COLLOQUIUM MATHEMATICUM

Online First version

MFEAN VALUES OF ARITHMETIC FUNCTIONS ON A SPARSE SET
AND APPLICATIONS

BY

HENGCAI TANG and JIE WU

Abstract. Let f be an arithmetic function satisfying some simple conditions. The
aim of this paper is to establish some asymptotic estimates for the quantities

vile) =2 amf([1]), mr@ =3 r([7])

for z — oo, where A(n) is the von Mangoldt function and [t] is the integer part of ¢ € R.
These generalise or sharpen some recent results of Saito—Suzuki-Takeda—Yoshida. As an

application, we show that
1 T
1 ~ - .
2 v (; p(p+ 1)) log

p<z, [z/p] is prime

1. Introduction. A fundamental question in analytic number theory is
to study the asymptotic behaviour of the counting summatory function of
arithmetic functions. A typical example is the Dirichlet divisor problem: Let
7(n) be the number of divisors of n. Then for  — oo, we have

Z 7(n) = zlogz + (2 — D + O(z'/?),
n<z

where v is the Euler constant. Notice that

(1.1) IEOEDS [Z]

n<x n<x

where [t] denotes the integer part of ¢ € R. It seems natural to consider a
more general problem
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so that (|1.1)) corresponds the case of f = id. An interesting aspect of this
problem is that the set

suy_{ﬁ]meNmuw@

is sparse in NN [1, z], since

S@)| ~ 2z

T—00
Because the Euler function ¢ is the convolution ¢ = id % p of the identity
function id and the Mobius function p, we could think that ¢ is rather
close to id. Bordellés, Dai, Heyman, Pan and Shparlinski [2] proposed to
investigate the asymptotic behaviour of the summatory function S,(x) as
x — o0, and proved the following inequalities:

2629 6 2620 6 1380
12) (2202 logz < 1))z log .
(12) <4oo9 2ol )>m 08w < Sp(w) < (4009 =2 " 1009 T )>w 08T

They also conjectured that

(1.3) So(z) ~ “rloga.

z—00 T2
The bounds in (1.2) have been sharpened by Wu [I5]. Recently Zhai [17]
resolved the conjecture ((1.3) by the Vinogradov method, and a more general
result has been established by Ma, Wu and Zhao [§|. Let r1, 72,73 be three
non-decreasing functions defined on [1, co[ such that
(14) 1< T](CL') < ' (-T >1, ] = 15253)7 T‘3(SC) X,

T—00

where 7; € [0,1] are constants. Let f = id * g be an arithmetic function
satisfying the following conditions:

(1.5) [f(n)] <nri(n)  (n>1),
(1.6) D lgn)| < aro(z) (x> 1),
(1.7) Zg(n) = Dyx +O(z/r3(x)) (x> 1),

where D, is a constant (possibly 0). Ma, Wu and Zhao [§] proved that for
any constant A > 0, the asymptotic formula

(1.8) S¢(x) = Crrlogx + Ox(2R(x, 2))
holds uniformly for z > 3 and 1 < z < exp{ A/3(log )?/3(log, z)'/3}, where
(1.9) Cy:= 9(n)

2
n
n=1
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and

ro(x/z) n ro(x/z)logx n zlogx
(log z)4 z r3(vz/z)
When f = ¢, we can take A =1 and choose

r(z) =ra(x) =1, r3(z) = exp(—c(logz)*°(logy )~ /%), z=logz,

where log;, is the k-fold iterated logarithm and ¢ > 0 is a positive constant.

Thus gives Zhai’s result .

For small arithmetic functions, i.e., f(n) < n’ (n > 1) with some 6 €
[0, 1[, many authors also studied the asymptotic behaviour of S¢(z); see [2,
16l 17, 201, 12), 3]. In particular, Wu [16] and Zhai [I7] proved independently

S¢(x) =cpa+ O(z170/2) (2 = c0),

R(z, 2) := (log )*/3(logy 2)"/3r1 () +

where
1.1
(1.10) z:: n+1

Very recently Saito, Suzuki, Takeda and Yoshida [II] considered a prime
analogue of S¢(x). Let £2(n) be the number of all prime factors of n. Then
it is well known that

S om =Y [ﬂ —zlogyz+O(x) (z— 00).

n<x p<lz
Let A(n) be the von Mangoldt function and define

(1.11) by(e) = ZA(”)f([ZD’ Zf([ D

n<lx p<zx

In [I1, Theorems 7 and 9] it was proved that for x — oo,
(1.12) Yo(x) = %a: logz 4+ O(z(log )% (log, x)l/g)
0
and
2 2 2
(1.13) e logy .+ O(zlogz z) < my(x) < - + 3)7 logy z + O(z logs ).

In [I1], Saito, Suzuki, Takeda and Yoshida also studied the asymptotic be-
haviour of ¢¢(x) and m¢(x) for small arithmetic functions. Suppose that f
satisfies the following conditions:

(a) There is a constant o > 0 such that

(1.14) » o |f < (logz)® (x> 2).

n<z
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(b) There is a constant 6 € [0,1/2[ such that
(1.15) f(n)<n® (n>1).

Then by [II, Theorems 5 and 6] there is a positive constant ¢ > 0 such that
for r — oo,

(1.16) Yr(x) = crr + O(x exp(—cy/log x))
and for any non-negative integer K,
K
_ ar(f) x
(1.17) mylw) = log x kZO (log z)k + OK<(log:n)K+2>’

where c; is defined as in (1.10]) and

< u og u k
(1.18) ar(f) = | f([])l(;g)du.

1
The aim of this paper is to generalize and sharpen these results.

THEOREM 1.1.

1) Let e an arithmetic function satisfying conditions (|1.5)—(1.7]). en

(i) Let f b thmetic function satisfying conditions (LH)~(L7). Th
for any A > 1, there exists a positive constant B = B(A) such that the
asymptotic formula

(1.19) Yi(x) = Cralogr + Oa(xRy(x, 2))
holds uniformly for x > 3 and (logz)? < z < z'/12 where Cy is defined
as in (1.9) and

(1.20) Ry(x,2) := (log )23 (logy )37 ()

ro(z/z) log x zlogx

(logz)A = ry(al/t/z) = ra(x/z)
Here the implied constant depends on A only.

(ii) Let f be an arithmetic function satisfying condition (1.7) and there is a
positive constant ¢ < 1 such that one of the two conditions

(1.21) fo=1) <ef(Wp or flp—1)>c ' f(L)p>0
holds for infinitely many prime numbers p. Then the error term of (|1.19)
is £2(x).

As applications of Theorem we consider four special arithmetic func-
tions:

_l’_

— the Euler function ¢(n),

— the alternating sum-of-divisors function 5(n),
— the sum-of-divisors function o(n),

— the Dedekind function ¥ (n).
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We have the following relations:

(1.22) p=idxp, B=idx), oc=idx1, ¥ =idsx*u?

where A(n) := (—1)?( is the Liouville function and ]l( ) =1 for all n € N*.
It is well known that they satisfy conditions and -

COROLLARY 1.2.

(i) For z — oo, we have

(1.23) () = %xlogw + O(z(log z) )23 (log, ) 1/3),
(1.24) Yg(x) = ixlog:z: + O(w (log x) 2/3 (logy ) 1/3),
(1.25) Vo (x) = 7r62x10ga: + O(z(log z) )23 (log, ) 4/3),
(1.26) Yo () = gxlogx + O(z(log x) )%/3(log, x) 4/3)

(ii) The error terms of (1.23)—(1.26) are £2(x)

The next theorem generalizes Saito—Suzuki-Takeda—Yoshida’s ((1.13)).
THEOREM 1.3.

(i) Let f be an arithmetic function satisfying the conditions 0 < f(n) <
Cn (n > 1) and (1.6) and (1.7). Then for any A > 1, there exists a
positive constant B = B(A) such that

C
(1.27) ?fxlogQ x+ O0g(2Rx(x,2)) < 7p(x)

Cr+2C
< %x10g2$ + OA(.’ERW({L‘, Z))
uniformly for x >3 and (logx)? < z < 212, where Cy := 3, %
and
(1.28) Ra(z,2) :=loggx + ra(z/2) log x zlogx

(loga)d " ra(@l/i/z) " ra(x/z)
Here the implied constant depends on A only.

(i1) In particular, (1.13)) is true and

2 2 30
(1.29) Z—Bxlog2$+ O(zloggz) < mg(x) < i

xlogy x + O(xlogs x).

For small arithmetic functions, we have the following results which im-
prove Saito—Suzuki-Takeda—Yoshida’s and (| -

THEOREM 1.4. Let f : N — C be an amthmetzc function satisfying
(1.30) fn)<n® (n>1)

with some constant 6 € [0, 1].
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(i) There exists a positive constant ¢y > 0 such that for x — oo, we have
(1.31) V5(x) = ey + Oz exp(—ci(log 1)/ (logy ) 71/%)),

where cy is defined as in ((1.10)).
(ii) Furthermore, if f also satisfies condition (1.14)), then the error term in

(1.31) can be replaced by O(x exp(—c;(log x)3/°(logy :c)_l/5)).
THEOREM 1.5. Let f : N — C be an arithmetic function satisfying ((1.30)).

(i) There exists a positive constant ca > 0 such that for x — oo, we have

22/7
)
S u210g(x/u)d

+ O( exp(—cz(log )3 (log, $)_1/3)).

Furthermore, if f satisfies condition (1.14)), then the error term in ((1.31)
can be replaced by O(z exp(—ca(log 2)3/° (logy )~ 1/%)).
(ii) For any non-negative integer K, the asymptotic formula (1.17)) holds.

(1.32) mp(x) =w

As an application, we have the following result.

COROLLARY 1.6. For x — oo, we have

2/7

1. E _
( 33) v - 1l =2 S u21 (x/u>du
p<x, [x/p] is prime 1

+ Oz exp(—c(log 2)*/*(log, 2)7/%))

- (Simrnmatt o)

where 1p is the characteristic function of the set P of all prime numbers.

In the sum on the right-hand side of (1.33)), we count prime numbers p
with multiplicity. It seems more interesting to count without multiplicity.
For this we introduce

ws(z) = Z 1 and wsa(x):= Z 1.
p<z pz
Insuchthat [z/n]=p 3p’ such that [z/p']=p
According to [6], we have

Ts(x) ~22'/%/logz  as  — oo.

A stronger result can be found in [9].
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THEOREM 1.7.

(i) For x — oo, we have msa(x) > ©'9/% /log x.
(ii) Let w(x) be the number of primes < x and let € be an arbitrarily small
positive number. Suppose that for y = (logx)>*¢, the inequality
(1.34) m(x+y) —7(z) > y/logx
holds for x — co. Then Tsa(z) >. x'/?/(log z)**e.
Noticing that n and [z/n] are symmetric with respect to z'/2 logarith—

mically, it seems interesting to compare Corollary [I.6] and Theorem [T.4] with
Goldbach’s conjecture and the twin prime conjecture:

p—1 1 N
2 2 L H( “ )

p<N,N—pisprime N—00 2<p\N p>2
2 2]1(1 ,
. T—00 (log )2
p<z,p+2isprime p>2

We refer the reader to Granville-Lumley’s paper [5] for the hypothesis (1.34)).

2. Preliminary lemmas. In this section, we recall some lemmas which
will be needed later. The first one is the Vaughan identity [14], formula (3)].

LEMMA 2.1. There are siz real arithmetic functions ag(n) satisfying
lak(n)] < 7(n)log(2n) (n>1,1<k<6)
such that, for all N > 100, N < N’ < 2N and any arithmetic function a(n),

we have
(2.1) > An = S1 + S2 + S3 + S,

N<n<N’

where T(n) is the classical divisor function and

Sy = Z ay () Z a(fm),

I<N1/3 N<tm<N’
Spi= Y ) D (logm)a(tm),
I<N1/3 N<tm<N'

Sy 1= Z Z asz(f)ag(m)a(mn),
N1/3<gm<N2/3
N<tm<N’

Sy = Z Z as(O)ag(m)a(fm).
N1/3<g,m<N2/3
N<tm<N’
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The second lemma is [4, Theorem A.6].

LEMMA 2.2. Let ¢(t) :=t —[t] —1/2 for t € R. For x, H > 1, we have

(2.2) Pla)=— 3 QB(H}—LF1> 62(7’:;3 + Ry (2),

1<|h|<H

where
e(t) := 2™t @(t) := 7wt(1 — |t]) cot(nt) + |t],

and the error term Ry (x) satisfies

1 |h|
(2.3) |RH(x)|§2H+2 > (1—H+1)e(hx).

0<|h|<H

The third lemma is an estimate of an exponential sum of Vinogradov
type.

LEMMA 2.3. For any A > 1, there is a positive constant B = B(A) > 0
such that

(2.4) > e(T/n) < N(logT)™*
N<n<N'

uniformly for
(2.5)  exp(B(logT)*3(logy, T)'/?) < N < T(logT)"B, N < N’ < 2N,
where the implied constant depends on A only.

Proof. According to [19, Lemma 2.2], there is a positive constant ¢; such
that

S e(T/n) < Nexp(—ci(log NY/(log T)?)
N<n<N’

uniformly for N < T2/3. This implies (2.4) provided that
exp(B(log T)*?(logy T)Y/3) < N < T*? with B = (A/c1)Y.

Next we suppose that T%% < N < T(logT)~F with B = A. Applying
the exponent pair (1/6,4/6) (see [4]), we get
> e(T/n) < (T/N)VSN*S 4+ (T/N)T'N
N<n<N'
- < (TN®)Y6 + T7'N? < N(logT)™.

Combining these, we get the required result with B = max(A, {/A/c1). =
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The fourth lemma is [19, Lemma 2.4].

LEMMA 2.4. Assume that the arithmetic function f satisfies conditions

and . Then

Z— |2 2 z

(2.6) S fln) = 5Cpa® - ngw
= xra(x/z) Tz B o
+0< : +r3(x/z)) Ay, 2)

uniformly for x > 2 and 1 < z < z}/3, where the constant Cy is defined as

n and
_ g(d) (=
(2.7) Ag(z,2) :=x Z 71/1 <d>

Furthermore, for x > 2 we have

(2.8) Z f(n) = %Cfxz + O(z(log x)ra(x)).

n<x

3. Bound on an average of A,. The aim of this section is to prove the

following proposition, which will play a key role in the proof of Theorems
and

PROPOSITION 3.1. Assume that the arithmetic function f satisfies ((1.6))

and (1.7). Let § € {0,1}, n > %, A > 1 and let B be the constant determined

by Lemma below. Define

(3.1) No := exp(B(log z)*3(log, x)l/g).
Let Ag(x,z) be defined by (2.7). Then
x
(3.2) AV (a,z) = Y A(n)Ag(ﬁ —, z)
No<n<zl/n
xre(x/2) xlogx
A gyt T (1)
and
. x
(3.3) ATs(z,2) = Y AQ(E 5, z)
No<p<al/n
xro(x/z) xlog x

S (ogn)d T ry(at1nz)
uniformly for x > 10 and (logz)? < z < /12,

In order to prove Proposition (3.1, we need to establish the following
lemma. This lemma is essentially due to Liu [7] (see also [13, Lemmas 6, 7, 12]
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and |11, Lemma 22]). For convenience, we give a complete (and simpler)
proof.

LEMMA 3.2. Let (t) .=t — [t] —

% fort € R and v € R. Then for any
A > 1, there is a constant B = B(A) > 2

2A 4+ 8 such that the inequalities

(3.4) Z(x;N,N'): Z A(n < L> <4 N(log )~ A+

N<n<N'
and

An) [z _a
(3.5) Z — <n - L) <4 (logx)™,

N<n<N'
1 X _A
(3.6) > == —1) <a (logx)
N<p<N' p p

hold uniformly for x > 10 and
(3.7)  exp(B(logz)*3(logy 2)/3) < N < z(logz)™8, N < N’ <2N.
The implied constants depend on A and are independent of .

Proof. First we prove . Using (2.2)), for any H > 1 we can write

E(@;N,N)=- Y 45<Hh+1) th > A ( >

1<|h|<H N<n<N

- T i)

N<n<N'

In view of (2.3)), it follows that

h
S(w; N, N')| < ] An
|Z(@; N, N')| < Z <H+1> 2771h Z < )‘
V<R N<n<N’
1 1] ha
tomra 2 (1 H+1> (k0 2 A(n)e<n>'
o< H N<n<N'

Noticing that 0 < &(t) < 1 (0 < [t/ < 1) and using the prime number
theorem:

(38) > A(n) ==z + O(zexp(—c(logz)*?(logy z)71/%)) (x> 3),

where ¢ > 0 is a positive constant, we can derive, for any H € [1, N],

2l

N
(3.9) E(@; NN < 5+ Z
1<h<H
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For the last inner sum, we apply the Vaughan identity (2.1)) to write

hx
(3.10) > A(n)e<n> =61+ 6y + &3+ Gy,

N<n<N’

where

Gri= > a(d) > e(Z‘;),

d<N1/3 N<dt<N'
hx
Sy = Z as(d) Z (10g€)e<d€>,
d<N1/3 N<dt<N'
hx
Gsi= > Y 063(d)044(f)e<£>v
N1/3<de<N2/3
N<dt<N'
64 = ZZ a5(d)a6(€)e hj
dl

NY/3<d 4<N?/3
N<dl<N'

The sums &; and G4 are said to be of type I, and &3 and &4 of type L.

A. Estimates of &1 and &y. Since N < z/(logz)? and d < N/ < z1/3,
we have

haz/d > z/d > (N/d)(logz)? > (N/d)(log(z/d))? and hz/d > 2%/
Thus, we can apply Lemma and the inequality oy (¢) < 7(¢)logx to get

(3.11) G < Y laa(d)|(N/d)(log(ha/d))~(AT?)
d<N1/3
< N(logz)~(A4+4) Z 7(d)/d < N(logz) (4+2)
(<N1/3

uniformly for 1 < h < H < N and x > 3. The same bound also holds for &,
since the factor logm in G5 can be removed by a simple partial integration.

B. Estimates of ©3 and &4. We shall only bound &3, since G4 can
be treated in the same way. For this, we shall use two different methods
according to the size of N:

exp(B(log2)?3(logy )'/3) < N <22 or 22 < N < z(logz)™ 5.

First we consider the first case. In view of the symmetry of the variables
d and ¢, we can suppose that NY/2 < d < N2/3. Thus using the bound
as(l) < 7(0)log x, we can derive
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&, < (logz) Z T(d)‘ Z as(f)e <Z§> ‘

N1/2<4<N2/3 N/d<¢<N'/d
hx
< (logz)? max Z 7(d) Z a4(£)e<) ,
NYZSDSN®/3 177 N/d<t<N'/d dt

where d ~ D means that D < d < 2D. By the Cauchy inequality,

2
8s* < (logz)® | max ,DZTW' 2 a4<e)e<]$)
d~D

NV2<D<N2/3 N/d<t<N'/d

h(¢'—£)x
7

< (logz)”  max DY Y rO)r() dENDT(d)e<dw>‘-

1/2<D<N2/3
NYESDENYE UNID e ~N/D

Separating the contribution of ¢ = ¢/ and ¢ # ¢/, we find that
(3.12) |63)° < (logx)'?

8 N1/2<D<N2/3 ( Z Z 7(¢)|S(D; ¢ gl)’)’

¢~N/D ¢/~N/D
I

where
h(l' —0)x
D: 0.0 = E —_— ).

Noticing that 7(d) = > ; 4,—q1 and using the symmetry of di and dz, we
can suppose that d; < dy and write

aw s 5 (M)

D<d1d2<2D

< (logz) max Z

<D1<D1/2
1<D1<D di~Dy

> ()|

dy~D/dy

Using the hypothesis N < 2/2 and ¢ # ¢', it is easy to verify that

h(t! — O)x x D
= LN/D)? = <d1>m1/4_

d, 0
Thus we can apply Lemma [2.3] to get

a:4/32Dx2'

D
S(D;¢,0") < (logx) max Z —(log )~ A3 « D(log x) =242,
1<Dy1<DV? = dy

Inserting this bound into (3.12)), we easily derive
(3.14) S3 < N(logz)~A+3)
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uniformly for 1 <h< H < N and x > 3. The same bound holds for G;4.

Combining (3.11]) and ( with ( -, it follows that
Z An ( > < N(logz)~(A+3)

N<n<N’

uniformly for 1 < h < H < N and z > 3. Inserting it into and taking
H = (logz)4*!, we obtain the required result (3-4).

Next we suppose that z1/2 < N < z(logz)~B. In , applying the
exponent pair (k,A) to the inner sum over d and using the fact that ¢,¢ ~
N/D with ¢ # ¢, we obtain

S(D; ¢, 1)
h|€/—£|l’ N h|f,—f|£L‘ !
< (log ) 1<5?3’131/2dz;) <<D(D/W> <d1> i <D(D/dl)w
1~

Rle — bz \" hle — 0z 1
<<(loga:)2<(| RE m) DA+R+A)/2 <| e |x> )

From this, we deduce that

max D > > 7(O)r()|S(D;L, )

N1/2<D<N?/3 {~N/D¥'~N/D
£
< (log z)® ((ha)* NT=5r:FN/4 o (hz) "I N3).

Inserting it into (3.12)) shows that
(3.15) S3 < (log a:)g(N5/6 + (ha)"2NT=5RHN/8 (ha:)*l/QN?’/Q).

The same bound also holds for &4. Combining (3.11)), (3.15) with (3.9)), it
follows that

E(IE; N, N/) < (logm)s (N5/6+NH—1+(x4nN7—5H+>\H4H)1/8+(:L,—IN3)1/2)
for all H € [1, N]. Optimizing H over [1, N] and using the hypothesis z/? <
N < z(logz)~ B, we find that
Z(z; N,N")
< (log .%')8(]\75/6 + (x4nN7—n+)\)1/(8+4n) + (x4nN7—5n+>\)1/8 + (:L'_lNS)l/Q)
< (log .%')8(]\75/6 +N(7+7/€+>\)/(8+4N) + N(7+3H+>\)/8 4 N(logzL‘)_B/g).

Taking (k,\) = (%, %), we obtain the required inequality (3.4). Then a

simple partial integration implies ([3.5).
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Finally, we prove ({3.6)). Under the condtion (3.7)), we have

logp T logp (log N)?
- <
E P < L) ’ E — < N

v v
N<pY<N',v>2 p p N<p¥<N' ,v>2

< exp(—(B/2)(log 2)*/%).
Thus, under the same condition, we have

logp ,(* _
> 56

N<p<N'

N<n<N'

From this, a simple partial integration gives us (3.6)). m
Now we are ready to prove Proposition [3.1]

Proof of Proposition , By (2.7), we can write

o s T i) 2 ()

No<n<zl/n d<(x/n—9)/z

_ A(n) gld) (x 6

= > S ) il
No<n<zl/n d<z/(nz)

+ O(|E1| + | E2l),
where the implied constant is absolute and

Er= Y Am) Y g(dd)((;—fl)

No<n<gl/n d<(z/n—98)/z

— A(n) gd) [z 6
Bp=e 3 == > Srv(gg)
No<n<zl/n (z/n—0)/2<d<z/(nz)

In view of the prime number theorem and the hypothesis (1.6]), we have

E < Z A(n Z |g << xl/”rz(a:/z)logx

ngxl/n d<£13/2

Since §/z < 1, the hypothesis (1.7 and the prime number theorem allow us
to deduce that

. o/ _ g~ A1
mse ¥ SRECSE <0 2 S e
xlog:c

S @ nfz)
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Inserting these into (3.16)) and inverting the order of summations, we get

" ot 1 zlogx
(B317) A s(w,2) = A 5(x,2) + O(m Mrg(z/2)logx + 7“3(551_1/"/Z)>
where
Ul ) g(d) Aln) (=0
Ays(a,z)=ua Z ¥ Z - P T a)
d<z/(Noz) No<n<min {2/, x/(dz)}
For 0 < k < (log(min {z'/", 2/(d2)}/Ny))/log2, let Ny := 2FNy and

define A(n) . 5

Sk(d) : ng;m . ¢<dn d>.
Noticing that Ng < Ny < z/(dz) < (x/d)(logz)™8 < (z/d)(log(z/d))~ B,
we can apply with ¢ = §/d to deduce that

Sk (d) < (log(z/d)) P < (logr) ™72,
since log(z/d) > log Ny > B(logz)*?. Note that the implied constant is
independent of ¢ /d. Inserting this into the expression of Aig (z,z) and using
the condition , we can deduce that

(3.18) Al )< Y '9?' > I8k

d<z/(Noz) 2k No<z/(dz)

Ty bl ante)

< logz) A1 (log z)A

d<z/z

Inserting (3.18]) into (3.17]), we obtain (3.2)).
The inequality (3.3) can be proved in the same way (the only difference

is to apply (3.6) in place of (3.5))). m

4. Proof of Theorem First, we divide the sum over n into three
parts:

(4.1) Vp(x) = hra(z) + ¥pa(@) + rs(x),
where
o) = 3 awr([2])
o= 5 o[
brole) = 52 A (12]):

Here Ny := exp(B(log x)%/3(logy 2)'/3) is defined as in (3.1)).
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In view of the hypothesis ((1.5)) and the prime number theorem (3.8)), we
have

(4.2) Yy (x Z A(n z) < zri(x) log Ny.

TL<N0

Noticing that d = [x/n} is equivalent to x/n — 1 < d < x/n and using
Lemma . 4] for any (logz)? < z < 212 (< (2/n)'/?) we can write

Yra(z)= Y Am) Y f(d)

N0<n<,7:3/4 z/n—1<d<z/n
_ (2 = [2])* + [2]
= Y A ){ cf<n—1>—Dg o
No<n<z3/4

(e ) 4w (o)}

where Ay(x,z) is defined by (2.7). With the help of (3.8) and (3.2) with

n= %, we easily see that

(4.3) VYro(x) = inxlogx+O<$r2(x/z) xzlogx xlog x )

(logz)? ~ rs(x/z) = r3(x1//z)
where we have removed the term xrq(x/z)(log z)/z (since it can be bounded

by zre(z/2)/(log z)4).
Finally, we evaluate 1!)]073(1,‘). Write

vralz)= Y f(d > A(n) = o} 4 (@) + ¥ 5(2),
d<zl/4 max {z/(d+1),23/4}<n<z/d

where

¢f3 Z fd Z A(n),

i</t f(d+)<n<a/d
Gawe= Y @Y A,
/4 1<d<zl/4 z/(d+1)<n<z/d

It is easy to bound wgpg(x). In view of ((1.5]), we have

f(d)
wﬁgg(ﬂ:) < z(logz) Z R
zl/4—1<d<zl/4

f([$1/4]) 3/4

< z(logx) A2 <Luw

ri(x)logx.

In order to estimate w} 4(z), first we recall Huxley’s prime number theorem
in short intervals (see [10]): For any € > 0,
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(4.4) > A(m) = {1 + O(exp(—c(log 2)'/*(log, z)1/%)},
z<n<z+y
T
(45) > 1= | gt Olexp(—elloga) ¥(ogy ) 1))
r<p<lz+y x

hold uniformly for x > 3 and g7/ 12+e <y < z. When d < 931/4, we have
x/d > 2%* and x/(d(d + 1)) > (x/(d 4 1))*/°. Thus we can apply [@.4) to
deduce that

Uhy(a Z fd d+1 — {1+ O(exp(—c(logz)"/* (logy ) ~/)}.

21/4

On the other hand, by it follows that

Z Z Z f(d)
d<z1/4 d d + b x1/4 d<zl/4 *(d+1)

x1/4
= | t72d(3Cs? + O(tra(t) logt)) + O(1)
1—
=1Crlogz 4+ O(1).
Combining these estimates, we find that

(4.6) Yrs(z) = 1Crxlogz + Oz + 234 (2) log ).

Now the required result ([1.19)) follows from (4.1]), (4.2), (4.3) and (4.6]).

Finally, we prove the second assertion. Let E(x) be the error term of

(T19). ie.

Yr(x) = Cralogar + E(x),
and define E*(x) := max {|E(z)|,|E(x — 1)|}.
Putting d = [z/n], we have z/n—1 < d < z/nand z/(d+1) <n < z/d.
Thus,

D)= fd) Y Am)=) f@An) - Y f(d)An)
d<z z/(d4+1)<n<z/d dn<z (d+1)n<z
Setting f(0) = 0, we can write
(47) v = X (@) - 1= D)) = 3 S fa-0)a( ).
dn<z m<zx dlm
First, we suppose that
(4.8) flo—=1) <cf()p

for infinitely many primes p. In view of (4.7)), for each prime p we can write
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> (f(d) = f(d —1))A(2p/d) = ¥§(2p) — vp(2p — 1)
d|2p
= Cy(2plog(2p) — (2p — 1) log(2p — 1)) + E(2p) — E(2p — 1)
< 2E*(2p) + O(logp).
On the other hand, our hypothesis (4.8)) and (1.7 allow us to deduce that

> (f(d) = f(d—1))A(2p/d)
dizp = (f(p) = f(p—1))log 2+ (£(2) — f(1))logp
= (9(Wp+9(p)f(1) = f(p — 1)) log2 + (f(2) - f(1))logp
> (1 - ) f(Dplog2+O(p/r3(p)) = (1 — ) f(L)p
for infinitely many primes p. Combining these, we find that
E*(2p) > 5(1 =) f(L)p

for infinitely many primes p.
Next we suppose that

(4.9) fo=1)>cf(p>0
for infinitely many primes p. As before, for each prime p we can write
> (f(d) = f(d=1)) = —2E*(p) + O(log p).
d|2p
On the other hand, our hypothesis (4.9) and (1.7 allow us to deduce that
D () = fd=1) < =3t = Df(D)p
d|2p
for infinitely many primes p. Combining these, we find that
E*(p) = (™' = 1)f(L)p>0

for infinitely many primes p. =

5. Proof of Corollary

5.1. Proof of (1.23]) and (1.24]). Since ¢ =id* p and § =id % A, we
have g = p or g = A and the well-known bound

Z g(n) < zexp(—c(log 2)3/° (log, 3:)_1/5) (x > 2).

n<x

Thus ¢ and f satisfy the conditions (|1.5)—(1.7) with D, =0 and

ri(x) =1, ro(x)=1, rs(z)= exp(—64(logx)3/5(log ac)_l/5)

The asymptotic formulas ((1.23] - - ) follow from Theorem [1.]1] - with A =1
and z = log®M (3z).
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5.2. Proof of (1.25) and (1.26]). In this case, we have g = 1 or u?

and
r+O0(1) ifg=1,
Zg(n): 6/m2 O(f) if g = u2
= (6/7%)x + O(Vx) if g = p*.
Thus the functions o(n) and ¥(n) satisfy (1.5)—(1.7) with D3 =1 or Dy =
6/m% and
ri(z) = Clogy(3z), ra(x) =1, 73(z) =,

where C' > 0 is a positive constant. The asymptotic formulas ((1.25)) and
(1.26) follow from Theorem |1.1| with A = 1 and z = log?™) (3z).

5.3. Proof of the second assertion. First we verify that the functions

v, 0, B and ¥ satisfy the condition (1.21]) of Theorem .
For each odd prime p, we can write p — 1 = 2¥m with 2 { m. Thus

p(p—1) = p(2")p(m) < 2"7'm < gp
for all odd primes p.
For all primes p and integers v > 1, we have

B = 3 (—1) iy = il Gt {zw itp =2,

0<j<v p+1 p¥  otherwise.

For each odd prime p, we can write p — 1 = 2”m with 2t m. Thus

Blp—1)=B(2")B(m) < (p—1) < Ip
for all odd primes p.
For all odd primes p, we have

op=1)2@—-1)+3zp-1)+1>3p.
For all primes p and integers v > 1, we have
39v ifp=2,

pl/

U(p')=p’ +p" > .
otherwise.

For each odd prime p, we can again write p — 1 = 2¥m with 24 m. Thus
Wp—1) = w(2)0(m) = 3p—1) = Ip
for all odd primes p > 7.

Thus Theorem [L.1[ii) implies that the error terms of ([1.23)—(L.26))
are 2(z). m

6. Proof of Theorem [1.3l First we divide the sum over n into three
parts:

(6.1) 7Tf({L‘) = 7Tf’1(1,‘) +7Tf,2(fL‘) +7Tf73({L‘),
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= 3 ()

()

No<p<a3/4

o= % A(2)

:v3/4<p<

where

Since 0 < f(n) < Cn (n > 1), the prime number theorem allows us to
deduce that

(6.2) 0<msi(x) <C Z = *Cx logy z + O(x logs x),
p<Ab

(6.3) s <c Y <
3/4 p
o/ t<p<z

Noticing that d = [z/p] is equivalent to x/p—1 < d < z/p, for (logz)? <
z < zV/12 (< (x/p)'/3) we can apply Lemma [2.4] to write

mrale) = Y > f@

No<p<a®/4 ¢/p—1<d<z/p

= Z {;Cf(%—l) _Dg(z_[’z]f""[z]

e A A )t

z) is defined by ([2.7] . By the prime number theorem and ({3.3])

we easily derive

where A

g(,
with n = %

1 1 1
(6.4) wro(z) = 3Cfxlog2x+0<wr2(x/z) zzlogx zlogx ) x),

(logz) ' 1a(afz) | ra(@/1)z) |

where we have removed the term w (smce it can be bounded by

:gjg(%z)) Now the required result (| - ) follows from (6.1])—(6.4).

Next we prove the second assertion. In the proof of Corollary we
have seen that ¢ and 3 satisfy the conditions and with Dy = 0,
ro(z) = 1 and r3(z) = exp(—c(log z)3/%(logy ) ~1/%). On the other hand, we
have trivially ¢(n) < n and f(n) < n for all n > 1. Thus the first assertion
immediately gives the second. =
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7. Proof of Theorem [1.4]

7.1. Proof of the first assertion. Write
(7.1) vr(@) = Pix) + vh(@),

where Z A(n)fqﬂ)’ 1,[)5:(:16) = Z A(n)f<[2]>.

n<x5/7 25/T<n<z
In view of the hypothesis ([1.30)) and the prime number theorem (3.8)), we
have
(7.2) ) < a? Z g G+20)/7,
n<xd/7

On the other hand, noticing that m = [z/n] < x/(m+ 1) < n < z/m, we

can write
> fm) > A(n)

m<x2/7 max {z5/7, x/(m+1)}<n<z/m
Z F(m) Z A(n) + O(z5+20/7),
m<z2/7 z/(m+1)<n<z/m

where we have used the bound

Yo fm) Y A< Y Am) Y f(m)

x2/7T—1<m<z2/7 x5/T<n<z/m n<2x5/7 22/7T—1<m<x2/7

<<$26/7 Z A(n) <<.7,‘(5+26)/7.
n<2x5/7

On the other hand, it is easy to verify that for m < 227 we have x/m? >
(x/m)3/5. Applying Huxley’s prime number theorem in short intervals of the
form (4.4)), we can deduce that

(7.3) 1/’30(37) = Z m{l + O(exp(—c(log z) /3 (log, ) "/3))}

m<z2/7 m(m T 1)
+ O(l‘(5+29)/7).
Using the hypothesis 1) we have

Z (m+1 <<Z

m<x2/7

T Z m+1 —Cf$+0($(5+29)/7).

m<:p2/7
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Inserting these into (7.3)) yields
(74 Yh(@) = cpr+ Olwexp(—crlog 2)'/3 (logy ) 71/%)).
Now the required result follows from ([7.1)), (7.2]) and (7.4)).

7.2. Proof of the second assertion. Now suppose that f also satisfies
the hypothesis ((1.30)). In place of ([7.3)), we have, thanks to the prime number

theorem (3.8) and -,
= % o+ 0 Lexp(elioga) o)) ) |

m<x2/7
+ 0($(5+29)/7)
= crx + O(z exp(—ci (log )%/ (log, x)*l/‘r’)).
Now the required result follows from this, (7.1) and (7.2)). =

8. Proof of Theorem [1.5]
8.1. Proof of the first assertion. In view of the hypothesis (1.30]), we
have
. L(5+20)/7
S E]) = X et
p<ad/7 p<z 5/7

Thus, we can write

(8.1) 71(@) = h(2) + 0@/ flog ),
where
= % r([2])

Using Huxley’s prime number theorem in short intervals of the form (4.5,
we have

(82) wh@)= D f(m) > 1
m<z2/7 max {z%/7, 2 /(m+1)}<p<z/m

(5+20) /7)

= Z f(m) Z 1+O<$10g$

m<ax2/7 z/(m+1)<p<z/m
e dt — 1/3 —1/3
= > fm | Tog? {1+ O(ecllogm) P loga )~/ 1

m<a2/7 o/ (m+1)

£(54+20)/7
+0 ()
log =
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Inverting the order of summation, it follows that

x/m T
dt dt
> sm | Ao >
ogt - logt
m<a2/7 x/(m+1) x/(x2/T+1) z/t—1<m<min {x2/7 z/t}

dt £(3+20)/7
B S Z f(m)logt+0< log = )

25/7 z/t—1<m<z/t

)

logt log

25/7

Inserting this into (8.2) and making the change of variables v = z/t, it
follows that

22/7

(8.3) WEg(LE):CC S F([u))

) m du + O(x exp(—c(log x)1/3(10g2 x)—1/3))'

Now the required result (1.32]) follows from (8.1 and (8.3).
Next we suppose that f also satisfies the hypothesis (1.14]). As before, in

place of (8.2]) and (8.3)), we have

z/m
dt T 3/5 -1/5
ﬂ.ﬁ — E f c(log x)3/5 (logy )~ 1/
(8-4) f(x) (m){ S log ¢ O<me ) - >}

m<a?/T z/(m+1)
(5+20)/7
+0 <$ >
log
22/7

_ f([u]) —ca(log z)3/5(logy ) ~1/5
=z § Flog(e/u) du + O(we ).

From (8.1)) and (8.4]), we can obtain the required result.

8.2. Proof of the second assertion. We have
22/7 22/7

IR () R S LR (11
u?log(z/u) logz u?(1 — (logu)/log x))

22/7 . K
. (logu) | ( Qog " \\ f(u])
~ logw §{kz_0<logx>k+0<<logw>K+l>} wz ¢

e e+ re) )

k=0
where we have used the hypothesis (1.30) to get




24 H. TANG AND J. WU

T f([u)(log w)* T (logu)* (log )"
S 2 du < S u2—0 du < 22(-0)/7

22/7 22/7

[ Ao, T los
1

2 —H— du < 1.

Combining these we can obtain

r o~ an(f) 1
8.5 “(z) = > 0 :
(85) ") logx{ko e O gy )}
Inserting (8.5)) into (8.1)), we obtain the desired result. =

9. Proof of Corollary [1.6] Clearly the characteristic function of P
satisfies the hypothesis 11.30: with 6 = 0 and (1.14) with @ = 1. Thus
Theorem [I.4] gives us the required result by noticing that

00 p+1
1p([u]) 1 1
— 7d frg 7d frg - .
R [P T o

1 p p

10. Proof of Theorem [1.4l. First we note that
S(x) ={p € P:3In € [1,z] such that [z/n] = p}.
Further, if [x/p/| = p € P, then z/(p+ 1) < p’ < x/p. Thus we can write
ms2(r) =Y 1(([x/p] = [#/(p+ D) NP £D).
p<x

19/59 e have

B] . [pi J g p(pil) o= ;C)QIMO.

According to Baker—-Harman [I, Theorem 1], for p < 21959 we have

([z/pl = [z/(p+ 1)) NP #0.

Forp <z

Thus
mso(x) > m(x%).
For p < z'/2/(log z)'*¢, we have z/(p(p + 1)) > (log(x/p))?*¢. Thus under
the hypothesis ([1.34)), we have
ms(x) > m('?/(logz)'*¢). u
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