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Approximation properties of intermediate S-expansions
by

KArRMA DAJANI and YAN HUANG

Abstract. Given 8 > 1 and o € [0,1), let T, (z) := Bz + « (mod 1). Then under
the map T q, each x € [0,1] has an intermediate 5-expansion of the form x =Y 2, Ciﬁja
with ¢; € {0,1,...,|8+ «a]} for each i. We study the approximation properties of T3, by

considering the expected value Mg(a) of the normalized errors (05 ,(x))n>1, where

n
ci—a

05 o(z :zﬁ"(w— L ), n € N.

5,a(2) ; 5
We prove that Mga(-) is continuous on [0,1). As a result, Mg := {Mgz(a) : a € [0,1)} is
a closed interval. In particular, if 8 is a multinacci number, the map T » has matching
for Lebesgue almost every a € [0,1), and then Mg(-) is locally linear Lebesgue almost
everywhere on [0, 1).

1. Introduction. The study of non-integer base expansions was initi-
ated by Rényi [25] and Parry [22] 23]. Since then, expansions in non-integer
bases have received much attention revealing connections with many ar-
eas of mathematics, such as ergodic theory, fractal geometry, symbolic dy-
namics, and number theory. They have gained momentum after the sur-
prising discovery by Erdés et al. [I1) [12] that for any k& € N U {Rg} there
exist § € (1,2] and = € [0,1/(8 — 1)] such that = has precisely k differ-
ent B-expansions. This phenomenon is completely different from the integer
base expansions, where each x has a unique expansion, except for count-
ably many z having two expansions. Typically each point in [0, 1] has un-
countably many representations [26]. The largest one in the lexicographic
order is called the greedy expansion and the smallest one is called the lazy
expansion. An interesting feature of these extreme cases is that they can
be generated dynamically by iterating the so-called greedy B-transformation
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and lazy B-transformation, respectively. It is natural to ask which one has
better approximation properties. It has been proven in [I0] that “on aver-
age” the greedy convergents (> I ; a;/")n>1 approximate x better than the
lazy convergents (3 1 ; b;/B")n>1 for almost every = € [0, 1]. So, what about
those expansions between greedy and lazy which are generated by iterating
an appropriate transformation? There are some results that focus on the
Diophantine approximation properties of S-expansions; see [19, 20, 28|. Also
Baker [II, 2] studied the approximation properties of S-expansions.

In this paper, we address the above question through an analysis of ap-
proximation properties in intermediate 5-expansions. These expansions were
first introduced by Rényi in 1957 (see [25]) and can be dynamically generated
by iterating the intermediate B-transformations. We begin by presenting the
formal definition and fundamental properties of these transformations.

Given > 1, a € [0, 1), the intermediate B-transformation Tg 4 : [0,1) —
[0,1) is defined by

(1.1) T3o(2) :=fr+a (mod 1) = fz+ o — |fz+ .

For a real number r we denote by (r) and |r| its fractional and integer
parts, respectively. For convenience, we define T 4(1) := 8+ o (mod 1) =
B+ o — | B+ o, which will be used later in the invariant measure of Tj 4.
Then by (1.1)) it follows that for o € [0,1 — (3)) we have

Br+a if x € [07%)7

(12)  Tga(z) =1 Brt+a—i if x € [% H}fa)’ ie{l,...,|p] -1},
prx+a—|B], ifzxe [w%,l},
and for a € [1—(8),1) we have

Br+a ifxe [O,I_Ta),

(1.3) Tpalz) =4 Pr+a—i ifxe [%, H‘};"), ie{l,...,|8]}
Br+a—|B]-1 ifwe [LEE=2 1],

Clearly, the map T, has || +1 branches if o € [0,1—(53)), and has | 5] +2

branches if a € [1 — (8), 1). See Figure 1] for an illustration.

It is well known that, in general, Tg , does not preserve Lebesgue measure
and is not a subshift of finite type with mixing properties. This causes diffi-
culties in studying metrical questions related to S-expansions. We mention
a few results regarding these transformations. Hofbauer [16] proved that for
any o € [0,1) the topological entropy of T3, is log 3, and T ,, has a unique
invariant probability measure of maximal entropy. This maximal measure
is absolutely continuous with respect to the Lebesgue measure, and its sup-
port is a finite union of intervals (Hofbauer [15, I7]). Its density function was
given by Parry [22], and was later proved to be non-negative by Halfin [14].
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Fig. 1. Fix 8 = 1.8. The left figure shows the image of the transformation 73, for
a=0.1€[0,1—(B)), and the right figure for « = 0.3 € [1 — (8), 1).

Concerning the ergodic properties of Tg,, Wilkinson [29, [30] showed that
T3, is weak-Bernoulli with respect to the maximal measure when 38 > 2,
and this was extended by Parry [24] to 8 > v/2. However, this is not true for
B € (1,4/2]. Palmer (cf. [13]) characterized all pairs (3,a) € (1,+/2] x [0,1)
for which T} , is weak-Bernoulli, and proved that when the pair (3, «) is not
in the “bubble”, the map Tp , is weak-Bernoulli. Importantly, the map T}
is ergodic for any 8 > v/2 and a € [0,1) ([6]).

The following theorem describes the density function of the unique 7 -
invariant probability measure of maximal entropy (see [23]). Throughout this
article, we denote the Lebesgue measure on R by .

THEOREM 1.1 (Parry, 1964). Given 8 > 1 and o € [0,1), let T o(z) =
Bx+a (mod 1). Then there exists a unique T o-invariant probability measure
v on [0,1] such that

Vs.a(E) =\ gga(z)dA(z)
E
for every Borel set E C [0, 1], where the density function gg o 18 given by

(1.4) gg.a(z) ::M with  gg.a(x) := Z /Bn Z B”

8[071] 98.0 A a<T} o<Th
Furthermore:
(i) gg,a(z) >0 for XA-almost every x € [0, 1].
i) If B> V2 and a € [0,1), then Ts4 is ergodic with respect to vg q.
/B? /8’

Given f > 1 and « € [0,1), recall that every x € [0, 1] admits an in-
termediate [(-expansion generated by Tj3,. We now formally describe the
dynamical mechanism through which this transformation produces expan-
sions. For = € [0,1] and n > 0 let

(15) et = BT o(@) +al.
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Then (1.1)) yields T3 q4(z) = Bz + a — ¢1, which gives z = TB%(@ + aza,

B
Note that T (x) € [0,1]. Replacing by T (x) in the above argument
T2
gives ¥ = £ gz(x) + CQBEO‘ + “7°. Iterating this argument, we obtain the
intermediate S-expansion of z by
¢ —
(1.6) SU:Z Zﬁi ., ¢ e{0,1,...,]8+ ]}
i>1

The infinite sequence (¢;) is also called the intermediate (-expansion of x
with parameter a.

In [9] Dajani et al. introduced the normalized errors of x with respect to
T3 o, which are defined by

0 \(2) == T} (z) = 6" <:c -y 0‘), neN.
=1

Note that the sequence (¢ ,(2))n>1 reveals the approximation efficiency of

the convergents (Z?Zl Ci[;a)nx to the point z. If 8 > v/2 and a € [0, 1),
then by Theorem and a straightforward application of Birkhoff’s ergodic

theorem it follows that for v ,-almost every z € [0, 1] we have

n—1

a1 Jim S0 = | gsaln) i) = Ms(a).
i=0 0,1)

The smaller Mg(«), the better the approximation efficiency of T . So, the
quantity Mpg(«) characterizes the approximation efficiency of T ,. Observe
by that for o = 0 the map Tp yields the greedy 3-expansion of x,
while for &« = 1 — () the map Ts,1-(p) gives the lazy S-expansion of w.
Dajani et al. [9] showed that Mg(0) < Mg(1 — (f3)) for any B > 1. This
means in general that the greedy §-transformation has better approximation
properties than the lazy S-transformation. In general, what can we say about
the approximation efficiency of T} o for a general o € [0,1)? This will be our
main object of study in this paper.
Our first result states that Mg is continuous.

THEOREM 1.2. Let B > /2. Then Mg is continuous on [0,1). Further-
more, Mg(a) + Mg(1 — (B +a)) =1 for any a € [0,1).

REMARK 1.3. An adaption of the proof of Theorem [I.2] shows that the
map 3+ Mg(a) is also continuous on (v/2, 00) for any a € [0, 1).

In the following we fix > /2, and set
Mg = {Ms(a) : € [0,1)}.
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Note by Theorem [I.2] that
Mga(a) + Mp(l — (B+a)) =1 for any o € [0,1).
Then
Mpg(a) + Mg(1 — () —a)=1 ifac[0,1—(F)),
Mpg(a)+ Mp(2— () —a)=1 ifaec[l—(B),1).
This, together with the continuity property of Mg in Theorem @7 implies

that Mg is a closed interval in [0, 1) symmetric about the line y = 1/2 (see
Figure [2| for an example).
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Fig. 2. The graphs of Mg(«) for a € [0,1) with 8 &~ 2.8177 (left) and 8 &~ 11.0976 (right).

Note that Mg depends on the density function gg ., which is in general
an infinite series (see Theorem . This leads to difficulties in studying
extreme values of Mg. However, gg, becomes a finite sum if the orbits
of 0 and 1 meet after a finite number of iterations; this phenomenon is
called matching. Especially in the case of a-continued fraction maps, the
concept of matching has proven to be very useful (see [7, 8 I8, 21]). For
piecewise linear transformations, prevalent matching appears to be rare: for
instance it can occur for Tg, only if the slope 3 is an algebraic integer.
In [4] it is shown that matching occurs for all quadratic Pisot slopes and
a set of translation parameters whose complement has Hausdorff dimension
smaller than 1. Later, Bruin and Keszthelyi [5] extended this result. Sun et
al. [27] gave some dense fibre results of matching for fixed 8 € (1,2) and
a € [0,1—(3)). We point out that all of these results for T, focus on either
ﬁ € (172) or o € [Oal - <B>)

In the following we assume § belongs to a special class of algebraic inte-
gers. Given ¢, m € N, we define the (¢, m)-multinacci number By m € (¢,9+1)
to be the real root of

M= qu,1 +q$m72+-~-+q.
Our second result shows that Tj, .. o has matching for typical a € [0, 1).
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THEOREM 1.4. For allm, q € N, the transformation Tg, . o has matching
for Lebesgue almost every o € [0, 1).

Given B > /2, a subinterval I C (0,1] is called a matching interval if
there exists k£ € N such that for every a € I,

Tho(0) # Tho(1) V1<i<k and THHY(0)=T5EN(D),

where [ is maximal with this property. By , the density function gg . is
then a sum of at most k + 1 terms for all « € [.

We establish that Mg is linear on each matching interval. Theorem
implies that matching intervals cover [0,1) up to a Lebesgue null set when
B = Bgm- Consequently, Mg, (-) is linear for almost every a € [0,1). Fur-
thermore, we characterize the monotonicity of Mg, on each matching in-
terval (see details in Section [4). In particular, [0,1 — (8q,m)) is a matching
interval where Mp,  is strictly increasing (see Section. For fixed ¢, m € N,
write

Mg, . (@) == kgma +bgm for a €[0,1— (Bgm))-
Our final result states that for ¢ € N and any m > 2,
]{}q7m < kq’m+1 and bq,m < bq7m+1.

This implies that T}, , o achieves superior approximation efficiency for a €
[0,1 — (Bym)) among m > 2 (see Figure 3.
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Fig. 3. The graph of Mp, ,, (&) = k1ma + by m over a € [0,1 — (B1,m)) for m =2,...,8
(from bottom to top).

THEOREM 1.5. Given q > 1, both sequences {kqm}m>1 and {bgm}m>1
are strictly increasing.
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The rest of the paper is organized as follows. In the next section we
study the continuity properties of Mg, and then prove Theorem @ The
matching result in Theorem is split into two parts, a € [0,1 — (Bgm))
and a € [1 — (Bgm),1). In Section (3] we show that Mg, is linear and
increasing on [0,1 — (B¢,m)) and prove Theorem [L.5| The matching results
for a € [1 — (Bym), 1) are proven in Section 4} We give a further question in
Section [

2. The continuity of Mpg. This section investigates the continuity of
the function Mg, culminating in the proof of Theorem . Recall from (1.7
that

Mg(e) = | gpalz)dr(@),
[0,1]
where gg . is the density of the invariant probability measure vg, for Tjg
(see Theorem . So, to prove the continuity of Mg it suffices to prove
the continuity of the map a +— ggo in L*(X). We first establish the right
continuity of this mapping.

LEMMA 2.1. Let f > 1 and o € [0,1). For any sequence (o)k>1 C (a, 1)
satisfying limy o0 oy = o, we have limy_o0 [|98,0, — 98.all1 = 0.

Proof. Since the proof for a € [1 — (§),1) is similar, we only focus on
a €[0,1—(B)). Fix a € [0,1—(B)), and take a sequence (o) C (a, 1 —(8))
converging to o as k — o0o. By Theorem [1.1] we have

9. () = 222D gor s f0,1),
ﬁ7ak

where Kg,, = 8[0 1) 98,0 AX € (0, 00). Then

g ) g Pl
L e <
1) Bk B
gﬁ’ak g’g’ak gﬁ,ak gﬂ,a
T T |V R k|
[051] Kga, Kpa [051] Kso Kga
lGpanle .
< NIBaklleo _ 1 -
~ K,B,aK,B,ak Hgﬂyak gﬁ,a”l + KB,(X ||gﬁ,ak 95@”1,

where (|G, llco = SUPze(0,1] [98,05, (). Thus, it suffices to prove
2.1 li g —g =0.
( ) kg{.lo Hgﬁ,ak g,@,a”l

Note that o, € [0,1 — (B)) for all k € N. Let (a;), (b;) € {0,..., 3]}

be the intermediate S-expansions with parameter a of 0 and 1, respectively.
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Then by ((1.6) we have

O_Zal—oz7 1_26—04.

Similarly, for & € N let (ak’i),(bm) € {O,...,L BJ}Y be the intermediate
[-expansions with parameter ay of 0 and 1, respectively. Then

_ o ki — O _ > b — o
O—ZTa 1—ZT

=1 i=1

For k € N set

(2.2) Np:=max{ieN:ap;...a;=ar...a;and by y...bg; =b1...b;}.
Note that N > 1 since ax; = 0 = a1 and by = |B] = by for all oy, €
(a,1 — (B)). Observe that aj > « and limg_,o, ap = . Then we establish
the following Claim.

CLAIM. For every N € N, there exists K € N such that for all k > K,
we have

— . 1— .
0<Oék— 5]€~_L1 mln{W—T&;}(O)lSZSN}a
23) -1 bi + 1

and consequently N < N < logﬂ(l +

=)
ak a

By (L.F), we have a; = LBTA;(O) +af > BTZ 20)+a—1and b; >
,BTéjo}(l) + a — 1 for all + > 1. This ensures the p051t1V1ty of the minima
of the right-hand terms in . Since ap > « and limg_, ap = «, the
inequalities in hold for all sufficiently large k.

We now establish the bounds for N. First, consider the upper bound.
From ([L.6)), for any x € [0, 1] we have

n
ci —
(2.4) n () ZB"(x—Z = ) Vn> 1,
i=1
where (¢;)?2, € {0,1,.. WJ W is the intermediate 3-expansion of x with

parameter «. Comblnlng ) and ( . yields
ap—a gV —1

8—1

(o —a) < 1, implying

(g — ).

0T - 3

-1

As T2* (0),T5(0) € [0,1], it follows that 2

ﬁvak ﬁva
— 1
Nk§10g5<1+ 5 )
ap —
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To establish the lower bound of Nj, we proceed by induction on N. The
base case N =1 holds trivially since N > 1 for all oy, € (o, 1 — (B)).
Now assume N > 2, and suppose that

k1. Qkp =0Q1...0n, bg1...bgy="01...b, forsomen <N —1.

We will show that ay 41 = a@ns1 and by 541 = bp41 under assumption ([2.3).
By (2.4) and the condition ay > «, we derive

k—a
T4 (0) B”Z Z

>y O 0z L G 0,

where the second inequality follows from any1 = |17 ,,(0) + o) < BT ,(0)
+ . This implies agni1 = [8TF,, (0) + ar] > ant1.
Conversely, using (2.4 we obtain

n n . A — a4
Tf . (0) = 8" ——

i=1 A
n " S " 6" —1
:Tﬁ,a(0)+ﬁ Z ,31 :T,B,a(o)+ 6_1(0%_@)
i=1
_ N+1 _ n
et a0+ e a)
an+1+1—a_ak—a:an+1+1—ak
B B B '

The first inequality relies on (2.3), which gives

ﬁ—l an+1—|—1—0z n
ozk—oz<BN+1_1 5 —T54(0) ).

Consequently, ay 1 = [BT%,, (0)+ar] < apt1+1, implying ag ni1 = ant1.

By an identical reasoning applied to b1 ...bg, = b1...b, and , we
obtain by 41 = bp41. Induction thus establishes N, > N, completing the
proof of the Claim.

By (1.4), we have

> ]1[0 /30t > ]l()T
(25)  l35.0r — ol < | ZT’“fZ ‘ a\
[0,1]'i=0
> 1[0 @ ad ]10T
+ 72"“ - ‘ dX
e Y
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<\ zﬁ 3 e \
0,1] 1=
Nk Ao i 6% B ,Ba "
+ S Z Z + Z 5@
[0,1]"#=0 i=Ng+1

By (2.2) and (2.4), we have T} , (1) > T} (1) and T}, (0) > T} ,(0) for
all 1 < i < Ng. Moreover, the Claim implies N, — oo as kK — oco. Combining

(2.4), (2.5), and the Claim, we deduce that

198,01 — 98,all1
. %’éﬂm STh (1) %’éﬂm LT, O 4
- li= g R | B L (B=1)pN
N, i N, i ]
_ZkTﬂ»ak B +ZkTﬁak T (O) i 4
' (B —1)pN
Nk X
1 gi-1 4
<2 — — (g — )+ ————+
e N
9 4
< — -
< ﬁilNk(ak a)+(ﬁ—1)5Nk
P B—1 4
< _
< (o a)10g5<1+ak—a>+(ﬁ—1)ﬁf\’k_>0

g—1

as k — oo, since limy_,o @ = o and limy_,,o N = +oo. This establishes
(2.1), completing the proof of Lemma n

However, the method from the previous lemma cannot be directly applied
to prove the left continuity of the mapping 8 +— gg.o in L*()\). For example,
for all B > /2, take @ = 1—($3). The corresponding intermediate S-expansion
of 1 has by = |B] + 1. But for all o < «, the corresponding intermediate
[-expansion of 1 has by = [3], which does not satisfy the Claim.

To address this issue, for 5 > 1 and « € (0, 1], we introduce an auxiliary
expanding map T, : [0,1] — [0, 1] defined by T o(2) := Bz+a—[Bz+a]+1
for all x € [0,1], which is left continuous. This map admits the following
explicit expressions: for a € (0,1 — ()] we have

Br + « ifxe[ 17],
Tﬁ,a(x): Br+a—1 if:cE(Ta, wrls O‘] ie{l,...,|8] -1},
(

Br+a— 8] ifze (L ]
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and for a € (1 — (f3), 1] we have
] B + « ifxe[',%],
Toalr) =3 Br+a—i if v e (S, ] ie {1, 8]},
fr+a— |6 -1 if:cE(Lmﬁl_a,l].

Comparison with ((1.2)) and (|1.3) reveals that T@a coincides with T , except
at the finitely many points {% ci=1,..., LBJ} Adapting the proof of

[23, Theorem 1.6] yields the following analogous result for Tﬁ,a-

THEOREM 2.2 (Parry, 1964). Given 8> 1 and o € [0,1), let Tp o(z) =
Bz + o — [Pr+ o]+ 1 for x € [0,1]. There exists a unique Tg o-invariant
probability measure pg o on [0,1] satisfying

1p.a(E) = | hgalz) dA(@)
E
for every Borel set E C [0,1], where the density function hg o is given by

26) haal)i= 22 o= Y - Y

Yoy a0 a<Ty (1) 2<T3 (0)
Furthermore:

(i) hgal(x) >0 for A-almost every = € [0,1].
(i) If B > V2 and a € (0,1], then Tp o is ergodic with respect to fig o

Since Tﬁ,a coincides with T}, except at finitely many points, comparing

(2.6) with (L.4) yields § 1 hgod\ = S[o 11 98.0dX and hg o = gg.q for A-a.e.
x € [0, 1]. Then, by (1.7)), we have

Mg(a) = | zhgqe(z)dA(@).
[0,1]
To establish the left continuity of Mg, it suffices to prove the left continuity of
the mapping o — hg in L*(X). Note that T a1n = T and T a4n = 1.0

for all n € Z, which implies Mg(a +n) = Mg(«a) for o € [0,1) and n € Z.
We now prove the left continuity of Mg.

LEMMA 2.3. Let § > 1 and o € (0, 1]. For any sequence (o)k>1 C (0, )
satisfying limy_, o0 a, = o, we have limg_o || hg 0, — hgal1 = 0.

Proof. The argument proceeds analogously to Lemma with g o(x)
replaced by hg(x). =

Lemmas 2.1 and [2.3] establish the continuity of Mpg.
We now prove the central symmetry property of Mg.
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LEMMA 2.4. Let Y(z) :=1—x forxz € [0,1]. If 3 > 1 and o € [0,1], then
YoTga=Tp1-(g—a)0¥
for Lebesgue almost every x € [0, 1]. Consequently,
Mp(a) + Mp(1— {6 — o)) = 1.
Proof. Since the case a € [1 — (), 1) follows similarly, we only consider
a €[0,1—(B)). For x € [0,1], we have Tg o(z) = Bz + a — | Sz + o], which
implies
poTga(z)=1—Tpa(x)=1—pzr—a+|fz+al.
On the other hand,
Ts1-(g)-a o ¥(x) = T1-(8)-a(l — )
=p1—z)+1-(8) —a—[B(1-2)+1—(B)—a]
=|8l+1-0Bzr—a— HBJ —I—l—ﬁx—aJ.
For z € [0,1] with Sz + a ¢ N,
B +1- Bz —a| =B+ |1~ Pz —a] = [8] - [Bz +al,
yielding
Tﬂ,l—(,@)—a o ’lb(:(}) =1- Bac —a—+ Lﬁx + OéJ.
At points where Bz + a € N, Tg;_(8)_o 0 (x) = 0. Thus, ¢ o Tg(z) =

Iteratively, 1 o Ty, = T,67’L,1—<ﬁ>—a o1 except on a countable set. By (|1.4)),

Ts1—(8)—a © ¥ () except at the finitely many points {i_“ i=1,...

for Lebesgue almost every x € [0, 1],

) 1 1
98,1-(p)—a(@) = > T > 7

x<T[§L’1_<ﬁ>_a(1) x<T§1_<ﬁ>_a(0)
) . ) .
N gn g
1_x>1_T5,1—(5)—a(1) 1—x>1—T571_<ﬂ>_a(0)
ORI S
- an an
1—a>Tp (0) g 1—a>Tg (1) B

1 1
) 1—x<ZT;L ) - 1—ac<ZT;1 (0) a
<T%, <17,
where the third equality uses the identity
1= T51(g)-a(2) =¥ 0 T51_(g-a(2) = Tha 0 9(2) = T5a(1 - 2).

Therefore, gg1-(8)—a(T) = gga(l — ) in L'()\), implying 98,1—(8)—a(T) =
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98,a(1 — x) for Lebesgue a.e. z € [0, 1]. By (1.7)), we have
My(l—{B) =) = | 2951 (5) a(@do = | zgsall—2)ds
[0,1] [0,1]

= | (1= v)gs0y)dy =1 - My(a). =
[0,1]

By Lemma the function Mp is centrally symmetric about (1_2<6 ) , %)
on [0,1— (B3)] and about (1— @, 3) on (1—(B),1). Consequently, the range
Mg is symmetric with respect to the line y = 1/2. See Figure 2| for an

example.

Proof of Theorem[1.2 The result follows directly from Lemmas [2.T] 2.3]
and 241 =

We conclude this section by noting that the continuity of Mg can alter-
natively be established using the Perron-Frobenius operator Pg o = Pr, , :

LY([0,1],A) — L(]0,1], ), defined by (cf. [3])

(Boal)) == | fan e L.,
T; L ([0,2])

3. Linearity property of Mg(-) on [0,1 — (§)). In Theorem we
established the continuity of Mg. In this section, we prove the linearity prop-

erty of Mg on [0,1— (8)) for a specific class of 5. Combining (|1.4)) and (1.7,

we have

31)  Ms(a)= | 2gsal(2)di(z)

(0,1]
_ 1 i T4 (1) = Tf ,(0) | Tk (1) + T ,(0)
Ko & ik 2 ’
k ik
where Kg o 1= 70 w. Thus, Mg(a) is the weighted average of

Tk (D)+TE (0
the sequence {M}IDO.

If the orbits of 0 and 1 coincide after finitely many iterations, i.e., Tg}a(O)
= Tga(l) for some k € N, then Mg(«) reduces to a finite sum. In this case,
we say 13, has matching and the smallest integer k is referred to as the
matching time.

Given 8 > 1 and a € [0,1), let (a;) and (b;) be the intermediate (-
expansions of 0 and 1 under Tjp,, respectively. Then for any n > 1, we
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have
a— a; a— b;
i i

CENERURTD D Tﬁa(1)=5”<1+z -
i=1 =1

If the matching time is k € N, then

1= zk: bi—ai.
=1 Bl

Thus, T, has matching only if 3 is an algebraic integer. Given ¢, m € N,
let Bgm be the unique root in (g,q + 1) of the equation 1 = >"7", ¢/a", i.e.,
Bq,m satisfies

)

e — aByt — By = — qBgm —q = 0.
THEOREM 3.1. For all g,m € N, the function Mg, . is linear and in-
creasing on [0,1 — (Bgm))-

If m = 1, then By, = ¢ € N for any ¢ € N, implying Mg(a) = 1/2
for all a € [0,1). Hence, we assume m > 2. For m = 2, [4, Proposition 5.1]
established that T, exhibits matching throughout [0,1 — (8,2)) for every
q € N. We now extend this result to m > 3.

LEMMA 3.2. For all g, m € N>a, the transformation T, . o has matching
at time m for every a € [0,1 — (Bgm))-

Proof. For all 8> 1, fix @ € [0,1 — (B)). In view of (1.2, we have
Tga(x)=pr+a—i foraze A(),
where the partition intervals are

l—«

o P52, 0150

and for 1 <7< q—1,

t—a i+1—-«a
A7) = , .
© [ g g )
Fix ¢ € N, s0 | B4,m| = ¢ for all m > 1. We prove by induction that

Th .a(0) € A(0), TE (1) € Alg),
(3.3)

m—k
k k q
TBq7m7a(1) - Tﬁq,maa(o) = Z IBZ
i—1 Pam
foral 1<k<m-—1.Fork=1,by (3.2) and 1 =51, =L, we have

=1 ﬁé’m

q q
Tﬁq,m,a(l) - Tﬂq,mﬁ"(o) = (ﬁ%m +a-— Q) —a= ﬁ‘bm —4q4= Z 3 >
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The partition structure implies T, . (0) € A(0) and Tj,,, (1) € A(q),
establishing the base case. This means (3.3)) holds for m = 2.
For m > 3, assume (3.3 holds for some k € {1,...,m — 2}. Then
T5t () =T5H (0) = (BemT}, . a1) + @ = a) = (BemT}, . a(0) + @)

Bq,wua Bq,mao‘
k k
= /Bq,m(T,Bq,m,a(l) - Tﬁqym,a(o)) —4q
m—k—1

m—k —k—

q q
- ﬂ ’ i q = . Z .
o ; B‘ll’m ; ﬁtlz,m B%m

Thus, Tg:;a(O) € A(0) and Tg:i,a(l) € A(q), completing the induction.
Finally, we verify matching at time m:

15 L) =Tg (0) = 5q7m(TﬁTZ;ia(1) — ngﬂ;{a(o» —q=0.u

Motivated by the preceding proof, we introduce the definition of matching
intervals.

DEFINITION 3.3. Given 8 > 1 and two blocks

Qi ...0%41,01 ... 0511 € {0,1,..., LﬁJ +1}k+1,

define the matching interval associated with (aj ...ag+1,b1...b0k41) as

Ig(ay...ags1,b1...bp11) :={a €0,1) : Ts , has matching at time k + 1
and Tj ! (0) € Ala;), Ty (1) € Aby) V1 <i < k+1}.

LEMMA 3.4. Let 8 > 1. For any blocks ay . ..aky1,b1...bpr1 € {0,1,...,
|B] + 1}*+1 ) the function Mg is linear on Ig(ay ... agy1,b1 ... bpy1).

Proof. For all a € Ig(ay...ap41,b1...bp41) and 1 <@ < k, we have

Té,a(o)_ﬁi<0_zaj6; Oé>7 Té,a(l)_ﬁi(l_zbjﬂ_ja>7

Jj=1 Jj=1

and Téa(O) = Téa(l) for all « > k + 1. Adopt the convention Z?:l ¢ =0
for any sequence (c;). Then for 0 <i <k,

(3.4) =\

T (1) —iTé’a(O) . Z a; —jbj
E 2B

is independent of «, and

Té,oé(l) + TZ,()((O) . 62(1 - Z]:l ajﬁj . + Z;:l %)
2 B 2

(3.5)

:gi(@)
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is affine in «. Therefore,

1 i (T5,(1)? = (T5,,(0))?

Mg (o) = : , _
oo T ,(1)-Tf ,(0) 23¢
Zi:O B, 5 B, i—0 /8
_ ‘ 1 . zk: Té,a(l) - T,é,a(o) ) Tg’,a(l) + Tl,oz(o)
b DT (0) 3 2

k
1
=y 2 i)
—— > Xigi(),
Zi:O Ai i=0

which is linear in & on Ig(ai...a4+1,b1...0541). w

Proof of Theorem[3.1] For all integers ¢ > 1 and m > 2, from the proof
of Lemma#we have [0,1—(Bgm)) C I3,,,(0™,¢™). By Lemma Mg, ...
is linear on [0,1 — (Bg.m)).

Observe that \g =1, and for 1 <i<m —1,

=1+ SN S B
i = T2 50

where the second equality follows from the fact that 3, ., = 84 m am satisfies

1=>""q/ B3 m. Consequently, the coefficient of a in M, Bq.m () is positive,
implying that Mg, is strictly increasing and linear on [0,1 — (Bgm)). =

Given ¢,m € N, recall that 3y, is the unique root in (¢,¢ + 1) of 1 =
> i, q/x" which satisfies

= 4B — 4By = — qBgm —q = 0.
For ¢ € N fixed, the sequence (84m)m>2 increases to ¢+ 1. By Theorem [3.1
Mg, . (@) = kgma +bgm  for a € [0,1 = (Bym))-

At the end of this section, we establish the strict monotonicity of (kg m)m
and (bgm)m. First, we derive explicit formulas for kg ,, and by .

For a € [0,1 — (Bgm)) = [0,¢ + 1 — Bym), the proof of Lemma gives

1 m—1
Zizo Ai i=0
where \; is constant for o € [0,¢+1 — f4m) and 0 < i < m — 1. Denote
1

K(Lm = KB ma - :
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Since [0,1 — (Bg,m)) C Ig,,,(0™,¢™), equation (3.4) yields
1 , (m—=1)g , (m—2)q q
Kom=—— with §:= + +oot—.
¢ m— S ﬁq,’m ﬁg,m 6;?"”1
Then
m—1
q q q( qm 1)
Bgm —1)S =q(m—1) = — =+ — = =q(m—1) - ——— ;
e Bq,m q,m1 q,ml(/gq,m - 1)
implying

:q(m—l)_ a(Bym" —1)
5q,m —1 (Bq,m - ) qu:l

3 q_zq_Q(ZZ’l—l)
,m - - —_1>
! = Bim  (Bym — 1)Bm’
we obtain
1
Kq,m - m — (m—1)q Bgym—q "~

ﬁqim_l 6‘177”_1

Using fg,m — 1 = q(1 —1/57",,), we simplify

_(m—l)q_{_ﬁq’m— _/qu_T
/Bq,m_ 1 Bq,m_ 1 6q7 ’

yielding the closed-form expression

3.7 Kom = 77,1.
( ) q, IB(], 5771(1

Since [0,1 — (Bg.m)) C 1 0™, q¢™), equations (3.4) and (3.5) yield
q, /Bq,m

m—1
(38) Y Ngi(a)
i=0

nf Bian (1= Xjmr 5-) (1= Xy 5+ Xjm 57-0)
- 2
=0

2
m—1 % 1 >(mz > mlﬂqm ]Z+167 )
= +5+ ,
1(2 > o >

glﬂq, 7j=1

where 2321 q/ Bé,m = 0 by convention, and the term 1/2 arises from the case
1= 0.
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Now we give a formula for kg ,,. From (3.6) and(3.8), we expand ky ,, as
m +ot m—i
q Z <6q, BQ» q,m

1 1
(ﬁq, )2 Z( qu g};l " Z]?m)

GKqm((m—1)+ 51— 2)

(Bgm —1)?
where the last equality follows from 1 = 7", ¢/f; ,,- Combining this with

(3.7), we obtain

18

9

(3.9) o= Am DG )
: qm =
(Bam = 1) (Bam — g)
Analogous derivations for m + 1 yield
K L= 1 _ Bq,m—l—l -1
gm+1 = mgq Bgm+1—q (m+1)q’
m + 1-— Bami1—1 5Z,m+1*1 ﬁq7m+1 - ﬁé'fiil
(3.10) g(m + ijr-fl _ %)
kgmi1 = - g\
(5q,m+1 - 1)(5q,m+1 - (ﬁnjﬁgq)
g,m+1

We now systematically derive the closed-form expression for dy ,,. By the

foundational relations in (3.6 and (3.8), we develop the expansion through
successive transformations:

<1+ZB <Z B >2>

dg.m

Jj=t+1
2 /qu_ i=1 g}mz
K 2m—1 2m 1
(B 50)
< o=\ X B
1 1 2m —1
R
< Bq, )2 5‘],"1_1 2m 1(/6qm_ ) g}m
q o q2 _ (2m 1)
_ (Bq, ) (ﬂq m_1)2 63%_1(6(1 m—1)2 ﬁg}m
(/qu_ B ) ,

where the final simplification employs the definition of K, from (3.7)
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To further reduce the expression, we simplify the following term:

YR T N
(Bgm—1)? i (B, —1)2B5m tm= 1 Bfm(Bgm—1)

Finally, we employ the characteristic equation 84, —1 = ¢ —

q
Bm
the critical term simplification:

1 2 g _ 2¢%(m—1)+gq

2(q+ 1-— 7%757;1))

(3.11) dgm =

2 q _ 2¢°(m—1)—qgm
27 o (4 1 _ 20mED)
(a+1- )

The recursive structure becomes apparent when considering the (m+1)-
dimensional case:

2 _ q _ 2¢?m—q(m+1)
1 Fpal Bl G apal,
(312) dq m-+1 — — + q,m q,m q,m q,m
’ g(m+2)
2 2(¢+1- 5;7;11)

Now we establish the relationship between B4,, and By ,+1, which is
crucial for proving the inequalities kg m41 > kgm and dgm+1 > dgm

LEMMA 3.5. For all g > 1 and m > 2, we have

1— 1)
q ¢ - g
m > /Bq,m—i—l - ,Bq,m > m . .
g,m+1 gm+1

Proof. The left inequality follows directly from the monotonicity £, ., <
Bg,m+1 and the definition of 34 ,,. From those, we have

ﬁq,mﬂ - ﬁq,m

St = —<q—|—q+---+ ,3_1>< .
q,m+1 qg,m+1 q,m q,m qg,m+1

For the right inequality, consider the difference

(3'13) /Bq,m—H - Bq,m
q 1 Bgm+1 + Bgm
= ——— — q(Bgm+1 — 5q,m)< + Famt g

2
q,m+1 /3q7m+1/8qm /Bq m+153,m

q,m+1 + ﬁq,erlB(Lm +ot 5;7751>

m—1 pm—1
q,m+1~g,m

+
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> mq
g,m+1
-2
1 2,8q m+1 (’I?’L - 1) ;nm+1
Bam+1Bgm  Bymi1Bam Barms1Bm
— 1 2 m—1
e i) oy
Bq,m—i-l Bq,erl /8(1 m q m q,m

Let 51 := Z;n;ll k/ 5§’m. Through geometric series manipulation, we have

1 1 1 m—1
Bom —1)S1 =14 g—F g+t oy — ey
Bq7m /Bq,m q,m q,m
/8(] m " Bm’ml m
qum - /Bqam .
31 3 ﬂq m_Bq (m 1) m . . .
This yields S1 = G~ BBy 1) Substituting back into (3.13)),

we obtain

g [H q (@m B ) m ﬂl
f}?mﬂ ﬂqm—l—l (ﬁq,m - 1)2 gfLm(ﬁq,m - 1)

Through successive approximations, we conclude that

ﬁq7m+1 - qu >

(3~14) /Bq,m-‘rl - /Bq,m

> ? - 5
G D\ 4Bom 1B+t )
gt (U i) B (1 T 20)
4 Bgm—1_ 4 q(1-5)
Bym+1  Bam Bgmer

which completes the proof of Lemma .

Proof of Theorem[1.5, Fix ¢ > 1. To prove that the coefficient sequence

(kgm) is increasing, we need to show kqmi1 > kgm. By (3.9) and (3.10),
this reduces to establishing that

m m—+ 2 2
3315) G =)~ gt ) (m+ e )

(m+1)q m+1 2
— (Bgm+1 = 1) <5‘1’m+1 “omtl (m—-1)+—————>0.
’Bq m+1 q,m q



Approximation properties of intermediate [3-expansions 21

Applying Lemma [3.5] we transform the left-hand side as follows:
(Bgm = 1) (Bym — 5-)

+1
ﬁz;?m—i-l

- <m - 2) (ﬁq,m+1 - ﬁq,m)(ﬂq,m + ﬁq,erl - 1)

mQ(m - %)(Bq,m - 1)

g(m +1)(Bgm+1 — 1
+ 5q7m+1(ﬁq,m+1 -1) - ( ),(nfl s )
Bq,m+1

m

q,m
(m + 1)Q(m - %)(Bq,m+l - 1) (m + 1)(5q,m - 1)(6q,m - %)
—+ pro} + T q,
6‘17””"!‘1 ﬁq,m—i—l
(m +1)(Bgm+1 — 1) (Bgm+1 — (;ill)q)
— q,m+1
m
2
mq(m—2)(Bgm — 1)+ (m+1)Bgm+1 (Bgm+1—1)
> Bam+1(Bgm+1—1) — =) G — : !
q,m
g(m +1)(m =1 = 2)(Bgns1 — 1) + (m + 2)(Byn — 1) (Bgm — 77=)
+ m+1
’B‘I,m+1
B ng,m+1 (m - %)(ﬁq,m + ﬁq,erl - 1)
Byt
2 1 2
> (m* + ”n:‘f‘ )q
q,m

It is easy to check that the final expression ¢®> — (m?+m+1)¢?/ m 1S
positive for the following cases:

e all g > 3;
e ¢ =2 with m > 3;
e ¢ =1 with m > 6.

For the remaining exceptional cases, the positivity can be verified by direct
computation of specific values.

We now prove that (dg,,) is increasing, or equivalently dg pm41—dgm > 0.
By (3.11)) and (3.12)), this reduces to establishing that

[q+1_q(m+1)][ 2 B q _2q2m—q(m+1)]
B LB =1 Byt (Bt = 1) Bt
| 4m+2) 2 q 2¢°(m — 1) — gm 0
—Q‘I‘ _Bm—&—l m_l_ m(m_l)_ m > 0.
q,m-i—l q,m q,m q,m q,m
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m—1

Set z := By, and y := B 1

transforms to

; to simplify notation. The above expression

g(m+1) 2 q 2¢°m — q(m + 1)
[qﬂ_ Hy—l_y(y—l)_ y }
gm+2)1[ 2 q 2¢*(m — 1) — gm
P*l y }L—l w@—1) z }
_2@+1) glg+1)  (¢+1)(2¢*m —g(m+1))
y—1  yly-1) y
B [2(q+ ) qlg+1) (¢+1)(2¢*(m—1)— qm)]
r—1 x(x—1) T
2q(m+2) @(m+2) _g(m+ 2)(2¢%(m — 1) + gm)
y(x—1)  yz(zr—1) yx
B {2q(m+ ) ¢Fim+1)  g(m+1)(2¢°m +gq(m + 1))}
z(y—1)  ay(y—1) yx
g+t DE—y@ry—qglz+y—-1) gm(g+1)(2¢— 1z —y)
B zy(r —1)(y — 1) Yy
Lala+l) 2¢°(q+1)  (2—q)qg(m+1)(y — x)
Y x zy(z —1)(y — 1)
L2 & ¢*(3¢ —mg +1)
y(x—1) yz(z—1) Ty '

For z and y, we have the inequality chain y —1 >y — 2 > ¢8;), ;. We
analyze each component of the above target expression by using this chain:

(g+1(z—y)2zy —qlz +y—1)

0> 2y(e — 1)y — 1)
g+ )@Rry—qle+y—1)  2(¢+1)
ry(z —1) T
and
_amlg+ D¢ =1z —y) qm(q+1)(2¢ — 1)gBy 11 - *m(2q — o)
zry xy T

Additionally, direct verification shows that
(2= q@alm+ 1)y —2) (B¢ —mg+1)
zy(e —1)(y —1) zy
2q q°
yx—1)  ya(r—1)

Combining these bounds, we obtain the critical lower bound of the target

> 0,

> 0.
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expression:
(g+ 1)@ —y)2zy—glz+y—1)) gmg+1)(2¢—1)(z —y)
xy(lx —1)(y — 1) Ty
Lt 2¢°(q+Y)  (2-galmt Dy — )
y x zy(z —1)(y—1)
29 4 q¢*(3¢ —mg +1)
Ty -1 ay
- qu(iq -1 2((1; 1) 2q2(qx+ DI

for all m > 2 and ¢ > 1. Therefore, dg 41 — dgm > 0 holds universally. m

4. Local linearity of Mg(«) on [1—(3),1). This section examines the
case a € [1 — (B),1) for B > /2. Following the methodology of Section
we focus on multinacci numbers Sy, € (q,q + 1) defined as the unique real
roots of the polynomials

Pym(@) = ™ = qe" " =+ g

for integers m > 2 and ¢ > 1. We establish that Mpg_, («) exhibits local
linearity for Lebesgue almost every a € [1 — (8gm),1). This case presents
greater analytical complexity than o € [0,1 — (Bg.m)).

THEOREM 4.1. For integers m > 2 and q > 1, the function Mg, («) is
locally linear for Lebesgue almost every a € [1 — (Bgm),1).

To prove this theorem, we introduce an essential lemmas and some no-
tation. Recall from that for a € [1 — (8), 1), the transformation T}
has exactly | 8] + 2 branches corresponding to the digits {0,1,..., 3] +1}.
The fundamental digit partition of [0, 1] is given by

15] +51 — aJ}

) for 1<i< |A].

l-a
20 = 0.152). aqs 1= |
t—a 1+1-«
B B
Each subinterval A(j) consists of the points = € [0,1) where the digit j is
selected in the next iteration of T ,.

Ai) = {

The following lemma establishes a finite-variation property for critical
orbit differences under T, at multinacci parameters. For notational clarity
in subsequent analysis, we denote

(4.1) oF(B,a) = Tﬁa(l) - Tg’a(()) for k> 1.
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LEMMA 4.2. For all integers m > 2, ¢ > 1, and every o € [1 —(Bgm), 1),
the critical orbit differences exhibit the following algebraic structure:

(4.2)

k k k
* (Bym, ) = i<el(gq”"’o‘) + 62(537”’0‘) +ot em(ﬁj;j"’o‘n Vk € N,
q,m q,m q,m

where e?(ﬁqym, @) €{0,q}, (€¥(Bym> @), ek (Bym, @) # (q, ..., q). More-
over, the cardinality of the set of difference sequences satisfies
#{5%(B Bym,a) k€N, a €[l —(Bym), 1)} <2m+t 3.
Proof. The bound |6¥(By.m, )| < 1 combined with the identity
q q
+ +~-+> =41
(ot 3

ensures (e¥(Bgm, ), ...,k (Bgm,@)) # (g, ..., q) for all k > 1.
The proof is by induction on k. For the base case k = 1, direct compu-

tation yields
51(6q,m704) = 5q, + o — (q + 1) —a= _L'
q7

Assume the inductive hypothesis holds for £ — 1 > 1, i.e.,

k—1 k—1
5By s 1 :i<€1 (Bg,m, @) NI Em <5q,m70‘))
(6% ) /Bq,m (T/m

with e_l;il(ﬁqym’ ) € {O Q} ( (ﬁq,ma )7 . .,€fn_1(ﬁq7m,05)) 75 (q7 . aQ)

If (¥ Y (Bym, @), - - s € (Bym, @) = (0, ..., 0), we have 6% (8,m, ) =0.
Otherwise, assume 6* (8, m,a) > 0 (the case §¥71(B,.m,) < 0 follows in
a similar way). Denote by ¢ € {0,1,...,q+ 1} the unique integer satisfying
Té“q_,i’ o(0) € A(£). We analyze two cases of the orbit differences based on the

leading coefficient.

Case 1: eV Y (Bymia) = 0 with (51 (Bym, @), ..., el (Byms ) #
(0,...,0). Note that

P
< 3 m ﬁq,m
1). If Tk ! o(1) € A(£), we have

0 < 3" 1 (Bym, @) < Z

So, qufi@(l) lies in either A(¢) or A(¢ +
5k(/8q,ma @) = ﬁq,mék_l(ﬁq,ma @)

_ fe— _
— 62 1(5q,m7 Oé) + 63 l(ﬁq,ma a) 4t efn 1(Bq,m7 Oé) (> 0)
Ba;m Zm i h
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Otherwise, Tj ! (1) € A(¢+ 1) implies that

eg_l(ﬁqm’a) eﬁﬂfl(ﬁq,m? @)

5k</3q,m7a) _ 4+ e+ | —1
5Q7m q7m
k—1 k—1
— € Ne’ — € ,
Bqﬂn q,m q,m

CaSE 2: e 1 (Bym ) = ¢ with (¥ (Bym, ), el (Bym, ) #
(q,.-.,q). From the inequality q/Bym < 0" 1(Bgm,a) < 1, we see that
TZ_’fq_ﬂl1 (1) lies in either A(¢+ q) (requiring £ < 1) or A(€+ ¢+ 1) (requiring

0=0). If qu_i o(1) € A(€ + q), by simple computation we have

65_1(5q7m7 @) efn_l(ﬁq,mv @)

5k(5q,m7a) = + . 4 e (2 0)
ﬁq,m q,m
However, if Tg;i o(1) € A(l + g+ 1), we have
5k<5q,m7 a)

_ k-1 k-1
:_<q €2 (ﬁqvmva)_’_'“_'_q emm(_ﬂlt17maa)+ i > (< 0).
Bq,m q,m qum
In both cases, the form (4.2)) holds for 6k(,6q,m, «). The cardinality bound
2m+L 3 follows from the binary choices (sign and coefficients) while exclud-

ing the forbidden states (q,...,q) and (0,...,0) = —(0,...,0). m

Fix the parameter pair (8qm, ). To simplify notation, for all £ > 1, we
express the orbit difference (4.2) as

(4.3) SF(Byams @) =: £e¥(Bym, @) .. . €F, (Bym, ).
When no ambiguity arises, we may omit (8gm, ).

From Lemma , we derive the following evolution rules. For 6% (8, m, o)
= +0ek - ek such that qu al0) € A(f) for some £ € {0,1,...,q+ 1},

fl _ +ek.. ek o if 74 (1) € A0),
(4.4) ¢ (ﬁq,maa) k k ek
Flg—e3)--(g—ep)g HTg (1) € A(l+1).

For 6%(Bym,a) = +qek---ek such that Té“q nal0) € A(l) for some ¢ €
{0,1,...,q+ 1}, we have

(4.5)
5k+1(5q m,O[) - :I:eg ' 61]310 lf qu,mva(l) S A(Ej:q)7
| Flg—eb) - (g—eb)g HTE (1) € A(L+(g+1)).
The sign of 6**! remains unchanged when both orbits stay in A(¢) or shift

by +¢ intervals, but reverses for +1 or (¢ + 1) interval shifts.
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We now characterize matching propagation. When 6% (8, o) ==%eb ... ek,
with ef =g, the first matching occurs at step k +m (here §¥7™ (8, 1, a)=0)
if and only if the subsequent differences maintain sign consistencys, i.e.,

M (Bymsa) = ek eb 07 foralll <i<m-—1.

More generally, for 0%(Bym,a) = +ek...eF0m= with ‘ef = ¢, matching
occurs at step k + 4 if and only if §¥71(B, 1, ), ..., 68+ (B, m, a) share the
same sign. Then we can deduce that no matching occurs before step m + 1
due to the initial difference structure

5 (Bymy @) = ———  Ya € g+ 1— Bym1)

m
q,m

and the first potential matching arises at step m + 1.

Following the approach in [5], we prove Theorem by establishing the
existence of an interval I C [¢ + 1 — fB4,m,1) such that when T§q7m7a(0) el
for some k& € N, matching occurs within finite time k¥ > k for all a €
[ +1— Bgm,1). This constitutes the core technical result.

PROPOSITION 4.3. For all integers ¢ > 1, m > 2, let o € [q+1—Bgm, 1).
Denote
_ _4-«a

ﬁq,m - 1 ’

Suppose there exists a minimal k € N such that qu .a(0) = P. Then:

P := P(By¢m, )

(i) For q > 2, matching occurs at some finite time k' > k.
(ii) For ¢ = 1, matching occurs at some finite time k' > k except for at most
countably many o € [2 — B m, 1).

Proof. Let k be the minimal integer with qum o(0)=P. Since P is a
fixed point satisfying Tj, . o(P)=P, we denote the discrepancy by 6" :=

Téq’m’a(l) —Tﬁiq’mya(O) = T,éq,m,a(l) — P for all i > k. If §¥ = 0, matching occurs

immediately at k' = k. Otherwise, Lemma implies |6%| > q/ By > 0.
For a € [q/B5,.q/B"), we have P+ q/B}", > 1. The orbit position
implies

TE (1)< P=TF" (0) foralli>0.

Bq,maa ,Bq,mva
Then matching propagation rules (4.4]) and (4.5)) ensure matching time &’ <
k+ m.
For a > q/B™ 1, the symmetry property established in Lemma allows

q?m ’

restriction to o € [ /3"?*1 , %) Note that
q,m
q I > q + 2 - ﬁq,m
m— 2

q7m
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for m = 2, ¢ > 1. Then we only need to consider m > 3. Without loss
of generality, assume §* < 0. Otherwise, consider the smallest j € {k + 1,
ooy k4+m —1} with 67 < 0. If 65 > 0 for all 1 <4 < m — 1, then matching
occurs by step k' < k + m. The analysis is now divided into four cases.

CASE 1: 68 = —q/Bg,m. Direct calculation shows that matching occurs
at step k + 1.

CASE 2: 6* < —q/Bym- The bounding inequality
g+1—«

Ba,m

q—«

Bgm

<P=T§ .0 <

implies that

k _ ok q l -«
Tﬁq,maa(l) - TBqnnva(O) + 6k < P— 6qm < /qu :

The recurrence relation yields

(4.6) TEH (1) <TEF (0)=P and 6" = 8,.,6" +¢ <0,

Ba,mcx
Through an analysis of consecutive iterations, the following dynamical prin-
ciples emerge. If the inequality 67" < —¢q/ Bg,m persists for all indices 0 <
i<j<m-—1and §t = —q/Bg,m, it triggers matching at step k + j + 1.
Conversely, failure of this persistent inequality implies the existence of at
least one iteration 2 < j < m — 1 satisfying 0 > 65+ > —q/Bgm-
The residual scenario corresponds to 0 > §* > —q/Bgm- By Lemma

we have i .
e e 1 q
M:<2+~4m)> >~
2 e /Bqam Bq’m
k

q?m q?m
where ek - ek € {0,¢}™1\ {0™~1}. Direct inspection reveals the following
two critical criteria (see Figure [4)):

(4.7)
k1l _ (€5 ., ek e k
SkF1 = %M+ +$ﬁyw if = <TF (1) <P
E+1 _9=es | .. d—em q : _ 1 k qg—a
0 = 5. + -4+ st + g >0 if P Bom < Tﬁq,m,a(l) <G

CASE 3: g,q_—:: < qu’ma(l) < P. In this case, 6**1 = B,,,6F < 0. We

now state the bound for &%:

_ _9q
s 4@ q—a Bl 1

> - = - .
If the inequality 0"+ < —¢q/ Bgm or (4.8)) persists for all indices 2 < i <
j < m —1, then 6" = —q/B,m, triggering matching at step k + j + 1.
Conversely, failure of these persistent inequalities implies the existence of at

(07

(4.8)
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0 p_11l-a P 2

—a
B B B

Fig. 4. Fix f =18 and a € [1 — (5), 1).

least one iteration j° < m — 1 satisfying

q
@ — gm 1 -/ 1
Oiim > ok s

Ban (Baam — 1) Bgm Baam’
which falls into Case 4.

CASE 4: P — Bqu < qum (1) < gq_—z. By the analysis in Case 3, the
bound of % is

q

@ — gm 1 1
Pim ___ >0F > -
/Bq,m(ﬁq,m - 1) ﬁq,m ﬁq,m
Here ngi,a(l) > P and
k+1 k q— 6’5 q— €fn q
5 :/qum(s +1: +‘.‘+ m—l +T>O.
/BQ7m q,m q,m

Note that T, ,, o(1) = Bgm+a—(g+1) < Pforall a € [0,1/2+q/5;",,)-
Then there are two things that can happen for 672 (see Figure [4f for an
illustration):

o If Tg:i,a(l) > ngli’;a, then we have ngjﬂ(l) < P and 0*"2(Bm, ) =
BymO* 1 (Bgm,a) — 1 < 0.
e Otherwise, 6*72(8,.m, @) = Bym 1 (Bym, ) > 0.

To consider the situation of 672, we need more analysis of this dynamical
system. Using the definition of 8, m and ¢ — q/8",, = Bym — 1, we derive

__q _ _4q
1 YT L BT B -5
Bq,m Bq,m(/ﬁq,m - 1) q2,m g}n-iz_l 2Bq,m(6q,m - 1)

(4.9)
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N | _< 1 ! +...>+< L4 )
am Z]T,Lntl 25277” 25(:137771 2/8m+2 2/8m+3

>4 L 414 + 1 q ( L oot —— ! )
dm 2w 200w 280 26757 \260n 285"
q—1 q—1 q—1 q
2 2ﬁ 255)’1”1 Bm—‘rl 2Bm+2

For by ... b, € {0,¢}"™, recall from (4.3) that we simply denote

b bm
Bq,m q,m
Define
by...b,, :=max{ai...am € {0,¢}" 1 a1...am <bi...bn}.

q  q+2—Bgqm
m—19 2
Bgim

Then for any « € [ ), there exists a word b* := 0by...b, €

{0, ¢}™ such that

Obg...b;ﬁLSP ,8 <0b2 b
(4.10) o
1 p+1—-« 1 _
——=0b...0py < —— P < —— —0b2...0,,.
Bq7 B%m /BQ7m

For ¢ > 2, inequality (4.9) implies that Obs...b,, > 0¢20™ 3. Therefore,
we rewrite 08 < —b* as

(4.11) ok = — <_|_ ot g 4 q 4t q _|_..._|_JL_|_...+ lq >

B lo 3 i1 j
q,m q,m q,m q,m q,m Bq,m

for some odd j > 1 with 3 <1l <lp <l3 <---<lj_o <lj—1 <lj <m. This
gives

5k+1:/BCI7m5k+]-: lql ++%
q,m q,m q: /Bq]m /Bq)

From (£.9) and (£.10)), we find that (p + 1 — a)/Bgm — P < 0%q0™3.
Note that if §*71 > (p + 1 — )/Bym — P, then Tg:‘j ,(1) < P and "2 =

Bymd* !t — 1 < 0. Otherwise, ngj ,(1) > P and 6**2 = 3, ,,65t1 > 0. By
direct computation, we have

Lhi—2¢k+1 4 q p+1—a
Pom 0" = m— ot s

— P
q,m q,m /qum
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Thus, there exists ¢ < [y — 2 such that

i ck+1 4 q q q q
gm0 =gttt g et =i T T o
q,m q,m q,m /Bq7m q,m
l—«
Bgm

Consequently, there exists a unique minimal integer 1 < I} < l; —1 satisfying
75 (1) < P and

/Bq,mya

' -1
5k+ll — Bq{m 5k+1 -1

- _ L—i—"'-f- q7,_|_ q7,_|_..._|_ qf/_}_...
B I ll lo ll I3 ll
am q,m q,m am

q q q q
—_— t =+ ; +---+><O.
(llj;;ll—ll ﬁ(lgj,;zll ﬁgfr;lﬁa g}m
Steps k+ 1] + 1 to k+1; follow Case 2, while steps k + 11 to k+ 1y — 2 follow
Case 3 (if I; > lo — 2, no Case 3 occurs). Thus, we have

5k+122:_<q+...+q+...+q+...+q
Piim o ol e
q q
+ m—I>13 +oeet m—|—l’1—l2+2>'
q,m q,m

If §%*+2=2 enters Case 3, then we have

5k+l21:_<q+...+q+...+q_|_...
B%m é{f;]](lz-?)-l é{;@l_(b_?)_l

q q q
+ Li—(la—2)—1 Rl m+l’1—l2+2—1>’
Bq,m q,m q,m
This remains in Case 2 until step k + l3. Then if it enters Case 3 until step
k414 — 2, we set Iy = Iy and conclude that

ka2 _ _ (¢ ., 42 . .49 . T
0 - < 2 + + 157(1472) + + lj,17(1472) + + lj*(l4*2)
q,m q,m q,m qum

q q
+ m—Il4+3 teee Tt m+l/1—l4+2>'
q,m q,m
We take I}, = I4.
Otherwise, 6*+272 enters Case 4, we have 0**2=t = g, 6FH2=2 4 1 >
and we set Iy = ly. Then there exists I, < I < I3 — 1 such that ngi‘"’_l >

(¢ +1—)/Bym and %% < 0. This enters Case 3 until step k + I3, and
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then Case 2 until step k 4 l4 — 2. So we have

ktla-2 _ _(_ < . ¢ . .4 . 4
g = <2 Tt Ty Tt ot T T —a

gm qm q,m Bgim
q q q q
T ol T mAl, —la+2 T ot a3 T m+l, —z4+2>'
q,m ﬁq, /Bq7m Bq7
After m steps, there is an increasing sequence {42,144, ...,%;,-1} C {2,4,...,
j — 1} such that 16:2and I, =1, foraln=2,...,5;1 — 1 and
5k+m__< 5 l? l? + .- l? ++l?>
2. ﬁqm Byim Byim im am
By the above process, we have I;, <1/, <l 41 —1forn =0,2,...,5;

and j; < j. Iterating this process, we deduce that matching occurs within
k+m(m — 1) steps.

For ¢ = 1, we consider the matching properties in three cases based on
the value of P — él_—o‘

,m

1— 1 . . .
For P — 61,3 > Bfl,m + e rewrite 8% as in ([#.11)). Using the same

iterative argument as in the ¢ > 2 case, we prove that matching occurs
within ﬁnitely many steps.

1 1 _ 1 1
If /81 +ZZ 4[31 <P /Blm 1I,m fB%,m+ ?,m7
which satisfies . For (5’1C < —b* with m > 4, the ¢ > 2 argument
applies The case m = 3 and 0¥ = —b* requires separate consideration. If
,315 —P< 3 ,then
5k+1 1 5k3+2 — _(1 + 1) 5k+3 — _i 5k+4 — _L
51 3 P13 5%3 %3 P13
and matching occurs at step k + 5. But if 3 < 51 s —P< 62 , then

1 1 1 1
k+1 _ k+2 _ k+3 _ _ sk
= 0T = 0 __<52 +—ﬂ3 )—(5,
1,3 13 13 13
resulting in a 3-periodic orbit. In this case, the intermediate S-expansions of
0 and 1 develop periodic tails:

e the coding of 0 is by ...bgp_11°;
e the coding of 1 is a; ...ar—1(012)>

By the Claim in the proof of Lemma , for each fixed prefix pair (b; ... bg_1,
aj...ag—1), at most one « satisfies both the inequality condition and the
periodic coding requirement. Consequently, the set of such exceptional « is
at most countable.
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For ,3 <P- 5 & < [31 + —+—, we find that b* = 010ey.. . e,, with
1,m ,m 1,m 1,m
e; € {0,1} and 2=% — P > 001(1 — e4) ... (1 — e;n)1. Express 0¥ < —b* as
1 1 1
(4.12) 5’“——(2+~--+l1+l2+--- - >
’Blm 1,m 1,m ﬁlj,m

forodd j >1and 2 <[y <lp <--- <[; <m. Then

1
L +"'+ﬁ+T+ +T>0
1,m 1,m 1,m 1,m

Compare 511 36k+1 to 5 —P.If 6{1 SOLARIPS /23 @ _ P, then

1,m

1 1 1 1
5k+ll2:_< 4 + ++>
61,m ﬁ%,m la=l1+2 B{rfm

1,m
Otherwise, Bil Zokt1 5 — P implies that

1 1 1
6k+l1—1:_( + _|_..._|_>.
Bl,m %,;Lll—i_l BTm

After m steps, there exist indices {i2,...,4;, -1} C {2,4,...,j — 1} with
0=2,01,=1l,and l;, <1}, | <l 41 —1forn=0,2,...,51 (j1 <j) such

that
1 1 1 1
5k+m:_<2+”'+l’+l’+”'+l’. )
Bim Blm  Bim B,

M = Brnd® +1=

1,m

)

The iteration process leads to two distinct outcomes. The sequence {0"}
eventually satisfies the matching condition within finitely many steps. Oth-
erwise, after km iterations, the difference term becomes

1 1 1 1-—
5k+:‘im:_< _{_7_1_... ; ><a_P’
Bt m . By Bim

with gktemtli—1 < él_—a — P for all 1 <i < j'. After m additional steps, it
returns to its previous state:

5k+(n+1)m _ ( 1 4+ — 1 4. 1 > — 5k+nm
L ’
B 1,m 1 m /81{ m
establishing a periodic orbit with period m. For instance, when m > 4 is
even and b* = (01)"/2, §¥ = —b* induces such periodicity.

Each periodic pattern corresponds to at most one a (determined by the
[-expansion condition). Since these patterns are characterized by eventually
periodic expansions of 0 and 1, and the set of eventually periodic sequences
is countable, the set of a € [1 — (B1,m),1) without matching is at most
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countable. Consequently, for ¢ = 1, matching occurs within finitely many
steps except for a countable set of . m

Proof of Theorem [{.1. By Lemma [3.4] it suffices to show that, for any
m > 2 and g > 1, the transformation Tj, . o exhibits matching for Lebesgue
almost every a € [1 — (Bg,m), 1).

Let P = Pg .o = 3-5. For ¢ > 2, Proposition implies that

6q,m*1 .
matching occurs at step £ > k when T/é?q’m’a(O) = P. Fix ¢ > 0 such that for
I=(P—¢,P),if qu,m (0) € I, the sign sequence (Tﬂi%m’a(l)—Téq,m’a(O))f:k
coincides with (Téq,my o(1) = P)t_,, ensuring matching.
For ¢ = 1, the preceding proof establishes that matching fails for at most
countably many « € [1 — (B1m), 1).
By [B, Theorem 3.1], the orbit {T§q7m7a(0)} is dense in [0, 1) for Lebesgue

almost every a € [+ 1— B4m, 1). Therefore, for ¢ > 2, quma(O) € I occurs
almost surely, triggering matching. When ¢ = 1, the countable exclusion set
has Lebesgue measure zero. Since [¢+1— g m, 1) = [1 —(Bgm), 1), matching
holds for Lebesgue almost every « in this interval. m

Ne’

REMARK 4.4. In general, it is not easy to find an « such that T, o has
no matching. But for ¢ = 1, the proof of Proposition [4.3] provides a way to
find such an a.

Given m > 2 and ¢ > 1, we have shown that [0,1— (84m,)) is a matching
interval where Mp, , () increases linearly. For Lebesgue almost every a €
(1 = (Bgm), 1), Mg, (a) is locally linear (see Figure . These observations
raise a natural question: on which matching intervals is Mg, () increasing,
and on which is it decreasing?

0.65 0.51

06 / 1 I

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Fig. 5. Left: Mp, ,(a) for a € [0,1] where 2 is the gold mean. Right: Mg, , () for
a € [0,1] where 2.4 = 2.974449244 . ...

Let Ig, . (a1...ags1,b1...bpy1) C [1 = (Bgm), 1) be a matching interval
for k > m. By in the proof of Lemma we see that 6°(Bm, @) is con-
stant on the interval for 1 < i < k and 6**1(8,,,, @) = 0. The monotonicity
of Mg, . depends on the sign of 5K (Byms ).
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PROPOSITION 4.5. Givenm>2 and g>1, letIg, , (a1 ...ar41,b1...bpy1)
C[1—(Bg,m), 1) be a matching interval for k>m. Then Mg, () is increasing
on this interval if 6*(Bgm,)>0. Otherwise, Mg, (c) is decreasing.

Proof. Take a € Ig,_ . (a1...ags1,b1...bp41). We previously established
in Lemma [3.4] that

(T}, o) =T} (0)gila)

1
Mﬂ ,m (O[) = k L : ’
! Dimg i ZZ; a.m
where
; a; + b;
oo =B (13- b 0y )
7=1 /BQ7 /qu
Since Zf:o Ai > 0, to prove that Mp,_, is increasing it suffices to show
k 1 1 % i
A+ (TG, oD = Tp, . 4(0))
413) O Gpma) =30 Pl ™ Ty
=1 q,m

is positive when 6% (Bg,m» ) > 0, and negative when 8% < 0 for the decreasing
of Mg, .-

We establish the sign relationships for matching at step k£ + 1, for which
Sk=m+1(B, 1, @) through 6% (B, m, a) share the same sign, while 5~ (8, m, a)
exhibits the opposite sign. Note this sign alternation is necessary; otherwise,
matching would occur earlier at step k + 1.

For the specific case m = 2, if matching occurs in even steps k + 1 > 4,
the difference sequence follows the alternating pattern

i —q/p?, foroddi<k—1,
(5 (6%2’0{) pry /2 Q72 )
q/B;o  foreveni<k—1,

and then §%(8,.9, @) = q/B,.2. This yields the positive coefficient expression

k i—1 i
(Bgo + -+ 1)0"(Bg2, @)
Ck(ﬁq’g, Ck) _ Z q,2 : q
i=1 q,2
k+1)/2 _
_ | Ji/ q (B2 +1 ¢
i=2 3?2 55,2 5(17

When matching occurs at odd steps k + 1 > 3, the difference sequences
are 6%(By2,a) = —q/By2 and

; —q ,82 forodd i < k —1,
§(fazi0) =4 a2 |
q/B; 2 foreven i1 <k —1,
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producing the negative coefficient

k/2 k—2 k—1
ok _ q 02 4+ .41 q 02 4+ .41 q
(Bo, ) = 20 T gl 32 g By
i=2 a2 4,2 q,2 7,2 q,2

Now consider m > 3. For k = m, we have §'(Bym,a) = —q/By 1, and

all differences §%(B4m,a) for 1 < i < m remain negative. Consequently,
by (4.13),

i( et + 16 (Bgms @)
P g:m

C™ (Bym, @) = < 0,

establishing that Mg, () decreases strictly on those matching intervals
with matching at step m + 1.

For k = m + 1, we have 6(8gm, ) = —q/ By and
62(6q’m,a) = ¢™20q, 63(6q’m,a) = ¢™30q0, ..., (5m_1(ﬁq,m,a) = q0m 1,

all of which are positive. Therefore,

m+1 i—1 i
Zm 1)o* ﬁ my &
Cm—l—l(ﬂq’ ,Oé) _ 2 : ( q, i ) ( q, ) > 0.

=1 q,m

Thus, Mg, () is strictly increasing on intervals where matching occurs at
step m + 2.

For k = m + 2, the monotonicity of Mg, (a) depends on sequences
{6%(By.m, @) }12, which can be either
Case 1. —0™tq, —0™240,¢™304%,...,q0™ L, or
Case 2. —0™ 1q,¢™20q, —0™ 3¢0q, ..., —q0™ L.

The corresponding coefficient sum is given by

A2 .
(Bgm — D" (Bgm» @)
Cm+2(ﬁ s a) — q,m )
B Zz; é,m(ﬁ%m - 1)
A direct calculation shows that C™12 > 0 in Case 1 and C™*2 < (0 in Case 2.

For k = m + 3, the sequences 8 (Bg.m, @), ..., 6™ 3(By.m, @) admit one of
four cases:

Case A: —0""1q, —0""2¢0, —0™ 3402, ¢™ 404>, ..., q0™ L
Case B:  —0™"1q, —0m24¢0, ¢™30¢%, —0" 4¢0%q, ..., —q0™ !
Case C: —0""1q,¢™20q, ¢™30q0, —0" *q04>%, ..., —q0™ !,

Case D:  —0""1q,¢™20q, —0™3¢0q, ¢"*0q0q, . .., q0™ L.
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Using the same coefficient sum formula

M43 . o ,
m-+3 o ( Z],m - 1)5Z(Bq7m7 Oé)
" Bymo ) ; i (Bgm —1)
we find C™*3 > 0 in Cases B and C, while C™*3 < 0 in Cases A and D.
Note that Case A cannot occur when m = 3.
Now suppose that for all matching intervals Ig . (a1...a;,b1...b;) C
[1 — (Bgm),1) with m +3 < j < k, the function Mg, («) is increasing
whenever 6/ ~1(8; m,a) > 0 and decreasing whenever 6/ ~1(8, m, a) < 0.
Consider a matching interval I, (a1 ...ap41,b1. .. bgy1) C[1=(Bgm), 1).
For the initial segment, assume

5k—(m+1)(ﬁq7m7a) = <5 4+ 4 er’:)’
q,m

q,m
where e; ...e, € {0,¢}™\ {0™,¢}.

The sequence {3*(8y.m, @) }k—(m+1)<e<k must be one of the following cases:

Case .  —ey...em,—€2...00,(q—e3)...(q—em)d®, ...,q0" L

Case II. —ej...em,(q—e€2)...(q—em)q,—e3...en0q,..., —q0m 1,
Let I be a matching interval with matching at step k. For all o/ € I}, the
first k — (m -+ 1) terms match, and {6*(8,m, ) om(m41)<t<i—1 18

—e1...em,(q—e)...(g—emn)g, (g—e3)...(q¢—em)qo,...,q0m L.
The coefficient sum satisfies

k—m—1 /—1 4 /
(Bgm + -+ +1)6"(Bgm, @)
CH(Bym:a') = Z : Bt :
=1 m
k—1 -1 0 /
m o 1) (Byms
by Yt D)
l=k—m 'Bq’m

For Case I, since the initial k — (m + 1) terms of C**1(B, ,,a) and
Cck (Bg,m, @) are identical, it suffices to compare the remaining segments. By
direct termwise comparison of the sequences, we obtain

i (Bhn + -+ + 1) (Bym, @) kz (Bhn + -~ + 15 (Bgm, )

7 7
{=k—m q,m {=k—m q,m
BT E(B e+ 1)g
- k—m + Z k+1
g,m l=k—m+1 am
Bk' m— 1_|_ ‘._‘_1 /Bgi:nm_F.
F—m + [Ar— Z < By - m+1 >0,

q7m q?m q7



Approximation properties of intermediate [3-expansions 37

where the first equality results from term-by-term comparison of the se-
quences. Thus, Mpg, . is increasing in Case I.

For Case II, there exists a matching interval I, (with matching at step
k between k —m and k — 1) sharing the first £ — (m 4 1) — 2 terms and the
coefficient sum is smaller than 0. Its last m terms are

m—1
—epel - -€m,—€1...m—10,...,—e,0 ,

where if e;...e,071 = 0™ for some ¢, then the subsequent terms van-
ish. A similar calculation shows that the coefficient sum of C**1(8,,, a) is
smaller, confirming the decreasing property. =

5. Further question. We conclude this paper with an open problem.
For fixed 8 = fgm with m > 2 and ¢ > 1, we proved that Mg(«) exhibits
matching for Lebesgue almost every a € [0, 1]. Define

A(Bgm) = {a €[0,1] : Ty, ,, o has no matching}.
What is the Hausdorff dimension of A(f8,,,)? While

log q
dimH A ﬁ 2)) = ———
(802 = 5L
was established for m = 2 and any ¢ > 1 in [4], we conjecture that for general
m > 2,
log q
dimy (A(S, =—
( ( Q7m)) logﬂ%m
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