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Abstract. We prove three results on monogenity of non-cyclic abelian extension fields
over the rationals Q. The first one is that for any odd prime cyclotomic field k, = Q((p)
and any quadratic field k = @(\/Z) of discriminant ¢ prime to p, the non-cyclic abelian
field kpk is non-monogenic if ¢ < —4 with £ { (p £ 1) or £ > 4. The second is that if
Ef = Q(¢n + ¢,Y) is the maximal real subfield of an nth cyclotomic field with n > 5,
n #Z 2 (mod 4) and if £k = Q(v/—m) is an imaginary quadratic field of discriminant
—m < —4 with (m,n) = 1, then the composite field £}k is non-monogenic. The third
is that a maximal imaginary subfield Q(¢, — ¢; ') of a cyclotomic field k, with ¢ > 4,
¢ =0 (mod 4) is monogenic.

1. Introduction. In connection with Hasse’s problem to determine the
monogenity of an algebraic number field, we consider certain composite
abelian extension fields K over the rationals Q. This problem was proposed
by W. Narkiewicz in general [§]. Our claims are:

THEOREM A. For an odd prime p let k, = Q((,) be the pth cyclotomic
field, and let k = Q(v/¥) be a quadratic field of discriminant £ with (£,p) = 1.
Then the non-cyclic abelian field K = kyk = Q((p, \/Z) s mon-momnogenic if
< —4 and l{(px1), and also if £ > 4.

THEOREM B. For an integer n > 5 with n # 2 (mod 4) let kf =
Q(Cn + ¢Y) be the mazimal real subfield of the nth cyclotomic field. Let
k = Q(v/—m) be an imaginary quadratic field of discriminant —m < —4
with (m,n) = 1. Then the composite field K =k k = Q(¢, + ¢, L, v/—m) is
NnoN-monogenic.
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THEOREM C. Let ¢ > 4 be a rational integer divisible by 4 and ¢ be a
primitive qth root of unity. Then K = Q(¢ — (1) is an imaginary subfield
of kg = Q(C) with [ky : K] =2 and Zx = Z[¢ — (1]

REMARK 1.1. In Theorem A we exclude the cases of k = Q(v/—3) and
k = Q(v/=4). Since Q(Gy, v=3) = Q(Czp) if p # 3 and Q(G, v—1) = Q(Cay),
these fields are monogenic. When k is the GauR field Q(v/—4) and n > 5 is
odd, the assertion for K = k;"k in Theorem B is not true. Indeed, K can be
written as

QUG + ¢ NG = QG — GG = QGan — G-

In general, Q(¢, — (q_l) is monogenic if ¢ = 0 (mod 4). We will show it in
Theorem C.

Let F' be an algebraic number field over Q of degree [F': Q] = n. Let Zp
denote the ring of integers in F', and Z the ring of rational integers. If there
exists £ € F such that Zp = Z[¢] = Z[1,&, ... ,£" 1] is of rank n over Z, we
say that the field F' is monogenic or the ring Zr has a power integral basis. In
§2, we give a proof of Theorem A on non-monogenity of real quadratic exten-
sions over a prime cyclotomic field following an idea in [5], which applies the
works of Mushtaq Ahmad, Nadia Khan, Hiroshi Sekiguchi, Yasuo Motoda,
Mamoona Sultan and the second author [I1 6] [7, [10]. In §3 we prove Theorem
B on non-monogenity of imaginary quadratic extensions over the maximal
real subfield of a cyclotomic field. Theorem C, proved in §4, involves work
on monogenic phenomena of Syed Inayat Ali Shah et al. [9] and is related to
work of Istvan Gaal [3]. In §5, we describe two examples of Theorem A. In
(A1) and (Agr) we shall introduce the second simplest non-monogenic fields
K = k7 - k with [K : Q] = 12, whose conductors are equal to 7-11 and 7-5
with an imaginary quadratic subfield & = Q(v/—11) and a real k = Q(V/5),
respectively. Based on the experiments and the results in [5] concerning the
octic fields K = ks - k with & = Q(v/—7) and k = Q(\/7), we discuss the
non-monogenity of the fields of Theorem A and obtain a method of proving it.

In the second edition of his book on monogenity of algebraic number fields
Istvan Gaal has given a list of 232 monographs and recent developments on
monogenity and power integral bases [2], 4].

2. Proof of Theorem A. The next lemma is fundamental to decid-
ing about monogenity of non-cyclic but abelian fields K. Let ( = ¢, be a
primitive root of unity for an odd prime p. We prove that Zx, has a rela-
tive integral basis {1,(} over Zts where k" is the maximal real subfield of

kp = Q(C)
LEMMA 2.1. Let n be the Gauf$ period ¢ + (1 of length 2. Then

ka = k;u? C] = Z[lana 772, ey T]I)T_lil][l, C] as a Z-module.
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Proof. We have Zk; = Z[l,n,...,n%_l]. Since Zj, 2 Zk;[l,g], we

have to show the converse inclusion [I1]. We have
L¢ezl,¢, ¢t=n—-¢¢=n¢-1eZ[1,m)1,(,
(P=0¢t = 1= —¢) — 1 e Z[L, 7)1, ¢,
¢ = —1)=1rC—n—¢eZlnn]L

and

CP=n ¢t ==t (0= Q) == (=€) € Z[Lm,n? (1, ¢).
Applying ¢t = ¢in — ¢! and ¢~0HD = ¢~ip — ¢~ by induction we
obtain

¢t,¢ Y Z[ LG S 2L, 0T YL
for any ¢ with 1 <4 < 25=. Tt follows that Z;, C Zk+[1 ¢]. =

We note that the fields K in Theorems A and B are composed of two
monogenic abelian fields with coprime discriminants. We prove:

LEMMA 2.2. Let L, M # Q be abelian fields with discriminants dr,dps
such that (dr,dy) = 1. Assume that Z1, = Zla] and Zy = Z[5)] for some
integers a € Zy, and B € Zys. Then for a given integer & in the composite
field K = LM, the ring Z[£] coincides with Zg if and only if

§-¢ £-¢& or

a — aO—’ /8 _ 67—7 g 5
are all units for any element o # ¢ of Gal(K/M) and any element T # ¢ of
Gal(K/L), where ¢ is the identity element.

Proof. We know that the discriminant dx of K is equal to dj'dy,
with n = [L : Q, m = [M : Q] and Zx = ZpZy. We put Gg =
Cal(K/M), Gy, = Gal(K/L) and G = Gal(K/Q). Since LN M = Q,
we have Gk = GGy, and the maps o +— o[z and o +— o[y induce
isomorphisms Gk = G, = Gal(L/Q) and Gk, = Gy = Gal(M/Q).
Denote by dg (§) the discriminant of £ for K/Q. We recall the different

ox() = [[ €-¢)
1#peGK

of £ € Zk for K/Q. It is known that Ng oDk (§) = £dk(§), and Z[¢] = Zk
holds if and only if di(§) = £dx We write D (§) = ABC with

A=[Je-¢), B=]J-¢), c= [ €-¢),
oFL TH#L TFL, THL

where o, 7 range over the non-trivial elements of Gy, Gk /1, respectively.
Since & = Y a;at7t = Z;”Zl ;3771 with a; € Zy and b; € Zp, the
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numbers
£§-¢  ,_&-&

) CT -
oo -5
are integers for any « # 0 € Gk and ¢ # 7 € G- Let ¢ and c be the
product of all ¢, and the product of all .. By the definition of the different
dr (o) we see that

Ny [ (@=a”) =Ny [ (@—a) =+di(a) = +dy,
L#UEGK/]M L#UEGL
and N g ][, z,( — a”) = +dj'. Hence

Nkg(A)=Ngig [ (0= a%)ce = £df N g(c).
1#0€G K /M
Similarly, Nk q(B) = +d};Ng/g(c'). Therefore di(§) = +dx = +dj'd},
is valid if and only if the norms Ng/g(c), Ng/g(c') and Ng/q(C) are +1.
This implies the lemma because ¢,, . and £ — €97 are all integers for any
t#0€Ggyand any t #7 € Ggyp,. »

Co —

REMARK 2.1. Though in this paper we deal with abelian fields only, we
shall show that Lemma 2.2 is valid for any composite of two algebraic number
fields with coprime discriminants. Let K be an algebraic number field and F
its subfield. We denote by E /r the set of embeddings of K into C fixing F.
Recall that for any v € K the different

xr) = J[ (="

#pE€EK P

is contained in K, where ¢ is the identity map of K. Put Ex = Ex/q.

Let L,M # Q be algebraic number fields with coprime discriminants
dr,dpr, and assume that Z;, = Z[a] and Zy; = Z[B] for some integers o € Z,
and 8 € Zj. The discriminant dxg of K = LM is equal to d7'd}y, with
n=[L:Q,m=[M:Q]and Zx = ZZy. For any o € Eg/y and any
T € Bk, we define an embedding p(o, 7) of K by

UL .1.1p(0,7') UL i1 i1
(oD ewe ) =33 ety
i=1 j=1 i=1 j=1
with ¢;; € Q. Note that p(o,t) = o and p(¢,7) = 7. Since LN M = Q, it
follows that Ex = {p(0,7) | 0 € Eg/p, T € Egyr}, and the maps p — p[g
and p — p|y induce bijections Fg /s — Ep and Eg/;, — Ey. Replacing
Gr/v Gy, Gk, Gr, Gy and €77 with Ex )y, Exyr, Ex, Er, Eym and
€P(@7) we can use the same arguments as in the proof of the lemma. Notice
that A, B, C, c and ¢ are contained in K. Therefore we find that for a given
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integer £ € K the ring Z[{] coincides with Zk if and only if
f—g - o)
e G €€

are all units for any embedding o # ¢ in Eg/ys and any embedding 7 # ¢

in EK/L

Proof of Theorem A for £ < 0. We treat a non-cyclic abelian field K =
kpk = Q((p, v/—m), where k, = Q((p) is the pth cyclotomic field for an odd
prime p, and k = Q(v/—m) is an imaginary quadratic field of discriminant
¢ = —m such that —m < —4 and (m,p) = 1. We put w = @, where
r=1if —-m =1 (mod 4) and r = 0 otherwise. In this case the integer ring
Zk of K coincides with Z[(p, w].

Assume that an integer £ € Zx satisfies Z[¢] = Zk. Let o and T be non-
trivial elements of Gal(K/k) and of Gal(K/kp), respectively. In particular,
we have v/—m' = —/—m. Then Lemma 2.2 implies that the partial different
§or =& — €77 is a unit. Let &} = Q(¢, + C,;l). Applying Lemma 2.1 we put

§=ag+ a1+ (Bo+ &Cp)ﬁkf_m

with ag, a1, 8o, 81 € Zk; = Z[(p + Cp_l]. Assume that o satisfies (7 = Cp_l.

Then
2
=€ = 20T oy

We also see from Lemma 2.2 that the ratio

S B

260+ B1(G+ ¢
2

V—m.

G —C 2
is a unit. Since o = 2a; + rf1 and B are real, it follows that
2 2
_ _ o 1 m 9
Nicsh,(€) = ee” = -+ —Fm = - fr.

Similarly, (ee7)? > 3(8{)? for any p € Gal(k,/Q) and «, 81 € k;f. Suppose
that 1 # 0. Since f; is an integer and m > 4 we obtain

p—1
m
NK/Q(g) = NkP/Q(EgT) > <4) Nkp/Q(B%) > 1.

This contradicts € being a unit. Therefore 51 = 0. Note that a1 = ¢ is a

unit. Returning to {,~ we have &, = £ — €77 = a1((p — C;l) + Bo/—m and
for n = NK/kp(€0T>a

n="Eor Er=07(G—¢ ')+ Bym.

Hence the congruence n = af(¢, — ¢, 1)? (mod mZk;) holds in k. Since
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Nk;/Q(a%) =1 and

Nk;/@(gp - 651)2 = iNkp/Q(Cp - C;l) = +p,

we have Nk;-/(@(n) = £p (modm). We notice that 7 is a unit in &} and
Nk;/(@(n) = =£1. Hence m divides p + 1 or p — 1. Therefore, if p + 1 and

p — 1 are not divisible by m then K is non-monogenic. Thus we have proved
Theorem A when £ = —m < 0. u

Proof of Theorem A for £ > 0. Let k, = Q((p) for an odd prime p and
k = Q(V¥¢) with d, = ¢ > 4 and (p,£) = 1, and put K = kyk. Assume
that K is monogenic and let £ be an integer in K such that Z[{] = Zk.
Let £ =1 (mod4) and put w = H\[ Then & can be written as £ = ag +
a1$p + (Bo + P1p)w with ao,al,ﬂo,ﬁl € Z[¢ + - Y. Let 0 € Gal(K/k)
and 7 € Gal(K/kp) be such that (j = Cp_l and V™ = —/{. Then a partial

different satisfies

-1
e =2t P oy M0 rs )y

Put E = 2a; + f1 and F = 26y + 51((p + Cp_l). Since (¢ — Cp_l)Q <0
and F, F € R, it follows that

E? K
|NK/kp(§O'T)‘ = |Ea‘r‘§ ’T| = (C Cp )2 + 75 4
We also see that |(£,7€7,)?| > £(F?)? for any p € Gal( ky/Q).
(i) If F' # 0 then

P!
Nicrol&)] = N0l 5 2 () NeralF?) > 1

because F' is an integer and ¢ > 4. This contradicts &, being a unit.

(i) If F =0 then 2&,r = E(¢ — ¢, ') =0 (mod B), where P = (1 — ()
is the prime ideal of Zj, generated by 1 — (. Since (2,B) = 1, we have
&or =0 (mod*P). This is impossible because &, is a unit.

Therefore by (i) and (ii) the field K is non-monogenic. We obtain the
same conclusion when ¢ = 0 (mod 4) and w = v//2. =

REMARK 2.2. For a fixed odd prime p there are only a finite number of
imaginary quadratic fields k = Q(\/Z) such that k,k are monogenic, because
if the discriminant ¢ of an imaginary quadratic field & is less than —(p + 1),
then by Theorem A the field ky,k is non-monogenic.

PrROBLEM 2.1. Extend Theorem A to the non-cyclic but abelian fields
Q(Em, VE) of conductor £-m with a squarefree £ # —4, —3 and m = Hj pjj #3
with odd primes p;.
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In 9], the non-monogenity of non-cyclic, but abelian fields of conductor
3 - p® with a prime p > 3 is investigated.

Related to Theorem A, we produce a non-monogenic family of non-Galois
composite fields K = LM with (dr,dy) = 1.

NoOTE 2.1. There exist infinitely many non-monogenic, non-Galois sextic
fields K = LM, where L = Q(3/5) and M = Q(\/n) for squarefree integers
n < —7 such that (dr,dy) =1, n =1 (mod 4) and n = +2 (mod 5).

Proof. Let Z; = 7[1,0,60%) and Zy; = Z[1,w] with § = /5 and w =
L Due to (dg,dar) = 1 we have Zx = Z[1,0, 6% w, 6w, 0%w], and hence
dg = d? -d3; = d2 - n® with d = —335%. Let Iso(L/Q) = (o) and
Gal(M/Q) = (7). Then for any integer £ € Zx such that £ = 5 + faw
with 8; € Zr, j = 1,2, using w” = —w + 1 we have the partial different

QUT(E) = 5 - 607 = Bl + B2w - (ﬁf + ﬁng)
=P1 =B = B3 + (B2 + B3)w.

Since 07 = (6 for a cubic root ¢ of unity, D,,(§) is contained in K; = K(().
Let 81 = ag + a10 + a26?, Bo = by + b10 + b26? with a;,b; € Z, and put
71 = 01— B — B9 and v2 = B2+ 35. Then 71 = —b+ 30 and yo = 20+ 740
with b = by and v3,74 € Zk,. Hence D, (§) = by/n + 0 for some v € Zk, .
Assume that Zx = Z[]. Considering

D= NK1/K(©UT(§)) = QUT(E)QUT(f)p = QUT(£)©U2T(£) =b’n + 00,
where Gal(K1/K) = (p) and § € Z, we obtain
Nicm(D) = (b*n)’n + 5¢+ 5dw  with ¢,d € Z.

Since D, (§) is a unit of Zg, by Remark 2.1, it follows that Ny (D) is
a unit of Zps, and therefore is equal to +1. Assume that b % 0. Hence we

see that n is a square residue modulo 5. This contradicts the condition n =
12 (mod 5). If b = 0, then Ng /(D) =0 (mod 5Z)7), which is impossible.

3. Proof of Theorem B. Let K = Lk be a composite field of the
maximal real subfield L = k of the nth cyclotomic field &, for n > 5
with n # 2 (mod 4) and an imaginary quadratic field & = Q(v/—m) of
discriminant —m = di < —4 such that (m,n) = 1. We put w = @
with r = 1 if —m =1 (mod 4) and r = 0 otherwise. Then Zx = Z1Z; =
Zr[w]. Since n # 2 (mod 4), the condition (m,n) = 1 is equivalent to the
discriminants of L and k being coprime.

Assume that an integer £ € Zi satisfies Z[{] = Zk. We write { =
a+ Bw with a, 8 € Z1. Denote by 7 the element of Gal(K /L) with v/—m" =
—+/—m. Let o be a non-trivial element of G/, = Gal(K/k). Then we see
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by Lemma 2.2 that

§UT:§_§UT:a_ag+T(B;ﬁJ)_’_ﬂ‘;BUm

is a unit.

We claim that 8+ 87 # 0 for some ¢ # 0 € Gy, Indeed, if 8+ 37 =0
for all o # ¢ then ($%)7 = (8°)? = 2 for all o and hence 32 € Z. On the
other hand, Lemma 2.2 also implies that the ratio

_ ¢

p= w—w’
is a unit. Since 3 is real, we deduce 82 = 1. Then B+ 3% = +2 # 0 for o # 4,
which is a contradiction Hence our claim is shown. Next we may assume

6+ 67 #0. Puttingyza—a“%—@andézﬁ—i—ﬁ”,weobtain

Nig/(Eor) = Earélr = <7 + 5\/;7”0) (7 s J;W)

5 M o _ M
= —6“ > —0
YT
because ~,d are real. For any p € Gy we also have &5, (&5,)7 > 2(6°)2.

Since § is an integer and m > 4 it follows that

[L:Q]
Niralér) = Nijolrrti) = () Mool > 1.

This contradicts &,, being a unit. Hence Theorem B is proved. =

REMARK 3.1. In Theorem B the field K = k;'k is a non-cyclic abelian
extension of Q unless Gal(k;" /Q) is a cyclic group of odd order. On the other
hand, if n = 2s with odd s, then the discriminant dj, of L = k7 = k is
not divisible by 2, and hence the condition (m,n) = 1 with n # 2 (mod 4)
is stronger than (di,d;) = 1. We have k‘ér =Qand K = k‘;{k = Q(v/—m),

which are cyclic and monogenic.

REMARK 3.2. In [3] I. Gaal considered the monogenity of a composite
field K = LM of a totally real number field L and an imaginary quadratic
field M such that dj, and dj; < —4 are coprime, and proved that K can only
be monogenic if L is monogenic. We know that k; is monogenic. However,
Theorem B gives an example of a monogenic, totally real number field L
such that K = LM is non-monogenic.

4. Proof of Theorem C. The case of ¢ = 2?p™ with an odd prime p in
[9, Theorem 2| is generalized in Theorem C.

Proof. Let ¢ = 2"n with r > 2 and (n,2) = 1, and take an integer a such
that
a=2"1-1(mod?2"), a=-1(modn).
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Then (a,q) = 1 and the element o € Gal(k,/Q) induced by ¢ +— (¢ = —(~*
has order 2. Hence K = Q(¢ — ¢1) is the fixed field of . Since the ring of
integers in k; is Z[(], we have Zx = Z[¢]N K. Using ¢* = ¢""1(¢ (1) +¢F2
for ¢ > 2, we can show by induction on ¢ that

¢'E€ZC— ¢TI+ CZIC- ¢
This implies
Z[¢) = Z[¢ = ¢+ G2l = ¢
For any a = 3+ ¢ € Z[¢] with 8,7 € Z[¢ — ¢(7!], we see that a € K if and
only if a —a® = y({ +¢7') =0, hence v = 0, that is, « = 3 € Z[¢ — (1]
This proves that Z[(]NK = Z[( —¢7!]. =

5. Examples. In this section we provide two typical classes of number
fields for which we can apply Theorem A.

(A1) A field K of degree 12 with an imaginary quadratic subfield k.
By Theorem A, we choose an abelian but non-cyclic field K with degree
[K : Q] = 12 of conductor 7-11, i.e. p = 7 and —¢ = —11, which is the
second simplest example after the first octic field ks - Q(v/=7) in [7]. Let
K be the composite field of the imaginary quadratic field & = Q(v/—11)

with w = /=1L VQ_H and the cyclotomic field K = Q({) with a primitive 7th
root ¢ of unity. Then we have dx = dg:@ (=0)FQ = (75)2 . (~11)6. Here
the irreducible polynomial f(x) with f((w) = 0 of degree 12 is obtained as
follows. Let h(z) = Nki/Q(‘T — (- w). Then

hz) = (z - ¢ w)(a— ¢ w)” =2 = ((+( Nwr +w?,  w=w-3
Let 1 denote the Gauk period ¢ + (¢! satisfying the cubic equation z3 + 22 —

z24+w—3
wx

o(z) = (wm)s{ <+w—3> N <+w—3> w3 1},

wx wx wx

2x —1=0. Since n = , denote

Put fi(x) = Ny g(g(x)). Here g(x) can be written in the form g(x) = g1 (x)+
wgz(x) with polynomials g;(x) € Z[z], j = 1,2. Then £ = (w is a root of an
irreducible polynomial

filz) = g1(2)* + Ti,jg(w)g1(2)g2(2) + Ny jg(w)g2(x)?
=@%-3-2*-3-2%+6-22 +15.- 2 - 3)?
+ (=32 =323 +6-2>+15-2—3)
(@42t +2- 23 -9 2%+ 2+ 16)
+3- (@ +a2*+2-2° -9 2%+ 24 16)%
Then the polynomial discriminant of fi(z) is equal to (3!%-13%)? - d.
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(Amr) A field K of degree 12 with a real quadratic subfield k. We select
a non-cyclic, but abelian field K = Q(¢,v/5) of degree [K : Q] = 12 with
conductor 7 -5, i.e. p = 7 and £ = 5, and the field discriminant dx =
(75)2-(5)%. Let € = (-w € Zk. Then £ is a root of the irreducible polynomial

fu(z) =22+ £ 1, fi1(€) = 0, because (w with w = 1‘*'2—\/5 is a unit. Then
fii(x) is obtained as in (Aj). We have
gx) =@ +2*+3-2° +2.- 22 +3.2+5)
+ @ +2t+2-2°+3- 22 +5 2+ 8)w,
and hence
fu(z) = Nijglg(z)) = (a®4+2*4+3-23+2 22 + 3.2 +5)?
+ Ty g(w)(a® + 2 +3-2° +2-2° +3- 2+ 5)
(@4t 22343 224524 8)
+ Nyjo(w)(@® +a* +2-2%+3- 2% + 5.2+ 8)%

Then the polynomial discriminant of fij(z) is equal to (13°)2 - d.
All calculations have been made by using GP/PARI.

Now we describe how to apply Theorem A to these examples. Let { = (,
be a primitive nth root of unity for n > 3 with n # 2 (mod4), and put
kn = Q(C). Let K = k,k be a composite field of k,, and a quadratic field
k = Q(y/m) of discriminant m = dj, such that (m,n) = 1. We put w = T+§/m
with 7 = 1if m =1 (mod 4) and r = 0 otherwise. Observe that Zx = Z[(w]
if m = —3,—4. Furthermore, if m = —4 the integer ring of the field K’ =
Q(¢ + ¢ Y w) is Z[(¢ + ¢1w] as mentioned in Remark 1.1. So it seemed to
be interesting to search the fields K = k,k such that Zx = Z[(w].

Recall that the discriminant dg is equal to df d£ with f = [K,, : Q] and

di (w) = dxg Nk jg(w) H Ngjo(lw — ¢wT),
oFL

where ¢ runs over the non-trivial elements of Gal(X/k) and 7 is the non-
trivial element of Gal(K/ky). We calculated the values of dx((w) when
(n,m) = (7,—11) and (n,m) = (7,5) by GP/PARI as follows: dg({w) =
339130 if (n,m) = (7,—11) and di((w) = 1330k if (n,m) = (7,5).
When m is different from —3, —4, and 5, it is immediately seen that Ny q(w)
> 1 and hence |dg(Cw)| > |dk|. If (n,m) = (7,5) our calculation implies
that | Nk q({w — (?w™)| > 1 for some o because N /g(w) = 1. In general,
let m > 5 and o be such that ¢? = ¢~!. Then

(G = T (G = )l = (¢ = ¢ = (¢l
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Since (¢ — (71?2 < 0, it follows that

[Nig/g(Gw = ¢77)| = N, p(C+¢ )2 > 1.

Hence |di (Cw)| > |dk| is also valid. Consequently, since |dg (Cw)| > |di| we
have Z[{w] # Zk if |m| > 4.

However, our consideration of the norm N q((w — ¢°wT) indicated a
method of showing [Ny /q(§ —£77)| > 1 for a general integer § € Zf. Making
use of this method we have presented two classes of non-monogenic composite
fields K = k,k as stated in Theorem A. Without these prototypes, it would
have been difficult to construct a generalized Theorem A.
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