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YUCHEN XU and YONG YANG

Abstract. Suppose that G is a finite solvable group and V is a finite, faithful and
completely reducible G-module. Let H be a nilpotent subgroup of G. Then there exists
v ∈ V such that |CH(v)| ≤ (|H|/p)1/p, where CH(v) is the centralizer of v in H and p is
the smallest prime divisor of |H|.

1. Introduction. Let G be a finite group and V a finite, faithful and
completely reducible G-module. It is a classical topic to study the orbit
structure of G acting on V . One of the most important and natural questions
about the orbit structure is to establish the existence of an orbit of a certain
size. For a long time, there has been a deep interest and need to examine the
largest possible size orbits in linear group actions. The orbit {vg | g ∈ G} is
called regular if CG(v) = 1, or equivalently the size of the orbit vG is |G|.

Isaacs proved the following result [6, Theorem A]. Let N be a nontriv-
ial p-group that acts faithfully on a group H, where |H| is not divisible
by p, then there exists an element x ∈ H such that |CN (x)| ≤ (|N |/p)1/p
where p is the smallest prime divisor of |N |. By the Hartley–Turull Lemma
[3, Lemma 2.6.2], this could be reduced to the following statement: Let P
be a nontrivial p-group that acts faithfully on a vector space V , where
|V | is not divisible by p. Then there exists an element v ∈ V such that
|CP (v)| ≤ (|P |/p)1/p. We remark that Isaacs’s proof was extremely elegant
and he found a way to avoid the detailed analysis of primitive linear groups.

Our result generalizes the case of the linear group actions and shows that
the same bound holds for an arbitrary p-subgroup of a solvable linear group
where the action is completely reducible. This can be used to strengthen a
result of Keller and the second author [7, Theorem 1.2]. The technique of
our proof was developed in some recent papers of the second author [9, 14].
The method, in some cases, can provide a good estimation on the size of the
orbit.
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2. Notation and lemmas. If V is a finite vector space of dimension n
over GF(q), where q is a prime power, we denote by Γ (qn) = Γ (V ) the
semilinear group of V , i.e.,

Γ (qn) = {x 7→ axσ | x ∈ GF(qn), a ∈ GF(qn)×, σ ∈ Gal(GF(qn)/GF(q))},

and we define

Γ0(q
n) = {x 7→ ax | x ∈ GF(qn), a ∈ GF(qn)×}.

We use H ≀S to denote the wreath product of H with S where H is a group
and S is a permutation group.

Definition 2.1. Suppose that a finite solvable group G acts faithfully,
irreducibly and quasi-primitively on a finite vector space V . Let F(G) be the
Fitting subgroup of G and F(G) =

∏m
i Pi, where Pi are normal pi-subgroups

of G for different primes pi. Let Zi = Ω1(Z(Pi)). We define

Ei =


Ω1(Pi) if pi is odd,
[Pi, G, . . . , G] if pi = 2 and [Pi, G, . . . , G] ̸= 1,

Zi otherwise.

By proper reordering we may assume that Ei ̸= Zi for i = 1, . . . , s, 0 ≤ s ≤ m
and Ei = Zi for i = s+ 1, . . . ,m. We define E =

∏s
i=1Ei, Z =

∏s
i=1 Zi and

Ēi = Ei/Zi, Ē = E/Z. Furthermore, we define ei =
√

|Ei/Zi| for i = 1, . . . , s

and e =
√
|E/Z|.

We use the notation of Definition 2.1 in the following theorem.

Theorem 2.2. Suppose that a finite solvable group G acts faithfully,
irreducibly and quasi-primitively on an n-dimensional finite vector space V
over a finite field F of characteristic r. Then every normal abelian subgroup
of G is cyclic and G has normal subgroups Z ≤ U ≤ F ≤ A ≤ G such that

(1) F = EU is a central product where Z = E∩U = Z(E) and CG(F ) ≤ F ;
(2) F/U ∼= E/Z is a direct sum of completely reducible G/F -modules;
(3) Ei is an extra-special pi-group for i = 1, . . . , s and ei = pni

i for some
ni ≥ 1. Furthermore (ei, ej) = 1 when i ̸= j; moreover, e = e1 . . . es
divides n, and gcd(r, e) = 1;

(4) A = CG(U) and G/A ≲ Aut(U), A/F acts faithfully on E/Z;
(5) A/CA(Ei/Zi) ≲ Sp(2ni, pi);
(6) U is cyclic and acts fixed-point-freely on W where W is an irreducible

submodule of VU ;
(7) |V | = |W |eb for some integer b and |G : A| | dim(W ).
(8) G/A is cyclic.

Proof. This is [10, Theorem 2.2].
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Theorem 2.3. Suppose that a finite solvable group G acts faithfully, irre-
ducibly and quasi-primitively on a finite vector space V , so by Definition 2.1
and Theorem 2.2, G has a unique normal subgroup E which is a direct prod-
uct of extra-special p-groups for various p. Set e =

√
|E/Z(E)|. If e = 5, 6, 7

or e ≥ 10 and e ̸= 16, then G has at least two regular orbits on V .

Proof. This follows from [10, Theorem 3.1] and [11, Theorem 3.1].

Lemma 2.4. Let G be a finite solvable primitive permutation group of
degree n. Denote the number of cycles by n(g) and the number of fixed points
by s(g). If g ∈ G#, then

n(g) ≤ (n+ s(g))/2 ≤ (p+ o(g)− 1)n/(o(g)p) ≤ 3n/4.

Proof. Let V be a minimal normal subgroup of G and let S denote a
point stabilizer. Then n = |Ω| = |V |. If s(g) = 0, we clearly have n(g) ≤ n/2.
Thus, we may assume that g has fixed points, and without loss of generality
g ∈ S. Since the actions of S on V and Ω are permutation isomorphic, it
follows that s(g) = |CV (g)| and since S acts faithfully on V , we deduce
that s(g) divides |V |/p = n/p. Therefore,

n(g) ≤ s(g) + (n− s(g))/o(g) = (n+ (o(g)− 1)s(g))/o(g)

≤ (p+ o(g)− 1)n/(o(g)p) ≤ 3n

4
.

Since we need to compare the orbit size and the group order rather than
to prove the existence of regular orbits, we need some quantitative results
about how a nilpotent subgroup of a solvable primitive permutation group
acts on the power set of the base set.

Theorem 2.5. Let G be a solvable primitive permutation group of de-
gree n acting on a set Ω, and H be a nontrivial nilpotent subgroup of G. If
k =

⌈ ln |H|
ln 2

⌉
, then for any subset Λ of size 0 ≤ m ≤ k, there exists ∆ ⊆ Ω−Λ

such that |H : stabH(∆)|2 · 2m−1 ≥ |H|.
Proof. Let g be an element in G, we denote by n(g) the number of cycles

of g on Ω, and by s(g) the number of fixed points.
For a subset X ⊆ G, consider the following set:

S(X) = {(g, Γ ) | g ∈ X, Γ ⊆ Ω, g ∈ stabG(Γ )}.
Note that g ∈ G stabilizes exactly 2n(g) subsets of Ω. Since H is a

primitive solvable permutation group on the finite set Ω, by [8, p. 39] G has
a unique minimal normal subgroup M with respect to a point stabilizer Gα,
where α ∈ Ω. From this, we also deduce that G = Gα · M , Gα ∩ M = 1,
CG(M) = M , and M acts regularly on Ω. Consequently, |M | = |Ω|. Thus,
we get

|H| ≤ |Hα| · |M | = |Hα| · |Ω|.
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Combining this with [8, Theorem 3.3], we get

|H| ≤ nβ

2
· n =

nβ+1

2

where β = log 32
log 9 .

If the group H has a regular orbit on Ω ⊕ Ω, then a similar argument
to the one in the proof of [14, Lemma 3.1] implies that there exists ∆ ∈ Ω
such that |H : stabH(∆)|2 ≥ |H|.

Note that the following inequality

(|H| − 1) · (2n(g))2 <
(
2n

2k

)2

implies that for any subset Λ of size k, there exists ∆ ⊆ Ω − Λ such that
|H : stabH(∆)|2 ≥ |H|.

By definition we have 2k < 2|H|, and furthermore 2k = |H| when |H| is
a power of 2. Thus it suffices to show that

|H| · (2n(g))2 ≤
(

2n

|H|

)2

for |H| that is a power of 2, and

|H| · (2n(g))2 ≤
(
2n−1

|H|

)2

for |H| not a power of 2.
We already know that |H| ≤ nβ+1/2. Using Lemma 2.4, we can bound

n(g) ≤ p+o(g)−1
o(g)p n ≤ p+1

2p n ≤ 3n
4 for g ∈ G#. Simplifying using n(g) ≤ 3n/4,

we get
nβ+1

2
≤

{
2n/6 if |H| is a power of 2,
2(n−2)/6 if |H| is not a power of 2,

which holds for all n ≥ 113.
Here we split the remaining n < 113 into two cases: where n = p is a

prime or n = pα, α > 1.
First consider the prime n case. In this case, it is easy to see that |H| ≤ n.

If we now use the finer bound n(g) ≤ (p+1)n
2p , we get the inequality

|H|3 · (2
(p+1)n

2p )2 ≤

{
22n if |H| is a power of 2,
22n−2 if |H| is not a power of 2,

which simplifies to

n3 ≤

{
2n−1 if |H| is a power of 2,
2n−3 if |H| is not a power of 2.

This holds for all primes n > 13.
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Now consider the prime power cases (i.e. n = pα, α > 1). It remains to
check all such prime powers less than 113. Using a GAP program, we obtain
the following specific bounds for |H|:

Table 1

n Largest |H|
4 8
8 8
9 27
16 128
25 32
27 81
32 32
49 96
64 1024
81 729

Note that only n = 4, 8, 9, 16, 27 fail to satisfy the inequality

(2.1) |H|3 · (2
(p+1)n

2p )2 ≤

{
22n if |H| is a power of 2,
22n−2 if |H| is not a power of 2.

So, to evaluate the smaller n, we run a GAP program to individually check
that some subset ∆ ⊆ Ω − Λ satisfies the inequality in every nilpotent
subgroup H of all the solvable primitive permutation groups G with degree n.
This holds for primes n = 2, 3, 5, 7, 11 and prime powers 4, 8, 9, 16 but takes
too long to run for n = 27. Instead, we will perform a more detailed analysis
for this one remaining case.

A quick GAP program lists out all potential nilpotent H ≤ G for
deg(G) = n = 27. We find that the largest subgroup H = (C3×C3×C3)⋊C3

is the only subgroup of order 81, and is the only subgroup that violates
inequality 2.1. All other H satisfy |H| ≤ 27 and (2.1). Now, looking at
(C3 × C3 × C3)⋊ C3, we see that there is 1 element of order 1, 44 elements
of order 3, and 36 elements of order 9.

Now we use the finer bound n(g) ≤ p+o(g)−1
o(g)p n, where n = pα = 33 = 27.

For elements of order o(g) = 3, we have n(g) ≤ 15. Clearly n(g) for a
higher order element will have a lower bound in this case. Thus, it suffices
to show (2.1) assuming o(g) = 3. Plugging this into the inequality, we get

(81)3 · (215)2 ≤ 22·26.

Thus, we have verified the last remaining case of n = 27, proving the theorem
in its full generality.
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3. Main theorems

Theorem 3.1. Suppose that G is a finite solvable group and V is a finite,
faithful and completely reducible G-module. Assume H is a nilpotent subgroup
of G and 2 | |H|. Then there exists v ∈ V such that 2 · |H| ≤ |vH |2.

Proof. We prove by induction on |G|+ dimV .

Step 1. We first show that V is an irreducible G-module. Assume oth-
erwise, then V = V1 ⊕ V2 where V1, V2 are nontrivial G-submodules of V .
Let m1 be the largest orbit size of H on V1, and let m2 be the largest orbit
size in the action of CH(V1) on V2. Moreover, let vi ∈ Vi (i = 1, 2) be repre-
sentatives of these orbits. Put v = v1+ v2. Then CH(v) = CH(v1)∩CH(v2)
and hence

M ≥
∣∣vH ∣∣ = |H : (CH(v1) ∩CH(v2))|

= |H : CH(v1)| · |CH(v1) : (CH(v1) ∩CH(v2))|
= m1 · |CH(v1) : CCH(v1)(v2)|

= m1 ·
∣∣vCH(v1)

2

∣∣ ≥ m1

∣∣vCH(V1)
2

∣∣ = m1m2.

Since 2 | |H|, either 2 | |H/CH(V1)| or 2 | |CH(V1)|. By induction, we con-
clude that

M2 ≥ m2
1m

2
2 ≥ 2 · |H/CH(V1)| · |CH(V1)| = 2 · |H|.

So from now on we assume the action of G on V is irreducible.

Step 2. We now assume that the action of G on V is not primitive. Thus,
there exists a proper subgroup L1 of G and an irreducible L1-submodule V1

of V such that V = V1
G. By transitivity of induction, we can choose L1 to be

a maximal subgroup of G. In particular, S ∼= G/N is a primitive permutation
group on a right transversal of L1 in G, where N is the normal core of L1

in G. Let VN = V1⊕· · ·⊕Vm, where each Vi is an irreducible Li-module with
Li = NG(Vi) and m > 1. We know G/N primitively permutes the elements
of {V1, . . . , Vm}. Clearly, |H| = |HN/N | · |H ∩N |.

Define

Ni = CN

( i−1∑
j=1

Vj

)/
CN

( i∑
j=1

Vj

)
for i = 1, . . . ,m, and note that N1 = N/CN (V1) and Nm = CN (

∑m−1
j=1 Vj).

We define Hi to be the image of H ∩ N in Ni. Then |H ∩ N | ≤
∏m

i=1 |Hi|.
Clearly Ni acts completely reducibly on Vi for i = 1, . . . ,m. Let Mi be the
largest orbit size of the action of Hi on Vi (i = 1, . . . ,m), and let vi ∈ Vi be
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representatives of the corresponding orbits for all i. Thus,

MH∩N ≥
∣∣∣( m∑

i=1

vi

)H∩N ∣∣∣ ≥
m∏
i=1

|vHi
i | =

m∏
i=1

Mi.

We define H̄ = HN/N and Ω = {1, . . . ,m}. Let Λ be the subset of Ω
that contains indices i such that Hi > 1.

If |H̄| ≤ 2|Λ|−1, then we set w = w1 + · · ·+ wm where wi = vi if Hi > 0
and wi = 0 if Hi = 1.

If |H̄| > 2|Λ|−1, then by Theorem 2.5, we may find ∆ ⊆ Ω −Λ such that
|H̄ : stabH̄(∆)|2 · 2|Λ|−1 ≥ |H̄|. We set w = w1 + · · · + wm where wi = vi if
i ̸∈ ∆ and wi = 0 if i ∈ ∆.

We have
M ≥ |H̄ : stabH̄(∆)| ·

∏
i∈Λ

Mi.

We conclude

(3.1) M2 ≥ |H̄ : stabH̄(∆)|2 ·
∏
i∈Λ

M2
i ≥ |H̄ : stabH̄(∆)|2 · 2|Λ| ·

∏
i∈Λ

|Hi|

≥ 2 · |H̄| · |H ∩N | = 2|H|.

Step 3. Hence, we may assume that the action of G on V is primitive.
By the main results of [10, 11, 15, 4], we know that either e = 1 or G has
a regular orbit on V except for a finite number of cases listed in [4]. For
all those exceptional cases listed in [4], we may use GAP to verify that the
result holds.

Thus, we may assume e = 1 and G is a subgroup of Γ (V ). Since H is a
subgroup of G, we may set |V | = pn and |H| = |H/C||C| where |H/C| |n and
|C| | |V |−1. For g ∈ H\C, |CV (g)| ≤ |V |1/2, and for g ∈ C, |CV (g)| ≤ |V |1/2.
If |C| < |V |1/2, then H has a regular orbit. Thus, we may assume that
|C| ≥ |V |1/2. This shows that |C| is pretty large. It suffices to show that
|C|2 ≥ 2|H|, which is equivalent to showing |C| ≥ 2|H/C|.

Assume otherwise; then by plugging in the bounds we have |V |1/2 <
2(logp |V |), which holds only when |V | = 22, 23, 32, 24, 33, 25, 26, 27. For all
those small cases, we can construct possible representations explicitly in
GAP and check that the result holds.

Isaacs proved the following result [6, Theorem A]. Let P be a nontrivial
p-group that acts faithfully on a group H, where |H| is not divisible by p.
Then there exists an element x ∈ H such that |CP (x)| ≤ (|P |/p)1/p. By
the Hartley–Turull’s Lemma [3, Lemma 2.6.2], this is equivalent to the fol-
lowing statement: Let P be a nontrivial p-group that acts faithfully on a
vector space V , where |V | is not divisible by p. Then there exists an element
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x ∈ V such that |CP (x)| ≤ (|P |/p)1/p. This compares well with the following
theorem.

Theorem 3.2. Suppose that G is a finite solvable group and V is a finite,
faithful and completely reducible G-module. Let H be a nilpotent subgroup
of G. Then there exists v ∈ V such that |CH(v)| ≤ (|H|/p)1/p, where p is
the smallest prime divisor of |H|.

Proof. If 2 | |H|, then the result follows by Theorem 3.1.
We now assume that 2 ∤ |H|. Suppose char(F) = 2, then H acts co-

primely on V , and the result follows by the main result of [6]. Suppose that
char(F) ̸= 2. Then H has a regular orbit on V by the main result of [12].

Lemma 3.3. Let G be a finite group, and suppose N⊴G such that G/N is
nilpotent. Then there exists a nilpotent subgroup U ≤ G such that G = NU .

Proof. See, for example, [5, III, Satz 3.10].

The following result strengthens [7, Theorem 1.2].

Theorem 3.4. Let G be a finite solvable group and V a finite faithful
completely reducible G-module, possibly of mixed characteristic. Let M be
the largest orbit size in the action of G on V . Denote by GN the normal
subgroup of G such that G/GN is the maximum nilpotent quotient. Let p be
the smallest prime dividing |G/GN |. Then

p · |G/GN | ≤ M
p

p−1 .

Proof. It is easy to reduce this inequality to the situation that G acts
irreducibly on V where V is of characteristic r. By Lemma 3.3, there exists
a nilpotent L ≤ G such that GNL = G. Thus, there is a subgroup H of L
such that |G/GN | divides |H| and π(|H|) = π(|G/GN |).

By Theorem 3.2 it follows that if MH is the largest orbit size of H on V ,
then p|H| ≤ M

p/(p−1)
H . Hence, altogether p|G/GN | ≤ p|H| ≤ M

p/(p−1)
H ≤

Mp/(p−1), as desired.

Theorem 3.5. Suppose that G is a finite solvable group and let H be a
nilpotent Hall π-subgroup. Then p|G :Oπ′π(G)|π ≤ b(H)p/(p−1) where p is the
smallest number in π.

Proof. We may assume that Oπ′(G) = 1. Let N = Oπ(G). Then
fairly standard arguments show that C = CG(F(N)/Φ(N)) ⊆ N . Let
U = F(N)/Φ(N), and let V = Û be the dual group of U , i.e. the group
of the irreducible characters of the abelian group U . Set Ḡ = G/C. It is easy
to see that V is a faithful and completely reducible Ḡ-module, possibly of
mixed characteristic.

Let H be a nilpotent Hall π-subgroup of G and let H̄ = H/C. By
Theorem 3.2, there exists λ ∈ V such that |CH̄(λ)| ≤ (|H̄|/p)1/p. Let
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ξ ∈ Irr(CH(λ)|λ) and α = ξH ∈ Irr(H). Thus, p|G : N |π ≤ p|H̄| ≤
α(1)

p
p−1 ≤ b(H)

p
p−1 , as desired.

Remark. This strengthens [13, Theorem 4.2].
Corollary 3.6. Suppose that G is a finite solvable group and let P ∈

Syl2(G). Then 2 |G : O2′2(G)|2 ≤ b(P )2.
Proof. This follows from Theorem 3.5 by choosing H to be a Sylow

2-subgroup of G.
As another application, we get the following result.
Theorem 3.7. Let G be a finite solvable group and b(G) be the largest

character degree of G. Let H be a nilpotent subgroup of G. Then

p |HF (G)/F (G)| ≤ b
p

p−1 (G)

where p is the smallest prime divisor of |HF (G)/F (G)|.
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