f1,..., fn € Clz]. Considering system (7.1]) and its solutions is
equivalent to counsidering the associate polynomial vector field V(z) = (f1,..., fn) and

its orbits.

A subset of C™ is V-invariant if it is a union of full orbits of the vector field V.

A differentiable function ® such that the set {z; ®(xr) = 0} is a union of orbits of
system is called an invariant relation |24], [46, Chapt. X, §4].

Let F € Clz] \ C be some non-constant polynomial that is not a first integral of
system (7.1). Let M C C™ be a V-invariant subset such that |y is non-constant on any
open subset of M. When is F|p; a first integral of system (or the vector field V)
restricted to M?

To answer this let us compute

=2 5 G ) =X G ) = A
A(x) is a polynomial, because F and { f; }1<i<» are. F'is not a first integral of system
on C”, so A does not vanishes identically, but A(x) =0 for x € M.

Set A = {z € C";A(z) = 0}, A ¢ C". Thus M C A and the problem is reduced to
the study of V-invariant subsets of the algebraic subset A of C".

Let M C A be a V-invariant smooth submanifold such that F is a partial integral
of system with respect to M. Any such submanifold will be called a domain of F.
In what follows we will consider exclusively the case when the submanifold M is of
codimension one. Nevertheless the case of smaller codimension also deserves the study.
In what follows we will be interested in determining the maximal domain of F'.

7.2. Determination of the maximal domain. We will now determine the maximal
domain of codimension one of the Sretenskii partial integral

F = (IgWg + bg)(w% + wg) - (clwl + ngg)’}/g (72)

according to the values of all parameters (I1, Is, Is, b1, ba, b3, c1,co,c3) of the gyrostat
equations (6.1). To avoid the Zhukovskii and Lagrange cases, we will suppose that

(c1,¢2) # (0,0).

Let U C C® be an open subset. We want to find all invariant manifolds
S ={(w,7) €U; S(w,7) =0}, (7.3)
where S is a C! function defined on U such that on S , F' is a first integral of (6.1)).
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We will consider five distinct cases.

Case 1. Let us suppose that g—i # 0 at some point of S , and by continuity also in some

open subset of U. We express v; from equation ([7.3) and find that locally

71 = i (wr, wa, w3, 72,73)- (7.4)
We compute % and replace y; with I'; everywhere:

dF _ [2(I3ws + bg)wi — c173][(To — Is)waws + bywa — baws + ¢392 — 73]
dt I
n [2(I3w3 + b3)wa — cav3] (I3 — 1 )wiws — bswi + biws + 173 — 3T
Iy

+ (Wi + wd)[(I1 — I)wiws + bawr — byws + e2T'1 — €172

— (c1w1 + cows) (wal'y — wiv2).
As we suppose that F' is a first integral on the invariant manifold ((7.3)) we have
dF
— =0. 7.5
o (7.5)
We solve (7.5) with respect to I'y and obtain a rational function depending on wy, wo,

w3, 72 and 73:
1
I = LI (I — I)wiw
LT L(—Lacaw? + Ipciwiws + 2bycaws + 2[3cawaws — C2c373) lo(ly = By
+ Iljgbgwif — Il_[gblw%u& + 11]2(11 - I2)w1w§’ —+ Ilfgbgwlwg
— 2[3([1 — Ig)(]l + IQ — 13)w1w2w32) — 2([12 — 122)1)3001602(,03 + 11[262601(,«}2’)/2

— 2(_[1 — Ig)bgwlwg — 2[2[3[720.)1(4}% + 2[2[3630.)1(4]3’}/2

+ (112 - I3 — 21213)02W1W3’}/3 — 215bobswiws + 2[2()363&1172
+ (I = 2Ly)bscowiys — I labiws — NiIscrwsys + 201 Isbywaws]
+ (2[1[3 — I22 + 1213)010.}2603"}/3 + 2[1[)11)3&}2(4}3 + (2[1 — IQ)bgClcUQ"}/g

— (Iibica — Ipbacr)wsys — Iaciesyays — (I — In)ercav) . (7.6)
As T'y = v we have

dFl d’)/l
=— — —=0. 7.7
dt dt (77)
The function W depends on v linearly. Indeed, as the expression for I'; from ({7.6)
does not depend on 71, its derivative dd% is a linear function of ~;, which is easily seen
taking into account that the right-hand sides of the Euler—Poisson equations (1.1)) are

linear with respect to 7;. It may happen that the coefficient of 1 in % is identically

zero. This only occurs in the following three cases:
CASE A:
(I3 — I3)
= > b — b‘ frng = 0 — .
1 2[3 +12 ) 2 0; 3 07 C2 Oa C3 0
CASE B:
Il = 2]3, IQ = 4[3, bg = O, Cy = 0, C3 = 0.
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CaskE C:
I} = 4RootOf(8Z22 + 78 — 512Z)I3 — 123, I = RootOf(822% 4 78 — 517) 15,
by =0, by=0, b3=0, ¢1=0, ¢c3=0.
In the last case the gyrostat equations (6.1)) are reduced to the Euler—Poisson equa-

tions .

The two values of RootOf(822 + 78 — 517) are %. In fact Case C presents two
different solutions, where in I; and I the same sign + or — appears and so it will be in
what follows.

Let F' be the Sretenskii partial integral .

Let us compute ‘fl—f along the orbits of . In the above three cases we obtain:

In Case A,

dF _ 3]2[3(4)%(4)2 12[32 (IQ + Ig)bdﬂ.dgwg

2
— b1w1w2 — Cclwiway1 +

dat Iy + 213 I2(I2+2IS)
3]2]3LU10J3 2[3[)1&120.)2
- ﬁ - blwg’ - cw%% + Tg — C1WaW373.
In Case B,
dF 51 2 b2
—_ = —2_[3(,0?0.)2 — blw%wg — 2]3(4)1&)3 —+ M —+ 3b30.)1(x)2&)3 —+ M
dt 2 213
- brwaw? b1bswow
— CQWiweY — b1w§ - 01W§’Y2 + S ClWwawsys + M,
2 215
In Case C,
dF 51 £ +/105 51 £+105
— =3 — -4 Igwi’wg + CQoJf% + 33— —4 Igwlwg
dt 16 16
T 2
+ Cowiwaya + %

ar
> dt

the domain of the Sretenskii partial integral and we will ignore them.

Outside of these three cases the MAPLE command degree shows that the degree of
W with respect to v is 1.

We solve equation with respect to 1 and obtain

In all these cases does not vanish identically and thus these cases are outside of

71 = 1w, wa, w3,72,73)-
The expression for fl is too long to be written here and we skip it. Let us note how-

ever that W is a rational function of all the variables (w,~), whose numerator has 296
monomials and whose denominator is

If[g([gng% — Iheqwiws — 2bsc — 3wy — 213c3wows + 6263’}/3)2.

Thus I'y —fl = 0. The function I'; — fl is a rational function of wy, wa, w3, 72 and ;.
We only consider its numerator which we denote by D. We want to know when D is
identically zero with respect to all the variables wy, ws, w3, 72 and 3. To this end we
compute the coefficients of D. There are 513 of them. We should find the conditions on
the parameters Zc at which all of these 513 coefficients are zero.
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We apply simplification to the resulting system of 513 equations. After three consec-
utive simplifications we come to the reduced system consisting of nine equations:
C3 — 0, bgCQ = O, b162 = 0, (IQ — 4[3)62 = 0, (11 — 4[3)62 = O, (7 8)
b201 = 0, b101 = 0, (IQ - 4]3)61 = O7 (Il - 4]3)61 =0. .

We solve it by applying the MAPLE command solve and obtain two solutions. The
first one is ¢; = ¢ = ¢3 = 0 and we discard it because it leads to the Zhukovskii case.
The second solution is

Il = 12 = 4[3, b1 = b2 = O, C3 = 0. (79)

Now D vanishes identically. Taking into account ([7.4)) we compute 7, from ([7.6]) under
condition ([7.9) and obtain

_ Alzwey2 + Izwsys — bsys
"= )
4]30.)1

that is,

4Izwiy1 + 4l3waye + I3wzyz — b3yz = 0.

Let us note that the last equation is actually nothing other than H; = 0 (see )
when Iy = Iy = 413, by = by = 0. {H; = 0} is an invariant manifold. Finally we conclude
that when g—i # 0 at some point of U, when I} = I, = 415, by = by =0, (c1,¢2) # (0,0),
cs = 0, {H; = 0} is the sought maximal invariant manifold. Thus we remain in the
framework of the Sretenskii case.

The gyrostat equations admit permutational symmetry (see Sec.

oy =1(2,1,3),(2,1,3)}.

The function F (see (7.2))) and also the first integral H; are o4-invariant. Thus the solution

of the problem about the maximal invariant manifold S when g—i # 0 at some point is
a5

exactly the same as in the just studied case when o # 0 at some point of U.

Case 2. Let us suppose now that g—i and g—i vanish identically on U, which means that
S does not depend on ; or 5. Thus

S = S(Wl,WQ,Wg,’Yg).

Let us suppose that (%SE # 0 at some point of S , and by continuity also in some open
subset of U. As before we express 3 from equation (7.3) and obtain

73 = I'z(wi, wa, ws).

We compute %, replace 3 with I's everywhere and obtain
dF _ [2(Isws + bg)wr — er's][(J2 — Is)wows + bswa — baws + c372 — col's]
dt I
" [2(I3ws + b3)wa — col'3][(I3 — I1)wiws — bzwy + biws + 11’3 — c371]

I
+ (Wi 4+ w)[(I1 — Ia)wiws + bawr — byws + cay1 — €172

— (c1w1 + cowa) (way1 — wi172).
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As we suppose that F' is a partial integral with respect to the invariant manifold
{S = 0}, we have % = 0. Let us denote the numerator of % by J. In this way we obtain
the following equation for I's:

J = —(I1 — L)creaTs + [(I7 — I I3 — 21 13)cowiws + (It — 212)bscowr
+ (211 I3 — I3 + Iy I3)ciwaws + (211 — In)bsciws + (Izcibe — I1byca)ws
+ Iicacsyr — Iaciegye|Ts + In o (1 — L)wiwy + I Iobow? — I Iobywiws
+ L Izeowin + LIz (I1 — Io)wiwi + I Iobowiws
—2I3(I) — Io) (I + T2 — Is)wiwewi — 2(I7 — I3 )bswiwaws + N1 lacowiwaye
+ (—LIyerm + 2]2b§ — 2]1b§)w1w2 — 2[213b2w1w§ + 215 I3¢c3w1W3Y2
— 2D5bobzwiws + 2Isbscowr Yo — I1 Inbyws — Iy Iciwinye + 211 Izbywows
— 211 (I3¢371 — b1bs)waws — 211 bgcgweyr = 0.

As I's = I'3(wq,wa,ws3), after differentiation of J with respect to 1 and o we have

oJ
87 = 11]20200% — IlfgclcUlLUQ — 2]1[303(.412003 — 2]1b3Cng2 + 1102C3F3 = 0,
ale (7.10)
87 = I1 Iscowqwo + 21515c3w w3 + 219bscawi — Illgclwg — Ireie3l's = 0.
Y2

Let us first suppose that ¢, co and c3 are all different from zero. Then excluding I's
from ([7.10) we obtain
(Clu.lg — Cle)(Izclwl =+ IlcQWQ + 2]303(.4)3 =+ 2b303) = 0,

which is obviously impossible.
Let now ¢; = 0. Then from the second equation of (7.10) we have the identity

I Ircowiwg + 215 13c3wws + 215b3c3wy = 0,

which is possible only when co = c3 = 0. But this is the Zhukovskii case.
Let now ¢y = 0. From ([7.10); we have

—Ilfgclwlwg — 2[1[363602(.4)3 - 2[1()363(.02 = O,
which is possible only when ¢; = ¢3 = 0, i.e. again we are in the Zhukovskii case.
Finally, let c3 = 0. Equations (7.10) give
,[1[2(020.)1 — 01WQ)W1 = 0, 11]2(62(,01 — ,[1]201(,02)(02 =0.

The above two conditions can be fulfilled only when ¢; = ¢o = 0, i.e. only in the Zhukovskii
case.
The conclusion is that the sought function S(w1,ws,ws,7y3) does not exist.

Case 3. Let us suppose now that all g—f, 1 = 1,2,3, vanish identically on U, which
means that S does not depend on 1, 2 or 3. Thus

S = S(w1,ws,ws).

Let us suppose that g—i # 0 at some point of §, and thus also in some open subset
of U. We express w3 from equation (7.3]) and obtain

w3 = Qg(wl,WQ). (711)
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We compute % and replace w3 with Q3 everywhere:

dF _ [2(13Q5 4 b3)w1 — c1y3][(J2 — [3)wa s 4 bawy — bofd3 + c372 — Cay3]
dt I
[2(1323 + b3)wa — cav3][(L3 — I1)w1Q23 — bswy + b1Q23 + c17y3 — ¢371)
I

+ (Wi 4+ w3)[(I1 — I)wiws + bawr — biws + coay1 — c172)

— (c1w1 + cowa) (w21 — w172)-

As above, % = 0. Denote the numerator of ”ﬁl—f by K. We obtain the following

equation for 3:

K = [-2I3(I) — L)(I) + I — I3)wiwy — 215 I3bowy + 21 I3bywn] Q3
+ [=2b3(I7 — I3 )wiwa + 2L I3c3w1y2 + (I — I1Is — 21513)cowiys — 202babsw:
— 201 Izcsways + (21115 — I3 + Lo I3)ciways + 21 bibswa + (Iabacy — I1bica)ys] Qs
+ N L(I — L)wiwy + [ Ibiw? — I Ibiwiws + I Leaw?yy + I (I — Io)wiws
+ I Iybowiwi — I Ircrwiwayr + T1Iacowiwaye — 2(11 — Io)bjwiws + 215bscswiye
+ (I — 2I2)bscowrys — L1 Inbyws — I Iaciwine — 211 bzcsways + (21 — Iz)bsciways
+ Iicacsyiys — Iacicayays — (I — 12)01027§ =0.

As Q3 = Q3(wy,ws), after differentiation of K with respect to 1 and 2 we have

0K
(97 = 11[26260% — Illgclwle - 2[1[)303&)2 + I1020373 - 2]1]363&)293 = 0,
a}é (7.12)
W = 11[262601&)2 — Ilfgclwg + 2[2()303&)1 - 126163"}/3 + 2[2]363&)193 =0.
2

If we suppose that c3 # 0 then we come to the Lagrange case. Indeed, as 23 depends
only on wy and wo, from 1 it follows that co = 0, because otherwise 23 would depend
on 3 too. For the same reason, 2 gives ¢; = 0. However, under the condition ¢; =
ce = 0 and c3 # 0 both equations of lead to the conclusion that Q3 = —b3 /I3, i.e.,
according to (7.11)), ws = —bs/I3. In the case from (6.1)5 we obtain I} = I, by = by =0
and ¢; = co = 0. Thus we come to the Lagrange case.

Let now ¢3 = 0. Then the equations of become

Ilfg(CQUjl — 61WQ)(.¢}1 = 0, 11[2(62&)1 — CluJQ)WQ = O

The above two equations should be identities, which is possible only when ¢; = ¢o = 0,
i.e. we come to the Zhukovskii case.
The conclusion is that the sought function S(ws,ws,ws) does not exist.

Case 4. Let now the function S be
S = S(wl, CUQ)

and % # 0 at some point of S and therefore in some open subset of S. We express ws
from ([7.3) and obtain
Wo = Qz(wl). (713)



The Euler—Poisson equations; partial integrability 75

We compute %, replace wy with Q5 everywhere and obtain

ar _ [2(I3w3 + b3)wi — c173][(L2 — 13)Qows + b3 Qs — byws + 372 — c273]
dt I
[2(I3ws + b3)Q — 23] (I3 — I1)wiws — bawy + biws + c17y3 — 371
I
+ (Wi + Q)11 — I)wiQs + bowr — b1Qs + com1 — c172)]

— (crwr + 2022) (271 — wiya).

As above, % = 0. Denote the numerator of % by L. In this way we obtain the
following equation for {2o:
L= L1L[(I — L)w — b + I Ir(bwi — c172)Q3
+ [ (I — L)w] — L1 bbiwi — 215(11 — L)(I1 + I — I3)wiwi — 2(17 — I3)bswiws
— L ey yr + I Iscowrys — 2(17 — Ig)b%bdl + 2[1[3b1w§ — 211 I3c3wsm:
+ (2015 — I3 + L I3)ciwsys + 211 bsbiws — 2L1bgesyr + (211 — Io)bserys] Qo
+ Ilfgbgw:f + Ilfgczwf'yl — 2[213b2w1w§ + 215 13c3w1 w32
+ (If — I I3 — 215 13) cowrwsys — 2Iababswiws + 2Iobscawiye + (I — 212)bscowr 3
+ (Isbeer — Iibico)wsys + Ticacsmys — Iacicsyays — (It — Iz)ercays = 0.
As Qg = Qao(wq), after differentiation of L with respect to 1, 72 and 3 we have

oL
o Lico(Iws + esv3) — L (Iaciwr + 2I5c3ws + 2bscs ) = 0,
1
oL )
F Ireg(2I3wiws + 2bzw — ¢173) + L11acow1 Qo — 111561825 = 0,
2
oL (7.14)
W = (Il — 1113 — 2]213)02(,01(,03 + ([1 — 2[2>b3€2(,U1 — Iicobiws
3

+ Izcibaws + I1cacsyr — Iacicsys — 2(1 — I2)eicays
+ [(211 15 — I3 + LyI3)ciws + (211 — I5)b3] Q2 = 0.

From 1 it follows that ¢y # 0. Indeed, if c; = 0 then either ¢; = ¢3 = 0, which is
the Zhukovskii case, or 25 vanishes identically, which contradicts . From the same
equation it is seen that c3 = 0 because if ¢3 # 0 then this equation contains only one
monomial depending on 73 which cannot be canceled because 23 depends on w; only.
Thus ¢3 = 0.

In that case 1 can be rewritten as follows:

11[2w1 (ngl - 0102) =0. (715)
This imposes the restriction ¢; # 0 because otherwise I3 Ig(:gwf = 0, which is impossible.

We solve ([7.15)) with respect to Q2 and obtain
Qg = Qg(wl) = €291 .

C1
Under this condition ([7.14])5 is satisfied, and (|7.14)5 becomes
(I1 —12)(11 + 13 +12)ng1w3 —|—3(Il —Ig)b:;ngl + (Igbgcl —Ilb102)w3 — 2([1 —12)0162’73 =0.
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Taking into account that ¢; # 0 and ¢y # 0, the last item of the above equation leads to
Il = 12. Thus
IQ(bQC] — b102>w3 =0.

In this way we come to the case
L=, c1#0, ¢c#0, ¢c3=0, byc;y —bico=0.
In this case L vanishes identically and therefore we can take as S the function
S = ciwg — cows.

So far we have not yet examined when {S = 0} = {c;ws — cowy = 0} is an invariant
manifold. To do this we compute

ﬁ _ (clwl —+ CQLL)Q)[(Ig — IQ)CQWg — bgCQ] + (C% —+ C%)(bQ(ﬂg + 02’}/3)

dt IQCQ

It is seen that in the generic case, {S = 0} is not an invariant manifold. But let us put

2 2
Cl + C2 = O,
i.e. either ¢; = icg or ¢; = —icy. Let us first consider the case ¢; = ico. We have
S = 6251, Sl = iOJQ — W1

and
dSl(t) o Z[(IQ — Ig)bug,(t) + bg](ibdg(t) — wl(t)) o 'L[(IQ — Ig)wg(t) + bg]
= = 51(t) .
dt Iy I

This equation admits the zero solution Si(t) = 0 for all ¢. Thus from the unicity of
solutions for this equation one sees that if Sy (tg) = 0 for some tq, then S;(t) = 0 for all ¢.
In other words, if for some tg, iws(tg) — w1 (to) = 0, then iws(t) — w1 (t) = 0 for all ¢. But
this is precisely the invariance of the manifold S; = {S; = 0}. In this way we come to
the conclusion that when

Il = .[2, c1 = iCQ # 0, C3 = 0, b201 — b102 = 0,

the gyrostat equations have an invariant manifold {iws — w; = 0}.

The case ¢y = —icy is considered in the same way. The difference is that now S = ¢35,
where Sy = —iws — wy and the invariant manifold is {iws + wy = 0}.

But F' is not a partial integral of the gyrostat equations (6.1)) with respect to the
invariant manifolds S; = {S1 = 0} and Sy = {S3 = 0}. In fact, it is easy to see that on
them F' vanishes identically.

Finally, we conclude that the codimension one maximal domain of the Sretenskii
partial integral coincides with the manifold {H; = 0} under the conditions

L =I=4I3, by =0b=0, (c1,¢2)#(0,0), ¢3=0.
In addition, when
L =15, byey—bica=0, c¢i+c3=0, c3=0,
we found two invariant relations for :

S1 = iwy —wy when ¢; =ico and Sy = —iws — wq when ¢; = —ico.
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We will prove that S is functionally independent of the first integrals Hy, Hs and Hs.
For this purpose we consider the Jacobi matrix J of Hy, Hy, H3 and S;. We prove that
rank J = 4. Indeed, computing the determinant J;4 obtained from J by crossing out the
first and fourth columns we obtain

Jia = —4il3(Iowawsys — Isw3ya — €273 — bawsys + bswsa).

It is clearly seen that Ji4 never vanishes identically. Thus H;, Ho, H3 and S; are
functionally independent.

The study of the functional independence of Hy, Ho, Hs and Sy is the same. The only
difference is that now the value of the determinant is —Ji4.

Case 5. Finally, let S = S(w,v) = S(w1), where S does not vanish identically. It is easy
to see that then S = {(w,7) € U; S(w1) = 0} is a five-dimensional submanifold if and
only if S = {{w,7) € U; w1 € Q1}, where Q; is the set of zeros of S. In the complex case,
Q; is at most countable. In the real case, {2; is a subset of R that does not contain any
open interval. In both cases d;tl =0 and from 1 one obtains

(Iz — I3)wawsz + bzwa — baws + 372 — c2y3 =0

for all wy, ws, v2 v3 € C. Thus Iy = I3, by = b3 = 0 and c; = ¢3 = 0 and we recover the
Lagrange case. Thus in both cases, complex and real, the sought function S(w) does not
exist.

Let us recall that when by = by = b3 = 0 in , we recover the Euler—Poisson
equations . The Sretenskii case of partial integrability becomes the Goryachev—
Chaplygin case of partial integrability and the Sretenskii partial integral becomes
the Goryachev—Chaplygin partial integral .

Consequently, from the above, one deduces immediately that the maximal domain of
the Goryachev—Chaplygin partial integral is

{Hy = L + Lways + Izwsyz = 0},
where Il = IQ = 4[3, (01,02) 75 (0,0), C3 = 0.

8. Four-dimensional invariant manifolds. New integrals on
{Hi=U, H;=U;},1<i<j <3

8.1. Extraction procedure. In this section we study the existence of a partial inte-
gral of the Euler—Poisson equations (1.1)) with respect to the invariant complex four-
dimensional level manifold {H; = U;, H; = U;}, 1 < i < j < 3. We study when it
depends on at most three variables.

Let us fix 7 and j, 1 <i < j < 3. According to ,

M(UOanan7IC) = {.’13 € (CG; Hi((w,'y),Ic) = Uia Hj((wa7)71—c) = Uj}a

where (w7 7) = (wla w2,wWs, 71,72, 73)
As in Sec. [5| we search for all functions F' = F(sy, s2, s3) where (s1, $2,83) € (w,7),
of class C!, such that grad I does not vanish identically on each open subset of
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MUy, U;,U;,Zc), which are partial integrals of the Euler—Poisson equations (1.1]) with
respect to M (Uy, U;, Uj, Zc). Indeed, F is a first integral of Euler—Poisson equations (1.1

restricted to M (U, U;, U, Zc).

We follow the same procedure as in Sec.[5.1} As in Sec.[5.1]the order of the variables s;,
1<i<3,in F(s1,$82,s3) is irrelevant for F' to be a first integral.

We have exactly 20 different three-element subsets of (w,v) and thus 20 cases of
functions of three elements to examine. We will now describe an extraction procedure
based on permutational symmetries which reduces the above 20 cases to only six.

These 20 functions of three variables (up to the order of variables) are shown in

Table Bl
Table 8.1

Functions Case
F(wl,(dz,wg) (1)

F(wi,ws,7s), F(wi,ws,72), Flwz2,ws, 1) | (ii)
F(wlvw%’yl)v F(wlvw&’yl)v F(w27w3772)7 (iii)
F(w1 LU27’}/2), F(w1,w;),,'y3)7 F(wz,w;>,,'y3)
F(wlv'ylv 2)5 F(wl,’}/l,’}ﬁ;), F(w27'727'73)7 (iV)
F(w2,71,72), F(ws,y1,73), F(ws, y2,73)
F(w 71,7 2)5 F(w27’71 ’73)7 (w15727’y3) (V)
F(y1,72,73) (vi)

It is easy to see that under the group of permutational symmetries of the Euler—
Poisson equations for every case (i)—(vi) from Table each function from a fixed case
can be transformed into all remaining functions from the same case.

Thus in virtue of Theorem [2:2] we can restrict ourselves to the study of only six
functions each of which belongs to a different case from Table[8.I]and is chosen arbitrarily
from the functions of this case.

We will call such six functions F;, 1 <14 < 6, (up to the order of variables) a basis.

8.2. Invariant manifold {H; = U;, Hy = U,}. Here we continue the study of the
existence of a partial integral of the Euler—Poisson equations (|1.1) with respect to the
complex four-dimensional level manifold

{H, =Ui, Hy =U,},

supposing that this first integral depends on at most three variables. To this end we shall
use the same approach as in Sec.

(8.1)

In the following, when we refer to “a suitable open set” in the space C*(ay, ag, az, ag)
in Sec. [§] where {a1, a2, a3,4} € {w1,wa,ws,71,72,73} or in the space C3(ay,az,as)
in Sec. |§| where {a1, @z, a3} € {w1,ws,ws,v1,72,73}, we mean an open set such that all
functions of the above variables never vanish on it when this is necessary for a proof;
for example, if such a function appears in some denominator or when we need to have
a holomorphic branch of roots of some of these functions. We will use this terminology
without further mention.
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8.2.1. Elimination of v, and ~3. Using the MAPLE command solve we express 7o
and 73 from the equations H; = U; and Hy = Us and obtain the following solution:
Ly + LwsR—Uy
- Irwo

Y2 ) Y3 = R7 (82)

where R is a root of
Q(xr) = Az®> + Bz +C =0,
that is,
Q(R)=AR*+BR+C=0 (8.3)

and A = A(ws,ws), B = B(wy,ws,v1) and C = C(wy,ws,y1) are the following polynomi-
als:
A = 22605 + I W3, B = 2[3&)3([1&]1’}/1 — Ul) (8 4)
C = Fwiyt — 2L Uy yy — 13003 + 13034? + UL .
Here MAPLE does not give an explicit formula for R but expresses R as a root of the
following quadratic polynomial:

RootOf((I3ws + I3w3) Z? + 2I3ws (w11 — Up)Z
+ I2W?~? — 2L Uy vy — T2Uw3 + 120342 + UR)
= RootOf(AZ* + BZ + O).
Thus we can say that R is a root of where the coefficients A, B and C are defined

by .

Let us consider the four-dimensional vector space C* = C*(wy,ws,ws,v1) and a point
(w1, wa,w3,71) € C* with w; #0,i=1,2,3, 71 #0.

All our considerations are local. Thus from the beginning we can restrict ourselves to
a suitable open set 2 in the space C* = C*(wy, wa, w3, 71).

By their very definition the first integrals are not constant on any open subset of their
domain of definition. As we consider C! first integrals, this means that their gradients
are non-zero on any open subset of their domain of definition.

We put the values of v, and 73 from in the Euler-Poisson equations and
remove the fifth and sixth equations. In this way we get the following system of four
equations in the unknowns wy, we, ws and ~v;:

dw 1
dtl 70 ————[Iz(Iz — I3)wiws — Licawiv — (Iacows + Izcsws) R + c3Ui),

1low2
dw 1
CT; = 72[(13 — I)wiws + ¢ R — c371],

(8.5)

dw 1
dt3 I Iw ToTuo, 21 = Ig)w1w§ + Liciwi v + Tacowayr + IsciwsR — c1 Uy,

2l3w2
dy

1
T 7[_11(*}1"‘)371 - <12W§ + Igwg)R-‘rw?,Ul].
dt IQ(UQ

Here we study whether system ({8.5)) has a first integral that depends on at most three
variables among (w1, ws,ws,v1). Thus we should investigate the following four types of
first integrals:
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F (w1, w2, ws) (case (i)).
F (w1, w2,71) (case (iii)).
F(wi,ws, 1) ( (iif)

case (iii)).
F(wa,ws3,71) (case (ii)).

=W o=

Then, as in Sec. [f] it suffices to examine functions of types 1, 2 and 4 respectively.

Type 1. Suppose that the sought first integral F is of type 1, i.e. F = F(w;,ws,ws3). As
F is a first integral of system (8.5)) we have

dF 1 oF
ar m[b(b — I3)wiws — Ticswiyr — (Izcaws + Izcsws) R+ C3U1]8

1 oF

Is—1 R—
12 —[Is = I wiws + &1 ey )= 5
OF
Iy 13w, (L (1) — Ip)wiws + Licwwiy + Tacowsyr + Tzciws R — CIUI]ng =0,
or equivalently
dF
11[213w2% = Yl(F) =0, (86)

where Y] is a vector field defined on €.

Equation should be an identity with respect to all the four variables wy, wa, w3
and ;. As F' does not depend on ~; its partial derivatives will not depend on 7; either.
Thus if we differentiate identity with respect to 1 we shall obtain again a linear
partial differential equation for F'. We obtain

oY1 (F)

om

OR| OF OR OF
=—-1I3 [Ilc3w1 + (1262(412 + 1363W3)a’y1:| 87(,01 + I1 I3ws <01a’71 — Cg) TwZ

OR\ OF
+ 11 | Liciwy + Ireowy + Izcpws— | 7— =0,
o) Ows
i.e. 5 ( )
Y (F
= Yo(F) = )
5y = V2(F) =0, (8.7)

where Y5 is a vector ﬁeld defined on €.
We differentiate once more with respect to v; and obtain

8Y2(F) 82 OF F OF
I I I 1 =0
o 8 5 | —(I2cowa + 3C3w3)aw + laciwa— Do + 101w38w3 )
i.e. OYa(F)
1 > (F
— =Y;3(F)=0 8.8
T =) =0, (538)
where Y3 is a vector field defined on .
Let us suppose first that
82
£ 0. 8.9
3’71 (89)

Equations (8.6)—(8.8) can be considered as a system of three homogeneous linear

algebraic equations with the unknowns grad F' = (88—51, g—i, g—i), which do not vanish

identically, because F' is non-constant on any open subset of €.
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Thus, if a fourth integral F exists, system lb has a non-zero solution grad F.
This is possible if and only if the determinant D composed of the coefficients of this

system is identically zero. We compute this determinant and obtain

0’R
D = I’I,I3w2 —= D1 D>,
! 203

where
Dy = (Iiciwr + Iacows + I3c3ws),
D2 = (IQ — 11)63&)1&]2 + (Il — Ig)nglw?, + (Ig — IQ)CchJQ(.Ug.

Note that D depends neither on R nor on gTRl' Taking into account it is clear
that D = 0 if and only if at least one of the expressions is identically zero. It is
easily seen that this happens only in the Euler, Lagrange and kinetic symmetry cases.

Thus the restriction leads to nothing new and we now suppose that

0’R B
377% =
In that case only equations and remain because Y3 = 0.

Let us study whether there are values of Z¢, U; and Uy at which is fulfilled.
For this purpose we differentiate twice with respect to ~y;. Taking into account that
the polynomial A from does not depend on ; we have

0Q 9B, 9C  dQ OR

(8.10)

0. (8.11)

= _ = - = 8.12
oy Omn Ov1  dR Om (8.12)
and
0*’Q 0O°B OB OR 0%C 0 [dQ\ OR dQ O’R
— == ——t st )5+ 53 =0 (8.13)
i ek Om Oy O O \dR ) Oy  dR O

First we prove that if R is a root of , then % # 0. For this purpose we apply
Proposition to Q. We consider the resultant p of Q(R) and % and prove that p #£ 0.
Indeed,

p = A(4AC — B?).
As we are interested in cases where p vanishes identically with respect to wy, wa, w3 and
v1 only, and as A never vanishes identically, we do not consider p but p = 4AC — B2
instead. Putting in p the expressions for A, B and C' (see (8.4)) we obtain

p = 4Bws (Fwind + w3yt + Iwiyf — 2LhwinUn — LwiUs — ZwiUs + UF), (8.14)
which, as one can easily see, never vanishes identically. Thus we can express g—,ﬁ from

(8.12) and then determine %i? from (8.13) as follows:
’R I3w3s
Ot [(I3w3 + I3w3) R + Bws(Liwimy — Un)JP

(8.15)

where
S = —(I3w? + IRw2)(I3w? + 2w 4 T3w2)R?
+ 2[3w3(Iiw] + I3w + I3w3) (U — Liwiy)R
- Huta} + 20wl — 2 Bulubo? — BIululnt - Bt}

+ 21 Bun w2y Uy 4 21 Bwywiy Uy — Tjwsy? — IRT2wiwiv? — I202U2.
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Equations (8.15) and (8.11)) imply that S = 0. Taking into account that @Q = 0
(see (8.3)) we can assert that

(FFwi + w3 + Ew3)Q + 8 = Bwi[UF — Ua(I{wf + w3 + I3w3)]
is also zero. This is possible if and only if
Uy =U;=0. (8.16)
Let us consider the case defined by . In this case R can be represented in the
form R = Pv;, where P is a root of
(I3w3 + I3w3)P? + 21 I3w w3 P + I7wi + [3w3 = 0. (8.17)

This follows very easily from if we take into account condition . Indeed, it
suffices to divide by 7% and denote R/v; by P. Moreover, being a root of , P
is a homogeneous function of degree zero and depends only on wy, ws and ws.
Thus the vector field Y7 (see ) is linear with respect to v; and can be represented
as
Y1 = Kim + Ko,

where K7 and K» are vector fields defined on €2 by the formulas

0 0
K = —13(1103(.4}1 +IQCQW2P+I?,C3CL)3P)7 +11[3w2(01P—03)—
80.)1 awg
0
+ I (I1cywy + Iacows + Izciws P) —,
3w3
Ko = wy | IoTswaws (I —I)i—IIww(I —I)i
2 = wy [ fol3waws (12 38w1 1d3wiws (11 38w2
+ I hwiwae (I — I )i
1lowiwa (11 2 9os |

Equation and the fact that F' does not depend on ~; imply
Ki(F) = Ky(F) =0. (8.18)

The function I#w? + I3w3 + I3w? is non-constant on all open subsets of Cy(wy,ws,
ws,71). Thus without any restriction of generality one can suppose that on our suitable
open set, [7w? + I3w3 + I3w? # 0.

In order to simplify formulas let us put

a=Lwi+ 3w, B= \/—Ifw% — I3w3 — I3w3, Re(B) > 0. (8.19)
Equation (8.17) has two roots
p_ —I Iswiws + elaws B
a )
where € = +1. Substituting this value of P in the expression for K; we obtain
aK 0
L= —LI[hwi (Ircaws — Izeaws) + eB(Iacaws + I3caws)] m—
wWo awl

0
+ L I[— I Isciwiws — csa + 551261602]%
2

0
+ Ilfg[llfgclwlwz + coax + 66[301003]%.
3
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As we are interested in equations (8.18) we remove all the non-zero factors from K;
and K>, i.e. we shall work with the vector fields

K K.
Z =L and Z,= 2.
w2 w2
Therefore instead of (8.18)) we consider the following equations:
Z1(F) = Zy(F) =0. (8.20)

We compute the Lie bracket K5 = [Z1, Z3] and obtain

K;
LII3

[—(Il — 12)11[2136260%002 — (Il — 13)11[21363(,0%(#3

+ (IQ — 13)11[2201(4}100% — (IQ — 13)11]§c1w1w§

+ 65([1 — IQ)IQIgC;gwl(JL)Q — Eﬁ([l — Ig)IQIgCQUJ]OJ3

0
+ (12 — 13)12302(,0:23 + 25ﬂ(]2 — 13)121301w2w3 — (12 — 13)13?630.)3]87
1

+ [—(IQ — Ig)[fclw%wg — (Il — 13)11[2202(4}1(,«)%
— (.[1.[2 — 2[1[3 + IQIg)Ilfgcgwlngw;g — 2([1 — 13)11I§(32w1w§
+ (IQ — Ig)]llgclwgwg + 65([1 — 13)121362(4120.13

0
+ep(l — I:s)fzfcswg]aTJ2
+ [(IQ — [3)[%61&)%&)3 — 2([1 — 12)11[2203(4)1&)5

+ (2[1[2 — 11[3 — 1213)11[202(,01(,020.)3 — (Il — 12)11[3?030010.)?2)
0
— (Ig — 13)11[22010.130.)3 — 6,8([1 — 12)12262(,0% — &‘ﬁ([l — 12)121363002(.03}87.
3
We consider the vector field

K3
Z =
A

instead of K3.
Equations (8.20) imply that Z3(F) = 0. In this way we obtain the following three
equations to determine F:

Zy(F) = Zy(F) = Zs(F) = 0. (8.21)

Equations can be considered as a system of three homogeneous linear algebraic
equations with the unknowns grad F' = (g—i, g—i, %)’ which do not vanish identically,
because F' is non-constant on any open subset of its domain of definition.

Thus, if a fourth integral F' exists, system has a non-zero solution grad F. We
know that this is possible if and only if the determinant D composed of the coefficients

of (8.21) is identically zero. We compute this determinant and find that on 2,
D =10L1LI(fi8+ f2), (8.22)

where f; and fy are the following polynomials in w;, we and ws:
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?1 = —(Il — IQ)(I 13)11]26102(,01602 (Il Ig)(]l — I3)I12I22I30163w:1))w%o.)3

— (I — L) (I} — )} L2 e cowdwowi — (11 — L) (I — I3) [P T3¢t cawiws
+ (I} = B)[(Iy — )¢ — (I — I3)I2c3 — (I — Ip) I3c3) L I3wiuws
—2(I; — I)(Iy — I3) I? 2 Iscocsw?wiws
+ L L I[(Iy — I3)2 133 4 (I — I3) (I Io — 31115 + 2 Io13) Ioch
— (I} — I)(311 Iy — I I3 — 2I513) 33| wiwiws
+2(I — I3) (I — I3) I} T3 cacawiwaws

— (I (I — Y3 4 (I — I3)Iac2 + (I — Ip) I3c2) L 3wl

12 13),[1[201620.)10.)2 (11 IQ)(IQ —13)11[221301020.)10.130032)

IQ — 13)12[302030JSOJ3
(I — )3+ (I — I3)Iack — (I — Ip) I3c3) I3 Tzwiws

[

(

(Iy — )1 I2T2c1 csunwiw’ — (I — I3) (1o — I3) 11 I3 cicawyw)
(

[

211]213CQ03wg’w§

IL— I
I — I3)[(Is — I3)11¢3 + (1) — I3)Iscs — (I — L) I3ci] I I3wiws
Il I3 (IQ — Ig)[g[§6263&]2w§,

Is)
)
)
— (I = I)
)
)
)
)

fo

62 = —(Il — 12)122110361(—11[3 + I 15 + 62[1]3 — 521213)6«}%&}3

+ (I — L) (=13 + L) [1 I3 T3¢0 wiwsws

- 62(11 — L) — 13)11[21§03clwfw2w§

+ (I — ) (I1 I3 — oIy + €211, — 2 I I3) [ T2 cpcywins
— (I} — I)(Iy — I3) 1 I3 cycawwy

—2(I) — L) (Iy — I3) L I313(%¢} + c2)wwiws

+ (I — ) (I Iy + I I3 — 21513) Ia I3coc3w waws
—2(Iy — I3)(I) — I3) [, I, I2 (%2 + ¢2)wiwows

— (11 — I)(I2 — I3) [ I3czcawnwy — €2(1 — L) (I — I3) I3 I3caciwiws
— (I = BY(IL1 Iy — I I3 4 €211 I3 — €2 I513) 2 I3c1 cawiw?
— (Iy — I3) (1113 — L1 Iy + 21 Iy — 2 1,13) [ T3¢y cowaws
—e2(I) — I3) (I3 — I3) I I3 ¢  cawaws.

AsT; #0,1 < i <3, from (8.22)) one deduces that f18+ fo = 0. If f; = 0 identically,
then fo = 0 identically too. Let us suppose that f; # 0. Then (8.22)) is equivalent to

f2
p=-22.
fi
Applying Proposition to 8% = —I}w? — I3w3 — I3w? one sees that (8.23) can never
occur because 8 ¢ C(w1,ws,ws). Consequently,

(8.23)
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Note that ¢ appears in f; as a factor and in f» only as 2. We replace €2 with 1
everywhere in fo. As 82 can never be identically zero, we require that all the 18 coefficients
of fi/e and all the 13 coefficients of f»/3? be zero, i.e. we obtain a system of 31 equations
for the parameters Zc.

After three consecutive simplifications we obtain a reduced system that contains eight
equations:

(I2 = I3)caes =0, (I1 — I3)eiez3 =0, (Iy — I)(I1 — I3) (s — I3)es = 0,
(I = L)L — I3)(c2+c2) =0, (I, — I)(I2 — I3)cica = 0,

(I = L)(I + Iy — 2I3)cico = 0,

(I — B)[(Iy — I3)et + (I — I3)ca + (Io — I)c3] = 0,

(I, — I3)(Iy — I3)(c3 + ¢2) = 0.

We solve these eight equations by using solve and obtain a set of eight solutions. We
discard the solutions that lead to the Euler, Lagrange and kinetic symmetry cases and
obtain only three new solutions:

I I1 :IQ, ClziiCQ, 03:0,
II. Il = 137 Cc1 = :tiC3, Cy = 0,
II1. I2 = Ig, Cc1 = 0, Co = :|:i03.

We describe here only solution I, because solutions II and IIT are obtained from it by
permutational symmetries oy and o3, respectively.
We consider two cases:

1. ¢ = icy with e = 1 and with ¢ = —1.
2. ¢1 = —icy with e =1 and with e = —1.

Let us remark that the above situation is exactly the one we met in Sec. [7.2] when
looking for invariant manifolds.

Case 1. Let Iy = I, ¢ = ico, c3 = 0 and € = 1. Now the vector field Z3 is linearly
dependent on Z; and Z5 and therefore the local solvability of system around any
point (w1, ws,ws) # (0,0,0) follows from the Frobenius Integrability Theorem. Moreover,
system is quasi-homogeneous (we recall that R = Py, and P is a homogeneous
function of degree zero). Thus from [49] it follows that the sought first integral F' can
be chosen to be a homogeneous function of (w;,ws,ws). But in fact we shall find F by a
crude computation, without any use of the Frobenius Integrability Theorem or the results
of [49]. Nevertheless the above facts guide our approach to the problem.
Let us add to equations the Euler “homogeneity equation”

oF OF oF

—_— —_— — =F. 8.24

w1 » + wa Do + w3 Dos ( )
Dividing equations (8.20) and (8.24) by F we obtain a system of three linear par-

tial differential equations for the function V = log F'. We solve this system as a linear

inhomogeneous algebraic system with respect to the partial derivatives of V' and obtain
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ov (I3wiwa — il3w3 — il3w3 + IzwsB)w:

Oy (I3wiwy + I3ws + T3wow3 + IzwiwsB) (w1 — iws)’
ov (I3wiwg — il3w3 — il3w3 + Izwsf)wa

Ows - (I3wiwy + I3ws + T3wow3 + IzwiwsfB) (w1 — iws)’
v il3(Izwiws — waf)

0wz  Iwiws + IBw3 + Bww? + lwiwsf
Now, by the standard procedure, we find the function V.
We integrate %7 1 <4 < 3, with respect to w; and in this way we obtain three

expressions
V= / (I3wiwg — il3w3 — il3w3 + Izwsf)w:
(I3wiws + I3w3 + [Zwow3 + IzwiwsfB) (w1 — iwa)
V= / (IBwiws — il3w3 — il3w3 + Iz3ws)wa
(I3wiws + I3w3 + IZwow3 + IzwiwsfB) (w1 — iws)
v / iI3(I3wiws — waf)
Iwiwy 4 Iwi + Iwsw3 + Izwiwsf3
where G1, G2 and G3 are arbitrary functions of the corresponding variables.
The first two expressions for V' are too complicated and we do not use them. We only
use the third expression which can be rewritten as follows:

dwi + G1 (w2, ws),

dws + Ga(wr,ws),

dW3 + Gg(wl, LLJQ),

csgn(I3)I3ws

B
where the function csgn(z) is used to determine in which half-plane (“left” or “right”) the
complex number z lies. It is defined by

V = csgn(I3)iarctan + G3(wy,wa),

1 if Re(z) >0,
csgn(z) = ¢ —1 if Re(z) <0,
sgn(Im(z)) if Re(z) =0.
As arctan is an odd function we can write
I
V = iarctan 3;)3 + G3(wr, wa). (8.25)
In order to determine G3(wq,ws) we differentiate (8.25) with respect to w;, 1 <4 < 3,
and obtain
8l _ i13w1w3 6G3
owr (Wit wd)B  Owi’
8l _ ’iIgLUQOJ:J, 8G3
Owy (W} +wd)B ' Owy’
ov _ il
Ows B
We know that V satisfies system (8.20]) so that
Z1(V)=Zy(V) =0. (8.26)
System ({8.26]) is a system of two linear partial differential equations for the function

G3(w1,wz). We solve it as a linear inhomogeneous algebraic system in the unknowns g—gf
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gGa and obtain
wo

and
0G5 w1 0G3 wa

Owi  witwid  Ows w4 wid

After integration these expressions lead to
Gs(w1,w2) = 3log(w] +w3) + C,
where C' is a constant which can be considered to be zero because it is added to a first
integral. Thus from (8.25) we have
I 1
V = iarctan 37% + 3 log(w} + w3).

As V =log I' we have
—I3W3 + Zﬁ

:l:IQ '

We remove the constant denominator and change the sign of the function. Let us
denote the function obtained by F;. We have

F=expV =

F1 = I3LL)3 — ’LB
F satisfies equations (8.20)), which means that in Case 1 with e = 1, F} is a first integral
of system ({8.5).
Let now € = —1. The considerations are exactly as above, but now

I 1
V = —iarctan 370')3 + 5 log(w? + w3)

and F'=expV is
_ I(wf +wi)

Tyws —if
The function F' can be simplified. Indeed, as according to (8.19)),
B = —I3(wi +wj) — 3w,
we have
2., 2 [{wi + B (I3ws +1B8)(I3ws — iB)
wi twy; =— 2 =— 2 .
2 2
We put the value for w? + w32 in the above expression for F' and obtain
pofwstib
I

By removing the constant denominator I and changing the sign of F' we obtain a
new function

F2 = I3(U3 —+ Zﬁ
F; satisfies equations (8.20). Thus in Case 1 with ¢ = —1, F5 is a first integral of
system (8.5)).
Case 2. Let I = I, ¢ = —ics, c3 = 0. The only difference in this case in comparison

with Case 1 is that when ¢ = 1, F; is a first integral of system (8.5) and when ¢ = —1
the first integral is Fj.
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The functional independence of these partial integrals from Hjs follows from the fact
that they do not depend on v; while Hz does. Computation by Maple shows that the
time derivatives 881? and a;;"‘ are both not identically 0 for Euler—Poisson equations (|L.1]).
Thus F; and F5 are partial integrals.

Let us note that the partial integrals F; and F5 are algebraic without being rational.
This is a new fact. Up to now, the known first integrals or partial integrals not depending
on all the variables have been polynomials.

Type 2. Let us study the existence of a first integral of type 2, i.e. F' = F(w1,wa,71).
Now we have

dF 1 oF
In(Iy — I3)wiws — T — (I I —_—
’r Ilfgwg[ 2(Io — I3)wiws — I1cswiyr — (Tacows + 3030J3)R+C?,Ul]aw1
1 oF
12 —[(I3 — I )wiwz + c1 R — e371] +— Do
oF
~I — (Iow3 + Iz3w3 — =
+ Izwg[ 1W1W3Y1 ( 2wy + 3W3)R + W3U1]871 0,
or equivalently
dF
11[QLUQE == Yl(F) = O, (827)

where Y7 is a vector field defined on .

Equation should be an identity with respect to all four variables (w,ws,ws, 1)
Similarly to the consideration of a first integral of type 1, if we differentiate with
respect to ws we will again obtain a linear partial differential equation for F'. We obtain

8};1055‘) = [12(12 — Is)ws — IscsR — (Ircows + I3C3w3)g:z: %
— Lwe {(Il Is)w — gi gj;
1 [Ilwwl + 2I3w3R + (Iows + I3w3)gi U: g—i =0
ie.
‘%;f ) _yy(F) =0, (8.28)

where Y5 is a vector field defined on €.
After differentiating (8.28) with respect to ws we obtain

Y5 (F OR 0’R) OF 0’R OF
82053 ) |:2_[303aw -+ (IQCZCL)Q -+ 13030.)3) B :| 80.)1 + IlclcUQaiwg 870.)2
OR 0’R) OF
— Il |:213R+413(U38 + (12(02 + 13 3) a :| 871 0,
i.e.
Ya(F)
= Y F = .2
20 vy =o. (829)

where Y3 is a vector field defined on .
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We already know that if a fourth integral F exists, system 7 has a non-zero
solution grad F', and that is possible if and only if the determinant D of the coefficients
of this system is identically zero.

We compute D and obtain a long expression which we do not write out here. Let us
note that D has a non-zero factor I?wy and we denote

B(r) = 28

112602 '

It is clear that the equation D(R) = 0 is equivalent to D(R) = 0.
The derivatives (%%3 and gi}; appear in D(R). To determine them we differentiate
3

(8.3]) with respect to ws two times. Taking into account that the polynomial C from (8.4))
does not depend on w3 we obtain

0Q  9A

OB _  dQ OR

0Q _ 94 , 9B, dQ OR _
(9(,03 6W3R + 8LU3R + dR 8w3 0 (830)
and

2?Q 9*A , 0A OR O°B 0B OR

I _J 4 op g4t It vo g

Ow?  Ow3 R+ R@wg Ows + Ow? Ows Ows

0 [dQ\ OR dQ O*R

hobil I T A . 31
s <dR> s AR (8:31)

As in the investigation of a first integral of type 1, by Proposition [£.I] we prove that
if R is a root of (8.3)), then % # 0. Of course, the resultant p of the polynomials Q(R)
and % is the same and we conclude that % # 0 (see (8.14)).

Thus we can correctly determine 22 from (8.30) and put its value in (8.31]). Then

BUJ3
. . %R . .
we easily determine o from (8.31)). This can be done correctly because the coefficient
R Q
of w2 18 also 7%.

Then we put the resulting values for the derivatives of R in the expression for B(R)
and deduce that D(R) has a non-zero factor 8/3R and denominator (%)3. We set
) 5
0(R) = - D(R),
(B) = DR
where §(R) is a polynomial in R of degree 5 with coefficients which are polynomials in
w1, wa, wz and ~;. It is clear that the equation D(R) = 0 is equivalent to 6(R) = 0.

We know that if Q(R) = 0, then if in addition some supplementary first integral
F(w1,w2,71) of system ({8.5) exists, then also §(R) = 0. Thus all assumptions of Propo-
sition are fulfilled. Consequently, in the polynomial ring K[z], where K = Alg(w;, wa,
ws,71), the polynomial Q(z) divides the polynomial 6(x).

Using the MAPLE command rem we divide § by @ and obtain a remainder which is a
polynomial r of the form

IZws
" mag gyt

where a¢ and a; are polynomials in wy, ws, w3 and ;.
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According to Proposition we know that if R is a root of (8.3), then ag and a
should be identically zero. We use ag only because this turns out to be sufficient for our
purposes.

The polynomial ag has 81 coefficients. Thus we should equate all of them to zero. In
this way we obtain a system of 81 equations for Z¢, U; and Us. After two consecutive
simplifications we obtain a reduced system which is very simple:

C3 = 0, (Il — 13)02 = 0, (Ig — Ig)cl =0.
The solutions are obvious:
{c1 =0, ca =0, c3 =0}, Ui, Us, I, I and I3 are parameters,
{Ia=1I5,c0=0,c3 =0}, Uy, Us, I1, I3 and ¢; are parameters,
{l =13,¢1 =0,c3 =0}, Uy, U, I, I3 and ¢ are parameters,
{I =I5, I =I5, c3 =0}, Uy, Us, I3, c; and ¢y are parameters.

It is easily seen that these solutions lead to the Euler, Lagrange and kinetic symmetry
cases, respectively. Thus the sought partial integral of type 2 cannot exist.

Type 4. Finally, let us investigate the possibilities for the existence of a first integral of
type 4, F(ws,ws,v1), i.e. when it does not depend on w;.

As F'is a first integral of system (8.5)), we have

dF 1 oF
— = —[(I3 -1 R— —_—
L A (I3 1)wiws + ¢1 c371) Do
OF
Tolsws (I — I)wiwi + ieiwi v + Tacowayy + IzciwsR — ClUl]aTJ3
or
+ [—Ilwlw;3’y1 — (Igwg + Igwg)R + W3U1]7 =0,
IQ(.L)Q a’)/l
or equivalently
dF
IQIgUJQE = Y1 (F) = 0, (832)

where Y] is a vector field defined on .

Equation ({8.32) should be an identity with respect to all four variables (w1, wa, w3, ¥1)-
As in the previous considerations, taking into account that F’ does not depend on w1, dif-
ferentiating with respect to w; we obtain again a linear partial differential equation
for F"

oY1(F) OR) OF
=1 I3 —1T el
Owq swa | (Is — I1)ws + 1 9or | 90a
OR | OF
+ |:12(Il — 12)0.)% + 1101’}/1 + 1361w38w1:| ng
OR | OF
s {_Ilwﬂl = (Iwj + ISW:?)awl] oy Y5(F) =0, (8.33)

where Y5 is a vector field defined on €.



The Euler—Poisson equations; partial integrability 91

We differentiate identity (8.33)) with respect to w; and obtain
1 9Y»(F) O°R OF oF 9 9 OF
1 _ or oF g L) | vy (F) =0, (8.34
I3 8w1 8wf Gz 80J2 * cws 8W3 ( 242 + BUJS) 671 3( ) ’ ( )

where Y3 is a vector field defined on .

Let us first suppose that R # 0. In that case, if a first integral F' exists then

Ow?
system (8.32)—(8.34]) has a non-zero solution grad F'. This is possible if and only if the
determinant D of the coefficients of this system is identically zero.

Let us compute D. We have

0’R ~
D = I, [sw?—=D,
2 Ow?

where

ﬁ = 12(11 — 12)63(,03’)/1 — 12(11 — Ig)nggw?{}/l + 13(11 — IQ)CgWQLU?Q)’yl

+ (Iz — I3)c1Uywows + Ilclcng'ylz —Is(L — I3)62w§’71 - .[16162’}/%(4)3.

As I I3w3 gi? #0 we use D instead D.

The polynomial D has 7 coefficients. Equating all of them to zero we obtain a system
of 7 equations for Zc and U;. After two consecutive simplifications we obtain a reduction
(see Sec. [3) of this system that consists of 6 equations:

cic3 =0, (I1 —Iz)c3 =0, cica=0, (I1—1I3)co=0, (8.35)
(IQ - 13)6203 = 0, (.[2 - Ig)ClUl =0.

A simple case analysis leads to a set of six solutions given by solve:
{Ul = 07 Il = Ila 12 = 127 I3 = 133 C1 =C, C2 = Oa C3 = 0}7
{U=U, L =5, I =13, I3 =1I3,¢c1 = c1, cg =0, c3 = 0},
U1 =U1, L1 =13, Iy = I3, I3 = I3, c1 = 0, cg = g, c3 = c3},
Ui =U1, L1 =13, Iy = I, I3 = I3, c1 = 0, ¢z = 2, c3 = 0},
U1 =U, L1 =1, Iy =13, I3 =1I3,¢1 =0, co = 0, c3 = c3},
{U1=U, 1 =h,Ih=1,Is=1I3,¢1 =0, c =0, c3 = 0}.
This list should be understood as follows. If an equation U; = U; or I; = I; or ¢; = c¢;,
1 < ¢ < 3, appears we should consider the corresponding parameter to be an arbitrary
complex number. For example, let us consider the third row. There Uj, I3, co and c3
are arbitrary complex numbers but I;, I and ¢; have fixed values. Some of these fixed
values can depend on the chosen value of some arbitrary parameter, as in this example
I, and I, depend on the arbitrary fixed value of I3.
We discard the solutions that lead to the Euler, Lagrange and kinetic symmetry cases
and obtain only one new solution

{Uh=0,1 =15, =1, I3=1I3,¢c; = ¢, cg =0, c3 = 0}.

Let us study this solution. We have Uy =0, ca =cz3 =0and I; #0,1 <i < 3, and ¢;
are arbitrary parameters. In this case D = 0. Thus the vector fields Y; # 0, 1 < i < 3,
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(see (8.32)—(8.34)) are linearly dependent. More precisely, the following equation holds:

Owr
We discard the vector field Y; because it is a linear combination of Y5 and Y3 and
compute the Lie bracket Z = [Y5, Y3]:

0’R 0’R 0’R
8w1871 e 8w18w2 T s 80.}18(,03
0’R 0’R 0’R
8w1871 e 8w18w2 T s 80J180J3:|

OR
Yl = W1Yé +[3 <R— wl)Y},.

+ (I — Ig)w?,} —

Z = I301(U2 [(Igwg + Igwg) 8&}2

+ 61{13W3 |:(I2wg + Igwg)

1202 + w2 + 1 —
+ Liwy + Iilzws + liermn s

0’R 0%R 9%R
- IS{(IQWS + I3w3) {(12“’% =+ I3W§)m — C1ws BBy c1w3 &ul&ug]

—+ Ig(]l — 215 + 2]3)w2w3 + I1Igbd3 + 1161W3’}/1}a
Y1

As we already know, if a first integral F' of the sought type exists, then it should
satisfy the system
Yo(F) =Y3(F) = Z(F) =0

and the determinant of the coefficients of that system should be identically zero. We
compute this determinant and obtain the expression

—1213(12 — 13)01(«03(«03[[20)%(3]1 — 2[2) + I3w§(311 — 2[3) =+ 4[101’}/1].

It is easily seen that this expression can be identically zero only if I = I3 or if ¢; = 0.
The first possibility leads to the Lagrange case and the second to the Euler case.

Thus if we suppose that ‘32712?' # 0, then a first integral of type 4, i.e. F(ws,ws,v1),
1

does not exist.

9’R

E)w%

Let us suppose now that = 0. In that case we have

R = f(wa,ws, v1)w1 + g(w2, w3, 71), (8.36)

where f and g are arbitrary smooth functions not depending on ws.
We put the value of R from (8.36]) in (8.3) and obtain

Q = [(I3w5 + I3w3) f? +211]3w3’}’1f+11’71]w1
+ 2[(I3w3 + I3w3)gf — I3Urws f + I1 Izwsy1g — LUy wr
+ (F3ws + I3w3)g + Iwiy? — Upwi — 213U wsg + 13U = 0,

that is, @ is a polynomial of second degree in w; with coefficients depending on ws, w3
and 1. As @Q = 0, the three coefficients should be zeros.

We equate to zero the coefficient of w? in @ and determine f from the resulting
equation. We have

—i]l’yl o —iIl’yl
iIgwg — Igwg’ 27 if3w3 + IQUJQ ’

fi=
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With these values of f we equate to zero the coefficient of wy in @ and determine g
as follows:
U 1 Z.Ul

g1= il3ws — Izwg’ g2 = il3ws + ]2&)2'

Using the values f; and g; we equate to zero the constant term of @ developed in
powers of wq, that is, the value of () when w; = 0, and obtain

J3w3(7i — Uz) = 0.

Taking into account that I3w3 and v3 — Us never vanish identically, we conclude that
the last equality cannot be fulfilled.
The same result is obtained using fo and gs.

Thus a first integral of type 4, i.e. F(wa,ws, 1), does not exist in the case when

R _ .
o 0 either.

8.2.2. Elimination of w; and ~;. We eliminate the variables w; and ; from the
equations H; = Uy, Hy = Us and obtain the following solution:

=V—7% =% + U2 (8:37)

_ Tawyys + Izwsys — Un o’
hy=3-3+0,

Further to simplify formulas we denote

w1 =

U=V =93+ U

As all our considerations are local we can restrict ourselves to some suitable open set
Q C CH(wz,ws,72,73)-

We put the values of w; and 7; from in the Euler—Poisson equations and
remove the first and fourth equations. In this way we obtain the following system of four
equations in the unknowns ws, ws, 72 and vs:

dws (Il — 13)(12(,02’}/2 =+ [3(,«)3’)/3 — Ul)(U3 — 1103F2 =+ 116173F

dt LI,T ’
dws _ (Iy — Ir)(Toway2 + Iswsys — Ur)ws — o + Thepyal

dt I IsT ’ (5.38)
dy2 _ (Iwaye + Iswsys — Ur)ys + hiwsI™?

dt Lr ’

dvs _ (Iawaya + I3wsys — Ur)ye + LiwoT?

dt LT '

Here we study whether system ([8.38) has a first integral that depends on at most three
variables among (wa,ws,72,73). Thus we should investigate the following four types of
first integrals:

1. F(we,ws,72) (case (iii)).
2. F(we,ws,3) (case (iii)).
3. F(wa,v2,73) (case (iv)).
4. F(ws,v2,73) (case (iv)).
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As partial integrals belonging to case (iii) were already excluded in Sec. we will
now study if a function of type 3, belonging to case (iv), can be a partial integral of the
Euler—Poisson equations (|1.1)).

Type 3. Let us study the existence of a first integral F' of type 3, i.e. F = F(wa,¥2,73)-
Being a first integral of system (8.38]), F' satisfies the equation

dF (I — Is)ws(lowaye + Tswsys — Ur) — LiesT? + Tierysl OF

dt 11]2F 80J2

~ (lawaye + Iawsys — Un) + LiwsI™? OF

11F (9’72
")/2([2(4)2’)/2 + Ig&]g")/g - Ul) + 11WQF2 8F _

+ —— =0,

Ill“ (9’}/3
or equivalently
dF
LT =Y(F) =0, (8.39)

where Y is a vector field defined on 2.
The left-hand side of , ie. Y(F), is a polynomial in w3 of degree 2 with coeffi-
cients depending on the parameters Zc, Uy, Uy and the variables (wa, 2, ¥3)-
Let us write
Y(F) = Y1(F)w3 4 Ya(F)ws + Y3(F),
where Y;, 1 <1i < 3, are the following vector fields:

0
Y1 = I3ys(1h — 13)87@’

0 0 0
Yo = (11 — I3) (Toway2 — Ul)(’)TuQ + L[LYs + (I — I3)v3 — 11(]2]3772 +I21372736773,
0

0
Y3 = Ii(csvs +csvs + sl — C3U2)6Tug — Ipys3(Taways — Ul)afm

0
— L[(I) — Iy)wey3 + Lways — I1Usws + U172]87%7

defined on .

Y (F) should be identically zero with respect to all four variables wq, w3, 72 and ~s.
As Y;(F), 1 <i <3, do not depend on w3, we have the following three equations:

Yi(F) = Ya(F) = Ya(F) = 0. (8.40)

If a first integral F' = F(wa,y2,7y3) exists then system (8.40) has a non-zero solution
grad F'. We know that this is possible if and only if the determinant D of system (|8.40)
is identically zero. We compute

D = LI3I3(1; — I3)ysD? (I — I2)wavs + (I — I3)ways — I1Usws + 72U ] = 0.
One can easily see that D = 0 if and only if
I, =1s. (8.41)

Let us study this case. Now Y; = 0 but simple computations show that the vector
fields Y> and Y3 are always linearly independent. We compute the Lie bracket Z =



The Euler—Poisson equations; partial integrability 95

[}/2, Yg]/(lg[g) and obtain

0 0
Z = 2137 (c1y3 — Cslﬂ)éTu2 + I (12Upwy — UWQ)%’%

0
+ L{[(Iz — I)T? = LUslwyys — Uin3 + Ule}aTg.

Equations (8.40)2,3 imply that Z(F') = 0 and we come to the following system for F:
Yo(F)=Y3(F)=Z(F)=0. (8.42)
As above we should study when the determinant D of system (8.42) is identically
zero. We compute D = didads, where
dy = I3I3T2,
da = (c173 — 3T,
ds = (13 — IQ)(UQ"YS — (2[2 + Ig)UQU)Q’Yz + 2U1’Y§ + U1 Us.

It is clear that d; never vanishes identically. If do vanishes then ¢; = ¢3 = 0, which
together with condition (8.41) leads to the Lagrange case. The third factor ds is zero if
and only if Iy = I3 and Uy = Us = 0. But taking into account (8.41)) this is a particular
case of the kinetic symmetry case. Thus a partial integral of type 3 does not exist.

It only remains to study the functions belonging to cases (v) and (vi).

8.2.3. Elimination of w; and ~3. Solving the equations H; = Uy, Hy = U with
respect to wy and 72 we obtain

Tows —W% - V% + Uz + Iswsys — Uy /9 2
— =V -7 — + Us. 4
w1 T » it Y1~ 73 2 (8 3)

To simplify formulas we denote
U=V =9+ U

As before, we restrict ourselves to some suitable open set Q C C*(ws, w3, v1,73)-

We put the values of w; and 7, from in the Euler—Poisson equations and
remove the first and fifth equations. In this way we obtain the following system of four
equations in the unknowns ws, ws, y1 and vs:

dwy  (Iy — I3)(Iswsys + TowoI — Ur)ws — (Liczy1 — Liciys)m

- )

dt IiIam
dws (I — b)(I3wsys + Dwol' — Un)ws — (Licays — lial)m

dt 11[3’}/1 ’ (844)
@ =w3l' —w

di 3 273,

d’)/g o (Il"}/% + IQFQ)CL)Q + Igwg’}/g].—‘ - UlF

dt I '

Here we look for first integrals of system (8.44]) of the following four types:

F(ws,ws, 1) (case (ii)).
F(ws,ws,v3) (case (iii))
F(wa,71,73) (case (v)).
( ) (case (iv)

F(ws,v1,73) (case (iv))

W
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The functions from cases (ii), (iii) and (iv) were already examined. It remains only to
examine case (v).

Type 3. Let us study the existence of a partial integral F'(w2,v1,73) of type 3 belonging
to case (v). Then we have

dF' (I — I3)(Isw3yz + Dwel' — Up)ws — (Licgyr — Licrys)yn OF

E I Irm Ows
OF (I + IT?)ws + Izwsysl — UL OF
+ (w3l —wayg)=— + (i 2wz 3575 L 0,
oM Iim O3
or equivalently
dF
LiIoyi— =Y (F)=0
1427 dt ( ) ,

where Y is a vector field defined on 2.
Y (F) is a polynomial in w3 of degree 2 with coeflicients depending on the parameters
Zc, Uy, Uy and the variables ws, 1 and 73.
Let us write Y (F) in the following way:
Y (F) = Y1 (F)w3 + Ya(F)ws + Y3(F),

where Y;, 1 < i < 3, are

Owg ’

0 0
Y2 = (Il — Ig)(IQLUQF — Ul)% +11[2’)/1F8771

Y1 =I3(I1 — I3)73

0
+ IoI3ysl'——,
O3
Ys = Iy ( )8 LI 0 + L[(I,T? 4+ 17?) Uil 0
= c —cC _— = W —_— Wo — —_—.
3 171(C173 371 Do 142 271’73871 212 171)wW2 1 873

Y (F) should be identically zero with respect to all four variables wa, ws, 2 and ~s.
As Y;(F), 1 <1< 3, do not depend on ws we have
Yi(F) = Ya(F) = Y3(F) = 0. (8.45)

If a first integral F = F'(wo, ¥2,73) exists then the determinant D of system ({8.45) is
identically zero. We compute

D = LIEI(1 — )yl {wsa (I — L)VE + (I3 — I2)vy3 + LUs) — Ui T} = 0.
It is easily seen that D vanishes identically if either
L =13 (8.46)

or the expression in curly brackets vanishes. This expression is a linear function of wo
and we should require that its two coefficients vanish. But this leads to kinetic symmetry
case with the additional restriction Uy = Uy = 0.

Thus we study only the case (8.46). Now Y; = 0 but simple computations show that
outside of the particular case (U; = Us = 0) of kinetic symmetry, the vector fields Y5
and Y3 are always linearly independent. We compute the Lie bracket Z = [Y2,Y3] and
obtain
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% = 2I371(c1vs — 0371)F28iw2 + Iy1ysT[(12 — Is)wel — Ul]%
+ LTwel (I3? — Iy} — LUs) — Uy} + Ule}a%.
Equations (8.45)2,3 imply that Z(F) = 0 and thus
= zZT
2F) =1 =0
In this way we come to the following system for F’:
Y,(F) = Y3(F) = Z(F) = 0. (8.47)

As above we should find the cases when the determinant D of system (8.47) is iden-

tically zero. We obtain D = d;ds, where
dy = ;137 (e1vs — eI,
dy = [(I3 — L)7i + (I3 — I2)73 + 3LUs]wel’ — Ur (202 4 Us).

It is clear that d; vanishes identically only when ¢; = ¢3 = 0, which together with
condition (8.46]) leads to the Lagrange case. As ds is a linear function of ws, the condition
dy = 0 is fulfilled if and only if its two coefficients with respect to wo vanish identically.
Thus Is = I3 and U; = U, = 0. Taking into account (8.46) this is a particular case of the
kinetic symmetry case. Thus a partial integral of type 3 does not exist.

8.2.4. First integrals F(v1,72,7s). Finally, it remains to study the existence of a
partial integral F'(vy1,72,73), which cannot be done by elimination of variables as above.

We have Hy = 7% + 73 + 73 = Us, thus 73 = \/—735 — 73 + Uz and then

F(y1,72,73) = F(V =73 =73 + Uz,72,73) = F(72,73).
Our problem is now reduced to the study of partial integrals of the form F=F (v2,73)
with respect to the submanifold {H; = U;}. Absence of such partial integrals follows
from Sec. where the absence of partial integrals of more general form F'(w;,y2,73),
1= 2,3, is proved for all U; and Us.

8.3. Invariant manifold {H; = Uy, Hz = Us}. Here we study the existence of a
partial integral of the Euler-Poisson equations (I.1)) with respect to the complex four-
dimensional level manifold

{H1=U, H3 =Us}, (8.48)
supposing that this partial integral depends on at most three variables.

8.3.1. Elimination of w; and w,. In the same way as in Sec. [8:2.1] we express w; and
wo from the equations H; = U; and H3 = Us and obtain the following solution:
_ IRy 4 Iswsys — Uy

= =R 8.49
w1 1171 5 w2 ) ( )

where R is a root of Q(z) = Az? + Bx + C = 0, that is,
Q(R) = AR* + BR+C =0. (8.50)

Here the functions A = A(y1,72), B = B(ws,v2,73) and C = C(ws,v1,72,73) are the
following polynomials:
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A=D(Li +1v;), B =2Dy(lwsys — V1),
C = LIzw3v; + Iw3ys — 2I3Uwwsys + 211y + 2L1cavi72 (8.51)
+2Ic3viys — LiUsh: + UL
We put the values of w; and wy from in the Euler—Poisson equations and

remove the first and second equations. In this way we obtain the following system of four
equations in the unknowns ws, v1, 72 and vs:

% _ (i = L)(I2y2R + Izwsys — Uh) R — Li(yic2 — c1v2)n

dt LiIsm ’
d
% = w32 — 3R,
8.52
dy _ (IsRvs + Izwsys — Ur)ys + Liwsy? (8.52)
dt I ’
dys _ (177 + B3R + (Iswsys — Un)ye
dt Im '

Now we study the existence of a first integral of system that depends on at
most three variables among (w3, 71,72, 73). Thus we should investigate the following four
types of first integrals:
1. F(ws,71,72) (case (iv)).
2. F(ws,v1,73) (case (iv)).
3. F(ws,vy2,73) (case (iv)).
4. F(v1,72,73) (case (vi)).

Then, as in Sec. [5|it suffices to examine functions of types 1 and 4.

Type 1. Let us consider the existence of a first integral F' of system (8.52)) which is of
type 1, i.e. F = F(ws,v1,72). Thus

dF' (Iy — L) (Iava R+ I3wzyz — Un) R — I (yic2 — c1y2)y1 OF

v

dt I I3m Ows
oF LR I -U 1 2 OF
4 (wyye — s R) S (L2Ry2 + Iswsys — Ur)ys + hiwsyi 9r _o.
omn Im 02
We rewrite the above equation as
dF
11]3’71E =Y1(F) =0, (8.53)

where Y] is a vector field on a suitable open set Q C C*(ws, 71,72, 73)-
We differentiate identity (8.53)) with respect to 3 and obtain a linear partial differ-
ential equation for F:

1) %) (F) OR OR | OF
= ([; — I5) | =21 — =1 — (I — —_—
93 (I 2)[ 2’)’23873 3wz R — (I3w373 Ul)a%] s
OR\ OF
— LI R+vy3— | —
1 3’?1( 3 873) o
OR OF
— 13 |:213W3"}/3 + IQ")/Q <R + "}/3> - U1:| —_— = YQ(F) = 0, (854)
s 02

where Y5 is a vector field defined on €.



The Euler—Poisson equations; partial integrability 99

After differentiating identity (8.54]) with respect to 3 we obtain

Y, (F) 9%R OR
= (I; — I 21 — 21
073 (h 2)[ QWRa 3 272<373>
R 0%R OF
- 2136033773 — (Iswsys —U1) 5 92 } Durs
OR 0?R\ OF
L (22 4,2 2D
1 3’71( s + 3 3%? ) o
OR 0%R oF
—I3( 2Ly2— + Layeys 5 + 2[5ws =Y3(F) =0, (8.55)
973 . s

where Y3 is a vector field defined on €.
If a first integral F' exists, then the linear system (8.53))—(8.55)) has a non-zero solution

grad F' = (g—i, g—,i, g—f;), which is possible if and only if the determinant D of the

coeflicients of this system is identically zero.

We compute D. It has a non-zero factor I 1. ??’yl and hence we work with

~ D
D=—-——.
LIz
The expression for Dis

2

OR 9’R OR\?> OR
= a1 R®+ asR>—— + a3 R>—= + a4 R% + a5R( ) R
073 0’73 073

R OR\"® OR\> OR 82R
—|—a7Rav —l—CLgR—Fag(a%s) —I—am(%) +a1187’)/3+a1287’}/§’ (856)

where

ay = —2DLI3(I; — I)wsye, az = —2[2(I1 — I2)y2(Ur — 313w373),
az = —Iy(I) — Io)yo(—2wsily — 2w3yals +y3Uh), ag = 2I3(I1 — I)Uyws,
as = 2(I) — I) Iryyo(—w3yil1 — wavsla — 3I3wavs + 2v3U1),
ag = 2(I) — ) (=21 I3w3v3 — 213U w33 + U?),
a7 = (I — L) (—Uiwsyi 11 — 3wsys LUy — Iswsv3Us + Uz + 4l3w3ysys ),
ag = *213603(*[3003%]2’72 + Lwiiye — Iivies + cryelim),
ag = —2I(I1 — I)yeys(—wsvi Iy — wav3 Iz — Izws 3 + 3Uh),
aro = —2(h — I)(—Uhwsyi Iy — 2Isw3ysy5 Iz — Iswsy3Us + Upys),
a11 = 2(—Ivicalsysws + L I3wiysye — c1valiyi U + civa iy Izysws
+ iUy — B I3wiysya),
a1z = (Uy — 2L3w373) (=Ur Lawsye + Ui liwsye — e1v2liviys — Iswiliya7e
+ 177 cays + TawiIaysya).

To determine the derivatives g—R and ?;13; we differentiate (8.50) with respect to 73
two times. Taking into account that the polynomial A from (8.51]) does not depend on
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3 we obtain

0Q _ 0B, 9C dQOR _

= —R+ —+—<—= 8.57
Ovs  Ov3 Ovs  dR 0vy3 (8.57)
and
0*Q 0°B OB OR 0%C 0 [dQ\ OR dQ O’R
iy *%%*aﬁ*a%(m%% ar o7 (8.58)

By Propositionwe prove that if R is a root of , then % 2 0. For this purpose
we consider the resultant p = A(4AC — B?) of the polynomials Q(R) and % and prove
that p # 0. As A never vanishes identically we do not consider p but p = 4AC — B2.
Putting in p the expressions for A, B and C (see (8.51))) we obtain

p = AL LY} [Iwi(I: + Ivs + Is73) + 2(1iv: + I%3) (i + cave + ¢373)
— 23U w33 — Uslin} — LUsvs + ULl

which never vanishes identically because it contains a monomial 472 I513w3~;.

Thus % # 0 and g—i can be correctly determined from (8.57). Then from (8.58) we
2’R
032

D (see (8.50)). In this way we obtain
~ 8I:6(R
D(R) = (dQ()g),

dR

determine

and put the resulting values for the derivatives of R in the expression for

where 6(R) is a polynomial of R of degree 6 with coefficients depending on ws, 1, 72
and 3.

It is clear that the equation D(R) = 0 is equivalent to 6(R) = 0. We know that if
Q(R) = 0, then if in addition some supplementary first integral F'(ws,~1,7y2) of system
exists, then also §(R) = 0. Thus all assumptions of Proposition are fulfilled.
Consequently, in the polynomial ring K[z], where K = Alg(ws, v1,72,73), the polynomial
Q(z) divides the polynomial é(x).

By the MAPLE command rem we compute the remainder r of dividing é(x) by Q(z).
The remainder is of the form

r(R

where ag and a; are polynomials in ws, ¥1, 72 and ~s.
According to Propositionif Risaroot of (8.3), then ag and a; should be identically
zero. We shall use a; only.

Ity

= ———>5(aTr + a1),
Il’Yf+12’Y§( " 2

The polynomial a; has 210 coefficients. Thus we should equate all of them to zero.
In this way we obtain a system of 210 equations for the parameters Zc¢, U; and Us. The
reduced system (see Sec.|3) obtained after two consecutive simplifications is very simple:

01:07 02:07 Il_IQZO.

These equations lead to the Lagrange case. Thus the sought partial integral of type 1
does not exist.
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Type 4. The study of the existence of a first integral of type 4 is considerably different.
Indeed, suppose that F' = F(y1,72,73) is a first integral of system (8.52). Then we have

dF OF  (I;Ry 4 Iswsys — Uy)ys + Liwsyi OF
— = (w372 — 3 R)— — A
dt o I 02
n (I7F + Ly3) R+ (Iswsys — Ur)ye OF 0
Im 03 ’
which we rewrite as AF
1171% = YI(F) =0, (8~59)

where Y7 is a vector field defined on €.
After differentiating (8.59)) with respect to ws one obtains again a linear partial dif-
ferential equation for F,

oY:(F) OR\ OF OR . L\ OF
- EPVRCALT [y (F SVRNVRLALINE A ST 0% 3 e
9on Livi{v2 =3 s ) O 27273 s + I3v; + 11vg s
OR oF
| + o) + B 5 = Yal) =0, (5.60)

where Y5 is defined on €.

System 7 has a solution. This is the first integral Hy. In order to have one
more solution this system should consist of dependent equations. Let us study when this
is possible.

We compute the determinant D3 of the square matrix obtained from the 2 x 3 matrix
of the coeflicients of system 7 by crossing out its first column. The result is
Doz = Iiyi [ (17 + 13 + I37§)(R - wggi) -U (72 - 7321)]-

The expression for Ds3 depends on g—f;. We determine it by differentiating with
respect to ws. The polynomial A does not depend on w3 (see (8.51))) and therefore

0Q 0B oC  dQ OR
Ows  Ows | Ows  dR dws

As in the study of a first integral of type 1, using Proposition we prove that if R

is a root of then % # 0 and obtain from the above equation
OR _ Iy[ys(I2Ry2 — Ur) + ws(l10f + 1373)]
Ows LRI} + L73) + 72 (Iswsys — Uh)]

We put this value of aaTi in the expression for Doz and obtain

11"/%

Do,
LR + I73) + 7e(lawsys — Un)] 20

Doz =

where
Doy = Iy(I17} + 1273 + Isn3) (1] + 1273) R? + 272(Iswsys — U1)R)
+ I3(07 + Iys + In3) [(If + I373)wi — 2Urysws] + U (I3 + 1373).
It is clear that Dy3 = 0 is equivalent to

Da3 = 0. (8.61)
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If a first integral F' = F'(y1,72,73) exists then (8.61) is fulfilled. Thus R is a simulta-
neous root of (8.50) and (8.61)). In that case Dy and @) as polynomials in R should have

a zero resultant.

Let us denote the resultant by p. We obtain
p =L (0 + 173)°6°,
where

p = (2c171 + 2¢272 + 2¢37v3 + Us) (117 + 73 + Isv) + Ut

The equation p = 0 implies p = 0. It is easily seen that the latter happens only if
c1 =cy =c3 =0and Uy = Uz =0, which is a particular case of the Euler case. Thus a
partial integral of type 4, F(y1,72,73), does not exist.

8.3.2. Elimination of w; and ~;. Here we should study two cases: when ¢; # 0 and
when ¢; = 0. This is necessary because when we express 7; from the equation Hy = Us
we obtain

Trwaye + I3wsys — Up
- I

independently of ¢;. But putting ~; from in the equation H3 = Us, two different
case for determining w; arise. When ¢; # 0 the equation for wy is of degree 3 while when
c1 = 0 it is of degree 2. Therefore, to avoid any confusion, we consider the two cases
separately.

(8.62)

M=

Case A: ¢; # 0. In the same way as in Sec. [8.2.1] taking into account the value of v,
from (8.62) we solve the equation Hs = Us with respect to w; and obtain

w1 ZR,

where R is a root of

Q(z) =I?2° + Az + B =0,

that is,
Q@R)=I!R*+AR+B =0 (8.63)

and A = A(wq, w3, ¥2,73) and B = B(wa,ws,¥2,73) are the following polynomials:

A = I (Iow3 + I3w3 + 2cay2 + 2¢373 — Us),

(8.64)
B = —c1(2Ihways + 213w3y3 — 2Uh).
In this way we come to the following values of the eliminated variables:
1 1 - U
wi= R, oy = o2t s 2 O (5.65)

LR

We put the values of w; and v, from (8.65) in the Euler—Poisson equations (|1.1)),
remove the first and fourth equations and obtain the following system of four equations
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in the unknowns ws, w3, v2 and ~s:

dwy  I(Iy — Is)wsR? — [yeyys R — e3(Towaya + Iswsys — Uy)

dt LLR ’
dws  Li(5 — I)weR? — Tic17e R — ea(lowaye + Iswyys — Un)

dt L3R ’ (8.66)
dys L3 R? 4 ws(laways + Tawsys — Un)

dt LR ’

dys 1172 R? + wy(laweye + Iswsys — Uh)

dt LR '

Case B: ¢; = 0. We solve the equation H3 = Us with respect to w; for the value of v,
given from (8.62)) and obtain w; = R, where R is a root of Q(z) = I12% + B, that is,
Q(R) = LR* + B, (8.67)

and B(wa,ws,Y2,73) is the polynomial B = Irw3 + I3w? + 2c272 + 2¢373 — Us.

In fact, the values of the eliminated variables are determined as in Case A, i.e. by
formula but R is a root of a different equation.

The restricted Euler—Poisson equations are

dwy (I — I3)wsR? — c3(Tawaye + Tawsys — Un)

dt IR ’

dws _ I (I — I)wa R? — co(Towaye + Iswsys — Uy)

dt I1IsR ’ (8.68)
dv2 I3 R? + ws(lawaye + Iswsys — Us)

dt ILiR ’

dys 1172 R? + wa(lawzye + Iswsys — Uh)

dt LR '

To study the existence of first integrals of systems (8.66]) and (8.68)) that depend on
at most three variables among ws, w3, 2 and 73 we should consider the following four
types of first integrals:

iii)).
iii)).
iv)).
iv)).

Thus we should study first integrals of type 1 only.

1. F(ws,ws,2) (case
2. F(wag,ws,v3) (case
3. F(wa,2,73) (case
4. F(ws,y2,73) (case

Y S

Case A.1. Here we consider Case A, i.e. ¢; # 0, and study the existence of a first integral
of type 1, i.e. F = F(w2,ws,72). Thus

ar _ L(h - I3)wsR? — Iic1ys R — c3(laways + Izwsys — Uy) OF

dt LR Ows,
Ii(I1 — Iy)we R? — [icrya R — ca(Tawoys + Iswsys — Uy) OF

+ P
Ilng 3w3

I3 R? + ws(Toways + Iswsys — Uy) 6£ _
IlR 872

+ 0,
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which is equivalent to
dF
L IsR—
otz iy
where Y] is a vector field defined on a suitable open set Q C C*(wa, w3, Y2, 73)-
We differentiate identity (8.69)) with respect to 73 and obtain again a linear partial

differential equation for F':

=Yi(F) =0, (8.69)

ov1(F OR OR oF
ﬁ = Ig |:211(Il - I3)w3R7 + IlclR + 1101’737 + I363W3:| -
Z0F:! s 03 Ows
OR OR oF
+ IQ |:211(Il — IQ)W2R87/Y3 — 1161’}/2 6’}/3 1362w3:| Ow s
OR oF
+Ig[3 <11R +2Il’}/3R +13w3) —Yé(F) :07 (870)
073 3’72

where Y53 is a vector field on .
After differentiating identity (8.70]) with respect to 3 we obtain

OYa(F) R OR\?
673 = 11]3 2(_[1 IS)WSR@’}/% 2([1 Ig)o.)g (9")/3
+ 2c 8—R + 1y OR] OF
Yavs T 902 | By
&R dR\* 9*R) OF
+ I I |:2(Il IQ)UJQR 87 + 2([ Ig)wg (8’}/3) — C172 8’}/32,:| 87(.03

0’R OR OR| OF
+ 211151 R— 5 + + 2R =Y3(F) =0, 8.71
142 3[73 8 73(873) 8’73] 972 3( ) ( )

where Y3 is a vector field on €.

If a first integral F exists, system 7 has a non-zero solution grad F' =
(aaTiv g—i, %)’ which is possible if and only if the determinant D of its coefficients is
identically zero.

We compute D. It has a non-zero factor 121313 and we denote

~ D
D =
RI3I3
The expression for Dis
~ OR 2R OR\? OR 92
D — R47 R4 R3 R37 5R3
a1 63+a2 82+ 3 (87;;) + aq 8734-@ 72
OR\? OR %R OR\? OR
R*| — arR?— R*— R( — R—
e (373) o0 3 s o3 s (373) o s
+a RaQR +a a—R +a a—R i
11 2 12 G 13 Ovs )

where
ay = —2Lcywa(ly — Iz),  az = Lici[(—1 + Ia)ways + (11 — I3)wsya),
az = —2Le1[(—11 + I)ways + (I — Is)ws o,
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2[213(I — I1)cawaws + 2I3(I1 — I3)caw3 + I1civa),

—2I5(I1 — Ip)csw3ye + 2L (—1I3 + Iy)cawswsya — 2I3(11 — Io)cswows s
+2(I1 — Ip)esUywag + 2I3(—1I3 4 11 ) cowdyz — 2(—1I3 + Ih)caUsws + I ¢y,
ag = 6[(I2 — I1)cawa + (I1 — I3)cows](—Taway2 — Iz3wsys + Ur),

ar = —2¢1(—I3(I1 — Iy)waws — caloways — 2¢3l3wsya + coUy),

ag = —c1 [2L(I1 — I)wiwsy, — I3(I1 — Iy )wswiys + 2(11 — L) Urwsws

aq

as

— Leswyys — Iacawayoys — Is(—Is + I )wiye — 2I3cswsy2ys + csUryz + U],
ag = 2c; [—Ig([l — L)wiwsys — 2I3(11 — I)wawiys + Ui (11 — Ip)waws — 2c3Towaya
+ Iycawayays + I3(— I3 + I))wive — Iscawsyays + 2¢sU1y2 — c2Ur7s),
a10 = =23 w372, a1 = Gwyya(—lwaya — fawsys + Uh),
a1z = 2¢1[(Iz = I)waws s + (=13 + T1)w3ve + c3vays — cov3](—Towaye — Tawsys + Uh),
a3 = —2ciwsya(—Iowaye — Izwsys + Ur).

The first and second derivatives of R with respect to 3 appear in D. To determine
them we differentiate equation (8.63)) twice with respect to -3 and obtain

0Q _0A, 9B dQOR _

Tx —— 4y = 8.72
Ovs 073 Ovs  dR Ovs (8.72)
and
0’Q 0%A 0A OR 0°B 0 (dQ\ OR dQ O’R
— == — —+t——+—|=|—+-=55=0. (8.73)
03 3 Ovs Oys O3 Oy3 \dR ) Ovs  dR 03

We prove that if R is a root of , then % = 0. For this purpose we consider
the resultant p = I}(4A3 + 271 B?) of the polynomials Q(R) and % =3I#R? + A and
prove that p # 0. Indeed, putting in p the expressions for A and B from we obtain
a polynomial which we do not give here but it never vanishes identically as it has a
monomial 473 13wS.

Thus, by Proposition % # 0 and g—i can be correctly determined from .

Then by (8.73)) we determine R put the resulting values for the derivatives of R in the

6')/;"’ ?

expression for D(R) and obtain

~ L§(R)
D(R) = (@)37

dR

where L = 4(I1csR — Isciws) and 0(R) is a polynomial in R of degree 8 with coefficients
depending on wsy, w3, y2 and 3.

We prove that L does not vanish identically provided that R is a root of . Indeed,
if c3 = 0 then L = —4I3¢iw3 and as ¢; # 0 then L could not vanish identically. If ¢ # 0
and we suppose that L = 0 then we have R = Isciws/(I1c3). Simple computations show
that this value of R cannot be a root of (8.63). Thus we can work with D instead of D
because L and % are not zeros.

Thus the equation D(R) = 0 is equivalent to §(R) = 0. We know that if Q(R) = 0,
then if in addition some supplementary first integral F(ws, ws,¥2) of system exists,
then also §(R) = 0. Thus all assumptions of Proposition are fulfilled. Consequently,
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in the polynomial ring K[z], where K = Alg(wa,ws,¥2,73), the polynomial Q(z) divides
the polynomial é(z).
By the MAPLE command rem we compute the remainder r of dividing 6(z) by Q(x):

’I“(l‘) = 2[161&01‘2 +a1x + 461(—120.}2’}/2 — Iswsys + Ul)ag,

where the coefficients ag, a; and as are polynomials in wo, w3, 72 and ~s.

According to Proposition if R is a root of (8.63), then, as 2I1¢; is not zero and
4cy (—ITawayy — Iswsys + Up) does not vanish identically, we have ag = a1 = ag = 0
identically. We use only the last equation ay = 0.

ag is a polynomial with 51 monomials and therefore with 51 coefficients. We equate
them to zero and apply simplification to the resulting system. After three consecutive
simplifications we come to the reduced system that consists of only one equation 1=0.
Thus a first integral of type 1, F = F(ws,ws,¥2), does not exist when ¢; # 0.

Case B.1. Here we consider Case B, i.e. ¢; = 0, and study the existence of a first integral

of system (8.68]) which is of type 1, F'(w2,ws,¥2)-
In the same way as in Case A we obtain a system

Yi(F) = Ya(F) = Ys(F) =0, (8.74)

where Y;, 1 < i < 3, are vector fields defined on €.

System (8.74) coincides with (8.69)—(8.71]) if we substitute ¢; = 0 in the last equation.
The existence of the sought first integral is possible if and only if the determinant D of

the coefficients of system ({8.74]) is identically zero.
Let us compute this determinant. We obtain

D(R) = 2I2I2I2R?[(I — Iy)csws + (It — I3)caws] D(R), (8.75)

where

~ 9’R dR\’ OR
D(R) = (IQ(UQ’)/Q + Igw;g’}/g - Ul) |:R8’y§ - 3<a%))> :| + 213W3R87’)/3.
Taking into account that now R = 0 cannot be a root of and that ¢; = 0
we easily see that the factor before ﬁ(R) in can vanish identically only in the
Euler, Lagrange and kinetic symmetry cases. Thus the equation D(R) = 0 is equivalent
to D(R) = 0.
We compute the derivatives of R (see ) with respect to 3 and obtain

OR o C3 32R C%

oys LR 043 LIRS

and determine

o I Izw3 R? + 2¢3(Taways + Tz3wsys — Ur)

D(R) = -2 2R

Let us suppose that cs # 0. It is clear that now D(R) never vanishes identically and
consequently the sought partial integral does not exist.
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Let ¢3 = 0. In that case D = 0 and therefore equations (8.74)) are linearly dependent.
More precisely, Y3 = 0 because if ¢c3 = 0 then R does not depend on 3 but every item

of Y3 contains either g—i or g:? (see (8.71)) under the condition ¢; = 0).

Thus we have only two partial differential equations for the first integral F":

Yi(F) =0, Yy(F)=0. (8.76)

Easy computations show that these equations are independent unless co = 0 which
leads either to the Euler case or to I = I3, the Lagrange case.
We compute the Lie bracket Z = [Y7, Y5] taking into account that R is a root of (8.67)).
Equations (8.76]) imply that
OF
Z(F) = 3(I1 — Is) oI5 cows (Iaws + Tswi + 2¢272 — U3)87
2
— 1221362[12]1603 + Ig([l — Ig)&)gbd%
oF
+ 82(211 — Ig)wg’)/g — I1Uzws + CgUl]ai
w3
+ I I2w3[—1o(21) — Iy — 2I3)ws — 2I3(1; — I3)wow3
or
2
The determinant § composed from the coeflicients of equations (8.76) and (8.77)
should be identically zero. We compute

- 02(411 — I — 4[3)0.)2’)/2 + (2]1 — Iy — 2]3)U3(U2 + CQUl] 0. (877)

0 = 0109,
where
51 = Ig[g’([l — 13)02&)3([2(.0% + Igwg + 262’)/2 — U3)27
62 = —12(211 — 3[2)&}; — 2[3([1 — Ig)bugwg — 262(2[1 — IQ)WQ’)/Q
+ U3(211 — 3IQ)LU2 + 462U1.
It is easily seen that d; can vanish identically only in the Euler and Lagrange cases.
The expression for d; contains a monomial 275(I; — Ig)w2w§ and therefore the minimal

requirement for ds to vanish identically is I; = I3, the Lagrange case.
Thus a first integral of type 1, F' = F(ws,ws,7Y2), does not exist when ¢; = 0.

8.3.3. Elimination of w; and ~2. In the same way as in Sec. [8:2.1] we solve the
equations H; = U; and H3 = Us with respect to w; and 5 and obtain

_Il’le + Igw;g’}/g — U1

w =R, = T : (8.78)
where R is a root of Q(z) = Ax? + Bx + C = 0, that is,
Q(R) = AR* + BR+C =0. (8.79)

The functions A = A(ws), B = B(y1) and C = C(w2,ws,71,73) are the following poly-
nomials:
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A =ILIw,, B=-2Lcom,
C = I3ws + L Izwsw3 + 2I5c1way1 + 212c3w273 (8.80)
— IUswy — 2I3cow37y3 + 2¢2U;.
We put the values of w; and 7, from in the Euler—Poisson equations and

remove its first and fifth equations. In this way we obtain the following system of four
equations in the unknowns wo, ws, y1 and vs:

dwy (I — I3)wsR—c1vs +esm

dt I '
dws _ (I = I)wiR + Iacowemi + ci(lim R + Tywsys — Uh)

dt IrI3w, ’ (8.81)
dyi  hwsn R+ wiys — Uiws + hwdys

dt Trwo ’

dys  Lwini + (LR + lwsys — U)R

dt IQOJQ

We consider the following four possible types of first integrals of system (8.81) that
depend on at most three variables among ws, w3, v1 and vs:
1. F(wg,u.}z;,’}/l) (CELSQ (ll))
2. F(we,ws,y3) (case (iii)).
3. F(wa,v1,73) (case (v)).
4. F(W3a71773) (Case (IV))
As we have already studied cases (iii) and (iv), now we should consider first integrals of
types 1 and 3.

Type 1. Let us start with a first integral of type 1, F = F(ws, ws,71). We have
dF . ([1 — Ig)WgR — C173 + C371 oF

E IQ 6&)2

n I(I — L)w3R + Ircowayr + c1 (I R + Iswsys — Uy) OF
IQI?,(.UQ 80)3

~ Lwsn R+ Lyw3vs — Urws 4+ hw3ys oF 0

Irwo om ’

which is equivalent to
dF
IQISU}QE = Y1 (F) == 0, (882)

where Y] is a vector field defined on a suitable open set Q C C*(wa, w3, Y1, 73)-
We differentiate identity (8.82]) with respect to v3 and obtain again a linear partial
differential equation for F":

oY (F)
03

OR
=13 {(13 — I)wows — + crwo

|2
03

8&)2
OR OR oF
+ {12(11 - IQ)WST% + 11(31’71{?3 + ISCle} Dos
oF

OR
— I3 Lw +Iw2+lw2>—Y F)=0. 8.83
3( 1 371373 2Woy 3Ws 371 2( ) ( )
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We differentiate Yo(F') with respect to v3 and obtain

OY»(F) O°R OF OF
9vs = 767% I5(I5 — I1)w2w’387w2 + (IIIQW% - 122“)% + 1101’71)37603

OF
- 11[3(.03’)/1%] = Yg(F) = 0. (884)

Above, Y5 and Y3 are vector fields defined on (.

If a first integral F' = F(w2,ws,y1) exists, system (8.82)—(8.84]) has a non-zero solu-

tion grad F' = (?—F, o8 ,B—F). This is possible if and only if the determinant D of its
Ows ? Ows? Ov1
coefficients is identically zero.

We compute
0’R
D(R) = —IL[2w2=—= A,
(R) 243wWs 02
where
A = (I — I3)eyUrwaws + T1e173 (cswa — cows)
+ (Igwg + Igwg)[(fl — IQ)CgOJQ — (Il — Ig)CQWg]’yl.
Let us first suppose that
0’R
— #0. 8.85
In that case D(R) = 0 if and only if A = 0. The polynomial A has seven coefficients
and they should be zeros, i.e. we have a system of seven equations for the parameters Zc
and U;.
After two consecutive simplifications we come to a reduced system that consists of
the following six equations:

czecr =0, (I1 —Ia)e3 =0, ciea =0, (I1—1I3)co=0,
(IQ - 13)6263 == O, (IQ - Ig)clUl =0.

This system coincides with (8.35) and therefore has the same six solutions. After
removing the solutions that lead to the Euler, Lagrange and kinetic symmetry cases we
obtain only one new solution

{U1=0, =9, I,=1I, Is=13, ¢ =c1, cg =0, c3 =0},

which is impossible because the condition co = c3 = 0 contradicts . Indeed, equation
has no root that depends on ~y; because the coefficients A, B and C (see (8.80))
do not depend on 3 when ¢; = ¢3 = 0 and therefore R does not depend on -3 either.
Thus a partial integral of type 1, F = F (w2, ws,71), does not exist when condition
(8.85) is fulfilled.
Let us study what happens when
0’R B
87732, =
Equation implies that R = M (w2, ws,71)73 + N (w2, ws,71), where M and N
are some functions not depending on 3. Now gives

Q = AM?~; + M~3(2AN + B) + AN? + BN + C = 0.

0. (8.86)
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Thus @ is a polynomial in ~y3 of degree 2. The coefficient of 43 is AM?2. As Q = 0 we have
AM? = 0. As A cannot be zero (see (8.80))) there remains only the possibility M = 0 and
equation (8.79) is transformed into the form

Q=AN?+BN+C =0,

i.e. @ is already a polynomial in 73 of degree 1. Its leading coefficient is 2(Iaczws — Iscows)
(see the expression for C' in (8.80)). This coefficient should be identically zero. Thus
Cy = C3 = 0.

As the function B vanishes under this condition, R takes the simple form

\/Il(_l2wg — 13w§ —2c171 + Ug)
R= .
L

Now Y3(F) = 0 and the equations Y;(F) = 0, 1 <4 < 2, are obtained from and

(8.83) where we put ca = c3 = 0 and g—g =0, i.e.

(8.87)

oF
Yl (F) = —I3Ld2[(_[1 — Ig)w;gR — 0173]7

6(.02
2 oF
+ [H2(ly — I2)wy R+ c1 (I R+ I3wsys — Uy)] —

8(4}3
2 2 oF
— I3[(Iow; + Isws)ys + (L R — U1)w3}§ =0,
1

oF oF oF
Yo (F) = I — 41 — — I3(Lw2 4+ I3w2)— =0
2(F) 3C1W2 Do + l3c1ws3 s 3(Lows + 3w3)5’)’1 )
where R is taken from (8.87)).
Further we work with the vector fields

7.7
Z1 =Y —Ys, Zy=Yy Z3= [1172]
3

We compute

0 0
3 = 13(11 — I3)Clw2w3R7 + cl[(IQQoJS + 11[3w§ =+ 1161’)/1)R — ClUl]i
Owa Ows

d
+ Iyws[(2I3w3 — 215 I3w3 — I Iows — I I3wi — I1c171) R + iUy v
1

In this way we obtain the following system of three equations for F:
Zi(F)=0, 1<i<3,
and we know that the determinant § of the coefficients of this system should vanish
identically with respect to wa, ws and ;. Computing this determinant, we obtain
I?65 = 6165,

where

61 = L LI (I5 — I3)cwiws

6o = [Ip(2I5 — 311)w3 + I3(2I3 — 311)w3 — 4l1c1 1| (—Lows — I3w? — 2¢1y1 + Us)

+ 401U1 \/Il(—fzw% — I3w§ — 201’)’1 + Ud)



The Euler—Poisson equations; partial integrability 111

01 vanishes identically if either Is = I3, which leads to the Lagrange case, or ¢; = 0,
which leads to the Euler case. Thus we suppose that Iy # I3 and ¢; # 0 and should study
when do vanishes.

According to Propositionapplied to V = I (— w3 —I3w3—2¢171+Us) we conclude
that U; = 0. Thus

62 = [12(212 - 3[1)0&)% + 13(213 — 3[1)&)3 - 4]161’71](7[260% - Igwg - 201’)/1 + Ug)

and it is easily seen that if ¢; # 0 then neither the first factor in the square brackets nor
the second one vanishes independently of the values of the moments of inertia.
Thus a partial integral of type 1, F(ws2,ws, 1), does not exist.

Type 3. We turn to the consideration of a first integral of type 3, F(ws,v1,73). Thus
d7F _ ([1 - Ig)WgR — C173 + C37Y1 8F

dt 12 ng
LR+ Lwiys + w3y — Uiws OF
Tows o
L Lwin + (R + lwsys —Ui)R OF _0
IQO.)Q 873 ’
which is equivalent to
dF
IQOJQE = Y1 (F) = 0, (888)

where Y7 is a vector field defined on a suitable €.
We differentiate (8.88)) twice with respect to w3 and obtain

oY1 (F) OR OF
By w2lls 1) <°"3a s R) Do
OR oF
— I |wsz— + R | +2w3y3 — Uy
Ows v
OR OR OR | OF
+ [1373 (WSM-FR) -1-211’}’1‘}%87(*]3 - 15&13:|373 =Y5(F)=0 (8.89)
and
Ys(F) 9?’R  _OR)\ OF
Is— 1T 2—
Ows -l 1)< w3 w2t Ows ) By

(
2R OR oF
i) e

0°R OR OR
+ (1373 ( +28w >+211”Y1<aw3)
0°R] OF
(211’71R Ul) 92 :| (97’}/3 Y?,(F) =0, (8.90)

where Y5 and Y3 are vector fields defined on €.

If a first integral F(ws,71,73) exists, system (8.88)—(8.90) has a non-zero solution

grad FF = (g—:;, 587}2’ %)' This is possible if and only if the determinant D(R) of its

coefficients is identically zero.
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D(R) has a factor wy and we denote

The expression for D(R) is

- 2 OR\? 0’R
D(R) = a1 R® + agRQG—R + agRQa n +asR? + a5R( > +asR——

Ows Ow? Ows Ow?
R R \" OR\> OR O*R
+a7R8 2 +a8R+a9 <8w3) + aio <8W3> + a1 =— 80J +a128 27 (891)

where
ay =20 I3(Iy — I3)y1ys, a2 = 20 (11 — I3)(=313wsys + Ur ),
ag = I1[—212(I) — I3)w3vs + Uy (I — I3)ws + 21 c37f — 2Liciviys)yns
ay = =2I3(I1 — I3)U173
as = 201 [Iy(I) — I3)w3ys + 313(1 — I3)wiys — 2U1 (11 — I3)ws — Iicsvi + liimysin
ag = 4I3(Iy — I3)Urwsys — 41 Iscgyivs + 4l Iseimns — 2(1 — I3)U7,
ar = I(I1 — Ig)U1w§73 + Is(I; — Ig)Ul(JJ%’Vg + 411]3030.)37%73 - 4]1]301w371'y§
— (I — I3)Ufws — 3I1c3U17; + 3Le1 Uiy vs,
ag = 2I3ys[Io (I, — I3)wiy — Iscsmys + Tser3l,
ag = 2Lwsyi [~ Io(I1 — I3)wivys — Is(I1 — I3)wiys
+ (I1 = I3)Urws + Iiesyi — Lieimys),
aro = —20(I — I3)Urwsvs — 2I3(1 — I3)Urwivs + 411 Izcawsyiys
— Al Izeywsyiys + 2(1 — I3)Uiws,
a1y = —2DI3(1 — I3)wiwsy1ys + 212 (1 — Is)Urwiv + 215 cswsmvs — 215 c1ws3,
a12 = (Uy — 2Lswsys)[I2 (I — Is)wiwsyr — Izcswsyiys + Isciwsys + csUryn — c1Urys).

E(R) contains g—R and 8 R . We determine them by the same method we used for a
first integral of type 2 and obtaln

873 _ _13(12w2w3 — C273)

om I (Iowa R — comr)’

32R Ig[g&)g 2
= - I21 2151 LI2R%w

2 (IwsR — cam)? ( 2 3“2“3 od3cowowsys + L1135

— 2N Ireowam R+ L7 + I3é573).
We put these values in (8.91]) and obtain

I3
Jﬂme—@mﬁaR%
where §(R) is a polynomial in R of degree 6 with coefficients that are polynomials in the
variables ws, w3, 71, 73 and the parameters Zc and U; .
It is clear that the equation D(R) = 0 is equivalent to 6(R) = 0. We know that
if Q(R) = 0, then if in addition some supplementary first integral F'(ws,~1,73) of sys-

D(R) =
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tem exists, then also (R) = 0. Thus all assumptions of Propositionare fulfilled.
Consequently, in the polynomial ring K[z], where K = Alg(ws, w3, v1,73), the polynomial
Q(z) divides the polynomial §(x).

By the MAPLE command rem we compute the remainder r(x) from the division of
d(z) by Q(x). It is of the form

r(xz) = @(aox +ay),

where the coefficients ag and a; are polynomials in ws, w3, 71 and 3 and the parameters
Te, Uy and Us.

According to Proposition if R is a root of , then we have ayp = a3 = 0
identically. Although ag has 84 coefficients we use a; which has 160 ones. This is because
if we use ap = 0 then the reduced system has one solution U; = 0, ¢ = 0 which should
be studied separately whereas only two consecutive simplifications on the system with
160 equations coming from a; = 0 lead to the reduced system

(21207 03:0, 11—1320,

which immediately implies the Lagrange case and leads to the conclusion that a partial
integral of type 3, F'(w2,7v1,73), does not exist.

8.3.4. Elimination of 5 and ~3. As in Sec. @ we solve the equations Hy = U;
and H3 = Us with respect to 72 and 3 and obtain
Lws (w2 + w3 + 3w? + 2c171 — Us) — 2L1c3w1m1 + 2¢3U7
2(Izcaws — I3cows) ’
_IQWQ(IlUJ% + Igw% + Igw§ + 201’71 — U3) — 2[1020.}1’)’1 + 202U1
2(Izc3ws — I3cows3) '

Y2 =
(8.92)

3

Let us note that the elimination of v, and 73 from the equations H; = Uy and Hz = Us

is possible only if
(c2,¢3) # (0,0). (8.93)
Further we suppose that this condition is fulfilled.

We put the values of 5 and 3 from in the Euler—Poisson equations and
remove its fifth and sixth equations. In this way we obtain the following system of four
equations in the unknowns wy, we, w3 and ~v1:

dw1 o 1
dt 211 (Izcgwe — I3cows)
+ I3263W§ + 2Isc1coweyr + I2(215 — Ig)nggwg + 2I3¢1 c3w3Y1

2 2 2. 3
[I1 Izcowiws + I Izcswiws + I5caws

— I3(Iy — 2I3) cowawi — IncaUswy — I3c3Usws
— 211 (c3 + 3wy + 2(c2 + Uy,

dwo 1

at 215 (Izcswy — Iscows)
+2Lcrcawiyr — 202(1h — I3)cawiwaws + 2[3cac3w3 1
+2I3(1; — Ig)nglwg + Iyc1Usws — 215(c2 + c%)wzm — 2¢160U7], (8.94)

2 2 3 2
[—11[2010.}10.}2 — 1261w2 — 121361WQ&)3
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dOJ3 o 1
dt - 2[3([203(,02 — Igng?,)
+ 2]16163601"}/1 + 2]26263&)2’}/1 + 2[2 (Il — 12)63(4)1&)5

2 2 2 3
[—I1I301W1W3 — 1213010.)20.)3 — I3clw3

— 2]3([1 - IQ)nglwgw;g + I3c1Usws — 2[3(0% + C%)Wg,’yl — 2(2103Uﬂ7

d 1
% - 2(Izc3wa — Igcows) itz + hlgwiws + L, + 21z lwywy

+ Iws — 2L cowrwayr — 2[1cawiwsyr + 2Iaciwiyn + 213c1wim
- IQUgwg - IgUgwg + 262U1W2 + 203U1(U3].
We consider the following four possible types of first integrals of system (8.94) that
depend on at most three variables among w1, wa, ws and 7;:
1. Fwy,ws,ws) (case (i)).
2. F(wy,wa,71) (case (iii))
. Fwi,ws,v1) (case (iii))
. Fwo,ws,v1) (case (ii)).
The only case not studied yet for the invariant manifold (8.48]) is case (i). Thus here we
should study the existence of a first integral of type 1 only.

- W

Type 1. Let us consider a first integral of type 1, F(w1,ws,ws). Thus
dF
2]1[2[3([203&)2 — 13020.)3)% = Z(F) = 0, (895)
where Z is a vector field defined on a suitable open set  C C*(wy,ws, w3, V1)

Note that the right-hand sides of (8.94) are linear functions of ;. Thus, as F' does
not depend on 71, Z(F) is also a linear function of 7, i.e. Z(F) = y1Y1(F) + Ya(F).
Equation (8.95) which is an identity with respect to wi, ws, ws and 1 implies that the
coefficients Y7 (F') and Y3(F') should vanish. The vector fields Y; and Y3 are given by the
following expressions:

0
Y, = 2[2[3[[20102&)2 + I3cic3ws — Il(cg + Cg)wl]aim

0
+ 201 I3[I1crcowy + Tzcacsws — In(c3 + Cg)wﬂaiw

0
=+ 2[1[2[2[16103&]1 + 2[26203&]2 — 2[3(6% + Cg)wS]TLg}g?

Yy = LIz Leaws(Iiwi + Lw3) + Izcsws(liwi + Iz3w3) + (21 — I3)cswiws
— I3(I5 — 2I3) cowaw?s — TrcaUswo — Izc3Usws + 2(c3 + c§)U1]8%1
+ L [~ Leyws (Hw? + Lw? + Lw?) — 21(1 — I3)cawiwaws
+ 2I3(11 — I3)cowiw? + IrciUswy — 20162[]1]5%2
+ L [~ Izcwz(Lwi + Lws + I3w3) + 21(1 — I)cawiws

0
— 2[3([1 — IQ)CQW1LOQW3 + Izc1Usws — 26103U1]87.
3
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We compute the Lie bracket Y3 = —[Y1,Y3]/(2111513). The expression for Y3 is long
and we do not write it here.
We consider the equations

Yi(F)=0, 1<i<3. (8.96)

If a first integral F'(wq,ws,ws) exists, system (8.96]) has a non-zero solution grad F' =
(gf , g—F, g—F). This is possible if and only if the determinant D of its coefficients is
1 w2 w3

identically zero.

The expression for D is too long to be given here but our computations show that
D= 4[1[2[3(IQC3LU2 - 13020.}3)213.

As the factor in front of D never vanishes identically because of , the equation
D = 0 is equivalent to D=0 Disa polynomial in wy, we and ws with 37 coefficients
depending on the parameters Z¢, Uy and Us.
Thus we should solve the system obtained by equating the 37 coefficients of D to zero.
After four consecutive simplifications we obtain the following simple reduced system:
Cg([l —IQ) :0, CQ(Il—Ig) :07 01(12—13) :O, 0203(12—13) :O

We solve this system by solve and obtain the following five solutions with arbitrary
values of U; and Us:
{Lh=hLh, =5, I3=13, ¢ =0, c2 =0, ¢c3 =0},
{Lh=h, L=1I3 Is=13, ¢y =¢1, ca =0, ¢cg =0},
{h=h, Ib=1I, Is=13, ¢, =0, ¢ =0, ¢c3 = c3},
{h=1I3, =1, Is5=13, ¢y =0, ¢ca = ¢y, c3 =0},
{h =13, [r=1I5, Is=1I3, ¢c1 =¢1, ca = Ca, €3 = C3}.
Taking into account condition , we remove the first and second solutions. The

remaining three solutions lead either to the Lagrange case or to kinetic symmetry.
Thus a partial integral of type 1, F (w1, wa,ws), does not exist.

8.4. Invariant manifold {H2 = U,, Hz = Us}. Here we study the existence of a
partial integral of the Euler—Poisson equations (|1.1)) with respect to the complex four-
dimensional level manifold

{H2 =Us, H3 =Us}, (8.97)

supposing that this first integral depends on at most three variables. Uy and Ujz are
arbitrary complex numbers, fixed once and for all.

Let us stress that the elimination of w; and ws on the invariant manifold is
impossible.

8.4.1. Elimination of w; and -;. We express 1 from the equation Hy = U, and

obtain
SO s (599)
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Then we put v, from in the equation H3z = Us and as in Sec. solve it by the
MAPLE command solve. In this way we obtain

w; = R, (8.99)
where R is a root of the equation
Q(x) = Lz + B =0, (8.100)
that is,
Q(R)=LR*+B=0, (8.101)
where B = B(ws,ws,Y2,73) is the function
B = L2 + Iz3w2 + 2c1V =2 — 42 4 Uy + 2coy2 + 2¢373 — Us. (8.102)

R and B are algebraic functions defined on C*(wg, w3, ¥2,73). Equation (8.100) has only
simple roots because the function B does not vanish identically.
Further, to simplify the notations, we put

I'=1/— 12+ Us.

We put the values of 7; and w; from (8.98) and (8.99) in the Euler—Poisson equa-
tions (|1.1]), remove the first and fourth equations and obtain the following system of four
differential equations in the unknowns ws, ws, v and ~vs:

dw 1 d

—= = —[(Is = I1)wsR + 173 — el ael =v3R — w3l
dt I dt

dws 1 drs (8.103)
dt = IS [(Il IQ)WQR —C172 + CQF]a E == _’YQR + (.AJQF.

We want to study the existence of a first integral of system (8.103|) that depends on at
most three variables among ws, ws, 72 and ~3. The following four types of first integrals
are possible:

1. F(“Zawdu’yQ

) (case
2. F(“Quwda’yi’))
)

iii)).
iii)).
3. F(wa,v2,73) (case (iv)).
4. F(ws,7y2,73) (case (iv)).

(case (
(case (

As in Sec. |5 we consider here only types 1 and 3.

Type 1. Let us suppose that there exists a first integral of type 1, F(ws,ws,¥2). Then
dF

Iy Is—
2437

=Y (F) =0, (8.104)
where Y7 is the vector field

0
Y1 = I3[(I3 — [1)wsR + 173 — 0311]87@

0
+ IQ[(Il — IQ)LL)QR — C172 + 021—‘}87003

0
+ IoI3[v3R — wsr]afw,

defined on C*(wy, w3, Y2,73)-
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As F does not depend on ~y3, if we differentiate identity (8.104]) with respect to v3 we
obtain again a linear partial differential equation for F':

BY OR oF
61’53 ) Ig |:a’y (.[3 —Il)W3F+61F+C373:|6
OR oF
—+ IQ |:8’y (Il IQ)(UQF — 02"}/3:| (9(,;}3
OR oF
+ Igls | — 3"+ RI" + — =Y (F) =0, 8.105
2143 [87373 ws%} 37 2(F) ( )

where Y5 is a vector field defined on C*(ws,ws, v2,73).
After differentiating identity (8.105|) with respect to 3 we obtain

pOY(E) [323

OR oF
(I3 — I )wsl? — W(Is — I)wsys — c1y3 + 034 Don

a’}/g W
0’R OR OF
-+ I |:a 2 ( IQ)W2F2 _ W(Il IQ)UJQ’}/g — CQ].—‘:| 87(,03
0’R OR oF
+ Ix13 [a >3 + 7 —(2T% —~3) — Ry3 + wgr] 7
= Y;3(F) =0, (8.106)

where Y3 is a vector field defined on C*(ws,ws, 2, ’)’3)

If a first integral F exists, the linear system (8.104 m ) has a non-zero solution
grad F' = (gj;, gbi, gi) This is possible if and only if the determinant D(R) of its
coefficients is identically zero on C* (wa, w3, ¥2,73)-

The expression for D(R) is too long to be shown here. D(R) has a non-zero factor

I31% so we remove it and denote

ﬁ(R) contains the partial derivatives %Z and gifj as well. To determine them we use
3

equation (8.101) which we differentiate twice with respect to v3 and obtain two equations
for the derivatives of R:

9Q(R) OR 0B
— 2L Rt 4+ £2 g,
O3 073 a’)’s
920(R) OR PR B _
=20 — 21 —_— .

Determining g—i and gzl? from these two equations is possible if and only if 2/; R # 0.
3

It is clear that this is always so because R = 0 is not a root of . Thus the derivatives
of R can be found. We obtain

OR  c1v3 — 3l

8vs  LRT

9’R B (392 + AT — 2c1037302 + T1e1 R? (3 U2)

g I2R3T3
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We put the values for the derivatives of R in the expression for lA)(R) and obtain
5 5(R)
where § is a polynomial in R of degree 5, whose coeflicients are algebraic functions of
(w27 w3, 72, 73)'

It is clear that D(R) = 0 is equivalent to §(R) = 0. We know that if Q(R) = 0, then
if in addition some supplementary first integral F(ws,ws,2) of system exists,
then also §(R) = 0. Thus all assumptions of Proposition are fulfilled. Consequently,
in the polynomial ring K[z], where K = Alg(wa,ws,¥2,73), the polynomial Q(z) divides
the polynomial §(x).

Using the rem command we compute the remainder r of dividing é(x) by Q(x). We
obtain

r(z) = apx + aq,

where a; = a;(w2,ws,72,73), @ = 0,1, depend linearly on T
According to Proposition [£.2} ag and a; should vanish identically with respect to wa,
w3, 72 and 3. We use only ag which suffices for our aims. We have

ag = bol' + by,

where by and by are polynomials in ws, w3, 72 and ;.

According to Proposition the coefficients by and b; should vanish identically be-
cause I' ¢ C(v2,73). The polynomial by has 30 coefficients and b; has 68 coefficients.
Equating all of them to zero we obtain 98 equations for the parameters Z¢, Us and Us.

After three consecutive simplifications we come to a reduced system that consists of
the following four equations:

C1 ZO, C3(Il —IQ) :0, 02(11—13) :07 0203(12—,[3) =0.

We solve this system by using solve and obtain four solutions, all of them with
arbitrary values of Uy and Us:

L=05,1=1, I3=13, ¢4 =0, ca =0, c3 =0;
Li=15, Ih=1, Is=1I3, c; =0, ca =0, c3 = cs;
L =13, Iy =15, I3 =13, ¢ =0, cg = ca, c3 =0;
L=13, b =13, I3=13, c1 =0, cog = ca, c3 = C3.
The first solution is the Euler case, the second and third are the Lagrange case and

the fourth solution is a particular case of the kinetic symmetry case.
Thus a partial integral of type 1, F(wa, ws,2), does not exist.

Type 3. The study of a new first integral of type 3, F(ws,72,73), follows the algo-
rithm already described in the considerations concerning a first integral of type 1. There
are some differences of course. For example, computing the vector fields Y5 and Y3 re-
quires differentiation with respect to ws instead of 3. By the way, as is seen below, this
considerably simplifies the computations because the differentiation does not affect the
function T'.



The Euler—Poisson equations; partial integrability 119

Let us suppose that there exists a first integral of type 3, F(w2,72,73). Then we have

dF

17
2t

=Y (F) =0, (8.107)
where Y7 is the vector field

0
— IQ(’YQR — CUQF)i,

0 0
Yy = [(Is — [1)wsR 4 c1v3 — 3T 5— + Io(y3R — w3l') — o
3

Ows 872
defined on C*(ws, w3, ¥2,73)-

As in the study of first integrals of type 1, we differentiate identity (8.107]) with respect
to w3 and obtain

VL (F) OR OF OR OF
aw3 —(I3-Il)<a 3w3+R) +IQ<8(U3’Y,3—F)872

—— = Yy(F) =0, (8.108)

where Y5 is a vector field defined on C*(ws,ws, v2,73).
After differentiating identity (8.108]) with respect to ws we obtain

OYa(F) 9°R OF  8°R OF
Dors = (I3 h)[&u3 3+28 Do + 28w§%3’yg
0°R OF
2902 25y, — 2 =0, (8.109)

where Y3 is a vector field defined on C*(ws,ws, v2,73).

As in the investigation of first integrals of type 1, we require that the determinant
D(R) of the coefficients of system (8.107)—(8.109) be identically zero. Computing it we
see that it has a non-zero factor I3T. We remove it and denote

D(R) = 13;}13).

In this way we obtain
2

~ 0’R OR
D(R) = —{[(Il — 13)(4)2003 + 03’}/2] 78 5 + 2&}2([ 13) }F + C1727V3 55
wi w3

Ow

OR OR 0°R
+ 2v2 (I — Is)RaTJB + (way3 — w3y2) (11 — I3) {2(&;> - MR}

D(R) contains the partial derivatives 2% and ‘9 . We use equation (8.101) to deter-
mine them. To this end we differentiate m tw1ce with respect to w3 and obtam two
equations for the sought derivatives of R:

oQ OR 0B

=2 Ro— + —— =
80.)3 1R6W3 + 8(.03 O’

9%Q OR\? 9’R  9°B
oo —— 2I .
Bl 1<8w3> T2hRG e T g =0

As we have mentioned when studying first integrals of type 1, R = 0 cannot be a root
of (8.101)) and therefore the partial derivatives of R can be correctly determined from the
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above equations. We put the value of B taken from (8.102f) in these equations and solve
them. The solution is
OR B _I3w3 9°R _ Ig(IgOJ% + I1R2)

dws LR 8w I2R3
We put the above values of (’?Ti and gi}lf in the expression for ﬁ(R) and obtain
3
~ I36(R)
D(R) = —5—=-
( ) 112R3 Y

where §(R) is the following polynomial in R of degree 3:
5(R) = 711 (Il — 13)(3603"}/2 — (.L)Q’)/g)RS + Il [3([1 — Ig)CL)Q&JgF + (C3F — Cl’)/g)’}/Q]RZ
— 3I3(I — Is)w; (w32 — ways) R + Iawi[(I1 — I3)wawsT + (3T — c1y3)72)-

It is clear that D(R) = 0 is equivalent to §(R) = 0. We know that if Q(R) = 0, then if
in addition some supplementary first integral F'(ws,y2,73) of system (8.103) exists, then
also 6(R) = 0. Thus all assumptions of Proposition are fulfilled. Consequently, in
K[z], where K = Alg(ws, ws, ¥2,73), the polynomial Q(z) divides d(x).

Using the rem command we compute the remainder r of dividing é(x) by Q(x). We
obtain

r(x) = (ap + boI)z + a1 + 01T,
where
ao = (Is — 1) (Tawiys — 3lawiwsys — 2[3wawiys + 2cawaysy2 + 2c3w27; — Uswas
— 6eawsys — 6wscsy2ys + 3Uswsyz),
bo = 2(I3 — I1)c1(w2ys — 3ws2),
a1 = c1[Lwiyays — 6e1 (11 — I3)wowsT? + 2375 + 2627373 + desr273
— Uzyays — 2¢3U272),
b1 = —Igngg’YQ — (Il — 13)(312&}; + 2[30.)32, + 662’72 + 663’)/3 — 3U3)(4J2w3
= 2c¢375 +2(c} — 3)7273 + c3Us .

According to Proposition all the coefficients of the remainder r should vanish
identically with respect to wo, w3, 72 and 3. We use only the coefficient a; + b1I", which
is sufficient for our aims.

According to Proposition the coefficients a; and b; should vanish identically

because I' ¢ C(v2,73). We use only by. It has nine coefficients. Equating all of them to
zero we obtain nine equations for the parameters Zc¢, Uy and Us:

2I3(I3 — 1) =0, 3I(Is—1;)=0, —Ie3=0, 3(I1—13)Us, c3Us3=0,
2c9c3 =0, 2(c}—c3)=0, 6(I3—1I1)ca=0, 6(I3—1I;)c3=0.
It is very easy to see that these equations imply that
=0, ¢c3=0, I —I3=0,

which obviously leads to the Lagrange case.
Thus a partial integral of type 3, F(w2,72,73), does not exist.
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8.4.2. Elimination of w; and ~,. As in Sec. we express 72 from the equation

H; = U, and obtain
Vo=V -1 -7 +Us. (8.110)

Then we put v from (8.110) in the equation Hz = Us and just as in Sec. solve it
by using solve. In this way we obtain

wi = R, (8.111)
where R is a root of
Q(x) = La®> + B =0, (8.112)
that is,
Q(R) =L R*+ B =0, (8.113)

and B = B(ws,ws,Y1,73) is the following function:

B = Igwg —+ Igw?2) —+ 201’)/1 —+ 262 V *’)/% — ’}/g + U2 + 263"}’3 — Ug.

R and B are algebraic functions defined on C*(ws, ws,v1,73). Equation (8.112) has only
simple roots because the function B does not vanish identically.
Further, to simplify the notations, we put

I'=V-9} —1;+ Us.

We put the values of 75 and w; from (8.110)) and (8.111)) in the Euler—Poisson equa-
tions (1.1), remove the first and fifth equations and obtain the following system of four
differential equations in the unknowns ws, w3, 1 and ~s:

dw 1 d

&2 (- L)wsR+cims —esmly b = wl' — was,

at Iz di (8.114)
dw 1 d '
7:) = E[(Il - I2)OJ2R + ' — Cz’yl], % = woyp — RI.

We want to study the existence of a first integral of that depends on at most
three variables among ws, w3, v1 and 3 and that is functionally independent of H; re-
stricted to the invariant manifold . The following types of first integrals are possible:
1. F(WQ,O.}?,,’}/l) (case (ll))

2. F(we,ws,y3) (case (iii)).
3. F(wa,v1,73) (case (v)).
4. F(wg, Y1, 73) (case (IV))
As cases (iii) and (iv) were already examined, it remains to examine cases (ii) and (v).

Type 1. Let us suppose that there exists a first integral of type 1, F(w2,ws,71). Then

F
1213% =Yy (F) =0, (8.115)

where Y7 is the vector field

0
Y1 = I3[(I3 — [1)wsR + c1y3 — 6371]87@

0
+ I[(Iy — I2)wa R+ 1" — com1] 57— + Lo I3(wsl’ — ways)

80J3 87’71 ’

defined on C*(wy, w3, v1,73)-
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As F does not depend on ~y3, if we differentiate identity (8.115]) with respect to v3 we
obtain again a linear partial differential equation for F':

Y1 (F) OR OF OR oF
T =1I3|—(U3—1T r—+L|— (I — I r —
93 3 ng( 3— I)ws +c; Do + 1o 873( 1 — I)wal' +c173 s
oF
1
where Y5 is a vector field defined on C*(ws,ws, v1,73).
After differentiating (8.116[ with respect to 3 we obtain
Y (F) 0’R 5 OR OF
r =1 I3 —1 r“——(Us—1 — —
E 3 a'y%( 3 1)w3 673( 3 1)w3’)’3 C173 Do
0’R OR OF
Iy | o5 (I1 — I)wel? — Z—(I; — I | —
+ 12 {3733( 1= Iz)ws 873( 1= Ip)ways + 1 } Dos
OF
+ 1213 (OJQ’}/;; - LU3F) 87’}/1 = Yg(F) = 0, (8117)

where Y3 is a vector field defined on C*(wa,ws,v1,73)-

If a first integral F' exists, the linear system (8.115)—(8.117|) has a non-zero solution
grad F' = (g—j;, g—j’;, %>' This is possible if and only if the determinant D(R) of its
coefficients is identically zero on C*(ws,ws,¥1,73)-

The expression for D(R) has a non-zero factor I312 so we remove it and denote

A D(R)
D(R) = .
ST
In this way we obtain
~ 0’R 9 9
D(R) = [63(11 — IQ)waylF — C1 (Ig — Ig)tdgb)g’}/l + 03(11 — IQ)OJQLU3’)/1’)/3

o7
— eo(I1 — I3)wowsyi T + (I — I3)e1 Uswaws — co (11 — I3)wivyrys|T?

OR
- 8773003[03(12 — I)woyy — e1(lz — I3)ways + ca(fy — I3)wsm1](Uz — 77)
— c1[R(I2 — I3)waws + c3way1 — caws](Uz — Wf)

E(R) contains the partial derivatives 22 and 2R

s o7 To determine them we use equation
© 3
(8.113f), which we differentiate twice with respect to y3 and in the same way as in Sec.

[B-41] we obtain

aR - C27Y3 — CgF

dvs  LRD
PR (373 + T2 — 2coe3731% + Lo R? (7 — Uy)
oz IZR3T3 '

We put the resulting values for the derivatives of R in the expression for ﬁ(R) and

obtain
§(R)
2R3’
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where § is a long polynomial of R of degree 4, whose coefficients are algebraic functions
of (w2, w3, 71,73)-

The identity D(R) = 0 is equivalent to §(R) = 0. We know that if Q(R) = 0, then
if in addition some supplementary first integral F(ws,ws,¥1) of system exists,
then also §(R) = 0. Thus all assumptions of Proposition are fulfilled. Consequently,
in K[z], where K = Alg(wa, w3,71,73), the polynomial Q(z) divides §(z).

Using the rem command we compute the remainder r of dividing §(z) by Q(x):

r(z) = agz + ay, (8.118)
where a; = a;(w2,ws,71,73), ¢ = 0,1, depend linearly on T.
According to Proposition 4.2] ap and a; should vanish identically with respect to ws,
w3, 71 and 3. We use only a; which suffices for our aims. We have

ay = bol" + by,
where by and by are polynomials in wo, wsz, v1 and ;.
According to Proposition the coefficients by and b; should vanish identically be-

cause I' ¢ C(v1,73)-

We use only the polynomial b;. It has 48 coefficients. Equating all of them to zero we
obtain a system of 48 equations for the parameters Z¢, Uy and Us.

After four consecutive simplifications we come to a reduced system that consists of
the following four equations:

ca(In—1I3) =0, co(l1 —I3) =0 c3(I1 —1I2) =0, cac3(lz—1I3)=0.
We solve this system using solve and obtain five solutions, all of them with arbitrary
values of Us and Us:

L=5L, Ib=1, I3=13, c; =0, ca =0, c3=0;
L=05,1I=13 I3=13, ¢t =c1, ca =0, c3 =0;
Li=1, Ibh=1, Is=1I3, c; =0, ca =0, c3 = cs;
L =13, Iy =1y, I3=13, ¢y =0, cag = ca, c3 =0;
L=13, Ib =13, I3=13, c1 =c1, C3 = o, C3 =C3.

The first solution is the Euler case, the next three are the Lagrange case and the last

one is the kinetic symmetry case.
Thus a partial integral of type 1, F(ws,ws, 1), does not exist.

Type 3. Let us suppose that there exists a first integral of type 3, F(w2,71,73). The
independence of the first integral of w3 considerably simplifies the computations because
there is no need to differentiate the function I'.
So, let F(ws2,71,73) be a first integral of system (8.114)). Then we have
dF
where Y] is the vector field

0 0
Y1 = [(Is — I)wsR + c1y3 — Cg’h]aTj2 + Ir(wsl' — wﬂ?’)aTl + Iz(woy1 — RI)

9
873 ’
defined on C*(wy, w3, v1,73)-
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We differentiate (8.119)) with respect to w3 and obtain

i(F) OR OF OF  OR _OF _ B
8w3 = (_[3 Il) (8003 + R) a s + IQFa 1 Izawg].—‘ai’yg E(F) — 0, (8120)

where Y5 is a vector field defined on C*(wa,ws, v1,73).
After differentiating (8.120f) with respect to w3z we obtain
Y3 (F 0’R OR\ OF 0’R_OF
2(F) =L-L)| gsws+25— | 57— L5l —
Oows ows Ows ) Ows Ows 073
where Y3 is a vector field defined on C*(wa,ws,v1,73)-
The existence of a first integral F(ws,v1,73) implies that the determinant D(R) of
the coefficients of system (8.119)—(8.121) is identically zero. Computing D(R) we see that
it has a non-zero factor I3I'. We remove it and denote

D(R) = l;é];’).

=Y3(F)=0, (8.121)

In this way we obtain
2

B(R) = —{[(h ~ LR e + o] s
3

OR

OR
—QW3(11 Ig)(a

) +2(I — Ig)Ra}

w3 w3

0’R OR OR
I — 1 -2 29— 1.
+wa (I — I3) [(w?ﬁl +73R) 5 D2 73(8(*)3) + 27 an

E(R) contains the partial derivatives 2 a— and 82R . We use (| m ) to determine them.

We differentiate (8.113)) twice with respect to ws and in the same way as in Sec.
obtain

OR . I3ws 0°R . 13(130.232) + IlRQ)

dws LR 0wl I2R3
We put the above values of g—R d ‘gi)};” in the expression for ﬁ(R) and obtain
3
~ I36(R)
D(R) = -5~
( ) _[12R3 Y

where ¢ is the following polynomial in R of degree 3:

§(R) = Ii(I — Is)(wsl — wyys) R® 4+ N[3(Is — It )wawsyi — (cam — c173)T|R?

+ 3]3([1 — Ig)wg(wgf — LUQ’)’g)R + Igw?z)[(lg — Il)CUQw:;’}/l — F(Cg’}/l — Cl’}/g)],
whose coefficients are algebraic functions of (w2, ws,¥1,73)-

The identity D(R) = 0 is equivalent to (R) = 0. We know that if Q(R) = 0, then if
in addition some supplementary first integral F'(wa,71,73) of system (8.114]) exists, then
also §(R) = 0. Thus all assumptions of Proposition are fulfilled. Consequently, in
K[z], where K = Alg(wa,ws,¥1,73), the polynomial Q(x) divides d(x).

Using MAPLE we divide § by @ and obtain a remainder which is a polynomial r of
the form (8.118]) with coefficients a; = a;(w2,ws,v1,73), ¢ = 0,1, which depend linearly
onI'.
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According to Proposition ao and a1 should vanish identically with respect to wa,
w3, 71 and 3. We use only a; which suffices for our aims. We have

ay = bl + by,
where by and by are polynomials in wo, w3, v1 and ;.

According to Proposition the coefficients by and b; should vanish identically be-
cause I' ¢ C(v1,73).
We use only the polynomial by. It has eight coefficients. Equating all of them to zero
we obtain a system of eight equations for the parameters Zc¢, Uy and Us:
C% — Cg = 0, 1203 = 0, 1261 =0 (11 — 13)02 = O7
CgUg = O, C3C1 = O7 61U3 = 0, C1C3 = 0.
After two consecutive simplifications we come to the reduced system
c1=0, c3=0, (I1—1I3)co=0,

which leads either to the Euler case or to the Lagrange case.
Thus a partial integral of type 3, F(w2,71,73), does not exist.

8.4.3. Elimination of «2 and ~3. Let us note that the elimination of v and 73 from
the equations Hy = U and Hz = Us is possible only if

(02,63) 7é (0,0) (8.122)

Hereafter we suppose that this condition is always fulfilled.
We start with the case of co # 0 and cg arbitrary. The elimination is made much as
in Sec. [B:4.1] First we express 72 from the equation Hs = Us and put the resulting value

of 75 in the equation Hy = Us from which we find 3. In this way we have
Ilwf + Igw% + Igwg + 261’)/1 — U3 + 263R

= =R 8.123
72 202 ) 73 ) ( )

where, if ¢ + ¢ # 0, R is a oot of
Q(x) = 4(c3 + 3)a + Bz + C = 0,
that is,
Q(R) =4(c3+E)R* + BR+C =0. (8.124)
If 2 +c3 =0 R is a root of
Q(z) =Bz +C=0,
that is,
Q(R) = BR+C =0. (8.125)
The functions B = B(ws,ws,1,73) and C = C(w2,ws,71,73) are the following poly-

nomials:
B = dey(Lw? + Lws + Iw3 + 2171 — Us),
C = (Lw? 4 Lws + I3w3)? 4 4ei (Lw? + Lws + I3wi)m (8.126)
—2U3(Lw} + w3 + I3w3) + 4(c + c3)y? — 4 Usyy — 4caUs + Uz,
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Let us note that if ¢3 + ¢ = 0 then c3 # 0 because if c3 = 0 then condition
will not be satisfied. Consequently, B # 0 and therefore is well defined.

We put the values of 2 and ~3 from in the Euler—Poisson equations and
remove the fifth and sixth equations. In this way we obtain the following system of four
equations in unknowns wi, ws, w3 and ;:

dw 1
cTL‘1 " 2l [~es(hw? + Lw] + Isw3) + 2(12 — Is)cawaws
— 2c1c371 — Z(Cg + Cg)R + CSU3]7
dw 1
dTQ = 7 [(s = Iwnws + e R — eam],
an (8.127)
T 3hey (et + Do+ 3eg) + 21y — To)eawrws
+ 61(203R — Ug) + 2(0% + Cg)’yl]’
dn _ 1

= 7[(—11(,0% — IQW% — Igw§ — 2171 — 2csR + U3)w3 — QCQUJQR].
dt 262

We consider the following four possible types of first integrals of system (8.127]) that
depend on at most three variables among wy, wy, ws and 7;:

F(wy,wsa,ws) (case (i)).
F(wy,wa,71) (case (iii)).
F(wy,ws,v1) (case (iii)).
F(wa,ws,v1) (case (iii)).

- W

As case (iii) was already examined, it remains only to examine case (i).

Type 1. Let us consider a first integral of type 1, i.e. F(wy,ws,ws). We have

dF
2]1]2]302@ = Yl(F) = O, (8128)

where the vector field Y7, defined on C*(wy,ws,ws, 1), is

Y1 = I2I3 [—03(I1w% + IQ(U% + Igo.)g) + 2([2 — Ig)CQWQ(Ug — 26103’71
3] 0
— 2(03 + C%)R + CgUg} 67001 + 2]1]302[(13 — Il)wlwg +cR— 6371]37002
+ 11]2 [cl(Ilwf + IQOJ% + Igwg) + 2([1 — IQ)CQCU]OJQ

0

+c1 (203R — Ug) + Q(C% + C%)’}q] —_—.
30.)3
We differentiate identity (8.128]) with respect to v; and obtain again a linear partial
differential equation for F:

1ova(F)

2 Om

o Ow o Ows,

OR oF
—+ 11]2 (6103871 —+ C% —+ C%) Tm =

where Y5 is a vector field defined on C*(wy,ws, w3, v1).

OR oF OR oF
=D [(Cg +e3) o+ 0163} — + Lilzco <C1 - 03>

Y2(F) =0, (8.129)
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The derivative of Y5(F') with respect to 77 has a factor ‘g?;"'. Crude computations
1

show that for the two roots of equation (8.124), i.e. when ¢3 + ¢3 # 0, and also for the
single root of equation (8.125)), i.e. when ¢3 + c3 = 0, one has

82
# 0.

a’h
In this way differentiating (8.129)) with respect to 1 we obtain
O*R\ ' 0Y,(F) OF
— = —II3(c5 4+ c2)=——
(37% ) oM 2la(c; 03)3001
=Y;(F) =0, (8.130)

oF oF
+ Iilzcico— + L1 Ireicg—
60.)2 8w3

where Y3 is a vector field defined on C*(wy,ws, w3, Y1)
Instead of Y7 we consider Yy = Y7 — 2RY3, which implies that Y4 (F) = 0. We obtain

oF

Y;l(F) = .[213[ 03(I1w1 + IQ(UQ + I3W3) + 2([2 — 13)020.)2003 —2cic371 + CgUg]a o

oF
+ 2[1]362[([3 — [1)(4)1&)3 — 03’}/1]7 + 11]2 [Cl (Ilw% + Igwg + Igwg)

8&)2
9 9 OF
+ 2([1 — 12)626010.}2 —cUs + 2(01 + 62)’)/1] 87(4)3 =0. (8131)
Note that Y, does not depend on R.
Instead of Y5 we consider Yz = Y5 — Yg,g—i, which also does not depend on R. We
have
oF

oF F
Y5(F) = 7]2]36163 awl 8 + 11[2(01 + 62)8(,03 =0. (8132)

We compute the Lie bracket Y5 = [Y3, Ya]/(2111213). We know that Y5(F) = 0 so we
have

11[30203

OF
Y6(F) = [Iglg(cg + C%)ngl =+ IQ(IQ — 2[3)016263602 + 13(1205 — 13(22 1263)010.13]8
W1
F
— (Il — 13)02[110163(,01 — Ig(cg + C%)Mg] + [Il(llcg - 2[20% — IQC%)Clwl

dwy

oF
+ 12(116% + IQC% — Ilcg + IQC% — 1165)620.)2 + I2116%03OJ3] % = 0. (8133)
3

Thus we have obtained four linear homogeneous equations in the unknowns grad F' =

(FE, 5E SE ), that is, system (8.130) - (B-133). If a first integral F exists, system (8-130) -
(8.133) has a non-zero solution. This is possible if and only if

rank M < 3, (8.134)

where M is the 4 x 3 matrix of the coefficients of system 7.

Let us compute the determinant D345 that consists of the coefficients of Y3, Y, and Y5.
It should be identically zero because of requirement .

We compute

D345 —2]1 1213 02[83(11 — 12)0.)1602 =+ 82(13 — Il)w1w3 =+ C1 (IQ — 13)012603]5345,
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where

6345 = C% + C% + Cg.
The expression in square brackets vanishes identically only in the kinetic symmetry case
and in the Lagrange case I; = I3, ¢; = c3 = 0. We have —2I21313¢3 # 0. Thus D3s5 = 0

is equivalent to d345 = 0.
Now we compute the determinant Ds4s that consists of the coefficients of Y3, Yy

and Yg. It should be identically zero too (see ) We have Dsys = I11213¢30346,
where
0346 = —Iicieaes(Io — I3)w?
— Lizeies[(Iy — 1) (21 — 313)(c3 + c3) — I (12 — I3)ci]wiw,
+ I Izcica[(I — I3) (211 — 315)(c2 + c2) + I (I — I3)c3|wiws
+ IllgclcQC3(Illg — 3015 — 2[2 + 4[213)w1w2
+ 2L LIz [(— 1 + 215 — I3)c3 + (I + I — 2I3)ca|wiwaws
+ I I3cicacs (311 1o — Iy I3 — 41513 + 213w w3
—2IZcie9e3(c2 + 2+ 2) Iy — I3)wrys + I3 (1o — I3) i cacsUswy
— Bewes[I (I — L) (c3 + ¢3) — L1z — I3)cilws
— LyIscico(=311 15 + 211 I3 + 215 — Io13)(c3 + c3) + I (I — I3)ci|wsws
— LIzeic3[(31115 — 211 Ir + I 15 — 215) (5 + ¢3) + L1 (I — I3)c}|wiws
—2Iye3(c3 + & + ) I(1I — 1) (3 + 63) — Li(Iz — I3)cHJwam
+ Iyerc3Us[I3(I1 — Ip)(c3 + c3) — I (I — I3)c3)wy
+ I3ciea (I — I3)(c5 + c3) + L1 (1o — I3)ci|w)
+20305(cf + & + 3) Lo (I — I3)(c3 + ¢3) + LTz — I3)cflwam
— Ise1coUs[Io (1) — I3) (3 + ¢3) + L1 (I — I3)ci|ws.
As I11513¢3 # 0 we see that D3y = 0 is equivalent to d346 = 0.

Thus we should find conditions under which the polynomials d345 and 0346 vanish
identically with respect to the variables (w1, ws,ws,y1). This means finding the values of
the parameters Zc and Us for which all the coefficients of d345 and d34¢ are zero.

The polynomial 345 has only one coefficient and d346 has 16 coefficients. In this
way we obtain a system of 17 equations. To solve it we apply simplification. After four
consecutive simplifications we obtain the reduced system

A+ +ci=0, (I,—I3)c; =0, (I —1I3)c; =0,
(I — I)(c3+c2) =0, (I, —I3)(c3+c2)=0.

The MAPLE command solve gives two solutions for an arbitrary value of Us:

{Il = 117 IQ = Ig, I3 = 13, Cc1 = 0, Cy = C2, C3 = ROOtOf(22 + 1)02}7
{Il = Ig, IQ = Ig, Ig = .[3, C1 = I{OO‘D(Df(Z2 +Cg +C:2;)), Cy = C2, C3 = Cg}.
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The second solution is a particular case of the kinetic symmetry case so we discard
it. We have to consider the first solution. Thus

cp =0, c3=c¢icoy,

where € = +1. We consider here only the case ¢ = 1 because the final result is the same
when € = —1.

Now Y3(F') and Yg(F') are identically zero and therefore condition (8.134)) is fulfilled.
We have

. . oF
Y;l(F) = 7Z12I362[I1w% + IQ(U% + Igo.)g + 2Z(I2 - Ig)(dg(.dg - Ug]%
1
. oF oF
— 201 I3co[(I1 — I3)wiws +icomi] 5— + 21 [aco[([1 — Io)wiws + comi] 75—,
8w2 3w3
oF oF
Y5(F) = -2 il3—— — [h— ).
5( ) 162 (Z 3(90.)2 aw;g)
We compute
Yi(F),Y5(F . oF
Y7(F) = Ya(F), ¥s(F)] _ [Iy(Iy — 213)ws — il3(Is — 2I5)ws] =—

2[1[2[30% awl

oF oF
—L(I — L)w— + i1 (I — Iy)wi —.
1(I1 = I3)wr o +ily (I — Ia)w; Dos
We compute the determinant A of the coefficients of the equations Y4 (F), Y5(F) and
Y7(F) and obtain A = I?I5I3c3w; A where

A = il}(Iy — I3)w? + ily (213 — 41y05 — Iy Iy + 3131, w3
— 2013211 — I — I3)wows — il3(215 — ALy I3 — I31y + 311 I5)w3 — ily (Ix — I3)Us.
As IfIrI3c3w; # 0, we require that A = 0. Looking at the coefficient of w? in the
expression for A we see that I, = I3 should be fulfilled. Under this condition we obtain
A = 2I3(I — I3)(ws + iws)?.

Thus A = 0 only if Iy = Iy = I3, i.e. we come to the kinetic symmetry case. Consequently,
a partial integral of type 1, F'(w1,ws,ws), does not exist when c¢o # 0.

Let us consider the case co = 0. In this case, according to condition , c3 # 0.
First we express «3 from the equation Hs = Uz and put the value of 73 in the equation
Hy = Us, from which we find 5. In this way we have

~

R Liw? + Lw? + I3ws +2 - U.
SO ORI e it BB M et (8.135)
203 203
where R is a root of Q(z) = 22 4+ C = 0, that is,
QR)=R*+C=0. (8.136)

The function C = C (wa,w3,7v1,73) is the following polynomial:
5 = (Ilwf + Igwg + Igwg)Q + 401([1&)% + IQOJ% + Igwg)'yl
—2U3(Lw? + Lws + I3w3) 4+ 4(c + c2)? — 4 Usyy — 43U + UZ.

We put the values of 5 and 3 from (8.135)) in the Euler—Poisson equations ([L.1)) and
remove the fifth and sixth equations. In this way we obtain the following system of four
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equations in the unknowns wy, we, w3 and ~v1:

@ 2([2—[3)W2W3+§

dt 21 ’
@:—L[c (Lw? + Taws + I3w3) + 2(11 — I3)czwiw
gt 21.203111 2wy + L3ws 1 — 13)c3wiws
+2(cf + E)m — a1Us), (8.137)
% - 2(_[1 — 12)03(.010.)2 - Clﬁ
dt n 2[363 ’
dyy 1 2 2 2 2
—_— = 7[([1&)1 + IQCL)Q + 13W3 + 201’)/1 - Ug)(x)g + W3R].
dt 203
Let ¢o = 0 and suppose F(w1,ws,ws) is a first integral of type 1. We have
dF
2[1]2]303E = Yl(F) = 07 (8138)
where the vector field Y7, defined on C*(wy,ws,ws, 1), is
~ 0
Yl = 121303[2(12 — Ig)bdzbu‘g + R]ai
w1

0
+ Ilfg[—cl(llwf + 1'2w§ + I3w§) + 2¢3(I5 — I )wiwsg — 2(0? + cg)wl + 01U3]a—w2

~ 0
+ L1 12(11 — Ip)cswiwae — ClR]aT)g'

We differentiate identity (8.138]) with respect to «; and obtain again a linear partial
differential equation for F':

Y1 (F) OR OF s s
=1 — — — 2111 — — 1 he;— — =Y5(F) =
97 2l3c3 971 B 1I3(ci + C3)6w2 1l2cy 97y O 2(F) =0,

where Y5 is a vector field defined on C*(wy, wa,ws,1).

oF OR OF

The derivative of Y5 (F') with respect to 1 has a factor I, ?912 . We have verified that for
1

the two roots of equation (8.136|) this derivative is not zero. Thus differentiating (8.129)
with respect to y; we obtain
1 (82R\ ' 0Ys(F) OF OF
— | —= ———= =I3c3— —Lic;— =Y3(F)=0 8.139
I <5v%) % oy, = B =0, (8.139)
where Y3 is a vector field defined on C*(wy,ws, w3, Y1)

Instead of Y7 we consider Yy = Y7 — IoRY3, for which Y4 (F) = 0. We obtain

oF
Y;L(F) = 2[2[3([2 - Ig)CgWgWgTM - 11[3 [cl(Ilwf + [ng + I3w§)

or
&ug

oF
+ 2[1[2([1 - 12)630.)1(4}27 =0. (8140)
6LU3

+2(11 — I3)eswiws + 2(cf + ¢3)v1 — 1 Us]

Note that Y, does not depend on R.
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Instead of Y5 we consider ~
LY 5 Y

ST T ann
which does not depend on R either. We have
oF
Y5(F) = (¢} +c3)— =0. (8.141)
8w2
We compute the Lie bracket Ys = [5}1{;‘] We know that Ys(F') = 0 so we have
oF
YG(F) = —Ig([g — 13)0163WQ87M
2 2 2 oF
+ [Il(Il — 2I3)crcswr + Is(licf — e + I363)OJ3] %,
oF
+ Io(I; — I)chwy — = 0. (8.142)
8&)3

Thus we have obtained four linear homogeneous equations in the unknowns grad F' =

(8L, 5L, 5’72), that is, system (8.139)(8.142)). If a first integral F' exists, system (8.139))—
(8.142)) has a non-zero solution. This is possible if and only if

rank M < 3, (8.143)
where M is the 4 x 3 matrix of the coefficients of system (8.139)—(8.142]).

Let us compute the determinant D345 that consists of the coefficients of Y3, Y, and Y5.
It should be identically zero because of requirement (8.143)).
We compute

Days = =211 Iy I3cswsc3(Iy — Io)wy + ¢1(J2 — I3)ws]d3as,

where
(5345 = C% + Cg.
As now ¢o = 0, according to we have c3 # 0. Thus the expression in the square
brackets vanishes identically only in the kinetic symmetry case and in the Lagrange case
Il = Ig, Cl = Cy = 0. We have —2[1[2[363002 7é 0. Thus D345 =0is equivalent to 5345 =0.
We also compute the determinant D34 of the coefficients of Y3, Y; and Yg. It should
be identically zero too (see (8.134)). We have D3y = I I3I3¢3w20346, where

S346 = Ii[I1 (12 — I3)ci — (211 — 313) (11 — Iz)c3)ciwi — 201 I3(1y + I3 — 213)cieswiws
+ L[I3(Io — I)ci + I (I — I3)cf)eiws — I3[ (I — I3)ci + I3(311 — 213)c3
+ I (I3 — 21)) 3] cyws + 2(cf + e3)[I1 (1o — I3)cf + I3(Is — I))c3lm
—c1[(Iy — I3)c3 + I3(Iy — I,)c3)Us.
As I1I513c3ws # 0, we see that D3y = 0 is equivalent to d346 = 0.
Thus we should find conditions under which the polynomials 345 and d34¢ vanish
identically with respect to (w1, ws,ws,y1). This means finding the values of the parameters
Zc and Us for which all the coefficients of d345 and d34¢ are zero.

The polynomial d345 has only one coefficient and d34¢ has six coefficients. In this way
we obtain a system of seven equations. To solve it we apply simplification. After three
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consecutive simplifications we obtain the reduced system
Ih—I3=0, I —I3=0, c&+c2=0.

This system obviously leads to the kinetic symmetry case. Thus a partial integral of
type 1, F(w1,ws,ws), does not exist when ¢y = 0 either.

8.4.4. First integrals F(71,72,vs). Finally, it remains to study the existence of a
partial integral F'(vy1, 72, ¥3), which cannot be studied by elimination of variables as above.

We proceed here in the same way as in Sec.

We have F'(y1,72,73) = F (72, 73). Our problem is now reduced to the study of partial
integrals of the form F = F(72,73) on the submanifold {Hs = Us}. Absence of such
partial integrals follows from Sec. where the absence of partial integrals of more
general form F'(w;,¥2,73), ¢ = 2,3, is proved for all Uy and Us.

This concludes the description of the four-dimensional invariant manifolds.

9. Three-dimensional invariant manifold

{Hl :Ula H2:U2a H3:U3}

9.1. Extraction procedure. In this section we study the existence of a partial inte-
gral of the Euler—Poisson equations (|1.1) with respect to the invariant complex three-
dimensional level manifold

{H, =U1, Hy =Us,, H3 = Us},

which depends on at most two variables.

According to ,
M(U07U17U23U371.C)
= {z € C% Hi((w,7),Zc) = Ur, Ha((w,7),Zc) = Us, Hz((w,7),Zc) = Us},

where (w,7) = (w1, w2, w3, Y1,72,73)-

We search for all functions F' of two variables F' = F(s1, s2) where (s1, s2) € (w,7), of
class O, such that grad F' does not vanish identically on any open subset of the manifold
MUy, Uy,Us,Us,Ic), which are partial integrals of the Euler—Poisson equations
with respect to this manifold.

As in Sec. the order of the variables s;, 1 <i < 2, in F(s1,s2) is irrelevant for F’
to be a first integral.

We have exactly 15 different two-element subsets of (w,~y) and thus 15 cases of func-
tions of two elements to examine. We will now describe an extraction procedure based
on permutational symmetries which reduces the above 15 cases to only four.

These 15 functions of two variables (up to the order of variables) are shown in
Table 0.1} This table can be easily obtained directly like Table [5.1} But it can also be
easily deduced from Table [5.1] and vice versa.

As in Sec. [8] let us stress that the permutational symmetries act on the variables
(w,~) and the parameters Zc but not on the constants Uy, Us, Us that define the manifold
M(Uo, Ul, UQ, Ug,IC).
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Table 9.1
Functions Case
Fvi,), 1<i<j<3 (i)
Fwi,m), Fws2,72), Fws,ys) | (ii)
F(w )7 F(w2773)7 F(w1773)7 (iii)
F(w 1)7 F(w2771)7 F(wh’y?)
Flwi,wj), 1<i1<j<3 (iv)

It is easy to see that under the group of permutational symmetries of the Euler—
Poisson equations for every case (i)—(iv) from Table [9.1] the first function from the case
can be transformed into all remaining functions from the same case.

Thus in virtue of Theorem we can restrict ourselves to the study of only four
functions, each belonging to a different case from Table and chosen arbitrarily from
the functions of this case.

As in Secs. [p| and [8] we will call such four functions Fj;, 1 < i < 4, (up to the order of
variables) a basis.

9.2. Elimination of w;, wa, 1. Here we study the existence of a partial integral of
the Euler-Poisson equations after expressing the variables wi, wy and ~; from the
equations

H;,=U;, 1<i<3. (9.1)

First we express 1 from (9.1)) for ¢ = 2 and obtain
n=V-y-1+U. (92)

Further, to simplify the notations, we put

T= —7§—v§+U2.

Then, using solve, we express w; and ws from (9.1) for ¢+ = 1,3 and obtain the

following solution:
IlRF + Ig(,dg’)/?, — U1

w1 = R, Wy = — 1—2’)/2 ) (93)
where R = R(ws,72,73) is a root of Q(z) = Ax? + Bz + C = 0, that is,
Q(R) = AR* + BR+C =0. (9.4)

Here A = A(vy2,73), B = B(ws,v2,73) and C = C(ws,y2,73) are the following functions:
A=NL[Ia— L)% — Iw§ + LUs,
B = 2L (Izwsvs — Uy),
C = Lwi (I3 + I373) — 2LswsysUs
+ 173 (2c272 + 2e373 + 2011 — Us) + UT.

(9.5)

R, A, B and C are algebraic functions defined on C3(ws,y2,73).
We put the values of v, wy and ws from (9.2) and (9.3) in the Euler—Poisson equa-
tions (1.1) and remove the first, second and fourth equations. In this way we obtain the
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following system of three equations in the unknowns ws, 2 and ~s:

dw 1
dTB = T, e - L)TR? + (I, — I)(Iswsys — Un) R+ Irya(cal’ — c172)],
d
% =73l — wsl, 06)
d 1
;;3 _ Tova [(1172 IQ'Y% + Il’}/§ — I1Us)R — T'(I3wsys — Uy)].

Now we study whether system has a first integral that depends on at most two
variables among (ws,y2,73). Thus we should investigate the following three types of first
integrals:

L. F(y2,73) (case (i)).
2. F(ws,~3) (case (ii)).
3. F(ws,y2) (case (iii)).

Then, as in Secs. [f] and [§] we should examine the three types given above because they
belong to different cases (see Table .

Let us fix Uy € C. Let us consider a suitable open set Q C C?(ws, ¥2,73) contained in
the domain of definition of F.

From now on we consider system and the first integral F' only on 2. System
restricted to Q has C' right-hand sides.

We always suppose that the first integrals considered are not constant on any open
subset of their domain of definition. As we consider C' first integrals, this means that
their gradients do not vanish identically on any open subset of their domain of definition.

Type 1. Let us consider the existence of a first integral F' of system which is of
type 1, i.e. F = F(v2,73). Thus we have

dF  dvyo OF dys OF
o _ a2 of =Y(F) = .
dt "~ dt o dt o 1(F) =0, (97)

where Y7 is a vector field defined on .

Equation should be an identity with respect to all the three variables (ws, 2, 7v3)-
As F does not depend on ws, its partial derivatives will not depend on ws either. Thus
if we differentiate identity with respect to w3 we shall obtain again a linear partial
differential equation for F"

OYi(F) 0 (dyw\OF 0 d73 OF
— _ =Y5(F) = .
8w3 8w3 < 8’)/2 + 80.13 873 2( ) 0, <9 8)

where Y5 is a vector field defined on €.

Equations and can be considered as a system of two homogeneous lin-
%’ %)’ which do not vanish
identically, because F' is non-constant on any open subset of its domain of definition.

Thus, if a first integral F exists, system (9.7)—(9.8) has a non-zero solution grad F.
This is possible if and only if the determinant A of this linear system satisfies A = 0

provided that R is a root of (9.4).

ear algebraic equations with the unknowns grad F' = (
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We compute this determinant and obtain
_d 0 d d 0 (d
dt 80)3 dt 80)3 dt
r
T Ly

OR OR
{[(Il I2)7§+(1113)7511U2](R W >+U1738 - Ul }

As we are interested in the case A = 0 we remove the denominator Iy, and the
non-zero factor I' and denote

I
A(R) = —0(R),
(B) Iryys
where
OR OR
5(R) = [(Il - I2)")’22 + ([1 - 13)")/; — IlUQ] <R W38 3) Ul"y;i,a + U4 (9.9)

As §(R) contains gR we should determine this derivative. We use equation (9.4). We
differentiate it with respect to ws and, as A does not depend on ws (see (9.5))), we obtain
oQ OR 0B ocC

=(@2AR+B)— + -~ R+ — =0. (9.10)

3W3 80‘)3 aW3 awB

Determlnlng from the last equation is possible only if % =2AR+ B # 0.
Using Proposmon 1| we prove that if R is a root of ( . ) then 2AR + B =0 only in a
very particular case

Il :IQ :Ig, Cl = Cy = C3 :0, U1 :UQ :U3:O. (9.11)

Indeed, let us compute the resultant p of Q(R) and 2AR + B with respect to R. We
obtain

p = A(4AC — B?).

As we are interested only in the cases when p vanishes identically with respect to ws,
v2 and 73, and as A never vanishes identically, we consider p = 4AC — B? instead of p.
We compute p with values of A, B and C from (9.5) and obtain

p= 4L 1v3(aol + ai),
where

ap = 2¢1(Iovs — I1vs — 11y + 11Ua),

a] = —13(11 — Ig)wg’yg — 13(11 — 13)0.)32)’}/% =+ 11[3U2w§ — 2[3U1w3'y3
—2(I — Iy)eays — 2(I1 — L)esvays + (I — I2)Usys — 211c27273
+ 2I1¢c0Usys — 2[163’)/5) + IlUg’yg + 2I1c3Usys + U12 — 11U, Us.

According to Proposition [4.3] if p = 0 then ag = a; = 0 because I' ¢ C(72,73). ap = 0
is possible if and only if ¢; = 0. One immediately sees that a; = 0 will be true if and
only if I = I, = I3, co = ¢c3 =0 and U; = Uy = U3 = 0, i.e. we come to condition ((9.11)).
Thus apart from this case the equations Q(R) = 0 and 2AR + B = 0 have no common
roots, i.e. if Q(R) =0 then 2AR+ B # 0.
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Thus determining g—‘i from (9.10) is possible and we obtain

OR  FER+ 5T
Ows  2AR+ B

and put it in the expression for 6(R). The non-zero expression 2AR + B appears as
a denominator of 6(R) and we denote

__(R)
oR) = 2AR+ B’
where
~ oB 0C
0(R)=[(L — 12)73 + (L — Ig)’yg — I Us)] {(2AR + B)R + w3 <R + ﬂ
aOJ3 8&13
oB 0C
+ Ul’}/g R—+— )+ U1(2AR + B)F
8w3 (9&)3

After replacing A, B and C with their values from we obtain
0(R) =2{[(I. — )73 + (I — Is)73 — LU2)[I1(LUa + I73 — 1173 — 1173) R
+ 201 (Iwyys — Un)RL) + LI(I — L)wiys + I3(I Do + I I3 — 21 13)w3vs7;
— L LI3Uyw3~2 + I3 (1) — I3)wivs — 1I2Usway2 — 215(1) — I)Uiwsyays
— 2I3(I) — Is)Uwsys + 20 LU\ Uswsys + TUTY3 + (I — I3)UPy3 — LUTUs ).

Let us record the following observation. The expression in the last square brackets
above is

(LU + Iy — T173 — 1173) R + 211 (Iswsys — Up)RT = AR® + BR = Q(R) — C
and, as Q(R) = 0 (cf. ), we can replace this expression with —C'. In this way Sisa
function that does not depend on R:

5= bol' + b1,
where
by = —4Lrer3[(I = I2)73 + (I = Is)3 — LU,
by = 21573 [2c2(Iz — I1)y3 + 2cs(12 — I))v3ys + 2¢2(Is — I1)y273 + 2¢3(I3 — I1)v;
+ (I — L)Usva + (I — I3)UsY3 + 2L1coUsye + 211 c3Usys + U — LIULUs).

According to Proposition if § = 0 then by = by = 0 because I ¢ C(v2,73). bp =0
is possible either if Iy = I = I3 and Us; = 0, which is a particular case of the kinetic
symmetry, or when ¢; = 0.

Let ¢; = 0. We consider b; = 0. As ¢; = 0 we should have (¢g, c3) # (0,0) to avoid the
Euler case. First let us suppose that ca # 0. Then the vanishing of the coefficients of 3
and Y272 of by leads to the kinetic symmetry case. Let us suppose now that cz3 # 0. Then
the coefficients of 73 and 73+3 lead to the same case. Consequently, a partial integral of
type 1, F(2,73), does not exist.

Type 2. Let us study the existence of a first integral of type 2. That means looking for
a first integral of system which does not depend on s, i.e. F(ws,3).
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In fact, the investigations go along the same lines but, of course, the expressions are

different. Now we have
dF  dws OF  dys OF
where Y7 is a vector field defined on €.

Equation should be an identity with respect to all three variables (ws,y2,73).
As F does not depend on 79, its partial derivatives will not depend on ~s either. Thus if
we differentiate identity with respect to 72 we shall obtain again a linear partial
differential equation for F"

PAE) 0 () OF 0 () OF _
872 8’72 dt E)wg 8’72 dt 8’73
where Y5 is a vector field defined on .

Equations and can be considered as a system of two homogeneous lin-
ear algebraic equations with the unknowns grad F' = (g—oi, %)’ which do not vanish
identically, because F' is non-constant on any open subset of its domain of definition.

Thus, if an integral F exists, system (9.12)-(9.13) has a non-zero solution grad F.
This is possible if and only if the determinant A(R) composed of the coeflicients of this
system satisfies A(R) = 0 provided that R is a root of (9.4).

We compute this determinant and obtain a long expression which we do not give here.
We only mention that A(R) has a non-zero denominator 1313731 and we denote
_Awm)

L3Il
Thus A(R) = 0 is equivalent to A(R) =0.

K(R) depends on g—ﬁ. To determine this derivative we use the same steps as in the

case of the first integral of type 1 and obtain

Yo (F) =0, (9.13)

A(R)

0A P2 OB oC
87]% _ %R + TWR + e
8’}/2 2AR+ B

We put it in the expression for A(R) After this substitution the non-zero expression
2AR + B appears as a denominator of A(R) and we denote

Ar)— _A@)
AR = 3R + B’
The identity K(R) = 0 is equivalent to A(R) = 0 but A(R) depends on the functions A,

B and C from (9.5) and their derivatives with respect to 72. We put these functions in
the expression for A(R) and find that A(R) has a denominator I". We denote

The identity A(R) = 0 is equivalent to §(R) = 0. We know that if Q(R) = 0, then if
in addition some supplementary first integral F'(ws,v3) of system exists, then also
d(R) = 0. Thus all assumptions of Proposition are fulfilled. Consequently, in K[z],
where K = Alg(ws, y2,73), the polynomial Q(z) divides d(x).
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Using MAPLE we divide by @ and obtain a remainder which is a polynomial r of

the form
roxr + 171

r= ;
[(Ia — I1)v3 — [1y3 + L Us)?

where

ro =101l + 192 and 7y =711 [+ 19,

Here 71, 192, 711 and r12 are polynomials in the variables ws, 72, 73 and the parameters
Zecand U;, 1 <14 < 3.

According to Propositions [1.2] we have 1o = r; = 0. Then by Proposition [L.3] we
conclude that rg; = 192 = r11 = r12 = 0 because I' ¢ C(v2,73). It turns out that for
our aims the equation r1; = 0 is sufficient. This equation will be identically satisfied if
and only if all the coefficients of r1; are zero. The polynomial r1; has 109 coefficients.
We should find all values of the parameters Zc and U;, 1 < ¢ < 3, for which the 109
coeflicients are zero. After four consecutive simplifications we obtain a reduced system of
only three very simple equations:

11—12:0, 01:0, 62:07

and the values of U;, 1 < i < 3, I3, I3 and c3 are arbitrary. It is clear that this is the
Lagrange case.
Thus a partial integral of type 2, F(ws,73), does not exist.

Type 3. Let us consider the existence of a first integral of type 3, i.e. F(ws,72). Now
we have

dF dLU3 oF d’j/g oF
dt  dt Ows | dt 2 1(F) =0, (9.14)

where Y7 is a vector field defined on .
Equation should be an identity with respect to all three variables (ws,y2,73).
As F does not depend on 73, its partial derivatives will not depend on ~3 either. Thus if
we differentiate identity with respect to 3 we shall obtain again a linear partial
differential equation for F"
PAE) 0 () OF | 0 () 0F _
073 Ovs \ dt dt ) 0va

e = 1
9 s Y3(F) =0, (9.15)

where Y5 is a vector field defined on 2.

Equations and can be considered as a system of two homogeneous linear
algebraic equations with unknowns grad F' = (g—i, %)’ which do not vanish identically,
because F' is non-constant on any open subset of its domain of definition.

Thus, if an integral F' exists, system 7 has a non-zero solution grad F'.
This is possible if and only if the determinant A(R) composed of the coefficients of this
system satisfies A(R) = 0 provided that R is a root of (9.4).

We compute this determinant and obtain
A(R)

A(R) = ——
( ) 1213’)/2].—”
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where

—~ OR OR
A(R) = |-2I (I, — 12)W3F28773R — Leiviys— + (I — L)ULR? — Iye1 73 R|T

973
OR OR
+ I (I — Ip)ysD? o—R? + T?[I3 (I — I)wiys + (I — L) Urws + Lacayays] o —

973 973

+ (I — I)wing — Is(Iy — I2)Uswi + (It — I2)Urwsys + Izcona (=73 + Ua)|R

— L(h = L) (= + U2) R? = Ireiw3nins.
Thus A(R) = 0 is equivalent to A(R) = 0.

A(R) depends on B—R To determine this derivative we use the same steps as in the

case of the first integral of type 1 and obtain

0A P2 OB
OR _ Os R+ I3 R+ !9’Y3

ovs 2AR+ B

We put it in the expression for A(R) After this substitution the non-zero expression
2AR + B appears as a denominator of A(R) and we denote
A A(R)
A(R) = ————.
(R) 2AR+ B
The identity K(R) =0 is equivalent to A(R) = 0 but A(R) depends on the functions A,

B and C from ) and their derivatives with respect to 3. We put these functions in
the expression for A( ) and find that A(R) has a denominator I'. We denote

where §(R) is a polynomial in R of degree 4.

The identity A(R) = 0 is equivalent to d(R) = 0. We know that if Q(R) = 0, then if
in addition some supplementary first integral F'(ws,~s) of system exists, then also
§(R) = 0. Thus all assumptions of Proposition are fulfilled. Consequently, in K[z],
where K = Alg(ws,¥2,73), the polynomial Q(z) divides §(x).

Using MAPLE we divide § by @ and obtain a remainder which is a polynomial 7 of
the form _ _

~ Tox + 71
"B 1)g - hf LGP

where
;0 :7’:01].—‘-5-?02 and 771 :7’:11].—‘-5-?12,

Here 791, 72, 711 and 715 are polynomials in the variables ws, 72, 73 and the parameters
Zcand U;, 1 <14 < 3.

According to Propositions we have r9p = 71 = 0. Then by Propositions we
conclude that 791 = ro2 = 711 = 12 = 0 because I" ¢ C(72,73). It turns out that for our
aims the equation 71; = 0 is sufficient. The equation 77; = 0 will be identically satisfied
if and only if all the coefficients of the polynomial 77; are zero. The polynomial 77; has
179 coefficients. We should find all values of the parameters Zc and U;, 1 < i < 3, for
which the 179 coefficients are zero. After three consecutive simplifications we obtain the
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reduced system of seven equations
I =1, =0, cac3=0, (Ip—1I3)ca =0, cU3=0,
cUs = 0, U = 0, C% + 26% =0.

We solve this system by using solve and obtain two solutions. The first of them gives
the Lagrange case I1 = I, ¢y =0, co = 0, and the second a particular case of the kinetic

Symmetry case.
Thus a partial integral of type 3, F(ws,72), does not exist.

9.3. Elimination of ~;, 72, 3. Using solve we determine the variables v, and s
from the equations H; = Uy and Hs = U3 (see (9.1])). Then we put the values of 77 and
o in the equation Hy = U, and we determine 3. In this way we obtain the following

solution:
IQUJQ(I:LW% + IQCU% + Igo.}% — Ug) + 2cU7 + 2([203&)2 — IgCQWg)R
T = )
2([102&)1 — IQClWQ)
Ilwl(Ilw% + Igwg + Igu)g - Ug) + 261U1 + 2([163&)1 - IgClo.)g)R
Y2 = — )
2(Ilcgw1 — Igclwg)
V3 = Ra

where R = R(wy,ws,ws) is a root of Q(z) = Az? + Bz + C = 0, that is,
Q(R) = AR?> + BR+C =0,

(9.16)

(9.17)

and A = A(wi,w2,w3), B = B(wi,ws,w3) and C = C(w;,ws,w3) are the following

polynomials:

A =4I? (02 + c3)w1 8I11sc1cowiwe — 81113¢1c3wiws
+ 412(3 4 2 w3 — 8 [3cacswows + 415 (3 + c3)w3,

B = 4l cswi — A Izciwiws 4+ 41 I (1) + Ip)csw?ws — 411 Ir Izcowiwsws
+ 4T [zcswiws — 4 Iy Izciwywiws — 41 Tacrwwi + 415 caw)
— 4I21302w2w3 + 412 1363w2w3 41213 62w2w3 4I1 03U3w1
+ 461 13c1Uswiws — 4[2 63U3w2 + 41513c0Uswaws
+ 8T c1c3Uzwy + 8TzcacsUrwy — 8I3(cd + c2)Uyws,

C = I}W§ + B 21 + L)wiw? + 213 wiws + LI2(1 + 21)wiw;

+ 2L L I3(I) + L)wiwsws + IR 1203ws + I3wS + 215 Izwiws + T2 13wiws

—2]1U3w1 —2[1]2([1+12)U30J1(JJ2 2]1[3U3w1w3 2I2U3w2
— 2[213U3w2w3 + 4[1 ClUlwl + 4]1[202U1W1WQ + 4]1]201U1w1w2

+ 4L Ize, Uywwi + 413 coUyws + 4L IzcoUywowi — I3 (43U — U2 )wi

+ 8]1[26102[]20]1&)2 — 122(40%[]2 - Ug)wg
— 461U Uswy — 415c0U1Usws + 4(6% + C§>U12

(9.18)

Putting the values of v1, 72 and 3 from (9.16) in the Euler—Poisson equations (1.1))
and removing the last three equations we obtain the following system of three equations
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in the unknowns wy, we and ws:

dw; M,

dat 2I;(Iycowy — Irciws)’
where My, My and M3 are polynomials in wj, 7v;, I;, ¢, Uj, 1 < ¢ < 3, and R. The system
(19.19)) is correctly defined only if

1<i<3, (9.19)

(Cl, CQ) ?é (0, 0) (920)
Let us suppose first that condition (9.20) is satisfied.
As we are going to study the first integrals of system (9.19)) we can multiply its right-
hand sides by the non-zero factor 211 I5I3(I;cawr — Iaciws). In this way we come to the
following system:

dw
ditl = —1213{2[1—1(0% + cg)wl — Ireicows — I301C3w3]R
+ 11263(,0:13 + 11[263(&11(«0% — 2]1 (IQ — Ig)CgOJ1LU2LU3 + 11]303w1w§
+ 2[2([2 — Ig)Clwgwg, — I1esUswy + 20103U1},
dw
7; = 11]3{2[118102(,01 — IQ(C% + Cg)wg + 136263W3]R
- I1I263W%QJ2 — 2]1(]1 — IS)CQ(U%(UB + 2]2(]1 - I3)01w1w2w3 (921)
— 12263(,03 — 121363(,020.19% + IscsUsws — 26263(]1},
dw
7; = 11[2{2[116163wl -+ IgCQCgWQ — Ig(cf =+ c%)w:;]R

+ [1201(,0% + 11(211 — IQ)CQW%Q}Q — Ig([l — 2]2)0160100% + 111301(,010.}32)
+ [2262003 + IQIgCQCL)ng - I101U3w1 - IQCQUng + 2(0% + Cg)Ul}

We study the existence of a first integral of system (9.21) that depends on at most
two variables among (w1, ws,ws). There are three possible types of such first integrals:
1. F(wy,ws) (case (iv)).

2. F(wy,ws) (case (iv)).

3. F(wsa,ws) (case (iv)).

As all the three types of first integrals belong to case (iv) it suffices to study the first

type.

Type 1. We consider a first integral I’ of system (9.21]) of type 1, i.e. F'(w1,w2). We have
dF dwl 6F dLUQ (9F
= 42— Y(F)=0 9.22
T T T W (9.22)

where dd% and % are taken from (9.21)) and Y is a vector field defined on C3(wy,ws, w3).

This equation should hold identically with respect to the variables wy, wo and ws. As
F' does not depend on ws, its partial derivatives will not depend on w3 either. Thus if we
differentiate identity (9.22]) with respect to w3 we obtain again a linear partial differential
equation for F':

Y1(F) 0 (dw ' OF 0 (dwy\ OF
8(.4}3 B (9(,03 dt 8w1 8w3 dt 80)2 -

where Y5 is a vector field defined on C3(wy,ws,ws).

Yy(F) =0, (9.23)
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Equations ((9.22)) and (9.23]) can be considered as a system of two homogeneous linear
OF OF

algebraic equations with the unknowns grad F' = (87)1, 8—w2). This linear system admits
a non-zero solution if and only if its determinant A(R) vanishes identically with respect
to w1, we and ws provided that R is a root of .

We compute A(R), remove its non-zero factor 21y I5I3(I1caw; — Izciws) and obtain

A(R) sy
= _2_[ . R
20 I I3 (I cawy — Taciwy) ses(cl + ¢+ ¢3)

— [11(21363 — 2[16% — 2[10§ + 3[30?)))0.)% + 2(2_[1]2 - 11[3 - IQIS)ClcQW1WQ
— 21 I3cic3wiws + Io(2I3¢3 — 2I5¢3 — 2153 + 313¢5)ws

A(R) =

— 215 13¢coc3wows — I3 c3w3 ]3C3U3]R

- [Ilzclcgwif + I1]20203w1w2 + 1 (2]103 - 21303 + QIlc§ - IgC%)(U%(Ug
+ L Ireicswiws — 2(211 1, — I I3 — Io13)cicowiwaws

—Is(L — 2I3)clcgw1w§ + 1220203w§’

+ I(2I5c] — 21363 + 215c5 — I3c3)wiws

+ I5(215 — IQ)CQCSOJQLUS + 1303w3 IicicsUswy — IzcaczUswy

OR

Ows

+es[IF (1 — I:),)w1 + L I(I + Iy — 213)wiws — [ I3(1 — I3)wiw;
+ 13(Iy — I3)ws — I I3(Is — I3)wiw3 — I, (1) — I3)Usw?

— Iy(Iy — I3)Usw? + 2(I; — I3)c1Uywy 4 2(I — I3)caUyws — 2[363U1w3}. (9.24)

— I3c3Usws + 2¢3(ct + ¢34+ 3)Ur | ——

As in Sec. we should obtain K(R) as a polynomial of R, that is, we should deter-
mine g—R as a function of R. For this purpose we use equation (9.17)) where the polynomi-
als A(Wl,WQ,W3), B(w1,ws,ws) and C(wy,ws,ws) are taken from (9.18]). We differentiate
(9.17) with respect to w3 and obtain

OQ(R) 0A 2, 0B d@ OR
=—R —R+ — =0. 9.25
8W3 8w3 8w3 + 8w3 + dR 8w3 ( )

Determining aR from is possible if and only if dQ = 2AR+ B is not zero when
R is a root of Q. Then we obtaln

OR R +ER+ 5D

Owg 2AR + B

Let us prove that % is not zero. We use Proposition Let R be aroot of Q(R) = 0.
We consider the resultant p of @ and % and prove that it can never be identically zero
with respect to wy, we and wsz. We have

= A(4AC — B?)

and as A never vanishes identically we do not consider p but p = 4AC — B? instead.
Putting in p the expressions for A, B and C from ((9.18) we obtain

~

P = 16([162&11 — Igclwg)Zﬁ.
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As we consider the case , the first factor never vanishes identically. The second one,
i.e. p, is a polynomial of w1, ws and w3 with 35 monomials. Among them is the monomial
I{w% and therefore p never vanishes identically. Consequently, p never vanishes identically
either.

We put the value of g—i obtained from in and find A(R). After this

substitution the non-zero expression 2AR + B appears as a denominator of A(R) and we
denote
o 5(R)
A =—"
(B) 2AR+ B’

where §(R) is a polynomial in R of degree 3.

It is clear that A(R) = 0 is equivalent to §(R) = 0. We know that if Q(R) = 0, then if
in addition some supplementary first integral F'(wy,ws) of system exists, then also
d(R) = 0. Thus all assumptions of Proposition are fulfilled. Consequently, in K[z],
where K = Alg(wy,ws,ws), the polynomial Q(z) divides é(x).

Using the MAPLE command rem we compute the remainder of dividing § by @ and
obtain

4(I1cowr — Irciwo)

(I1cowy — Ireywe)? + (I1cgwy — Isciws)? + (Iaczwe — Izcows)?

r(z) = (Tox +71),

where 79 and 71 are polynomials in wy, wy and ws.

It is easily seen that when (c1, ¢2) # (0, 0) the fraction in the above equality is non-zero
on an open dense subset of C?(wy,ws,ws).

Thus 79 = 77 = 0 identically with respect to w;, wo and ws. Below we consider only
7o = 0, which turns out to be sufficient for our needs.

As 7y has a non-zero factor I3 we remove it. The polynomial obtained has 74 co-
efficients. To find all values of the parameters Zc and U;, 1 < i < 3, for which these
coeflicients are zero we apply simplification and after four consecutive simplifications we
obtain the reduced system of five equations

coc3 =0, crc3 =0,
(Il - 12)63 = O, (Il — 13)62 = O7 (12 — 13)01 =0.

Solving it by using solve we obtain the following five solutions:

c1=0,c2=0,c3=0 with arbitrary Iy, Is, I3, Uy, Us, Us,
I1=1,, =0, co =0  with arbitrary Is, I3, c3, Uy, Us, Us,
Ih=13, ca=0, c3=0 with arbitrary I, I3, ¢1, Uy, Us, Us,
Iy =13, ¢ =0, c3=0  with arbitrary Is, I3, co, Uy, Us, Us,
I, =13, Iy =13, c3 =0 with arbitrary I3, c¢1, ¢, Uy, Usa, Us.
As (e1,¢2) # (0,0) we discard the first and second solutions. The third and fourth

solutions give the Lagrange case, and the fifth the kinetic symmetry case. Thus a partial
integral of type 1, F'(w1,ws), does not exist when (¢1,c2) # (0,0).
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Let us suppose now that (c¢1,¢2) = (0,0). To avoid the Euler case we suppose that
c3 # 0. Solving (9.1]) with respect to 71, 72 and 73 by using solve we obtain

Illgwfw:; + 1213(&)%(&)3 + Igwg - IgUg(dg + 263U1 - 2[2W2R

ga!

, 22]163“12 (9.26)
R Lwi + Iaws + I3w3 —Us
Y2 = —), V3= — )
cs 2c3
where R = R(w1,ws,ws) satisfies
Q(R) = AR* + BR+C =0. (9.27)

Here A = A(wy,ws), B = B(w;,ws,ws) and C = C(wy,ws,ws) are the following polyno-
mials:
A= 4(I{w? + T3w3),
B = —4Lwo (I Izwiws + I Izwiws + Isws — I3Usws + 2c3U7),
C = I} + 2 Lwiws + IR 13(210 + I3)wiw? + [P T2wiw)
+ 20 I Is(I; + I3)w wiws + LI2(1 + 2I3)wiws + I213wiw3 (9.28)
+ 2L I3wiws + I3wS — 213 Usw! — 213 [Usw?wi — 21 I3(1h) + I3)Uswiw?
— 2[213 U3w2w3 213 U3w3 + 4[1]303U1W1W3 + 4[2[303U1w1w;),
+ 42 c3Usws — I3 (4c3Us — Uz)wi + I3U3w3 — 413¢3U Usws + AUEC.
After substitution of ~1, 72 and ~3 from in the first three Euler—Poisson equa-
tions we obtain the following system for wi, wy and ws:
dwi R+ (I2 — I3)waws

dt Il

@ . 2[20J2R - 11(211 13)(4)1(4)3 - 1213(1.)20.)3 - Ing + I3U3W3 - 2C3U1 (9 29)
dt 2[1[2Cd1

dLU3 - (Il — 12)(.411002

dt I '

As in case ([9.20]), we examine only type 1 first integrals of system (9.29).

Type 1. As when (cy,c2) # (0,0) we define the vector fields Y; and Y by Y;(F) = 4€

(see (9.22)) and Y5(F') = 8?755) (see (9.23))) but now d;’tl and d““ are taken from ((9.29).
The determinant A(R) of the linear system should vanish identically
with respect to wy, wo and w3 provided that R is a root of 1D
We compute A(R). It has a non-zero denominator 212 Iyw;. We denote

A(R) = 213, A(R) = —[11 (211 — I3)w? + I,(2]5 — I3)w? + 313w3 — IsUs|R

OR
+ (21 — I3)wiws + (215 — I3)wiws + I2wi — I3Usws + 2U;c3) =— 5
w3
- 2([2 - I3)(I§w§ - Ulcg)o.)g. (9 30)

In order to obtain A(R) as a polynomial in R we determine g—i using (9.27)) where

A(wy,w2), B(wy,ws,ws) and C(wy,ws,ws) are taken from . After differentiating



The Euler—Poisson equations; partial integrability 145

with respect to ws we obtain
0Q 9B oC  dQ OR
Ows  Ows | Ows  dR ws
In the same way as in the case (c1,¢2) # (0,0) we deduce by Propositionthat %
is not zero and determine B%i from (9.31). Then we put it in and find A(R). After

this substitution the non-zero expression 2AR + B appears as the denominator of A(R)

(9.31)

and we denote
6(R)

- 2AR+ B’
where §(R) is a polynomial in R of degree 2.

It is clear that A(R) = 0 is equivalent to §(R) = 0. We know that if Q(R) = 0, then if
in addition some supplementary first integral F'(wq,ws) of system exists, then also
d(R) = 0. Thus all assumptions of Proposition are fulfilled. Consequently, in K[z],
where K = Alg(w;, ws,ws), the polynomial Q(x) divides §(x).

The remainder 7(z) of dividing §(z) by Q(z) is a polynomial in x of degree 1,

A(R)

7(x) = Tox + 71,

where 7 and 71 are polynomials in wy, wy and w3 which, by Proposition [£.2] should be
identically zero. We consider only the leading coeflicient of 7(x),

To = —8[1]3(]1 — IQ)W%WQ(I;W% — CgUl) =0.

It is easily seen that 7y vanishes identically if and only if I; = I, which together with
the restriction ¢; = c3 = 0 considered now leads to the Lagrange case. Thus a partial
integral of type 1, F (w1, ws), does not exist.

This concludes our study.
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