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Proportion of periodic points in reduction of polynomials
by

SANTIAGO RADI

Abstract. In 2014, Juul, Kurlberg, Madhu and Tucker asked the following: given K
a number field and f a rational function with coefficients in K, if f, denotes the reduction
of f modulo a prime ideal p in the ring of integers of K, what is the limit inferior of the
proportion of periodic points of f, when the norm of p goes to infinity?

Recent results of Farinia-Asategui and the author show that when f is a polynomial
of degree d > 2 that is not linearly conjugate over C to a Chebyshev polynomial then the
limit inferior is zero.

In this article, we address the remaining cases to give a complete classification of the
problem in the case of polynomials.

1. Introduction. Let K be a number field, Ok its ring of integers and f
a polynomial with coeflicients in K. For all but finitely many prime ideals p
in Ok, we can consider the reduction map f, acting on the residue field
IFP = OK/]J

As Ty is a finite field, a point = € Iy, is either periodic or strictly prepe-
riodic for f,. How does the proportion of periodic points vary as the norm
of the prime p goes to infinity?

The first problem in this direction was formulated by Schur in 1923, who
asked for a classification of all polynomials with coefficients in Q whose reduc-
tion is a bijection for infinitely many primes [20] (note that if the reduction
is a bijection, every point must be periodic and consequently the proportion
of periodic points is 1). The question was answered in 1970 by Fried over any
number field K, showing that a polynomial whose reduction is a bijection
for infinitely many primes must be a composition of linear polynomials with
coefficients in K and Dickson polynomials, where Dickson polynomials are
defined by f(z + a/z) = 2" + a™ /2™ with a € K; see [8]. In 2002, Gural-
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nick, Miiller and Saxl generalized Fried’s result to rational functions over any
number field, using the theory of arithmetic and geometric iterated Galois
groups [10]. These maps are referred to in [10] as arithmetically exceptional.

Although we find infinitely many primes where the proportion of periodic
points is 1 for arithmetically exceptional maps, the proportion of periodic
points for the other primes might be arbitrarily small. In fact, this is what
we expect to happen in a random map. In [7], Flajolet and Odlyzko proved
that if f: S — S is a random map, where S is finite, then the number of
periodic points is asymptotically

- #S
2

when #S5 — +00. Therefore, based on this heuristic, we would expect to find
prime ideals p where the reduction f, has a proportion of periodic points ar-
bitrarily small. Unfortunately, the assumption that the reductions of a poly-
nomial behave randomly is far from being true. This leads to the following
question:

QUESTION 1.1 (|15 Question 1.4]). Given a number field K and f € K|x],
denote

Per(f,Fp) := {a € Fy : v is periodic for f,}.
What is the value of

Perine(f, K) := liminf w?
N(p)—+oo  N(p)

Question was firstly formulated in 2014 by Juul, Kurlberg, Madhu
and Tucker [I5], who asked for a classification of the values of Perj,¢(f, K) for
every number field K and any rational function f € K(z) [15, Question 1.4].

In [15], the authors proved that

Perinf(:cd +¢,K)=0

for any d > 2 and ¢ € K such that 0 is not preperiodic, allowing them
to give a complete classification of the problem in the case of quadratic
polynomials over Q [I5, Theorem 1.5]. In [I5, Theorem 1.3], they also proved
that if f has two critical points whose forward orbits do not intersect, then
Peryi(f, K) = 0.

It is expected that in general Perjy¢(f, K) = 0 and this has been confirmed
in most of the examples known. In accordance with this, in [I5, Theorem 1.2]
the authors showed that given a number field K and numbers ¢ > 0 and
d > 2, there is an open Zariski dense set Uy in the moduli space of rational
functions such that

Perinf(fa K) <e€

for all f € Ug.
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The only cases known where Perjn¢(f, K) > 0 correspond to the Cheby-
shev polynomials. Recall that the Chebyshev polynomial of degree d, denoted
Ty, is defined as the unique polynomial with coefficients in Z satisfying

1 1
1 T, —) =2+ =
(1) p (x + x) %+ v
In [15, Example 7.2] it is proved that if d > 2 then

1/2 if d is an odd prime power,
(2) Perine (T4, Q) = < 1/4 if d is an even prime power,

0 otherwise.

In this article, we give a complete answer to Question The cases
where f is a polynomial of degree d = 0 or 1 are straightforward and will
be solved in Lemma When d > 2, we rely on the tools of arboreal
representations, particularly, the results related to iterated Galois groups and
fixed-point proportion. In 1985, Odoni initiated the study of iterated Galois
groups and fixed-point proportion to solve problems in number theory [17].
In his pioneering article, he developed these tools to prove that the Dirichlet
density of prime numbers dividing at least one term in the Sylvester sequence
(defined recursively as wg = 2 and wy4; = 1+ wy ... wy) is zero. His idea
was then generalized to other problems in number theory. Specifically, in
2014 Juul, Kurlberg, Madhu and Tucker proved that

(3) Perinf(f) K) < FPP(GOO ((C7 f) t))7

where FPP is the fixed-point proportion, Go(C, f,t) is the iterated Galois
group of f over C and t is transcendental over C (see Section |3| for the
unexplained terms here and [I3] for a survey about the topic).

The recent breakthrough of Farifia-Asategui and the author completely
classifies the fixed-point proportion for geometric iterated Galois groups of
polynomials [0, Theorem 2|. As C is algebraically closed, the result applies to
this case, implying that FPP(G«(C, f,t)) = 0 if f is not linearly conjugate
over C to £Ty. Therefore

Perinf(f, K) = 0

if f is not linearly conjugate over C to +7}.

In the case where f is linearly conjugate over C to +7}, the fixed-point
proportion of G (C, f,t) is positive and therefore the upper bound in equa-
tion is not enough to calculate Pery¢(f, K). For these cases, we will work
out Perjne(f, K) directly. We will prove that if f is linearly conjugate over C
to £7} then

(4) Perie(f, K) = Perine(Ty, K).
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Although this step can look obvious, it is not obvious if the conjugation
does not have coefficients in K. We shall see in Section [G] that when the
conjugation is not in K, it lies in a field extension K'/K of degree 2. If p
is a prime ideal in O that is inert in O, then the periodic points of f in
[F, are in bijection with the periodic points of Ty. But if p is split in O,
then the periodic points of f are in bijection with the periodic points of Ty
in a degree-2 extension of IF, and some work needs to be done to prove that
Peri¢(f, K) does not change when we restrict to the periodic points of f
in F, (see Proposition [5.2f for a proof of this fact).

Once we know equation , we reduce the problem to find Perj,¢(Ty, K).
The calculation is based on the ideas used by the authors in [15, Example 7.2]
for the case of K = Q, implying that

| L1 r(N(p) — L,d) (N (p) + 1,d)
Peting(Ta, K) = 5 Jiminf N(p) |

where 7(a, b) is defined as the largest divisor of a coprime to b.

So, in order to calculate Perj,¢(Ty, K) we need to find infinitely many
prime ideals in Ok such that N(p) —1 and N(p)+ 1 have large divisors that
are not coprime to d, since this will make r(N(p) — 1,d) and 7(N(p) + 1,d)
relatively small compared to N(p). The main tool to find such prime ideals
will be Chebotarev’s theorem. However, the existence of roots of unity in
K will impose restrictions on the prime factors dividing N(p) — 1 for all
but finitely many prime ideals. Concretely, if mg is the maximal positive
number such that K contains an mgth root of unity, then for all but finitely
many prime ideals, mg divides N(p) — 1. The relation between the prime
factors of mg and d will allow us to reduce r(N(p) —1,d) and r(N(p) +1,d)
more or less, leading to cases where Pern¢(Ty, K) is zero and others where
Peryne(Ty, K) is positive.

In order to state the main theorem, recall that the radical of a number d,
denoted rad(d), is the product of the prime divisors of d. Therefore, note
that when we say that rad(d) | rad(m), this means that all prime divisors
of d also divide m. Contrarily, when we say rad(d) t rad(m), this means
that there exists a prime p such that p|d and p f m. Given a prime p, the
valuation of m at p will be denoted v,(m).

THEOREM 1. Let K be a number field and let mg denote the greatest
positive number such that K contains an mgth primitive root of unity. Let
f be a polynomial with coefficients in K and degree d.

(1) If d =0 then

Perit(f, K) = 0.
(2) If d =1 then

Peryne(f, K) = 1.
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(3) If d > 2 and f is not linearly conjugate over C to £T,, then
Periu¢(f, K) = 0.
(4) If d > 2 and f is linearly conjugate over C to +T,, then
Perinf(f, K) = Perinf(Td, K)
(5) If d has at least two prime factors and rad(d) t rad(mg), then
Peris(Ty, K) = 0.
(6) If d is odd, has at least two prime factors and rad(d) | rad(mg), then
Perinf(Td, K) = 1/2.
(7) Ifd is even, has at least two prime factors, rad(d) | rad(mg) and va(mp)
> 2, then
Perjs(Ty, K) = 1/4.
(8) Ifd is even, has at least two prime factors, rad(d) | rad(my) and va(my)
=1, then
Peryne(Ty, K) = 0.
(9) If d is an odd prime power, then
Perjs(Ty, K) = 1/2.
(10) If d is an even prime power, then
Perinf(Td, K) = 1/4.

In the case that K = Q we have mx = 2 and only the cases (1), (2), (3),
(4), (5), (9) and (10) apply. Moreover, the results obtained in Theorem 1| for
the case K = Q are consistent with equation .

COROLLARY 2. If f is a polynomial with coefficients in Q and degree
d>1, then

Perine(f, Q)
1 ifd=1,
1/2 ifd is an odd prime power and f is conjugate over C to +Ty,

1/4 ifd is an even prime power and f is conjugate over C to +Ty,

0 otherwise.

Although equation also holds in the case of rational functions, there
is not a complete classification of the fixed-point proportion of G (C, f,t) in
the case of rational maps. In [6], the authors proved that FPP(G(C, f, 1))
= 0 for rational maps whose critically exceptional set does not have more
than one element (see [0, Theorem 6]) and conjectured that the cases of pos-
itive fixed-point proportion should come from rational maps with Euclidean
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orbifold of type different from (oo, co) (see [6, Conjecture 7]). This latter fam-
ily includes Lattés maps L, although the value of FPP(G(C, L,t)) is not
known for any of them. Regarding Perj,¢(L, K), the authors in [15, Example
7.3] proved that in many cases, Lattés maps L induced by multiplication
by a prime £ in an elliptic curve defined over Q must have Pery,¢(L, K)=0.
In contrast to Chebyshev polynomials, there are not known cases of Lattés
maps such that Perj,¢(L, K) > 0. Therefore, there still remains open a whole
classification in the case of rational functions:

QUESTION 1.2. What are the values of Peryye(f, K) for every number
field K and every rational function f € K(x)?

2. Preliminaries

2.1. Iteration of maps and local degree. Given a set S and a func-
tion f: S — S, we use the notation f” to refer to the nth composition of f
with itself. By convention, f° equals the identity map in S.

Given « € S, we say that « is preperiodic if there exist m > n > 0 such
that f"(«) = f™(«). By the pigeonhole principle, if S is finite every point is
preperiodic. We say that a is periodic if n can be taken zero in the definition
of preperiodic. We denote

Per(f,S) :={a € S: a is periodic for f}.
We say that a point « is strictly preperiodic if it is preperiodic but not
periodic.

_DEFINITION 2.1. Let F be a field, F an algebraic closure of F and f,g
€ F(z). We say that f and g are linearly conjugate over F' if there exists
L € F(z) of degree 1 such that g = L™'o fo L.

Given a € P(F) and f € F(x), the local degree of o at f is
ef(a) :=min{k > 1: F®)(a) £ 0}

where f(*) is the kth derivative of f. We say that « is a critical point for f
if ef(a) > 1. We say that « is totally ramified for f if ef(a) = deg(f). If f
is a polynomial, then oo is a totally ramified point.

LEMMA 2.2. If F is a field and f,g € Flx] are linearly conjugate over F
by a function L, and f has only oo as a totally ramified point, then L is a
polynomaal.

Proof. Write g = L™ o f o L and suppose that L is not a polynomial.
Then L(co) # oco. By multiplicativity of the local degree and the fact that
er(a) =1 for every a € P}(F), we have

deg(f) = eg(00) = ep-1(f(L(00))) - e(L(00)) - er(o0) = ef(L(o0)),
which implies that L(co) is totally ramified for f, giving a contradiction. m
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2.2. Algebraic number theory. In this subsection we summarize some
results from algebraic number theory that we will use in the article. Choose
an embedding ¢ of Q in C and given n > 1, define &, in Q by

L(é-n) _ e27ri/n‘

By a slight abuse of notation, we will write &, = e
on the embedding ¢.

2mi/n with no emphasis

LEMMA 2.3. Let K be a number field, n,m > 1 and suppose that K con-
tains primitive roots of unity of order m and n. Then K contains em(m,n)-

Proof. Taking powers if necessary, we may assume that &, and &, are
in K.

By Bézout’s theorem there exist a,b € Z such that am +bn = ged(m, n).
Then

. . . d(m, ; 1
€b g0 — 2milp)  p2mi(entn) _ pami(Smeh) _ 2milny)

As K is a number field, it is a finite extension of Q and therefore Lemma
justifies the existence of a maximal number myg > 1 such that K con-
tains &y -

LEMMA 2.4. Letn > 1 and K a number field. Then
Gal(K (&) /K) = {r € (Z/lem(n,mg)Z)* : r =1 (mod mxg)}.

Proof. By Lemma K(&) = K(lem(mg,n)) If 0 € Gal(K(&,)/K)
then

(o)

U(élcm(mK n) )= (élcm(mK n) )¥

for some ¢(o) € (Z/lem(n, mg)Z)*. Moreover, if lem(mg,n)/c = my then

U(ng) = U((élcm(mK,n))C) - (glcm(mK,n))w(a)c - (ng)SO(U)'

But ¢ must fix &, so ¢(¢) = 1 (mod my). By maximality of m, we obtain
the bijection. m

The following result will be crucial in Section [6] and is based on Cheb-
otarev’s theorem:

PROPOSITION 2.5. Let K be a number field. Let {ni}le be a set of pos-

itive numbers and {ai}le another set of numbers such that a; € (Z/n;Z)* .
If the system of congruences

x =1 (mod mg),

x =aj (mod ny),

x = ag (mod nyg)
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has a solution in Z, then for infinitely many prime ideals p in O we have
ni | (N(p) —a;) foralli=1,... k.

Proof. Let r be a solution and write n = lem(nq, ..., ng). By the Chinese
remainder theorem we have r € (Z/lem(my,n)Z)*. By Lemma 2.4, we have
that r corresponds to an element o € Gal(K (§,)/K). Then, by Chebotarev’s
theorem, there exist infinitely many prime ideals p in Ok such that

FrObP (glcm(mK,n)) = (glcm(mK,n))r‘
Write n; = lem(mg,n)/c;. Then

FrObP (ém) - FrObP((glcm(mK,n))Ci) = (flcm(mK,n))r.Ci = (gm)r = (gni)ai'
On the other hand,
Froby(€n,) = (€a,)N®,

so combining both equations we obtain
N(p) = a; (mod ny),
which implies that n; | (N(p) — a;). =

2.3. Chebyshev polynomials. Given d > 0, a field F' and ( € F we
define the twisted Chebyshev polynomial of degree d with parameter ¢ by

¢ i, S
T == —=.
d,C <$ + - x + . d
Note that when ¢ = 1, this corresponds to the standard Chebyshev polyno-
mial defined in equation .
When d > 1, then ¢ must be a (d—1)th root of unity. Indeed, replacing x
by 1/z we have

1 1 1
$d+<xd=f<x+<x> =f<fx+<:c> - (Cw)d+(ci)d = ¢
which yields ¢4~ = 1.

In [I], Adams considered twisted Chebyshev polynomials as another fam-
ily of polynomials having iterated Galois groups with bad properties. How-
ever, these polynomials are just linearly conjugate to the standard Chebyshev
polynomials:

LEMMA 2.6. Let F be a field, F, its prime field and d > 1. Then the
twisted Chebyshev polynomial Ty is linearly conjugate over Fy(1/C) to £Ty.
Moreover, if d is even then Ty and =T, are linearly conjugate over F,.

Proof. Let ;1 be a (d — 1)th primitive root of unity. Then ¢ = &j_;

for some s € {0,...,d — 2}. Consider a such that a®> = (. If d is even, then
a= ¢ | for some t € {0,...,d — 2}. This is because if a® = ¢ then we need
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to solve 2t = s (mod d — 1) which has a solution since 2 is invertible modulo
d — 1. In particular, a® ! = 1. On the other hand, if d is odd, then

_ d—1
ad 1 — ((édfl) 3 )S — (_1)5
Consider L(z) = ax. Then
-1 LY a’ _r—1( d. d ¢
L™ oTy¢oLllxz+—~ | =L oTy¢lar+— | =1L a’z® + ——
x ax a’x
1
qd—1yd’
If d is even, we obtain L™ o T, 0L =Ty If d is odd, then L™ 0Ty 0 L =
(—=1)"Ty.
Finally, observe that when d is even, the maps —T; and Ty are linearly
conjugate by L(z) = —z. =

=a% 12 4

3. Polynomials not linearly conjugate over C to +7;. We start
with the points (1) and (2) in Theorem [I| Although it is not of our interest
in this article, note that the following proof also applies if f is an invertible
rational function of degree 1.

LEMMA 3.1. Let K be a number field and f € K[z] a polynomial.

(1) If f has degree 0, then
Perinf(fv K) =0.

(2) If f has degree 1, then
Perinf(f, K) =1.

Proof. Let p be a prime ideal in Ok of good reduction for f. If f has
degree zero then fy(a) = o at only one point, so

Perinf(faK) =0.

If f is a polynomial of degree 1, then f, is invertible. Therefore, if xq is
a strictly preperiodic point, there exist minimal numbers n > m > 1 such
that fi'(wo) = fy" (o). But then, as m and n are minimal, this implies that
f¢" (o) has two different preimages, f;n_l(xo) and f,?_l(xo), contradicting
that f, is invertible.

Therefore, every point is periodic and Perjne(f, K) =1. =

The next step is to prove point (3) in Theorem [l i.e., that Perj,¢(f, K)
= 0 for every polynomial f that is not linearly conjugate over C to £7j.
As mentioned in the introduction, the proof is a simple corollary from the
theory of iterated Galois groups and fixed-point proportion that we explain
in the following.

Let F be a field, ¢ transcendental over F' and fix F(t)%P, a separable
closure of F(t). If f € F(x) is a separable rational function with degree
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d > 2, we denote by f7"(t) the set of preimages of ¢ under f™. Let

Fu(fit) = F(J 1)

n>0

be the field extension of F'(t) obtained by adding all the preimages of ¢. It
can be proved that Fo(f,t)/F(t) is a Galois extension. Its Galois group,
called the iterated Galois group of f over F, is

Goo(Fv f7 t) = Gal(Foo<f7 t)/F(t))

The Galois group G (F, f,t) is profinite and acts transitively on f~"(t)
for every n > 1; see [13 19]. Given n > 1 and g € G (F, f, 1), let us denote

Xulg) :=#{z € f7"(t) : g(2) = 2}

As G (F, f,t) is profinite, we can consider u, its unique Haar probability
measure. The fized-point proportion of G (F, f,t) is defined by

FPP(Go(F, f,t)) := p({g € Goo(F, f,t) : #Xn(g) > 0 for all n > 1}).

It has been known since the eighties that this number has several ap-
plications to problems in arithmetic dynamics [14, 16, 17, 18] and for this
reason is one of the areas strongly studied currently; see [II, 2, [5 @, [1T), 12]
and [3, Section 5.

One of the applications of the fixed-point proportion concerns Pery¢ ( f, K).

ProposITION 3.2 (|15, proof of Theorem 6.5] or [4, Theorem 3.11]).
Let K be a number field and f € K(x) a rational function with degree at
least 2. Then

Perinf(f> K) < FPP(GOO(Ca f> t))
where t is transcendental over C.

A recent result of Farina-Asategui and the author classifies the values
of the fixed-point proportion for iterated Galois groups over algebraically
closed fields:

THEOREM 3.3 ([6, Theorem 2|). Let F be a field and f € Fx] a polyno-
mial of degree d > 2 such that either char(F') = 0 or char(F') does not divide
the local degree of any critical point of f. Then, fort transcendental over F,
either

(i) f has a Euclidean orbifold of type (2,2,00) and

{1/2 if d is odd,

FPP(G(F, f,1)) = 1/4 if d is even,

(ii) ;;P(GOO(F, f,t) =0.



Proportion of periodic points in reduction of polynomials 11

As proved in [0, Proposition 6.6], polynomials with Euclidean orbifold
(2,2,00) are linearly conjugate over F to +T} ¢ for some d > 2 and ¢ € F.
By Lemma we know that in fact the maps Ty¢ are linearly conjugate
over F' to +£Tj.

All this together allows us to conclude point (3) in Theorem

THEOREM 3.4. Let K be a number field and f € K|x]| a polynomial with
degree d > 2 such that f is not linearly conjugate over C to £Ty . Then

Perine(f, K) = 0.
Proof. Combine Proposition and Theorem .

4. Proportion of periodic points in Chebyshev polynomials. The
goal of this section is to calculate Per(+T}, F') for any field F' and any d > 2,
and count its number of elements when F' is a finite field. The strategy will
follow the idea exposed in [15, Example 7.2|, and for this reason we keep
much of the notation used there.

Let F be any field of char(F) # 2 and F its algebraic closure. Given
d > 2, define 7(x) := x+2~! and g(x) := 2. Then equation (I} can be read
as the following commutative diagram:

(5) \Lﬂ' ™

PL(F) —L— PY(F)
PY(F) 4, P

HF)
LEMMA 4.1. Let F be any field of char(F') # 2.

(1) The map 7 : P*(F) — PY(F) is surjective.
(2) We have w(x) = 7(y) if and only if y =x ory = x L.
(3) The only critical points of m are +1 with local degree 2.

Proof. Let w € PY(F). If w = oo, then 7(0) = 7(c0) = co. If w € F,
then 7(z) = w if and only if

22 —wr+1=0.

This has a solution since we are working over F. Moreover, since it is a
quadratic polynomial it has at most two solutions. As 7(x) = w(z~!), this
implies that 7(x) = 7(y) if and only if y = 2 or y = 271,

Finally, the derivative of 7 is
7(x) =1—a"2,

so the critical points are +1. As 7”(£+1) = £2, we conclude that e,(+1)
=2. m
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We summarize well-known properties of the Chebyshev polynomials in
the following proposition:

PROPOSITION 4.2. Let d > 1 and F a field of characteristic zero.
(1) To(z) =2, Th(z) = = and we have the recursion
Tyr1(x) = 2Ty(x) — Tg—1(x).

(2) If Ty(x) = Z?:o ai4v, then a;q € Z and a;q = 0 if and only if i =
d (mod 2).

(3) If a € F then exr,(c) is either 1 or 2. In particular, if d > 3 then £Ty
1s only totally ramified at co.

Proof. For (1), the first cases are obvious from equation (|1)). Then
1 1 1 1
<x + )Td<x + ) = (x + ) (md + d)
x x x x
1 1
=Tgilz+—)+Tiqlxz+—).
x x

For (2), using the previous point we have the relation

Ad+1—j,d+1 = Ad—j,d — Ad4+1—75,d—1-
Then by induction it follows that
ag—jqa >0 if j =0 (mod 4),
ag—jq =0 if j =1 (mod 2),
ag—jq <0 if j =2 (mod 4).
Finally for (3), using equation (1) we obtain
Ti(n (@) = - S

So, if m(z) # oo and we let 53 be a primitive (2d)th root of unity, then
T)(m(x)) = 0 at the points

= (&20)"

with k ¢ dZ. By multiplicativity of the local degree and diagram we have

er,(m(wk)) - ex(zr) = ex(g(@r)) - eg(p).
Then g(xj) = %1 and ey(x;) = 1. Moreover, by Lemma [L1] eq(z)) = 1
and er(g(zx)) = 2, so er,(m(x)) = 2. The critical points of —T}; and its
corresponding local degrees are the same. u
In principle we need to find the periodic points of £7;. However, the

following lemma shows us that we only need to worry about the periodic
points of the positive case:
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LEMMA 4.3. Given d > 2 and a field F', we have
Per(—Ty, F) = (—1)4! Per(Ty, F).
Proof. 1f d is even, by Lemma [2.6] we find that Ty and —T} are linearly
conjugate over F' by L(x) = —zx, so
Per(—T4, F) = —Per(Ty, F) .= {—a: o € Per(Ty, F)}.
If d is odd, using equation it is not hard to see that
(—Ta)* = (Ta)*.

Thus if a € Per(—Ty, F'), there exists m > 1 such that (—7;)™(a) = o and
SO

a=(=Ty)*™(a) = (Ta)*" ()

proving that « is also periodic for T;. The same argument applies starting
from T so Per(—Ty, F') = Per(Ty, F'). m

The next lemma shows that the periodic points of Ty are obtained from
the periodic points of g.

LEMMA 4.4. Let d > 1 and F a field. Let « € F and 3 € F be such that

m(8) = a. Then a € Per(Ty, F) if and only if 5 € Per(g, F).

Proof. If o € Per(Ty, F), there exists m > 1 such that (Ty)" (o) = a.
Then by diagram (j5)),

m(B) = a = (Ty)" () = (Te)" (7 (B)) = 7(g™(B))-
By Lemma this means that ¢™(B8) € {B,87'}. In the first case 3 is
periodic for g. If ¢™(B8) = B~ then

g (B) = g™ (B7) = (¢"(B)) " = B.

Conversely, if 8 € Per(g, F'), there exists m > 1 such that g™ (8) = B.
Again by diagram ,

a=mn(f)=m(g"(B)) = (Ta)"(x(8)) = (Ta)"(a). =

From now on, assume that F is a finite field with char(F') # 2 and let F»
be the extension of degree 2 of F'. By Lemma 7(Fy) contains F* and it
is 2-to-1 except at +1. Consider the subgroup

Hy:={B e Fy: gl =1}
and Uy := Hy \ {£1}.
LEMMA 4.5. Let F be a finite field with char(F') # 2. Then the set
{BeFy  m(B)e F}=F*UUs.

Moreover, the union is disjoint.
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Proof. If B € F* clearly w(8) € F. Now § € F;* \ F* if and only if the
action of the Frobenius map is non-trivial. As the Frobenius map must send
B to the other solution of 7(x) = m(8), by Lemma [4.1| this implies that
(6) BeFf\F* « pFl=p71and g # +1.

Similarly, we have w(3) € F if and only if the action of the Frobenius map
is trivial, namely,

(7) n(B) € F <= p+p7"=p 457"
Combining equations @ and we obtain
BeFf\F*and n(8) € F <= I =1 and 8 # +1.

To prove that the union is disjoint observe that if 8 € F* NUy then 8I¥I = 3
and BIF*1 = 1, which implies that 82 = 1 and consequently 3 = +1.
However, by definition £1 ¢ Us. =

Combining Lemmas [1.4] and we can give a description of the periodic
points of Ty in F":

LEMMA 4.6. Letd > 2, F' a finite field with char(F') # 2, Fy the extension
of degree 2 of F' and let |-| denote the order of an element in the group Fy'.
Then

Per(Ty, F) = | {x(B) € F:ged(|8],d) =1 and |B]| (|F| +)}
vye{-1,1}

and the sets involved in the union intersect at 1 if d is even or at £1 if d is
odd.

Proof. We have the following chain of equivalences:
B € Per(g, Fy) <= ¢g™(8) = p%" = B for some m > 1,
< |B]|(d™ —1) for some m > 1,
<= d™ =1 (mod |B|) for some m > 1,
< gcd(|B],d) = 1.
Among the elements in the set Per(g, F*), we are only interested in those

where m(3) € F. By Lemma , we have two disjoint cases. If 3 € F*,
then || must divide |F| — 1. If 8 € Us then |B| must divide |F|+ 1. =

Our next goal in this section is to calculate the number of periodic points
of +7T, in F.

DEFINITION 4.7. Given a,b > 1, define

r(a,b) := largest divisor of a coprime to b.
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LEMMA 4.8. Let G be a cyclic finite group of order n. Let m > 1 be such
that m|n and let b > 1. Define
H:={geG:¢g™ =1}
Then
#{h € H : gcd(|h|,b) = 1} = r(m,b).
Proof. As G is cyclic, H is a cyclic subgroup of G. Moreover, since m | n,
we have |H| = m. Finally,

#{h € H:ged(|h|,b) =1} = Y  #{heH:|h|=u}

ulr(m,b)
= Y (u)=r(mb),
wu|r(m,b)
which completes the proof. =

So the number of periodic points for 7} in a finite field F' is the following:

LEMMA 4.9. Let d > 2 and F a finite field with char(F') # 2. Then

F|l—-1,d F|+1,d
praer, ;)= (WL Pl LD
Proof. By Lemma [£.3] we only need to worry about the periodic points
of Ty. As before, let F» be the extension of F' of degree 2.

Consider

Hy ={peF;:pFfl~t=1}.
As FJ is a cyclic subgroup, by Lemma we have
#{B € Fy :ged(|8l,d) =1 and [B|[(|F| - 1)} =r(|F|—1,d).
The same argument works for Hy so
#{B € Fy :ged(|fl,d) =1 and |B|[(|F]+ 1)} =r(|F|+1,d).

To calculate # Per(Ty, F'), observe that a = 7(8) = w(871), so every
element with § # +1 is counted twice. Then 5 = 1 gives ged(|5],d) = 1,
while 8 = —1 gives ged(|5],d) = 1 if and only if d is odd. If we define
x(d) = 1 if d is even and x(d) = 2 if d is odd, then x(d) indicates if we

need to isolate 1 or 2 elements depending on the parity of d, to avoid an
overcount. Therefore,

F|—1,d)— x(d Fl+1,d)—x(d
Py~ UL LX) L) )
REMARK 4.10. If K is a number field and d > 2, then by Lemma [4.9] we

obtain

. 1 r(N(p) = Ld) +r(N(p) +1,d)
Perine(£74, K) = 5 ]\}gg?iggo NO
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5. Polynomials linearly conjugate over C to +7;. In this section
we prove point (4) in Theorem

LEMMA 5.1. Let K be a number field and f, g € K|[z] be linearly conjugate
over K. Then
Perinf(f7 K) = Perjyf (97 K)

In particular, if f is linearly conjugate over K to £1y, then
Perin¢(f, K) = Pering(Ty, K).

Proof. Let L be a linear conjugation over K between f and g. Then,
if p is a prime ideal in Ok of good reduction for f, g and L, then L in-
duces a bijection between Per(f,,Fp) and Per(gy, Fy). As Perine(—Ty, K) =
(—1)4*! Perjy¢(Ty, K) by Lemma the second part follows. =

Let f be a polynomial with coefficients in a number field K and degree d.
First of all, observe that we may assume that the (d — 1)th coefficient of f
is zero. Indeed, conjugate f by a map of the form L(x) = x +b. If f(z) =
Zg:o biz', then

L7 ofolL(x)=bgx?+ (d-b-bg+bg_1)zt L +---.
So, we can take
ba—
b= "L
d- by

Suppose f is linearly conjugate over C to &7y by a linear map L. If d = 2

and L is not a polynomial, then L must exchange 0 and co as those are the

totally ramified critical points of +75. Thus L(x) = a/x and

CLQZ‘Q

a? —2x%’
which is not a polynomial. If d > 3, then by Proposition +Ty is only
totally ramified at co and therefore L is a polynomial by Lemma [2.2] Write
L(z) =ax+band £T,; = Z?:o a;z’. Recall that by Proposition [4.2[ we have
aq—1 = 0. Then

f(z) = L7 o (£Ty) o L(x) =aag- 2+ a2 ay-d-b-oat 4

which implies that b = 0 as we are assuming that the (d — 1)th coefficient of
f is zero. Then

LYo (£Ty) o L(z) = +

d
f(z) =L o (£Ty) o L(z) = Zai_l cai -
i=0
If d is even, then a - as € K and as as # 0 by Proposition we have
a € K. By Remark and Lemma [5.T] we conclude that
1 r(N(p) —1,d)+r(N(p) +1,d)
8 Perjue(f, K) = = liminf .
®) (/. %) 2 N(p)—+oo N(p)
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If d is odd, then ay = 0 but a3 # 0, so we conclude that a®-az € K and
thus a? € K. If a € K then Perjy¢(f, K) is calculated as in equation , o)
let us assume that a ¢ K.

PROPOSITION 5.2. Let K be a number field, d > 2 an odd number and
f=L"1o(£T)) oL € K[z] with L(z) = ax and a ¢ K. Then
1 N(p)—1,d N 1,d
Perinf(f7 K) - _ hmlnf T( (p) ? ) + T( (p) + ) )
2 N(p)—+oo N(p)

Proof. Set K' = K(a). By hypothesis K'/K is an extension of degree 2.
Let p be a prime ideal such that char(F,) # 2 and p does not ramify at K’.
Notice that we are excluding only finitely many prime ideals. Let p’ be a
prime ideal in O such that p’ | p.

As f and £Ty are linearly conjugate over K’, we see that L induces a
bijection
(9) Per(fp/,IFp/) — Per((:l:Td)p/,IFp/), o = ad.

Moreover, since d is odd, by Lemma [£.3] we have
Per((+£Ty)y, Fy) = Per((Ta)y, Fy).
We have two cases for p. If p is split, then F, = F, and therefore by

Lemma [£.9]
r(N(p)—1,d) +r(N(p)+1,d
(10) 4 Pex(fy. Fy) = (R LA FTNE) £ L)
If p is inert, then [,/ /IF, is an extension of degree 2 and consequently the
Frobenius map sends a to —a in Fy.
Recall the trace is (in this case) the surjective additive group homomor-

phism

tr:Fy = Fp, y—y+Froby(y).
As it is surjective we have
# ker(tr) = N(p).
We claim that
alF, = ker(tr).
Indeed, if y € aFy then y = ax for some x € IF,. Therefore
tr(y) = az — azV® =0

as « € [Fp. This proves that aF, C ker(tr), but since they have the same
cardinality, it follows that alF, = ker(tr).

Let F, be the extension of degree 2 of F, and recall the map 7 : P*(Fy) —
PL(Fy). Then, if 8 € Fy,

(gN(p)—l + 1)(5N(p)+1 +1)
BN ()

tr(n(8)) = B+ B1 + BVO) 1 g=NO)
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We are interested in calculating # Per(f,,F,). Using the bijection in
equation @, we obtain

# Per(fp, Fp) = #(aFy N Per((Ta)p, Fyy)).

Using Lemma [£.6| we reduce the previous problem to calculating the
number of elements of

V= {n(B) € Fy : tr(n(8)) = 0, ged(|8],d) = 1 and ||| (N (p)* + )}
for v € {—1,1}.
Start with v = 1. We claim that
{8 € Fy :te(n(B)) = 0 and ||| (N(p)® + 1)} =0,

which in particular implies that V4 = . Indeed, if tr(w(8)) = 0 then
BN®EL — 1 for either + or — in the exponent. Therefore

[BI12(N(p) £ 1).
Notice that as N(p) is odd, the previous formula implies that

|BI] (N (p)? 1)

On the other hand, if ||| (N(p)? + 1), subtracting we conclude that |3]|2
and therefore 5 = 1. However, tr(m(%1)) # 0.

If v = —1 consider
H_y:={p € Fy' : tr(n(8)) = 0 and |B] | (N(p)* — 1)}
By the calculation done before if tr(7(3)) = 0 then |3|| (N (p)? — 1), so

Ho\ = {8 € By : e(n(8)) = 0}.
Let
Ge:={B e Fy : p°=1}.
Then

Ha= |J (Gawipyen \Cngyes)
76{_171}

as tr(m(B)) = 0 if and only if NP7 = —1 for either v = 1 or vy = —1.
Moreover,
pe ﬂ (Gonp)+7) \ GN(p)+7)
ve{-1,1}

if and only if 3| = 4.
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Notice that as £1 ¢ H_y, if m(8) € V_; then 7(8) has two different
preimages in H_;. Using this observation and Lemma [£.§ we obtain

#Va=3( X @) +9).d) (V) +7.d)

76{_171}
B #{B € Fy : 8] =4}
5 .
As d is odd then r(2(N(p) +7),d) = 2r(N(p) + v, d) and therefore

= %( > r(Np)+.d)) - #b e F22: 8l =4}
ve{-1,1}

As Vi was empty, then # Per(fy,Fp) = #V_1 allowing us to conclude

(11) #Per(fWFp):%( Z T(N(]J)—i—fy,d))_#{fBGF;;:'B|:4}.

~ve{-1,1}

Dividing equation and equation by N(p) and taking limit, we
obtain

. 1 r(N(p) —1,d) +r(N(p) +1,d)
Pormt(f, K) =5 i N(p)

as desired. =

6. Analysis of Perj,¢(T;, K). In this last section, we prove the points
from (5) to (10) in Theorem |1} completing the classification.

Fix a number field K and recall mg is the greatest positive number
such that K contains an mgth primitive root of unity. By Remark and
Proposition [5.2] if f is linearly conjugate to +7}; over C then

1 N(p)—1,d N 1.d
Perinf(va):* lim inf T( (p) ’ )+’I”( (p)+ ; )7
2 N(p)—>+oo N(p)
so we just need to analyze the possible values of this limit in the different

cases considered in Theorem [I| For this task, we will use Proposition [2.5
many times.

Let p be a prime of Og. Since we are taking a limit, we may assume the
norm of p is coprime mg. Notice that in particular N(p) is coprime to 2 as
2| mg since —1 € Q. Under this assumption, the polynomial

K — 1

is separable in [F, and therefore all the mth roots of unity are different
in Fy. As &, € Ok this implies that

(12) mg | (N(p) —1).
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6.1. d has at least two prime factors and rad(d) { rad(mg). Let
p1 and ps be two different prime factors of d such that ps f mg. Let my >
Upy (mg) and mg > 1. Consider the system of congruences

z =1 (mod mg),
z =1 (mod pi"),
z = —1 (mod py™?).

As p2 t m, the system has a solution. By Proposition there are infinitely
many primes p in Ok such that

P [(N(p) —1) and py™ [(N(p) +1).

As p1 and po are factors of d, we have

FNG) L) < YT ) 4 1) < YL
P Py

Therefore

1/ 1 1
Perinf(fa K) < 5 <p71ﬂl + pgm)-

As mj and my are arbitrary, it follows that
Perye(f, K) = 0.
6.2. d is odd and rad(d) | rad(mg). We claim that
r(N(p)+1,d) = N(p) + 1.
Indeed, suppose that r(N(p) + 1,d) < N(p) + 1. Then there exists p prime
such that
pl(N(p)+1) and p|d.
As d is odd, so is p.
On the other hand, if p divides d, then p also divides mg by hypothesis,
so by equation ,
pl(N(p) = 1).
Therefore p |2, leading to a contradiction since p is odd.

Let p be any prime divisor of d. For any m > 1, consider the system of
congruences

=1 (mod my),
x =1 (mod p™).

As the system has a solution, by Proposition [2.5] there are infinitely many
primes p in Ok such that

P (N(p) = 1)
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and consequently
N(p)—1
T(N(p)_lvd) < m
p
for any m > 1. In conclusion,

Perye(f, K) = 1/2.

6.3. d is even, rad(d) | rad(mg) and va(mg) > 2. We claim that

PN (p) + 1,d) = YL
If not there exists p prime such that
Pl N(p;—i—l and pld.

Since p divides d, as in the previous case we obtain

pl(N(p)—1)
and so p = 2. But now if p = 2 then

4[(N(p)+1)
and since 4 | mg by hypothesis, it follows that

41 (N(p) = 1),

leading to a contradiction.

Now taking p a prime divisor of d, considering the same system of con-
gruences as in the previous case and arguing the same way we obtain

Periys(f, K) = 1/4.

6.4. d is even, has at least two prime factors, rad(d)| rad(mg)
and vz(mg) = 1. Let p be an odd prime dividing d. Let m; > v,(my) and
mgy > va(mp ). Consider the system of congruences

x =1 (mod mg),
z =1 (mod p™),
x = —1 (mod 2™2).
As ged(mg,2™2) = 2, the system has a solution and so by Proposition
there are infinitely many primes p in O such that
P (N(p) —1) and 2™ [(N(p) +1).
Proceeding as in the first case we obtain

Perye(f, K) = 0.
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6.5. d is an odd prime power. Let p be the prime dividing d. Observe
that either r(N(p) —1,d) = N(p) — 1 or r(N(p) +1,d) = N(p) + 1. Indeed,

if not then
p|(N(p)—1) and p[(N(p)+1),

which contradicts that p is odd. Then, arguing as in the second case we

obtain
Perinf(Td, K) = 1/2

6.6. d is an even prime power. As before, we have either

N(p) —1 N(p)+1
) - 1) = T o v+ 1,0 = T
If not, then 4 divides N(p) —1 and N(p)+ 1, which leads to a contradiction.

Finally, taking m > vy(my) and considering the system of congruences

=1 (mod mg),
x =1 (mod 2™),

we conclude that
Peris(Ty, K) = 1/4.
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