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Abstract. We prove three results on monogenity of non-cyclic abelian extension fields
over the rationals Q. The first one is that for any odd prime cyclotomic field kp = Q(ζp)
and any quadratic field k = Q(

√
ℓ) of discriminant ℓ prime to p, the non-cyclic abelian

field kpk is non-monogenic if ℓ < −4 with ℓ ∤ (p ± 1) or ℓ > 4. The second is that if
k+
n = Q(ζn + ζ−1

n ) is the maximal real subfield of an nth cyclotomic field with n ≥ 5,
n ̸≡ 2 (mod 4) and if k = Q(

√
−m) is an imaginary quadratic field of discriminant

−m < −4 with (m,n) = 1, then the composite field k+
n k is non-monogenic. The third

is that a maximal imaginary subfield Q(ζq − ζ−1
q ) of a cyclotomic field kq with q > 4,

q ≡ 0 (mod 4) is monogenic.

1. Introduction. In connection with Hasse’s problem to determine the
monogenity of an algebraic number field, we consider certain composite
abelian extension fields K over the rationals Q. This problem was proposed
by W. Narkiewicz in general [8]. Our claims are:

Theorem A. For an odd prime p let kp = Q(ζp) be the pth cyclotomic
field, and let k = Q(

√
ℓ) be a quadratic field of discriminant ℓ with (ℓ, p) = 1.

Then the non-cyclic abelian field K = kpk = Q(ζp,
√
ℓ) is non-monogenic if

ℓ < −4 and ℓ ∤ (p± 1), and also if ℓ > 4.

Theorem B. For an integer n ≥ 5 with n ̸≡ 2 (mod 4) let k+n =
Q(ζn + ζ−1

n ) be the maximal real subfield of the nth cyclotomic field. Let
k = Q(

√
−m) be an imaginary quadratic field of discriminant −m < −4

with (m,n) = 1. Then the composite field K = k+n k = Q(ζn + ζ−1
n ,

√
−m) is

non-monogenic.
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Theorem C. Let q > 4 be a rational integer divisible by 4 and ζ be a
primitive qth root of unity. Then K = Q(ζ − ζ−1) is an imaginary subfield
of kq = Q(ζ) with [kq : K] = 2 and ZK = Z[ζ − ζ−1].

Remark 1.1. In Theorem A we exclude the cases of k = Q(
√
−3) and

k = Q(
√
−4). Since Q(ζp,

√
−3) = Q(ζ3p) if p ̸= 3 and Q(ζp,

√
−4) = Q(ζ4p),

these fields are monogenic. When k is the Gauß field Q(
√
−4) and n ≥ 5 is

odd, the assertion for K = k+n k in Theorem B is not true. Indeed, K can be
written as

Q((ζn + ζ−1
n )ζ4) = Q(ζnζ4 − ζ−1

n ζ−1
4 ) = Q(ζ4n − ζ−1

4n ).

In general, Q(ζq − ζ−1
q ) is monogenic if q ≡ 0 (mod 4). We will show it in

Theorem C.

Let F be an algebraic number field over Q of degree [F : Q] = n. Let ZF

denote the ring of integers in F , and Z the ring of rational integers. If there
exists ξ ∈ F such that ZF = Z[ξ] = Z[1, ξ, . . . , ξn−1] is of rank n over Z, we
say that the field F is monogenic or the ring ZF has a power integral basis. In
§2, we give a proof of Theorem A on non-monogenity of real quadratic exten-
sions over a prime cyclotomic field following an idea in [5], which applies the
works of Mushtaq Ahmad, Nadia Khan, Hiroshi Sekiguchi, Yasuo Motoda,
Mamoona Sultan and the second author [1, 6, 7, 10]. In §3 we prove Theorem
B on non-monogenity of imaginary quadratic extensions over the maximal
real subfield of a cyclotomic field. Theorem C, proved in §4, involves work
on monogenic phenomena of Syed Inayat Ali Shah et al. [9] and is related to
work of István Gaál [3]. In §5, we describe two examples of Theorem A. In
(AI) and (AII) we shall introduce the second simplest non-monogenic fields
K = k7 · k with [K : Q] = 12, whose conductors are equal to 7 · 11 and 7 · 5
with an imaginary quadratic subfield k = Q(

√
−11) and a real k = Q(

√
5),

respectively. Based on the experiments and the results in [5] concerning the
octic fields K = k5 · k with k = Q(

√
−7) and k = Q(

√
7), we discuss the

non-monogenity of the fields of Theorem A and obtain a method of proving it.
In the second edition of his book on monogenity of algebraic number fields

István Gaál has given a list of 232 monographs and recent developments on
monogenity and power integral bases [2, 4].

2. Proof of Theorem A. The next lemma is fundamental to decid-
ing about monogenity of non-cyclic but abelian fields K. Let ζ = ζp be a
primitive root of unity for an odd prime p. We prove that Zkp has a rela-
tive integral basis {1, ζ} over Zk+p

, where k+p is the maximal real subfield of
kp = Q(ζ).

Lemma 2.1. Let η be the Gauß period ζ + ζ−1 of length 2. Then

Zkp = Zk+p
[1, ζ] = Z[1, η, η2, . . . , η

p−1
2

−1][1, ζ] as a Z-module.
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Proof. We have Zk+p
= Z[1, η, . . . , η

p−1
2

−1]. Since Zkp ⊇ Zk+p
[1, ζ], we

have to show the converse inclusion [11]. We have

1, ζ ∈ Z[1, ζ], ζ−1 = η − ζ, ζ2 = ηζ − 1 ∈ Z[1, η][1, ζ],
ζ−2 = ηζ−1 − 1 = η(η − ζ)− 1 ∈ Z[1, η, η2][1, ζ],
ζ3 = ζ(ζη − 1) = η2ζ − η − ζ ∈ Z[1, η, η2][1, ζ]

and

ζ−3 = η2ζ−1 − η − ζ−1 = η2 · (η − ζ)− η − (η − ζ) ∈ Z[1, η, η2, η3][1, ζ].
Applying ζi+1 = ζiη − ζi−1 and ζ−(i+1) = ζ−iη − ζ−(i−1), by induction we
obtain

ζi, ζ−(i−1) ∈ Z[1, η, . . . , ηi−1][1, ζ] ⊆ Z[1, η, . . . , η
p−1
2

−1][1, ζ]

for any i with 1 ≤ i ≤ p−1
2 . It follows that Zkp ⊆ Zk+p

[1, ζ].

We note that the fields K in Theorems A and B are composed of two
monogenic abelian fields with coprime discriminants. We prove:

Lemma 2.2. Let L,M ̸= Q be abelian fields with discriminants dL, dM
such that (dL, dM ) = 1. Assume that ZL = Z[α] and ZM = Z[β] for some
integers α ∈ ZL and β ∈ ZM . Then for a given integer ξ in the composite
field K = LM , the ring Z[ξ] coincides with ZK if and only if

ξ − ξσ

α− ασ
,

ξ − ξτ

β − βτ
, ξ − ξστ

are all units for any element σ ̸= ι of Gal(K/M) and any element τ ̸= ι of
Gal(K/L), where ι is the identity element.

Proof. We know that the discriminant dK of K is equal to dmL dnM
with n = [L : Q], m = [M : Q] and ZK = ZLZM . We put GK/M =
Gal(K/M), GK/L = Gal(K/L) and GK = Gal(K/Q). Since L ∩ M = Q,
we have GK = GK/MGK/L, and the maps σ 7→ σ|L and σ 7→ σ|M induce
isomorphisms GK/M

∼= GL = Gal(L/Q) and GK/L
∼= GM = Gal(M/Q).

Denote by dK(ξ) the discriminant of ξ for K/Q. We recall the different

DK(ξ) =
∏

ι̸=ρ∈GK

(ξ − ξρ)

of ξ ∈ ZK for K/Q. It is known that NK/QDK(ξ) = ±dK(ξ), and Z[ξ] = ZK

holds if and only if dK(ξ) = ±dK We write DK(ξ) = ABC with

A =
∏
σ ̸=ι

(ξ − ξσ), B =
∏
τ ̸=ι

(ξ − ξτ ), C =
∏

σ ̸=ι, τ ̸=ι

(ξ − ξστ ),

where σ, τ range over the non-trivial elements of GK/M , GK/L, respectively.
Since ξ =

∑n
i=1 aiα

i−1 =
∑m

j=1 bjβ
j−1 with ai ∈ ZM and bj ∈ ZL, the
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numbers

cσ =
ξ − ξσ

α− ασ
, c′τ =

ξ − ξτ

β − βτ

are integers for any ι ̸= σ ∈ GK/M and ι ̸= τ ∈ GK/L. Let c and c′ be the
product of all cσ and the product of all c′τ . By the definition of the different
dL(α) we see that

NK/M

∏
ι̸=σ∈GK/M

(α− ασ) = NL/Q
∏

ι̸=σ∈GL

(α− ασ) = ±dL(α) = ±dL

and NK/Q
∏

ι̸=σ(α− ασ) = ±dmL . Hence

NK/Q(A) = NK/Q
∏

ι̸=σ∈GK/M

(α− ασ)cσ = ±dmLNK/Q(c).

Similarly, NK/Q(B) = ±dnMNK/Q(c
′). Therefore dK(ξ) = ±dK = ±dmL dnM

is valid if and only if the norms NK/Q(c), NK/Q(c
′) and NK/Q(C) are ±1.

This implies the lemma because cσ, c
′
τ and ξ − ξστ are all integers for any

ι ̸= σ ∈ GK/M and any ι ̸= τ ∈ GK/L.

Remark 2.1. Though in this paper we deal with abelian fields only, we
shall show that Lemma 2.2 is valid for any composite of two algebraic number
fields with coprime discriminants. Let K be an algebraic number field and F
its subfield. We denote by EK/F the set of embeddings of K into C fixing F .
Recall that for any γ ∈ K the different

DK/F (γ) =
∏

ι̸=ρ∈EK/F

(γ − γρ)

is contained in K, where ι is the identity map of K. Put EK = EK/Q.

Let L,M ̸= Q be algebraic number fields with coprime discriminants
dL, dM , and assume that ZL = Z[α] and ZM = Z[β] for some integers α ∈ ZL

and β ∈ ZM . The discriminant dK of K = LM is equal to dmL dnM with
n = [L : Q], m = [M : Q] and ZK = ZLZM . For any σ ∈ EK/M and any
τ ∈ EK/L we define an embedding ρ(σ, τ) of K by( n∑

i=1

m∑
j=1

cijα
i−1βj−1

)ρ(σ,τ)
=

n∑
i=1

m∑
j=1

cij(α
σ)i−1(βτ )j−1

with cij ∈ Q. Note that ρ(σ, ι) = σ and ρ(ι, τ) = τ . Since L ∩ M = Q, it
follows that EK = {ρ(σ, τ) | σ ∈ EK/M , τ ∈ EK/L}, and the maps ρ 7→ ρ|L
and ρ 7→ ρ|M induce bijections EK/M → EL and EK/L → EM . Replacing
GK/M , GK/L, GK , GL, GM and ξστ with EK/M , EK/L, EK , EL, EM and
ξρ(σ,τ), we can use the same arguments as in the proof of the lemma. Notice
that A, B, C, c and c′ are contained in K. Therefore we find that for a given
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integer ξ ∈ K the ring Z[ξ] coincides with ZK if and only if
ξ − ξσ

α− ασ
,

ξ − ξτ

β − βτ
, ξ − ξρ(σ,τ)

are all units for any embedding σ ̸= ι in EK/M and any embedding τ ̸= ι
in EK/L.

Proof of Theorem A for ℓ < 0. We treat a non-cyclic abelian field K =
kpk = Q(ζp,

√
−m), where kp = Q(ζp) is the pth cyclotomic field for an odd

prime p, and k = Q(
√
−m) is an imaginary quadratic field of discriminant

ℓ = −m such that −m < −4 and (m, p) = 1. We put ω = r+
√
−m
2 , where

r = 1 if −m ≡ 1 (mod 4) and r = 0 otherwise. In this case the integer ring
ZK of K coincides with Z[ζp, ω].

Assume that an integer ξ ∈ ZK satisfies Z[ξ] = ZK . Let σ and τ be non-
trivial elements of Gal(K/k) and of Gal(K/kp), respectively. In particular,
we have

√
−m

τ
= −

√
−m. Then Lemma 2.2 implies that the partial different

ξστ = ξ − ξστ is a unit. Let k+p = Q(ζp + ζ−1
p ). Applying Lemma 2.1 we put

ξ = α0 + α1ζp + (β0 + β1ζp)
r +

√
−m

2

with α0, α1, β0, β1 ∈ Zk+p
= Z[ζp + ζ−1

p ]. Assume that σ satisfies ζσp = ζ−1
p .

Then

ξστ = ξ − ξστ =
2α1 + rβ1

2
(ζp − ζ−1

p ) +
2β0 + β1(ζp + ζ−1

p )

2

√
−m.

We also see from Lemma 2.2 that the ratio

ε =
ξ − ξσ

ζp − ζσp
=

2α1 + rβ1
2

+
β1
2

√
−m

is a unit. Since α = 2α1 + rβ1 and β1 are real, it follows that

NK/kp(ε) = εετ =
α2

4
+

β2
1

4
m ≥ m

4
β2
1 .

Similarly, (εετ )ρ ≥ m
4 (β

ρ
1)

2 for any ρ ∈ Gal(kp/Q) and α, β1 ∈ k+p . Suppose
that β1 ̸= 0. Since β1 is an integer and m > 4 we obtain

NK/Q(ε) = Nkp/Q(εε
τ ) ≥

(
m

4

)p−1

Nkp/Q(β
2
1) > 1.

This contradicts ε being a unit. Therefore β1 = 0. Note that α1 = ε is a
unit. Returning to ξστ we have ξστ = ξ − ξστ = α1(ζp − ζ−1

p ) + β0
√
−m and

for η = NK/kp(ξστ ),

η = ξστ · ξτστ = α2
1(ζp − ζ−1

p )2 + β2
0m.

Hence the congruence η ≡ α2
1(ζp − ζ−1

p )2 (modmZk+p
) holds in k+p . Since
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Nk+p /Q(α
2
1) = 1 and

Nk+p /Q(ζp − ζ−1
p )2 = ±Nkp/Q(ζp − ζ−1

p ) = ±p,

we have Nk+p /Q(η) ≡ ±p (modm). We notice that η is a unit in k+p and
Nk+p /Q(η) = ±1. Hence m divides p + 1 or p − 1. Therefore, if p + 1 and
p− 1 are not divisible by m then K is non-monogenic. Thus we have proved
Theorem A when ℓ = −m < 0.

Proof of Theorem A for ℓ > 0. Let kp = Q(ζp) for an odd prime p and
k = Q(

√
ℓ) with dk = ℓ > 4 and (p, ℓ) = 1, and put K = kpk. Assume

that K is monogenic and let ξ be an integer in K such that Z[ξ] = ZK .
Let ℓ ≡ 1 (mod 4) and put ω = 1+

√
ℓ

2 . Then ξ can be written as ξ = α0 +
α1ζp + (β0 + β1ζp)ω with α0, α1, β0, β1 ∈ Z[ζp + ζ−1

p ]. Let σ ∈ Gal(K/k)

and τ ∈ Gal(K/kp) be such that ζσp = ζ−1
p and

√
ℓ
τ
= −

√
ℓ. Then a partial

different satisfies

ξστ = ξ − ξστ =
2α1 + β1

2
(ζp − ζ−1

p ) +
2β0 + β1(ζp + ζ−1

p )

2

√
ℓ.

Put E = 2α1 + β1 and F = 2β0 + β1(ζp + ζ−1
p ). Since (ζp − ζ−1

p )2 < 0
and E,F ∈ R, it follows that

|NK/kp(ξστ )| = |ξστξτστ | = −(ζp − ζ−1
p )2

E2

4
+

F 2

4
ℓ ≥ ℓ

4
F 2.

We also see that |(ξστξτστ )ρ| ≥ ℓ
4(F

2)ρ for any ρ ∈ Gal(kp/Q).
(i) If F ̸= 0 then

|NK/Q(ξστ )| = |Nkp/Q(ξστξ
τ
στ )| ≥

(
ℓ

4

)p−1

Nkp/Q(F
2) > 1

because F is an integer and ℓ > 4. This contradicts ξστ being a unit.
(ii) If F = 0 then 2ξστ = E(ζp − ζ−1

p ) ≡ 0 (modP), where P = (1− ζp)
is the prime ideal of Zkp generated by 1 − ζp. Since (2,P) = 1, we have
ξστ ≡ 0 (modP). This is impossible because ξστ is a unit.

Therefore by (i) and (ii) the field K is non-monogenic. We obtain the
same conclusion when ℓ ≡ 0 (mod 4) and ω =

√
ℓ/2.

Remark 2.2. For a fixed odd prime p there are only a finite number of
imaginary quadratic fields k = Q(

√
ℓ) such that kpk are monogenic, because

if the discriminant ℓ of an imaginary quadratic field k is less than −(p+ 1),
then by Theorem A the field kpk is non-monogenic.

Problem 2.1. Extend Theorem A to the non-cyclic but abelian fields
Q(ζm,

√
ℓ) of conductor ℓ·m with a squarefree ℓ ̸=−4,−3 and m=

∏
j p

ej
j ̸=3

with odd primes pj .
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In [9], the non-monogenity of non-cyclic, but abelian fields of conductor
3 · pe with a prime p > 3 is investigated.

Related to Theorem A, we produce a non-monogenic family of non-Galois
composite fields K = LM with (dL, dM ) = 1.

Note 2.1. There exist infinitely many non-monogenic, non-Galois sextic
fields K = LM , where L = Q( 3

√
5) and M = Q(

√
n) for squarefree integers

n ≤ −7 such that (dL, dM ) = 1, n ≡ 1 (mod 4) and n ≡ ±2 (mod 5).

Proof. Let ZL = Z[1, θ, θ2] and ZM = Z[1, ω] with θ = 3
√
5 and ω =

1+
√
n

2 . Due to (dL, dM ) = 1 we have ZK = Z[1, θ, θ2, ω, θω, θ2ω], and hence
dK = d2L · d3M = d2L · n3 with dL = −3352. Let Iso(L/Q) = ⟨σ⟩ and
Gal(M/Q) = ⟨τ⟩. Then for any integer ξ ∈ ZK such that ξ = β1 + β2ω
with βj ∈ ZL, j = 1, 2, using ωτ = −ω + 1 we have the partial different

Dστ (ξ) = ξ − ξστ = β1 + β2ω − (βσ
1 + βσ

2ω
τ )

= β1 − βσ
1 − βσ

2 + (β2 + βσ
2 )ω.

Since θσ = ζθ for a cubic root ζ of unity, Dστ (ξ) is contained in K1 = K(ζ).
Let β1 = a0 + a1θ + a2θ

2, β2 = b0 + b1θ + b2θ
2 with ai, bi ∈ Z, and put

γ1 = β1 − βσ
1 − βσ

2 and γ2 = β2 + βσ
2 . Then γ1 = −b+ γ3θ and γ2 = 2b+ γ4θ

with b = b0 and γ3, γ4 ∈ ZK1 . Hence Dστ (ξ) = b
√
n+ γθ for some γ ∈ ZK1 .

Assume that ZK = Z[ξ]. Considering

D = NK1/K(Dστ (ξ)) = Dστ (ξ)Dστ (ξ)
ρ = Dστ (ξ)Dσ2τ (ξ) = b2n+ δθ,

where Gal(K1/K) = ⟨ρ⟩ and δ ∈ ZK , we obtain

NK/M (D) = (b3n)2n+ 5c+ 5dω with c, d ∈ Z.

Since Dστ (ξ) is a unit of ZK1 by Remark 2.1, it follows that NK/M (D) is
a unit of ZM , and therefore is equal to ±1. Assume that b ̸= 0. Hence we
see that n is a square residue modulo 5. This contradicts the condition n ≡
±2 (mod 5). If b = 0, then NK/M (D) ≡ 0 (mod 5ZM ), which is impossible.

3. Proof of Theorem B. Let K = Lk be a composite field of the
maximal real subfield L = k+n of the nth cyclotomic field kn for n ≥ 5
with n ̸≡ 2 (mod 4) and an imaginary quadratic field k = Q(

√
−m) of

discriminant −m = dk < −4 such that (m,n) = 1. We put ω = r+
√
−m
2

with r = 1 if −m ≡ 1 (mod 4) and r = 0 otherwise. Then ZK = ZLZk =
ZL[ω]. Since n ̸≡ 2 (mod 4), the condition (m,n) = 1 is equivalent to the
discriminants of L and k being coprime.

Assume that an integer ξ ∈ ZK satisfies Z[ξ] = ZK . We write ξ =
α+βω with α, β ∈ ZL. Denote by τ the element of Gal(K/L) with

√
−m

τ
=

−
√
−m. Let σ be a non-trivial element of GK/k = Gal(K/k). Then we see
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by Lemma 2.2 that

ξστ = ξ − ξστ = α− ασ +
r(β − βσ)

2
+

β + βσ

2

√
−m

is a unit.
We claim that β + βσ ̸= 0 for some ι ̸= σ ∈ GK/k. Indeed, if β + βσ = 0

for all σ ̸= ι then (β2)σ = (βσ)2 = β2 for all σ and hence β2 ∈ Z. On the
other hand, Lemma 2.2 also implies that the ratio

β =
ξ − ξτ

ω − ωτ

is a unit. Since β is real, we deduce β2 = 1. Then β+βσ = ±2 ̸= 0 for σ ̸= ι,
which is a contradiction Hence our claim is shown. Next we may assume
β + βσ ̸= 0. Putting γ = α− ασ + r(β−βσ)

2 and δ = β + βσ, we obtain

NK/L(ξστ ) = ξστξ
τ
στ =

(
γ + δ

√
−m

2

)(
γ − δ

√
−m

2

)
= γ2 +

m

4
δ2 ≥ m

4
δ2

because γ, δ are real. For any ρ ∈ GK/k we also have ξρστ (ξ
ρ
στ )τ ≥ m

4 (δ
ρ)2.

Since δ is an integer and m > 4 it follows that

NK/Q(ξστ ) = NL/Q(ξστξ
τ
στ ) ≥

(
m

4

)[L:Q]

NL/Q(δ
2) > 1.

This contradicts ξστ being a unit. Hence Theorem B is proved.

Remark 3.1. In Theorem B the field K = k+n k is a non-cyclic abelian
extension of Q unless Gal(k+n /Q) is a cyclic group of odd order. On the other
hand, if n = 2s with odd s, then the discriminant dL of L = k+n = k+s is
not divisible by 2, and hence the condition (m,n) = 1 with n ̸≡ 2 (mod 4)
is stronger than (dk, dL) = 1. We have k+6 = Q and K = k+6 k = Q(

√
−m),

which are cyclic and monogenic.

Remark 3.2. In [3] I. Gaál considered the monogenity of a composite
field K = LM of a totally real number field L and an imaginary quadratic
field M such that dL and dM < −4 are coprime, and proved that K can only
be monogenic if L is monogenic. We know that k+n is monogenic. However,
Theorem B gives an example of a monogenic, totally real number field L
such that K = LM is non-monogenic.

4. Proof of Theorem C. The case of q = 22pn with an odd prime p in
[9, Theorem 2] is generalized in Theorem C.

Proof. Let q = 2rn with r ≥ 2 and (n, 2) = 1, and take an integer a such
that

a ≡ 2r−1 − 1 (mod 2r), a ≡ −1 (mod n).
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Then (a, q) = 1 and the element σ ∈ Gal(kq/Q) induced by ζ 7→ ζa = −ζ−1

has order 2. Hence K = Q(ζ − ζ−1) is the fixed field of σ. Since the ring of
integers in kq is Z[ζ], we have ZK = Z[ζ]∩K. Using ζi = ζi−1(ζ−ζ−1)+ζi−2

for i ≥ 2, we can show by induction on i that

ζi ∈ Z[ζ − ζ−1] + ζZ[ζ − ζ−1].

This implies
Z[ζ] = Z[ζ − ζ−1] + ζZ[ζ − ζ−1].

For any α = β + γζ ∈ Z[ζ] with β, γ ∈ Z[ζ − ζ−1], we see that α ∈ K if and
only if α − ασ = γ(ζ + ζ−1) = 0, hence γ = 0, that is, α = β ∈ Z[ζ − ζ−1].
This proves that Z[ζ] ∩K = Z[ζ − ζ−1].

5. Examples. In this section we provide two typical classes of number
fields for which we can apply Theorem A.

(AI) A field K of degree 12 with an imaginary quadratic subfield k.
By Theorem A, we choose an abelian but non-cyclic field K with degree
[K : Q] = 12 of conductor 7 · 11, i.e. p = 7 and −ℓ = −11, which is the
second simplest example after the first octic field k5 · Q(

√
−7) in [7]. Let

K be the composite field of the imaginary quadratic field k = Q(
√
−11)

with ω = 1+
√
−11
2 and the cyclotomic field K = Q(ζ) with a primitive 7th

root ζ of unity. Then we have dK = d
[k:Q]
k7

· (−ℓ)[k7:Q] = (75)2 · (−11)6. Here
the irreducible polynomial f(x) with f(ζω) = 0 of degree 12 is obtained as
follows. Let h(x) = Nk+7 /Q(x− ζ · ω). Then

h(x) = (x− ζ · ω)(x− ζ · ω)σ3
= x2 − (ζ + ζ−1)ωx+ ω2, ω2 = ω − 3.

Let η denote the Gauß period ζ+ζ−1 satisfying the cubic equation x3+x2−
2x− 1 = 0. Since η = x2+ω−3

ωx , denote

g(x) = (ωx)3
{(

x2 + ω − 3

ωx

)3

+

(
x2 + ω − 3

ωx

)2

− 2
x2 + ω − 3

ωx
− 1

}
.

Put fI(x) = Nk/Q(g(x)). Here g(x) can be written in the form g(x) = g1(x)+
ωg2(x) with polynomials gj(x) ∈ Z[x], j = 1, 2. Then ξ = ζω is a root of an
irreducible polynomial

fI(x) = g1(x)
2 + Tk/Q(ω)g1(x)g2(x) +Nk/Q(ω)g2(x)

2

= (x6 − 3 · x4 − 3 · x3 + 6 · x2 + 15 · x− 3)2

+ (x6 − 3 · x4 − 3 · x3 + 6 · x2 + 15 · x− 3)

· (x5 + x4 + 2 · x3 − 9 · x2 + x+ 16)

+ 3 · (x5 + x4 + 2 · x3 − 9 · x2 + x+ 16)2.

Then the polynomial discriminant of fI(x) is equal to (315 · 135)2 · dK .
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(AII) A field K of degree 12 with a real quadratic subfield k. We select
a non-cyclic, but abelian field K = Q(ζ,

√
5) of degree [K : Q] = 12 with

conductor 7 · 5, i.e. p = 7 and ℓ = 5, and the field discriminant dK =
(75)2 ·(5)6. Let ξ = ζ ·ω ∈ ZK . Then ξ is a root of the irreducible polynomial
fII(x) = x12 + · · · ± 1, fII(ξ) = 0, because ζω with ω = 1+

√
5

2 is a unit. Then
fII(x) is obtained as in (AI). We have

g(x) = (x6 + x4 + 3 · x3 + 2 · x2 + 3 · x+ 5)

+ (x5 + x4 + 2 · x3 + 3 · x2 + 5 · x+ 8)ω,

and hence

fII(x) = Nk/Q(g(x)) = (x6 + x4 + 3 · x3 + 2 · x2 + 3 · x+ 5)2

+ Tk/Q(ω)(x
6 + x4 + 3 · x3 + 2 · x2 + 3 · x+ 5)

· (x5 + x4 + 2 · x3 + 3 · x2 + 5 · x+ 8)

+Nk/Q(ω)(x
5 + x4 + 2 · x3 + 3 · x2 + 5 · x+ 8)2.

Then the polynomial discriminant of fII(x) is equal to (135)2 · dK .

All calculations have been made by using GP/PARI.

Now we describe how to apply Theorem A to these examples. Let ζ = ζn
be a primitive nth root of unity for n ≥ 3 with n ̸≡ 2 (mod4), and put
kn = Q(ζ). Let K = knk be a composite field of kn and a quadratic field
k = Q(

√
m) of discriminant m = dk such that (m,n) = 1. We put ω = r+

√
m

2
with r = 1 if m ≡ 1 (mod 4) and r = 0 otherwise. Observe that ZK = Z[ζω]
if m = −3,−4. Furthermore, if m = −4 the integer ring of the field K ′ =
Q(ζ + ζ−1, ω) is Z[(ζ + ζ−1)ω] as mentioned in Remark 1.1. So it seemed to
be interesting to search the fields K = knk such that ZK = Z[ζω].

Recall that the discriminant dK is equal to d2knd
f
k with f = [Kn : Q] and

dK(ζω) = dKNK/Q(ω)
∏
σ ̸=ι

NK/Q(ζω − ζσωτ ),

where σ runs over the non-trivial elements of Gal(K/k) and τ is the non-
trivial element of Gal(K/kn). We calculated the values of dK(ζω) when
(n,m) = (7,−11) and (n,m) = (7, 5) by GP/PARI as follows: dK(ζω) =
3301310dK if (n,m) = (7,−11) and dK(ζω) = 1330dK if (n,m) = (7, 5).
When m is different from −3,−4, and 5, it is immediately seen that NK/Q(ω)
> 1 and hence |dK(ζω)| > |dK |. If (n,m) = (7, 5) our calculation implies
that |NK/Q(ζω − ζσωτ )| > 1 for some σ because NK/Q(ω) = 1. In general,
let m ≥ 5 and σ be such that ζσ = ζ−1. Then

|(ζω − ζσωτ )(ζωτ − ζσω)| = 1

4
|(ζ − ζ−1)2r2 − (ζ + ζ−1)2m|.



Monogenity for certain non-cyclic abelian extension fields 11

Since (ζ − ζ−1)2 < 0, it follows that

|NK/Q(ζω − ζσωτ )| ≥ m

4
Nkn/k(ζ + ζ−1)2 > 1.

Hence |dK(ζω)| > |dK | is also valid. Consequently, since |dK(ζω)| > |dK | we
have Z[ζω] ̸= ZK if |m| > 4.

However, our consideration of the norm NK/Q(ζω − ζσωτ ) indicated a
method of showing |NK/Q(ξ−ξστ )| > 1 for a general integer ξ ∈ ZK . Making
use of this method we have presented two classes of non-monogenic composite
fields K = knk as stated in Theorem A. Without these prototypes, it would
have been difficult to construct a generalized Theorem A.
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