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The descriptive complexity of the set of
arc-connected compact subsets of the plane

by

Gabriel Debs and Jean Saint Raymond

Abstract. We compute the exact descriptive class of the set of all compact arc-
connected subsets of R?, which turns out to be strictly higher than the classical 1 and IT}
classes of analytic and coanalytic sets, but strictly lower than the class II3 which is the
exact descriptive class of the set of all compact arc-connected subsets of R®.

If X is any Polish space then it follows readily from the definitions that
the set KCarc(X) of all compact arc-connected subsets of X is a TI3 subset
of the space K(X) of all compact subsets of X, endowed with the Vietoris
topology. Moreover, Ajtai and Becker showed independently (see [4, Theorem
37.11]) that the set KCar(R?) is actually H%—complete.

The goal of the present work is to compute the exact descriptive com-
plexity of the set Care(R?). More generally, given any space X we consider
the set Care(X) of all arc-connected closed subsets of X, viewed as a subset
of the space F(X) of all closed subsets of X, endowed with the Effros Borel
structure.

By a planar Polish space we mean a subspace of R? on which the induced
topology is Polish, that is, a G5 subset of R%. Our first main result is the
following:

THEOREM A. For any planar Polish space X the set Coye(X) is an A(II})
set.

Here A(IT}) denotes the class of all complements of sets obtained from
H% sets by the Suslin operation A. Let us recall that it is already known
from Ajtai and Becker work that the set KCure(R?) is not ITj (see [4]).
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The proof of Theorem A relies on recent results from [3] and makes use
of Effective Descriptive Set Theory. Also as a by-product of this proof we
obtain the following property which is specific to the plane topology, since
the analog in R? is no more true.

THEOREM B. For any planar arc-connected Polish space X there exists
a Borel mapping which to any pair (x,y) of distinct points in X assigns an
arc J C X with endpoints x and y.

In fact, the proof of Theorem A relies on a parametrized version of Theo-
rem B in which the space X is replaced by a variable closed subset of X. The
precise statement of this latter result (Theorem [5.6) necessitates a number
of preliminaries, and we refer the reader to Section [5] for more details.

The second main result is that if X = R?, or the unit square I?, then the
complexity bound given by Theorem A is best possible. More precisely, we
prove:

THEOREM C. The set Care(1?) is A(II})-complete.

It is worth noting that the class A(IT}) appeared already in previous
complexity computations in the hyperspace F(X). We mention the following
two results proved in |2, Theorems 6.3 and 6.4], where Cjo(X) denotes the
set of all locally connected closed subsets of X:

(a) For any Polish space X the set Cloc(X) is an A(II}) set. .
(b) There exists a Polish space X C I for which the set Cloe(X) is A(TI})-
complete.

Note however that unlike for Cor(X), if X is a compact space the set
Cioc(X) is Borel |2, Proposition 6.1].

1. Some descriptive classes. Throughout this work by a “space” we
shall always mean a subset of some Polish space, though we shall introduce
in some situations an additional (possibly nonseparable) metric or topology
on the initial given space. However, all descriptive notions we shall consider
will always refer to the initial Polish structure.

For classical descriptive classes we follow logician notation. In particu-
lar, 1,1, Al will denote respectively the classes of analytic, coanalytic,
Borel, subsets of Polish spaces, and as usual we denote by “lightface” symbols
X1, 1}, Al the corresponding “effective” versions. But we shall also consider
some less popular classes. For this we recall next some basic descriptive no-
tions in the framework of an arbitrary class T

Given any subspace X of some Polish space X, we denote by I'(X) the set
of all subsets of X which are the trace on X of a set in I'(X). Since all classes
we shall consider are closed under Borel isomorphism, I'(X') does not depend
on the particular choice of the ambient space X. Note that in general r'Xx)
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is a proper subset of P(X)NI'(X). We also recall that a mapping f : X — Y
is said to be I'-measurable if the inverse image of any open subset of Y is
in I'(X). If T is closed under countable unions and intersections then the
inverse image of any Borel subset of Y by f isin I'.

For any class I' we consider the class A(T") obtained from I' by the
Suslin operation A and we denote by /l(I‘) its dual class, that is, the class
of all complements of sets in A(T'). Since countable unions and countable
intersections are particular instances of the operation A, it follows from the
idempotence of A that the classes A(T') and A(T') are closed under countable
unions and intersections. In particular, for any class ', the notions of A(T')-
measurability and A(T')-measurability are the same. Also since 31 = A(A})
and IT} = A(A1), we have the following property:

PROPOSITION 1.1. The inverse image of any X1 (re§pectively IT}) set by
an A(T')-measurable mapping is in A(T) (respectively A(T)).

In particular, the right composition fog of an A(T')-measurable mapping
f with a Borel mapping g, is A(T')-measurable. And if T" is closed under Borel
isomorphisms then the left composition h o f of f with a Borel mapping A
is A(T)-measurable too.

Of particular interest for our study is the notion of bianalyticity that we
recall.

DEFINITION 1.2. Given spaces X,Y,

e asubset A of X is said to be bianalytic in X if A is in 31(X) N IIH(X);
e a mapping f : X — Y is said to be bianalytic if f is $1 (equivalently
IT})-measurable.

Note that by the separation theorem for analytic sets, if X is analytic
then bianalytic sets and mappings are Borel; and the notion of bianalyticity
is interesting mainly in the setting of coanalytic spaces. We also mention the
following two properties that we will use:

ProposITION 1.3. If Y is a Polish space, or a standard Borel space,
then any bianalytic mapping f : X — Y on a space X admits an extension
f : X =Y to a bianalytic mapping with coanalytic domain. If moreover X
is analytic then X and f can be taken Borel.

DEFINITION 1.4. For all n > 1 we shall use 3=" as an abbreviation for:
“There exists at least one and at most n”. Also if 7 : X XY — Y is the
canonical projection and A C X x Y, we set, for all n,

7™M(A) = {z e X : Iy : (z,y) € A}.

PROPOSITION 1.5. Let X,Y be Polish spaces. If A C X XY is Borel,
then for all m > 1, the set 7™ (A) is II} and the mapping x — A(x) from
7MW (A) to K(Y) is bianalytic.
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See [§] for the case n = 1, from which the general case can be derived
easily.

DEFINITION 1.6. We denote by 3 the smallest class containing both 2%
and T}, and closed under countable unions and intersections; so ¥ C

A(TTH N A(TLY).
We recall the following classical result:

THEOREM 1.7 (Yankov—von Neumann). For any i set A € X x Y
in a product space, if P is the projection of A on X then there exists a
Y -measurable mapping f : P — Y with graph contained in A.

2. The arc-connectedness relation. In this section we briefly present
the main notions and known results, which we will use freely in the sequel,
concerning the arc-connectedness relation in the plane. For more details we
refer the reader to [3].

DEFINITION 2.1. By an arc we mean as usual a compact space homeo-
morphic to the unit interval I = [0, 1]. For an arc I we denote by e(I) the
set of its endpoints and set I = I\ e(I). The set J(X) of all arcs in some
space X, viewed as a subset of the space K(X), is Borel (in fact, IT§ = F )
and the mapping e : J(X) — K(X) is Borel (see [I]).

For practical reasons, we shall consider a singleton {a} as a degenerate arc
with a as a unique endpoint. All notions and notations for arcs extend triv-
ially to degenerate arcs. A set will be said to be a possibly degenerate arc,
for short a p.d. are, if it is either an arc or a singleton. We denote by J (X)
the set of all p.d. arcs.

If I is an arc, for any {a,b} C I we denote by %%} the subarc of I with
endpoints {a,b}. The mapping which to any arc I and any pair {a,b} C I
assigns the arc I1%*} is Borel, since its graph {(I,.J) € J(X)?:J C I and
e(J) ={a,b}} is Borel.

DEFINITION 2.2. A simple triod in a space X is a compact subset T =
Jo U Jy U Js of X which is the union of three arcs J; such that for all ¢ # j,
Ji N J; = {c} is a singleton. The arcs J;, which are uniquely determined up
to a permutation, are called the branches of T, and c is called the center
of T.

In this work we shall never consider the more general notion of triod
introduced initially by Moore [6], and in the sequel by a “triod” we shall
always mean a “simple triod”.

Since the set J(X) of all arcs is a Borel subset of (X)) and the U and N
operations on K(X) are Borel, it follows from the almost uniqueness of the
decomposition of a simple triod that if X is a Polish space then the set
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T (X) of all simple triods in X is a Borel subset of K(X) and the mapping
c: T — X which assigns to any simple triod T its center is Borel.

DEFINITION 2.3. We denote by Ex the arc-connectedness equivalence
relation on X. If X is a Polish space then Ex is analytic as the projection
on X2 of the Borel set

B = {((:L’,y),J) S X% x j(X) : e(J) - {x,y}}.
Any arc-component C' in a space X either is

e a singleton, or

e admits a one-to-one continuous parametrization ¢ : I — C where [ is a
(closed, open, half-open) interval in R or the unit circle, and we shall then
say that C' is a curve, or else

e contains a triod, and we shall then say that C' is a triodic component.

We denote by ©X the union of all triodic components of X, to which we will
refer as the triodic part; and the space X is said to be atriodic if ©X = .
If the space X is Polish then the equivalence relation Ex is analytic, hence
each triodic component, as well as the triodic part, is analytic. Note that
in R? there exist compact subsets with non-Borel arc-components (see [5]).

2.4. Canonical arc-metrics and arc-topologies. Given any metric space
(X, d) we can consider the mapping § : X x X — [0, oo] defined by

d(z,y) = inf {diam(H ) : H arc-connected with {z,y} C H C X}
where inf () = co. So if & # y are in the same arc-component then
d(z,y) < 0(z,y) = inf {diam(J) : J € J(X) with e(J) = {z,y}} < o0

and if not then §(z,y) = oo. Moreover, setting by convention o + 0o = o
for any « € [0, 0o] we have, for all z,y,2z € X,
d(z,z) < d(x,y) + 0(y, 2)

Hence strictly speaking § is not a distance on X, but it induces a distance
on any arc-component of X. We shall refer to § as the canonical arc-pseudo-
metric defined by (X,d), and to its restriction to any subset A of some
arc-component of X as the canonical arc-metric on A defined by d.

The set of all §-open balls with finite radius constitutes a basis of a
metrizable topology 7 on X, finer than the initial topology ¢ defined by d.
Note that

I(Jn)n in J(X,t): Vn, e(Jn) = {z,zn}
and {z} = lim,, J,, in (X, 1),

so the topology 7 can in fact be defined directly from the topology ¢, and we
shall say that 7 is the canonical arc-topology defined by t.

We emphasize that even if the initial topology t is separable, the topol-
ogy T is not in general. For example, if we fix in the unit circle in R? a

z=limz, n (X,7) <= {
n
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copy C of the Cantor space then the union of all rays joining the center to
an element of C' is an arc-connected compact space X. But if § denotes the
canonical arc-metric on X defined by the euclidean metric then for any a # b
in C, §(a,b) > 1

The canonical pseudo-metric § was introduced in [3] for a Polish planar
space X. But as the reader can easily check, the following properties ex-
tracted from [3], which we state without proof, do not rely on this additional
assumption.

THEOREM 2.5. Let & be the canonical arc-pseudo-metric defined by the
metric space (X,d), and let t and T be respectively the d-topology and §-
topology on X.

(1) If (X,d) is complete then (X, ) is complete.
(2) J(X,t) =T (X, 7).
(3) For any arc J C X, d-diam(J)= d-diam(J).
(4) For any arc J C X, (J,t) = (J, 7).
(5) All open §-balls wzth finite radius are arc-connected.
Note that by property (2) the arc-connected subsets of (X, d) and (X, J)
are the same, so the reference to arcs and arc-connectedness in the following
properties is non-ambiguous.

The plane arc-connectedness relation. All specific properties of the arc-
connectedness relation in the plane are due to the following fundamental
property of the plane topology.

THEOREM 2.6 (Moore). Any family of pairwise disjoint triods in the
plane is countable.

In particular, any planar set admits at most countably many triodic
components.

DEFINITION 2.7. If 7 is the canonical arc-topology of some space (X, ),
the triodic kernel of X, denoted by 3%, is the 7-closure of the set of all
centers of triods in (X, 1).

The following theorem is a synthetic summary of the main results of [3].

THEOREM 2.8. Let (X,t) be a planar Polish space, and let T be the cor-
responding arc-topology.

(a) ¥ is T-separable, hence (XX, 7) is a Polish space, and X~ is a Borel
subset of (X,t).

(b) The set B={(z,J) € X x J(X):J C X, e(J) = {z,y} and INEX =
{y}} is Borel and for all x € X \ ©X, card(B(z)) < 2.

(¢) The equivalence relation Ex is Borel.
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REMARK 2.9. Note that the projection on X of the set B in property (b)
is the set X2/ = ©X\ XX, Since B is a Borel set with finite sections, it admits a
Borel uniformization. Hence there exist Borel mappings ¥ : ¥’ — J(X) and
Y X' — BX such that for all z € ¥/, e(¥(2)) = {z,¢(x)} and ¥(z) N X
— {v(@)}.

3. The partial operation \/ on oriented arcs

DEFINITION 3.1. An oriented arc is a triple I = (I,a,b) where I (the

domain of I) is an arc and the two-element set e(I) = {a, b} is ordered by
the pair (a,b). We shall then say that I is an arc joining a to b and set

dom(I) =1, e(l)=(ab), a=eo(l)andb=e (I),

so e(I) is a two-element subset of X, while e(I) € X2. We will denote by f
the flip operation which assigns to any oriented arc I = (I, a,b) the arc

f(f):(lvbva)' .
Given any oriented arc I = (I, a,b), the relation on I defined by

T Sfy — I{avz} C I{‘%y} — I{y:b} C I{$7b}
is a total ordering and we denote by < the corresponding strict ordering, to

which we refer as the total order on I defined by I.Inthe sequel the notation I
will always suppose implicitly that dom (f ) = I. Also for simplicity, when
there is no ambiguity on the orientation of I we shall set eo(I) = eo(I),
e1(I) = e1(I), and denote by <; the total order on I defined by I.

The set J(X) = {(I,a,b) € T(X) x X2 : e(I) = {a,b}} of all oriented
arcs is clearly Borel. Hence so is {(I,z,y) € J(X) x X2 : <7y}, and the
flip operation § is Borel.

DEFINITION 3.2. Given two oriented arcs Iy = (Lo, ap,bo) and I =
(I1,a1,b1) such that Iy N I; # 0 and ag # by we define the oriented arc

= Iéao,c} U Il{c’bl},

0 1 ( ago 1) w1 {C:min<fo(fomll)'

It follows readily from the previous definition that if Io v I is defined
then
dOHl(IQ \Y Il) Cc Iyul; and 6([0 V Il) = (ao, bl).

DEFINITION 3.3.

(a) For any finite sequence (I,,)m<yn of oriented arcs, we define inductively
the oriented arcs

=

h=\h=f wd J,=\ Fu=Jeavi.
0
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Fig. 1

(b) If (I,)new is an infinite sequence in 7 (X ), we shall say | that J = \/
is defined if for all n, J:l = \/msn fm is defined, and J = lim Jn.

TLGW

REMARKS 3.4. (a) We emphasize that \/ is a partial operation, so J,, =
\/mgn I, is defined only if all the terms in its definition are defined, that is,
ifforall0<m<n

Jn1NLn#0 and ey(J) # eo(Jo),

and moreover

Jn C | Im and e(Jn) = (eo(I0), (1))

m<n

(b) If for all 0 < m < n, eo(Ip) = e1(Im—1) # eo(Jo) then ey (L) #
eo(Jm) = eo(Jo) and e (Jpm—1) = €o(In) € Jm—1 N Iy, hence J, =/ I,
is defined.

m<n

LEMMA 3.5. The set of all finite or infinite sequences (I_;L)n<N in j(X)
such that Jy = \/,,. In is defined is Borel, and the mapping which assigns
Jn to (I_;L)n<N 18 Borel.

Proof. Tt follows from the definition that the set Dy of all pairs (Io, ;) €
(J(X))? such that Iy I is defined, is Borel. Since the N and U operations in
K(X) and the mapping (I,a,b) — It%* are Borel, the mapping (fo, fl) —
fé V I_i is Borel on Dy. This proves the lemma for N = 2, and the general
finite case follows by a straightforward induction; and the infinite case follows

from the definition. =

DEFINITION 3.6. Let J = (J,a,b) be an oriented arc and let < be the
total order on J defined by J. A subdivision of .J is a finite sequence (ﬁf)ogkg
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in 7 (J) such that
a=-eg(J) <er(J) =eg(JH) < <er(JF) = eg(JF) < -
<er(JY) =eo(JY) < er(JY) =b.

THEOREM 3.7. Let X be a space and (I)new be a sequence in J(X) such
that
(a) for alln, J, = Vin<n Iy is defined,

(b) the sequence (I,)ne, converges in K(X) to a singleton {b} with b # a =

60(10).

Then J = \/newl_;1 is defined and e(J) = (a,b).

Proof. For all n, we set I, = (I, an, by) and J, = (Jn,a,by), so b, # a.
For all s,t € w<%, we denote by s At the largest initial segment of sN¢, and
if s # () we set s = sy5—1. We also write s <t if s <t or s =1.

Set s_1 = §_1 = (). Then starting from sy = (0) and 89 = (Jo) = (Ip), we
construct inductively two sequences (s,)new and (8,)new in w<<\ {0} and
J(X) respectively such that for all n, [3,] = |s,| and 8, = (J})) s, is a
subdivision of J_;Z, and for all m < n,

(1) sp is an increasing sequence of integers < n with s,(0) =0 if n > 0,
(2) for all j < [snl, Ji C I, (5,

(3) sn X Sp—10r 8, =5 (n) with s < 55,1, '

(4) if [sm A sp| = k + 1 then for all j < k, J, = Ji,, and JE C JE.

Suppose that (JF);<|s,| is already defined satisfying conditions (1) to (4).
Then by definition J,, 11 = J,}Ea’c} U Iiiﬁ"“} with ¢ € J, N I,,11. Let

k=min{-1<j<|s,|:c <y, e1(J2)}

with the convention e1(J,; ') = eg(J°) = a, so k = —1 if ¢ = a. We then
distinguish two cases:
(i) If ¢ = by4+1 then
Jn+1 _ Jia,bn+1} — J7{La,a’fb} U Jiaﬁ,anrl} — (U Jr]z) U Jiaﬁ,bwrl}
i<k
and we set
, J3 if j <k,
_ i _
Snt+1 = Snlk+1 and Jn+1 - {J"{Laﬁybn-kl} if j = k.

(ii) If ¢ # bp41 then

R L (VA R
i<k
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and we set
Ji if j <k,
Snt1 = Sngr1 (n+1) and J£+1 = Ji“ﬁ"’} if j =k,
AL T Iy
In particular, if ¢ = a then k = —1, 50 sy 41 = 0 and spy1 = (n 4 1) is of

length 1, and J2,; = Iii’ll’”“} is the unique element of 5,. This finishes
the definition of s,,11 and $,41, which clearly satisfy conditions (1)-(3); and
we now prove condition (4).

So suppose that m < n+ 1 and u = s, A Sp41. Then by (3) we have
u = Sp, hence u = s, A Sy If m < n then (4) follows from the induction
hypothesis; and if m = n then u < s, and (4) follows from the definition
of spt1.

This ends up the construction of the sequences (s, )necw and (8,)new-

LEMMA 3.8. For all n,

(5) if £ <m < n and sy X Sy, then sp = Spm;
(6) if ¢ <mn and sy <t < s, then there exists m such that £ < m < n and
t = Sm-

Proof. The proof is by induction on n. For n = —1 the statements are
trivial. So suppose they are true for n.

Suppose that £ < m < n+ 1 and sy =X sp41. Since £ < n + 1 we have
necessarily sy = s;.; =X s,. If m < n then by the induction hypothesis
S¢ = 8m; and if m = n then sy < s, = 8y,. This proves (5) for n + 1.

Suppose that £ < n+ 1 and sy < t < sp+1. Since t # s,4+1 we have
t<s; +1 = Sp. Then either ¢ = s, and we are done; or else ¢ < s, and then
by the induction hypothesis there exists m such that £ < m < n and t = sp,.
This proves (6) forn+ 1. m

LEMMA 3.9. One of the following two alternatives holds:

(I) There exists m > —1 such that the set Np, = {n > m : s, = sy, or
S = Sm} is infinite.
(IT) There exists an increasing sequence (n;)i>_1 such that for all i and all

n 2 N, Sp; X Sn.

Proof. Note that by condition (6) the set S = {s, : n > —1} is a tree,
and consider the set S = {s,, € S:Vn > m, s, = sp,}, which is nonempty
since ) = s_1 € S’. It follows from condition (5) that if £ < m and sy, s, are
in S’ then s; < s,,,, hence S’ is a <-chain.

If S’ is finite, let s be the <-maximum of S’ and m = min {¢ : s, = s}.
Then for all n > m, s, =< s,, hence either s, = s, or s;, = s, or
|sn| > [sm| + 1, and then by condition (6) (applied to t = spys,,|+1) there
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exists n/ such that m < n’ < n and ¢t = s,/, hence s¥, = sp,; and it follows
that alternative (I) holds.

If S’ is infinite then there exists a unique increasing sequence (n;);cw in w
such that S\ 0 = {sy, : ¢ € w} and alternative (II) clearly holds. =

For the rest of the proof of Theorem [3.7] we distinguish two cases accord-
ing to Lemma Also for more clarity we shall split alternative (I) into
two subalternatives.

CASE La: There exists m such that the set N = {n € w: s, = sy} is
infinite. Set |spm| = k+1;then H =J,_,, J3, is an arc with e(H) = {a, b5
and for all n € N, J, = H U J! with e(J¥) = {aF,0F} = {051, b} and
JE > Jk. |, hence J' = (,5,, J& is an arc with e(J') = {b%!,b} and
J = limyen J, = HU J' exists and is an arc with e(J) = {a, b}.

Let (n;)icw be the increasing enumeration of N. If n; < n < n;;1 then by
definition of N we have s,, < sp; hence by condition (4) we have J,, C J,,
and by condition (2),

In \ In; CH{ULs, ) 180l <5 <|snl}
If ki = |sp,| — 1 then p; = sp(ki) = sp,(ki) / oo, and since lim I, is a
singleton we have diam(Jy, \ Jn;) < diam(U,s,. I) “\ 0. Moreover, since
eo(lp,) = eolls, 4,) = eo(JKi) it follows that I, N J,, # 0. Hence if dy
is the Hausdorff distance on (X)) associated to some compatible distance
on X, then dy(Jy, Jpn,)) = diam(J, \ Jyn,;) “\( 0, which proves that lim,, J,, =

CASE Lb: There exists m such that the set N* = {n € w: s, = sy, (n)}
is infinite. The argument is essentially the same. Setting |s,,| = k + 1 and
H = Uj<k Ji, as in Case La observe that if n € N*, then since s, =
$m " (n), we have |s,,| = k+2 and J, = H U J¥ U JE*1. By the same
arguments as in Case La, J = lim,ey+ H U J¥ is an arc with e(J) = {a, b}.
But by condition (2) the additional term J**! is a subset of I sn(k+1) Which by
hypothesis (b) of the theorem converges to the singleton {b}; and it follows
that J = lim,en+ Jn. The rest of the argument is exactly the same as in
Case La.

Casg II: 8" is infinite. Set S\ {0} = {s, : n € M} and for all n € M,
|sn| = kn + 1 and H,, = Uj<kn Ji, C Jp. By condition (4), (Hp)nen is an
increasing sequence of arcs with e(H,) = {a,c,} and ¢, = b~ = afn €
L, (k,)- Hence limpeps ¢ = b and J =, cps Hy = limpepn Hy, exists and is
an arc with e(J) = {a,b}. Finally, as in Case La, if (m;);e, is the increasing
enumeration of M then it follows from condition (2) that for all m = m; <
n < mit1, if pm = Sm(|sm| — 1) then dy(Jyn, Hy,) = diam(J, \ Hm,) \ 0,
which proves that lim,, J, = J. =
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REMARK 3.10. Let (I,)ne, be an infinite sequence in J(X) such that

(a) for all n, e(I,) = {an, any1} for some sequence (a,)new in X;
(b) (In)new converges in K(X) to a singleton {b} with b # ao.

Then by Remark b), for all n, \/,,<,, I,,, is defined, hence by Theorem
the oriented arc (I, an, ans1) = (J, ag,b) is defined; and we shall write
View In = J.

Moreover, by Proposition the mapping which to any such sequence
(I)new assigns the arc \/ 1,, is Borel.

new

new

4. Arc-lifting. We recall that E'x denotes the arc-connectedness equiv-
alence relation on a given space X.

DEFINITION 4.1. Given any subset S of some space X, an arc-lifting of S
in X is a mapping ¢ : S2 N Ex — J(X) such that for all (x,y) € S? N Ex,
e(P(z,y)) = {x,y}. If S = X we shall say that 1 is an arc-lifting of X.

If X is Polish then the equivalence relation Ex is analytic, and it follows
from Theorem [I.7]that X admits a 3-measurable arc-lifting. But as we shall
see next, the existence of a Borel arc-lifting for a space is a very strong
assumption.

PROPOSITION 4.2. If a Polish space X admits a Borel arc-lifting then
the equivalence relation Ex is Borel.

Proof. Suppose that ¢ : Ex — j(X) is a Borel arc-lifting. Since Ex
and J A(X ) are Borel by classical results i) admits a Borel extension 1) :
D — J(X) to a Borel domain Ex C D C X2 such that for all (z,y) € D,

e(Y(z,y)) = {z,y}; hence necessarily Ex = D, and so Ex is Borel. u

We recall (see Theorem [2.8)) that if X C R? then Ex is Borel, but there
are compact spaces in R3 with non-Borel arc-components, hence which do
not admit a Borel arc-lifting.

DEFINITION 4.3. Given any subset S of some space X, and any a € X,
a x-arc-lifting of S in X (with summit a) is a mapping ¢ : S — J(X) such
that for all x € S, e(p(z)) = {a, z}.

Note that if S admits a x-arc-lifting with summit a then a is not nec-

essarily an element of S, but S U {a} is a subset of some arc-component
of X.

PROPOSITION 4.4. If S admits a Borel x-arc-lifting in X then S admits
a Borel arc-lifting in X.

Proof. If ¢ : § — j(X) is a *-arc-lifting of S with summit a, then
S C Ex(a) and for all (z,y) € S? C Ex, the oriented arc (¢(x),z,a) V
(p(y), a,y) = (Y(z,y),2,y) is defined, since a € (z) N (y), and P(z,y) =
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{z,y}. Hence v is an arc-lifting of S in X and it follows from Lemma
that if ¢ is Borel then so is 1.

THEOREM 4.5. Let (X,d) be a complete separable metric space. Suppose
that D C S C C satisfy the following conditions:

(1) C is an arc-component of X.

(2) S is equipped with some Polish topology T finer than the topology induced
by d on S.

(3) D is a T-dense subset of S.

(4) For all ¢ > 0O there exists a basis U(e) of the topology T such that
VU eU(e), Y{z,y} c DNU, 3J € J(X), d-diam(J) < € and e(J) =
{z,y}.

Then S admits a Borel arc-lifting in X.

Proof. Since the topology 7 is Polish and finer than the d-topology on S,
it follows that S is a Borel subset of (X, d) and the Borel structures induced
by d and 7 on S are the same. In particular, any 7-open set is Borel in (X, d).

Let S’ be the set of all nonisolated points in S. We shall construct a Borel
*-arc-lifting ® of S’ in X; then since S\ S’ is countable, ® admits a Borel
extension to a x-arc-lifting of .S; and for simplicity we shall suppose that S
has no isolated points.

We then fix a complete distance § on S compatible with 7. We may also
suppose that all U € U(e) are of d-diameter < e.

Let U denote the set of all 7-open subsets of S. Then starting from
Up = X we construct a tree T' C w<* and a family (Us)ser in U such that
setting Ag = X and, for all s™(n) € T,

A~y = Us~my \ U {Us~(my :m <nand s~ (m) € T}
the following conditions hold:

(1) Us eU(27¥) and Uy~(,y" € Us,
(2) Us~my N As#(Qand Ay, C {Usﬂ<m>; s (m) € T}.

The construction is achieved by induction on 7 assuming that the set
Uy is constructed such that Ag # (), consider the set

Vs ={VeuU@h: V" c U, and VN A, # 0},

Since the topology 7 is regular, we have A; C |JVs. We then fix an enu-
meration (V;,)nen of the set Vs and define inductively a (finite or infinite)
sequence (Kkp, Us~ ) )n in w x Us by (ko, Us~gy) = (0, Vo) and, for n > 0,

i = min {k > ko1 Vi\ | Usmgmy 0} and Up gy = Vi,

m<n
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Then Uy~ satisfies conditions (1) and (2) and Ay~ # (), which finishes
the construction.

Fix then any element a = ap € D. Since S has no isolated points, for
all s € T\ {0} we can fix an element as € D NU; \ {as,, : k < [s|}. So if
8" = 5y|5—1 then by construction as # as, {as+, as} C Us and Us € U(2*|S|);
hence by the hypothesis we can fix an arc I, such that d-diam(I,) < 271*l and
e(Is) = {as, as}. Then for any infinite branch o € [T'], a; = limy, a,, exists
in (S,9), and if a, # a then (see Remark|3.10)) the arc \/,.c, Is), = (J5, @, a0)
is defined, and the mapping o — J, is Borel.

Conversely, for all x € S, there is a unique ¢ € [T'] such that z €
Ugz,, N Agzlk for all k, hence x = ay=. It follows from conditions (1) and
(2) that the mapping ¢ :  — o” from S to [T'] is a bijection, and since
o Y({r € [T] : s < 7}) = Ay is the difference of two open subsets of X,
the mapping ¢ is Borel. Hence the mapping ® : S — J(X) defined by
®(7) = Jy(y) if ¥ # a and ®(a) = {a} is a Borel x-arc-lifting of S in X with
summit a, and by Proposition [£.4] S admits a Borel arc-lifting in X. u

COROLLARY 4.6. Any locally connected Polish space admits a Borel arc-
lifting.

Proof. Tt is well known that any locally connected Polish space is locally
arc-connected. Hence X has countably many arc-components {C), : n € w}
and each C, is a clopen subset of X, so a Polish space. Then applying
Theorem with D = S = C = C,, d = § and U(e) the set of all arc-
connected open subsets of diameter < € we get a Borel arc-lifting ¥,, of C,
in X; and then ¥ = | W, is clearly a Borel arc-lifting of X. =

COROLLARY 4.7. Let (X, t) be a Polish space, and let T be the arc-topology
defined by (X,t). Then any T-separable subset of some arc-component of X
admits a Borel arc-lifting in X.

new

Proof. Fix a complete distance d on X compatible with ¢. Then the
topology 7 can be defined by the pseudo-arc-metric ¢ defined by (X, d), and
d is a metric on each arc-component C' of X. Since (C,d) is complete, §
defines a Polish topology on the closure S of any separable subset of C.
Then we can apply Theorem [4.5| with D = S and U(e) the set of all -open
balls of S of radius < €/2, since by definition of ¢, if §(x,y) < € then there
exists an arc J C X such that d-diam(J) < € and e(J) = {z,y}. =

When X is arc-connected the following theorem is a particular case of
more general results we shall discuss in the next section.

THEOREM 4.8. Any planar Polish space X admits a Borel arc-lifting.

Proof. Let d be a compatible complete distance on X. We denote by Y
and Z respectively the atriodic part and the triodic part of X. Since X is a
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plane subset, Z has at most countably many arc-components (Z,)nen, and
since the equivalence relation Ex is Borel (Theorem (c)), all the Z,’s as
well as Y are Borel subsets of X. Note that

Ex=EyU|]J Ez,=Eyu | Z,
neN neN
and we shall define Borel arc-liftings in X separately for Y and for each Z,.
For Y this is straightforward: Since the set

B={(z,y,J) €Y?x J(X):JC X and e(J) = {z,y}}

is Borel and for all (z,y) € Y2 N Ex the section B(z,y) = {J(zy)
singleton, the mapping (z,y) ~ Ji, ) is a Borel arc-lifting of ¥ in X.

We now fix n, set C = Z,, and S = ¥XNZ,, and fix a € S. To construct an
arc-lifting of C' in X, it is enough to construct a %-arc-lifting ® : C' — J(X)
of C'in X, and again we shall define ® separately on S and C'\ S.

By Theorem (a) the set S is T-separable; then by Corollary we
get an arc-lifting Wg : S — J(X) of S in X. In particular, ®5 = VUg(a,-) :
S — J(X) is a x-arc-lifting with summit @ of S in X, and we now construct
a x-arc-lifting ®¢ with summit a of "’ =C\ S in X.

By Remark we can fix two Borel mappings ¥ : S’ — J(X) and
¥ 8" — S such that for all z € §’, if J = U(x) then e(J) = {z,¢¥(x)} and
JNS = {¢(x)}. Then for all x € ', x # a, and since e(Pg(Y(x)) = {a,y(x)}
we have ¥(x) € ¥(x) N Pg(yp(x)), hence the oriented arc (V(z),x,v(z)) V
(Ps(y(x)),¥(x),a) is defined, and is of the form (®g/(z),z,a). Then by
Lemma the mapping ®g : 8" — J(X) thus defined is Borel and by
construction ®g is a *-arc-lifting with summit a of S’ in X. =

}is a

5. Uniform arc-liftings

DEFINITION 5.1. Given a space X and G C F(X), let Eg = {(F,z,y) €
G x X2 : (z,y) € Er}. A uniform arc-lifting of G is a mapping ¥ : Eg —
J(X) such that for any F € G, the partial mapping U(F,-) : Ep — J(X)
is an arc-lifting of F' (in F).

As we shall see, the complexity of the set Care(X) is intimately related
to the complexity of a potential uniform arc-lifting of Cuyc(X). Note that if

X is a Polish space and G is an analytic subset of F(X) then the set Eg is
analytic, hence so is

B={((F,z,y),J)€EgxJ(X):JCF ande(J)={z,y}}.

It then follows from Theorem [I.7] that G admits a X-measurable uniform
arc-lifting. If moreover X C R? then by Theorem any F' € G admits a
Borel arc-lifting, and it is natural to ask whether in this context, G admits
a Borel uniform arc-lifting. We shall see that if the set G is rich enough
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then even the existence of a bianalytic uniform arc-lifting is a very strong
requirement.

PROPOSITION 5.2. For any Polish space X and alln > 1, the set
clrl(x) = {FeF(X):Va,ye F,35"Je J(X):JCF and e(J) = {z,y}}
admits a bianalytic uniform arc-lifting.

Proof. Note that the set

B={(Fuxy,J) e F(X)x X?2x J(X):JCFande(J)= {z,y}}
is Borel, hence by Proposition [I.5 the set

C={(Fz,y) e FX)xX?:3="Je J(X): (F,z,y,J) € B}
is TI] and BN (C x J(X)) is the graph of a bianalytic mapping ® on C which
to any (F,z,y) € C assigns a nonempty finite set {J1,...,J,} in J(X),
with graph contained in B. Then if we fix any Borel total ordering < on
J(X), the mapping ¥ : C — J(X) defined by ¥(F,z,y) = min ®(F, z,y) is
a bianalytic uniform arc-lifting for C&[ﬁ(];(X ). m

PROPOSITION 5.3. Suppose that G C Carc(X) is in T} (Care (X)), that is,
G = H N Care(X) where H is IIL. If G admits a bianalytic uniform arc-lifting
then G 1s H%.

Proof. Let ¥ : Eg — J(X) be a bianalytic uniform arc-lifting. Since the
condition “J C F and e(J) = {,y}” is Borel, by Proposition [1.3| the map ¥
admits an extension ¥ to a bianalytic mapping with IT{ domain D C H x X2
and such that if J = U(F,z,y) then J C F and e(J) = {x,y}. Then the set
C.={FecH:Va,y € F, (Fa,y) € D} is II}. If F € G then F € H and
Ep = F? hence {F} x F? C Eg N (H x X?) C D; so F € C,. Conversely, if
F € C, then F € H and the mapping ¥ witnesses that F' € Carc(X), hence
F € G. It follows that G = C, is H%. -

COROLLARY 5.4. For any Polish space X, if Carc(X) admits a bianalytic
uniform arc-lifting then Care(X) is TI1.

COROLLARY 5.5. For any Polish space X, each of the following subsets
of Carc(X) is H% and admits a bianalytic uniform arc-lifting:

(a) the set CSC(X) of all atriodic closed arc-connected subsets of X,
(b) the set CO.(X) of all closed arc-connected subsets of X that contain no
Jordan curve.

In particular, if X is atriodic or contains no Jordan curve then Cae(X)
is TI3 .

Proof. (a) If F € co (X) then any arc-component of F'is a curve (see

arc

Section, hence C9 (X)) C C;E]C(X), so by Proposition CSC(X) admits
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a blanalytlc uniform arc-lifting. Moreover, CO(X) = H N Care(X) where H
is the TI] set of all atriodic closed subsets of X, hence by Proposition
Cgc( ) is TI}.

(b) The argument is similar: if F € C? _(X) then any arc-component of
F is the continuous image of a sublnterval of the real line, hence C2..(X) C

CQL( X) and by Proposition CO.(X) admits a bianalytic uniform arc-
lifting. Also CJ..(X) = H N Carc( ) where H is the IT} set of all closed
subsets of X not containing any Jordan curve, hence by Proposition
coO.(X ) is TI3.

arc (

As mentioned before, it has already been known from the work of Becker
that the set Care(R?) is not II}, hence Carc(R?) does not admit a bianalytic
uniform arc-lifting. Nevertheless, we shall prove that any Polish subspace
of R? admits a mild form of bianalytic uniform arc-lifting.

Let F©(X) denote the set of all closed subsets F of X with a nonempty
triodic part (SF # 0), and CO (X) = F(X) \ CO.(X) the set of all arc-
connected elements of F©(X).

THEOREM 5.6. For any Polish space X, there exist an auziliary Polish
space A and a bianalytic mapping ¥ : D — J(X) with I} domain D C
A x F(X) x X2 such that

(a) for all (o, Fyz,y) € D if J = ¥(a, Fyx,y) then J C F and e(J) =
{z. v}

(b) if X is a planar Polish space then there exists a X-measurable mapping

o : F(X) — A such that for all F € CO.(X), D(o(F),F) = F2.

COROLLARY 5.7. For any planar Polish space X, the set Core(X) admits
a X-measurable uniform arc-lifting ® such that for all F' € Cay(X), the
arc-lifting ®(F,-) on F is Borel.

arc (

Proof. By Propositionthe set CO_(X) admits a uniform arc-lifting ®.
Also if ¥ and o are as in Theorem [5 - 6| then the mapping ®; on Carc( )
defined by @1 (F,z,y) = ¥ (o (F), F,z,y) is a uniform arc-lifting for C9_(X)
which, by Proposition [I1], is X-measurable. Hence ® = &5 U ®; is a X-
measurable uniform arc-lifting for Cope(X) = Cgc( YUCO.(X). Moreover, if
we fix F then the partial mapping ®(F,-) = ¥(o (F), F,-) on F? is bianalytic
with a Polish domain, hence Borel. =

COROLLARY 5.8. If X is a planar Polish space then the set Corc(X) is in
A(TI}).

Proof. Again by Corollary |5.5| the set Carc( ) is IT{ and we now prove
that the set CO_(X) is in A(Hl). For this let ¥ and o be as in Theorem

arc

Since D is IIi, the set D = {(a,F) € A x F(X) : D(a, F) = F?} is II;.
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By Theorem [5.6(b), if F € C9.(X) then (o(F),F) € D. Conversely, if
(o, F') € D then Theorem 5.6(a) ensures that F' € Cyre(X).

Hence C9.(X) = FO(X) N (o,1d)"(D); and since FO(X) € =1 and
the mapping (o,1d) is ¥-measurable, the conclusion follows from Proposi-

tion .1l =

6. Definition of the mapping V. In this section we fix a Polish
space X, define a specific bianalytic mapping ¥ : D — J (X) and prove
a number of preliminary results to ensure part (a) of Theorem [5.6]

The arguments will make use of Effective Descriptive Set Theory, and
we will assume that the reader is familiar with this topic as presented in [7].
For this we fix on X a complete distance d and a corresponding e-recursive
presentation in the sense of [7]. Since all the arguments we will develop are
uniform in €, we shall suppose, for simplicity, that ¢ is recursive.

The recursive presentation of X then induces a natural recursive presen-
tation of the space IC(X) equipped with the corresponding Hausdorff dis-
tance, for which the space J(X) is a A% subset, the canonical embedding of
F(X) into K(X) is a Borel isomorphism onto some Af subset of K(X), and
all elementary Borel operations and mappings involving 7 (X ) and F(X) are
Al We shall admit that all statements and definitions considered in the pre-
vious sections admit “effective versions” by replacing the “boldface classes”
(AL, 1101, . . ) by “lightface classes” (A}, X1, 111, ...).

A nonnegligible part of the work will consist in defining the domain
D C AxF(X)x X2 In fact, we shall first define a set D* C Ax F(X)x X
and a mapping ¥* : D* — 7(X), and then derive (D, ¥) via a canonical
procedure very similar to the way one derives an arc-lifting from a x-arc-
lifting. More precisely, D* will be the union of two disjoint IT; sets S and S,
and we shall define ¥* separately on S and S’

DEFINITION 6.1. For all F' € F(X) let dp denote the distance on F
induced by d, and 6% the arc-pseudo-metric defined on F by the metric
structure (F,dr). Our goal is to code pairs (S, F') where F' € F(X) and S is
a 0%'-separable closed subset of F' contained in some arc-component of F' (so
that 67 induces a genuine distance on S). Since the distance induced by 6%
on each arc-component is complete, such a space S is entirely determined by
the distance induced by 67 on any countable dense subset of S.

DEFINITION 6.2. Set F = F(X), J =J(X)and A = X¥“xJ¥. Let C =
C(X) betheset of all (o, F') € AxF with a = (o, 1) = ((an)new: (Ip)pew)
such that, for all m,n € w,

(1) ap € Fand I,, C F,
(2) 6% (am,an) = inf {diam(1,) : e(I,) = {am,an}} if am # an.
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DEFINITION 6.3. One should think of an element («, F') € C as a code for
the §¥-closure of the set D, = {a,, : n € w}, and we set 6% = 6% o (ag x ap)

€ Rf, so 68 (m,n) = 6% (am,a,), which provides a natural coding of the
distance induced by 6" on D,. We then define

S=8X)={(,Fiz) e Cx X :z€84,pr}

Recall that since (S(mp),&F) is a Polish space, S(q,r) is a Borel subset of
(F,0F).

LEMMA 6.4. The set C of codes is I .

Proof. Condition (1) is clearly Al. If o(a) denotes the right-hand side of
the equation in (2), then the mapping a — o(a) is Al, and it follows from
the definition of 67" that 6% < o(a), hence condition (2) is equivalent to

Vm,new,VJeJ, if (JCF ande(J)={am,a,}) then o(a) < diam(J),
which is clearly IT]. m
It follows from the definition of §f" that the sets
Uc={(F,z,y,r) € F x X2 xRy : 6F(x,y) < r},
Uc = {(F,z,y,7) € Fx X? xR, : 67 (z,y) <r}

are X1,
Hence the set § = (.5 Upeo(C x X x {ap(n)}) N (A x U<, is the
intersection of a IT{ set and a X} set, and the same for

D ={(a,F,z,y) €C x X?: (a, F,x) € S and (o, F,y) € S},
S(<2) ={(a, F,z,y,7) € S % Ry : 65 (x,y) < r},
Sg) ={(a,F,z,y,r) € 8P xRy : 6 (x,y) < r}.
LEMMA 6.5. The sets S(<2) and S(<2) are Al in 8@ xR,
Proof. Since U is X1, the set S = (8¢ >< R, )N (A xU) is clearly X}

in 8@ x R. Moreover for (a, F,z,y,r) € 8? x Ry, we have
(F,a,z,y,T) §ZS< — V' <r, 6 (x,y) >

and

6 (z,y) > r

(a) 6E(m,n) > r + 2,

(b) 6 (2, a(m)) < € and 67 (y, a(n)) < e.

The implication from left to right in the last equivalence follows from the
density of Dy in S, ), and from right to left from the triangle inequality.
Then since the mapping (o, F) — 6% is Al on C, condition (a) is Al, and

— E|5>O,E|m,n€w,{



20 G. Debs and J. Saint Raymond

by the definition of 67 condition (b) is X}, which proves that S(<2) is IT{
in S . Hence S(<2) is A% in S(Z), and similarly for S(SQ). "

~ LEMMA 6.6. There exist Al mappings ¢ : S(X) = w* and ® : S(X) —
J(X) such that for all (o, F,x) € S(X) with ag = (an)new,
(1) if p(o, Fyz) = (ng)kew then x = 6Flimy ay,
(2) if J=®(a, F,x) then J C F and e(J) = {ag, z}.
Proof. The argument is partly a reminiscence of the proof of Theo-

rem We fix a Al bijection p : n — (€n,r,) from w onto w x Q. Let
T :n +— £, denote the first coordinate of p and set, for (o, F') € C,

an = ap(n) and ¢, = ap(lyn) = ap(r(n)).
We then define a tree T'=T'(«o, F') C w<¥ on w as follows:

(i) TNw!={(m):mew},
(ii) if t = s (m) € T then

t7(n) el
Tn, < min{ry, — 5F(cn,cm),rm/Q,éF(cn,Ct(j)) for all j < [¢|}.

For all n let B, = By(a, F) and B, = By,(a, F) denote respectively the
open 6%-ball and the closed ¢*-ball in S(a,F), of center ¢, and radius 7,.
Then it follows from condition (ii) and the triangle inequality that if u =
t™(n) = s~ (m)"(n) € T then B, C By, 7y < 7m/2, and for all j < |t],
Cn 7 Cij), since Ty, < 07 (cn, y(5))-

Hence if s = (ng,n1,...,ng) € T with £ > 1 then By, D Bnl D Bp, D

- D Bnk D By, and 1y, < 7y, 27k Then setting S = S(a,F), for any
xz € SN By, we can find r € Q1 such that

r < min {r,, — 0" (2, a0(nk)), rn, /2,67 (x, a0(t(4))) for all j < [t|}.

Also by the density of D, in S we can find some ¢ such that the same
inequality holds on replacing = by ap; and if (¢,r) = (¢, ry) then s (n)
€ T. Hence any s € T has a (strict) extension in 7" and B,, C J{B, :
s7(n) € T}. Since by condition (i), S = J{B, : (n) € T}, it follows
by induction that S = U,crr Njew Bog) With (e, Boy = {bo} for all
oe[T].

So for any x € S there exists at least one infinite branch o € [T'] such
that = € (; By(j), hence x = b, = &-limy, ¢y = d-limy ay, . If O (o, ) 19
the lexicographical minimum of the set {o € [T] : * = b, } then

Ol (k) =n < x € ﬂ Bz \ U{Bm :m <nand o, (m) € T}
i<k

= Vj <k, 2 € By, and (Vm <n, of,” (m) €T or x € Bp,).
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Since the mapping (a, F) — 0% (cp, ¢m) is Al on C, the mapping (o, F) —
T(a, F) is Al too and the set {(a, F,s) € C : s € T(a, F)} is a Al subset
of C. Moreover, by Lemma for all n, the set {(a, F,x) € S:x € By} =
{(a, Fy2) : (o, F,apn,z) € Sri} is a Al subset of S. Hence the mapping
o:(a,F,x)—To Ol ) I8 Al on S and satisfies part (a).

Q,

By condition (2) of Definition we can define a mapping i : C x w?
— w by

p(a, Fymyn) = min{p: e(I,) = {am,an} and diam(I,) < 26" (am,an)},

which is Al on C x w?. If (o, F,x) € S with ¢(a, F,z) = 7o Ol ) =
(ﬁkn))n € w* and p, = p(o, F, by, , by, ,) we set (o, F,x) = (pp)n; then
the mapping v : § — w* thus defined is A} on S. Moreover, by the definition
of p, for all n, e(I,,) = {ck,,Ch,,, }, diam(Ip,) < 26%(ck,,cx,,,) and by
part (a), = §F-lim,, ¢, , hence x = d-lim,, c,,.

If 2 = ag set (o, Fyag) = {ao}, and if z # ag it follows from Re-
mark [3.4|(b) that the sequence (I, ), satisfies the hypothesis of Theorem 3.7}
hence by Lemma the mapping @ : (o, F, ) = \/,,c,, Ip, is A7 on S and
satisfies part (b). =

LEMMA 6.7. For all (o, F,x) € S, there exist

(a) o € Al(a, F, ) such that 0 € w¥,0 1 0o and x = 6" -limag o o,
(b) J € A¥(a, F,x) such that J € J(F) and e(J) = {ag, x}.
Proof. If X, Y are 1.p. Polish spaces, D C X and f: D — Y is Al then

for all z € D, f(x) is Al(x) (see [7, 3G.5]), and Lemma follows from
Lemma 6.6l =

LEMMA 6.8. The set S is A% in C x X. In particular, S and C \ S
are II{ sets, and for all (o, F) € C, the set S, ) is Aj(o, F).

Proof. Observe that for a sequence (z,), in F, x = 6"-lim,z, <
(2)n is 0F-Cauchy and x = lim,, 2, Hence by Lemma (a) we have

(a, Fix) € § <—

(o, F)elC
Jo € Al(a, F,z), 0 €w®, 0100, ag oo is §7-Cauchy and x=lim agoo.
The condition “z = limag oo™ on (a, z,0) is clearly Al; and for (o, F) € C

the condition “ag o o is §*'-Cauchy” on (a, F, o) is A} too. The conclusion
then follows from the A-Uniformization Criterion [7, 4.D 4]. =
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DEFINITION 6.9. Let C C A x F and § C C x X be as in[6.3] For all
(o, F) € C let
(o) =17 € F\ Sapy : 3=2J € J(F),z € e(J), and
J NS,y = e(J) N S(a,r) # 0}

(for the notation 3=? see . Observe that that if X C R? and S(a,F) =

CNEF where C is an arc-component in F and X is the triodic kernel of F
then by Theorem (b), S{a rn=C \ S(a,r)- Then, like for S, we define

§'=8'(X)={(e,Fe) eCx X :x € S, p}.

LEMMA 6.10. The set 8’ is II{ and there exists a A} mapping ®' : ' —
J(X) such that if J = ®'(a, Fyx) then J C F,e(J) = {x,y} and J N S p)
= {y}; we sety = ¢'((a, F, x).

Proof. For all (o, F) € C let

R =1{(x,J) e X x T 12 &€ S r), J CF xecel)),
Sta,p) NI = Sia,py Ne(J) =0},

Qar) =1{(x,J,2) e X x T x X :JCF,xe€e(J),
Sa,pyNe(J) #0, z € S pNJ},
and
R={(a,F,r) € Cx X :2€ Ry p)},
Q={(,F,x)eCxX:2€Qur}

If eg,e; are Al mappings on J such that e(J) = {eg(J),e1(J)} for all
J € J, then

(a, Fx, J,2) € Q —

(o, F) e C
JCF,die {0,1}, ez(J) =z, el_i(J) € S(oz,F)v S S(a,p) ﬂj,

hence@isA% onCx X xJxX.

Moreover, for all (a,F) € C, since S(, py is T-closed, Theorem [2.5(4)
implies that for all arcs I, S py) N I is compact, hence for a}l (x,J) €
(F'\ S(a,r)) X J(F) the section of Q(a, F) at (z,J) is Sa,r) N J, which is
o-compact and Al(«, F, z, J); hence by [7, 4.F 16], Q(c, F,x, J) = S(a,r)NJ
contains a Al(a, F,z,J) point. So if 79 denotes the canonical projection from
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CxXxJxXonto C xX xJ then
(o, F) € C,
(o, F,x,J)emp(Q) <= (JCF, Fie{0,1}, e;(J)=x, e1_i(J) € S(a,F)7
Jz€ Ao, Fyx, J), 2 € S(a,F) NJ,
and by the A-Uniformization Criterion, mo(Q) is Al on C x X x J, hence
sois R = (C x X x J)\ m(Q). Fix then a Al subset B of A x X x J
such that R = BN (C x X x J) and observe that if 7 denotes the canonical
projection from C' x X x J onto C' x X then (in the notation of
S =7@(R) = (C x X)n=?(B).

Hence by the effective version of Proposition S’ is I1} and the mapping
& : (o, F,z) = {J',J"} on 8’ such that R(a, F,x)) = {J',J"} is Al. Then
if we fix any Ai-total order < on J, the unique mapping oS - J(X)
such that for all (o, F,z) € §', ®(a, F, ) = min ®'(a, F, x), is Al too, and
satisfies the conclusion of the lemma. u

For all a € A set o = a(0). Let @, @', ¢’ be as in Lemmas|6.6|and
and set D* = SUS’. Then for all (o, F,x) € D*,
o if (o, F,x) € S we define ¥*(o, F, z) = ®(a, F, x, ),
o if (a, F,z) € S’, we proceed as at the end of the proof of Theorem

(replacing (¥, 1) by (®',¢')), and defining V*(«, F, ) = J such that

(Jyz,a7) = (2'(2), 2, ¢ (2)) V (T5(¢'(2)), ¥(x), ).
Since S and S’ are A} subsets of D*, the mapping ¥* : D* — 7 thus
defined is clearly A} and for all (o, F,z) € D*, if *(«, F,z) = J then
J C F and e(J) = {x,a*}. Then let
D = {(a,F,z,y) : (a, F,z) € D* and («, F,y) € D*}.
Finally, as in the proof of Proposition for all (o, F,x,y) € D we define
U(a, Fya,y) = J by
(J,z,y) = (¥ (2),z,07) V (T (y), 0", y),

which clearly satisfies part (a) of Theorem

7. Proof of Theorem [5.6 Throughout this section, X will be a planar
Polish space, A = X“x J%,C C AxF,D* =8SUS'c CxX,D C CxX?,
and U : D — J(X) are as defined in the previous section, in particular ¥
satisfies part (a) of Theorem A pair (a, F) € C is said to be a code for
the set (o, r) = S(a, F).

LEMMA 7.1. If F € Cae(X) and (a,F) € C is a code for ¥ then
D(a, F) = F2.
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Proof. By the definition of S’, if S(a, F) = X¥ then it follows from
Theorem b) that §'(a, F) = F \ £F, hence D*(o, F) = F and so
D(a,F) = F2. »

We recall that CO.(X) denotes the set of all arc-connected sets F € F(X)
with a nonempty triodic part (X # (). Then Theorem is a consequence

of the following.

THEOREM 7.2. If X is planar Polish space then there exists a X-measurable
mapping o : F(X) — C such that for all F € CO.(X), a(F) is a code for ©F.

arc

We first prove some general lemmas which we will need for the proof of
Theorem [T.2l

LEMMA 7.3. Let 2 and % be Polish spaces and ¥ := ¥ U {x}, where
x & . Let D be a countable set and f : X — WP be B-measurable. Assume
that for each v € 2, the set {d € D : fi(x) # %} is infinite. Then there
exists a B-measurable function f : 2 — ¥ such that for allz € 2,

{fa(z) :d € D and f4(x) # *} = {fu(z) : n € w}.

Proof. Enumerate D as (di)ge, and for all x € 2 denote by D, the
countable infinite set {d € D : fy(z) # x} = {d € D : f4(x) € #}. Then
take for f,(z) the nth term of the infinite sequence (with partial domain)
(fa,(x))kep,- This ensures that

Y 5 {fulx): de D and fu(x) # +} = {fa(x) : d € Dy} = {fu(x) i n € w}.

To prove that f is 3-measurable we have to show that for all n € w and
all open sets V' C % the set f,1(V) belongs to X. For all u € w the set
L, ={z € Z : f4,(x) # *} belongs to X and so does LY = {z € Ly :
fa,(x) € V}. Then the set {x : f,(x) € V} is equal to

U (L,Zm NZun N (%\LM),
up < <up=k i<n i€k\{u1,...,un}
which belongs to X. =
LEMMA 7.4. Let 2" and % be Polish spaces, x ¢ % and Z be an analytic
subset of Z x % . Then there exists a 3-measurable function f: X — ¥ =

% U {x} such that (z, f(z)) € Z if x belongs to the projection w(Z) of Z
on Z and f(x) =* <z ¢ w(2).

Proof. 1t follows from Theorem [I.7]that there is a 3-measurable function
fin(Z) = % such that f(z) € {y € ¥ : (z,y) € Z} whenever = belongs to
the analytic set m(Z). Then extending f by * on the coanalytic set 2"\ 7(Z2)
yields a 3-measurable function 2" — Y. m

The proof of Theorem strongly relies on the following notion.
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DEFINITION 7.5. A triod trap is a quadruple p = (W, Iy, I, I2) where W
is the bounded connected component of some Jordan curve OW and Iy, I, I>
are three pairwise disjoint subarcs of OW; W will be called the domain of p,
and we set W = dom(p) and diam(p) = diam(W).

A triod T is said to be compatible with the trap (W, Iy, I1,I2) if T =
JoUJiUJy C W and for all k, J,NOW = G(Jk) \ {C(T)} C Ij.

In fact, the heart of Moore’s proof of Theorem [2.6] [6, Lemma 1] can be
restated as follows:

LEMMA 7.6 (Moore). Two triods compatible with the same trap have
nonempty intersection.

To derive Theorem 2.6 from Lemma[7.6l observe that there exists a count-
able set P of triod traps in the plane such that any triod in the plane is
compatible with some p € P. For example, one can take for P the countable
set of all rational circular triod traps, i.e. the set of all traps of the form
p = (W, Iy, I1, I3) where W is an open disc with rational radius and rational
coordinates center, and, for each ¢ € 3, I; is a subarc of W with rational
endpoints.

Fig. 2

Observe that if T = Jy U J; U Jo is compatible with the trap p =
(W, Iy, I, I3), W' is the bounded connected component of some Jordan curve
OW', W' ¢ W and ¢(T) € W/, then each J; meets OW’'. It follows that
there is a unique triod T = Jo U.J; U.Jy contained in T with Jj, C Ji, hence
c(T) = ¢(T), and such that .J, NOW’ is a singleton; we then write T = T
For fixed W and W’ the set of such pairs (T,T) is Borel, and the mapping
T + T is Borel. If moreover (I}, I}, I) are pairwise disjoint subarcs of 9W’
and T is compatible with p’ = (W', I}, I}, I}) we shall say that T is weakly
compatible with the trap p’. It follows that for every trap p’ the set of triods T'
which are weakly compatible with p’ is Borel.
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Proof of Theorem[7.3. Let P denote the set of all rational circular triod
traps introduced in For each triod trap p the set .7,(X) of all triods
in X compatible with p is Borel, and the set M,,(X) of closed subsets of X
which match p, i.e. which contain a triod compatible with p, is analytic. For
all p € P and all € > 0 we denote by P, . the set of all triod traps ¢ € P such

that dom(g) C dom(p) and diam(q) < ¢. m

LEMMA 7.7. For all p € IP there exists a Borel function v, which assigns
to each pair (T,T") € T,(X)? of triods compatible with p an arc joining cr
to ey inside T UT".

Proof. By Lemma TNT # (. It is well known that there exists
a Borel choice function p assigning to each nonempty closed subset F' of a
Polish space 2" an element of F. So the function (T, T") — p(T'NT") is Borel.
Moreover, there is a unique arc J contained in T and joining e to p(T'NT"),
and similarly a unique arc J' contained in 7’ and joining ¢ to p(T NT").
The graphs of these two mappings are Borel; so the functions (7,7") — J
and (T,T") — J' are Borel, and so is the function (7,7") — J V §(J'). And
this last arc joins c¢r to ¢gv inside TUT’. m

LEMMA 7.8. For each p € P there ewists a 3-measurable function ¢,
defined on the set F* of all closed nonempty subsets of X such that p,(F) =
(T,a) where T € Ty(X), T C F, and a = cr if F matches p and ¢,(F') = *
if not.

Proof. The set
E,={(F,T,a) € F*xT,x X : T C F and a = ¢7 and F matches T}

is Borel. Its projection M, on F* is analytic and by Theorem there
exists a X-measurable selection of E, on M,,. Extending this selection by *

on F*\ M, we define a 3-measurable function ¢,. For F' € M,, we will set
¢p(F) =T and @3(F) = a if pp(F) = (T,a). =

LEMMA 7.9. Let p € P, € > 0 and the X-measurable function ¢, be as in
Lemmal[7.8 Then there exists a X-measurable function Ay : F* — Py, such

that for all F € F*, if pp(F') # %, then the triod 4,011)(F) s weakly compatible
with the trap \po(F).

Proof. The set {F : ¢,(F) # «} is analytic, hence belongs to 3.

For each q € Py, the set {T" € T(X) : T is weakly compatible with ¢} is
Borel. Thus the set 25 = {F : p,(F') is weakly compatible with ¢} belongs
to X. And it is easy to check that

My={F:p(F)#+}c |J %
q€EPy ¢

since for all F' € M,, the center of the triod <p11)(F) belongs to the domain W’
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of some trap ¢ = (W', Iy, I1, I}) € P, .. Thus it is possible to find a countable
partition (2)4ep,. of M, such that 2 € 3 and 2, C 2. Setting

Me(F)=q < FeZ
completes the proof. m

LEMMA 7.10. For all (p,q) € P?, all r € Qt and all k € w there exists
a X-measurable function ¥y qr 1, on F* such that V¥, gk (F) is an oriented
arc J joining 2(F) to @2 (F) inside F with diam(JUdom(p’)Udom(q’)) < r,
and max {diam(p’), diam(q’)} < 27 if such a J exists, and vy, k(F) = *
if not.

Proof. As above, the set

Epgr = {(F,T,T',J) € F* x Ty(X) x Ty(X) x J(X) : J,T,T' C F and
e(J) = (er,err) and diam(JUpUq) < r}

: . . . .
is E}orel and has a ¥-measurable selection xp 4, on its projection Ej . =

m(Epgqr) on F* that we extend by * on the coanalytic set F* \ E, .
If Xpgr(F) = (T,T,J) we denote x;,,.(F) = T, x3,.(F) = T and
Xp 4 (F) = J. Then for F € E} ., we necessarily have F € M, N M,.

2?7(]77”7
Clearly, if F' € E* we also have F' € E* , for all ¥ > r ; so the set
{(p,q,r) : F € E}

p,q,r? D,q,T
qr) 1S either empty or infinite.

For p,g € P, r € Q" and k € w, we set, for all F € M, N My, p =
Apo—k(F), W' = dom(p'), ¢ = A\, o-«(F) and V' = dom(q’).

By definition of A, 5-x(F) the triod T = ¢} (F) is weakly compatible
with p’. So Tjy is compatible with p’, and ¢(T') = c(Tjy). Similarly the
triod S = pq(F) is weakly compatible with ¢’. Thus using the functions
and 7, from Lemma @, we can consider the oriented arcs

Ip,k,r,F = 'Yp’(@}lg/(F)a X;/,q’,r(F))a

Jq7k7T7F = ’yql (901;/ (F)7 X;Q)/,q’,r (F))
respectively contained in W’ = dom(p’) and V' = dom(¢’), and joining
respectively ¢(7T') to eo(Xg, o (F)) and c(5) to 61(X;’J, g ()

Assume moreover that F' € EJ . Since the functions v, are Borel, it

is clear that the functions F' — I, and F +— J, ., p are X-measurable,
and so is the concatenation

Upark(F) = Ipkr b V Xy g0+ (F) Vi (g P),
which is an oriented arc joining @ZQ)(F) to gog(F). Moreover, ¥y qr1(F) C
ngo/,q/,r(F) UW'U V', hence diam(¢p g, 1(F)) <7. m

Applying Lemma to the families (cpf,)pep and (@bf;q,,ﬂ)(zmqm)67—()()2X@Jr

we get S-measurable functions @ : F* — X and ¢ : F* — J(X)* such
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that for every F' € F*,
{pn(F) :n€w}={QX(F): F € E,, pcP}
{tn(F):new} = {Q,Z);%nk(F) :p,q P, reQ, k€ w}.

Then the sequence (a,) = (gbn(F))n is 7-dense in ©F since for every trap p
matched by F there is some n such that a, is the center of some triod
compatible with p.

LEMMA 7.11. If (am,an) = (&m(F), pn(F)) € Er then
6% (am, an) = inf {diam(J) : 3k € w, J = Yp(F) and e(J) = (am,an)} -

Proof. If (am,an) € Ep then 6" (ay, am) < 0o, and for all » € QT such
that r > 6% (Gn, ) there exists an arc Jy with endpoints a,, and a,, such
that 6% (an,am) < diam(Jy) < r, and an integer k such that diam(Jy) +
217k < p. There exist p and ¢ in P such that a, = go%(F) and a,, =
¢2(F), and we denote p' = A, o-«(F) and ¢’ = A, 5-x(F). We then have
diam(I;7k7T,F) < 27% and diam(fq,k,r,p) < 27F hence
diam (I, g 7V JoVi(Ig ks r)) < 27 F+diam(Jo)+27% = diam(Jo)+2' 7% < .
It follows that F' € E;, ¢
diam(J;) < 7. Then there exists k € w such that J; = ¢ (F), and we are
done. =

To finish the proof of Theorem define o : F(X) — C by o(F) =
(@(F),9(F)) and observe that if F' is arc-connected then any two elements
Om(F), pn(F) of ¢(F) are Ep-equivalent and apply Lemma O

and Ji = 1y 4, p satisfies e(J1) = (am,an) and

8. The exact complexity of C,.(R?). By Corollary the set Carc(R?)
of arc-connected compact subsets of the plane R? is an A(TI}) subset of
K(R?), and we now prove that this upper bound complexity is optimal.

THEOREM 8.1. The set Carc(R?) is A(TI])-complete.
Proof. We start by some preliminary constructions.

The Cantor space B. We first define inductively, for all s € w<%, reals a4
and b in I = [0,1] as follows:
Set ag = 0, by = 1, and fix two increasing sequences (an)new, (bn)new
such that
ag <ag <by<ap <b < <ap<b, <apt1 <--- < by,

by = sup a,, = sup by,.
n n

Then for all s # () if hg : € — (1 — &)as + £ bs is the affine function such that
hs(l) = [as, bs] define a;~(,y = hs(an) and by~ () = hs(by).
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Then p = sup,,c,,(by — an) < 1 and for all s € S, by — as < pl*l. Hence
for all 0 € w® the real b, = infs~; bs = sup,_, a, is well defined, and we set

By=1{bs:s€cw}, By={b,:0e€w’} and B = ByUB;.

The set B is clearly a perfect compact subset of 1 with empty interior.
The next construction is essentially due to Becker (see [4, 33.17 and
37.11]). Let .7 € 2~ denote the set of all trees on w.

LEMMA 8.2. There is a continuous function B : 7 — K(R?) which
assigns to any T € T a connected compact subset B(T) of the unit square 12
such that

(a) (0,1) € B(T) and (I x {0})U ({1} xI) C B(T),

(b) B(T) has at most two arc-components,

(¢) T is ill-founded < B(T) is arc-connected < there is an arc in B(T)
connecting (0,1) and (1,0).

Proof. For any u,v € R? we denote by [u,v] the line segment join-
ing u to v. For all s € w<¥ define ay,b; € R? by a5 = (as,2_|5‘) and
bs = (bs,2'71*), and consider the family (R,) c,<v of compact subsets of I2
defined as follows:

Ry = (]I X {0}) U ({1} X ]I) U [dQ)?&O] U U ([dm bn] U [bm&n—kl])
new
(see Fig. [3); and for all s € w<“, R, is the image of Ry under the affine
mapping sending g to ds and {by} x I to {bs} x [0,27I]. Finally, for all
T e T let B(T) = U,er Rs-

It is clear that each R, is a connected, but not arc-connected, compact
set. Since Rs and R~ (,) have a,~, and (bs,0) in common, any point in
B(T) is connected by an arc either to g or to b = (1,0). Hence B(T) has at
most two arc-components.

The set B(T') is compact: indeed, if (z;) is a sequence in B(T') which
converges to z € I2, then there exists a sequence s¥) € T such that z; € R i)
and we can extract a subsequence such that either

e s() is a constant s, and then z € R, since Rj is closed, or

e there exists s € T and a sequence (n;) converging to co such that s~ (n;)
< 5 and then z € {bs} x [0,27°l] ¢ R, € B(T), or else

e there exists o € w* such that o; < s and z; — (by,0) € Ry C B(T).

It is not difficult to see that T+ B(T) is continuous from .7 to K(R?).
Moreover, if o is a branch of T, then for all s < ¢ there exists an arc
Jn C Ry C B(T) with endpoints ao, and dg,,,. And the concatenation
of the J,’s yields an arc connecting ag to (b,,0). Thus in this case B(T) is
arc-connected.
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ao a1

b

Fig. 3

Conversely, if B(T) is arc-connected let v : I — B(T) be a continuous
mapping with v(t) = (y1(¢),72(t)), 7(0) = ag and (1) € I x {0}, and
consider @ = inf {t : yo(t) = 0} > 0 and 0 = sup {t < 0 : yo(t) > 27*}.
Then for 0, < t < 6, v2(t) < 27% and there exists some s € w* such that
() € U{Rs; s € T and s = s}: so s € T and s < s+ Hence
there exists 0 € w® such that s(*) < ¢ for all k. Thus ¢ is a branch of T,
and T is ill-founded. m

A connected compact set with uncountably many arc-components. Let B
the Cantor set constructed above with the elements ag, bs and b, for s € W<
and o € w¥, and fix a decreasing sequence («,) € I such that ag = 1 and
lim, o, = 0 = 2/3.

For all s € w<¥ with |s| = k, let Ps be the union of the following four
segments of the unit square (see Fig. |4)):

e the vertical segment I; with endpoints a5 = (as, ag) and ¢ = (as, ap — 0)
(of length 0),

e the segment with endpoints ¢s and a,~ gy,

e the horizontal segment H; with endpoints a,~ () and b = (bs, g11),

e the vertical segment J; with endpoints b, and (bs,0), which has length
Ot 1-

It is clear that each Ps is arc-connected and has the point a,~ ) in common

with Py~ ,, hence Py := Usew<w Ps is arc-connected, and the compact set

P = P, is connected.

sE
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LEMMA 8.3. The set P is the union of Px and the vertical segments
Jo = {bs} x [0,0]. Moreover, there is no arc in P connecting ag to any Jo.

Proof. Let (z;) be a sequence of points of P, converging to z = (x,y)
€ P. There exists a s() € w<¥ such that z; € P ), and again one can extract
a subsequence such that either

e s is a constant s and then z € P, C Py, since P is closed, or

e there exist s € w<¥ and (n;) in w converging to oo such that s~ (n;) < s,
and then z € J; C P C Py, or else

e there exists o € w* such that o; = s@, and then y < 0 and z = b,,
hence z € J,; conversely, if z = (by,y) € Jy, the points (as,y + ax — 0)
for s = o3, belong to Py and converge to z; hence J, C P.

If there were an arc J connecting ay and J,, then J should go through
points in H; for every s < o and J should contain I for every s < o, which
is impossible. So each J, for ¢ € w® is an arc-component of P. =

Construction of a compact connected subset of 12. We recall that for any
s € w<¥ with length k& = |s| > 0 we denote by s* the sequence of length
k — 1 such that s* < s.

We now modify the above constructed compact set P by adding shortcuts
between Hs and Hgs: choose for every s € w<“ of length k > 1 some small
square ()5 inside the open rectangle Ja,~ gy, bs[ X Jag 11, ax[ and consider the
positive homothety h, transforming the unit square I? into Q. For a given
tree Ts € .7 the shortcut Sy will be the union of hs(B(Ts)), where B(T5) is
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the compact set defined in Lemmal[8.2] with two vertical segments connecting
respectively h,(0,1) to Hy- and hy(1,0) to H, (see Fig. [f]).

ap

ao al &2 b@

Qoo So ﬁ i)() S1 ﬁ 81

Jo Ji J@

(bg,0)
Fig. 5

Then for any family T = (Ty)scw<w € T@), let

v =rulJ U S.
k>1 sewk

LEMMA 8.4. \II(T) is compact and connected. Moreover, the function ¥
is continuous from the compact space 7@~ to K(R?).

Proof. Since every point of B(Ty) is connected to (0, 1) or to (1,0) (both
if T is ill-founded), every point of S, is connected to Ps. So W(T) is the
union of the compact set P and the arc-connected set Pa, U |J, S5, hence is
connected.

To see that W(T) is compact, it is enough to prove that if a sequence (z;)
in |, Ss converges to z = (x,y) € 12, then 2z € ¥(T). Then there exists a
sequence (5() in w<¥ such that zi € Ss;. Again, if s; is constant equal to s,
then Ss is closed and z € S, C U(T). If there exist s € w<® and (n;) tending
to oo such that s™(n;) < s, then x = b, and z € J, ¢ P C ¥(T). And
finally, if there exists o € w* such that o); = s, then = b, and y = 0,
hence z € J, C U(T).

Observe that for every e > 0 there are only finitely many s € w<% such
that d(Ss, P) > e. It follows that if we fix an enumeration (s),, of w<
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then W is the uniform limit of a sequence of continuous functions ¢, from
T@™) to K(R?) associating to any T the set ¢, (T) = PU Uj—=o Sst); hence
¥ is continuous. =

It follows from what precedes that W(T') \ U, Jo is arc-connected

and that for each o € w®, either J, is an arc-component of \I!(T), or J, is
connected to Py by an arc in ¥(T)).

LEMMA 8.5. For any o € w¥, J, is connected to Py, by an arc in V(T)
if and only if the set {s < o : Ty is well-founded} is finite.

Proof. Suppose first that there exists u < o such that Ty is ill-founded
for each s with u < s < 0. Let s¢¥) € w<¥ be the beginning of ¢ with
length |u|+ k. Then since S ) is arc-connected, there exists for each k > 1 a
continuous function 7, : [1—217% 1-27%] — H 1) UH ) US ) such that
(1 —217F) = Gg(h-1)~ (gy and (1 —27F) = agm~(g)- It follows that there
exists a continuous function v : [0,1[— Psx U J, Ss which extends all
with 7(0) € Py and y(§) — (bs, 0) € J, when & — 1. This shows that J, is
connected to P, by an arc in W(T).

Conversely, suppose that there exists a continuous path v : I — \I/(T)
connecting ag to J,. Then & = inf{¢ : y(§) € J,} > 0. It is easily seen
that for any s € w<¥, W(T) \ Hy is not connected and that H, separates d
from J, whenever s < 0. So § = sup{{ < " : v(§) € Ho, } is well defined
for all £ > 0, and & < €1 < €F. Then if £ = sup &, < £° we necessarily
have v(§™) € limsupy, Ho, = {(bs,0)} C Jo, hence {™ = £*. Moreover,
by continuity of v at £* there exists kg such that for £, < { < " we have
d(v(§),7(§*)) < 1 —0. It follows that no point &, for k > ko can belong
to Y([€ky, &*])- Thus v has to go through all shortcuts So, for k > ko. This
implies that the corresponding trees T, o)), are ill-founded for all k > kg and
the set {s < o : Ts is well-founded} is finite. m

LEMMA 8.6. The compact set W(T') is arc-connected if and only if for all
o € w¥ there are only finitely many Ts with s < o which are well-founded.

Proof. The compact set U(T') is arc-connected if and only if each J, for
o € w" is connected to ag by an arc; and by the previous lemma this happens
if and only if only finitely many T with s < ¢ are well-founded. =

To finish the proof of Theorem let Z C 2¢ be any A(TI]) set. We
want to construct a continuous function ® : 2¢ — K(R?) such that ®(¢) is
arc-connected if and only if ¢ € Z. By definition of A(TI}), there is a Suslin
scheme (I'y)sep<w Of H% sets, which can be assumed to be regular, such that

2\Z=J [)Ts
oEWwY s<o

Since the set WF of well-founded trees is TI}-complete in .7, we can find for
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each s € w=“ a continuous function T : ¢ +— T(¢) such that Ts(¢) € WF <
¢ € I',. Then the function T : 2¢ — . 7©~) defined by T(¢) = (Ts({)) scw<e

is continuous too and so is @ : ( — U(T'(()).

If ¢ € Z, then for all 0 € w¥, ¢ ¢ (), s, thus there exists s9 < o such
that ¢ ¢ I's,, and since the Suslin scheme is regular, we also find that for
so s <0, ¢TI and the tree Ts(() is ill-founded; it follows that J, is
connected to ag by an arc. Since this happens for all J,, the compact set
®(() is arc-connected.

Conversely, if ( ¢ Z there is a 0 € w® such that for all s < o we have
¢ € I's and T5(¢) € WF; it follows that J, is connected to Gy by no such arc,
and ®(() is not arc-connected.

Thus Z = & !(Carc(R?)) and the proof is complete. m

Note added in proof. We would like to thank the anonymous referee for very careful
reading of the paper. We also mention that since the submission of this work we have been
able to eliminate the Effective arguments from the proof of the main result, providing a
proof in terms of purely Classical Descriptive Set Theory (see arXiv:2601.13135).
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