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Abstract. We investigate Hardy spaces HJ(X) corresponding to self-adjoint oper-
ators L. Our main aim is to obtain a description of H}(X) in terms of atomic decom-
positions similar to such characterization of the classical Hardy spaces H* (Rd). Under
suitable assumptions, such a description was obtained by Yan and the authors in [Trans.
Amer. Math. Soc. 375 (2022), 6417-6451], where the atoms associated with an L-harmonic
function are considered. Here we continue this study and modify the previous definition
of atoms.

The modified approach allows us to investigate settings when the generating operator
is related to a system of linearly independent harmonic functions. In this context, the
cancellation condition for atoms is adjusted to fit this system. In an explicit example, we
consider a symmetric manifold with ends R? # R¢. For this manifold the space of bounded
harmonic functions is two-dimensional. Any element from the Hardy space Hi (X) has to
be orthogonal to all of the harmonic functions in the system.

1. Introduction

1.1. Background and assumptions. Hardy and BMO space theory is
a significant mainstream area of harmonic analysis. Its origin can be traced
back to a notion of complex analysis initiated by Hardy. For an elegant and
comprehensive description of the classical theory of real Hardy and BMO
spaces, we refer readers to [S93|. A recent new direction in this area is to
extend the investigation to Hardy and BMO spaces corresponding to semi-
groups generated by some differential operators. It is a natural idea. Indeed,
one of the equivalent forms of the classical definition can be stated in terms
of the maximal function corresponding to the heat semigroup. That is, we
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define the maximal function M by the formula
M f(x) = sup lexp(tA) f(z)], = €R",
>0

where A is the standard Laplace operator and exp(tA) is the corresponding
heat semigroup. Then we define the H'(R")-norm by setting

1|1y = M f(2)]| 22 )

This definition can be generalized for any semigroup generated by a non-
negative self-adjoint operator L defined on L?(X, 1), where (X, ) is a mea-
sure space. There are many papers devoted to the study of Hardy and BMO
spaces corresponding to the semigroup of operators; see for example [DZ13,
D712l [SY18, IDY05), [CKS93|, [AR03, HMM11] and references therein. A gen-
eral approach in this direction is discussed in the seminal paper [HL™11].

Our main goal is to describe the Hardy spaces H} (X) associated with an
operator L in terms of atomic decompositions. For the classical Hardy space
H!'(R™) such theory was obtained in [C74, [L78]. In [PSY22] the authors
described the Hardy space Hi (X)) by using atoms that are related to a non-
negative L-harmonic function h. Here we continue this study and modify
the notion of atoms from there. The new definition is more natural and its
geometrical aspects are more evident. The approach which we develop in
this paper allows us to study the cases when there exist two or more linearly
independent harmonic functions related to the operator L. In this situation,
atoms satisfy the cancellation conditions with respect to all these functions.
Additionally, we study dual BMO-type spaces.

We shall work under the following assumptions. Let (X, d, 1) be a metric
measure space of homogeneous type in the sense of Coifman and Weiss. In
particular, p satisfies the doubling condition and there exist C, D > 0 such
that

D
(11)  wB@ R) < c(f) W(Blz,r)), z€X,0<r<R,

where B(z,r) ={y € X : d(z,y) < r}.

In what follows we study a positive self-adjoint operator L acting on
L*(X,u) = L%*(p) and the semigroup T; = exp(—tL) generated by L. We
assume that there exists a non-negative integral kernel T} (z, y) related to T;
that satisfies the upper Gaussian bounds, i.e. there exist C, ¢ > 0 such that

2
(UG)  0<Ty(z,y) < Cu(B(z,Vt) ™ exp(—Cl(x’y)>,

ct
t>0,z,y€ X.

The maximal function corresponding to the semigroup 7; = exp(—tL) is
given by the formula My f(z) = sup,~ |Tef (z)]. For f € L?(u) we set

Hf”Hi(X) = HMLfHLl(u)-
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Define the Hardy space H}(X) as the completion of the set {f € L?(u) :
1f |l 2 (x) < oo} with respect to this norm; cf. [HL™11, [PSY22].

In thrs paper we shall consider the following atomic Hardy spaces.

DEFINITION 1.1. Let 7,7’ > 1 be conjugate exponents, i.e. 1/r+1/r" =1,
let m € N, and hy, ..., hy, € LT (1). We say that a function a : X — C is
a(uhi, ..., hpy; r)—atom if there exists a ball B in X such that

(12)  suppa € B, |lalprgy < w(B)7, Na(a)hj(z) du(z) =0

for j = 1,...,m. The space H (11; h1, ..., hm;7) is defined as follows: a func-
tion f is in HX (5 ha,. .., b 1) if f(2) = 30, Meag(z), where Y, |\e| < oo,
and ay are (p; h, ..., hy;r)-atoms. We set

HfHH;t(p;hh...,hm;r) = lnfz |)‘k’7
k

where the infimum is taken over all representations as above.

Note that for an atom a as in we have ||al|z1(,) < 1 and thus the
series Y, Arax(z) converges in L ( ) Moreover, by a standard argument,
HL (u;h1, ..., hy;7) is a Banach subspace of Ll(,u). We shall also study
related BMO-type spaces that are defined as follows.

DEFINITION 1.2. Let m € N, r’ > 1, and hy,...,hy € LT (p). Define
V =span(hi,. .., hy). For g € L (1) we define

loc\H

) _ 1/r

91BNty = s inf (1(B) ™" [ lg(x) = u(@)|"du(z)) ")),
B \ueV B

where the supremum is taken over all balls in X. By definition, the elements

of the space BMO(y; hy, ..., hy;7') are classes {g + u : u € V} such that
Hg”BMO(u;hl,...,hm;r’) < 00.

1.2. Operators related to one harmonic function. In this section,
as in [PSY22], we assume that there exists a non-negative harmonic func-
tion h such that the heat semigroup T}, after applying the Doob transform
(or h-transform) corresponding to h, satisfies the upper and lower Gaussian
estimates. More precisely, we assume that there exists a function h € LS (X)
that is positive a.e., L-harmonic in the sense that for all ¢ > 0,

(1.3) T;h(z) = h(x) for ae. x € X,

and that there exist ¢, ca,C' > 0 such that for a.e. x,y € X and t > 0 we
have

Twy) O ()
R = i (Bl VD) p< it )
Tt(xay) c 7M
) = o (Bl VT >>exp< ot )

~

(ULGp)

~
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Recall that the notion of atoms introduced in [PSY22| was different from
the atoms introduced in Definition The atoms from [PSY22] are denoted
as [, h]-atoms in contrast to (p; h; 2)-atoms that we consider here. The [u, h]-
atom is defined by the conditions

(14)  swpaC B, llallzg1 < 1a(B)V2 Ja(@)h(x) du(z) = o,

where py, is the measure on X with density h(xz)du(z). Notice that the
difference between [, h]-atoms and (u; h; 2)-atoms lies in the L2-size con-
dition. The space HZ [y, h] is defined analogously as in Definition It
appears that, under suitable assumptions, the spaces H} (X), Hx (u;h;2),
and HL[u, h] are equivalent.

At this point let us also mention that the assumption is, in some
sense, superfluous. If a function h satisfies then one can find h that
is comparable to h and satisfies (see [PSY22, Proposition 2.3|).

In order to state our results, recall that a non-negative function w €
Ll (p) on X is in the Reverse Hélder class RHy(u), 1 < ¢ < oo, if there is
a constant C > 0 such that

1 . Ve ¢
(1.5) (MB)W du(az)) < 4y | v

for every ball B in X. Moreover, RHy (1) is defined by the condition

C
1.6 supw(z) < ——— \ w(x) du(x).
(1.6) xeB() M(B)g()ﬂ()
Recall that RHy, (1) € RHg, (1) for 1 < ¢1 < g2 < o0.

We are ready to state a theorem that establishes the equality Hi (X) =
Hy (s h; 2).

THEOREM A. Suppose that a metric measure space (X, d, 1) satisfies the
doubling condition . Let L be a self-adjoint densely defined operator on
L?(X) such that the upper Gaussian bounds hold for the corresponding
heat kernel. Assume that h : X — [0,00) is an L-harmonic function in the

sense of (L.3), the estimates (ULGy)) are satisfied, and h € RHoo (). Then

the spaces H} (X) and HY (u; h;2) coincide and have comparable norms.

The proof of Theorem [A]will be given in Section [2] below. We additionally
prove a similar result with a slightly weaker assumption, namely A € RH, ()
with ¢ < oo large enough; see Theorem Let us point out the differences
between Theorem |[A| and [PSY22, Theorem A|, which we recall in Theorem
below. Firstly and most significantly, the (u;h;2)-atoms in Theorem
satisfy |al|r2(,) < p(B)~1/2, whereas the [u, h]-atoms from [PSY22] have

a more complicated size condition [[a| z2(p-1,) < pn(B)~1/2. The latter in-
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volves the function h. We shall see that this change opens a possibility of
studying manifolds in the case when there exist two or more linearly indepen-
dent bounded harmonic functions. It also has clearer geometrical meaning
when h is used only in the cancellation condition. Secondly, the assumption
h=! € A,(up2) from Theorem is replaced by h € RHso(p). Thirdly, a
simple fact stated in Proposition [2:4] allows us to get rid of the assumption
that py2 is a measure that satisfies the doubling property. Let us mention
that for all the applications known to us the condition A € RHy (1) holds.

As a consequence of our new atomic characterization of H}(X) we also
obtain a more natural description of the dual space.

THEOREM B. Assume that h € L2 (n). Then the space BMO(p; h; 2) is
dual to HX (u; h; 2).

Let us notice that the above statement does not refer to the operator L
and the corresponding semigroup 7;. However, its main motivation comes
from Theorem . We shall prove Theorem |B|in a more general setting (with
a set of functions hq, ..., Ay, instead of just one function h) in Section

1.3. Two harmonic functions. Another goal of this paper is to study
operators that are related to two (or more) linearly independent harmonic
functions. We shall discuss this situation in the particular case of mani-
folds with ends, but one can apply our result in other similar circumstances.
Analysis on manifolds with ends has recently attracted a significant broad
interest. The theory of heat kernel bounds on such manifolds was stud-
ied, among others, by Davies, Grigor’yan, Ishiwata, and Saloff-Coste in
D97, [GS09, [GIS23| [GIS21]. The Riesz transform in this context was studied
in e.g. [BS23, [H23, [CCHOG6, [HS19, [HNS24].

We shall consider a symmetric Riemannian manifold with two ends of the
form M = R" #R", n > 3. Such a manifold is obtained as a connected sum
of two copies of R™ combined by a compact smooth connection. We shall
also assume that there exists a symmetry o : M — M that interchanges one
end with the other and that preserves both the metric and the measure. For
precise descriptions, definitions, and assumptions, see Section

Let Ljs be a Laplace—Beltrami operator on M = R™ # R™. Denote the
associated heat semigroup by T} = exp(—tLys). It is known that the corre-
sponding heat kernel Ti(x,y) satisfies (UG) (see e.g. [GS09]). In addition,
for Lps there exist two linearly independent non-negative bounded harmonic
functions h4 and h_. One possible choice of hy can be given in probability
language, where h (z) is the probability that the process starting at = € M
will escape as t — oo via “the right end”. For an analytic description of these
functions, see e.g. [HS19].
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The following theorem establishes the equivalence of H}JM (M) and the
atomic Hardy space HY (u; hy,h_;2) from Definition .

THEOREM C. Let Lys be the Laplace—Beltrami operator on a symmetric
manifold M = R"#R"™ as in Section[5.2] Denote by hy and h_ the bounded
Lys-harmonic functions. Then the Hardy spaces HiM(M), HY(u;hy, h;2)
coincide and there exists C' > 0 such that

C_IHfHHiM(M) < N Fla2, s hs2) < CHfHHiM(M)‘

The proof of Theorem [C]is discussed in Section below. Using Theo-
rem [3.1] one can describe the dual space as follows.

COROLLARY 1.3. For the atomic Hardy space HX (p; hy, h_;2) from The-
orem the dual space is BMO(u; hy, h_;2).

2. Atomic characterizations of H;(X). In this section we consider
the metric measure space (X,d, ) and operators L,T; as in Sections
and In particular, we assume that there exists h such that and
are satisfied. Our main goal here is to prove Theorem |Al Actually,
we shall prove a slightly more general Theorem that covers Theorem [A]
as the special case ¢ = co and r = 2.

THEOREM 2.1. Suppose that a metric measure space (X,d, p) satisfies
the doubling condition (1.1)). Let L be a self-adjoint operator on L*(X) such
that the upper Gaussian bounds (UG|) hold for the corresponding heat kernel

semigroup. Assume that h : X — [0,00) is an L-harmonic function in the

sense of (1.3)), the estimates (ULGp|) are satisfied, and h € RHy(p) for
q € (3,00] sufficiently large. Then the Hardy space associated with L satisfies

HE(X) = Hy(p; )
withr = 2q/(q+1) if ¢ < 00 and r = 2 if ¢ = co. Moreover, the corresponding

norms are equivalent.

In this note the parameters g € (1, 00| from RH (1) (see (1.5))) and r < 2
from (u; h;r)-atoms are always related by

(2.1) S—

q+1
Notice that if r and ¢ > 3 satisfy , then ' < ¢. Thus h € RH,(p) implies
that h € RH,»(i), and h € L™ (i) as is required in Definition . There is
a natural question whether the spaces HJ, (i; h;r) are equivalent for the full
range r € (1, 00], but we do not investigate this issue here.

2.1. Auxiliary results. Before proceeding to the proof of Theorems [A]
and we shall recall some results and prove auxiliary estimates.
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By definition, a locally integrable non-negative function w belongs to the
Muckenhoupt class Ap(v) if

22 (o J vt @) (55 L@ du<x>)p_l <c

B

for all balls B.
Recall that the atomic Hardy spaces H [p, h] with [u, h]-atoms (see (T.4))
are considered in [PSY22|, where the following theorem is proved.

THEOREM 2.2 (|[PSY22, Theorem Al). Let (X, pu,d) be a space satisfy-
ing (1.1)), and L be a non-negative self-adjoint operator related to the semi-
group Ty with a kernel Ty(x,y) satisfying . Assume that there exists
a function h : X — (0,00) such that h is L-harmonic in the sense of ,
the measure pp2 is doubling, and is satisfied. Then there exists
po € (1,2] such that if h™' € Apy(up2), then HE(X) and HX[u, h] coin-
cide and

I W e ey = 0P ez -
Recall the notion of the Doob transform (or hA-transform) technique (see

e.g. |GS11, Section 5.1.2]). This is one of the main tools in the proof of
Theorem . For the semigroup T} on L?(i) one can define a new kernel

Tt (1’, y)
h(z)h(y)’
which defines a semigroup on L?(j2). The semigroup Tt is conservative, i.e.

| T, y) dpge (2) = 1.
X

Notice that the assumption (ULGy)) translates into the upper and lower
Gaussian bounds for Tj(z,y), i.e.

~ T 2
Ti(,y) > Oy (Bla, x/%»—lexp(—d( .y) )

Clt

Ty(z,y) =

(2.3)

~ d(z,y)?
Ti(o.) < CunalBla VA) Hexp( - 1200,

2
It is known that the estimates (ULGy|) automatically give the following
Holder-type estimates; for a short proof see e.g. [DP18] Section 4]. See also
IGS11 Theorem 5.11].

PROPOSITION 2.3. Assume that (X,d, ) is a metric measure space that
satisfies (1.1)). Let Ty be a semigroup related to a kernel Ty(x,y) such that
(ULG})) holds for a function h. Then there exist C,0 > 0 such that fort >0



8 M. Preisner and A. Sikora

and x,y,y0 € X satisfying d(y,yo) < vVt we have

Ti(z,y)  Ti(x,y0)
(24) ’h(ac)h(y) h(@)h(30)
C

= e (B V) (d(%0)> 6eXp<_d(Zf)z>‘

Proof. Note that {, ﬁ(m,y) dppz(z) = 1 a.e. and the semigroup T, sat-
isfies (22.3). Therefore ([2.4)) follows from [DP18 Theorem 5|. =

Another known consequence of (ULGy) is the following proposition.

PROPOSITION 2.4. Assume that a semigroup Ty related to a kernel Ty (x, y)
satisfies (ULGy)) for some function h. Then the measure 2 satisfies the

doubling condition (1.1)).

Proof. The proposition is well-known and follows from ({2.3]). We shall
provide a short proof for the sake of completeness. Let x € X, r > 0. By

©23) for y € B(x,r) we have py2(B(x,v2r))~t > Ty (z,y). By averaging
this inequality over B(z,r) and using the semigroup property we obtain

pr2(B(x,V2r) ™ 2 2 (B, )™ | T () dige (y)
B(z,r)

2 upe(Bx,r)™t || Tz, 2)Te(z,y) dupe(2) dppz (y)
B(z,r) B(y,r)

Zu2(Bla,r)™ | me(Bly,r) " dppe(2) duga (y)
B(z,r) B(y,r)
~ pp2(B(z,r))" . -

The next lemma describes the relation between [u, h]-atoms and (p; h;7)-
atoms. This is required in the first part of the proof of Theorems [A] and [2.1]

LEMMA 2.5.

(a) Assume that h € RHoo(u). Then there exists C' such that for a ball B
and a function a supported in B we have

—-1/2 -1/2.

lall L2(p-1p) < pn(B) = |lallz2¢) < Cu(B)

(b) Assume that h € RHy(p) for ¢ > 1 and r < 2 is as in (2.1). Then there
exists C > 0 such that for any ball B and any function a supported in
B we have

lallz2h-1 < 1n(B) 72 = lallzry < Cu(B) ™"
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Proof. Part (a) follows immediately from the definition of RHoo (). In-
deed,

HW&Mgﬁgmﬂwm@mﬂogﬁgmyﬂmm4§uwr¥

To prove (b) we use Holder’s inequality with the exponents 2/r and
2/(2 — r) and the definition of RHy(p) with ¢ = r/(2 —r) > 1 (see (1.5)).
Then

2—r
lallfr = | lal"h="7207 2 dp < (g\aﬁh—ldﬂ>““. (Sh@irdu) 2
B B B
S un(B) P w(B) - (B)? = (B) T m
In the whole paper p and ¢ denote the parameters from the Muckenhoupt
class A, and the Reverse Holder class RHy, respectively. They are always
related by

_a-!
="

LEMMA 2.6. Assume that h € RH,(u) for ¢ > 2. Then h™' € A,(up2)
for p as in (2.5)). In particular, if h € RHeo (1), then h™ € Ap(up2) for all
p> 1.

Proof. Let p > 1 and ¢ > 2 satisfy (2.5)), i.e. ¢ =2+ (p—1)~'. Then the
condition A1 € A,(py2) is equivalent to

26) (B Phdp (u(B) " [nan) < (w(B) {2 )
B B B

(see ) By the Reverse Holder assumption the left-hand side of can
be estimated by (u(B)~!{;hdp)?. Then follows from the Cauchy—
Schwarz inequality. The second statement follows immediately, since if ¢ — oo
then p=1+(¢—2)" ' tendsto 1. =

2.2. Proof of Theorems [A] and 2.7]

CASE 1: ¢ < 0o. Let qo = max(D/6,2 + (po — 1)71), where D is from
, ¢ is the Holder exponent from , and pg is as in Theorem
Notice that since py < 2, we have go > 3. Assume that h € RHy(u) with
q > qo and, as before, r =2 —2/(q + 1), see (2.1).

STEP 1. Since ¢ > qo, we see that h € RHy, (1) and, by Lemma we
obtain h™! € Ay, (pp2). Recall that, by Proposition tp2 is doubling. By
Theorem we have H} (X) = Hgx[p, h]. Moreover, Lemma (b) states
that every [u, h]-atom is also a (u; h;r)-atom, so Hi (X) C HX (u; h;r).

(2.5)

STEP 2a. In this step we prove that there exists C' > 0 such that
(27) [Mrally < C
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for every (u;h;r)-atom a with C' independent of a. Assume that a satis-
fies (1.2) for a ball B = B(yo, R). Denote AB = B(yp, AR), A > 0. By (1.1)
and the boundedness of My, on L"(u) we have

IMpallpiop, . < w(2B) [ Myall gy S w(B) " [lal ) < C-

Our next goal is to estimate Mpa(x) for x ¢ 2B. Notice that if y € B,
then d(z,y) ~ d(z,yo). First consider ¢ such that v/# > R. In this case, the
cancellation {ahdp =0 and (2.4) yield

@8 (Taw) = 1| (GG~ ity ) (0w )
Ti(z,y)  Tilx,yo0)

h(z)h(y) — h(z)h(yo)

dly,w)\’ A N AKUCR) A
5};( i >uh2(B(x,\/i)) p< - >| (y)Ih(y) du(y)

Next suppose vt < R. By (ULG}), we get

< h() | la(y) P (y) dpuly)

Lix,y) |
(29) [Ta(@)] < hio) | zshlatw) i) duty)
1) T 2
1) (72 ) (B exp( -0
B
Notice that Proposition [2.4] implies
Mh2(3($7d($ayo))) d(x7y0> b
(210 ey s (1)

By combining ([2.8)—(2.10)), and using Hoélder’s inequality we arrive at
(2.11)  Mpa(x)

son(() e = (-225)) frnar

<Z>6exp<‘“‘”c’}f)2>) Jfalt

))) ”aHLT(B,/L)HhHLT/(B,u)’

=hol

h(x) - (
™ pp2 (B(z, d(z,90))) ¢>

8

R \° h(z)
< (doew) e i
where 1/r 4+ 1/r' = 1.

T, Y0
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For n = 1,2,... denote S, = 2""'B\ 2"B. Then

[Mpal L1 (2Bye, ) < Z |Mpallr1(s,,
—_———

n=1
P,

We claim that >, -, P, < C. Notice that

pnz (B(@,d(,y0))) = 2 (B(yo, d(w,30)));
see Proposition For z € S, we have 2" R < d(z,yp) < 2" R, so by (2.11)
and (|1.2]) we obtain
9—né :u’h(2n+ B)
pn2(2"B)
~ 910 (/‘(2n+13)_1 82n+13 hdp) - (N(B)_l SB " d/‘)l/rl
ﬂ(2n+1B)_1 SQ”'HB h2 d/*L
yono__ (WB) S b )t
(M(2n+lB>_1 82n+lB h2 d:u)l/2
In the estimate above we used Proposition[2.4)and Holder’s inequality. Recall

that ¢ > qo > 3, 1" = 2¢/(g—1) < ¢, and h € RHy(p). By Holder’s inequality
and Reverse Holder’s assumption we arrive at

_ 1
b < g ((B) S dp)

T p(B) T g hdp
<2-m;<u<2"+13> {p hedp )”q
~ B)  Syuraph?dp

< 27n52nD/q

P u(B) ]| e

(B, 1)

where D is from - The claim -, P, < C is proved, since § — D/q > 0.
The proof of (| is ﬁnlshed

STEP 2b. The inclusion HY (u;h;r) € HE(X) follows from by
a standard argument. We present the details for the sake of completeness.
Take f(x) =), Aax(z), where >, |Ag| < oo and ay, are (u; h; 7)-atoms. Re-
call that H] (X) embeds continuously into LY(p) (see [AMMI5] and [PSY22,
Section 8]). Let fn(z) = > p_; Awax(z). By ([2.7) for n < m we have

m

IML(fn = F)llLry S D 1kl-

k=n+1

Thus f,, is a Cauchy sequence in H} (X) and there is a limit g € H} (X) in the
H}(X)-norm. Also, f,, — f in L'(p), and since H} (X) embeds continuously
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into L' (u), we have f = g. Moreover,

1 g o) = sup ey o) S Z Al S AW g, sy
k=1

which ends the proof of Theorem [2.1] in the case ¢ < co.

CASE 2: ¢ = oo. This case (equivalent to Theorem can be verified
by the same argument with appropriate modifications and we only comment
on the differences. The assumption h € RHo (1) implies h € RHg(p) for all
g > 1. Then h™! € A,(uy2) for all p > 1, see Lemma The main change
in the proof is that we use Lemma [2.5a) (instead of (b)), and therefore we
may keep r = 2. We leave the details to the reader. m

3. BMO spaces and harmonic functions. Let r,7’ > 1 be conjugate
exponents, i.e. 1/r +1/r’ = 1. In this section we prove that the dual of the
atomic Hardy space HY (p;h1,...,hm;7) (see Definition is the space
BMO(g; b, - .., hm; 1) (see Definition [1.2).

THEOREM 3.1. Letm € N and ha, ..., hy, € Li. (11) be functions that are
linearly independent on X. Then the space BMO(u; hy, ..., hy;1') is dual to

Halt(:ua h17 LR hm,’l“)
The proof of Theorem [3.1] consists of verifying two statements:

(1) For each g € BMO(p; hy, ..., hym; ') one can define (in a linear way) a
bounded linear functional on HY (u; by, . .., hm; 1), which we shall denote
by (f,g), such that

‘< >’ < ||f||H1 (3R 5eees ;T ||g||BMO(u;h1 ..... hamir’)

(2) Conversely, for every | € (HL(u;h1,...,hm;7))* there exists g €
BMO(p; hi, ..., hm; ') such that [ is defined as above, i.e. I(f) = (f,g)
with

||9||BMO(u;h1,...,hm, ~ ||l||H1 (31 50y hom;r)—C

Theorem [B| follows by a proper modification of standard techniques (see
e.g. [S93, pp. 142-145], [PSY22| Section 5]).

Proof of Theorem 3.1. Denote V' = span(hy, ..., hy,) asin Deﬁnition
To prove (1) take g € BMO(u; by, ..., hun;7'). For a (u;hy, ..., hy;r)-
atom a and u € V we have
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[ a(@)g(@) du()| = | o) (g(2) - () du(w))
X X
< Jallzro (Vl9(e) — (@) du(a)) "

< (1B loo) et )"

The estimate above holds for all balls B in X and all u € V, therefore we
see that

(3.1) [ a(@)g(@) du@)| < glsroqun, i
X

Let f(x) = > Awag(x), where Y, |A\;| < oo. From (3.1)) we deduce that

| > Mwak(@)g(x) du()

X k=1

S+

is a Cauchy sequence as n — oo and we define the pairing (f, g) as its limit
for an arbitrary f € HL (i; h1, ..., hm;7). It is easy to check that this pairing
is well-defined, linear, and

[ D < I a, st o) |9 BMO (s . ) -

Notice that (f,g) = | f(z)g(z) du(xz) when f is a finite linear combination
of (i4; h1, ..., hy;7)-atoms (this subspace is dense in HX (p; hi, ..., hp;7)).

We turn to proving (2). Let [ be a linear functional on HX, (11; ha, . - ., hun; 7).
We may assume that [[l[| 71 (p, .. hpnir)—c < 1. Let B be a ball and consider
the space

Hp = {f € L(ulp) :Yu e V | f@)u(e) du(z) = 0}.
B

Obviously, if f € Hp, then f € HL(u;hi, ..., hp;r) with

W ez, st iy < BB

Therefore, by the Hahn—Banach extension and the Riesz representation the-
orems, there exists gp such that

1(f) =\ f(@)gp(z) du(x), f€Hp,
B
1951 1 ) = Nlllap—c < u(B) 7"
Since the functions hq, ..., hy, are linearly independent on X, there exists

a ball such that hi,..., A, are linearly independent on this ball. Fix such
a ball By. Then M = (SBO hihj dp);"_; is a non-degenerate m X m matrix.
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We choose constants cg = (¢g1,...,cB,m) such that
Mcp = —< S gphidp, ..., S §madu)-
Bo Bo

Set g = gp + cih1 + - + cBmhm. Note that I(f) = {5 f(z)gp(z) du(x)
for f € Hp. According to our choice of cg we have

(3.2) \ gshjdu=0, j=1,...,m.

By
Take an increasing family of balls By € By C --- such that UneN B, = X.
We have gg, — 9B,., = dnih1 + -+ + dpmhm on B, 2 By. By integrating
on By with respect to hi,...,h, we obtain M(dp1,...,dnm) =0 and thus
dpj =0forn € Nand j =1,...,m. Since gp, and gp,,, coincide on By,
we can define the limit

g(z) = lim gp, ().

n—oo
Moreover, for any ball B,
(3.3) 1 1
1 / B 1 / E
_ .= r = ———\lgnll" ., < (.
<M(B),§,|g ol coanlind dﬂ) (M(B)HQB”L" (“)> =¢

We have proved g € BMO(y; ha, ..., ;') and ||gllBMO(uihy .. hmsr) < C-
Also, I(f) =\« f(x)g(x) du(x) whenever f is a finite combination of atoms.
This ends the proof of Theorem 3.1.

4. Spaces with symmetry and operators related to two harmonic
functions. Let (X,d, ) be a space of homogeneous type, see . Let us
start with a general proposition, that relies on . More assumptions (e.g.
symmetry of X) will be added later.

PROPOSITION 4.1. Suppose that L is a non-negative self-adjoint operator
acting on L?(u) such that the integral kernel Ty(x,y) corresponding to the
semigroup Ty = et satisfies the upper Gaussian estimates . Assume
that the functions hy, ..., hy € LS. (1) are L-harmonic in the sense of .
Then H} (X) C HY (b1, ..., hin;2) and there exists C > 0 such that

AN a2, st oims2) < CUF a2 (x)-

Proof. The proof follows from |[HL™11| and the argument is similar to
[HL™11, Lemma 9.1] and [PSY22, Theorem 3.5]. For completeness we present
a sketch of the argument.

Recall that the space H} (X) with T} satisfying has many equivalent
characterizations, e.g. by maximal functions, Luzin area functions, square
functions, etc. (see [HL™11), [SYT]]). By |[HL*11, Theorem 7.1 for f from
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a certain dense subset H} (X) of H}(X) we have f(x) = Y., Akax(x) (with
convergence in both L'(u) and L?(u)), where aj, are such that there exist
balls By, = B(yk, k) and functions by € Dom(L) with

ap, = Lby,  supp(L'by) € Br,  [[(rfL) brllp2(uy < rp(Bi) Y/

fori =0,1and k =1,2,.... We can assume that ||f”Hi(X) ~ > . |Akl. Since
ay, are properly localized and satisfy the size condition that we need, it is
enough to show that {agh;dp =0 for j =1,...,m and k € N. For fixed j

from ([1.3)) we have

(I+L)'hj =\ e "Tih;dt = h;.
0
Then
Sak( )h; ar(x)(I + L) hj(z) du(z)
X

L)™' Loy (x)hj(x) dp(x)

(I+
I+ L)"NI + L)b(x)h;(z) du(z)

=
X

-l
X
J(
X

— V(I + L) "bp () () dp(x)
X

= | be(@)hj(@) dps(x) = § br(@)(T + L)' hy (@) dps(x)
X X
= 0.

Notice that the calculation above is justified since h; € LS (u). What we

have just proved is that each ax is a (p;hy, ..., Ap; 2) atom. Thus, for f €
H} (X) we have f € HY (u;ha, ..., him;2) and

Iz, st oo ims2) < CUF i (x)
The proof is finished, since H (X) is a dense subset of H} (X). u

COROLLARY 4.2. Let L be an operator as in Proposition [£1]. If h is a
bounded L-harmonic function then

}f(@)h(x) dp(z) = 0
for f € HL(X).

Proof. Let f € H}(X). From Proposition we have f = )", Apag,
where ) 7, [A\;| < 0o and ay, are (u; h; 2)-atoms. Then

Sf(x)h(a:) du(x) = HILIEOSZ Aag(z)h(z) du(z) =0,
k=1

since Y p_; Aax(z) converges to f in L'(p) and h € L®(p). m
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4.1. Background and assumptions. In this section we shall consider
spaces of homogeneous type with an additional symmetry. These assump-
tions are modelled by symmetric manifolds R™ # R™ with ends that are
described in Sections above and below. The proofs do not rely on
the manifold structure, thus we state some general assumptions that guar-
antee the atomic characterization of the Hardy space H}(X), where atoms
have cancellations with respect to two linearly independent harmonic func-
tions. According to our knowledge, such atomic Hardy spaces have not been
intensively studied (however, see [PZ21]).

Let (X, d, 1) be a space of homogeneous type and X = X, UX_. Assume
that I' .= X, N X_, u(I') =0, and I' = bd X; = bd X_. Denote by pu4
the measure p restricted to X;. We additionally assume that there exists
a bijection o : X — X that preserves both the metric and the measure,
0? =id, o(z) = x for x € I', and 0(X;) = X_. In what follows we shall
denote o(z) = z. We shall work under the assumption that

(4.1) Ve,y e X4 d(z,y) < d(zx,y).

We start by considering two operators on X that satisfy the assumptions
of Theorem [A] For further reference let us recall these assumptions. Let Ly
and Lo be two self-adjoint, non-negative operators that are densely defined
on L?(pu4 ). Denote by Tt[l]

let Tt[l] (x,y), Tt[z] (z,y) for t > 0, z,y € X+ be the integral kernels related to
these semigroups, respectively. Suppose that non-negative functions hi, ho
on X are in RHoo (14 ). Assume that, for j =1,2,¢t > 0, and z,y € X\ I,
we have

@2)  Th(x) = hy(x),

and Tt[Q] the semigroups related to Ly and Lo, and

d(x,y)?

43)  0<T (@) < Cu(Blx, V1) te ar

e N Y CA)
4.4 C 2 (B(z,Vt)) e et < L X700
d(z,y)?

< Cpa(Bla, Vi)l o

Notice that under the above assumptions Theorem describes Hij (X4) for
ji=12.

We say that a function f on X is even (or odd) if f(z) = f(x) (respec-
tively, f(z) = —f(z)). We decompose each f € L?(u) into even and odd
parts, f = fo + fo, getting L?(p) ~ L?(uy) ® L%(uy), a direct sum of two
Hilbert subspaces. We define L as L1 ® Lo, where L1 acts on the even func-
tions and Lo acts on odd functions. Then L is self-adjoint and non-negative
on L?(u). Moreover, L is related to the semigroup T; whose integral kernel
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is given by
Ttm (z,y) + Ttm (x,y) forz,ye X,
(1] [2] ~
Ty (x,y) =1, (=, for x,y € X4,
4y Dy =T @D -TwD fragex,
T, (z,y) — T, (z,y) forz,ye Xy,
]

Tt[1 (z,7) +T2](x y) forz,ye X,.
We shall also assume that T;(z,y) satisfies (UG]). Notice that the functions

/ﬁl(m) _ hl(f) for z € X, ﬁg(:n) _ hg(ac)~ for z € Xy,
hi(z) forxe X_, —ho(z) foroxze X_,

are L-harmonic in the sense of (1.3]).

4.2. Hardy space related to El and /HQ. Our main goal of this section
is to prove the following atomic characterization of H} (X).

THEOREM 4.3. Let a space X = X1 U X_ and a symmelry o sat-
isfy the assumptions listed in Section ncluding . Suppose that the
conditions (4.2)-(4.4) hold for operators Li,Ls on L*(u4) and functions
hi,ha € RHoo(p4+) (see (1.6). Let L = L1 ® Lo be the operator defined above
and assume that the related semigroup kernel satisfies the upper Gaussian es-
timates (UG). Then the Hardy space Hi(X) coincides with HX (p; hi, ho; 2)
and there exists C' such that

CMIF ey ) < W g, s mizy < Ol Nl (x

Proof. The inclusion HL(X) C HL(u;h1, ho;2) follows directly from
Proposition since (UG]) holds for L and since both h; and hy are L-

harmonic functions.

Now we prove that H;t(,u;ﬁl,ﬁg;Q) C H}(X). By the same continuity
argument as in the proof of Theorem [A| (Step 2b in Section 2.2) it is enough
to prove that there exists C' > 0 such that

(4.6) [Mrallpixy < C

for every (,u;/ﬁl,/l%z; 2)-atom a.
Assume then that an atom a is such that suppa C B = B(y,r) C X.
Denote B = o(B) and
1 1

ae(z) = 5(a(@) +a(@)),  aolz) = ;(a(z) - a(@)).

Notice that a. and a, are supported in B U B and
[Mpallzry < IMpaellpru) + [[MLaoll i
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First we shall estimate ”MLaeHLl(M). Since ae,ﬁl are even, a, is odd, and
Saﬁl du(x) = 0, we obtain

~ 1 ~
S aehy dp = S achy dp = 3 S(ae + ap)hy dp = 0.
X4 X X
Denote by a. + the restriction of a. to X . Observe that, by (4.1)), ae + is
supported on By := B(z,7) N X, = (BUB)N X4, where z =y if y € X,

and z = y otherwise. In addition, u(B+) ~ u(B). Note that Tia.(x) is an
]

N

even function and Tya.(z) = Tt[1 ae 4 (x) for € X, so it is enough to show

My ae L1 (uy) < C.

The last estimate is a consequence of Theorem [A] since a. 4 is a (p; h1;2)-
atom related to the ball By C X, (see Definition . The estimate for
|Mpaol 1) is similar. We skip the details. =

Using Theorem [3.1] we describe the dual space as follows.

COROLLARY 4.4. Suppose hy, hy € L2 (uy). The space BMO(M;TH,}ALQ; 2)
is dual to HY (5 by, ho;2).

5. Applications. In this section we present exemplary applications of
our theory, i.e. of Theorems [A] and [£.3]

5.1. Operators with one harmonic function. It is easy to check that
all of the examples discussed in [PSY22, Section 6] satisfy the assumptions
of Theorem [A] including the condition h € RHy(1t). Notice that in many
cases the related harmonic function is unbounded either from above or from
below. We do not list all the examples here and just quote one application.

Exterior domain outside a bounded convex C' set. Assume that 2 C R®
is such that £2¢ is convex, compact, and its boundary is locally a C*! func-
tion. We consider the Laplace operator Ay on {2 with the Dirichlet boundary
condition and the corresponding Hardy space Hin (£2).

THEOREM 5.1. Assume that for n > 3, 2 C R™ is a domain that is the
exterior of a CY' compact convex set. Then there exists a function h : 2 —
(0,00) such that

h(z) ~ min(1, dist(x, £2°))

and the Hardy space Hig(!?) coincides with HY (ju;h;2), where p is the
Lebesgque measure on {2.

The estimates for the heat kernel were given in [Z03] (see also [PSY22
Section 6.1.2]). It is not difficult to check that for (2 as in the theorem
above we have h € RHyo (). Hence Theorem is a direct consequence of
Theorem |Al Also, Theorem |B| describes the dual space as BMO(pu; h; 2). For
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other results concerning Hardy spaces on domains on R we refer the reader
to [ARO3, [CKS93] and references therein.

5.2. Symmetric manifolds with ends. In this section we consider a
Riemmanian manifold with ends of the form M = R" # R"™. The results for
this context were stated in Section [I.3]and here we provide some details and
precise assumptions. We briefly discuss the proof of Theorem [C] By defini-
tion, the manifold R"#R" has a central compact part K such that M \ K
is a disjoint sum of two ends Ey and E_, where Ey = E_ = R"\ B(0,r)
and 7 > 0. Let p be a measure on M that has a smooth positive density
and coincides with the Lebesgue measure on £y and E_. On the other hand
we suppose that M = My U M_, where F, C M, and E_ C M_. The
halves M and M_ are Riemmanian manifolds with boundaries and the set
I''=M;NM_=bdM; =bdM_ C K is a compact smooth submanifold
of order n — 1, i.e. u(I") = 0. Moreover, we assume that there exists a sym-
metry o : M — M such that 02 = id, o preserves both the metric and the
measure, o(z) = x for x € I', and o(My) = M_. Notice that in this context
the property holds.

Denote by Lj; the Laplace—Beltrami operator on M. It is known that
the related heat kernel satisfies (JGS09, ICCHO6]).

For a moment consider the half-space M, described above. Let Ly
and Lp be the Laplace-Beltrami operators on M, with either Neumann
or Dirichlet boundary conditions on I', respectively. We assume that M is
an inner uniform domain in the sense of |[GS11|. By |[GS11, Theorem 3.10],
the heat kernel T} y(z,y) corresponding to the semigroup Ty y = exp(—tLy)
satisfies

Tx(@,y) > C7 (Bl V)™ exp(‘p(%y)z)a

Clt

T 2
Tin(z,y) < Cu(B(z,vt) ™ exp(—’o( ) >

CQt

for z,y € M, and t > 0. Moreover, by |GS11, Section 4 and Corollary 5.10]
there exists a function hp : My — [0, 00) such that

Tp@my) C™ g (B(x, V1)) exp <_ o) > ’

hp(x)hp(y) cit
E,D(xv y) -1 d(.%', y)2
m < Cuth(B(x,\/Z)) eXp<_ ot >>

where ¢t > 0 and z,y € M, \ I'. The function hp is continuous, positive on
M, \ I, and vanishes on I'. Moreover, hp is in RHoo(p), similarly to the
case of Theorem [5.11
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Observe that, thanks to symmetry, the analysis of T3 on even functions on
M is equivalent to the analysis of T; y on M ; compare Section@ Similarly,
the analysis of T; on odd functions on M is equivalent to the analysis of T} p
on M. The kernels T (x,y), Ty n(x,y) and T} p(x,y) are related as in (4.5)

with Ttm = Ty v and Ttm = T;,p. On M, the related harmonic functions

are hy = 1 and hy = hp, respectively. Let El = 1 (the even extension of hy
to M) and denote by hy the odd extension of hp to M.

Proof of Theorem[(]. It is enough to observe that all the assumptions of
Theorem are satisfied with Tt[l] =T; N and Ttp] = T} p. Therefore /ﬁl =1
and Eg are L-harmonic. Finally, observe that the functions hy and h_ defined
in Section are linear combinations of ﬁl and ﬁg, i.e.

h_;_:%(/f;l +/]’;2), h_:%(ﬁl—/ﬁg). [ ]

REMARK 5.2. We intend to study the Hardy spaces on manifolds with
ends without the symmetry assumption in another project.
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