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JACOBIAN CONDITIONS FOR POLYNOMIALS OVER A UFD

BY

PIOTR JĘDRZEJEWICZ, ŁUKASZ MATYSIAK and JANUSZ ZIELIŃSKI

Abstract. We investigate the ideal generated by Jacobian determinants. We gener-
alize Freudenburg’s Lemma to the case of r polynomials in n variables over an arbitrary
unique factorization domain. This lemma is useful in reformulations of the Jacobian Con-
jecture.

1. Introduction. The following lemma of Freudenburg from 1996 was
useful in determining the rings of constants of locally nilpotent derivations
of the algebra C[x1, . . . , xn] (see [4]).

Theorem 1.1 (Freudenburg’s Lemma). Given a polynomial f ∈ C[x, y],
let g ∈ C[x, y] be an irreducible common factor of ∂f

∂x and ∂f
∂y . Then there

exists c ∈ C such that g divides f + c.

It was generalized by van den Essen, Nowicki and Tyc in [3] as follows:

Theorem 1.2 ([3, Theorem 3.1]). Let k be an algebraically closed field
of characteristic zero. Let Q be a prime ideal of the ring k[x1, . . . , xn] and
f ∈ k[x1, . . . , xn]. If for each i the partial derivative ∂f

∂xi
belongs to Q, then

there exists c ∈ k such that f − c ∈ Q.

It was further generalized, also to positive characteristic, in [5].

Theorem 1.3 ([5, Theorem 3.1]). Let K be a unique factorization do-
main, let Q be a prime ideal of K[x1, . . . , xn]. Consider a polynomial
f ∈ K[x1, . . . , xn] such that ∂f

∂xi
∈ Q for i = 1, . . . , n.

(a) If charK = 0, then there exists an irreducible polynomial w ∈ K[T ] such
that w(f) ∈ Q.

(b) If charK = p > 0, then there exist b, c ∈ K[xp1, . . . , x
p
n] such that

gcd(b, c) = 1, b ̸∈ Q and bf + c ∈ Q.
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A generalization of Freudenburg’s Lemma to an arbitrary number of
polynomials over a field of characteristic zero was obtained in [8]. Denote
by jacf1,...,frxj1

,...,xjr
the Jacobian determinant of the polynomials f1, . . . , fr with

respect to xj1 , . . . , xjr .

Theorem 1.4 ([8, Theorem 2.3]). Let k be a field of characteristic zero,
let f1, . . . , fr ∈ k[x1, . . . , xn] be arbitrary polynomials, where r ∈ {1, . . . , n},
and let g ∈ k[x1, . . . , xn] be an irreducible polynomial. The following condi-
tions are equivalent:

(i) g | jacf1,...,frxj1
,...,xjr

for every j1, . . . , jr ∈ {1, . . . , n},
(ii) g2 | w(f1, . . . , fr) for some irreducible polynomial w ∈ k[x1, . . . , xr],
(iii) g2 | w(f1, . . . , fr) for some square-free polynomial w ∈ k[x1, . . . , xr].

See also Jędrzejewicz [6] and de Bondt and Yan [1].
Note moreover that a positive characteristic analog of Freudenburg’s

Lemma for r polynomials in n variables was obtained in [7]. It was con-
nected with a characterization of p-bases of rings of constants with respect
to polynomial derivations.

Such generalizations of Freudenburg’s Lemma are tools in equivalent for-
mulations of the Jacobian Conjecture (see [8, 9]), which is one of the most
fascinating problems in algebra (see for instance [2, 11]).

In this paper we present further such generalizations. The main results
are Theorem 4.1 and Proposition 4.2, and they are summarized in a more
explicit way in Theorem 4.3.

2. Separable dependence. Let A be a domain of arbitrary character-
istic p ⩾ 0. Let R be a subring of A. If p > 0, assume that Ap ⊂ R, where
Ap = {ap : a ∈ A}. Put

R[T1, . . . , Tr](p) =

{
{
∑

0⩽i1,...,ir<p b(i)T
i1
1 . . . T ir

r : b(i) ∈ R} if p > 0,

R[T1, . . . , Tr] if p = 0,

where (i) = (i1, . . . , ir). In this case (Ap ⊂ R if p > 0) the definitions of
separable dependence and separable algebraicity (compare [10, Ch. 0, Sec. 2,
p. 2]) have the following form.

Definition 2.1.

(a) Elements a1, . . . , ar ∈ A are called separably dependent over R if they
satisfy W (a1, . . . , ar) = 0 for some nonzero polynomial W (T1, . . . , Tr) ∈
R[T1, . . . , Tr](p). Otherwise, they are called separably independent.

(b) An element a ∈ A is called separably algebraic over R if it satisfies
W (a) = 0 for some nonzero polynomial W (T ) ∈ R[T ](p).



JACOBIAN CONDITIONS FOR POLYNOMIALS OVER A UFD 3

Of course, a single element a ∈ A is separably dependent over R if and
only if it is separably algebraic over R. Note also the following easy obser-
vation.

Lemma 2.2. Given arbitrary elements a1, . . . , ar ∈ A, the following con-
ditions are equivalent:

(i) a1, . . . , ar are separably dependent over R,
(ii) there exists i ∈ {1, . . . , r} such that ai is separably algebraic over

R[a1, . . . , âi, . . . , ar], where ̂ means that the respective element is omit-
ted.

Now, let Q be a prime ideal of A. Put A = A/Q. For an element a ∈ A
denote a = a + Q. Denote by R the canonical homomorphic image of R
in A. Moreover, let Q[T1, . . . , Tr] be an R-module of polynomials in variables
T1, . . . , Tr with coefficients in Q.

Lemma 2.3. Given arbitrary elements a1, . . . , ar ∈ A, the following con-
ditions are equivalent:

(i) a1, . . . , ar are separably dependent over R,
(ii) there exists a polynomial W (T1, . . . , Tr) ∈ R[T1, . . . , Tr](p)\Q[T1, . . . , Tr]

such that W (a1, . . . , ar) ∈ Q.

3. The ideal generated by jacobian determinants. In the remain-
ing part of the paper, we let K be a unique factorization domain and
A = K[x1, . . . , xn] be the K-algebra of polynomials in n variables. We put
B = K[xp1, . . . , x

p
n] if charK = p > 0 and B = K if charK = 0.

Recall that for arbitrary f1, . . . , fr ∈ A and j1, . . . , jr ∈ {1, . . . , n} we
denote by jacf1,...,frj1,...,jr

the Jacobian determinant of f1, . . . , fr with respect to
xj1 , . . . , xjr . Then we denote by Jac(f1, . . . , fr) the ideal of A generated by
all determinants of the form jacf1,...,frj1,...,jr

, where 1 ⩽ j1 < . . . < jr ⩽ n.
Recall that a K-derivation of a K-algebra A is a K-linear map d : A → A

such that d(ab) = d(a)b+ ad(b) for all a, b ∈ A. Recall further the following
easy fact.

Lemma 3.1 ([5, Lemma 3.2]). Let K be a domain, let I be an ideal of the
polynomial algebra K[x1, . . . , xn] and let δ be an arbitrary K-derivation of
the factor algebra A = K[x1, . . . , xn]/I. Then there exists a K-derivation d
of K[x1, . . . , xn] such that δ(f) = d(f) for every f ∈ k[x1, . . . , xn], where f
denotes the coset of f in A.

The following proposition is a common generalization of [7, Proposition
3.4] and [8, Lemma 2.1].
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Proposition 3.2. Let f1, . . . , fr ∈ A and let Q be a prime ideal of A.

(a) The inclusion Jac(f1, . . . , fr) ⊂ Q holds if and only if the following
condition is satisfied for some i ∈ {1, . . . , r}:
(∗) there exist s1, . . . , sr ∈ A, where si ̸∈ Q, such that s1d(f1) + · · ·

+ srd(fr) ∈ Q for every K-derivation d of A.

(b) If (∗) is satisfied for a given i ∈ {1, . . . , r}, then fi is separably algebraic
over Ri, where Ri = B[f1, . . . , f̂i, . . . , fr].

Proof. (a) The inclusion Jac(f1, . . . , fr) ⊂ Q holds if and only if the rank
of the matrix 

∂f1
∂x1

∂f1
∂x2

· · · ∂f1
∂xn

∂f2
∂x1

∂f2
∂x2

· · · ∂f2
∂xn

...
...

...
∂fr
∂x1

∂fr
∂x2

· · · ∂fr
∂xn


over the field (A)0 is less than r. This is equivalent to the linear dependence
of the rows of this matrix:

s1

[
∂f1
∂x1

, . . . ,
∂f1
∂xn

]
+ · · ·+ sr

[
∂fr
∂x1

, . . . ,
∂fr
∂xn

]
=

[
0, . . . , 0

]
for some s1, . . . , sr ∈ A, where si ̸= 0 for some i. The above equality holds
if and only if all the polynomials

h1 = s1
∂f1
∂x1

+ · · ·+ sr
∂fr
∂x1

, . . . , hr = s1
∂f1
∂xn

+ · · ·+ sr
∂fr
∂xn

belong to Q.
Observe that for an arbitrary K-derivation d of A we have

s1d(f1) + · · ·+ srd(fr) = h1d(x1) + · · ·+ hrd(xr).

Hence, if h1, . . . , hr ∈ Q, then s1d(f1) + · · · + srd(fr) ∈ Q. On the other
hand, if s1d(f1) + · · · + srd(fr) ∈ Q for every K-derivation d, then for the
partial derivatives we obtain h1, . . . , hr ∈ Q.

(b) Assume that (∗) holds for a given i. Consider an arbitrary Ri-deriva-
tion δ of A. By Lemma 3.1, there exists a K-derivation d of A such that
δ( f ) = d(f) for every f ∈ A. We have d(fj) = δ( fj ) = 0, that is, d(fj) ∈ Q,
for each j ̸= i. Hence, (∗) yields sid(fi) ∈ Q, so d(fi) ∈ Q, because si ̸∈ Q.
This means that δ( fi ) = d(fi) = 0. Hence, fi belongs to the smallest ring of
constants of an Ri-derivation of A, that is, fi is separably algebraic over Ri.

Proposition 3.3. Suppose that charK = p ⩾ 0. For every f ∈ A \ {0}
there exist a unique (up to a multiplicative constant) polynomial a ∈ B
and pairwise different irreducible polynomials g1, . . . , gm ∈ A \ B such that
f = agl11 · . . . · glmm , where 1 ⩽ l1, . . . , lm, and l1, . . . , lm < p if p > 0.
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Proposition 3.4. Assume that n ⩾ 2 and 0 ⩽ r ⩽ n−2. Consider poly-
nomials u1 ∈ K[x1, . . . , xr, xr+1] \ B[x1, . . . , xr], u2 ∈ K[x1, . . . , xr, xr+2] \
B[x1, . . . , xr]. Assume that the degrees of u1 with respect to xr+1 and of u2
with respect to xr+2 are relatively prime and, if p > 0, not divisible by p. Then
there exist nonzero polynomials w1 ∈ B[x1, . . . , xr] and w2 ∈ K[x1, . . . , xr,
xr+1, xr+2] \B[x1, . . . , xr] such that u1+u2 = w1w2 and w2 is irreducible in
K[x1, . . . , xr, xr+1, xr+2].

Proof. By Proposition 3.3 we obtain u1 + u2 = avl11 . . . vlss v
ls+1

s+1 . . . vltt ,
where li < p, a ∈ B, v1, . . . , vt are pairwise different irreducible polynomials,
v1, . . . , vs ∈ k[x1, . . . , xr] \ B and vs+1, . . . , vt ∈ k[x1, . . . , xr, xr+1, xr+2] \
B[x1, . . . , xr], 0 ⩽ s ⩽ t. Observe that s < t, because u1+u2 ̸∈ B[x1, . . . , xr].

Now, consider the field L = K0(x1, . . . , xr). Since the degrees of the poly-
nomials: u1 in L[xr+1] and u2 in L[xr+2] are positive and relatively prime,
the polynomial u1 + u2 is irreducible in L[xr+1, xr+2], by [12, Corollary 3 to
Theorem 21, p. 94]. Hence t = s+1 and lt = 1. Finally, put w1 = avl11 . . . vlss
and w2 = vt.

Proposition 3.5. Let w ∈ K[x1, . . . , xm] be an irreducible polynomial
such that ∂w

∂xi
̸= 0 for some i ∈ {1, . . . ,m}. Then there exist polynomials

v1, v2 ∈ K[x1, . . . , xm] and v ∈ K[x1, . . . , xi−1, xi+1, . . . , xm] \ {0} such that

v1w + v2
∂w

∂xi
= v.

Proof. Consider the field L = K0(x1, . . . , xi−1, xi+1, . . . , xm). The poly-
nomial w is irreducible in L[xi], and the polynomial ∂w

∂xi
is nonzero, so they

are relatively prime in L[xi]. Hence there exist polynomials u1, u2 ∈ L[xi]
such that

u1w + u2
∂w

∂xi
= 1.

Let v (v ∈ K[x1, . . . , xi−1, xi+1, . . . , xm]) be the least common denominator
of the coefficients of u1, u2. Multiplying the above equality by v and denoting
v1 = u1v, v2 = u2v we get the proposition.

4. Generalizations of Freudenburg’s Lemma. Recall that K is a
UFD, A = K[x1, . . . , xn] is the polynomial K-algebra in n variables, B =
K[xp1, . . . , x

p
n] if charK = p > 0 and B = K if charK = 0.

Theorem 4.1. Assume that polynomials f1, . . . , fr ∈ A are separably
independent over B. Let Q be a prime ideal of A. If Jac(f1, . . . , fr) ⊂ Q,
then B[f1, . . . , fr] ∩Q ̸⊂ (B ∩Q)[f1, . . . , fr].

Proof. Assume that Jac(f1, . . . , fr) ⊂ Q. By Proposition 3.2 there exists
i ∈ {1, . . . ,m} such that fi is separably algebraic over Ri, where Ri =

B[f1, . . . , f̂i, . . . , fr]. By Lemma 2.2 we know that f1, . . . , fr are separably
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dependent over B. By Lemma 2.3 there exists a polynomial W (T1, . . . , Tr) ∈
B[T1, . . . , Tr](p) \Q[T1, . . . , Tr] such that W (f1, . . . , fr) ∈ Q.

Put w = W (f1, . . . , fr). Then w ∈ B[f1, . . . , fr], so w ∈ B[f1, . . . , fr]∩Q.
We have W (T1, . . . , Tr) =

∑
0⩽i1,...,ir<p b(i)T

i1
1 . . . T ir

r , where b(i) ∈ B and
b(j) ̸∈ Q for some j. It is enough to show that w ̸∈ (B ∩Q)[f1, . . . , fr].

Suppose w ∈ (B ∩ Q)[f1, . . . , fr]. Then w =
∑

l1,...,lr⩾0 c(l)f
l1
1 . . . f lr

r ,
where c(l) ∈ B ∩Q, so

w =
∑

0⩽i1,...,ir<p

( ∑
s1,...,sr⩾0

c(i)+p(s)(f
p
1 )

s1 . . . (fp
r )

sr
)
f i1
1 . . . f ir

r .

Since f1, . . . , fr are separably algebraic independent over B, by the unique-
ness of presentation we obtain b(i) =

∑
s1,...,sr⩾0 c(i)+p(s)(f

p
1 )

s1 . . . (fp
r )sr . For

each (i) and (s) we have c(i)+p(s) ∈ Q, so b(i) ∈ Q, which is a contradiction.

We can strengthen the assertion of Theorem 4.1 as follows. Here, we
denote by IrrR the set of all irreducible elements of a domain R.

Proposition 4.2. Let f1, . . . , fr ∈ A and Q be a prime ideal of A. If
B[f1, . . . , fr]∩Q ̸⊂ (B∩Q)[f1, . . . , fr], then we have (IrrB[f1, . . . , fr])∩Q ̸⊂
(B ∩Q)[f1, . . . , fr].

Proof. Consider w ∈ B[f1, . . . , fr]∩Q such that w ̸∈ (B ∩Q)[f1, . . . , fr].
Suppose w = w1 . . . wm, where w1, . . . , wm ∈ (IrrB[f1, . . . , fr]). Since
w1 . . . wm ∈ Q, there exists i ∈ {1, . . . ,m} with wi ∈ Q. If wi ∈
(B ∩ Q)[f1, . . . , fr], then also w ∈ (B ∩ Q)[f1, . . . , fr]. It follows that
wi ̸∈ (B ∩Q)[f1, . . . , fr].

As a consequence of Theorem 4.1 and Proposition 4.2 we obtain the
following theorem.

Theorem 4.3. Let K be a unique factorization domain, Q be a prime
ideal of K[x1, . . . , xn], and B = K[xp1, . . . , x

p
n] if charK = p > 0 and B = K

if charK = 0. Let f1, . . . , fr ∈ K[x1, . . . , xn] be separably independent over B
with Jac(f1, . . . , fr) ⊂ Q. Then there is an irreducible polynomial w, whose
coefficients are in B, but not all in Q, such that w(f1, . . . , fr) ∈ Q.

We believe that Theorems 4.1, 4.3 and Proposition 4.2 can be useful in
proofs of further equivalent formulations of the Jacobian conditions. We have
several conjectures in terms of irreducibility and square-freeness that are too
complicated to present here.
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