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Abstract

This is the second part of a work devoted to the study of the set of integer solutions to a system
of inequalities determined by homogeneous forms. According to the heuristics that the number
of such solutions should match the volume of the set of real solutions, and among other results,
sharp estimates for the volume of the semialgebraic domain under consideration were established
in the first part.

Here, these estimations are employed to establish (a set of) statements providing a global
count on the number of solutions to the Diophantine inequalities under consideration. The
results thus obtained go beyond the usual assumptions of smoothness and of nonvanishing of the
Gaussian curvature. Specifically, the introduction of a semialgebraic level of flatness emerging
from geometric tomography enables one to characterise the cases when an accurate counting
estimate can be obtained in thin neighbourhoods of an algebraic variety. This is done with a
specific view towards applications to Diophantine approximation.
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Notations

Notations in Euclidean spaces:

• Vectors are always denoted with bold characters (e.g., x,y, z, . . .).
• The Euclidean norm is denoted by ∥ · ∥.
• Given r > 0, Bn(r) stands for the closed Euclidean ball centred at the origin with

radius r in dimension n ≥ 1, and Bn for Bn(1).

Algebraic notations:

• K stands for the field of reals R or the field of complex numbers C.
• The notation N refers to the set of (strictly) positive integers and N0 to the set of

nonnegative integers (i.e. N0 = N ∪ {0} ).
• Given a set of p ≥ 1 homogeneous forms F (x) = (F1(x), . . . , Fp(x)), their common set

of zeros over K is denoted by ZK(F ); that is,

ZK(F ) = {y ∈ Kn : ∀i = 1, . . . , p, Fi(x) = 0}.

• Given a subset A ⊂ Kn, the above notation is extended by setting ZA(F ) = ZK(F )∩A.

Analytic notations:

• The partial derivative with respect to the ith coordinate in dimension n (where 1 ≤
i ≤ n) is denoted by ∂i. The gradient operator is then ∇ = (∂1, . . . , ∂n).

• When k = (k1, . . . , kn) is an n-tuple of nonnegative integers, define its size by |k| =∑n
i=1 ki and the differential operator ∂k by ∂k =

∏n
i=1 ∂

ki
i .

• Similarly, given x ∈ Rn, xk is shorthand notation for
∏n
i=1 x

ki
i .

• Given a subset A ⊂ Rn, its characteristic function is denoted by χA. Similarly, given a
property P depending on a vector y ∈ Rn, χ{P(y)} is the boolean function equal to 1
when P(y) holds and 0 otherwise.

• When k ∈ N0 ∪ {∞}, Ck(Kn) stands for the set of k times continuously differentiable
functions over Kn and Ckc (Kn) for the subset of such functions with compact support;
the support of an element ψ in Ckc (Kn) is denoted by Suppψ.

• Given two functions f and g depending on a variable y ∈ Kn, the notation f(y) ≪ g(y)

is used to mean the existence of a real c > 0, referred to as the implicit constant,
such that |f(y)| ≤ c · |g(y)| for all admissible values of y. This is equivalent to the
notation f(y) = O(g(y)). Also, f(y) ≍ g(y) means that f(y) ≪ g(y) and g(y) ≪ f(y)

simultaneously.
• The Lebesgue measure in Rn is denoted by Voln.
• Given x ∈ R, set e(x) = exp(2iπx).

[5]
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Miscellaneous notations:

• In Chapters 2 and 3, the hat symbol refers to the Fourier transform of a function.
• In Chapter 3, X stands for the topological closure of a set X ⊂ Rn.



Au temps qui passe

1. Introduction

1.1. The general setup. Let p ≥ 1, n ≥ 2 and d ≥ 2 be integers. Fix a p-tuple
F (x) = (F1(x), . . . , Fp(x)) of nonconstant real homogeneous forms Fi(x) of degree d
in n variables. Let K be a subset of Rn. Throughout, it is assumed that

(H1) the set K ⊂ Rn is compact and is equal to the closure of its interior.

Given reals a, b > 0, define the set

SF (K, a, b) = {x ∈ a ·K : ∥F (x)∥ ≤ b}. (1.1)

Here, a ·K = {ax : x ∈ K} and ∥ · ∥ denotes the Euclidean norm. Thus,

∥F (x)∥ =

√√√√ p∑
i=1

F 2
i (x).

The overarching goal is the study of the behaviour of the lattice point counting function

NF (K, a, b) = #(SF (K, a, b) ∩ Zn) (1.2)

under suitable assumptions on the parameters a and b and assuming mostly that the
set K is semialgebraic (in the usual sense that it can be represented by finitely many
equalities and inequalities involving polynomials).

Let x ∈ K. The trivial inequalities

ad · αK(F ) ≤ ∥F (a · x)∥ ≤ ad · βK(F ),

where
αK(F ) = min

y∈K
∥F (y)∥ and βK(F ) = max

y∈K
∥F (y)∥,

show that the set SF (K, a, b) is of interest only when

ad · αK(F ) ≤ b < ad · βK(F ). (1.3)

Of opecial interest is the case when a = T is a large parameter and when b = b(T ) is
taken as a function of this parameter. Then for simplicity of notation, set

SF (K, b(T )) = SF (K,T, b(T )) (1.4)

and
NF (K, b(T )) = NF (K,T, b(T )). (1.5)

Here, in view of the right-hand inequality in (1.3), it is always assumed that the limit
condition

c(T ) :=
b(T )

T d
−−−−→
T→∞

0 (1.6)
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holds. The left-hand inequality in (1.3) then shows that the problem is nontrivial only
when

(H2) the set K ⊂ Rn intersects nontrivially the algebraic variety ZR(F ).

Here,
ZR(F ) = {x ∈ Rn : Fi(x) = 0 for all 1 ≤ i ≤ p}. (1.7)

Conventionally, the dependence on the set K in various notations is dropped when
K = Bn is the closed Euclidean ball centred at the origin.

The benchmark for most of the results is the generic case where the set of homogeneous
forms F (x) has smooth complete intersection over K. This is understood in the sense
that for all x ∈ K, the gradient vectors ∇F1(x), . . . ,∇Fp(x) are linearly independent.
Equivalently, the map

K ∋ x 7→
p∧
i=1

∇Fi(x) (1.8)

does not vanish.

1.2. Volume estimates. At a first approximation, it should be expected that the
counting function NF (K, b(T )) should be comparable to the volume of the domain
SF (K, b(T )). Denoting by Voln the n-dimensional Lebesgue measure, the goal in this
section is to recall the estimates obtained in the first part [3] of this work for the quantity
Voln(SF (K, b(T ))) as the parameter T tends to infinity. These estimates are stated not
in full generality but in a form tailored to the purposes of this paper.

Assume here that the set K is globally semianalytic (in the sense that it is defined
by a finite number of inequalities involving analytic maps). The growth of the quantity
Voln(SF (K, b(T ))) can then be estimated in three cases realising together a trade-off
between, on the one hand, the accuracy of the bounds that can be obtained and, on
the other, the generality of the assumptions under which they hold. Specifically, the
asymptotic growth of Voln(SF (K, b(T ))) can be expressed as a function of the properties
of the zeta distribution ζF attached to the p-tuple F (x).

The distribution ζF is defined for any complex number s with nonpositive real part
and any element ψ lying in the space C∞

c (Rn) of compactly supported smooth functions
by setting

⟨ζF (s), ψ⟩ =
∫
Rn

ψ(x)

∥F (x)∥s
dx. (1.9)

It can be extended meromorphically to the entire complex plane.
In Case (1), the most general considered, an upper bound can be obtained for the

quantity Voln(SF (K, b(T ))) as a function of the smallest real pole rF (ψ) of the function
s 7→ ⟨ζF (s), ψ⟩, and of its order mF (ψ). This is assuming only that the set K meets the
above conditions (H1) and (H2) and that the smooth test function ψ is nonnegative and
bounds from above the characteristic function of the set K.

In Case (2), the set K is furthermore assumed to be generic enough so that the
singularities of the algebraic variety ZR(F ) should not be located on its boundary. This
is formalised in the following assumption:
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(H3) There exist a real number rF (K) ≥ 0, an integer mF (K) ≥ 1, a compact set C
contained in the interior of K and an open set U containing K satisfying the follow-
ing property: the smallest real poles and the corresponding orders of the functions
s 7→ ⟨ζF (s), ψ⟩ remain constant, respectively equal to rF (K) and mF (K), for any
nonnegative map ψ in C∞

c (Rn) positive over C with support contained in U .

In particular, for any smooth test function ψ meeting this condition,

C ⊂ Suppψ ⊂ U. (1.10)

As a matter of fact, Assumption (H3) turns out to be always satisfied in the generic
case where the homogeneous forms defining F (x) have smooth complete intersection over
any given set K (see [3, Chapter 2, Proposition 2.18]).

Under the three conditions (H1)–(H3) assumed to hold in this second case, The-
orem 1.1 stated below and proved as one of the main results in the prequel work [3]
provides the exact asymptotic order of Voln(SF (K, b(T ))) as a function of the pair
(rP (K),mP (K)); that is, its sharp asymptotic growth up to multiplicative constants.

In Case (3), which is perhaps the most natural in view of the assumption of the
homogeneity of the forms, the set K is assumed to be star-shaped with respect to the
origin and to contain the origin in its interior. Then the precise asymptotic behaviour of
the volume of the domain SF (K, b(T )) is determined in Theorem 1.1 below. It is expressed
as a function of the smallest pole rP > 0 and of the corresponding order mP ≥ 1 of the
above-defined zeta distribution ζF attached to the p-tuple F (x).

From the above discussion, the assumptions of Case (2) clearly contain those of
Case (1). Also, from the homogeneity of the polynomials under consideration, the con-
dition (H2) required in the first two cases is immediately satisfied in Case (3) since the
origin then lies in the set K. As established in [3, Chapter 2, Lemma 2.7], it also turns
out that the condition (H3) assumed in Case (2) always holds under the assumptions of
Case (3). This succession of observations shows that the various cases considered provide
an increasing degree of refinement in the following sense:

(1) ⇐= (2) ⇐= (3).

Correspondingly, the volume estimates stated in Theorem 1.1 below become sharper as
the cases are more refined.

The following is a specialisation of [3, Theorem 1.1] tailored to the present setup.

Theorem 1.1 (Volume growth of domains determined by homogeneous form inequalities
over globally semianalytic sets). Let the set K be globally semianalytic and let it satisfy
the assumptions (H1) and (H2). Let the limit condition (1.6), whereby the quantity c(T )
is defined, hold.

Then the volume of the set SF (K, b(T )) can be estimated with an increasing degree of
precision as follows:

(1) Assume that ψ ≥ 0 is a smooth test function bounding from above the characteristic
function of the set K. Denote by rF (ψ) the smallest real pole of the meromorphic
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map s 7→ ⟨ζF (s), ψ⟩ defined in (1.9) and by mF (ψ) ≥ 1 its order. Then the pair
(rF (ψ),mF (ψ)) is well-defined and for T ≥ 1,

Voln(SF (K, b(T ))) ≪ Tn · c(T )rF (ψ) · |log(c(T ))|mF (ψ)−1. (1.11)

(2) Assume that (H3) is satisfied, and let (rF (K),mF (K)) be the pair introduced in (H3).
Then rF (K) is a strictly positive rational number. Moreover, as the parameter T tends
to infinity,

Voln(SF (K, b(T ))) ≍ Tn · c(T )rF (K) · |log(c(T ))|mF (K)−1. (1.12)

Here, (rF (K),mF (K)) = (p, 1) when the set of homogeneous forms F (x) has smooth
complete intersection over K. Furthermore, under this smoothness assumption, the
condition (H3) can be guaranteed under (H1) provided that (H2) is strenghtened as
follows: the algebraic variety ZR(F ) should intersect the interior of the set K.

(3) Assume that the set K is star-shaped with respect to the origin and that it contains
the origin in its interior. Denote by rF the smallest real pole of the meromorphic
distribution ζF and by mF ≥ 1 its order. Then rF is a well-defined rational number
lying in the interval (0, n/d]. Furthermore, there exists a constant γF (K) > 0 such
that, as the parameter T tends to infinity,

Voln(SF (K, b(T ))) = (γF (K) + o(1)) · Tn · c(T )rF · |log(c(T ))|mF −1. (1.13)

As detailed after the statement of [3, Theorem 1.1], the error term in the volume esti-
mate (1.13) can be made explicit depending on invariants attached to the homogeneous
form ∥F (x)∥2.

1.3. The number of solutions to homogeneous form inequalities. Let K ⊂ Rn
be a set meeting the assumptions (H1)–(H3) (recall here that (H3) is necessarily satisfied
when K is star-shaped with respect to the origin and contains the origin in its interior).
Given a parameter α > 0, consider the case where

b(T ) = T d−α (1.14)

in the definitions of the set SF (K, b(T )) in (1.4) and of the corresponding counting
function NF (K, b(T )) in (1.5). The limit condition (1.6) then holds. In order to single
out the rôle of the parameter α in the forthcoming statements, define

S†
F (K,T, α) =

(1.4)
SF (K,T

d−α) = {x ∈ T ·K : ∥F (x)∥ ≤ T d−α} (1.15)

and
N †

F (K,T, α) =
(1.5)

NF (K,T
d−α) = #(S†

F (K,T, α) ∩ Zn). (1.16)

The focus on a power function as in (1.14) is motivated by the fundamental Diophan-
tine problem of determining the best power saving δ ≥ 0 in an estimate such as

N †
F (K,T, α) ≪ Voln(S†

F (K,T, α)) + T τF (K)−δ. (1.17)

Here,
τF (K) = dim(ZK(F ))
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stands for the dimension of the algebraic variety ZR(F ) over the set K. It is defined (and
well-defined) as the dimension of the tangent vector space at any nonsingular point of
ZK(F ) := {x ∈ K : F (x) = 0}.

It is easy to see that if the zero set ZK(F ) is degenerate in the sense that it is contained
in a linear subspace of dimension τF (K), one cannot expect δ to be strictly positive. This
may nevertheless also happen when ZK(F ) admits very high “orders of contact” with
tangents and/or when it contains rational subspaces. An elementary example is provided
by the case of the single homogeneous form

Fn(x) :=

n∏
i=1

xi, (1.18)

which has degree d = n. The zero set of Fn(x) is here the union of the coordinate
hyperplanes. Taking K = Kn to be the unit cube [0, 1]n and choosing any α > 0, the
counting function N †

Fn
(K,T, α) is closely related to the generalised divisor summatory

function
∆n(t) =

∑
1≤Fn(x)≤t

1

in the sense that, after elementary calculations,

0 ≤ ∆n(T
n−α) + n · (T + 1)n−1 −N †

Fn
(K,T, α)

≤ n(n+ 1)

2
· (T + 1)n−2 + n ·∆n−1(T

n−1−α). (1.19)

Now, it is known that there exists a polynomial Qn(t) of degree n− 1 such that

∆n(t) = t ·Qn(log t) +O(t1−ε)

for some ε > 0. (Determining an optimal exponent for the error term is the Piltz Divisor
Problem, which reduces to the better known Dirichlet Divisor Problem when n = 2.) More
precisely, the coefficients of the polynomials Qn(t) can be evaluated from the formula

Qn(log t) = Ress=1(t
s−1 · ζn(s) · s−1)

and from the Laurent series expansion of the Riemann zeta function

ζ(s) =
1

s− 1
+

∞∑
k=0

(−1)k

k!
· γk · (s− 1)k

valid in a neighbourhood of s = 1. Here, (γk)k≥0 denotes the sequence of the Stieltjes
constants. Explicit calculations of the coefficients of Qn(t) are carried out, for instance,
in [35, Theorem 1]. In particular,

Q2(t) = t+ (2γ − 1) and Q3(t) =
t2

2
+ (3γ − 1) · t(3γ2 − 3γ + 3γ1 + 1),

where γ ≈ 0.577 is the Euler–Mascheroni constant and where γ1 ≈ −0.073. Since el-
ementary calculations show that the volume of the region S†

Fn
(K,T, α) grows, up to a

multiplicative constant, as Tn−α ·(log T )n−1 (meaning that (rFn ,mFn) = (1, n) in the no-
tations of Theorem 1.1), the estimates (1.19) imply that there can be no power saving in
the error term when n = 3 and, more generally, in the generic case where the coefficients
do not cancel out suitably.
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Given that the assumption of nondegeneracy is thus not enough to guarantee the
existence of a positive power saving δ in the error term in (1.17), much work has been
devoted to the understanding of the cases when such a power saving holds and, when
it does, the largest value that δ > 0 can then take. Indeed, an observation made in [44,
p. 177] (with the choice of α = 1/2 in the above notations) shows that the right-hand side
of (1.17) then bounds nontrivially the number of solutions to the system of Diophantine
equations F (m) = 0 when m ∈ T · K. Much more importantly, and this is the main
motivation of the work undertaken here, determining an optimal value for δ > 0 is the
cornerstone of the theory of metric Diophantine approximation on manifolds: as observed
by Sprindžuk [45] as part of his work on the extension of Khinchin’s theorem to manifolds
and as later formalised in the seminal work by Budarina, Dickinson and Levesley [10],
this is indeed the key ingredient in the determination of the Hausdorff dimension of the
set of well approximable points lying on manifolds.

Thus far, a power saving in the error term in the counting bound in (1.14) has been
obtained in particular cases assuming either the smoothness of the variety and/or various
curvature conditions. More precisely, assume first that the zero set ZK(F ) intersects
nontrivially the interior ofK and that it is nondegenerate. Let also the set of homogeneous
forms F (x) meet the smooth complete intersection condition defined by the nonvanishing
of the map (1.8) over the set K. In this case, τF (K) = n − p and, from Case (2) in
Theorem 1.1, it follows that Voln(S†

F (K,T, α)) ≍ Tn−pα. Sarnak [40, Appendix 1] then
proves that

N †
F (K,T, α) ≪ Tn−pα + Tn−p−δ = Voln(S†

F (K,T, α)) + T τF (K)−δ (1.20)

for some δ > 0 provided that the set K is “nice” enough, for instance when it is convex
and has piecewise smooth boundary. Moreover, the proof shows that one can then take
δ = 1/(nd).

Even when assuming further additional strong curvature conditions, the theory is sat-
isfactory essentially only in the case of planar curves. This follows from the remarkable
work by Vaughan and Velani [48] based on harmonic analysis. They indeed obtain the
best possible strengthening of Huxley’s earlier bound [31]: translated into the present
setting, it implies that in the case of p = 1 and a homogeneous form F (x1, x2, x3) ∈
R[x1, x2, x3] in n = 3 variables defining a smooth projective curve over a compact do-
main K where the Gaussian curvature of the algebraic variety ZK(F ) does not vanish,
the upper bound (1.14) holds for any δ ∈ (0, 1). The complementary lower bound had
been established by Beresnevich, Dickinson and Velani [4]. Various improvements on
these results, including asymptotic formulae, have been established for planar curves –
see [8, 11, 25, 28] for further details. Obtaining estimates with δ ≥ 1 (i.e. in “ultra thin”
neighbourhoods of a curve) represents a significant challenge as it requires taking into
account not only the analytic properties of the curve, but also its algebraic properties.
The first result of this kind was obtained only very recently in [2] with the help of the
determinant method for smooth algebraic curves (without assuming any curvature con-
dition).

In higher dimensions, following earlier contributions [7, 30] valid under various re-
gularity assumptions, Huang [29] obtained an essentially best possible bound on the error
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term for a fairly large class of hypersurfaces assuming the nonvanishing of the Gaussian
curvature. His proof is again based on harmonic analysis and shows that the bound (1.17)
then holds for any δ ∈ (0, 1). The curvature assumption in this result has recently been
slightly relaxed by Schindler and Yamagishi [42]. Even more recently, Beresnevich and
Yang [5] developed an approach based on quantitative nondivergence from dynamics
to count rational points avoiding regions of a neighbourhood of a manifold where they
abnormally cluster.

The main contribution of the present work is to develop a fairly general framework
guaranteeing the existence of an explicit nontrivial power saving δ > 0 in the counting
bound (1.17). This is obtained without making any a priori assumption on the smoothness
and/or the curvature of the algebraic variety under consideration. Rather, this follows
upon defining a geometric quantity attached to any such variety, the semialgebraic level of
flatness, which can be computed explicitly. It captures both the algebraic and the analytic
properties needed for one to be able to count rational points in thin neighbourhoods of
the zero set.

With this in mind, let the assumptions (H1)–(H3) hold. As the above-stated goals
are achieved working in the context of semialgebraic geometry, it is natural to assume
furthermore that the set K is semialgebraic. The statement of the results furthermore
depends on the choice of a compact semialgebraic set K containing K in its interior and
contained in the open set U introduced in (1.10). This is because to make the values of the
power savings effective whenever they hold, one indeed needs to consider the behaviour
of the set of homogeneous forms F (x) over a compact neighbourhood of K.

The definition of the semialgebraic level of flatness over the zero set ZK(F ) relies
on the principle of geometric tomography claiming that the data of the volumes of all
lower-dimensional sections of a set captures the properties of this set. To formalise this
idea, given a unit vector v ∈ Sn−1 and a real σ, define the affine space

v⊥(σ) := {x ∈ Rn : v · x = σ}.

The flatness of the zero set ZK(F ) along this set is measured by the volume section

µF ,K(v, σ, ε) = Voln−1({x ∈ K ∩ v⊥(σ) : ∥F (x)∥ ≤ ε}),

where ε > 0. The “biggest” such volume section is then defined as

MF (K, ε) = sup
v∈Sn−1

sup
σ∈R

µF ,K(v, σ, ε).

From this, the relevant semialgebraic level of flatness is defined as

qF (K) = lim inf
ε→0+

(
logMF (K, ε)

log ε

)
. (1.21)

This is a measure of the “biggest level of flatness” that can be achieved when intersecting
the sublevel set {x ∈ K : ∥F (x)∥ ≤ ε} with affine hyperplanes in the following sense:
the smaller it is, the more flat the intersection of the sublevel set in some direction. This
measure of flatness is a well-defined real number under the assumption that ZK(F ) ̸= ∅.
Crucially, the last section of Chapter 3 shows that qF (K) can then be estimated effectively
in a finite number of steps. The statement of the main result in this section (Theorem 1.2
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below) relies on a comparison between qF (K) and the volume growth exponent rF (K)

present in the statement of Theorem 1.1 and the assumption (H3).
Specifically, for the coherence of exposition and as detailed further below, we provide

a simplified illustration of the class of statements established in Chapters 2 and 3 in order
to count effectively rational points in thin neighbourhoods of an algebraic variety. Set

τ̂F (K) = codim(ZK(F )) = n− dim(ZK(F )) = n− τF (K).

Theorem 1.2 (Counting solutions to homogeneous form inequalities). Assume that the
conditions (H1)–(H3) hold and the above defined sets K ⊂ K are semialgebraic. Fix a
parameter α > 0 and assume that the level of semialgebraic flatness (1.21) is high enough
in the sense that

qF (K) > max

{
rF (K)− 1, n− 1− rF (K) · τF (K)

τ̂F (K)

}
. (1.22)

Then there exists an effectively computable real δ(K,K) > 0 depending on the semialge-
braic sets K and K such that the following estimate with power saving error term holds:

N †
F (K,T, α) ≪ Voln(S†

F (K,T, α)) + T τF (K)−δF (K,K). (1.23)

Furthermore, the inequality (1.22) is satisfied when the following two conditions are si-
multaneously met: the set of polynomials F (x) has smooth complete intersection over K
and the zero set ZK(F ) is nondegenerate in the sense that it is not contained in a linear
subspace of dimension τF (K) = n− p.

Note that for the homogeneous form Fn(x) defined in (1.18), the inequality (1.22) is
indeed not met since for any semialgebraic compact neighbourhood K+

n of K+
n = [0, 1]n,

one easily checks that τ̂Fn
(K+

n ) = 1, rFn
(K+

n ) = n− 1 and qFn
(K+

n ) = 0.
As mentioned above, Theorem 1.2 is a very abridged version of a class of state-

ments providing a much more general picture of the behaviour of the counting function
N †

F (K,T, α). Thus, it is established in Chapter 2 that the volume Voln(S†
F (K,T, α)) de-

termines the exact asymptotic order of this counting function as T tends to infinity when
α ∈ (0, 1) (i.e. when the algebraic set S†

F (K,T, α) is “large enough”) and also that the
counting function is, up to a multiplicative constant, bounded above by this volume for
α = 1. These estimates are further refined when α ∈ (0, 1) under the stronger assump-
tions of Case (3) stated in Section 1.2: an asymptotic expansion with power saving error
term is then established for N †

F (K,T, α) as T tends to infinity.
In the complementary case when α > 1 (i.e. when the algebraic set S†

F (K,T, α) is
“small”), it is proved in Chapter 3 that an estimate of the form (1.23) can still hold in
the nongeneric case when qF (K) ≤ rF (K) − 1 under an explicit condition (which is, of
course, still not satisfied by the homogeneous form Fn(x) defined in (1.18)). Also, in all
instances where an estimate with power saving error term holds, a range of admissible
values of the exponent δF (K,K) > 0 is explicitly determined.

When seeing Theorem 1.2 as a lattice point counting statement, it complements and
extends a number of previously known results. Thus, for a single positive homogeneous
function F (x) (not necessarily assumed to be a polynomial), Randol [39] establishes
a counting bound with power saving error term depending on the decay of a Fourier
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operator acting on the boundary surface {F = 1}, which is supposed to be regular
enough (in a suitable sense). This has been slightly generalised by Colin de Verdière [16]
who considers the behaviour of the counting bound when rotating randomly the domain
{F ≤ 1}. For a domain with analytic boundary, Greenblatt [26] provides an estimate
related to Theorem 1.2 by the use of suitable resolutions of singularities. This nevertheless
comes with a quite strong restriction not present in our Theorem 1.2: in his work, the
boundary of the domain must be locally the graph of an analytic function which separates
the interior of the domain from its complement into exactly two pieces.

Finally, although Theorem 1.2 holds in the case of n = 2 variables, explicit and sharper
results are known if one considers a single homogeneous form with integer coefficents (one
is then dealing with a Thue inequality). To see recent progress in this well-studied topic,
see the works by Fouvry and Waldschmidt [24] and by Stewart and Xiao [46], and the
references therein.

1.4. Structure of the paper. In the range 0 < α ≤ 1, Theorem 1.2 is proved in the
more general form of Theorem 2.1. In the range α > 1, it is established in the more
general form of Theorem 3.1.

2. Counting in large domains

Let K be a globally semianalytic subset of Rn meeting the assumptions (H1) and (H2)

stated in the Introduction. The goal of this section is to establish a more precise version of
Theorem 1.2 when the domain S†

F (K,T, α) defined in (1.15) is “large enough” in the sense
that 0 < α ≤ 1. Indeed, if moreover the assumption (H3) holds (one then deals with what
is referred to as Case (2) in Section 1.2), it is possible to determine the precise asymptotic
order for the counting function N †

F (K,T, α) defined in (1.16) when 0 < α < 1, and also
to obtain an upper bound for this function when α = 1. When one assumes instead the
stronger condition that the set K is star-shaped with respect to the origin and that it
contains the origin in its interior (one then deals with Case (3) of Section 1.2), it becomes
possible to get an asymptotic expansion for N †

F (K,T, α) when 0 < α < 1.
To state the main result proved in this chapter, let P (x) ∈ R[x] denote a homogeneous

form of degree q ≥ 2. By analogy with the above notations, let

S†
P (K,T, α) = {x ∈ T ·K : |P (x)| ≤ T q−α} (2.1)

and
N †
P (K,T, α) = #(Zn ∩ S†

P (K,T, α)). (2.2)

Theorem 1.2 for 0 < α ≤ 1 is then a consequence of Case (1′) in the statement
below: it indeed suffices to apply it to the polynomial P (x) = ∥F (x)∥2 after substituting
the parameters (2d, 2α) for (q, α) in (2.1). The resulting conclusion generalises that of
Theorem 1.2 in as much as it is valid without assuming the flatness condition (1.22).

Theorem 2.1 (Asymptotic behaviour of the counting function of homogeneous form
inequalities in large domains). Assume that the set K ⊂ Rn is globally semianalytic and
satisfies the assumptions (H1) and (H2).



16 F. Adiceam

Then the counting function N †
P (K,T, α) can be estimated as follows:

(1′) Assume that the condition (H3) holds. Then as T → ∞, one has

N †
P (K,T, α) ≍ Voln(S†

P (K,T, α))

provided that α ∈ (0, 1). When α = 1,

N †
P (K,T, 1) ≪ Voln(S†

P (K,T, 1)). (2.3)

(2′) Assume the stronger condition that K is star-shaped with respect to the origin and
contains the origin in its interior. Then provided that α ∈ (0, 1), one has, as T → ∞,

N †
P (K,T, α) =

(
1 +O

(
1

T δ

))
·Voln(S†

P (K,T, α))

for some δ > 0.

In this statement, the volumes of the sets S†
P (K,T, α) (where 0 < α ≤ 1) are respec-

tively given by Cases (2) and (3) of Theorem 1.1.
The rest of this chapter is devoted to the proof of Theorem 2.1, starting with the

inequality (2.3).

Proof of the volume estimate (2.3). An elementary packing argument, a variant of which
appears in [40, Appendix 1], shows that the sought estimate holds for any value of

α ∈ [0, 1]. (2.4)

Indeed, fix η ∈ (0, 1/4) and assume that m ∈ Zn ∩ S†
P (K,T, α). Let u ∈ Rn be a vector

with Euclidean norm at most η. Consider then the Taylor expansion

P (m+ u) = P (m) +

q∑
k=1

1

k!
· ((u ·∇)kP )(m),

where u ·∇ is shorthand for the differential operator
∑n
i=1 ui · ∂i when u = (u1, . . . , un)

and ∇ = (∂1, . . . , ∂n), and where the power applied to it must be understood as a formal
multiplication process.

For any given integer 1 ≤ k ≤ q, the map x 7→ ((u · ∇)kP )(x) is homogeneous of
degree q − k. As a consequence, upon decomposing the integer vector m as m = T · y,
where y ∈ K, one obtains

|P (m+ u)| ≤ T q−α + η · cP (K) · T q−1 ≤
(2.4)

(1 + η · cP (K)) · T q−α

with a constant cP (K) > 0 determined by the sup norms of P (x) and of its partial
derivatives over K. This shows that the pairwise disjoint Euclidean balls with radius
η centred at the integer points in S†

P (K,T, α) are contained in, say, the set SP (K(η),

(1 + η · cP (K)) · T q−α). Here, K(η) denotes the η-neighbourhood of K and, given a map
T 7→ b(T ) ≥ 0,

SP (K(η), b(T )) = {x ∈ T ·K(η) : |P (x)| ≤ b(T )}.

Thus,
N †
P (K,T, α) ≤ Voln

(
SP

(
K(η), (1 + η · cP (K)) · T q−α

))
. (2.5)
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If η > 0 is chosen small enough, it is immediate that the setK(η) also satisfies the assump-
tion (H3) with the same compact set C and the same open set U as those introduced in
the support restriction condition (1.10) for K. Consequently, with the notations of (H3),
the pair (rP (K

(η)),mP (K
(η))) equals (rP (K),mP (K)). It then follows from Case (2) of

Theorem 1.1 that

Voln
(
SP

(
K(η), (1 + η · cP (K)) · T q−α

))
≪ Voln(SP (K,T q−α))

= Voln(S†
P (K,T, α)).

In view of the inequality (2.5), this completes the proof.

Establishing the remaining statements part of Theorem 2.1 requires more work. To
do so, assume from now on and until the end of the chapter that α ∈ (0, 1).

2.1. Smooth counting. It is convenient to work first with a smooth version of the
counting function N †

P (K,T, α). To this end, fix a smooth map ψ ≥ 0 in C∞
c (Rn) whose

support will be specified later to approximate the set K suitably. The proof of the re-
maining cases in Theorem 2.1 also requires approximating the characteristic function of
an interval by a function whose Fourier transform behaves “nicely”. This is a well-studied
topic where the extremal functions introduced by Beurling and Selberg are often used
(see the discussion and the references in [17] for more details). In the present situation
however, it is more relevant to work with the map obtained from the following (particular
case of a) result due to Colzani, Gigante and Travaglini [17, Theorem 1.1].

Before stating it, recall that a function θ : R+ → R+ has fast decay at infinity if for
any β > 0, there exists a constant cβ > 0 such that for all t ≥ 0,

0 ≤ θ(t) ≤ cβ
(1 + t)β

· (2.6)

Also, a holomorphic function F is said to be of exponential type R > 0 if

R = lim sup
r→∞

max
|z|=r

log |F (z)|
|z|

·

Equivalently, for any ε > 0, there exists a constant κ(ε) > 0 such that |F (z)| ≤ κ(ε) ·
e(R+ε)·|z|.

Theorem 2.2 (Colzani, Gigante & Travaglini, 2011). Let c ∈ (0, 1). Set I(c) = [−c, c].
Then there exists a positive function θ with fast decay at infinity such that for any R > 0,
there exist integrable entire functions A(R,c) and B(R,c) satisfying the following properties:
these two functions are of exponential type R and have their Fourier transforms supported
in the interval [−R,R]; furthermore, for all x ∈ R,

A(R,c)(x) ≤ χI(c)(x) ≤ B(R,c)(x) (2.7)

and
0 ≤ B(R,c)(x)−A(R,c)(x) ≤ θ(R ·

∣∣∣∣x| − c
∣∣). (2.8)

The main point of this statement is that it allows easy control of the gap |B(R,c)(x)−
A(R,c)(x)| by the distance from x ∈ R to the boundary of the interval I(c): roughly
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speaking, the quantity |B(R,c)(x) − A(R,c)(x)| is approximately equal to 1 at points x
within distance 1/R of the interval I(c) and essentially zero at larger distances.

Let T ≥ 1. The proof of Theorem 2.1 mainly reduces to the estimate for ÑP (ψ, T, α)

obtained in Proposition 2.4 below, which takes into account the support restriction con-
dition (1.10) induced by the assumption (H3). To state it, fix a compact set K contained
in the open set U and containing the compact set K in its interior, where U is defined
as part of the condition (1.10). Assume then that the map ψ is such that

C ⊂ Suppψ ⊂ K, 0 ≤ ψ ≤ 1 and max
x∈K

ψ(x) = 1, (2.9)

where C is also defined in (1.10). Take

c = T−α and R =
T

2 ·∆P (K)
, where ∆P (K) = max

x∈K
∥(∇P )(x)∥, (2.10)

and define E(T,α) as being either A(T/(2∆P (K)),T−α) or B(T/(2∆P (K)),T−α) in Theorem 2.2
(i.e. the maps obtained with the above choice for the parameters R and c).

Let
ÑP (ψ, T, α) =

∑
k∈Zn

G
(P,ψ)
T,α (k), (2.11)

where, given x ∈ Rn,

G
(P,ψ)
T,α (x) = ψ

(
x

T

)
· E(T,α)

(
P

(
x

T

))
. (2.12)

Given c ∈ (0, 1), set furthermore

µP (ψ, c) =

∫
Rn

χ{|P (x)|<c} · ψ(x)dx. (2.13)

It is useful to record right here the asymptotic behaviour at the origin of the map 0 < c 7→
µP (ψ, c). This can be inferred from [3, Chapter 2, Lemma 2.5 & Proposition 2.16(X1)],
which are reproduced here in a synthetic form tailored to the present goal.

Lemma 2.3. Let c ∈ (0, 1) and let ψ be a nonnegative map in C∞
c (Rn). Let (rP (ψ),mP (ψ))

be the pair involving the smallest real pole rP (ψ) ≥ 0 of the meromorphic function s 7→
⟨ζP (s), ψ⟩ =

∫
Rn |P (x)|−s · ψ(x)dx.

Then rP (ψ) ∈ (0,∞) (and thus mP (ψ) ≥ 1) and there exists a univariate monic
polynomial Rψ(x) ∈ R[x] of degree mP (ψ) − 1 and some ε > 0 such that, as c tends to
zero,

µP (ψ, c) = ΘP (ψ) · crP (ψ) ·Rψ(| log c|) +O(crP (ψ)+ε). (2.14)

Here,

ΘP (ψ) =
1

mP (ψ)!
lim

σ→rP (ψ)
(σ − rP (ψ))

mP (ψ)⟨ζP (s), ψ⟩ > 0.

Assume now that F is a family of nonnegative maps in C∞
c (Rn) satisfying the following

two properties:

(A1) [uniform boundedness of the support] there exists a compact set K ⊂ Rn such that
Suppψ ⊂ K for all ψ ∈ F ;
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(A2) [uniform boundedness of the range] there exists φF in C∞
c (Rn) such that for all

ψ ∈ F , one has 0 ≤ ψ ≤ φF and, with the above notation, (rP (ψ),mP (ψ)) =

(rP (φF ),mP (φF )) (in particular, the pair (rP (ψ),mP (ψ)) remains constant over
the choice of ψ ∈ F).

Then the following uniformity claims on the parameters appearing in the expansion (2.14)
hold when the map ψ varies in F :

(V1) the leading coefficient ΘP (ψ) is uniformly bounded above by a constant depending
on the smooth map φF ;

(V2) there exist integers M,N ≥ 1 depending on the polynomial P (x) and on the compact
set K and, given ε > 0 and φF as above, there exists a constant Γ(F , φF , ε) > 0

such that the following holds: the implicit constant in the error term can be taken
as 2max {Γ(F , φF , ε), (CN (F ,K))M} provided that the quantity

CN (F ,K) := sup
ψ∈F

max
0≤|k|≤N

max
x∈K

∣∣∣∣∂|k|ψ∂xk
(x)

∣∣∣∣ (2.15)

is finite. In particular, as long as maxx∈K ψ(x) = 1 for some ψ ∈ F , this implicit
constant can be taken as (CN (F ,K))M up to a multiplicative constant depending
on P (x), F , K, ε > 0 and on the choice of φF ;

(V3) there exist integers M,N ≥ 1 depending on the polynomial P (x) and on the compact
set K such that the coefficients of the univariate polynomial ΘP (ψ) ·Rψ(x) are, up
to a multiplicative constant depending on K, upper bounded by the above defined
quantity (CN (F ,K))M , provided it is finite.

To obtain an asymptotic expansion for the map 0 < c 7→ µP (ψ, c), apply this lemma
to the compact set K introduced in (2.9) and to the collection of maps F reduced to the
singleton {ψ}. One then obtains the existence of a real ρ > 0 and of an integer m ≥ 0,
both independent of ψ as chosen in (2.9), satisfying the estimate

µP (ψ, c) = (ΘP (ψ) + hψ(c)) · cρ · |log c |m, where |hψ(c)| ≤ (m+ 1) · (CN (ψ,K))M · η(c).
(2.16)

In this relation,

• the integers M,N ≥ 1 depend only on K and on the polynomial P (x);
• CN (ψ,K) is the constant defined in (2.15), namely

CN (ψ,K) = max
0≤|k|≤N

max
x∈K

∣∣∣∣∂|k|ψ∂xk
(x)

∣∣∣∣, (2.17)

and the last relation in (2.9) implies that CN (ψ,K) ≥ 1;
• from the uniformity claim (V3) in Lemma 2.3,

0 < ΘP (ψ) ≤ (CN (ψ,K))M ; (2.18)

• the quantity η(c) tends to 0 as c→ 0+ uniformly in ψ meeting (2.9) under the assump-
tion (H3). Indeed, the factor (m + 1) · (CN (ψ,K))M · η(c) in (2.16) is obtained upon
adding upper bounds for two maps depending on c:

– the map
c 7→ ΘP (ψ) · (Rψ(|log c |)− |log c |m)/|log c |m, (2.19)
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where Rψ is, with the present notations, the degree m monic polynomial appearing
in (2.14); furthermore, from (V3), each of them coefficients obtained when expanding
this expression is, up to a multiplicative constant depending on K, bounded above
by (CN (ψ,K))M ;

– the map determined by the error term present in (2.14), which is of the form O(cε)

for some fixed ε > 0. Here, from the uniformity claim (V2) in Lemma 2.3 and under
(H3), the implicit constant can be chosen as CN (ψ,K) up to a multiplicative constant
depending on K and on ε, and uniformly in any ψ meeting the conditions (2.9).

Upon adding the resulting form of the error term in the latter case with the upper bound
obtained for the map (2.19), this yields the required shape (m+1) · (CN (ψ,K))M ·η(c)
with the sought uniformity claim on η.

Proposition 2.4. Assume that ψ ∈ C∞
c (Rn) satisfies the relations (2.9) and takes strictly

positive values over the set C defined therein. Let α ∈ (0, 1). Then under the assumption
of the homogeneity of the polynomial P (x), there exist integers M,N ≥ 1 such that

|ÑP (ψ, T, α)− Tn · µP (ψ, T−α)| ≪ CN (ψ,K)M · Tn−δ · µP (ψ, T−α) (2.20)

for any δ ∈ (0, 1 − α). In this inequality, the constant CN (ψ,K) is defined in (2.17).
Furthermore, the implicit constant, the integers M and N and the exponent δ do not
depend on ψ.

Deduction of Theorem 2.1 from Proposition 2.4 when 0 < α < 1. Consider first Case (1′)
of Theorem 2.1. Fix 0 < α < 1 and let ψ1, ψ2 be two maps in C∞

c (Rn) satisfying the
conditions (2.9) and the inequalities

0 ≤ ψ1 ≤ χK ≤ ψ2.

As a consequence of the homogeneity of the polynomial P (x),

Voln(S†
P (K,T, α)) =

∫
Rn

χ{|P (x)|≤T q−α} · χ{x∈T ·K} dx = Tn
∫
K

χ{|P (x)|≤T−α} dx.

Therefore, under the assumption (H3), the relation (2.14) implies that

Tn · µP (ψ1, T
−α) ≍ Voln

(
S†
P (K,T, α)

)
≍ Tn · µP (ψ2, T

−α).

It then follows from Proposition 2.4 that

Voln(S†
P (K,T, α)) ≪ ÑP (ψ1, T, α) ≤ N †

P (K,T, α)

≤ ÑP (ψ2, T, α) ≪ Voln(S†
P (K,T, α)).

Here, the leftmost inequality relies on the fact that the exponent δ in (2.20) is, by as-
sumption, strictly positive. This establishes the conclusion of Theorem 2.1 in Case (1′)
when 0 < α < 1.

As for Case (2′), fix an integer k ≥ 1. Let ψ−
k and ψ+

k be smooth maps in C∞
c (Rn),

pointwise monotonic in k for k large, such that

χK(1−1/k) ≤ ψ−
k ≤ χK ≤ ψ+

k ≤ χK(1+1/k). (2.21)

Here, given λ > 0, one sets K(λ) = λ ·K; also, the inequalities between the characteristic
functions are indeed valid under the assumptions that K is star-shaped with respect to
the origin. Upon choosing k larger than some integer k0, assume furthermore that the
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maps ψ±
k also meet the conditions (2.9). From [27, Theorem 1.4.1, p. 25], they can be

chosen so that the constant CN (ψ±
k ,K) defined in (2.17) satisfies

CN (ψ±
k ,K) ≪ kN (2.22)

for some implicit constant depending only on N ≥ 1. Given k ≥ k0, set

Ñ−
P,k(T, α) = ÑP (ψ

−
k , T, α) when E(T,α) = A(T/(2∆P (K)),T−α)

and
Ñ+
P,k(T, α) = ÑP (ψ

+
k , T, α) when E(T,α) = B(T/(2∆P (K)),T−α)

so that
Ñ−
P,k(T, α) ≤ N †

P (T, α) ≤ Ñ+
P,k(T, α). (2.23)

Given c ∈ (0, 1), let furthermore

νP (K, c) =

∫
K

χ{|P (x)|≤c} dx (2.24)

and

ν±P (k, c) = µP (ψ
±
k , c) =

∫
Rn

χ{|P (x|≤c} · ψ±
k (x) dx.

Then for any k ≥ 1,

|Ñ±
P,k(T, α)−Voln(S†

P (K,T, α))| = |Ñ±
P,k(T, α)− Tn · νP (K,T−α)|

≤
(2.21)

|Ñ±
P,k(T, α)− Tn · ν±P (k, T

−α)|+ Tn · |ν+P (k, T
−α)− ν−P (k, T

−α)|. (2.25)

The goal is now to show that for any c > 0 and any k ≥ k0,

|ν+P (k, c)− ν−P (k, c)| ≪
ν+P (k0, c)

k
(2.26)

with an implicit constant independent of k and c. To this end, note that from the in-
equalities (2.21) and the homogeneity of P (x), an elementary change of variables leads
to

|ν+P (k, c)− ν−P (k, c)| ≤
∫
K(1+1/k)\K(1−1/k)

χ{|P (x)|≤c} dx

=

(
1 +

1

k

)n
·
∫
K

χ{|P (y)|≤c·(1+1/k)−q} dy

−
(
1− 1

k

)n
·
∫
K

χ{|P (y)|≤c·(1−1/k)−q} dy.

Expanding the nth powers multiplying the integrals, rewriting the whole expression as a
polynomial in 1/k and isolating the constant term in this polynomial, one obtains

|ν+P (k, c)− ν−P (k, c)| ≪
∫
K

χ{c·(1+1/k)−q<|P (x)|≤c·(1−1/k)−q} dx

+
1

k
·
∫
K

χ{|P (x)|≤2q·c} dx.
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To bound this quantity from above, note that the inequality χK ≤ ψ+
k0

implies on the
one hand that∫

K

χ{c·(1+1/k)−q<|P (x)|≤c·(1−1/k)−q} dx

≤
∫
Rn

χ{c·(1+1/k)−q<|P (x)|≤c·(1−1/k)−q} · ψ+
k0
(x)dx,

and on the other hand that∫
K

χ{|P (x)|≤2q·c} dx ≤
∫
Rn

χ{|P (x)|≤2q·c} · ψ+
k0
(x) dx.

Consequently, it follows from the definition of ν+P (k0, c) that

|ν+P (k, c)− ν−P (k, c)| ≪ ν+P

(
k0, c ·

(
1− 1

k

)−q)
− ν+P

(
k0, c ·

(
1 +

1

k

)−q)
+
ν+P (k0, c · 2−q)

k
·

Since the set K contains the origin in its interior, one infers from (2.21) combined with
[3, Chapter 2, Lemma 2.7] that the pair (rP (ψ

±
k ),mP (ψ

±
k )) is independent of K and

k ≥ 1 — denote this common value by (rP ,mP ). One then finds from the asymptotic
expansion (2.14) that

|ν+P (k, c)− ν−P (k, c)| ≪ ν+P (k0, c) ·
((

1− 1

k

)−qrP
−

(
1 +

1

k

)−qrP
+

1

k

)
≪

ν+P (k0, c)

k
,

where the implicit constant depends on the polynomial P (x) and on ε > 0 appearing
in (2.14). This establishes (2.26).

Going back to the inequalities (2.25), it then follows from Proposition 2.4 that

|Ñ±
P,k(T, α)−Voln(S†

P (K,T, α))|

≪ Tn ·
(
CN (ψ±

k ,K)M ·
ν+P (k0, T

−α)

T δ
+
ν+P (k0, T

−α)

k

)
(2.27)

for some δ > 0 and some integers M,N ≥ 1. Here, the inclusions Suppψ+
k0

⊂
K(1 + 1/k0) ⊂ K(2) yield

ν+P (k0, T
−α) ≤

(2.24)

νP (K, 2
−q · T−α)

2n
=

Voln(S†
P (K, 2

q/αT, α))

2n · (2q/αT )n

≪
Voln(S†

P (K,T, α))

Tn
= νP (K,T

−α),

where the second last relation is easily deduced from the explicit volume estimate obtained
in Case (3) of Theorem 1.1. It is then a consequence of (2.22) and (2.27) that

|Ñ±
P,k(T, α)−Voln(S†

P (K,T, α))| ≪ Voln(S†
P (K,T, α)) ·

(
kMN

T δ
+

1

k

)
.
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In view of the inequalities (2.23), specialising k to be the integer part of T δ/(1+MN)

provides the sought power saving. This completes the deduction of Theorem 2.1 from
Proposition 2.4 when α ∈ (0, 1).

The proof of Proposition 2.4 relies on the Poisson summation formula, which implies
that the counting function (2.11) can be expanded as

ÑP (ψ, T, α) =
∑
k∈Zn

Ĝ
(P,ψ)
T,α (k). (2.28)

Here, Ĝ(P,ψ)
T,α denotes the Fourier transform of the map G(P,ψ)

T,α defined in (2.12). Explicitly,
an elementary change of variables shows that, given ξ ∈ Rn,

Ĝ
(P,ψ)
T,α (ξ) = Tn · Ĥ(P,ψ)

T,α (ξ), (2.29)

where

Ĥ
(P,ψ)
T,α (ξ) =

∫
Rn

e(−Tξ · x) · E(T,α)(P (x)) · ψ(x) dx. (2.30)

The term Ĝ
(P,ψ)
T,α (0) obtained when k = 0 will be referred to as the leading term in the

sum (2.28), and the remaining sum as the error term. These two quantities are analysed
separately, starting with the latter.

2.2. Nonstationary phase analysis and estimate of the error term. The following
claim essentially establishes that the error term has fast decay in T .

Lemma 2.5 (Asymptotic behaviour of the error term). Let α ∈ (0, 1) and η ∈ (0, 1). Fix
an integer j ≥ 1 such that jη > n. Assume that ψ is a smooth map supported in the
compact set K introduced in (2.9) and that T > 21/(1−η). Then∣∣∣ ∑

k∈Zn

k ̸=0

Ĝ
(P,ψ)
T,α (k)

∣∣∣ ≪ Cj(ψ,K) · Tn−jη · log T,

where the constant Cj(ψ,K) is defined in (2.17) and where the implicit constant does not
depend on ψ.

The proof of this statement relies on the following effective nonstationary phase esti-
mate which can be found in [27, Theorem 7.7.1].

Proposition 2.6 (Effective nonstationary phase estimate). Let j ≥ 1 be an integer and
let ψ be in Cjc (Rn) with support contained in a compact set K. Assume that the real-valued
function f is j + 1 times continuously differentiable in an open neighbourhood V of K .
Then for any real parameter λ > 0,∣∣∣∣ ∫

Rn

e(λf(x)) · ψ(x) dx
∣∣∣∣ ≪ Cj(ψ,K)

λj · δψ(f)j ·min {1, δψ(f)j}
assuming that the quantity

δψ(f) = inf
x∈K

∥∇f(x)∥

is strictly positive. In the above inequality, the implicit constant is independent of ψ and λ;
furthermore, it remains bounded as long as the function f remains in a bounded subset
of the set of j + 1 times continuously differentiable functions on V.
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Proof of Lemma 2.5. Fix k ̸= 0 in Zn. Then by Fourier inversion,

Ĥ
(P,ψ)
T,α (k) =

∫ T/(2∆P (K))

−T/(2∆P (K))

Ê(T,α)(t) ·
(∫

Rn

e(tP (x)− Tk · x) · ψ(x)dx
)

dt, (2.31)

where the real ∆P (K) is defined in (2.10) and Ĥ
(P,ψ)
T,α (k) in (2.30). Fix t ∈

[−T/(2∆P (K)), T/(2∆P (K))]. Then given x ∈ Suppψ ⊂ K,

∥t · ∇P (x)− Tk∥ ≥ T · ∥k∥ − |t| · ∥∇P (x)∥ ≥
(2.10)

T · ∥k∥ − |t| ·∆P (K). (2.32)

As a consequence, ∥t · ∇P (x)− Tk∥ ≥ (T · ∥k∥)η as soon as

∥k∥ ≥ ∥k∥η

T 1−η +
1

2
·

Since T ≥ 21/(1−η), this condition is fulfilled for all k ∈ Zn\{0}. Proposition 2.6 (applied
with λ = 1) then implies that for any integer j ≥ 1,∣∣∣∣ ∫

Rn

e(tP (x)− Tk · x) · ψ(x) dx
∣∣∣∣ ≪ Cj(ψ,K)

(T · ∥k∥)jη
· (2.33)

Under the assumption jη > n, one thus obtains∣∣∣ ∑
k∈Zn

k ̸=0

Ĝ
(P,ψ)
T,α (k)

∣∣∣ ≤
(2.29)

Tn ·
∑
k∈Zn

k ̸=0

|Ĥ(P,ψ)
T,α (k)|

≪
(2.31)& (2.33)

Cj(ψ,K) · Tn−jη ·
( ∑

k∈Zn

k ̸=0

∥k∥−jη
)

×
(∫

|t|≤T/(2∆P (K))

|Ê(T,α)(t)| dt
)

≪ Cj(ψ,K) · Tn−jη ·
(∫

|t|≤T/(2∆P (K))

|Ê(T,α)(t)| dt
)
. (2.34)

To evaluate this last factor, let t ∈ [−T/(2∆P (K)), T/(2∆P (K))]. From the elementary
estimate

|χ̂I(T−α)(t)| =
∣∣∣∣ sin(2πT−αt)

πt

∣∣∣∣ ≤ min

{
T−α,

1

|πt|

}
,

one deduces that

|Ê(T,α)(t)| ≤ |χ̂I(T−α)(t)|+ |(Ê(T,α) − χ̂I(T−α))(t)|

≤ |χ̂I(T−α)(t)|+
∫
R
|E(T,α)(x)− χI(T−α)(x)| dx

≤
(2.7)&(2.8)

min

{
2,

1

|t|

}
+

∫
R
θ

(
T

2∆P (K)
·
∣∣|x| − T−α∣∣) dx

≪ min

{
2,

1

|t|

}
+

1

T

with an implicit constant depending on the integral of θ over its domain of definition.
Inserting this estimate in (2.34) then concludes the proof.
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2.3. Analysis of the leading term. The estimation of the leading term Ĝ
(P,ψ)
T,α (0) in

the sum (2.28) reduces to the following claim:

Lemma 2.7 (Asymptotic behaviour of the leading term). Keep the assumptions and the
notations of Proposition 2.4, assuming in particular that α ∈ (0, 1). Then there exist
integers M,N ≥ 1 such that for any δ ∈ (0, 1− α),∣∣Ĥ(P,ψ)

T,α (0)− µP (ψ, T
−α)

∣∣ ≪ (CN (ψ,K))M · µP (ψ, T
−α)

T δ
·

In this inequality, the quantity Ĥ(P,ψ)
T,α (0) is defined in (2.30), the map µP (ψ, · ) in (2.13)

and the constant CN (ψ,K) in (2.17). Also, the implicit constant is independent of ψ.

Proof. It follows from Theorem 2.2 that∣∣Ĥ(P,ψ)
T,α (0)− µP (ψ, T

−α)
∣∣

≤
∫
Rn

|B(T/(2∆P (K)),T−α)(P (x))−A(T/(2∆P (K)),T−α)(P (x))| · ψ(x) dx

≤
∫
Rn

θ

(
T

2∆P (K)
·
∣∣|P (x)| − T−α∣∣) · ψ(x) dx, (2.35)

where the constant ∆P (K) is defined in (2.10).
Let δ > 0 be a small exponent, the range of which is to be determined. Define

SP (T, α) =

{
x ∈ Rn :

∣∣|P (x)| − T−α∣∣ ≤ 2 ·∆P (K)

T 1−δ

}
and decompose the integral in (2.35) as∫

Rn

θ

(
T

2∆P (K)
·
∣∣|P (x)| − T−α∣∣) · ψ(x) dx

=

∫
Rn

χSP (T,α)(x) · θ
(

T

2∆P (K)
·
∣∣|P (x)| − T−α∣∣) · ψ(x) dx

+

∫
Rn

(1− χSP (T,α)(x)) · θ
(

T

2∆P (K)
·
∣∣|P (x)| − T−α∣∣) · ψ(x) dx. (2.36)

The first integral on the right-hand side of this equation can be bounded as follows:∫
Rn

χSP (T,α)(x) · θ
(

T

2∆P (K)
·
∣∣|P (x)| − T−α∣∣) · ψ(x) dx

≤
(
max
x≥0

θ(x)
)
·
∫
Rn

χSP (T,α)(x) · ψ(x) dx. (2.37)

Introducing the map µP (ψ, · ) defined in (2.13), the last integral becomes∫
Rn

χSP (T,α)(x) · ψ(x) dx

= µP

(
ψ,

1

Tα
+

2∆P (K)

T 1−δ

)
− µP

(
ψ,

1

Tα
− 2∆P (K)

T 1−δ

)
≪

(2.16)&(2.18)
(CN (ψ,K))M · 1

T 1−δ · (log T )
m

Tα(ρ−1)
(2.38)
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with an implicit constant depending on the parameters α, ρ,m and on the polynomial
P (x). Here, the inequality (2.38) holds as long as

0 < δ < 1− α (2.39)

since this condition guarantees that T−1+δ = o(T−α) as T tends to infinity. Under this
assumption, the upper bound (2.37) implies that∫

Rn

χSP (T,α)(x) · θ
(

T

2∆P (K)
·
∣∣|P (x)| − T−α∣∣) · ψ(x) dx

≪ (CN (ψ,K))M · (log T )m

T 1−δ+α(ρ−1)
· (2.40)

As for the second term on the right-hand side of (2.36), one infers from the definition of
the set SP (T, α) and from the fast decay of the function θ that for any large β > 0,∫

Rn

(1− χSP (T,α)(x)) · θ
(

T

2∆P (K)
·
∣∣|P (x)| − T−α∣∣) · ψ(x) dx ≪ T−βδ (2.41)

with an implicit constant depending only on β and on the volume of the compact set K
containing the support of ψ (recall that ψ is assumed to meet the conditions (2.9)).

Under the restriction (2.39), one can choose β > 0 large enough so that inequali-
ties (2.40) and (2.41) imply that

|Ĥ(P,ψ)
T,α (0)− µP (ψ, T

α)| ≪ (CN (ψ,K))M

T 1−δ+α(ρ−1)−η ·

Since (2.39) also guarantees that 1 + α(ρ − 1) − δ > αρ when α < 1, in view of the
asymptotic expansion (2.16), this provides the required power saving in the error term
upon choosing η > 0 small enough. This completes the proof of the lemma.

Completion of the proof of Proposition 2.4. In view of the Poisson summation for-
mula (2.28), the sought estimate (2.20) is an immediate consequence of Lemmata 2.5
and 2.7 when α ∈ (0, 1).

3. Counting in thin domains

Throughout this final chapter, let α > 1 be a real and let F (x) = (F1(x), . . . , Fp(x)) be
a p-tuple of homogeneous forms in n ≥ 2 variables, each of degree d ≥ 2. Assume that
the set K ⊂ Rn meets the conditions (H1)–(H3) stated in the Introduction and that it
is furthermore semialgebraic (recall that this means that it is a finite union of sets that
can be defined by finitely many equalities and inequalities involving polynomial maps).
Given a large parameter T ≥ 1, recall also the definitions of the set S†

F (K,T, α) and of
the corresponding counting function N †

F (K,T, α) given in Chapter 1:

S†
F (K,T, α) = {x ∈ T ·K : ∥F (x)∥ ≤ T d−α}, (3.1)

N †
F (K,T, α) = #(S†

F (K,T, α) ∩ Zn). (3.2)

The main goal of this final chapter is to establish Theorem 3.1 below, which includes
Theorem 1.2 stated in the Introduction as a particular case when α > 1 (the case α ≤ 1

being settled in the previous chapter).
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To this end, first are recalled further notations and definitions introduced in Chapter 1.
When v ∈ Sn−1 and σ ∈ R, we consider the affine hyperplane

v⊥(σ) := {x ∈ Rn : v · x = σ}. (3.3)

Fixing a compact set K containing K in its interior and contained in the open set U
defined as part of the support restriction condition (1.10), let us set, for any ε > 0,

µF ,K(v, σ, ε) = Voln−1

(
{x ∈ K ∩ v⊥(σ) : ∥F (x)∥ ≤ ε}

)
and

MF (K, ε) = sup
v∈Sn−1

sup
σ∈R

µF ,K(v, σ, ε). (3.4)

The “biggest level of flatness” that can be achieved when intersecting the sublevel set
{x ∈ K : |F (x)| ≤ ε} with affine hyperplanes is quantified by

qF (K) = lim inf
ε→0+

(
logMF (K, ε)

log ε

)
. (3.5)

This is a well-defined real number under the assumption (H2).
The dimension dim(ZK(F )) of the algebraic variety ZR(F ) over the set K is denoted

by τF (K) and its codimension by τ̂F (K), that is, τ̂F (K) = n− dim(ZK(F )). Recall that
if the variety ZK(F ) has smooth complete intersection, one has τ̂F (K) = p.

The main result in this chapter can now be stated as follows:

Theorem 3.1. Let α > 1 be a real. Assume that K is a semialgebraic set meeting the
assumptions (H1)–(H3) stated in the Introduction. Let it be contained in the interior
of a compact set K ⊂ U , where the open set U is defined in the support restriction
condition (1.10). Also, let rF (K) be the nonnegative real introduced in (H3). Then the
following claims are satisfied:

(Z1) The upper bound

N †
F (K,T, α) ≪ Voln(S†

F (K,T, α)) + T τF (K)−δF (K,K) (3.6)

holds for some exponent δF (K,K) > 0 depending on the polynomial P (x) and on the
compact sets K ⊂ K if either of the following two mutually exclusive assumptions
is satisfied:

(i) In the generic case when

qF (K) > rF (K)− 1, (3.7)

the semialgebraic level of flatness qF (K) is bounded below in this sense:

qF (K) > n− 1− rF (K) · τF (K)

τ̂F (K)
· (3.8)

One can then choose any exponent δF (K,K) such that

0 < δF (K,K) < τF (K)− n · (n− 1− qF (K))

n− 1− qF (K) + rF (K)
· (3.9)

(ii) In the degenerate case when

qF (K) ≤ rF (K)− 1, (3.10)
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qF (K) is bounded below in this sense:

qF (K) > τ̂F (K)− 1. (3.11)

One can then choose any exponent δF (K,K) such that

0 < δF (K,K) < qF (K)− τ̂F (K) + 1. (3.12)

In (3.6), the volume term on the right-hand side is explicitly determined by Case (2)
in Theorem 1.1.

(Z2) When the algebraic variety ZR(F ) is not contained in a linear subspace of dimension
n − p and furthermore the set of homogeneous forms F (x) has smooth complete
intersection over K (meaning that the map (1.8) does not vanish over K), then
the conditions (3.7) and (3.8) are both met. As a consequence, an estimate of the
form (3.6) indeed holds.

Claim (Z2) is established in Section 3.3.2 below. Most of the work in proving the
theorem is in establishing Claim (Z1). To this end, it is enough to consider the case of
p = 1 homogeneous form, say P (x), of degree denoted by q ≥ 1. The general case stated
in (Z1) then follows upon applying the results obtained in this particular situation to the
polynomial PF (x) = ∥F (x)∥2 and upon squaring all relations involving this polynomial.
Explicitly, it suffices to replace in what follows the polynomial P (x) with PF (x), the real
ε > 0 with ε2, the integer q with 2d and the real α > 1 with 2α. The details of this
elementary verification are left to the reader.

In view of this reduction, it is natural to establish (Z1) employing the notations cor-
responding to the analogues in the case p = 1 of the set S†

F (K,T, α) and of the counting
function N †

F (K,T, α). These are respectively the set S†
P (K,T, α) and the counting func-

tion N †
P (K,T, α) introduced in Chapter 2 – see (2.1) and (2.2).

In order to establish (Z1), let j ≥ 1 be an integer and let φ,ψ ∈ Cjc (Rn) be such that

χ[−1,1] ≤ φ ≤ χ[−2,2] and χK ≤ ψ ≤ χK. (3.13)

As the proof relies on semialgebraic geometry, the maps φ and ψ are also assumed
to be semialgebraic (meaning that their graphs are semialgebraic sets). The existence of
such maps is guaranteed, for instance, by [34, Proposition 4.8].

Fix
ε ≥ T−α. (3.14)

It then follows from the Poisson summation formula and from the homogeneity of the
polynomial P (x) that

N †
P (K,T, α) ≤

∑
k∈Zn

ψ

(
k

T

)
· φ

(
P (k)

ε · T q

)
= Tn ·

∑
k∈Zn

∫
Rn

ψ(x) · φ(ε−1 · P (x)) · e(−Tk · x) dx

= Tn ·
∫
Rn

ψ(x) · φ(ε−1 · P (x)) dx

+ Tn ·
∑

k∈Zn\{0}

∫
Rn

ψ(x) · φ(ε−1 · P (x)) · e(−Tk · x) dx. (3.15)
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Upon specialising the real ε > 0 and the maps φ and ψ, the integral in the former
term in this last sum is related in Section 3.3 to the volume of the set of points x ∈ K

such that |P (x)| < T−α. The analysis of the oscillatory integrals and of the resulting sum
in the latter term in (3.15) constitutes the main substance of the proof and will be carried
out along these lines: by a nonstationary phase analysis developed in Section 3.1 below,
the sum is first reduced to a finite one up to an error term with rapid decay in ∥Tk∥,
provided that the integer j ≥ 1 defining the regularity of φ and ψ is large enough. To
deal with this finite sum, upon decomposing in polar coordinates the nonzero vector Tk
as

−Tk = λv, where λ > 0 and v ∈ Sn−1, (3.16)

the goal is to obtain, under suitable assumptions, a uniform decay estimate for the Fourier
coefficient appearing in (3.15), namely an estimate of the form∫

Rn

ψ(x) · φ(ε−1 · P (x)) · e(λv · x)dx ≪ εν

λγ
(3.17)

for some positive exponents γ and ν. The crucial requirement here, which prevents the
reduction of the problem to a (more or less standard) local harmonic analysis estimate
of oscillatory integrals, is that the implicit constant in the inequality above must be
independent of v ∈ Sn−1. This issue is overcome in Section 3.2 with the help of o-
minimal theory. The sum appearing in (3.15), when taken over finitely many nonzero
integer vectors k, can then be estimated upon specialising λ to the value ∥Tk∥ in (3.17)
and upon optimising the value of ε under the constraint (3.14). This will be seen to imply
Theorem 3.1.

3.1. Nonstationary phase analysis and reduction to a finite sum. This section
deals with the problem of reducing the infinite sum appearing in (3.15) to a finite one
through a nonstationary phase analysis.

Lemma 3.2. Let β > 0 be a large parameter and let κ ∈ (0, 1) be a small one. Fix T ≥ 2

and ε ∈ (0, 1/T ) and assume that φ ≥ 0 is in Cjc (R) and ψ ≥ 0 in Cjc (Rn), where

j ≥ 1 +
n+ β · (1− κ)

κ
· (3.18)

Then there exists a constant aP (ψ, κ) > 0 depending on κ and on the sup norm of the
polynomial P (x) over the support of ψ such that

∑
k∈Zn\{0}

∫
Rn

ψ(x) · φ(ε−1 · P (x)) · e(−Tk · x) dx

≪ (εT )β +
∑

1≤∥k∥≤aP (ψ,κ)·(Tε)−1/(1−κ)

∣∣∣∣ ∫
Rn

ψ(x) · φ(ε−1 · P (x)) · e(−Tk · x)dx
∣∣∣∣.

Here, the implicit constant depends on j, β, κ and on the weight functions ψ and φ.
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Proof. Let k ∈ Zn\{0} and L ≥ 1. By Fourier inversion,∫
Rn

ψ(x) · φ(ε−1 · P (x)) · e(−Tk · x) dx

=

∫
|t|≤L

φ̂(t) ·
(∫

Rn

ψ(x) · e(tε−1 · P (x)− Tk · x) dx
)

dt︸ ︷︷ ︸
=I1(L)

+

∫
|t|>L

φ̂(t) ·
(∫

Rn

ψ(x) · e(tε−1 · P (x)− Tk · x) dx
)

dt︸ ︷︷ ︸
=I2(L)

.

Since φ is in Cjc (R), repeated integration by parts shows that its Fourier transform
t 7→ φ̂(t) decays as O(t−j) when t→ ∞. As a consequence,

|I2(L)| ≤
(∫

Rn

ψ(x) dx
)
·
(∫

|t|>L
|φ̂(t)|dt

)
≪ L−j+1. (3.19)

As for the integral I1(L), it can be estimated with the help of the effective
nonstationary phase result stated in Proposition 2.6 (upon letting λ = 1 and
f(x) = tε−1 · P (x)− Tk · x therein). To this end, given t ∈ [−L,L] and x ∈ Supp ψ,
note first that, upon setting ∆P (K) = maxx∈K ∥∇P (x)∥,

∥tε−1 · ∇P (x)− Tk∥ ≥
(3.13)

T∥k∥ − Lε−1 ·∆P (K). (3.20)

Under the assumption that T ≥ 2, this quantity is larger than (T∥k∥)κ whenever

∥k∥ ≥ L ·∆P (K)

Tε · (1− 2−(1−κ))
· (3.21)

Proposition 2.6 then yields

|I1(L)| ≪ (T∥k∥)−jκ (3.22)

with an implicit constant depending on ψ and j. Specialise the inequalities (3.19)
and (3.20) to L = ∥k∥κ and note that the condition (3.21) then amounts to

∥k∥ ≥ aP (ψ, κ) · (Tε)−1/(1−κ), where aP (ψ, κ) =

(
∆P (K)

1− 2−(1−κ)

)1/(1−κ)

. (3.23)

One then obtains∑
k∈Zn\{0}

∫
Rn

ψ(x) · φ(ε−1 · P (x)) · e(−Tk · x) dx

≤
∑

1≤∥k∥≤aP (ψ,κ)·(Tε)−1/(1−κ)

∣∣∣∣ ∫
Rn

ψ(x) · φ(ε−1 · P (x)) · e(−Tk · x) dx
∣∣∣∣

+
∑

∥k∥>aP (ψ,κ)·(Tε)−1/(1−κ)

(I1(∥k∥κ) + I2(∥k∥κ)).
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Here, given any integer j satisfying the bound (3.18),∑
∥k∥>aP (ψ,κ)·(Tε)−1/(1−κ)

(I1(∥k∥κ) + I2(∥k∥κ))

≪
(3.19)&(3.22)

∑
∥k∥>aP (ψ,κ)·(Tε)−1/(1−κ)

∥k∥−κ(j−1)

≪ (Tε)(κ·(j−1)−n)/(1−κ)

≪
(3.18)

(Tε)β

since Tε < 1 by assumption. This concludes the proof of the lemma.

3.2. Geometric tomography on semialgebraic sets. In view of Lemma 3.2 and of
the discussion in the introduction to this chapter, the problem is reduced to obtaining
uniform decay estimates for the oscillatory integral appearing in (3.15) when the integer
vector k varies in a bounded domain. To this end, the integral is first expressed as the
Fourier transform of the so-called Gel’fand–Leray function in Section 3.2.1 below. The
properties of this function relevant to the proof of Theorem 3.1 are then established in
Section 3.2.2.

3.2.1. Uniform Fourier decay of the Gel’fand–Leray function. Define the
Gel’fand–Leray function gP depending on (v, ε, σ) ∈ Sn−1 × R2 and on the weight func-
tions ψ and φ as the map

Sn−1 × R2 ∋ (v, ε, σ) 7→ ⟨gP (v, ε, σ), (φ,ψ)⟩ =
∫
v⊥(σ)

ψ(x) · φ(ε−1 · P (x)) dx, (3.24)

where the affine subspace v⊥(σ) is defined in (3.3) (this slightly unusual notation for the
function gP takes into account the fact that it depends on both φ and ψ). It satisfies the
property that, given ε > 0, λ ≥ 1 and v ∈ Sn−1, the oscillatory integral in (3.15) can
be decomposed after an elementary change of variables as the Fourier transform of the
Gel’fand–Leray function as follows:∫

Rn

ψ(x) · φ(ε−1 · P (x)) · e(λv · x) dx =

∫
R
⟨gP (v, ε, σ), (φ,ψ)⟩ · e(λσ) dσ. (3.25)

This can be seen as a formalisation of the principle of geometric tomography according
to which the properties of a sufficiently nice set can be understood from the knowledge
of the volumes of its slices with lower-dimensional families of sets.

The main property of interest satisfied by the Gel’fand–Leray function is contained
in the following lemma, which is proved in the next section.

Lemma 3.3. Assume the weight functions ψ and φ introduced in (3.13) are semialgebraic.
Then there exists an integer bP (φ,ψ) ≥ 1 depending on these weights and on the poly-
nomial P (x) only such that for any given ε > 0 and any v ∈ Sn−1, the real line can be
partitioned into at most bP (φ,ψ) intervals on the interior of which, whenever nonempty,
the map

R ∋ σ 7→ ⟨gP (v, ε, σ), (φ,ψ)⟩ (3.26)

is continuously differentiable and monotonic.
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This immediately implies the main ingredient in the proof of the counting estimate
in Theorem 3.1:

Corollary 3.4. Under the assumptions of the previous lemma, given ε > 0, set

MP (ψ,φ, ε) = sup
v∈Sn−1

sup
σ∈R

⟨gP (v, ε, σ), (φ,ψ)⟩.

Then ∫
Rn

ψ(x) · φ(ε−1 · P (x)) · e(λv · x) dx ≪ MP (ψ,φ, ε)

λ
(3.27)

for some implicit constant independent of v ∈ Sn−1 and λ > 0.

Proof. Express the oscillatory integral on the left-hand side of (3.27) as the Fourier trans-
form of the Gel’fand–Leray function as in (3.25). Then decompose this Fourier transform
as ∫

R
⟨gP (v, ε, σ), (φ,ψ)⟩ · e(λσ)dσ =

c∑
j=1

(∫
Ij

⟨gP (v, ε, σ), (φ,ψ)⟩ · e(λσ) dσ
)
. (3.28)

Here, c = cP (φ,ψ,v, ε) is at most equal to the integer bP (φ,ψ) appearing in the statement
of Lemma 3.3 and, for each 1 ≤ j ≤ c = cP (φ,ψ,v, ε), the set Ij = I

(P )
j (φ,ψ,v, ε) is

an interval with nonempty interior where the restriction of the Gel’fand–Leray function
seen as a map in σ is continuously differentiable and monotonic.

Fixing j and denoting by dj = d
(P )
j (φ,ψ,v, ε) and ej = e

(P )
j (φ,ψ,v, ε) the endpoints

of the interval Ij , one finds by integration by parts that∣∣∣∣ ∫
Ij

⟨gP (v, ε, σ), (φ,ψ)⟩ · e(λσ) dσ
∣∣∣∣

=

∣∣∣∣ [⟨gP (v, ε, σ), (φ,ψ)⟩ · e(λσ)]σ=ejσ=dj

2iπλ
− 1

2iπλ
·
∫ ej

dj

d
dσ

(⟨gP (v, ε, σ), (φ,ψ)⟩) · e(λσ) dσ
∣∣∣∣

≤
supσ∈Ij |⟨gP (v, ε, σ), (φ,ψ)⟩|

λ
,

where the last inequality follows from the triangle inequality and the monotonicity of
σ 7→ ⟨gP (v, ε, σ), (φ,ψ)⟩ restricted to Ij . The definition of MP (ψ,φ, ε) and the decompo-
sition (3.28) then yield∣∣∣∣ ∫

R
⟨gP (v, ε, σ), (φ,ψ)⟩ · e(λσ)dσ

∣∣∣∣ ≤ cP (φ,ψ,v, ε) ·MP (ψ,φ, ε)

λ

≤ bP (φ,ψ) ·MP (ψ,φ, ε)

λ
,

which completes the proof of the statement.

3.2.2. Counting intervals of monotonicity through o-minimality. The goal in
this section is to establish Lemma 3.3. To this end, recall that an o-minimal structure is
a collection O = {Ok}k≥0 of families of sets satisfying the following properties:

(i) for each k ≥ 0, the family Ok is made up of subsets of Rk stable under complemen-
tation and union and containing the empty set;

(ii) for any integer k ≥ 0, if A ∈ Ok, then A× R ∈ Ok+1 and R×A ∈ Ok+1;
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(iii) for any integer k ≥ 0 and any indices 1 ≤ i < j ≤ k, the set {(x1, . . . , xk) ∈ Rk :

xi = xj} lies in Ok;
(iv) given an integer k ≥ 0 and a set A ∈ Ok+1, denoting by π : Rk+1 → Rk the canonical

projection map, one has π(A) ∈ Ok;
(v) any x ∈ R satisfied {x} ∈ O1; furthermore, {(x, y) ∈ R2 : x < y} ∈ O2;
(vi) the family O1 consists precisely of the finite unions of points and open intervals in

the real line.

A set is definable in the structure O if it belongs to Ok for some k ≥ 0, and a map is
definable if so is its graph.

The following generic process to generate o-minimal structures is described by Scan-
lon [41]: given k ≥ 0, fix a class of so-called distinguished functions Fk = {f : Rk → R}.
An atomic set is a set of the form

{x ∈ Rk : a(x) < b(x)} or {x ∈ Rk : a(x) = b(x)},
where a, b : Rk → R are any well-defined functions taken as compositions of coordinate
maps, constant maps and distinguished maps. Letting

F =
⋃
k≥0

Fk,

denote by OF the smallest collection of subsets of Rk (as k ≥ 0 varies) containing the
atomic sets and stable under the images of the canonical projections π : Rk+1 → Rk and
under taking complements and finite unions. Then OF defines an o-minimal structure.

The following examples are of particular importance in the proof of Lemma 3.3:

(a) When F := Falg is the set of all polynomials defined over Rk for some (varying)
k ≥ 0, the collection OF is the set of all semialgebraic sets. That the above condition
(iv) is satisfied is the content of the Tarski–Seidenberg Theorem [20, §2.10], the other
properties being easily verified.

(b) When F := Fan is defined as the union of Falg and of all restricted analytic functions
(these are maps f : Rk → R vanishing outside [−1, 1]k which are the restrictions
to [−1, 1]k of a function which is real analytic in a neighbourhood of [−1, 1]k), one
obtains the o-minimal structure of restricted analytic functions. The proof in this case
is due to Denef and van den Dries [19]. A detailed description of the sets in Fan is
provided in [21]: these are precisely the globally subanalytic sets, that is, sets V ⊂ Rk
such that for each x ∈ Rk, there exists a relatively compact semianalytic set X
contained in Rk+l for some integer l ≥ 1 and a neighbourhood U of x such that
V ∩ U is the projection of X onto the first k coordinates (recall here that a set is
semianalytic if it is defined locally around any of its points by a finite sequence of
equations or inequalities involving analytic maps, or a finite union of such sets).

(c) When F := Fan,exp is defined as the union of Fan and of the singleton consisting of
the exponential function exp : R → R, one obtains the o-minimal structure of the
expansion of restricted analytic functions by the exponential map. The proof in this
case is due to van den Dries and Miller [22]. It should be noted that the logarithm
function log : R>0 → R is definable in Fan,exp since its graph is the set {(x, y) ∈ R2 :

(x > 0) ∧ (x = exp(y))}.
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The proof of Lemma 3.3 requires working with the parametric integral of a semial-
gebraic map (see the definition of the Gel’fand–Leray function in (3.24) and the equa-
tion (3.26)). It turns out that such a parametric integral map need not remain in the
structure of semialgebraic sets. To see this, it is enough to consider the semialgebraic
function

g(x, y) =

{
1/y if (x > 0) ∧ (1 < y < x),

0 otherwise.

Integrating with respect to y then defines a parametric integral expressed as the logarithm
function, which is not semialgebraic. This is the reason for the introduction of the larger
structure Fan,exp (which in particular includes the logarithm function).

Proof of Lemma 3.3. Under the assumption that the weights ψ and φ are semialgebraic,
the Gel’fand–Leray map Sn−1×R2 ∋ (v, ε, σ) 7→ ⟨gP (v, ε, σ), (φ,ψ)⟩ defined in (3.24) is a
parametric integral of a globally subanalytic function (since semialgebraic functions are
globally subanalytic). The seminal work [37] by Lion and Rolin proves that a parametric
integral of a globally subanalytic function, and therefore the Gel’fand–Leray map itself,
is definable in the o-minimal structure Fan,exp. (Kaiser [33] exhibits a smaller o-minimal
structure containing all parametric integrals of semialgebraic functions. The so-called
constructible functions form a class of functions containing all such integrals which is
optimal in a sense detailed in Section 3.4 below.)

The proof relies on the existence of a C1-cell decomposition of the domain of defini-
tion of the Gel’fand–Leray map. For the present considerations, the actual (technical)
definition of a cell is irrelevant so that the reader is referred to [20, Chap. 3] for further
details. It is enough to mention here that these are, in some suitable sense, the “building
blocks” of an o-minimal structure (here Fan,exp). They are definable and stable under the
same operations as this structure (in particular under canonical projections as in (iv))
and can be used to partition any definable set into finitely many pieces. Furthermore,
and this is the above mentioned existence claim, it follows from [20, Theorem 7.3.2] that
the domain of definition of any definable function can be partitioned into finitely many
cells where the function is C1: in the case under consideration, this means that there
exists a finite collection D of cells partitioning Sn−1 ×R2 such that the restriction of the
Gel’fand–Leray map to each cell D in D is continuously differentiable. In other words,
for each D ∈ D, there exists a definable open set UD and a C1 map ΓD : UD → R such
that the restrictions to D of ΓD and of the Gel’fand–Leray map ⟨gP , (φ,ψ)⟩ coincide.

Theorem 7.3.2 in [20] establishes that any definable set can be partitioned into finitely
many cells which are C1 (this is imposing the regularity of the boundary of the cells, see
loc. cit. for further details). Consider then a partition A of the domain Sn−1 × R2 into
C1-cells inducing for each D ∈ D partitions of the sets

A+
D =

{
(v, ε, σ) ∈ D :

∂ΓD
∂σ

≥ 0

}
and A−

D =

{
(v, ε, σ) ∈ D :

∂ΓD
∂σ

< 0

}
.

These sets are definable as the partial derivatives of a definable function are definable
on their domain of definition (see, e.g., [49, point (3), §2.3] for a justification). Since the
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union over D ∈ D of the sets A−
D and A+

D covers Sn−1 ×R2, each cell in the family A lies
in some A±

D.
Fix (v0, ε0) ∈ Sn−1 × R and denote by π : Sn−1 × R2 ∋ (v, ε, σ) 7→ (v, ε) ∈ Sn−1 × R

the canonical projection. Consider the various sets

A(v0,ε0) = {σ ∈ R : (v0, ε0, σ) ∈ A} (3.29)

obtained as the projection over R of the π-preimages of all cells A ∈ A such that (v0, ε0) ∈
π(A). From [20, Proposition 3.3.5], they form a cell decomposition of R denoted by
A(v0,ε0).

Consider a set of the form (3.29) not reduced to a finite union of points and choose
D ∈ D such that A ⊂ A±

D. Then over each of the finitely many open intervals making up
its interior, the map R ∋ σ 7→ ⟨gP (v0, ε0, σ), (φ,ψ)⟩ is C1 and monotonic as it coincides
therein with the continuously differentiable map σ 7→ ΓD(v0, ε0, σ) whose derivative
keeps a constant sign. Lemma 3.3 is then an immediate consequence of the following
three observations:

• A(v0,ε0) is contained in A;
• A is finite;
• given a set in A, the number of connected components of its projection over R (with

respect to the third coordinate σ ∈ R) is finite by property (vi).

3.3. Completion of the proof of the main theorem. The first part of this section is
devoted to the completion of the proof of the claim (Z1) in Theorem 3.1, and the second
one to the proof of (Z2).

3.3.1. The counting bound. The goal is here to establish the counting bound (3.6)
of (Z1). Recall that the discussion following the statement of the theorem makes it clear
that it suffices to establish this claim for a single polynomial P (x).

Proof of Claim (Z1) in Theorem 3.1. Let

T−α ≤ ε < T−1, (3.30)

where, by assumption, α > 1. Let β > 0 be a large parameter and let κ ∈ (0, 1) be a small
parameter. Fix for the time being two nonnegative compactly supported semialgebraic
maps φ and ψ which satisfy the inequalities (3.13). These maps are assumed to be j
times continuously differentiable, where j ≥ 1 is any integer large enough (depending on
n, β and κ) so that the assumption (3.18) of the non-stationary phase Lemma 3.2 holds.
Recall that the existence of such maps is guaranteed, e.g., by [34, Proposition 4.8].

From the Poisson summation estimate (3.15) and from Lemma 3.2, one has

N †
P (K,T, α) ≪ Tn ·

(∫
Rn

ψ(x) · φ(ε−1 · P (x)) dx
)
+ Tn · (εT )β

+ Tn ·
( ∑

1≤∥k∥≤aP (ψ,κ)·(Tε)−1/(1−κ)

∣∣∣∣ ∫
Rn

ψ(x) · φ(ε−1 · P (x)) · e(−Tk · x) dx
∣∣∣∣)
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for some implicit constant depending on j, β, κ, ψ and φ. In this inequality, Corollary 3.4
applied to the polar decomposition (3.16) implies that for any k ∈ Zn\{0},∫

Rn

ψ(x) · φ(ε−1 · P (x)) · e(−Tk · x) dx ≪ MP (ψ,φ, ε)

T · ∥k∥
with an implicit constant depending only on the polynomial P (x) and on the weights ψ
and φ. As a consequence,

N †
P (K,T, α) ≪ Tn ·

(∫
Rn

ψ(x) · φ(ε−1 · P (x)) dx
)
+ Tn · (εT )β

+ Tn−1 · (Tε)−(n−1)/(1−κ) ·MP (ψ,φ, ε)

in such a way that

N †
P (K,T, α) ≪ Tn ·

(∫
Rn

ψ(x) · φ(ε−1 · P (x)) dx
)
+ Tn · (εT )β

+ T−κ·(n−1)
1−κ · ε−

n−1
1−κ ·MP (ψ,φ, ε). (3.31)

Recall that K and K are two compact sets such that the former is contained in the interior
of the latter, and the latter is contained in the open set U defined as part of the support
restriction condition (1.10). Given any c ∈ (0, 1) and any compactly supported smooth
map ψ̃, recall also the definition of µP (ψ̃, c) in (2.13). Choose ψ̃ such that

χK ≤ ψ ≤ ψ̃ ≤ χK. (3.32)

Under the assumption (H3) applied to P (x), and with the notation of Lemma 2.3, the pair
(rP (ψ̃),mP (ψ̃)) only depends on the set K – denote it (rP (K),mP (K)). Furthermore,
Lemma 2.3 implies that rP (K) > 0 and∫

Rn

ψ(x) · φ(ε−1 · P (x)) dx ≤
(3.13)

∫
Rn

ψ̃(x) · χ{|P (x)|≤2ε} dx =
(2.13)

µP (ψ̃, 2ε)

≪
(2.14)

εrP (K) · |log ε|mP (K)−1.

As a consequence,

N †
P (K,T, α)

≪
(3.31)

Tn · εrP (K) · |log ε|mP (K)−1 + Tn · (εT )β + T−κ·(n−1)
1−κ · ε−

n−1
1−κ ·MP (ψ,φ, ε).

Let η > 0. Provided that ε > 0 is small enough, it follows from the definition of the
semialgebraic level of flatness qP (K) in (3.5) that

N †
P (K,T, α) ≪ Tn · εrP (K) · |log ε|mP (K)−1 + Tn · (εT )β + ε−

n−1
1−κ+qP (K)−η. (3.33)

The goal is first to prove the counting bound (3.6) in the generic case (i) of the
statement of the theorem. To this end, note that the condition (3.7) implies that, provided
that η and κ are small enough,

ρP (K,K, κ, η) :=
n

n−1
1−κ − qP (K) + rP (K) + η

> 1. (3.34)

The counting bound is then established by a distinction of cases:
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• Assume that
α ≤ ρP (K,K, κ, η) (3.35)

and set ε = T−α. Then (3.33) yields

N †
P (K,T, α) ≪ Tn−rP (K)·α · |log T |mP (K)−1 + Tn+β(1−α). (3.36)

Under the assumption that α > 1, it is enough to choose β > α · rP (K)/(α − 1) so
that this sum should be bounded by a constant multiple of the first term which, from
Case (2) in Theorem 1.1, is the volume of the set S†

P (K,T, α). In other words,

N †
P (K,T, α) ≪ Voln(S†

P (K,T, α)). (3.37)

• Assume now that the converse to (3.35) holds, that is,

α > ρP (K,K, κ, η). (3.38)

In this case, choose
ε = T−ρP (K,K,κ,η) (3.39)

in such a way that the inequality (3.33) yields

N †
P (K,T, α) ≪ T ρ̂P (K,K,κ,η)+γ + Tn+β(1−α)

with

ρ̂P (K,K, κ, η) := n ·
(
1− rP (K)

n−1
1−κ − qP (K) + rP (K) + η

)
for any γ > 0 (this extra factor is to absorb the possible logarithmic contribution
in (3.33)). The condition (3.8) ensures that one can choose δP (K,K) > 0 lying in the
interval determined by (3.9). Provided that γ, η and κ are chosen small enough, we
then have

ρ̂P (K,K, κ, η) + γ < τP (K)− δP (K,K).

Under the assumption α > 1 and upon choosing β large enough, this says that

N †
P (K,T, α) ≪ T τP (K)−δP (K,K). (3.40)

Thus, under the assumptions (3.7) and (3.8), the inequalities (3.37) and (3.40) establish
the counting bound (3.6) for any α > 1 and for any exponent δP (K,K) > 0 in the range
determined by (3.9), namely,

N †
P (K,T, α) ≪ Voln(S†

P (K,T, α)) + T τP (K)−δP (K,K). (3.41)

It remains to prove this bound in the degenerate case (ii) of (Z1), when it is assumed
that (3.10) holds. The reason why the above argument is not applicable anymore is
that (3.34) need not hold any longer when κ and η are small enough. As a consequence,
the condition (3.35) need not hold either for α > 1, nor can one necessarily set ε as
in (3.39) when the complementary assumption (3.38) is satisfied because of the constraints
imposed in (3.30).

To deal with this situation, set ε = T−(1+η) for the same η > 0 as above. Then (3.33)
yields

N †
P (K,T, α) ≪ Tn−rP (K)·(1−η/2) + Tn−η·β + T (1+η)·(n−1

1−κ−qP (K)+η).
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If γ > 0 is given and if η and κ are chosen suitably small, the assumption of degenera-
cy (3.10) implies that

N †
P (K,T, α) ≪ Tn−1−qP (K)+γ .

Under the assumption (3.11), one can fix δP (K,K) > 0 in the range determined by (3.12).
It is then enough to choose γ > 0 small enough that

n− 1− qP (K) + γ ≤ τP (K)− δP (K,K).

This establishes the bound (3.41) in this degenerate case also and thus completes the
proof of (Z1).

3.3.2. The case of smooth varieties. The goal is now to establish Claim (Z2) of
Theorem 3.1. To this end, fix p ≥ 1 homogeneous forms F1(x), . . . , Fp(x) ∈ R[x] such that
the smoothness condition given by the nonvanishing of the map (1.8) over K holds. In this
case, the dimension of the algebraic variety ZR(F ) over K equals τF (K) = n− τ̂F (K) =

n − p. Furthermore, from Theorem 1.1(2), one then has rP (K) = p (recall here that
K is a compact set contained in the interior of K ⊂ U and that it contains the set
C in its interior, where C and U are defined in (1.10)). Under these assumptions, the
inequalities (3.7) and (3.8) are the same: showing that they hold amounts to establishing
that

qF (K) > τ̂F (K)− 1 = p− 1. (3.42)

Proof that (3.42) holds under the assumptions of (Z2). Given ρ > 0, denote by NF (K, ρ)
the ρ-tubular neighbourhood of ZK(F ); it is the set of all points in Rn lying at distance
less than ρ from ZK(F ).

Given open sets O1 and O2 contained in Rn, the set O1 satisfies the unique nearest
point property with respect to ZO2

(F ) := ZR(F ) ∩ O2 if for every y ∈ O1, there exists
a unique point πF (y) ∈ ZO2

(F ) minimising the distance from y to ZO2
(F ). The reach

ρF (y) of a point y ∈ ZO2
(F ) is then defined as the supremum of ρ > 0 such that the

open ball with radius ρ centred at y has the unique nearest point property with respect
to ZO2

(F ).
Under the assumption that the map (1.8) does not vanish over K, and therefore over

a small enough neighbourhood O of it, a well-known result by Federer [23, Theorem 4.12]
implies that ρF (y) > 0 for any y ∈ ZO(F ). Since, from [23, Remark 4.2], the reach map
ZK(F ) ∋ y 7→ ρF (y) is continuous and since the set K is assumed to be compact, one
infers the existence of ρF (K) > 0 such that the projection map

πF : NF (K, ρF (K)) ∋ y 7→ πF (y) ∈ ZR(K)

is well-defined. Now, establishing the inequality (3.42) requires an elementary lemma:

Lemma 3.5 (Tubular neigbourhoods are comparable to the set of small solutions to
inequalities under the assumption of smoothness). Let ρF (K) > 0 be as above. Define

αF (K) = min
1≤i≤p

αi(K)−1 and βF (K) = max
1≤i≤p

{1, βi(K)},
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where for i = 1, . . . , p,

αi(K) = max {∥∇Fi(x)∥ : x ∈ NF (K, ρF (K))},

βi(K) = max {|||∇2Fi(x)||| : x ∈ NF (K, ρF (K))}.

Here, ∇2Fi(x) denotes the n× n Hessian matrix associated to the homogeneous form Fi
at x and ||| · ||| denotes the matrix norm induced by the Euclidean norm. Set furthermore

θF (K) = max {1, (max {|||GrF (x)
−1||| : x ∈ NF (K, ρF (K))})1/2},

where GrF (x) is the Gram p × p matrix whose (i, j)th entry is the scalar product
∇Fi(πF (x)) ·∇Fj(πF (x)), and let

ρ∗F (K) = min

{
ρF (K),

1

2
√
n · θF (K) · βF (K)

}
· (3.43)

Then all these constants are well-defined under the smoothness assumption that the
map (1.8) does not vanish. Moreover, whenever 0 < ε < ρ∗F (K),

NF (K, αF (K) · ε) ⊂ MF (K, ε) ⊂ NF (K, 2 · θF (K) · ε), (3.44)

where
MF (K, ε) = {x ∈ NF (K, ρ∗F (K)) : |Fi(x)| ≤ ε for all 1 ≤ i ≤ p}.

Proof. Let x ∈ NF (K, ρ∗F (K)). Given 1 ≤ i ≤ p, Taylor–Lagrange’s Theorem provides
the existence of a point yx in the line segment [πF (x),x] such that

|Fi(x)| = |∇Fi(yx) · (x− πF (x))| ≤ ∥∇Fi(yx)∥ · ∥x− πF (x)∥,

where the last relation follows from the Cauchy–Schwarz inequality. This is easily seen
to imply the first inclusion in (3.44).

As for the second one, fix again x ∈ NF (K, ρ∗F (K)) and 1 ≤ i ≤ p. The Taylor–
Lagrange Theorem at order 2 guarantees the existence of yx ∈ [πF (x),x] such that

|Fi(x)| =
∣∣∇Fi(πF (x)) · (x− πF (x) +

1
2 · (x− πF (x))

T · ∇2Fi(yx) · (x− πF (x))
∣∣

≥ |∇Fi(πF (x)) · (x− πF (x))| − βi(K) · ∥x− πF (x)∥2, (3.45)

where (x−πF (x))T denotes the transpose of the (column) vector x−πF (x). This vector
lies in the subspace normal to the manifold ZK(F ) at πF (x). Under the smoothness
assumption that the map (1.8) does not vanish, a basis for this normal space is the
set (∇Fi(πF (x)))1≤i≤p of linearly independent vectors. The smoothness assumption also
guarantees that the p× p Gram matrix GrF (x) formed by these vectors is invertible.

The norm of the vector x− πF (x) lying in the normal subspace under consideration
then satisfies the relations

∥x− πF (x)∥2 = vF (x)
T ·GrF (x)

−1 · vF (x) ≤ θF (K)2 · ∥vF (x)∥2,

where vF (x) is the p-dimensional (column) vector whose coordinates are the scalars
∇Fi(πF (x)) · (x− πF (x)) for 1 ≤ i ≤ p. If one assumes that |Fi(x)| < ε for some ε > 0

and for all 1 ≤ i ≤ p, the inequality (3.45) then yields

ε >
∥x− πF (x)∥

θF (K)
−
√
n · βF (K) · ∥x− πF (x)∥2 ≥

(3.43)

∥x− πF (x)∥
2 · θF (K)

·

This establishes the second inclusion in (3.44) and thus completes the proof.



40 F. Adiceam

To resume the proof of (3.42), note that the Łojasiewicz inequality (as stated, e.g.,
in [38, Theorem 4.1]) guarantees the existence of constants c > 0 and λ > 0 depending
on the compact set K and on the set of homogeneous forms F (x) = (F1(x), . . . , Fp(x))

such that
∥F (x)∥ ≥ c · dist(x,ZR(F ))λ.

Here, diststands for the Euclidean distance from a point x ∈ K to the set ZR(F ). This
implies that for any ρ > 0, there exists εF (K, ρ) > 0 such that for all 0 < ε < εF (K, ρ),
the inequality ∥F (x)∥ < ε forces the point x ∈ K to lie in the ρ-neighbourhood of the
variety ZR(F ). Combined with Lemma 3.5, one obtains the existence of ε̃F (K) > 0 and
cF (K) > 0 such that for any 0 < ε < ε̃F (K) and any v ∈ Sn−1 and σ ∈ R,

{x ∈ K ∩ v⊥(σ) : ∥F (x)∥ < ε} ⊂ v⊥(σ) ∩MF (K, ε) ⊂ v⊥(σ) ∩NF (K, cF (K) · ε).

As a consequence, for ε > 0 small enough,

Voln−1({x ∈ K ∩ v⊥(σ) : ∥F (x)∥ ≤ ε}) ≤ Voln−1

(
v⊥(σ) ∩NF (K, cF (K) · ε)

)
. (3.46)

To bound from above the volume on the right-hand side of this inequality, denote by
NMF (K) the normal bundle of ZK(F ): it is the union over x ∈ ZK(F ) of the normal
spaces NMF (K,x) where (x,y) ∈ NMF (K,x) if x ∈ ZK(F ) and if y lies in the subspace
orthogonal to the tangent space to ZK(F ) at x. The tubular neighbourhood theorem
states that there exists a continous mapping ZK(F ) ∋ x 7→ δ(x) > 0 such that the map
(x,y) 7→ x + y realises a diffeomorphism between the open subset of NMF (K) defined
as {(x,y) ∈ NMF (K) : ∥y∥ < δ(x)} and its image. The proof of this statement in [36,
Theorem 6.24] makes it also clear that the mapping δ is uniformly bounded below by a
strictly positive constant under the assumption that the reach of the manifold ZK(F ) is
strictly positive.

One thus obtains for some ρ̃ = ρ̃F (K) > 0 a diffeomorphism

NMF (K)[ρ̃] ∋ (x,y) 7→ t = x+ y ∈ NF (K, ρ̃)

with inverse

NF (K, ρ̃) ∋ t 7→ (x,y) = (πF (t), t− πF (t)) ∈ NMF (K)[ρ̃]. (3.47)

Here, one has set NMF (K)[ρ̃] = {(x,y) ∈ NMF (K) : x ∈ K and ∥y∥ < ρ̃}, where the
vector y lies in a p-dimensional subspace (namely, the subspace normal to the (n − p)-
dimensional tangent subspace to ZK(F ) at a given point).

Given ε > 0 small enough, up to a multiplicative constant absorbing the sup-norm of
the Jacobian of the change of variables (3.47), the volume on the right-hand side of (3.46)
is thus at most the product of two nonnegative quantities: on the one hand, the (surface)
measure of the set of x ∈ ZK(F ) lying at distance less than cF (K) · ε from a point in the
affine space v⊥(τ) and, on the other hand, the maximal volume of the intersection of a
p-dimensional ball of radius cF (K) · ε with v⊥(σ). In other words,

Voln−1(v
⊥(σ)∩NF (K, cF (K) ·ε)) ≪ τF ({x ∈ K : |v ·x−σ| ≤ cF (K) ·ε}) ·εp−1, (3.48)

where τF denotes the surface measure of the restriction of ZR(F ) to a small enough
neighbourhood of K where the gradient map (1.8) does not vanish, and where the implicit



Homogeneous form inequalities 41

constant in (3.48) is independent of v and σ. To complete the proof, it suffices to show
that the surface measure of the set under consideration decays as a positive power of ε.

From the compactness of K, the problem can be reduced to finitely many similar local
estimates which can be proved using the theory of (C,α)-good functions along the lines
of [1, Corollary 3]. As this analytic approach requires rather tedious calculations and
a distinction of cases to obtain estimates uniform in v and σ, the claim is established
hereafter with a more global approach.

To this end, let ψ in C∞
c (Rn) be constant equal to 1 on K and such that its support

is contained in the interior of the neighbourhood of K used to define τF . Define then the
volume element

dµF = ψ dτF . (3.49)

In particular, the induced measure µF is absolutely continuous with respect to the mea-
sure τF .

Under the assumption that the variety ZK(F ) is not contained in a linear subspace
of dimension n− p, it follows from [43, p. 351, point (iii) & Theorem 2] that there exists
κ > 0 such that the Fourier transform of the measure µF satisfies the decay property

|µ̂F (ξ)| ≪ ∥ξ∥−κ (3.50)

for all ξ ∈ Rn\{0} with implicit constant depending on ψ. From the Esséen concentration
inequality [47, §2.2.11], it then follows that for any v ∈ Sn−1 and σ ∈ R,

µF ({x ∈ K : |v · x− σ| ≤ cF (K) · ε}) ≪ (cF (K) · ε) ·
(∫

|t|≤(cF (K)·ε)−1

|µ̂F (tv)| dt
)

with implicit constant independent of v, σ and ε. Upon combining this relation with (3.49)
and (3.50), one deduces from (3.48) that for some κ > 0,

Voln−1

(
v⊥(σ) ∩NF (K, cF (K) · ε)

)
≪ εp−1+κ.

As a consequence, the definition of MF (K, ε) in (3.4) implies that

MF (K, ε) ≪ εp−1+κ

so that

qF (K) := lim inf
ε→0+

(
logMF (K, ε)

log ε

)
≥ p− 1 + κ > p− 1.

This completes the proof of the inequality (3.42).

3.4. Determining the semialgebraic level of flatness. The practical use of The-
orem 3.1 relies on the determination of the semialgebraic level of flatness introduced
in (3.5). This final section is devoted to the development of the theory enabling one to de-
termine this quantity effectively. To this end, following the discussion after the statement
of Theorem 3.1, consider, without loss of generality, the case of a single real homogeneous
polynomial P (x) of degree q ≥ 2. One is thus interested in finding effectively the value of

qP (K) = lim inf
ε→0+

(
logMP (K, ε)

log ε

)
, (3.51)
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where

MP (K, ε) = sup
v∈Sn−1

sup
σ∈R

µP,K(v, σ, ε),

µP,K(v, σ, ε) = Voln−1({x ∈ K ∩ v⊥(σ) : |P (x)| ≤ ε}).
Here, K is assumed to be any compact semialgebraic set with nonempty interior not
intersecting trivially the algebraic variety ZR(P ). Under these assumptions, the real qP (K)

is well-defined.
Fix ε > 0, v ∈ Sn−1 and σ ∈ R. The first step is to make explicit the above-defined

volume µP,K(v, σ, ε) of the slice of the sublevel set {x ∈ K : |P (x)| ≤ ε} with the affine
space v⊥(σ). To this end, denote by Rv the rotation matrix mapping the last element
en ∈ Sn−1 of the canonical basis to v and leaving the orthogonal of the plane spanned
by en and v unchanged (in the degenerate case when v = en, the matrix Rv is taken to
be the identity). Then one can decompose the vector x ∈ K ∩ v⊥(σ) as x = Rv(y, σ),
where y ∈ Rn−1 lies in the projection onto the first n− 1 coordinates of the preimage of
the semialgebraic set K by R−1

v . One is thus reduced to computing the n − 1-volume of
the set of vectors y such that

|(P ◦Rv)(y, σ)| ≤ ε with (y, σ) ∈ R−1
v (K). (3.52)

This is achieved in the following statement.

Proposition 3.6. Keep the above notations and assume that the set K ⊂ Rn is bounded
and semialgebraic. Then there exists a semialgebraic set

Sn(K) ⊂ Rn−2 × R× Sn−1 × (0, 1)

depending on K which can be partitioned into N ≥ 1 semialgebraic subsets Dj (where
1 ≤ j ≤ N) such that the following property holds: over each of these subsets are defined
l(j) ≥ 0 analytic semialgebraic maps ξ1 < · · · < ξl(j) : Dj → R such that, defining for
any given (σ,v, ε) ∈ R× Sn−1 × (0, 1) the projected sets

Dj(v, σ, ε) = {t ∈ Rn−2 : (t,v, σ, ε) ∈ Dj},
the volume µP,K(v, σ, ε) is the sum of finitely many integrals of the form∫

Dj(v,σ,ε)

(ξi+1(t,v, σ, ε)− ξi(t,v, σ, ε)) dt.

Here, 1 ≤ j ≤ N and 1 ≤ i ≤ l(j) whenever l(j) ≥ 1.

The definition of Sn(K) is explicitly given in the proof of the proposition, which makes
it also clear that it can be constructed effectively. This proof can be inferred from the
following result essentially due to Coste [18]:

Lemma 3.7. Let Q(x) ∈ R[x] be a polynomial in n ≥ 1 variables. Assume that B ⊂ Rn−1

is a connected semialgebraic set and that k and d are integers such that k ≤ d and such
that for every point x̂ ∈ B, the polynomial Q(x1, x̂) has degree d in x1 and exactly k

distinct roots in C. Then there exist l ≤ k analytic semialgebraic maps ζ1 < · · · < ζl :

B → R which can be effectively determined such that, for every x̂ ∈ B, the set of real roots
of the polynomial Q(x1, x̂) is exactly {ζ1(x̂), . . . , ζl(x̂)}. Furthermore, for any i = 1, . . . , l,
the multiplicity of the root ζi(x̂) is constant for x̂ ∈ B.
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Proof. This is [18, Proposition 2.6] with the exception that it is shown there that the
maps ξi are just continuous rather than analytic. This additional feature is obtained as a
consequence of the continuity of the roots of a polynomial as functions of the coefficients.
A stronger statement established in [9] holds: the distinct roots of a polynomial are ana-
lytic functions of the coefficients in the open set where the roots retain their multiplicities.
This yields the above statement.

Deduction of Proposition 3.6 from Lemma 3.7. Consider the real polynomial

Q(y, σ,v, ε) = ((P ◦Rv)(y, σ))
2 − ε2.

Even if it means reindexing the coordinates of the vector y = (y1, . . . , yn−1) ∈ Rn−1,
assume without loss of generality that the variable y1 appears therein explicitly. Denote
by Sn(K) the image of the set

{(y, σ,v, ε) ∈ Rn−1 × R× Sn−1 × (0, 1) : (y, σ) ∈ R−1
v (K)} (3.53)

under the projection map

Rn−1 × R× Sn−1 × (0, 1) ∋ (y, σ,v, ε) 7→ (ŷ, σ,v, ε) ∈ Rn−2 × R× Sn−1 × (0, 1),

where ŷ = (y2, . . . , yn−1) ∈ Rn−2 when y = (y1, y2, . . . , yn−1) ∈ Rn−1. From the Tarski–
Seidenberg Theorem (see point (a) in §3.2.2), the set Sn(K) is also semialgebraic.

Partition Sn(K) into finitely many semialgebraic subsets such that over each of them,
the polynomial Q seen as a function of y1 alone with coefficients in Sn(K) keeps a constant
degree with its complex roots retaining their multiplicity. This is indeed possible since the
degree of Q in y1 is determined by mutually exclusive semialgebraic conditions (namely,
the vanishing of a suitable set of coefficients) and so is the multiplicity of its set of
roots (namely, the vanishing of discriminant polynomials whose variables are the set of
coefficients).

From [18, Theorem 2.23], each of the elements of the semialgebraic partition thus ob-
tained has finitely many semialgebraic connected components. Lemma 3.7 then implies
that over each such connected component, there exist a finite number (possibly zero) of
semialgebraic analytic maps describing the roots of the polynomial Q (in y1) as functions
of the coefficients (ŷ, σ,v, ε). Denote these maps by ζ2, . . . , ζl−1 and define the corre-
sponding maps ξ2, . . . , ξl−1 in the following way: when 2 ≤ i ≤ l − 1, ξi is the restriction
of ζi to ζ−1

i (π1(R
−1
v (K))), where π1(R−1

v (K)) is the semialgebraic image of R−1
v (K) un-

der the projection map (y, σ) 7→ y1. Since from [18, Corollary 2.9], the preimage of a
semialgebraic set under a semialgebraic map is also semialgebraic, the maps ξi, where
1 ≤ i ≤ l − 1, remain semialgebraic. Then by definition, for all 2 ≤ i ≤ l − 1, the point
((ξi(ŷ, σ,v, ε), ŷ), σ,v, ε) lies in the set (3.53). Even if it means further considering sepa-
rately the restrictions of the maps ξi (2 ≤ i ≤ l − 1) to the (finite number of) connected
components of their common domain of definition, they may be assumed to be defined
over connected semialgebraic sets.

Let then ξ1 and ξl be the infimum and the supremum of the admissible values of y1,
respectively, when (ŷ, σ,v, ε) belongs to the connected semialgebraic set, say D, defining
the domain of definition of the maps ξi, where 2 ≤ i ≤ l− 1 (the infimum and supremum
are finite under the assumption that the set K is bounded). The mean value theorem
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implies that if Q(y1, ŷ,v, σ, ε) ≤ 0 for some ((y1, ŷ), σ,v, ε) lying in the set (3.53), there
exists an index 1 ≤ i ≤ l such that ξi(ŷ, σ,v, ε) ≤ y1 ≤ ξi+1(ŷ, σ,v, ε).

Fixing the components v, σ and ε, it follows from the Tarski–Seidenberg
Theorem [20, §2.10] that the projected set D(v, σ, ε) := {ŷ ∈ Rn−2 : (ŷ, σ,v, ε) ∈ D}
is semialgebraic. Assuming that its (n−2)-dimensional Lebesgue measure is positive, the
definition of the polynomial Q implies that the measure of the set of points y ∈ Rn−1

such that |(P ◦ Rv)(y, σ)| ≤ ε with (y, σ) ∈ R−1
v (K) is a finite sum of integrals of the

form ∫
D(v,σ,ε)

(ξi+1(ŷ,v, σ, ε)− ξi(ŷ,v, σ, ε)) dŷ.

The proof is complete upon indexing the (finitely many) semialgebraic sets D(v, σ, ε)

which have positive Lebesgue measure.

The next step is to show that, given ε > 0, the suprema defining the real MP (K, ε)
in (3.4) are attained at some point (v, σ) = (v(ε), σ(ε)) ∈ Sn−1 × R. Combined with
Proposition 3.6, this implies that MP (K, ε) can be determined in a finite number of
steps.

Proposition 3.8. Assume that K ⊂ Rn is compact. Fix ε > 0. Then there exists
(v(ε), σ(ε)) ∈ Sn−1 × R such that

MP (K, ε) = µP,K(v(ε), σ(ε), ε).

To prove the statement, it is convenient to introduce, given ε > 0, the map

µP,K(·, ·, ε) : (v, σ) 7→ µP,K(v, σ, ε) =

∫
Rn−1

χ{|(P◦Rv)(y,σ)|≤ε} · χR−1
v (K)(y, σ) dy. (3.54)

Proof of Proposition 3.8. Since K is bounded, the support of the map µP,K(·, ·, ε) is
compact. To establish the claim, it is therefore enough to show that this map is upper
semicontinuous (so that it then assumes a maximal value over its support).

Let then (vk, σk)k≥1 be a sequence in the support of µP,K(·, ·, ε) converging to a point
(v0, σ0) in this support. The goal is to prove that

lim sup
k→∞

µP,K(vk, σk, ε) ≤ µP,K(v0, σ0, ε). (3.55)

To this end, one infers first from Fatou’s Lemma (which is applicable since K is bounded)
that

lim sup
k→∞

µP,K(vk, σk, ε) ≤
∫
Rn−1

lim sup
k→∞

(
χ{|(P◦Rvk

)(y,σk)|≤ε} · χR−1
vk

(K)(y, σk)
)
dy.

Fix y ∈ Rn−1 and let (vkl , σkl)l≥1 be a subsequence (depending on y ∈ Rn−1) realising
the upper limit in the integrand. By the continuity of the polynomial map defined by
P (x) and from the closedness of K, upon letting l → ∞ in |(P ◦ Rvkl

)(y, σkl)| ≤ ε

and Rvkl
(y, σkl) ∈ K, it follows that |(P ◦ Rv0

)(y, σ0)| ≤ ε and Rv0
(y, σ0) ∈ K. As a

consequence,

lim sup
k→∞

(
χ{|(P◦Rvk

)(y,σk)|≤ε} · χR−1
vk

(K)(y, σk)
)
≤ χ{|(P◦Rv0

)(y,σk)|≤ε} · χR−1
v0

(K)(y, σ0),

so that (3.55) is satisfied. This completes the proof.
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The conclusive step in the theory developed in this final section is to show that a
conjecture in o-minimality (communicated to the author by Raf Cluckers) enables one to
make the calculation of the measure of flatness qP (K) completely effective in the following
sense: the lower limit of the ratio (logMP (K, ε))/(log ε) defining it in (3.51) is an actual
limit which differs from this ratio up to an explicit error term as ε→ 0+.

To this end, one needs to consider a relevant class of functions to analyse the pro-
perties of the map µP,K(·, ·, ε) introduced in (3.54) (for a fixed ε > 0) and then of the
map 0 < ε 7→MP (K, ε). This is the class of constructible functions over a given globally
subanalytic set X ⊂ Rk defined in [12, §2] as the ring of real-valued functions over X
generated by functions which are either globally subanalytic or the logarithms of positive
globally subanalytic functions. In other words, a function f is constructible over X if it
can be expressed as

f(x) =

a∑
i=1

fj(x) ·
b∏
j=1

log fij(x)

for some integers a, b ≥ 0, where the fi’s and the fij ’s are subanalytic with fij > 0 for
all i and all j. More generally, a map is said to be constructible if it is constructible over
some subanalytic set.

The main property satisfied by constructible functions, which is of fundamental im-
portance in the present considerations, is the stability under parametric integration es-
tablished in [15, Theorem 1.3]. This means that for any globally subanalytic subsets
A ⊂ Rn and B ⊂ Rm and for any map f : A × B → R which is constructible (over
A×B), the map A ∋ y 7→

∫
B
f(y,x)dx is also constructible (over A). As a consequence,

the map µP,K(·, ·, ε) is constructible as a function defined over a semialgebraic set as the
parametric integral over a semialgebraic domain of a semialgebraic function.

The function

MP (K, ·) : 0 > ε 7→MP (K, ε) = max
v∈Sn−1

max
σ∈R

µP,K(v, σ, ε)

thus turns out to be the parametric maximum of a constructible function. The class of
constructible functions is nevertheless not stable under taking parametric maxima: an
explicit counterexample is in [32]. A weaker form of this stability property is nevertheless
expected to hold:

Conjecture 3.9 (Adiceam & Cluckers). Given a constructible, nonnegative function
F : X ∋ (ε,x) 7→ F (ε,x) defined over some subanalytic set X ⊂ (0,∞)× Rk, there exist
a constant δ > 0 and a constructible function G : (0,∞) → R of the form

G(ε) = c · |log ε|l · εa (3.56)

for some real c ≥ 0, some rational number a and some integer l ≥ 0 such that

δ ·G(ε) ≤ sup
x∈Rk

F (ε,x) ≤ G(ε) for all ε < δ.

A more general form of this conjecture would assert that, under suitable assumptions,
the parametric supremum of a constructible function defined over any subanalytic set
is “sandwiched” between constant multiples of a constructible function depending on the
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remaining variables. This is inspired by analogy to the p-adic case where the corresponding
result holds (even uniformly in p) – see [13, Theorem B] and [14, Theorem 2.1.3].

If Conjecture 3.9 holds, keeping the notation therein, the function MP (K, ·) satisfies
the inequalities

δ · c · |log ε|l · εa ≤MP (K, ε) ≤ c · |log ε|l · εa

when 0 < ε < δ. As a consequence, for such ε,

log(c · l)
log ε

+
log |log ε|

log ε
≤

∣∣∣∣ logMP (K, ε)
log ε

− a

∣∣∣∣ ≤ log(c · l · δ)
log ε

+
log |log ε|

log ε
,

implying in particular that

logMP (K, ε)
log ε

= qP (K) +O

(
log |log ε|

log ε

)
, where qP (K) = a.

With the help of Propositions 3.6 and 3.8, this relation shows that the measure of flatness
qP (K) can be determined in a finite number of steps assuming the validity of Conjec-
ture 3.9. This can furthermore be done effectively based on the theory developed in [6].
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