STUDIA MATHEMATICA

Online First version

Ball covering property on operators and Calkin algebras
by

SREEJITH S1JU and BENTUO ZHENG

Abstract. A Banach space X is said to have the ball covering property (BCP) if the
unit sphere of X can be covered by countably many open balls B(z;, r;) with r; < ||z;]| for
each ¢ € N. If there are R, § > 0 such that r; < R and ||a;|| —r; > 0 for all ¢ € N, then we
say that X has the uniform ball covering property (UBCP). In this paper, we show that if
X has a 1-unconditional basis or X is a 1-complemented subspace of a Banach space with
a shrinking 1-unconditional basis, then the Calkin algebra B(X)/K(X) fails the BCP. It
is also shown that if X has a shrinking unconditional basis with unconditional constant
less than 2, then B(X) has the UBCP.

1. Introduction. A normed space X is said to have the ball covering
property (BCP) [CO6] if its unit sphere can be covered by countably many
closed, or equivalently, open balls (B,,), none of which contains the origin
of X. The centers of the balls are called the BCP points. If in addition the
radii of the covering balls are bounded, then we say X has the strong ball
covering property (SBCP) |[LZ21]. If X has the SBCP and there exists an
open ball By containing the origin such that B, N By = () for all n € N,
then X is said to have the uniform ball covering property (UBCP) [LZ21].
It follows directly that the UBCP implies the SBCP and that the SBCP
implies the BCP. But in general, these properties are different [LZ21].

Separable normed spaces automatically have the BCP. It was shown in
[CCLO8| that BCP is not preserved under linear isomorphisms by providing
renormings of /.. Actually it is easy to see that £, has the BCP while L
can be shown to fail the BCP [LZ20]. Although the BCP is a geometric
property, it is closely related to a topological property of the dual spaces.
To be more precise, V. P. Fonf and C. Zanco [FZ09| proved that X* is
w*-separable if and only if X can be (1 4 ¢)-equivalently renormed to have
the SBCP for all ¢ > 0. The BCP is also connected with other commonly
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used properties, such as the Radon-Nikodym property, uniform convexity
and dentability [CW™11, [SCT5, [SCIS].

There are quite a few recent advances about the BCP. It was proved by
Z. Luo and B. Zheng |[LZ20] that (>  @®X}j)r has the BCP if and only if
each summand X has the BCP, where E is either a Lorentz sequence space,
a separable Orlicz sequence space, or £o. It was also shown in [LZ20] that if
(£2, X, 1) is a separable measure space, then the space of Bochner integrable
functions LP(u, X) has the BCP if and only if X has the BCP. In general,
the BCP does not pass to subspaces or quotients [CCL0S8|. If X is the ¢,
direct sum of Y and Z, then X has the BCP if and only if Y and Z have
the BCP. However, in |[LL™22|, M. Liu, R. Liu, J. Lu and B. Zheng proved
that B(H) has the BCP and Ly is a l-complemented subspace of B(H)
which fails the BCP.

It is known that the BCP does not pass to quotient spaces. The first
such example is £, /cy, which was given by L. Cheng, Q. Cheng and X. Liu
[CCLO8|. Recently, Q. Bao, R. Liu and J. Shen [BLS25| showed that if X has
a shrinking 1-unconditional basis, then the Calkin algebra B(X)/K(X) fails
the BCP. However, the classical case B(¢1)/K(¢1) is not included. A more
general question is whether the shrinkingness can be removed from the as-
sumption.

QUESTION 1. Let X be a Banach space with a 1-unconditional basis. Does
the Calkin algebra B(X)/K(X) fail the BCP?

In Section 2, we will give an affirmative answer to Question [I| More-
over, by using the machinery of Markushevich bases, we also prove that
if X is a l-complemented subspace of a Banach space with a shrinking
1-unconditional basis, then the Calkin algebra B(X)/K(X) fails the BCP. It
should be pointed out that the unconditionality requirement in Question[1}is
essential and cannot be replaced by a shrinking Schauder basis. For example,
if we take X to be the Argyros—Haydon space [AH1I], then every bounded
linear operator on X is a scalar multiple of the identity plus a compact
operator. An immediate observation is that B(X), K(X) and B(X)/K(X)
all have the BCP. P. Motakis [M24] proved that for every compact metric
space K there exists a Banach space Xx whose Calkin algebra is isometric
to C(K). It is obvious that such C'(K') spaces are separable and hence have
the BCP.

It was proved in |[LLT22] that B(cp) and B(¢,) (1 < p < co) have the
UBCP. All these spaces have 1-unconditional bases. A natural question is
the following:

QUESTION 2. Let X be a Banach space with an unconditional basis. Does
the space B(X) have the UBCP?
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In [BLS25|, it was shown that if X has a monotone shrinking uncondi-
tional basis with unconditional constant less than 2, then B(X') has the BCP.
In Section 3, we prove that the monotonicity is redundant and B(X) has the
UBCP. Actually, we show that if X is a Banach space with X* separable
and Y has an unconditional basis with unconditional constant less than 2,

then the space B(X,Y) has the UBCP.

2. BCP of Calkin algebras. Let X be a Banach space with a nor-
malized Schauder basis (e,),. Then every & € X can be written uniquely
asx =) er(r)e,, where (e};), denotes the sequence of biorthogonal func-
tionals for (ey),. As usual, we define

suppz = {n € N:ey(x) # 0}.

We consider the space coo(X) of all elements of X with finite support. For
a subset A of X, [A] denotes the linear span of A. For x € cpo(X), we use
m(x, (e;)) and M (z, (e;)) to denote respectively the minimum and maximum
of supp z with respect to the basis (e;). The set {i € N : m(z, (e;)) < i <
M (x, (e;))} is denoted by I(z,(e;)). When there is no confusion about the
basis, we simply write m(x), M(z) and I(x) respectively. We say that a
sequence (x;); in coo(X) is a block sequence of (ey)n if there exist 0 = ¢ <
g2 < --- such that, for all j > 1, z; is in [e; : ¢j—1 <@ < g5

Let T be a bounded linear operator from a Banach space X into a Banach
space Y. The essential norm of T is defined by

IT]le = inf {7 - K : K € K(X,Y)}.

DEFINITION 2.1. A Banach space X is said to have property (E) if for
every bounded linear operator 7" € B(X), there exists a normalized weakly
null sequence (x,) C X such that

[T[le = Tim [Ty ]|.

LEMMA 2.2. Let X be a 1-complemented subspace of a Banach space Y
with a bimonotone shrinking Schauder basis (ey,)n. Then X has property (E).

Proof. For each n € N, let P, be the natural projection from Y onto
[e; : 1 <7 < nl. Since (ey), is bimonotone, ||P,|| = || — P,|| = 1. Let P
be a norm 1 projection from Y onto X and let T be any bounded linear
operator in B(X). If T is compact, then the conclusion is obvious. So we
may assume that 7" is not compact and [|T'|| > 0. Fix a sequence (g,,) of
positive real numbers which converges to 0. Since ||T||c = |T—TPP,|x)| =
|ITP—-TPP,|x|le < ||TP(I—P,)||, we can find a normalized sequence (y,)n
in X such that for each n € N,

[T]le < [TP(I = Po)ynll + &n.
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Let x,, = P(I — Py)yn/||P(I — P,)yn||. Then (z,) is a normalized weakly
null sequence in X and

IT|le < limsup || T2,
On the other hand, for any compact operator L on X, we have
limsup |7z, || = limsup ||(T' — L)x,|| < ||T — L||.
By taking the infimum on the right-hand side, we get
(2.1) limsup || Tz, || < ||Te-
Combining the results above, we have
Il = tim sup [T
The conclusion follows by passing to a subsequence of (z,). =

Let (en) be a Schauder basis for a Banach space X. We say that (e,) is
unconditional if there exists a constant C' > 1 such that for any sequences
(an) and (b,) with |ay| < |b,| for all n € N,

HZ anenll < CHZ bnen

The best constant C'is called the unconditional constant for (ey,).

Recall that an M-basis for a separable Banach space X is a biorthog-
onal system (z;,zf) C X x X* such that [z;] = X and @* = X*; here
[;] denotes the closed linear span of the z;’s and [x;“]* is the weak™ closure
of the linear span of the x}’s. Markushevich [M24] (or see [LT77, Proposi-
tion 1.f.3|) proved that every separable Banach space admits an M-basis. If
X* is separable, we can choose an M-basis (x;,z}) such that [z}] = X*. In
that case, we call (x;,x}) a shrinking M-basis for X. If (z;, 2}) is a shrinking
M-basis for X, then every normalized block sequence (y;) of (z;) converges

weakly to 0. Given an M-basis (z;, ) and 1 =mn; < ng < --- , the sequence

(X, X7) defined by X; = [1;]74! 7", X7 = [25]7#1 7" is called a blocking
of (x;,x}).

THEOREM 2.3. Let X be an infinite-dimensional complemented subspace
of a Banach space Y with a shrinking unconditional basis {e,}. If X has
property (E), then the Calkin algebra B(X)/K(X) does not have the ball
covering property.

Proof. Assume that the sequence (K,,), is a ball covering of B(X)/K(X).
We will prove that there exists an operator T' € B(X) such that

o [Tle=1,
o ||[K,, —Tlle > || Kplle for all n.
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Let (fi, f) be a shrinking M-basis for X such that | f;|| =1 for all i €N. Since
X has property (E), by a standard perturbation argument and induction,
we can select for each n a normalized block sequence (y}!)x of (f;) such that
(1) ([ Knlle = Ty, | Kny]],
(2) Iy, (f:)) NV I(y}", (fi)) = 0 whenever n # m.
By (1) and (2), we can relabel the set {y;’ }1 » as a block sequence (y;) of (f;)
so that

| Kplle = limsup || Kpym| for all n.

m

Let (g;) be a sequence of positive real numbers decreasing to 0. Since
both (e;) and (f;) are shrinking, again by induction we are able to find a
lacunary subsequence (z;) of (y;) such that

(i) ||Knlle = limsup,, ||[Kpzn|| for all n,
(ii) there are increasing sequences (m;) and (M ) of natural numbers such
that m; < M; < mj4q for all j and

(GPIRCED)
i, M)

(iii) for each j € N, there is a t; € N such that M(z;,(f;)) < t; <
m(xj41, (fi)) and
H( >, @ ®€i)(ftj)
i (Mj,mjt1)
Now we define an operator S on X as follows:
S=Po ( Z e;® ei),
i€lU; (Mj,mj41)
where P is a bounded linear projection from Y onto X.

Since (e;) is unconditional, S is bounded. Let C' be the unconditional
constant for (e;). By (ii),

1S(;)]| < ClIPlle;  for all j.

So we have lim; ||S(z;)|| = 0. Next we show that S is not compact. Actually
by (iii), we have
ISl =||Pe(1=( X eeea))d)
i (Mjym;41)
=t -Po( X eea)d)|z1-1Plk.

i (M mjt1)
Therefore lim sup; ||S(f:;)[| > 1. Since (ft,); is weakly null, S is not compact
and [|S||e > 0.

H <ég&np forallmn,
[filier(en. (1)

‘<€j.
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Let T'=5/||S]|e. Hence, for each n,
S

K, —Tl|.=I||K,— ——
1 =T H ED

e

> limsup Hm - — limsup | Ko | = [|Knle. =
J

S
.
18]l j
By Lemma [2.2) and Theorem we have an immediate corollary:

COROLLARY 2.4. Let X be a 1-complemented subspace of a Banach spaceY
with a shrinking 1-unconditional basis. Then the Calkin algebra B(X)/K(X)
fails the BCP.

When we do not have shrinkingness for the unconditional basis, situation
is different. Next we will show the general case. That is, if X has an 1-uncon-
ditional basis, then the Calkin algebra B(X)/K(X) does not have the BCP.
The proof of the first lemma below is standard and will be omitted.

LEMMA 2.5. Let X be a Banach space with a Schauder basis (ey), and
(Py) be the natural basis projection from X onto [e;]!' . Let K be any com-
pact operator in B(X). Then

lim ||(I — P,)K|| = 0.
n
LEMMA 2.6. Let X be a Banach space with a bimonotone basis (ey),
and (P,) be the natural basis projection from X onto [e;|?_,. Then for every

operator T' € B(X), there exist a normalized block sequence (xy,) of (en) and
an increasing sequence (ky) of natural numbers such that

[T]le = lim [[(1 = Py, )Twnl|

Proof. By the definition of the essential norm, for any n € N, there exists
a compact operator S, such that

[Tlle > [T = Skl — 1/n.
By Lemma there exists a t,, € N such that
(I = P, )Snl < 1/n.
So we have
[Tlle > T = Sull =1/n = (I = B, )(T = Sn)|| = 1/n = (I = B,,))T|| — 2/n.
On the other hand,
[Tlle = (1 = P, )Tlle < [I(I = F3,)T|.
Therefore, we get
I = P,)T|| = 2/n < ||T[le < I( = P,)T-

Then we can choose a finitely supported norm 1 vector y, in X such that
I = P, )Tynll > (I = P,)T| —1/n
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and
(I = Po,)Tynl —2/n <||Tlle <[[(I = Pr,,)Tynl + 1/n.

By taking the limit over n, we have

ITlle = tim (I — P, Ty | = lim |[(Z — P,, )T

Now we will show that a subsequence of (y,) is a small perturbation of a
block basis.

Let 1 = 1. Since y; is finitely supported, M (y;) is finite. By Lemma
there is an r9 > r1 such that

I(I = P, TPyl < 172
In general, since y,,, is finitely supported, we can find 7,41 > 7, such that
(I =P, )T Py, )|l <1/n.

So we have

” (I - Ptrn+1 )TyTn+1 H
— (I = P, TPyt s + (I = P T(I = Puggyy )|
<|(I = P, )T = Prry,, ) )rall + 1/

Let x1 = y1,2n+1 = (I = Prry,, ) Yrnsd /I = Pary,,))Yros || and kn = 1.,
Then (z,) is a normalized block basis and

I =P, )TYrpll =1/ < [(I = Py ) Tana|| < (T = B, )T
Hence
[Tlle = Nim [[(1 = Py, )Txnll = lim [[( = By, )T =
THEOREM 2.7. Let X be a Banach space with a 1-unconditional basis.
Then the Calkin algebra B(X)/K(X) does not have the BCP.

Proof. We assume that there is a ball covering (K,,),, of B(X)/K(X). To
reach a contradiction, we will construct an operator 7' € B(X) such that

o [T]le =1,
o | K, —Tlle> | Kyl for all n.

For each K, by Lemma there exist a normalized block sequence (y)*) of
(en) and an increasing sequence (k') of natural numbers such that

1 nle = lim |(I — Pyp) Kny;'.
Inductively, we can select a block sequence (x;) such that

e (z;) contains a subsequence of (y}*) for each n and hence

| Knlle <limsup ||(I — Py, )Kpzy| for all n,
m
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e for each 1,
M(z;) +1 < m(ziqq).
Let S € B(X) be defined by

Since (e;) is unconditional, S is bounded. Since S(ens(z,)+1) = €rr(a;)+1 for
each i, S is not compact. Let T = S/||S|le. Then ||T'||e = 1 and T'(x;) = 0
for each i. We will show ||K,, — T'||¢ > || Ky || for each n. For any € > 0 and

n € N, there exists a compact operator K. such that
[Kn —Tlle > |[Kn =T — Ke|| —&.
Then by Lemma [2.5] there exists an N, € N such that if m > N, then
(I = Prn) Kc|| <e.
So for any m > N we have
[Kn —Tlle > | Kn =T — Kel| — > (I = Py, ) (5 =T — K| — ¢
> (I = Py, )(Kn = T)|| = 26 2 |(I = Py, ) (Kn — T)am| — 2¢
> |[(Z = Py, ) K| — 22
Taking the limit over m, we get

|Kp — Tlle > limsup ||( — Pg,,) Kntml|| — 26 = || Kyu|le — 2e.
m

Since ¢ is arbitrary, we have
HKn - T”@ > HKnHe .

REMARK 2.8. Note that the theorem above also holds if X has only an
unconditional finite-dimensional decomposition (FDD). The unconditional-
ity assumption in the theorem cannot be removed without adding other
assumptions. Indeed, the space Xay, introduced by Argyros and Haydon
[AH11], has a shrinking Schauder basis but its Calkin algebra is one-dimen-
sional, which of course has the BCP.

PROBLEM 2.9. Does there exist a non-separable Banach space X whose
Calkin algebra B(X)/K(X) has the BCP?

3. BCP for B(X). As mentioned in the introduction, it is known that
B(cp) and B(¢,) (1 < p < oo) have the BCP. The spaces ¢y and ¢, (1 <
p < 00) have 1-unconditional bases. In this section, we will prove that B(X)
has the BCP if X has a shrinking unconditional basis with unconditional
constant less than 2. Actually, we have the following more general result.
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THEOREM 3.1. Let X and Y be Banach spaces such that X* is separable
and Y has an unconditional basits with unconditional constant less than 2.
Then any subspace E of B(X,Y') containing F(X,Y) has the UBCP.

Proof. It is sufficient to show that the UBCP points of B(X,Y) can be
taken in F(X,Y"). Let (e5,) be a normalized y-unconditional basis of ¥ with
1 <7 < 2 and let (e}) be the corresponding biorthogonal functionals in Y*.
Since X* is separable, there exists a countable dense subset (x}) in B(0,)
of X*. We will show that the countable set A given by

= {)\Z:cfm ®e;: A€ QNI0,2v], F C N finite, m; € N}
ieF
is a set of UBCP points for B(X,Y).
Let T =Y efT Qe € SB(x,y), Where the series converges in the

nln

strong operator topology. Let

B = {sup”ZefT@ei
Foer

8= {supHZEiefT@)ei
Foier

Since ||T|| = 1 and (e;) is y-unconditional, by the definition of 1, 5 and
by the triangle inequality it is easy to see that

f<y<2 and 1<01<f6<26.

:FCN ﬁnite},

. F C N finite, &; = il}.

CASE 1: 8 < %Bl. We can choose a A € Q and % > § > 0 such that
281 > A > %—i—%, which is possible since %—i—ﬁ < %—i—%ﬁl < %4—%51 = 20.
Pick a finite subset F' C N such that

A< 20,

where 0 = |3, cpeiT ®e;il| < fi. ‘E?TTH < for all i € F, we can find

m; € N such that

eXT

Z Tm; ~ g H < 0.
1EF
Then
X e;T e;T
H)\meiééez HAZ( Qe — 0 ®e; + 0 ®61>H

S

> A - A

> ZZ
ieF
> A(1-6).

SCR

el
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Also, since ’% — 1’ = % —1<1, we get

0o
— HZ@:T@& —ZAQL’:}LZ X e;
=1

i€l

< H<1— 2) Y eTee+ > eToe
iEF ieFe
2

T
)\<eze _x;nl> & e;

HT - Z ATy, @ e
i€l

ieF
)\ * *
< Z<1—0>eiT®ei+‘ZeiT®ei +Ad
el e Fe
A
< <9—1>H—262‘T®ei+ZefT®ei
1eF IS

+ Ao

+ <2 2)“i§ejT®ei

<B+N< (A—é)(1—26)+/\5

1 1
<M1=6) = S(1-20) < A1-8)—
\ 1
< HAmeiggez -3

i€

CASE 2: 8 > gﬁl. Let 6 = 2 — . By the definition of 81, we choose a
finite subset F' C N such that

[ aree
i€F

Since ||e;T'|| < v for each i € F', we can find (z}, )icr such that

0

4]

* * 5
ST =l < ¢
el

Then

>2<51—g>—2222,@1—6.

HZ 2z;, ®e;
i€EF

Now we show that 7" can be covered by the ball centered at 2 ;- x;,. @ e;:
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[e.e]
HT—QZ:E%@Q = HZefT@ei—Qfoni ® e;
=1

i€F i€F
o0
gHZefT(@eifQZefT@ei
i=1 i€F
+2H2xfni®ei—ZefT®ei
i€F i€F
% 0
§H.ZeiT®ei—ZefT®ei +23
icke i€l
1) 0 3 3
< - < - =2—--6<2B1—-0
_5+4_’Y+4 4_51 1
<[ am oa] -5 -
1€EF

COROLLARY 3.2. Let X be a Banach space which has a shrinking uncon-
ditional basis with unconditional constant less than 2. Then B(X) has the

UBCP.
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