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TRANSLATION LENGTH FORMULA FOR
TWO-GENERATED GROUPS ACTING ON TREES

BY

KAMIL ORZECHOWSKI

Abstract. We investigate translation length functions for two-generated groups act-
ing by isometries on Λ-trees, where Λ is a totally ordered abelian group. In this context,
we provide an explicit formula for the translation length of any element of the group,
under certain assumptions on the translation lengths of its generators and their products.
Our approach is purely combinatorial and uses only the defining axioms of pseudo-lengths.
As shown by Parry, pseudo-lengths coincide with the translation length functions for ac-
tions on Λ-trees. Furthermore, we prove that, under certain conditions on four elements
α, β, γ, δ ∈ Λ, there exists a unique pseudo-length on the free group F (a, b) assigning these
values to a, b, ab, ab−1, respectively.

Applications include results on properly discontinuous actions and discrete free groups
of isometries. We also develop an algorithmic approach to studying translation length
functions arising from free actions on R-trees. Based on this, we state a conjecture that
would lead to a description of Aut(F2)-orbits in the Culler–Vogtmann outer space.

1. Introduction. The concept of translation length appears in the the-
ory of groups acting on trees by isometries. Most generally, this notion is
applied to Λ-trees, for any totally ordered nontrivial abelian group Λ. Mor-
gan and Shalen [11, Ch. II.1] were probably the first to define Λ-trees in this
generality. The theory was further developed by Alperin and Bass [1]. We
refer to [4] for a thorough introduction to Λ-trees.

Culler and Morgan listed some algebraic properties of the translation
length function G ∋ g 7→ ∥g∥ for an action of a group G on an R-tree by
isometries [7, 1.11]. They called any function from G to [0,∞) satisfying
these properties a pseudo-length, and asked if every pseudo-length is the
translation length function of some action of G on an R-tree. This question
was answered affirmatively by Parry [12], who worked in the general context
of Λ-trees.
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It is known that if two isometries a, b of a Λ-tree X satisfy the conditions
(1) ∥a∥ > 0, ∥b∥ > 0,

∣∣∥a∥ − ∥b∥
∣∣ < min {∥ab∥, ∥ab−1∥},

the group they generate acts freely, properly discontinuously, and without
inversions on X; see [3, Propositions 1 and 2] or [4, Lemmas 3.3.6 and 3.3.8].
The cited proofs are geometric in nature and rely on drawing pictures or
“ping-pong” type arguments.

We present a combinatorial approach, using only the defining conditions
of a pseudo-length and not referring to any geometric interpretation. More-
over, we obtain an explicit formula for the translation length ∥g∥ for g ∈ ⟨a, b⟩
if the conditions (1) are satisfied.

Main results. We prove the following:
1. If ∥·∥ is a pseudo-length on a group G and a, b ∈ G satisfy (1), then

(2) 2∥w∥ =
(n−1∑
i=1

∥xixi+1∥
)
+ ∥xnx1∥ > 0,

for any cyclically reduced word w = x1 . . . xn, xi ∈ {a, b, a−1, b−1}, n ≥ 1
(Theorem 3.4).

2. If α, β, γ, δ ∈ Λ satisfy the following conditions:
α > 0, β > 0, |α− β| < min {γ, δ};(3)
either γ = δ > α+ β or max {γ, δ} = α+ β;(4)
γ − α− β ∈ 2Λ, δ − α− β ∈ 2Λ;(5)

then there exists a unique pseudo-length on the free group F (a, b) such
that ∥a∥ = α, ∥b∥ = β, ∥ab∥ = γ, and ∥ab−1∥ = δ (Theorem 3.8).
The uniqueness part of our second result follows from (2). Note that (3)

is the counterpart of (1). The existence part (Proposition 3.7) is nontrivial.
We define a function on F (a, b) by a formula that mimics (2). The conditions
(4) and (5), which may seem technical, are used to prove that the function
we construct satisfies the axioms of a pseudo-length. Notice that (5) is only
necessary if 2Λ ̸= Λ.

In the final section, we provide some applications of our results. We
draw a conclusion about discrete and free subgroups acting on trees (as in
[5, 6]). Explicitly, we prove the following corollary, which generalizes Conder’s
geometric result [5, Corollary 3.6] (formulated for a continuous action on a
Z-tree):

If G is a topological group acting on a Λ-tree (X, d) by isometries in
such a way that for some x0 ∈ X the map G ∋ g 7→ gx0 ∈ X is continuous
and a, b ∈ G satisfy (1), where ∥·∥ : G → Λ+ is the translation length func-
tion of this action, then the subgroup ⟨a, b⟩ is free of rank two and discrete
(Corollary 4.2).
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We also construct an algorithm that outputs a basis (g, h) of F (a, b)
satisfying (1) (with g, h in place of a, b), when given any pseudo-length
∥·∥ : F (a, b) → Λ+ that is purely hyperbolic (i.e., ∥g∥ > 0 for all g ̸= 1)
and takes values in a nontrivial subgroup of R (Algorithm 1).

Based on Algorithm 1, we study Aut(F2)-orbits in the space Ψ(F2) of all
purely hyperbolic real-valued pseudo-lengths on F (a, b) (Theorem 4.6 and
Remark 4.7). As a result, we find a set whose intersection with any such orbit
is nonempty. This set is defined as the union of two subsets (32), which are
parametrized by four real numbers. We conjecture that it contains exactly
one member of every Aut(F2)-orbit in Ψ(F2) (Conjecture 4.8).

If our conjecture is true, it gives a description of Aut(F2)-orbits in the
space of all pseudo-lengths on F (a, b) that are the translation length func-
tions of free actions on R-trees. The space of all such functions is related to
the concept of the Culler–Vogtmann outer space [9], which (for rank two)
can be identified with the projectivization of Ψ(F2).

2. Preliminaries. In this paper, unless otherwise specified, let Λ be
a fixed totally (linearly) ordered nontrivial abelian group. We will write Λ
additively. Let also Λ+ := {λ ∈ Λ : λ ≥ 0}, and |λ| := max {λ,−λ} for
λ ∈ Λ. Without explicit mention, we will use the fact that multiplying both
sides of any inequality or equality between two elements of Λ by 2 yields
an equivalent one. When we write λ′ = 1

2λ for λ ∈ Λ, we mean 2λ′ = λ,
implicitly assuming that such a (necessarily unique) λ′ ∈ Λ exists. For the
basic theory of ordered abelian groups, see [4, Ch. 1, §1].

We call Λ Archimedean if, given a, b ∈ Λ with b ̸= 0, there exists n ∈ Z
such that a < nb. It is known that Λ is Archimedean if and only if there
exists an embedding of ordered abelian groups Λ → R [4, Theorem 1.1.2].
An example of a non-Archimedean totally ordered abelian group is Z ⊕ Z
with the lexicographic ordering.

A Λ-metric space (X, d) is defined using the same axioms as for a metric
space, except that d takes values in Λ instead of R [4, Ch. 1, §2]. As usual,
d induces a topology on X with the family of open balls as its basis. An
example of a Λ-metric space is Λ itself with the Λ-metric d(x, y) := |x − y|
for x, y ∈ Λ. It is the only Λ-metric that we will consider in Λ; the topology
induced by d turns Λ into a topological group.

An isometry of Λ-metric spaces is defined as for metric spaces; we require
that an isometry be surjective, otherwise we use the term isometric embed-
ding. A segment in a Λ-metric space (X, d) is the image of an isometric
embedding i : [a, b]Λ → X of a closed interval [a, b]Λ := {x ∈ Λ : a ≤ x ≤ b},
a, b ∈ Λ, a ≤ b, into X; i(a) and i(b) are then called the endpoints of the
segment. A Λ-metric space (X, d) is called geodesic if for any x, y ∈ X there
exists a segment in X with endpoints x and y.
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Definition 2.1 ([4, Ch. 2, §1]). A Λ-tree is a geodesic Λ-metric space
(X, d) such that

(i) if two segments of (X, d) intersect in a single point, which is an endpoint
of both, then their union is a segment;

(ii) the intersection of two segments with a common endpoint is also a seg-
ment.

It follows from the above definition that, in a Λ-tree (X, d), there is a
unique segment with endpoints x, y for any x, y ∈ X [4, Lemma 2.1.1], let us
denote it by [x, y]. If A ⊆ X is such that [x, y] ⊆ A whenever x, y ∈ A, we
call A a subtree of X. A trivial example of a Λ-tree is Λ itself, then segments
in Λ are exactly the closed intervals.

The most important examples of Λ-trees are Z-trees, which are just “or-
dinary”, graph-theoretic trees with the shortest path metric on the set of ver-
tices, and R-trees, which can be characterized as uniquely arcwise-connected
geodesic metric spaces [4, Proposition 2.2.3].

Any Z-tree X can be isometrically embedded in a canonical way into an
R-tree real(X), called the geometric realization of X [11, Theorem II.1.9]. It
is obtained by taking an isometric copy of [0, 1]R for each of the edges of X,
making the appropriate identification of endpoints, and extending the metric
suitably. By a simplicial tree we mean any R-tree that is homeomorphic to
real(X) for some Z-tree X. This terminology is consistent with that of [9];
Chiswell [4] uses the term polyhedral tree instead.

All isometries of a Λ-tree (X, d) onto itself can be divided into three
types: elliptic, hyperbolic and inversions [4, Ch. 3, §1]. Let g be an isometry
of a Λ-tree (X, d). It is called elliptic if it has a fixed point in X; g is called
an inversion if g has no fixed points in X but g2 does; otherwise g is called
hyperbolic. The translation length of g [12, p. 297] is defined by

(6) ∥g∥ :=

{
0 if g is an inversion,
min {d(x, gx) : x ∈ X} otherwise.

In fact, if g is not an inversion, the set of points for which the minimum in (6)
is reached is a nonempty closed subtree of X. In the case when Λ = 2Λ (e.g.,
Λ = R), there are no inversions. Hyperbolic isometries are precisely those
with ∥g∥ > 0. If g is hyperbolic, then the set {x ∈ X : d(x, gx) = ∥g∥} is
called the axis of g; it is isometric to a subtree of Λ and the action of g on
its axis corresponds to translation by ∥g∥, which justifies the terminology
[4, Theorem 3.1.4 and Corollary 3.1.5].

Example 2.2. Let F be a field with a valuation v, i.e., a group homomor-
phism v : F ∗ → Λ satisfying v(a + b) ≥ min {v(a), v(b)} for a, b ∈ F (with
the convention v(0) = ∞). There exists a Λ-tree Xv on which GL(2, F ) acts
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by isometries [1, Appendix A] with the translation length

∥g∥ = max {v(det g)− 2v(tr g), 0} for g ∈ GL(2, F ).

The Λ-tree Xv generalizes the Bruhat–Tits tree, which was constructed for
a discrete valuation v; see [13, Ch. II].

Let us discuss pseudo-lengths and their connection with translation length
functions.

Definition 2.3 ([12, (0.2)]). Let G be a group. A function ∥·∥ : G → Λ+

is called a pseudo-length if it satisfies the following conditions, called axioms:

(A0) max {0, ∥gh∥ − ∥g∥ − ∥h∥} ∈ 2Λ for any g, h ∈ G with ∥g∥, ∥h∥ > 0;
(A1) ∥ghg−1∥ = ∥h∥ for any g, h ∈ G;
(A2) ∥gh∥ = ∥gh−1∥ or max {∥gh∥, ∥gh−1∥} ≤ ∥g∥+ ∥h∥, for any g, h ∈ G;
(A3) ∥gh∥ = ∥gh−1∥ > ∥g∥ + ∥h∥ or max {∥gh∥, ∥gh−1∥} = ∥g∥ + ∥h∥, for

any g, h ∈ G with ∥g∥, ∥h∥ > 0.

According to [12, Main Theorem, p. 298], ∥·∥ : G → Λ+ is a pseudo-length
on a group G if and only if there exists a Λ-tree X and an action of G on X
by isometries such that ∥·∥ is the translation length function for this action.

Remark 2.4. The original definition of a (real-valued) pseudo-length
given by Culler and Morgan [7, 1.11] included the following additional ax-
ioms:

(A4) ∥1∥ = 0;
(A5) ∥g−1∥ = ∥g∥ for any g ∈ G.

Parry pointed out that they are redundant. Indeed, if ∥1∥ > 0, the ap-
plication of (A3) to g = h = 1 would lead to a contradiction; (A5) follows
from applying (A2) twice: once for the pair (1, g) and once for (1, g−1).

Definition 2.5. Let ∥·∥ : G → Λ+ be a pseudo-length on a group G.
We call ∥·∥ purely hyperbolic if ∥g∥ > 0 for all g ∈ G \ {1}.

We say that an action of a group G on a set X is free if every point
of X has trivial stabilizer. If X is endowed with a topology, the action is
called properly discontinuous if every x ∈ X has a neighborhood U such that
gU ∩ U ̸= ∅ implies g = 1.

It follows from (6) that an action of G on a Λ-tree X is free and without
inversions if and only if the associated translation length function is purely
hyperbolic.

Let us introduce the concept of a ping-pong pair in a group G equipped
with a pseudo-length. We named it so because the defining condition often
appears in the literature in so-called ping-pong type arguments.
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Definition 2.6. Let ∥·∥ : G → Λ+ be a pseudo-length on a group G.
We call (g, h) ∈ G×G a ping-pong pair if ∥g∥, ∥h∥ > 0 and∣∣∥g∥ − ∥h∥

∣∣ < min {∥gh∥, ∥gh−1∥}.
Geometrically, the fact that (g, h) is a ping-pong pair corresponds to the

situation when g, h are hyperbolic isometries of a Λ-tree such that either the
axes of g, h are disjoint or their intersection is a segment of length less than
min {∥g∥, ∥h∥} (see, for example, [6, Lemma 3.1] and the paragraph that
follows it).

3. Results. Let us collect some useful properties of every pseudo-length.

Lemma 3.1. Let ∥·∥ be a pseudo-length on a group G. For any g, h ∈ G
we have

∥gn∥ = |n| ∥g∥ for n ∈ Z;(7)

if ∥gh−1∥ > ∥g∥+ ∥h∥, then ∥gh∥ = ∥gh−1∥;(8)

if ∥gh−1∥ < ∥g∥+ ∥h∥, ∥g∥, ∥h∥ > 0, then ∥gh∥ = ∥g∥+ ∥h∥.(9)

Proof. The formula (7) was proved in [7, Lemma 6.1]. The implications
(8) and (9) follow from (A2) and (A3) respectively.

We now establish some terminology and notation that we will adhere
to throughout the paper. Let a, b, a−1, b−1 be distinct symbols and Σ :=
{a, b, a−1, b−1}. Extend the mapping a 7→ a−1, b 7→ b−1 to an involution
−1 : Σ → Σ. Let Σ∗ be the free monoid of all words over the alphabet
Σ with the operation of concatenation (written simply uv for u, v ∈ Σ∗)
and the identity 1 (the empty word). We put w−1 := x−1

n . . . x−1
1 for any

w = x1 . . . xn, where xi ∈ Σ (1 ≤ i ≤ n); also 1−1 := 1.
A word w ∈ Σ∗ is reduced if w = 1 or w = x1 . . . xn, where xi ∈ Σ

(1 ≤ i ≤ n) and xi ̸= x−1
i+1 (1 ≤ i < n). We denote by Σ∗

red the set of all
reduced words over Σ; it is in a canonical bijection with F (a, b), the free
group over {a, b}.

A word w ∈ Σ∗
red is cyclically reduced if w = 1 or w = x1 . . . xn, where

xi ∈ Σ (1 ≤ i ≤ n) and xn ̸= x−1
1 . We denote by Σ∗

c red the set of all
cyclically reduced words over Σ. By a cyclic shift we mean a transformation
of the form x1 . . . xn 7→ xkxk+1 . . . xnx1 . . . xk−1 for some 1 ≤ k ≤ n, where
xi ∈ Σ (1 ≤ i ≤ n). Recall that every g ∈ F (a, b) is conjugate to an element
of F (a, b) represented by a cyclically reduced word, which is unique up to a
cyclic shift.

Let w ∈ Σ∗
c red \ {1}. We say that u ∈ Σ∗ \ {1} is a repeating subword of

w if there exists a word w′ arising from w via a cyclic shift and satisfying
w′ = v1uv2u for some v1, v2 ∈ Σ∗.

Note that u, v1, v2 are necessarily reduced.
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Assume that G is a group, a, b ∈ G, and w ∈ Σ∗. When it is clear from
the context (in particular, if w appears inside the pseudo-length symbol), we
will simply write w for the image of w under the evaluation homomorphism
from Σ∗ to G. If we want to emphasize that w should be treated as a formal
word, we will explicitly write w ∈ Σ∗.

The following technical lemma will be used a couple of times in the paper.

Lemma 3.2. Assume that a function f : Σ×Σ → Λ satisfies the following
conditions:

(i) f(x, y) = f(y, x) = f(y−1, x−1), f(x, x−1) = 0 for all x, y ∈ Σ;
(ii) either 2f(a, b) = 2f(a, b−1) > f(a, a) + f(b, b),

or 2max {f(a, b), f(a, b−1)} = f(a, a) + f(b, b);
(iii) f(a, a), f(b, b) > 0 and |f(a, a)− f(b, b)| < 2min {f(a, b), f(a, b−1)}.

Then

(10) f(y−1, z) ≤ f(x, y) + f(x, z) for all x, y, z ∈ Σ,

and the inequality (10) is strict if and only if y ̸= x−1 and z ̸= x−1.

Proof. First, notice that it follows from (i) that each of the conditions
(ii) and (iii) remains true if we replace one or both of a, b by their inverses.

If y or z equals x−1, then the equality in (10) follows from (i). Assume
that y ̸= x−1 ̸= z. If y = z, we deduce from (i) and (iii) that 0 < 2f(x, y), as
desired. Suppose that y ̸= z. It follows from the assumptions on x, y, z that
either y = z−1 or one of y, z equals x.

If y = z−1, we have to prove that

(11) f(z, z) < f(x, z−1) + f(x, z).

Note that x, z are powers of distinct letters in {a, b}. If the first alternative
in (ii) holds, then

2f(x, z−1) + 2f(x, z) > 2f(x, x) + 2f(z, z) > 2f(z, z),

proving (11). If the second alternative in (ii) holds, then

2f(x, z−1) + 2f(x, z) = f(x, x) + f(z, z) + 2min {f(x, z), f(x, z−1)}

and (11) is equivalent to

2f(z, z) < f(x, x) + f(z, z) + 2min {f(x, z), f(x, z−1)},

which follows from (iii).
Assume now that y = x (the case z = x is similar). Note that x, z are

again powers of distinct letters in {a, b}. Our goal is to prove that

(12) f(x−1, z)− f(x, z) < f(x, x),
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which is obviously true if f(x−1, z) ≤ f(x, z). If f(x−1, z) > f(x, z), then by
(i) and (ii) we have

2f(x−1, z) = 2max {f(x, z), f(x, z−1)} = f(x, x) + f(z, z)

and (12) is equivalent to

f(x, x) + f(z, z)− 2min {f(x, z), f(x, z−1)} < 2f(x, x),

which follows from (iii).

Let us prove a lemma that will be used several times in the proof of
Theorem 3.4.

Lemma 3.3. Let ∥·∥ be a pseudo-length on the group F (a, b). If (a, b) is
a ping-pong pair, then

(13) ∥y−1z∥ < ∥xy∥+ ∥xz∥

for all x, y, z ∈ Σ satisfying y ̸= x−1 and z ̸= x−1.

Proof. Define f : Σ × Σ → Λ by putting f(x, y) := ∥xy∥ for x, y ∈ Σ.
Let us show that f satisfies the assumptions of Lemma 3.2.

Indeed, (i) follows from (A1), (A4) and (A5). Since by (7) we have
f(a, a) = 2∥a∥ > 0 and f(b, b) = 2∥b∥ > 0, we obtain (ii) from (A3),
and (iii) from the assumption on a, b. Therefore, the application of Lemma
3.2 to f yields (13).

Theorem 3.4. Let ∥·∥ be a pseudo-length on a group G and a, b ∈ G. If
(a, b) is a ping-pong pair, then for any cyclically reduced word w = x1 . . . xn,
xi ∈ Σ (1 ≤ i ≤ n), n ≥ 1, the following holds:

(14) 2∥w∥ =
(n−1∑
i=1

∥xixi+1∥
)
+ ∥xnx1∥ > 0.

Proof. Identify F (a, b) with Σ∗
red canonically. We can see that the func-

tion F (a, b) ∋ w 7→ ∥w∥ is a pseudo-length on F (a, b), and if we prove the
claim for F (a, b) with this pseudo-length, the claim for G with ∥·∥ will follow.
Therefore, we assume that G = F (a, b) for the rest of the proof. Note also
that by (A1) and (A5) neither side of (14) changes if we replace w by w−1

or a cyclic shift of w. Moreover, ∥a±1b±1∥ > 0, ∥a±2∥ > 0 and ∥b±2∥ > 0 by
the assumption on a, b, (A1), (A5) and (7); so the right-hand side of (14) is
always positive.

We will prove (14) by induction on n. Since 2∥g∥ = ∥g2∥ by (7) and
2∥gh∥ = ∥gh∥ + ∥hg∥ by (A1) for all g, h ∈ G, equation (14) is true for
n ∈ {1, 2}. Assume that n > 2 and (14) is true for all w ∈ Σ∗

c red of length
less than n. We distinguish two cases depending on whether w contains a
repeating subword.
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Case 1: w does not contain a repeating subword. Then n ≤ 4 and n ̸= 3
(since w is cyclically reduced). Thus, up to a cyclic shift, w is one of the
commutators [a, b], [a, b−1]. Since [a, b−1]−1 = [b−1, a] is a cyclic shift of
[a, b], we only need to show (14) for w = [a, b] = aba−1b−1. Applying (13)
for x := b, y := a−1, z := a, we obtain

∥ab(a−1b)−1∥ = ∥a2∥ < ∥ba−1∥+ ∥ba∥ = ∥ab∥+ ∥a−1b∥.

Then, from (9) with g := ab, h := a−1b, we deduce that

∥aba−1b∥ = ∥ab∥+ ∥a−1b∥.

By (13) with x := a, y := b−1, z = b, we also have ∥ab−1∥+ ∥ab∥ > ∥b2∥; so
by (A1), (A5) and (7) we obtain

∥aba−1b∥ = ∥ab∥+ ∥a−1b∥ > 2∥b∥ = ∥aba−1∥+ ∥b−1∥.

The application of (8) for g := aba−1 and h := b−1 yields ∥aba−1b−1∥ =
∥aba−1b∥ = ∥ab∥+ ∥ab−1∥. Hence,

2∥aba−1b−1∥ = 2∥ab∥+ 2∥ab−1∥ = ∥ab∥+ ∥ba−1∥+ ∥a−1b−1∥+ ∥b−1a∥,

which proves (14) for w = aba−1b−1.

Case 2: w contains a repeating subword u=x1 . . . xk, xi ∈Σ (1≤ i≤ k),
of maximal length k≥ 1. We may assume that w = v1uv2u for some v1, v2
∈ Σ∗

red. Let us consider four subcases.

Subcase 2a: v1 ̸= 1 and v2 ̸= 1. Let us write v1 = y1 . . . ym, v2 = z1 . . . zs,
m, s ≥ 1, as reduced words over Σ. Notice that by the maximality of u we
have y1 ̸= z1 and ym ̸= zs. Let us show that g := v1u and h := v2u satisfy
the assumptions of (9). Using the induction hypothesis, we calculate

2∥gh−1∥ = 2∥v1v−1
2 ∥ = 2∥y1 . . . ymz−1

s . . . z−1
1 ∥

=
(m−1∑

i=1

∥yiyi+1∥
)
+ ∥ymz−1

s ∥+
(s−1∑
i=1

∥zizi+1∥
)
+ ∥z−1

1 y1∥,

2∥g∥ = 2∥v1u∥ = 2∥y1 . . . ymx1 . . . xk∥

=
(m−1∑

i=1

∥yiyi+1∥
)
+ ∥ymx1∥+

(k−1∑
i=1

∥xixi+1∥
)
+ ∥xky1∥ > 0,

2∥h∥ = 2∥v2u∥ = 2∥z1 . . . zsx1 . . . xk∥

=
(s−1∑
i=1

∥zizi+1∥
)
+ ∥zsx1∥+

(k−1∑
i=1

∥xixi+1∥
)
+ ∥xkz1∥ > 0.

After subtracting the repeating sums from both sides, the inequality 2∥gh−1∥
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< 2∥g∥+ 2∥h∥ becomes equivalent to

(15) ∥ymz−1
s ∥+ ∥z−1

1 y1∥

< ∥ymx1∥+ ∥xky1∥+ ∥zsx1∥+ ∥xkz1∥+ 2

k−1∑
i=1

∥xixi+1∥.

Applying Lemma 3.3 twice, we get

∥ymz−1
s ∥ < ∥ymx1∥+ ∥zsx1∥ and ∥z−1

1 y1∥ < ∥xky1∥+ ∥xkz1∥,

from which (15) follows. Now we conclude from (9) that 2∥w∥ = 2∥gh∥ =
2∥g∥+2∥h∥, which equals the right-hand side of (14) for w = gh = y1 . . . ym
x1 . . . xkz1 . . . zsx1 . . . xk.

Subcase 2b: v2 = 1 ̸= v1 = y1 . . . ym and v1 is cyclically reduced. Let
us show that g := v1u and h := u satisfy the assumptions of (9). By the
induction hypothesis,

2∥gh−1∥ = 2∥v1∥ = 2∥y1 . . . ym∥ =
(m−1∑

i=1

∥yiyi+1∥
)
+ ∥ymy1∥,

2∥g∥ = 2∥v1u∥ = 2∥y1 . . . ymx1 . . . xk∥

=
(m−1∑

i=1

∥yiyi+1∥
)
+ ∥ymx1∥+

(k−1∑
i=1

∥xixi+1∥
)
+ ∥xky1∥ > 0,

2∥h∥ = 2∥u∥ = 2∥x1 . . . xk∥ =
(k−1∑
i=1

∥xixi+1∥
)
+ ∥xkx1∥ > 0.

The inequality 2∥gh−1∥ < 2∥g∥+ 2∥h∥ is equivalent to

(16) ∥ymy1∥ < ∥ymx1∥+ ∥xky1∥+ ∥xkx1∥+ 2
(k−1∑
i=1

∥xixi+1∥
)
.

If x1 = y1 or xk = ym, (16) is clearly satisfied. Assume that x1 ̸= y1 and
xk ̸= ym. Without loss of generality, let y1 = a; then ym ∈ {a, b±1} because
v1 ∈ Σ∗

c red. Notice that ym ̸= x−1
1 ̸= xk ̸= y−1

1 since w = v1uu ∈ Σ∗
c red.

If ym = a, then x1 = xk ∈ {b, b−1}. Now ∥ymy1∥ = 2∥a∥, ∥ymx1∥ =
∥xky1∥ = ∥ab±1∥ and ∥xkx1∥ = 2∥b∥. By the assumption of the theorem,
2∥a∥ < 2∥ab±1∥+ 2∥b∥, from which (16) follows.

If ym = b±1, then x1 ∈ {a−1, ym}, xk ∈ {a, y−1
m } and xk ̸= x−1

1 , thus
xkx1 ∈ {aym, y−1

m a−1}; so ∥xkx1∥ = ∥aym∥ = ∥yma∥ = ∥ymy1∥ and (16)
holds as well.

We conclude from (9) that 2∥w∥ = 2∥gh∥ = 2∥g∥ + 2∥h∥, which equals
the right-hand side of (14) for w = gh = y1 . . . ymx1 . . . xkx1 . . . xk.
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Subcase 2c: v2 = 1 ̸= v1 = y1 . . . ym and v1 is not cyclically reduced.
Then v1 can be written as

v1 = y1 . . . ypyp+1 . . . yp+qy
−1
p . . . y−1

1 ,

where q ≥ 1 and yp+1 . . . yp+q is cyclically reduced. Let g := v1u and h := u.
By the inductive assumption and (A1), we obtain

2∥gh−1∥ = 2∥v1∥ = 2∥yp+1 . . . yp+q∥ =
(p+q−1∑
i=p+1

∥yiyi+1∥
)
+ ∥yp+qyp+1∥,

while 2∥g∥, 2∥h∥ evaluate exactly as in Subcase 2b.
From (13) with x := yp, y := y−1

p+q, z := yp+1, we get

∥yp+qyp+1∥ < ∥ypy−1
p+q∥+ ∥ypyp+1∥ = ∥ypyp+1∥+ ∥yp+qy

−1
p ∥.

Therefore,

2∥gh−1∥ =
(p+q−1∑
i=p+1

∥yiyi+1∥
)
+ ∥yp+qyp+1∥ <

p+q∑
i=p

∥yiyi+1∥ < 2∥g∥+ 2∥h∥.

As before, an application of (9) yields (14) for w = v1uu.

Subcase 2d: v1 = v2 = 1, w = u2 = x1 . . . xkx1 . . . xk. By the induction
hypothesis,

2∥u∥ =
(n−1∑
i=1

∥xixi+1∥
)
+ ∥xnx1∥.

Using (7), we get

2∥w∥ = 2∥u2∥ = 4∥u∥ = 2
(n−1∑
i=1

∥xixi+1∥
)
+ 2∥xkx1∥,

which is exactly (14) for w.

The following corollary is a reformulation of (14) for w written as a
product of “syllables”.

Corollary 3.5. Let ∥·∥ be a pseudo-length on a group G and a, b ∈ G.
If (a, b) is a ping-pong pair, then for w = am1bn1 . . . amkbnk , where k ≥ 1
and m1, . . . ,mk, n1, . . . , nk ∈ Z \ {0}, we have

(17) ∥w∥ = ∥a∥
k∑

i=1

(|mi|−1)+∥b∥
k∑

i=1

(|ni|−1)+
N

2
∥ab−1∥+ 2k −N

2
∥ab∥,

where N denotes the number of sign changes in the sequence (m1, n1, . . . ,mk,
nk,m1), i.e., N := |{1 ≤ i ≤ k : mini < 0}| + |{i ≤ i ≤ k : nimi+1 < 0}|,
where mk+1 := m1.
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Proof. Notice that for x, y ∈ {a, b}, x ̸= y, ε, η ∈ {−1, 1}, we have
∥xεyη∥ = ∥ab∥ if sgn ε = sgn η, and ∥xεyη∥ = ∥ab−1∥ if sgn ε ̸= sgn η.
Expanding the right-hand side of (14) using the above relations and ∥x2∥ =
2∥x∥ for x ∈ Σ, we get 2∥w∥ = 2r, where r denotes the right-hand side
of (17); note that r is a well-defined element of Λ because N is an even
number.

Remark 3.6. In the special case when ∥ab∥ = ∥ab−1∥ > ∥a∥+ ∥b∥, the
formula (17) becomes ∥w∥ = k∥ab∥+∥a∥

∑k
i=1(|mi|−1)+∥b∥

∑k
i=1(|ni|−1),

which is exactly [12, Lemma 1.2]. On the other hand, if ∥ab∥ = ∥a∥+ ∥b∥ ≥
∥ab−1∥, we get ∥w∥ = ∥a∥

∑k
i=1|mi|+∥b∥

∑k
i=1|ni|− N

2 (∥ab∥−∥ab−1∥). This
case was considered in [12, Lemma 1.6]. Parry showed there the inequality
∥w∥ ≤ ∥a∥

∑k
i=1|mi| + ∥b∥

∑k
i=1|ni| and noted that the equality holds if

m1, . . . ,mk, n1, . . . , nk have the same sign (i.e., N = 0). He also proved that
if the equality holds and N > 0, then ∥ab−1∥ = ∥a∥+ ∥b∥. We have proved
the converse implication. Moreover, our formula covers the missing case when
N > 0 and ∥ab−1∥ < ∥a∥+ ∥b∥ = ∥ab∥, giving the precise value of ∥w∥.

Our next result says that, under certain conditions, a formula similar
to (14) gives a well defined pseudo-length on F (a, b). The proof is rather
long and divided into several cases. In some of them much effort is needed
to show that the axiom (A0) is satisfied.

Proposition 3.7. Let α, β, γ, δ ∈ Λ be such that

γ − α− β ∈ 2Λ, δ − α− β ∈ 2Λ;(18)
either γ = δ > α+ β or max {γ, δ} = α+ β;(19)
α > 0, β > 0, |α− β| < min {γ, δ}.(20)

Define f : Σ ×Σ → Λ as follows:

(21)
f(a, a) = 2α, f(b, b) = 2β, f(a, b) = γ, f(a, b−1) = δ,

f(x, y) = f(y, x) = f(y−1, x−1), f(x, x−1) = 0 for all x, y ∈ Σ.

Let ∥·∥ : F (a, b) → Λ+ be defined by ∥1∥ := 0, and for g ̸= 1 by

(22) ∥g∥ :=
1

2

(n−1∑
i=1

f(xi, xi+1) + f(xn, x1)
)
,

where x1 . . . xn ∈ Σ∗
c red, xi ∈ Σ (1 ≤ i ≤ n), is any cyclically reduced word

representing an element of F (a, b) conjugate to g. Then ∥·∥ is a pseudo-length
on F (a, b).

Proof. Define a function ϕ : Σ∗ → Λ by ϕ(1) := 0 and

(23) ϕ(w) :=
(n−1∑
i=1

f(xi, xi+1)
)
+ f(xn, x1) for w = x1 . . . xn ∈ Σ∗,
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where n ≥ 1 and xi ∈ Σ (1 ≤ i ≤ n). Observe that ϕ is invariant with respect
to any cyclic shift of w. Moreover, it follows from (21) that ϕ(w−1) = ϕ(w)
for all w ∈ Σ∗.

Assume that w is a reduced word. We claim that ϕ(w) ∈ 2Λ. Indeed, if
w = an for some n ∈ Z, then ϕ(w) = |n|f(a, a) = 2|n|α; similarly ϕ(bn) =
2|n|β. If w is cyclically reduced, we may assume that w = am1bn1 . . . amkbnk ,
where k ≥ 1 and m1, . . . ,mk, n1, . . . , nk ∈ Z \ {0}. Then, by expanding the
right-hand side of (23) as in Corollary 3.5, we obtain

ϕ(w) = 2α
k∑

i=1

(|mi| − 1) + 2β
k∑

i=1

(|ni| − 1) +Nδ + (2k −N)γ

for an even number N , so ϕ(w) ∈ 2Λ. If w is not cyclically reduced, we may
assume without loss of generality that w = am1bn1 . . . amkbnkamk+1 , where
k ≥ 1, m1, . . . ,mk,mk+1, n1, . . . , nk ∈ Z \ {0} and sgnmk+1 ̸= sgnm1. We
then have

ϕ(w) = 2α
k+1∑
i=1

(|mi| − 1) + 2β
k∑

i=1

(|ni| − 1) +Nδ + (2k −N)γ

= 2α
k+1∑
i=1

(|mi| − 1) + 2β
k∑

i=1

(|ni| − 1) + 2kγ +N(δ − γ),

where N denotes the number of sign changes in the sequence (m1, n1, . . . ,mk,
nk,mk+1). Since δ − γ ∈ 2Λ by (18), we get ϕ(w) ∈ 2Λ.

So far we have shown that the formula (22) gives a well defined function
from F (a, b) to Λ+, and that this function satisfies axioms (A1), (A4) and
(A5). Moreover, ∥g∥ = 0 if and only if g = 1. Since (A3) implies (A2) for
g, h with ∥g∥ > 0, ∥h∥ > 0, and (A2) holds trivially if g = 1 or h = 1, we
only need to show that ∥·∥ satisfies (A3) and (A0).

It follows from (19)–(21) that f satisfies the assumptions of Lemma 3.2.
Let us make an important observation. If u1, u2 ∈ Σ∗ and x, y, z ∈ Σ, then
ϕ(u1yx

−1xzu2)−ϕ(u1yzu2) = f(y, x−1)+f(x, z)−f(y, z). By (10) with y−1

in place of y and (21), ϕ(u1yx−1xzu2)−ϕ(u1yzu2) ≥ 0. Similarly ϕ(yx−1x)−
ϕ(y) = f(y, x−1) + f(x, y)− f(y, y) ≥ 0 and ϕ(x−1x)− ϕ(1) = 0. Therefore,
no reduction in w ∈ Σ∗ increases the value of ϕ. Since ϕ is invariant under
cyclic shifts, the same holds for a cyclic reduction of w ∈ Σ∗.

We proceed with the proof of (A3) and (A0) for g, h ∈ F (a, b)\{1}. Note
that if the second alternative in (A3) holds, (A0) becomes trivial. To show
(A0), we will often make use of the fact that γ − δ, γ + δ ∈ 2Λ, which is a
consequence of (18).

In what follows, given u, v ∈ Σ∗
red, we will write u · v for the reduced

word obtained from uv by performing as much cancellation as possible. We
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identify F (a, b) with Σ∗
red canonically, so that u · v represents the product of

u and v in F (a, b).
Assume that g, h ∈ Σ∗

red \ {1}. We will consider several cases.

Case 1: Both g and h are cyclically reduced. Let g = x1 . . . xn, n ≥ 1,
xi ∈ Σ (1 ≤ i ≤ n), and h = y1 . . . ym, m ≥ 1, yi ∈ Σ (1 ≤ i ≤ m).
Using (23), we calculate

(24) ϕ(gh) = ϕ(x1 . . . xny1 . . . ym) = ϕ(x1 . . . xn)− f(xn, x1) + f(xn, y1)

+ ϕ(y1 . . . ym)− f(ym, y1) + f(ym, x1)

= ϕ(g) + ϕ(h)− f(xn, x1) + f(xn, y1)− f(ym, y1) + f(ym, x1)

and similarly

(25) ϕ(gh−1) = ϕ(x1 . . . xny
−1
m . . . y−1

1 )

= ϕ(x1 . . . xn)−f(xn, x1)+f(xn, y
−1
m )

+ϕ(y−1
m . . . y−1

1 )−f(y−1
1 , y−1

m )+f(y−1
1 , x1)

= ϕ(g)+ϕ(h)−f(xn, x1)+f(xn, y
−1
m )−f(ym, y1)+f(y−1

1 , x1).

Subcase 1a: x1 = y1. Then ϕ(gh) = ϕ(g) + ϕ(h) by (24) and gh is
cyclically reduced, so ∥g · h∥ = 1

2ϕ(gh) =
1
2(ϕ(g) + ϕ(h)) = ∥g∥ + ∥h∥. We

also have

ϕ(gh−1) = ϕ(g) + ϕ(h)− f(xn, x1) + f(xn, y
−1
m )− f(ym, x1)

by (25). Since f(xn, y
−1
m ) ≤ f(xn, x1) + f(ym, x1) by Lemma 3.2, we get

∥g · h−1∥ ≤ 1
2ϕ(gh

−1) ≤ 1
2(ϕ(g) + ϕ(h)) = ∥g∥ + ∥h∥. Thus, we obtain

max {∥g · h∥, ∥g · h−1∥} = ∥g∥+ ∥h∥, as desired.

Subcase 1b: xn = ym. Then g−1 and h−1 have the same first letter and
the situation can be reduced to Subcase 1a.

Subcase 1c: x1 = y−1
m or xn = y−1

1 . Then we can apply Subcase 1a or
1b with h−1 in the place of h.

After Subcases 1a–1c (and using the fact that g, h ∈ Σ∗
c red), we may

assume that the elements x1, x
−1
n , y1, y

−1
m are pairwise distinct, and so they

exhaust the entire Σ. It follows that both gh and gh−1 are cyclically re-
duced. We distinguish three remaining subcases according to which element
of {x−1

n , y−1
m , y1} is equal to x−1

1 .

Subcase 1d: x−1
1 = x−1

n , so x1 = xn and y1 = ym. Assume without loss
of generality that x1 = a, y1 = b. Then

ϕ(gh) = ϕ(g) + ϕ(h)− f(a, a) + f(a, b)− f(b, b) + f(b, a)

= ϕ(g) + ϕ(h) + 2γ − 2α− 2β,

ϕ(gh−1) = ϕ(g) + ϕ(h) + 2δ − 2α− 2β.
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If γ = δ > α+β, then ∥g·h∥ = ∥g·h−1∥ = ∥g∥+∥h∥+γ−α−β > ∥g∥+∥h∥;
so the first alternative in (A3) holds. Moreover, ∥g ·h∥−∥g∥−∥h∥ = γ−α−β
∈ 2Λ by (18), hence (A0) is satisfied.

If max {γ, δ} = α+ β, then max {∥g · h∥, ∥g · h−1∥} = ∥g∥+ ∥h∥.

Subcase 1e: x−1
1 = y−1

m , so x1 = ym and y1 = xn. Assume without loss
of generality that x1 = a, y1 = b. Then

ϕ(gh) = ϕ(g)− f(b, a) + f(b, b) + ϕ(h)− f(a, b) + f(a, a)

= ϕ(g) + ϕ(h) + 2α+ 2β − 2γ,

ϕ(gh−1) = ϕ(g)− f(b, a) + f(b, a−1) + ϕ(h)− f(b, a) + f(b−1, a)

= ϕ(g) + ϕ(h) + 2δ − 2γ.

If γ = δ > α + β, then max {∥g · h∥, ∥g · h−1∥} = ∥g · h−1∥ = ∥g∥ + ∥h∥. If
max {γ, δ} = γ = α+β, then max {∥g ·h∥, ∥g ·h−1∥} = ∥g ·h∥ = ∥g∥+∥h∥. If
max {γ, δ} = δ = α+β > γ, then ∥g ·h∥ = ∥g ·h−1∥ = ∥g∥+∥h∥+α+β−γ
> ∥g∥+∥h∥, hence (A3) holds. Moreover, ∥g ·h∥−∥g∥−∥h∥ = −(γ−α−β)
∈ 2Λ by (18).

Subcase 1f: x−1
1 = y1, so xn = y−1

m . Then we can apply Subcase 1e
with h−1 in place of h.

Before we split the proof into other cases, we prove a useful fact.

Claim. Let g′, h′, w∈Σ∗ \{1} and W+ := g′wh′w−1, W− := g′wh′−1w−1.
If g′, h′,W+,W− ∈Σ∗

c red, then

∥W+∥= ∥W−∥> ∥g′∥+ ∥h′∥,(26)
∥W+∥ − ∥g′∥ − ∥h′∥∈ 2Λ.(27)

Proof of the Claim. Let g′ = x1 . . . xn, xi ∈ Σ (1 ≤ i ≤ n), h′ = y1 . . . ym,
yi ∈ Σ (1 ≤ i ≤ m), and w = w1 . . . wr, wi ∈ Σ (1 ≤ i ≤ r). We have
∥W+∥ = 1

2ϕ(W+), ∥W−∥ = 1
2ϕ(W−), ∥g′∥ = 1

2ϕ(g
′), ∥h′∥ = 1

2ϕ(h
′).

Let us calculate

(28) ϕ(W+) = ϕ(g′)− f(xn, x1) + f(xn, w1)

+ ϕ(w)− f(wr, w1) + f(wr, y1)

+ ϕ(h′)− f(ym, y1) + f(ym, w−1
r )

+ ϕ(w−1)− f(w−1
1 , w−1

r ) + f(w−1
1 , x1),

(29) ϕ(W−) = ϕ(g′)− f(xn, x1) + f(xn, w1)

+ ϕ(w)− f(wr, w1) + f(wr, y
−1
m )

+ ϕ(h′−1)− f(y−1
1 , y−1

m ) + f(y−1
1 , w−1

r )

+ ϕ(w−1)− f(w−1
1 , w−1

r ) + f(w−1
1 , x1).
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It follows from the properties of f and ϕ that ϕ(W+) = ϕ(W−). Define the
following sums:

S1 := f(xn, w1) + f(w−1
1 , x1)− f(xn, x1)

= f(w−1
1 , x−1

n ) + f(w−1
1 , x1)− f(xn, x1),

S2 := f(ym, w−1
r ) + f(wr, y1)− f(ym, y1)

= f(wr, y
−1
m ) + f(wr, y1)− f(ym, y1).

We have S1, S2 > 0 by Lemma 3.2. Moreover,

∥W+∥ − ∥g′∥ − ∥h′∥ = ∥W−∥ − ∥g′∥ − ∥h′∥
= 1

2(ϕ(W+)− ϕ(g′)− ϕ(h′)) = ϕ(w) + 1
2(S1 + S2)− f(wr, w1).

Since S1, S2 > 0 and ϕ(w) ≥ f(wr, w1), we obtain (26). Since ϕ(w) ∈ 2Λ,
the condition (27) is equivalent to
(30) S1 + S2 − 2f(wr, w1) ∈ 4Λ.

Note that, since x−1
n ̸= w1 ̸= x1 and x−1

n ̸= x1, either x1 = xn and w1 ∈
Σ \ {x1, x−1

1 }, or x1, xn are powers of distinct letters in {a, b} and w1 ∈
{x−1

1 , xn}. Similarly, either y1 = ym and wr ∈ Σ \ {y1, y−1
1 }, or y1, ym are

powers of distinct letters and wr ∈ {y1, y−1
m }.

Suppose that x1 = xn =: x and y1 = ym =: y. Without loss of generality,
we assume that x ∈ {a, a−1}.

If y ∈ {a, a−1}, then w1, wr ∈ {b, b−1}, so S1 = f(w−1
1 , a)+f(w−1

1 , a−1)−
f(a, a) = γ+ δ−2α and similarly S2 = γ+ δ−2α. Hence we have S1+S2 =
2(γ + δ) − 4α ∈ 4Λ. Since f(wr, w1) ∈ {0, f(b, b)} = {0, 2β}, we also have
2f(wr, w1) ∈ 4Λ, which proves (30).

If y ∈ {b, b−1}, then w1 ∈ {b, b−1} and wr ∈ {a, a−1}, so S1 = f(w−1
1 , a)+

f(w−1
1 , a−1)−f(a, a) = γ+δ−2α and S2 = f(wr, b)+f(wr, b

−1)−f(b, b) =
γ+ δ−2β. Moreover, f(wr, w1) ∈ {γ, δ}. Hence, S1+S2−2f(wr, w1) equals
2γ − 2α− 2β ∈ 4Λ or 2δ − 2α− 2β ∈ 4Λ, thus (30) is true.

Suppose now that x1 ̸= xn and y1 ̸= ym. Then w1 ∈ {x−1
1 , xn} and

wr ∈ {y1, y−1
m }. Hence,

S1 = f(w−1
1 , w−1

1 ) + f(x1, x
−1
n )− f(x1, xn) = f(w−1

1 , w−1
1 )± (γ − δ),

S2 = f(wr, wr) + f(y1, y
−1
m )− f(y1, ym) = f(wr, wr)± (γ − δ).

If w−1
1 = wr ∈ {a, a−1}, then S1 + S2 − 2f(wr, w1) = 4α + c(γ − δ) with

c ∈ {−2, 0, 2}, so the sum in (30) belongs to 4Λ. If w−1
1 = wr ∈ {b, b−1}, the

argument is similar.
If w1 = wr, we may assume without loss of generality that w1 = a = wr.

Then S1 + S2 − 2f(w1, wr) = 4α+ c(γ − δ)− 4α = c(γ − δ) ∈ 4Λ.
If w1 ∈ {a, a−1} and wr ∈ {b, b−1}, then S1+S2 = 2α+2β+c(γ−δ) and

2f(wr, w1) ∈ {2γ, 2δ}. Hence, the sum (30) equals 2α+2β−2γ+c(γ−δ) ∈ 4Λ
or 2α+ 2β − 2δ + c(γ − δ) ∈ 4Λ.
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Finally, suppose without loss of generality that x1 = xn =: x ∈ {a, a−1},
y1 ̸= ym. Then w1 ∈ {b, b−1}, wr ∈ {y1, y−1

m } and S1 = γ + δ − 2α, S2 =
f(wr, wr)± (γ − δ).

If wr ∈ {a, a−1}, then S1+S2 = γ+δ±(γ−δ) ∈ {2γ, 2δ} and 2f(wr, w1) ∈
{2γ, 2δ}, hence the sum in (30) equals c(γ − δ) with c ∈ {−2, 0, 2}, so it
belongs to 4Λ.

If wr ∈ {b, b−1}, then S1 +S2 ∈ {2γ− 2α+2β, 2δ− 2α+2β}, which is a
subset of 4Λ because, for example, 2γ − 2α+ 2β = 2(γ − α− β) + 4β. Since
2f(wr, w1) ∈ {0, 4β} ⊆ 4Λ, (30) holds as well.

We have thus proved the Claim.
Assume that at least one of g, h ∈ Σ∗

red \ {1} is not cyclically reduced.
Then we can write

g = ug′u−1 for g′ = x1 . . . xn ∈ Σ∗
c red \ {1}, u = u1 . . . uk ∈ Σ∗

red,

h = vh′v−1 for h′ = y1 . . . ym ∈ Σ∗
c red \ {1}, v = v1 . . . vs ∈ Σ∗

red,

where xi, yi, ui, vi ∈ Σ for all i in the appropriate ranges and at least one of
the words u, v is nonempty. Notice that ∥g∥ = ∥g′∥ and ∥h∥ = ∥h′∥. Denote
by p the length of the longest common initial subword of u and v.

Case 2: p < min {k, s}. Define w := u−1 · v = u−1
k . . . u−1

p+1vp+1 . . . vs.
Then g · h = ug′wh′v−1 is conjugate to W+ := g′wh′w−1, which is cyclically
reduced. Similarly, g ·h−1 is conjugate to the cyclically reduced word W− :=
g′wh′−1w−1. Since ∥g · h∥ = ∥W+∥ and ∥g · h−1∥ = ∥W−∥, it follows from
the Claim that g, h satisfy (A3) and (A0).

Case 3: p = min {k, s}. Assume without loss of generality that p = k.

Subcase 3a: p = s. Then u = v and g·h, g·h−1 are conjugate to g′·h′ and
g′ ·h′−1, respectively. Since g′, h′ are cyclically reduced and ∥g ·h∥ = ∥g′ ·h′∥,
∥g · h−1∥ = ∥g′ · h′−1∥, the situation can be reduced to Case 1.

Before we split the remaining part of the proof further into subcases,
assume that p < s.

Subcase 3b: x1 ̸= vp+1 and xn ̸= v−1
p+1. Let w := u−1 · v = vp+1 . . . vs.

Then W+ := g′wh′w−1 and W− := g′wh′−1w−1 are both cyclically reduced
and conjugate to g ·h and g ·h−1, respectively. As in Case 2, the Claim yields
(A3) and (A0) for g, h.

Subcase 3c: x1 = vp+1. For convenience, let us extend the notation xi
to i > n treating the indices modulo n, that is, xn+1 := x1, etc. Define
q := max {1 ≤ i ≤ s− p : xi = vp+i}.

If q < s− p, we can write

g · h = ux1 . . . xn+qvp+q+1 . . . vsy1 . . . ymv−1
s . . . v−1

p+q+1x
−1
q . . . x−1

1 u−1,
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which is conjugate to the cyclically reduced word W+ := g′′wh′w−1, where
g′′ := xq+1 . . . xq+n and w := vp+q+1 . . . vs. Similarly, g · h−1 is conjugate to
the cyclically reduced word W− := g′′wh′−1w−1. Note that g′′ is a cyclic shift
of g′, so g′′ ∈ Σ∗

c red. Applying the Claim to g′′, h′, w and using the equalities
∥g · h∥ = ∥W+∥, ∥g · h−1∥ = ∥W−∥, ∥g∥ = ∥g′∥ = ∥g′′∥, ∥h∥ = ∥h′∥, we get
(A3) and (A0) for g, h.

If q = s − p, then g · h, g · h−1 are conjugate to g′′ · h′ and g′′ · h′−1,
respectively. We return to Case 1 with g′′ and h′ instead of g and h.

Subcase 3d: xn = v−1
p+1. We claim that Subcase 3c applies to the pair

of elements g−1 = ug′−1u−1, h−1 = vh′−1v−1. Indeed, u and v remain un-
changed and the first letter of g′−1 is x−1

n , hence equal to vp+1. Therefore,
(A3) and (A0) hold for g−1, h−1, and hence (in view of (A1) and (A5)) for
g, h as well.

We can now combine Theorem 3.4 with Proposition 3.7, which leads to
the following result on the existence and uniqueness of a pseudo-length on
F (a, b) satisfying certain conditions.

Theorem 3.8. Assume that α, β, γ, δ ∈ Λ satisfy (18)–(20). There exists
exactly one pseudo-length ∥·∥ : F (a, b) → Λ+ such that ∥a∥ = α, ∥b∥ = β,
∥ab∥ = γ, and ∥ab−1∥ = δ.

Proof. By Proposition 3.7, formula (22) defines a pseudo-length ∥·∥ on
F (a, b) such that

∥a∥ =
1

2
f(a, a) = α, ∥b∥ =

1

2
f(b, b) = β,

∥ab∥ =
1

2
(f(a, b) + f(b, a)) = γ, ∥ab−1∥ =

1

2
(f(a, b−1) + f(b−1, a)) = δ.

Suppose that ∥·∥1, ∥·∥2 are two pseudo-lengths on F (a, b) taking the
values α, β, γ, δ at a, b, ab, ab−1, respectively. By elementary properties of
any pseudo-length, ∥·∥1, ∥·∥2 must agree on all elements of F (a, b) repre-
sented by two-letter words in Σ∗

red. Hence, by Theorem 3.4, they agree on
all elements represented by words in Σ∗

c red; so they are equal by (A1).

4. Applications. From our results we draw the following corollary about
properly discontinuous actions. It combines [4, Lemmas 3.3.6 and 3.3.8].

Corollary 4.1. Let G be a group acting by isometries on a Λ-tree (X, d)
with the translation length function ∥·∥ : G → Λ+. If (a, b) ∈ G × G is a
ping-pong pair with respect to ∥·∥, then the subgroup ⟨a, b⟩ is free of rank two
and acts freely, without inversions, and properly discontinuously on (X, d).

Moreover, if G is a topological group and ∥·∥ is continuous at the identity,
then ⟨a, b⟩ is discrete with respect to the topology inherited from G.
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Proof. It follows from (14) that ⟨a, b⟩ is free of rank two and ∥·∥ restricted
to ⟨a, b⟩ is purely hyperbolic. Hence, the action of ⟨a, b⟩ on (X, d) is free and
without inversions.

Let C := min {∥a∥, ∥b∥, ∥ab∥, ∥ab−1∥} > 0. By (17), (8) and (A1), we
have ∥g∥ ≥ C for all g ∈ ⟨a, b⟩ \ {1}. We consider two cases. If there ex-
ists min {λ ∈ Λ : λ > 0}, the topology of (X, d) is discrete and the free
action of ⟨a, b⟩ on X is clearly properly discontinuous. Otherwise, there ex-
ists r > 0 such that 2r < C. Suppose that x ∈ X, y ∈ B(x, r), g ∈ ⟨a, b⟩\{1}
and d(gy, x) < r. Then ∥g∥ ≤ d(gy, y) < 2r < C, a contradiction. Hence,
the neighborhood U := B(x, r) of x satisfies gU ∩U = ∅ for g ∈ ⟨a, b⟩ \ {1};
so the action of ⟨a, b⟩ is properly discontinuous.

Assume that ∥·∥ : G → Λ+ is continuous at 1 ∈ G. As we have shown,
{1} = {g ∈ ⟨a, b⟩ : ∥g∥ < C}. The latter set is a neighborhood of 1 in ⟨a, b⟩.
Therefore, {1} is open in ⟨a, b⟩ and the subgroup ⟨a, b⟩ is discrete.

Our next corollary generalizes the result [5, Corollary 3.6], which was
formulated for a continuous action on a Z-tree. It was proved there by geo-
metrical arguments and a version of the ping-pong lemma [5, Lemma 3.3].
A natural situation where the corollary can be used is G being the group of
all isometries of a Λ-tree (X, d) with the topology of pointwise convergence.
It follows from [2, Ch. X, §3.5, p. 30] that this topology makes G a topologi-
cal group. We also notice that, for any Λ-metric space (X, d), d is continuous
as a function d : X ×X → Λ.

Corollary 4.2. Assume that G is a topological group acting on a Λ-
tree (X, d) by isometries in such a way that for some x0 ∈ X the mapping
G ∋ g 7→ gx0 ∈ X is continuous. Let ∥·∥ : G → Λ+ be the translation length
function of this action. If (a, b) ∈ G × G is a ping-pong pair with respect
to ∥·∥, then the subgroup ⟨a, b⟩ is free of rank two and discrete.

Proof. By assumption d(x0, gx0) → 0 as g → 1. It follows from (6) that
0 ≤ ∥g∥ ≤ d(x0, gx0) for all g ∈ G. Hence, ∥g∥ → 0 = ∥1∥ as g → 1; so the
function ∥·∥ is continuous at 1 ∈ G and we can apply Corollary 4.1.

Now, we will consider purely hyperbolic pseudo-lengths on the free group
F (a, b) in the case when Λ is an Archimedean totally ordered abelian group.
Without loss of generality, we can assume that Λ is a subgroup of the additive
group R.

We will show that it is always possible to find a basis of F (a, b) that is a
ping-pong pair. To this end, we will use an algorithm that performs Nielsen
transformations (for the terminology, see [10, p. 5]) on the pair (a, b) until
a ping-pong pair is obtained. The idea is not new, a similar procedure is
contained in [9, §4] and called the division process. It is also presented in
the proof of [3, Theorem 1], where the terminology and notation are of a
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geometric nature. The proof of termination of the algorithm relies on the
completeness property of R.

For the reader’s convenience, we will present the algorithm in detail and
prove its correctness, using only the properties of pseudo-lengths.

Algorithm 1
Input: a purely hyperbolic pseudo-length ∥·∥ : F (a, b) → R+

Output: a ping-pong pair generating F (a, b)
1: (g, h) := (a, b)
2: if ∥g∥ < ∥h∥ then
3: (g, h) := (h, g)
4: if ∥gh∥ < ∥gh−1∥ then
5: (g, h) := (g, h−1)
6: while ∥g∥ − ∥h∥ = ∥gh−1∥ do
7: (g, h) := (gh−1, h)
8: if ∥g∥ < ∥h∥ then
9: (g, h) := (h, g)

10: if ∥gh∥ < ∥gh−1∥ then
11: (g, h) := (g, h−1)
12: if ∥g∥ − ∥h∥ < ∥gh−1∥ then
13: return (g, h)
14: else
15: return (gh−1, h)

Lemma 4.3. Let ∥·∥ : G → Λ+ be a pseudo-length on a group G. Assume
that g, h ∈ G are such that ∥g∥ ≥ ∥h∥ > 0 and ∥gh∥ ≥ ∥gh−1∥ > 0.

(i) If ∥g∥ − ∥h∥ = ∥gh−1∥, then ∥[g, h]∥ ≤ 2∥g∥.
(ii) If ∥g∥ − ∥h∥ > ∥gh−1∥, then (gh−1, h) is a ping-pong pair.

Proof. Assume that ∥g∥ − ∥h∥ = ∥gh−1∥. It follows from (A3) that

max {∥gh∥, ∥gh−1∥} = ∥g∥+ ∥h∥,
so ∥gh∥ = ∥g∥+ ∥h∥. Let us apply (A3) to the pair (gh, g−1h) of hyperbolic
elements of G. If the first alternative in (A3) holds, then

∥ghg−1h∥ = ∥g2∥ = 2∥g∥ > ∥gh∥+ ∥g−1h∥ = 2∥g∥,
a contradiction. Thus, ∥ghg−1h∥ ≤ max {∥ghg−1h∥, ∥g2∥} = 2∥g∥. Let us
now apply (A2) to the pair (ghg−1, h). We obtain ∥ghg−1h∥ = ∥ghg−1h−1∥
or

max {∥ghg−1h∥, ∥ghg−1h−1∥} ≤ ∥ghg−1∥+ ∥h∥ = 2∥h∥ ≤ 2∥g∥.
In either case, ∥[g, h]∥ = ∥ghg−1h−1∥ ≤ 2∥g∥.
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Assume that ∥g∥−∥h∥ > ∥gh−1∥. It follows from (A3) applied to the pair
(gh−1, h) that either ∥g∥ = ∥gh−2∥ > ∥gh−1∥+∥h∥ or max {∥g∥, ∥gh−2∥} =
∥gh−1∥+ ∥h∥. The latter equality would lead to a contradiction. Hence, we
have min {∥(gh−1)h∥, ∥(gh−1)h−1∥} = ∥g∥ >

∣∣∥gh−1∥−∥h∥
∣∣, so (gh−1, h) is

a ping-pong pair.

Proposition 4.4. Algorithm 1 terminates after a finite number of steps
and returns the correct output.

Proof. First, observe that each of the assignments in lines 3, 5, 7, 9, 11
of Algorithm 1 is a Nielsen transformation, so (g, h) is always a basis of
F (a, b). Since ∥·∥ is purely hyperbolic, we thus have ∥g∥ > 0, ∥h∥ > 0.
Moreover, it can be routinely checked that ∥[g, h]∥ = ∥[h, g]∥ = ∥[g, h−1]∥ =
∥[gh−1, h]∥, so ∥[g, h]∥ = ∥[a, b]∥ > 0 remains constant during the execution
of the algorithm.

Suppose that the algorithm does not terminate. This means that, during
its execution, we never exit the while loop in lines 6–11. Let us define a
sequence (gn, hn)n≥0 ⊆ G × G as follows. Let (g0, h0) denote the values of
the variables g and h when entering the while loop for the first time. For
n ≥ 1, let (gn, hn) denote the values of g and h at the end of the nth execution
of the loop. The instructions in lines 2–5 and 8–11 normalize (g, h) so that

∥gn∥ ≥ ∥hn∥ > 0 and ∥gnhn∥ ≥ ∥gnh−1
n ∥ > 0 for all n ≥ 0.

Let us define a sequence of real numbers ∆n := 2∥gn∥ + 2∥hn∥ − ∥[gn, hn]∥
for n ≥ 0. It follows from Lemma 4.3(i) that ∆n > 0 for all n ≥ 0. The
assignment in line 7 diminishes ∆n by 2∥hn∥ and those from lines 9, 11 do
not change it, so

(31) ∆n = ∆n−1 − 2∥hn∥ < ∆n−1 for all n ≥ 1.

Similarly, we can see that (∥gn∥)n≥0, (∥hn∥)n≥0 are nonincreasing sequences
of positive real numbers. Let ḡ := limn→∞∥gn∥, h̄ := limn→∞∥hn∥ and
∆̄ := limn→∞∆n. We have 0 ≤ h̄ ≤ ḡ, ∆̄ ≥ 0, and by (31) we obtain h̄ = 0.

Suppose that ḡ > 0. Then there exists n0 such that 2∥hn∥ < ḡ ≤ ∥gn∥
for n ≥ n0. It follows that ∥gnh−1

n ∥ = ∥gn∥ − ∥hn∥ > ∥hn∥ for n ≥ n0.
Hence, line 9 is no longer executed starting with the (n0 + 1)th iteration of
the while loop, so ∥hn+1∥ = ∥hn∥ for n ≥ n0. Therefore, ∥hn∥ is constant
for n ≥ n0 and h̄ = ∥hn0∥ > 0, a contradiction. Thus, ḡ = h̄ = 0 and we
obtain ∆̄ = 2ḡ + 2h̄ − limn→∞∥[gn, hn]∥ = −∥[a, b]∥ < 0, which is another
contradiction.

We have shown that the algorithm must exit the while loop. Hence, we
eventually have ∥g∥ − ∥h∥ ≠ ∥gh−1∥. If the condition in line 12 is true,
(g, h) is clearly a ping-pong pair. Otherwise, (gh−1, h) is a ping-pong pair
by Lemma 4.3(ii).
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Remark 4.5. Conder presented a related algorithm [5, Algorithm 5.2],
which determines whether or not the group generated by two isometries a, b
of a locally finite Z-tree X is both free of rank two and discrete (with respect
to the pointwise convergence topology). In detail, the algorithm performs
Nielsen transformations on the pair (a, b) until either a ping-pong pair is
obtained or one of the isometries is elliptic. The proof of termination of the
algorithm [5, Theorem 4.2] relies on the well-ordering of the positive integers.

Notice that, if ∥·∥ : G → Λ+ is a purely hyperbolic pseudo-length on G
and σ is an automorphism of G, then the mapping G ∋ g 7→ ∥σ(g)∥ ∈ Λ+

is also a purely hyperbolic pseudo-length. Thus we have a right action of
the group Aut(G) on the set Ψ(G) of all purely hyperbolic pseudo-lengths
on G. Axiom (A1) guarantees that the group Inn(G) acts trivially on Ψ(G);
so there is an action of Out(G) := Aut(G)/ Inn(G) on Ψ(G).

Culler and Vogtmann [8] introduced an important space that Out(Fn)
acts on (Fn is free of rank n); it is called the outer space and can be defined
as a space of minimal free actions of Fn on simplicial R-trees. Two actions
are identified if their translation length functions differ only by a scalar
factor. The outer space is then topologized as a subspace of the projective
space PC := (RC \ {0})/R×, where C denotes the set of conjugacy classes
in Fn. Since any purely hyperbolic pseudo-length on F2 is the translation
length function of a minimal free action on a simplicial R-tree [4, Theorems
3.4.2(c) and 5.2.6], the outer space in rank two can be thought of as the
projectivization of Ψ(F2). In [9, §6] a finite-dimensional embedding of this
space (and its closure) was constructed.

We will find a subset Y ′ ⊆ Ψ(F2) that has nonempty intersection with
every Aut(F2)-orbit in Ψ(F2). This set, after projectivization, can be em-
bedded in R3. Moreover, we believe that Y ′ contains exactly one point of
each of the orbits. If this be true, we would have a nice description of the
Aut(F2)-orbits in the Culler–Vogtmann outer space of F2.

Assume that Λ is a nontrivial subgroup of R and α, β, γ, δ ∈ Λ satisfy the
conditions (18)–(20). We will denote by ∥·∥α,β,γ,δ the unique pseudo-length
on F (a, b) as in Theorem 3.8.

Theorem 4.6. Let {0} ̸= Λ ≤ R and ∥·∥ : F (a, b) → Λ+ be a purely
hyperbolic pseudo-length. There exists an automorphism σ of F (a, b) and
α, β, γ, δ ∈ Λ satisfying (18)–(20) such that

∥w∥ = ∥σ(w)∥α,β,γ,δ for all w ∈ F (a, b).

Proof. Let us execute Algorithm 1 and denote by (g, h) the ping-pong
pair obtained as the output. Define α := ∥g∥, β := ∥h∥, γ := ∥gh∥, δ :=
∥gh−1∥. The condition (19) follows from (A3), and (20) is true since (g, h)
is a ping-pong pair. If γ = δ > α+β, (18) is a consequence of (A0). Assume
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without loss of generality that γ = max {γ, δ} = α + β. We will show that
δ−α−β ∈ 2Λ. By (14) we have ∥ghg−1h∥ = ∥gh∥+∥gh−1∥ = γ+ δ. Hence,

∥ghg−1h∥ − ∥ghg−1∥ − ∥h∥ = γ + δ − 2β = δ + α− β > 0

It now follows from (A0) that δ + α− β ∈ 2Λ, so δ − α− β ∈ 2Λ as well.
Let σ be the automorphism of F (a, b) sending g to a and h to b. Clearly,

the function F (a, b) ∋ w 7→ ∥w∥1 := ∥σ−1(w)∥ ∈ Λ+ is a pseudo-length on
F (a, b), and ∥a∥1 = α, ∥b∥1 = β, ∥ab∥1 = γ, ∥ab−1∥1 = δ. We deduce from
Theorem 3.8 that ∥·∥1 = ∥·∥α,β,γ,δ, so ∥w∥ = ∥σ(w)∥1 = ∥σ(w)∥α,β,γ,δ for
all w ∈ F (a, b).

Remark 4.7. If Λ = R, Theorem 4.6 can be expressed as follows:
Every Aut(F2)-orbit in Ψ(F2) contains an element of the set

Y := {∥·∥α,β,γ,δ : α, β, γ, δ ∈ R satisfy (19) and (20)}.
We can find a smaller set with this property, namely, let Y ′ := Y1 ∪ Y2,

where

(32)
Y1 := {∥·∥α,β,α+β,δ : α+ β > δ ≥ α ≥ β > 0},
Y2 := {∥·∥α,β,γ,γ : α ≥ β > 0, γ ≥ α+ β}.

We will briefly show that every element of Y can be mapped into Y ′ by
an automorphism of F2. Note that we can always ensure that α ≥ β and
γ ≥ δ; just apply the automorphisms a 7→ b, b 7→ a and a 7→ a, b 7→ b−1 if
necessary.

Suppose that ∥·∥α,β,γ,δ ∈ Y does not belong to the Aut(F2)-orbit of any
element of Y2. Then we can assume without loss of generality that γ =
α + β > δ > α − β ≥ 0. If δ ≥ α, then ∥·∥α,β,γ,δ ∈ Y1. Otherwise, let
σ ∈ Aut(F2) be given by a 7→ ab−1, b 7→ b−1 and denote by α′, β′, γ′, δ′ the
values that ∥σ(·)∥α,β,γ,δ takes at a, b, ab, ab−1, respectively. We have α′ = δ,
β′ = β, γ′ = ∥ab−2∥α,β,γ,δ = δ+β, δ′ = α. Notice that δ′ ≥ max {α′, β′} and
γ′ = α′ + β′ = δ + β > α = δ′. Swapping a with b if necessary, we ensure
that α′ ≥ β′ (without changing γ′, δ′). Thus, we get an element of Y1.

In addition, note that Algorithm 1 can be extended to include (as the
final step, if necessary) the “normalization” procedure described above. The
modified algorithm would then output a ping-pong pair (g, h) such that
α := ∥g∥, β := ∥h∥, γ := ∥gh∥, and δ := ∥gh−1∥ satisfy the conditions
appearing in the definition of one of the sets in (32). For convenience, we
could also include α, β, γ, δ as part of the output. After this extension, when
given a pseudo-length ∥·∥α,β,γ,δ ∈ Y ′ as input, the algorithm would clearly
return (a, b) along with the (unchanged) numbers α, β, γ, δ.

One can see that the sets (32), after projectivization (setting γ := 1),
correspond to two perpendicular triangles in the α, β, δ-space. Their closures
intersect in the segment 1/2 ≤ α ≤ 1, β = 1− α, δ = 1.
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We have some tentative computational evidence suggesting that the set Y ′

contains exactly one element of every Aut(F2)-orbit in Ψ(F2). Let us therefore
state the following conjecture.

Conjecture 4.8. Let Λ = R and Y ′ := Y1 ∪ Y2, where Y1, Y2 ⊆ Ψ(F2)
are given by (32). Then every Aut(F2)-orbit in Ψ(F2) contains exactly one
element of Y ′.

To prove this conjecture, it would be sufficient to show that if ∥·∥ ∈ Ψ(F2)
and σ is an elementary Nielsen automorphism of F2, then Algorithm 1,
modified as described in the final paragraph of Remark 4.7, returns the
same numbers α, β, γ, δ for ∥·∥ and ∥σ(·)∥.

REFERENCES

[1] R. Alperin and H. Bass, Length functions of group actions on Λ-trees, in: Combi-
natorial Group Theory and Topology (Alta, UT, 1984), Ann. of Math. Stud. 111,
Princeton Univ. Press, Princeton, NJ, 1987, 265–378.

[2] N. Bourbaki, Éléments de mathématique. Topologie générale. Chapitres 5 à 10, Her-
mann, Paris, 1974.

[3] I. M. Chiswell, Properly discontinuous actions on Λ-trees, Proc. Edinburgh Math.
Soc. 37 (1994), 423–444.

[4] I. M. Chiswell, Introduction to Λ-Trees, World Sci., River Edge, NJ, 2001.
[5] M. J. Conder, Discrete and free two-generated subgroups of SL2 over non-archimedean

local fields, J. Algebra 553 (2020), 248–267.
[6] M. J. Conder, Discrete and free groups acting on locally finite trees, J. Algebra 597

(2022), 162–189.
[7] M. Culler and J. W. Morgan, Group actions on R-trees, Proc. London Math. Soc. 55

(1987), 571–604.
[8] M. Culler and K. Vogtmann, Moduli of graphs and automorphisms of free groups,

Invent. Math. 84 (1986), 91–119.
[9] M. Culler and K. Vogtmann, The boundary of outer space in rank two, in: Arboreal

Group Theory (Berkeley, CA, 1988), Math. Sci. Res. Inst. Publ. 19, Springer, New
York, 1991, 189–230.

[10] R. C. Lyndon and P. E. Schupp, Combinatorial Group Theory, Classics in Math.,
Springer, Berlin, 2001 (reprint of the 1977 edition).

[11] J. W. Morgan and P. B. Shalen, Valuations, trees, and degenerations of hyperbolic
structures. I, Ann. of Math. 120 (1984), 401–476.

[12] W. Parry, Axioms for translation length functions, in: Arboreal Group Theory (Berke-
ley, CA, 1988), Math. Sci. Res. Inst. Publ. 19, Springer, New York, 1991, 295–330.

[13] J.-P. Serre, Trees, Springer, Berlin, 1980.

Kamil Orzechowski
Doctoral School
University of Rzeszów
35-959 Rzeszów, Poland
E-mail: kamilo@dokt.ur.edu.pl

http://dx.doi.org/10.1142/4495
http://dx.doi.org/10.1016/j.jalgebra.2022.01.011
http://dx.doi.org/10.1112/plms/s3-55.3.571
http://dx.doi.org/10.1007/BF01388734
http://dx.doi.org/10.1007/978-3-642-61896-3
http://dx.doi.org/10.2307/1971082
http://dx.doi.org/10.1007/978-3-642-61856-7_1

	1. Introduction
	Main results

	2. Preliminaries
	3. Results
	4. Applications
	REFERENCES

