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On the inviscid limit of the viscous Boussinesq system with
variable temperature diffusion

Adalet Hanachi and Youssouf Maafa

Abstract. We prove the global-in-time well-posedness of the two-dimensional viscous
Boussinesq system with temperature-dependent diffusivity under Yudovich-type initial
data. Furthermore, we show that, as µ → 0, the viscous solutions (vµ, θµ) converge to the
inviscid solutions (v, θ) in L∞

t Lp for p ∈ [2,∞[, with an explicit rate of convergence.

1. Introduction

1.1. Introduction. The Boussinesq system is a fundamental model
in geophysical fluid dynamics, widely used to describe large-scale atmo-
spheric and oceanic flows. It also plays a central role in the analysis of
Rayleigh–Bénard convection, a classical problem in fluid mechanics. This
system captures convection phenomena in an incompressible viscous fluid
driven by the buoyancy force induced by temperature; we refer for instance
to [4, 6] for more details.

In this paper, we focus on the two-dimensional viscous Boussinesq system
with variable dissipation, described by the following equations:

(Bµ)


∂tvµ + vµ · ∇vµ − µ∆vµ +∇pµ = θµe⃗2 if (t, x) ∈ R+ × R2,
∂tθµ + vµ · ∇θµ −∇ · (κ(θµ)∇θµ) = 0 if (t, x) ∈ R+ × R2,
∇ · vµ = 0,

(vµ, θµ)|t=0 = (v0µ, θ
0
µ).

Here vµ = (v1µ, v
2
µ) denotes the velocity field, pµ the scalar pressure, and θµ

the scalar temperature. The term θµe⃗2 represents the buoyancy force, with
e⃗2 = (0, 1)T . The parameter µ denotes the viscosity of the fluid, while κ(·)
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is a smooth function satisfying

(1.1) κ(θ) ≥ κ0,

where κ0 is a fixed positive constant. If the initial temperature θ0µ is iden-
tically zero, then the system (Bµ) reduces to the Navier–Stokes equations
for µ > 0, and to the Euler equations for µ = 0. In both cases, global
well-posedness has been established in various function spaces (see, for ex-
ample, [1, 3, 5, 11, 12, 14–17, 21, 22, 35, 39] and the references therein).

The study of existence and uniqueness has also been extended to other
models, including (Bµ), which features several distinct cases. In the inviscid
case, i.e. µ = κ(θ) = κ0 = 0, the global existence problem remains open.
However, D. Chae and K. Nam [10] established local well-posedness for ini-
tial data v0, θ0 in Hs with s > 2. Subsequently, the same authors obtained
a similar result in [9] for initial data in the Hölder space Cs with s > 1.
Recently, Z. Hassainia and T. Hmidi [19] studied the local theory for rough
initial data of Yudovich type. In the case when system (Bµ) includes dissi-
pation, the global-in-time regularity is well known. Specifically, three cases
arise. In the fully viscous case (µ > 0 and κ(θ) = κ0 > 0), J. R. Cannon
and E. Dibenedetto [7], and independently B. Guo [18], proved the global
existence of smooth solutions for arbitrarily large data by means of energy
estimates.

For the cases of partial dissipation, i.e. either (µ > 0, κ(θ) = κ0 = 0) or
(µ = 0, κ(θ) = κ0 > 0), D. Chae [8] established global well-posedness for
initial data v0, θ0 ∈ Hs with s > 2. This result was subsequently improved
by T. Hmidi and S. Keraani [23, 24]. In their first work, they considered
initial data (v0, θ0) ∈ Hs × B0

2,1 ∩ B0
p,∞ with (s, p) ∈ (0, 2] × (2,∞]. In

the second work, they obtained global well-posedness for initial data in the
critical Besov spaces B

1+2/p
p,1 × Lr, with (p, r) satisfying 2 < r ≤ p < ∞. An

additional condition θ0 ∈ B∞ is required in the endpoint case p = ∞. More
recently, in the case of system (Bµ) with a general source term (θe⃗2 = F (θ))
for F ∈ C2(R,R2) and zero viscosity, the second author and O. Melkemi [28]
studied the global-in-time well-posedness in the framework of smooth vortex
patches.

In recent years, much attention has been devoted to the Boussinesq sys-
tem with temperature-dependent diffusivity κ in (Bµ). For example, S. Wang
and Z. Zhang [36] established global well-posedness of (Bµ) with temperat-
ure-dependent viscosity, assuming v0, θ0 ∈ Hs with s > 2. Their proof relies
on the De Giorgi method, Littlewood–Paley decomposition, and paradiffer-
ential calculus. The same result was later obtained independently by D. Li
and X. Xu [26], and by Q. Chen and L. Jiang [13], for the inviscid case
µ = 0. More recently, Z. He and X. Liao [20] proved the propagation of
global regularity under the assumption (θ0, v0) ∈ Hsθ(R2) × Hsv(R2) with
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(sθ, sv) ∈ [1,∞)× [0,∞) | sv − 1 ≤ sθ ≤ sv +2} \ {(0, 2), (1, 2)}. In addition,
the functions κ(θ) and µ(θ) satisfy

(
κ(θ), µ(θ)

)
∈ C2

b ∩C [sθ]+1×C2
b ∩C [sv ]+1,

in the setting where the classical dissipation (i.e., µ∆vµ) is replaced by the
nonlinear dissipation (i.e., ∇ ·(µ(θ)∇v)). We now turn to weak solutions of
Yudovich type. This framework allows for less regular initial data. Roughly
speaking, it requires that (v0, θ0) has finite energy and that the correspond-
ing initial vorticity ω0 = ∇⊥ · v0 is bounded and integrable. In this setting,
the velocity field is not Lipschitz, but belongs to the class of log-Lipschitz
functions. In [32] M. Paicu and N. Zhu proved the global existence of weak
solutions under Yudovich-type initial data, namely bounded initial vortic-
ity ω0 and temperature θ0 ∈ L2 ∩ B

2−2/r
p,r with (p, r) ∈ (2,∞) × (1,∞). In

addition, they imposed a smallness condition on κ(θ0). The second author
and M. Zerguine [30] obtained similar results for (Bµ), establishing uniform
estimates with respect to viscosity and proving convergence of the viscous
solutions to those of the inviscid Boussinesq system with variable dissipa-
tion in L∞

t Lp for p ∈ [2,∞] as µ → 0. In more recent work, Z. Ye [38]
established global existence and uniqueness of weak solutions for initial data
in Yudovich’s class without any smallness assumption on κ(θ0). Moreover,
he proved global regularity under different assumptions on the initial data,
namely (v0, θ0) ∈ Hs × Hρ ∩ L∞ with (s, ρ) ∈ (2,∞) × [1,∞) satisfying
|s− ρ| < 1.

Motivated by the works of [29, 30] and [37], we study the global well-
posedness and the inviscid limit for the two-dimensional viscous Boussinesq
system with variable dissipation.

1.2. Main results. The main results of this paper are twofold. First,
we extend the global-in-time well-posedness result for Yudovich-type initial
data obtained in [38] to system (Bµ), and establish uniform estimates for the
corresponding viscous solutions with respect to the viscosity parameter. Sec-
ond, we address the inviscid limit of system (Bµ) toward the corresponding
inviscid system

(B0)


∂tv + v · ∇v +∇p = θe⃗2,

∂tθ + v · ∇θ −∇ · (κ(θ)∇θ) = 0,

∇ · v = 0,

(v, θ)|t=0 = (v0, θ0),

in the Lp-spaces for p ∈ [2,∞[, as the viscosity tends to zero. In particular,
the rate of convergence of the velocities and densities is quantified. To for-
mulate the problem, we adopt the vorticity formulation. The vorticity ω is
defined by

ω = ∂1v
2 − ∂2v

1,
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which, in two dimensions, is a scalar function. Applying the curl operator to
the momentum equation in (Bµ), we obtain the vorticity-temperature system

(VDµ)


∂tωµ + vµ · ∇ωµ − µ∆ωµ = ∂1θµ,

∂tθµ + vµ · ∇θµ −∇ · (κ(θµ)∇θµ) = 0,

vµ = ∇⊥∆−1ωµ,

(θµ, ωµ)|t=0 = (θµ0 , ω
µ
0 ).

The first main result is as follows.

Theorem 1.1. Let v0µ ∈ L2 be a divergence-free initial velocity field whose
initial vorticity ω0

µ belongs to L2 ∩ L∞. Let θ0µ ∈ Hρ with ρ ∈ (1, 2]. If (1.1)
holds, then the system (Bµ) admits a global-in-time solution (vµ, θµ) such
that

(vµ, θµ) ∈ L∞
loc(R+;L

2)× C (R+;H
ρ) ∩ L2

loc(R+;H
ρ+1).

In addition,
ωµ ∈ L∞

loc(R+;L
2 ∩ L∞).

Moreover,

∥vµ∥2L∞
t L2∩L2

tH
1 + ∥θµ∥2L∞

t L∞∩Hρ + ∥θµ∥2L2
tH

ρ+1 + ∥ωµ∥2L∞
t L2∩L∞

≤ C0 exp(exp(C0t
2)),

where C0 depends only on the norms of the initial data and not on the vis-
cosity µ.

Before giving the details of the proof, we present a few remarks.

Remark 1.2. In this work, we do not impose any smallness assumption
on either the initial data or the thermal diffusivity coefficient κ(θ), and we
only assume that κ(θ) is bounded from below.

Remark 1.3. Very recently, Z. Ye [38] proved the global existence and
uniqueness of a Yudovich-type solution for (Bµ) when the viscosity µ vanishes
(i.e., in the nonviscous case).

The main point in the proof of Theorem 1.1 is to bound the norm of the
vorticity ω in L∞

t L∞. Indeed, from the maximum principle for the vorticity
equation, we have

∥ωµ∥L∞
t L∞ ≤ ∥ω0

µ∥L∞ + ∥∇θµ∥L1
tL

∞ ,

To bound the quantity ∥∇θµ∥L1
tL

∞ , we use the Sobolev embedding Hρ+1(R2)

↪→ Lip(R2) with 1 < ρ ≤ 2, which yields

∥ωµ∥L∞
t L∞ ≤ ∥ω0

µ∥L∞ +

t�

0

∥θµ(τ)∥Hρ+1 dτ.
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To estimate ∥θµ∥L1
tH

ρ+1 , we use the equation

(1.2) (∂t + v · ∇)ϕ(θ)− κ(θ)∆ϕ(θ) = 0,

where

ϕ(θ) =

θ�

0

κ(σ) dσ,

as introduced in [33]. First, we control the temperature θ in the mixed ho-
mogeneous Sobolev space L∞

t Ḣ1 (see Section 3.2) by taking the L2 inner
product of (1.2) with −∆(ϕ(θ)). This estimate is then used to bound θ in
L∞
t Hρ for ρ ∈ (1, 2] (see Section 3.3). Finally, we apply the operator Λρ with

ρ ∈ (1, 2] to the θ-equation and take the L2 inner product with Λρθ.
The second main result addresses the inviscid limit for the velocities and

densities and establishes a rate of convergence. More precisely, it reads as
follows.

Theorem 1.4. Let (vµ, θµ) and (v, θ) be the solutions of (Bµ) and (B0),
respectively, corresponding to the same initial data satisfying the conditions
of Theorem 1.1. Then for all t ∈ R+, µ ∈ ]0, 1[, we have

(1.3) ∥vµ − v∥L∞
t L2 + ∥θµ − θ∥L∞

t L2 ≤ (µt)
1
2
exp(− exp(exp(C0t2))t)Φ(t),

where

Φ(t) = C0(1 + t)
1
2
exp(− exp(exp(C0t2))t)e

1
2
[1−exp(− exp(exp(C0t2)))t]

Remark 1.5. We point out that we can obtain the convergence for the
velocity in the Lp spaces with p ∈ ]2,∞[. More precisely, applying the inter-
polation inequality

∥f∥Lp ≲ ∥f∥2/p
L2 ∥f∥

1−2/p
L∞ , p ∈ ]2,∞[,

together with (3.1), (3.28), and the inequality (1.3), we have the following
rate of convergence:

∥vµ − v∥L∞
t Lp + ∥θµ − θ∥L∞

t Lp ≤ C
1−2/p
0 (µt)

1
p
exp(− exp(exp(C0t2))t)

× exp((1− 2/p) exp(C0t
2))Φ1/p(t).

Remark 1.6. The rate of convergence in the inviscid limit is also of
interest. In our case, it has an exponential form, which differs from the
convergence rate in the L2 setting, where the rate is of order µt (see [27, 31]),
due to the lack of Lipschitz regularity of the velocity field.

The paper is organized as follows. In Section 2, we introduce the function
spaces and preliminary results. Section 3 is devoted to the proof of Theo-
rem 1.1, where we obtain uniform estimates for the viscous solutions with
respect to the viscosity parameter. Section 4 addresses the inviscid limit of
system (Bµ), namely the convergence of its solutions to those of (B0) as
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µ → 0 in Lebesgue spaces. Finally, the last section presents some technical
lemmas used in the proof of the main result.

2. Setup and technical toool box. Throughout this paper, we employ
the following notations:

• We denote by κ1 and κ2 the quantities

(2.1) κ1 = sup
|σ|≤∥θ0∥L∞

κ(σ), κ2 = sup
|σ|≤∥θ0∥L∞

κ′(σ).

• We designate by C a positive constant which may be different at each
occurrence, but it does not depend on the initial data.

• We shall sometimes alternatively use the notation X ≲ Y for an inequality
of the type X ≤ CY with C independent of X and Y .

• The notation C0 denotes a constant depending only on the norms of the
initial data and independent of the viscosity parameter.

• We write Lp instead of Lp(R2).

2.1. Function spaces. In this section, we introduce the definitions of
Hölder spaces Cn+α and Sobolev spaces of type W 1,p which will be used in
our analysis. For α ∈ ]0, 1[, we define Cα to be the set of u ∈ L∞ such that

(2.2) ∥u∥Cα = ∥u∥L∞ + sup
x ̸=y

|u(x)− u(y)|
|x− y|α

< ∞.

We will also make use of the space C1+α which is the set of continuously
differentiable functions u such that

∥u∥C1+α = ∥u∥L∞ + ∥∇u∥Cα < ∞.

In the same way, we can generally define the space Cn+α with n ∈ N and
α ∈ ]0, 1[.

The homogeneous Sobolev space Ẇ 1,p for p ∈ [1,∞] is the set of tempered
distributions u ∈ S ′ whose gradient belongs to Lp, endowed with the norm

∥u∥Ẇ 1,p = ∥∇u∥Lp .

Next, we outline some elements of Littlewood–Paley theory which will
be required in several steps. Let (χ, φ) ∈ D(R2) × D(R2) be radial cut-off
functions such that suppχ ⊂ {ξ ∈ R2 : ∥ξ∥ ≤ 1} and suppφ ⊂ {ξ ∈ R2 :
1/2 ≤ ∥ξ∥ ≤ 2}, so that

χ(ξ) +
∑
q≥0

φ(2−qξ) = 1.

The Littlewood–Paley or frequency cut-off operators (∆q)q≥−1 and (∆̇q)q≥−1

are defined for u in S ′(R2), the class of tempered distributions, by

∆−1u = χ(D)u, ∆qu = φ(2−qD)u for q ∈ N, ∆̇qu = φ(2−qD)u for q ∈ Z,



Inviscid limit of the viscous Boussinesq system 7

where, in the general case, f(D) stands for the pseudo-differential operator

u 7→ F−1(fFu),

with constant symbol. The lower frequencies sequence (Sq)q≥0 is defined for
q ≥ 0 by

Squ :=
∑

j≤q−1

∆ju.

In accordance with the previous properties, we have the well-known decom-
position of unity

u =
∑
q≥−1

∆qu, u =
∑
q∈Z

∆̇qu.

We now define the inhomogeneous Besov spaces Bs
p,r and the homoge-

neous Besov spaces Ḃs
p,r.

Definition 2.1. For (p, r, s) ∈ [1,∞]2×R, the spaces Bs
p,r and Ḃs

p,r are
defined by

Bs
p,r = {u ∈ S ′(R2) : ∥u∥Bs

p,r
< ∞},

Ḃs
p,r = {u ∈ S ′(R2)|P : ∥u∥Ḃs

p,r
< ∞},

where P refers to the set of polynomial functions in R2, and we have

∥u∥Bs
p,r

:=

{
(
∑

q≥−1 2
rqs∥∆qu∥rLp)1/r if r ∈ [1,∞[,

supq≥−1 2
qs∥∆qu∥Lp if r = ∞

and

∥u∥Ḃs
p,r

:=

{
(
∑

q∈Z 2
rqs∥∆̇qu∥rLp)1/r if r ∈ [1,∞[,

supq∈Z 2
qs∥∆̇qu∥Lp if r = ∞.

The celebrated Bernstein inequalities are listed in the following lemma
(see for example [2, Lemma 2.1]).

Lemma 2.2. There exists a constant C > 0 such that for q, k ∈ N, 1 ≤
a ≤ b ≤ ∞, and for u ∈ Lp,

(i) sup|α|=k ∥∂αSqu∥Lb ≤ Ck2q(k+2(1/a−1/b))∥Squ∥La ,
(ii) C−k2qk∥∆qu∥La ≤ sup|α|=k ∥∂α∆qu∥La ≤ Ck2qk∥∆qu∥La .

Moreover,

(iii) (a consequence of (i)) we have the embedding Bs
p,r ↪→ Bs̃

p̃,r̃ whenever
p̃ ≥ p and either

s̃ < s− 2 (1/p− 1/p̃)

or
s̃ = s− 2 (1/p− 1/p̃) and r̃ ≤ r.

We define the mixed space-time spaces as follows.
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Definition 2.3. Let T > 0 and (s, β, p, r) ∈ R× [1,∞]3. We define

Lβ
TBs

p,r :=
{
u : [0, T ] → S ′; ∥u∥

Lβ
T Bs

p,r
=

∥∥(2qs∥∆qu∥Lp)ℓr
∥∥
Lβ
T
< ∞

}
.

Since ∇ · v = 0, we can express v in terms of the stream function via
the Biot–Savart law v = ∇⊥∆−1ω. Combining this with Calderón–Zygmund
theory, we deduce the following.

Proposition 2.4. Let p ∈ ]1,∞[ and v be a divergence-free vector field
with vorticity ω ∈ Lp. Then ∇v ∈ Lp and

∥∇v∥Lp ≤ C
p2

p− 1
∥ω∥Lp

with C being a universal constant.

3. A priori estimates. The existence part of Theorem 1.1 is classical
and can be proved for example by using the standard recursive method: see,
e.g., [32]. We will focus on a priori estimates for the velocity, temperature
and vorticity in various function spaces.

3.1. Energy estimates. We start with elementary energy estimates.

Proposition 3.1. Let (v, θ) be a smooth solution of (Bµ).

(i) Let θ0 ∈ Lp for some p ∈ [2,∞]. Then for t ∈ R+, we have

(3.1) ∥θ(t)∥Lp ≤ ∥θ0∥Lp .

(ii) Let (v0, θ0) ∈ L2 × L2. Then for t ∈ R+, we have

∥v(t)∥L2 ≤ ∥v0∥L2 + t∥θ0∥L2 ,

∥v(t)∥2L2 + 2µ

t�

0

∥∇v(τ)∥2L2 dτ ≤ C0(1 + t2).

(iii) Let (ω0, θ0) ∈ L2 × L2. Then for t ∈ R+, we have

∥ω(t)∥L2 ≤ ∥ω0∥L2 +
√
κ0t∥θ0∥L2 .

Proof. (i) First case: p ∈ [2,∞[. Multiplying the θ-equation by |θ|p−2θ,
integrating by parts over R2 and using ∇ · v = 0, we obtain

1

p

d

dt
∥θ(t)∥pLp +

�

R2

κ(θ)∇θ∇(|θ|p−2θ) dx = 0.

In view of (1.1) we may write

(3.2)
1

p

d

dt
∥θ(t)∥pLp + κ−1

0 (p− 1)
�

R2

|∇θ|2|θ|p−2 dx ≤ 0.

Integrating in time over [0, t] we infer that ∥θ(t)∥Lp ≤ ∥θ0∥Lp .
Second case: p = ∞. Taking p → ∞ we find the desired result.
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(ii) The classical L2 scalar product for the v-equation allows us to achieve
1

2

d

dt
∥v(t)∥2L2 + µ

�

R2

|∇v|2 dx ≤
�

R2

|θv| dx.

By the Cauchy–Schwarz inequality, we readily get

(3.3)
1

2

d

dt
∥v(t)∥2L2 + µ∥∇v(t)∥2L2 ≤ ∥v(t)∥L2∥θ(t)∥L2 .

Thanks to (i) for p = 2, that is, ∥θ(t)∥L2 ≤ ∥θ0∥L2 , it follows after integration
with respect to time that

∥v(t)∥L2 ≤ ∥v0∥L2 + t∥θ0∥L2 .

Finally, integrating (3.3) in time and using the last estimate gives

∥v(t)∥2L2 + 2µ

t�

0

∥∇v(τ)∥2L2 dτ ≤ ∥v0∥2L2 + 2t∥θ0∥L2∥v0∥L2 + t2∥θ0∥2L2

≤ 2(∥θ0∥L2 + ∥v0∥L2)2(1 + t2).

(iii) The classical L2-estimate for the ω-equation gives
1

2

d

dt
∥ω(t)∥2L2 =

�

R2

∂1θω dx.

Using the Cauchy–Schwarz inequality, we obtain
1

2

d

dt
∥ω(t)∥2L2 ≤ ∥∇θ(t)∥L2∥ω(t)∥L2 .

Therefore,
1

2

d

dt
∥ω(t)∥L2 ≤ ∥∇θ(t)∥L2 .

Integrating in time and using the Cauchy–Schwarz inequality with respect
to time, we find

(3.4) ∥ω(t)∥L2 ≤ ∥ω0∥L2 + t1/2∥∇θ∥L2
tL

2 .

On the other hand, by exploring (3.2) for p = 2, we have
1

2

d

dt
∥θ(t)∥2L2 + κ−1

0 ∥∇θ(t)∥2L2 ≤ 0.

It follows from integrating in time that

(3.5) ∥∇θ∥2L2
tL

2 ≤ κ0∥θ0∥2L2 .

Substituting the last estimate into (3.4), we deduce that

∥ω(t)∥L2 ≤ ∥ω0∥L2 +
√
κ0t∥θ0∥L2 .

This completes the proof of Proposition 3.1.
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3.2. The H1-bound of the temperature. In the next step, we will
bound the temperature θ in the mixed homogeneous Sobolev space L∞

t Ḣ1.
For this purpose, we define

ϕ(θ) =

θ�

0

κ(σ) dσ,

which is inspired by [33]. Then ϕ(θ) satisfies

∂t(ϕ(θ)) = κ(θ)∂tθ,

v · ∇(ϕ(θ)) = κ(θ)v · ∇θ,

and

(3.6) ∆ϕ(θ) = κ′(θ)|∇θ|2 + κ(θ)∆θ.

Combining these with the second equation of (Bµ), we infer that

(3.7) (∂t + v · ∇)ϕ(θ)− κ(θ)∆ϕ(θ) = 0.

In view of Proposition 3.1(i) we have ∥θ(t)∥Lm ≤ ∥θ0∥Lm . Therefore we get

∀m ∈ [2,∞], ∥ϕ(θ)(t)∥Lm =
∥∥∥ θ�

0

κ(σ) dσ
∥∥∥
Lm

≤ κ1∥θ(t)∥Lm ≤ κ1∥θ0∥Lm .

Proposition 3.2. Let (ω0, θ0) ∈ L2×H1∩L∞. Then the solution of the
second equation of (Bµ) satisfies

∥θ∥2
L∞
t Ḣ1 + ∥θ∥2

L2
t Ḣ

2 ≤ C0 exp(C0t
2).

Proof. Taking the L2 inner product of (3.7) with −∆(ϕ(θ)), we find that

(3.8)
1

2

d

dt
∥∇ϕ(θ)(t)∥2L2 +

�

R2

κ(θ)(∆(ϕ(θ)))2 dx =
�

R2

v ·∇(ϕ(θ))∆(ϕ(θ)) dx.

Now, integrating by parts and using the incompressibility condition ∇·u = 0,
we obtain �

R2

v · ∇(ϕ(θ))∆(ϕ(θ)) dx = −
�

R2

∂2v
1∂1ϕ(θ)∂2ϕ(θ) dx

−
�

R2

∂1v
2∂2ϕ(θ)∂1ϕ(θ) dx.

Hence, we get
1

2

d

dt
∥∇ϕ(θ)(t)∥2L2 +

�

R2

κ(θ)(∆(ϕ(θ)))2 dx = −
�

R2

∂2v
1∂1ϕ(θ)∂2ϕ(θ) dx

−
�

R2

∂1v
2∂2ϕ(θ)∂1ϕ(θ) dx.



Inviscid limit of the viscous Boussinesq system 11

We successively use (1.1) and Hölder’s inequality to get
1

2

d

dt
∥∇ϕ(θ)(t)∥2L2 + κ0∥∆(ϕ(θ))(t)∥2L2 ≤ ∥∇v(t)∥L2∥∇ϕ(θ)(t)∥2L4 .

Thanks to the Calderón–Zygmund estimate (2.4) and the Gagliardo–Niren-
berg inequality ∥f∥L4 ≤ C∥∇f∥1/2

L2 ∥f∥
1/2
L2 , we find

1

2

d

dt
∥∇ϕ(θ)(t)∥2L2 + κ0∥∆(ϕ(θ))(t)∥2L2

≤ C∥ω(t)∥L2∥∇ϕ(θ)(t)∥L2∥∆ϕ(θ)(t)∥L2 .

Therefore, by Young’s inequality, we have

1

2

d

dt
∥∇ϕ(θ)(t)∥2L2 + κ0∥∆(ϕ(θ))(t)∥2L2

≤ C

(
1

2κ0
∥ω(t)∥2L2∥∇ϕ(θ)(t)∥2L2 +

κ0
2
∥∆ϕ(θ)(t)∥2L2

)
.

It follows from integrating in time that

∥∇ϕ(θ)∥2L∞
t L2 + κ0∥∆(ϕ(θ))∥2L2

tL
2

≲ ∥∇ϕ(θ)(0)∥2L2 +
1

κ0

t�

0

∥ω(τ)∥2L2∥∇ϕ(θ)(τ)∥2L2 dτ.

Gronwall’s inequality gives

∥∇ϕ(θ)∥2L∞
t L2 + κ0∥∆(ϕ(θ))∥2L2

tL
2

≲
1

κ0
∥∇ϕ(θ)(0)∥2L2 exp

(t�

0

∥ω(τ)∥2L2 dτ
)
.

The fact that ∇ϕ(θ0) = κ′(θ0)∇θ0 and Proposition 3.1 (iii) give

(3.9) ∥∇ϕ(θ)∥2L∞
t L2 + κ0∥∆(ϕ(θ))∥2L2

tL
2

≤ C

(
κ2
κ0

)2

∥∇θ0∥2L2 exp
(
(∥ω0∥2L2 + κ0∥θ0∥2L2t)t

)
.

We now use (3.9) to derive bounds for ∇θ in L∞(0, t;L2) and for ∆θ in
L2(0, t;L2). On the one hand, we exploit the fact ∂iθ = (κ(θ))−1∂iϕ(θ) and
(1.1) to get

(3.10) ∥∇θ(t)∥L2 ≤ 1

κ0
∥∇ϕ(θ)(t)∥L2 ,

On the other hand, from (3.6), we have

∆θ = (κ(θ))−1
(
∆ϕ(θ)− κ′(θ)|∇θ|2

)
.
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It follows that
t�

0

∥∆θ(τ)∥2L2 dτ ≤ 1

κ0
∥∆ϕ(θ)∥2L2

tL
2 +

κ2
κ50

t�

0

∥∇ϕ(θ)(τ)∥4L4 dτ.

We use the interpolation inequality

(3.11) ∥∇f∥L4 ≲ ∥f∥1/2L∞∥∆f∥1/2
L2

and (3.8) to deduce that
t�

0

∥∆θ(τ)∥2L2 dτ ≲
1

κ0
∥∆ϕ(θ)∥2L2

tL
2

+
κ2
κ0

t�

0

∥ϕ(θ)(τ)∥2L∞∥∆ϕ(θ)(τ)∥2L2 dτ

≲
1

κ0
∥∆ϕ(θ)∥2L2

tL
2 +

κ21κ2
κ0

∥θ0∥2L∞∥∆ϕ(θ)∥2L2
tL

2

≤ C0∥∆ϕ(θ)∥2L2
tL

2 .

Combining this with (3.9) and (3.10), we conclude that

∥∇θ∥2L∞
t L2 + ∥∆θ∥2L2

tL
2 ≤ C0 exp(C0t

2).

This completes the proof of Proposition 3.2.

The following corollary is a consequence of the previous proposition.

Corollary 3.3. Let v be the divergence-free velocity vector field, and
q > 2. Then for any smooth solution (θ, ω) of the system (VDµ) we have,
for t > 0,

∥ω(t)∥L∞
t Lq ≤ C0e

C0t2 .

Proof. Multiplying the ω-equation by |ω|q−2ω for q > 2, integrating by
parts over R2, and using div v = 0, we get

1

q

d

dt
∥ω(t)∥qLq =

�

R2

∂1θ|ω|q−2ω dx.

Hölder’s inequality implies that
1

q

d

dt
∥ω(t)∥qLq ≲ ∥∇θ∥Lq∥ω∥q−1

Lq .

From the embedding
∥f∥Lq ≤ C

√
q∥f∥H1 ,

it follows that
1

q

d

dt
∥ω(t)∥qLq ≤ C

√
q∥θ∥H2∥ω∥q−1

Lq .
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So, integrating in time and using the Cauchy–Schwarz inequality with respect
to time one gets

∥ω(t)∥Lq ≤ ∥ω0∥Lq + C
√
q∥θ∥L2

tH
2t1/2.

According to Proposition 3.2, we deduce that

∥ω∥L∞
t Lq ≤ C0e

C0t2 ,

which is the desired estimate.

3.3. The Hρ-bound of the temperature. Now, we will control the
temperature θ in L∞

t Hρ where ρ ∈ (1, 2].

Proposition 3.4. Let θ0 ∈ Ḣρ with ρ ∈ (1, 2]. Then the solution of the
second equation of (Bµ) satisfies

(3.12) ∥θ∥2L∞
t Hρ + ∥θ∥2L2

tH
ρ+1 ≤ C0 exp(exp(C0t

2)).

Proof. First, apply the operator Λρ with ρ > 1 to the second equation
in (Bµ). Then, taking the L2 inner product with Λρθ yields

(3.13)
1

2

d

dt
∥Λρθ(t)∥2L2 −

�

R2

Λρ∇·(κ(θ)∇θ)Λρθ dx = −
�

R2

Λρ(v ·∇θ)Λρθ dx.

Integrating by parts and using (1.1), we obtain

(3.14) −
�

R2

Λρ∇ · (κ(θ)∇θ)Λρθ dx

= −
2∑

i=1

�

R2

Λρ∂i(κ(θ)∂iθ)Λ
ρθ dx =

2∑
i=1

�

R2

Λρ(κ(θ)∂iθ)∂iΛ
ρθ dx

=

2∑
i=1

�

R2

κ(θ)Λρ∂iθΛ
ρ∂iθ dx+

2∑
i=1

�

R2

[Λρ, κ(θ)]∂iθΛ
ρ∂iθ dx

≥ κ0∥Λρ∇θ∥2L2 +
2∑

i=1

�

R2

[Λρ, κ(θ)]∂iθΛ
ρ∂iθ dx.

Plugging (3.14) into (3.13), we find that

(3.15)
1

2

d

dt
∥Λρθ(t)∥2L2 + κ0∥Λρ∇θ∥2L2 ≤ −

�

R2

Λρ(v.∇θ)Λρθ dx

−
2∑

i=1

�

R2

[Λρ, κ(θ)]∂iθΛ
ρ∂iθ dx

=: I +

2∑
i=1

IIi.
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Let κ̃(θ) = κ(θ)− κ(0). For the operator τ = Λs, we note that

(3.16) [τ, κ̃(θ)]F = τ(κ̃(θ)F )− κ̃(θ)τF

= τ(κ(θ)− κ(0))F − (κ(θ)− κ(0))τF

= τ(κ(θ)F )− κ(θ)τF = [τ, κ(θ)]F.

Using the Cauchy–Schwarz inequality, we obtain

(3.17) |IIi| ≤ C∥[Λρ, κ(θ)]∂iθ∥L2∥Λρ∇θ∥L2 .

For the commutator term on the right-hand side, we successively use (3.16)
and (A.1) of Lemma 5.2 to find

∥[Λρ, κ(θ)]∂iθ∥L2 = ∥[Λρ, κ̃(θ)]∂iθ∥L2

≲ ∥∇κ̃(θ)∥L∞∥Λρθ∥L2 + ∥∇θ∥L∞∥Λρκ̃(θ)∥L2 .

We use the identity ∇κ̃(θ) = κ̃′(θ)∇(θ) together with Proposition 3.1(i) and
(2.1) to obtain

(3.18) ∥∇κ̃(θ)∥L∞ ≤ κ̃1∥∇θ∥L∞ .

According to Lemma 5.3, and (2.1), we have

∥Λρκ̃(θ)∥L2 = ∥κ̃(θ)∥Ḃρ
2,2

≤ C(κ̃2)(1 + ∥θ∥L∞)1+⌊ρ⌋∥θ∥Ḃρ
2,2

≤ C(κ̃2)(1 + ∥θ∥L∞)2∥Λρθ∥L2 ,

where we have used the identity ∥θ∥Ḃρ
2,2

= ∥θ∥Ḣρ = ∥Λρθ∥L2 . Combining the
the last three estimates, we get

∥[Λρ, κ(θ)]∂iθ∥L2 ≤ C(κ̃1, κ̃2)(1 + ∥θ∥L∞)2∥∇θ∥L∞∥Λρθ∥L2 .

Substituting the last estimate into (3.17) and using Young’s inequality yields

(3.19) |IIi| ≤
κ0
4
∥Λρ∇θ∥2L2 + (1 + ∥θ∥L∞)4∥∇θ∥2L∞∥Λρθ∥2L2 .

Now, we are going to bound I. By the Cauchy–Schwarz inequality,

(3.20) |I| ≲ ∥Λρ−1(v · ∇θ)∥L2∥Λρ∇θ∥L2 .

First for ρ ∈ (1, 2), we exploit (A.2) of Lemma 5.2 to get

∥Λρ−1(v · ∇θ)∥L2 ≲ ∥v∥L∞∥Λρ−1∇θ∥L2 + ∥∇θ∥
L

2
2−ρ

∥Λρ−1v∥
L

2
ρ−1

.

To treat the two terms ∥∇θ∥
L

2
2−ρ

and ∥Λρ−1v∥
L

2
ρ−1

we successively use the

Sobolev embeddings Ḣρ−1 ↪→ L
2

2−ρ and Ḣ2−ρ ↪→ L
2

ρ−1 to find

∥Λρ−1(v · ∇θ)∥L2 ≲ (∥v∥L∞ + ∥∇v∥L2)∥Λρθ∥L2 .

Substituting the last estimate in (3.20), by Young’s inequality we deduce

|I| ≲ κ0
4
∥Λρ∇θ∥2L2 + (∥v∥2L∞ + ∥∇v∥2L2)∥Λρθ∥2L2 .
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In the case ρ = 2, we successively use integration by parts, the Cauchy–
Schwarz inequality, Lemma 5.2, and Young’s inequality to obtain

(3.21) |I| ≤ C∥Λ(v · ∇θ)∥L2∥Λρθ∥L2

≤ (∥v∥L∞∥Λ∇θ∥L2 + ∥∇θ∥L∞∥Λv∥L2)∥Λ2∇θ∥L2

≤ (∥v∥L∞∥Λ2θ∥L2 + ∥∇θ∥L∞∥∇v∥L2)∥Λ2∇θ∥L2

≤ κ0
4
∥Λ2∇θ∥2L2 + ∥v∥2L∞∥Λ2θ∥2L2 + ∥∇v∥2L2∥∇θ∥2L∞ .

By inserting (3.17) and (3.20) into (3.15), we deduce that

(3.22)
d

dt
∥Λρθ(t)∥2L2 + κ0∥Λρ∇θ∥2L2

≲ (∥v∥2L∞ + ∥∇v∥2L2 + (1 + ∥θ∥L∞)4∥∇θ∥2L∞)∥Λρθ∥2L2

+ ∥∇v∥2L2∥∇θ∥2L∞ .

The interpolation inequality together with the Calderón–Zygmund estimate
(2.4) yields

(3.23)
d

dt
∥Λρθ(t)∥2L2 + κ0∥Λρ∇θ∥2L2

≲
(
∥v∥

q−2
q−1

L2 ∥ω∥
q

q−1

Lq + ∥∇v∥2L2 + (1 + ∥θ∥L∞)4∥∇θ∥2L∞
)
∥Λρθ∥2L2

+ ∥∇v∥2L2∥∇θ∥2L∞ .

In order to handle the term ∥∇θ∥L∞ , we invoke the logarithmic interpolation
inequality

(3.24) ∥∇θ∥L∞ ≤ C(1 + ∥∇θ∥L2 + ∥∆θ∥L2

√
ln(e+ ∥Λρ∇θ∥L2), ρ > 1.

With (3.24) substituted into (3.22), we arrive at

d

dt
∥Λρθ(t)∥2L2 + κ0∥Λρ∇θ∥2L2

≤ C
(
1 + ∥v∥

q−2
q−1

L2 ∥ω∥
q

q−1

Lq + ∥∇v∥2L2 + (1 + ∥θ∥L∞)4∥∇θ∥2L2

)
∥Λρθ∥2L2

+ C∥∆θ∥2L2 ln(e+ ∥Λρ∇θ∥2L2)∥Λρθ∥2L2

+ C∥∇v∥2L2∥∆θ∥2L2 ln(e+ ∥Λ∇θ∥2L2).

From Proposition 3.1(i), we infer

(3.25)
d

dt
(1 + ∥Λρθ(t)∥2L2) + κ0∥Λρ∇θ∥2L2

≤ C(1 + ∥θ0∥L2)4
(
(1 + ∥v∥

q−2
q−1

L2 ∥ω∥
q

q−1

Lq + ∥∇v∥2L2 + ∥∇θ∥2L2)(1 + ∥Λρθ∥2L2)

+ C(1 + ∥∇v∥2L2)∥∆θ∥2L2 ln(e+ ∥Λρ∇θ∥2L2)(1 + ∥Λρθ∥2L2)
)
.
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In light of the estimate

∥∆θ∥2L2 ≤ C∥θ∥
2ρ−2
ρ+1

L2 ∥Λρ∇θ∥
4

ρ+1

L2 ≤ ∥Λρ∇θ∥
4

ρ+1

L2 ,

where 4
ρ+1 < 2 since ρ > 1, and combining this with Lemma 5.4, Propositions

3.1 and 3.2, and Corollary 3.3, we conclude that

∥Λρθ(t)∥2L2 +

t�

0

∥Λρ∇θ(τ)∥2L2 dτ ≤ C0 exp(exp(C0t
2)).

The proof of Proposition 3.4 is complete.

3.4. The L∞ bound of the vorticity. The following important result
is a direct consequence of the above proposition.

Corollary 3.5. Let v be a smooth divergence-free vector field. Then for
every smooth solution (ω, θ) of the system (VDµ) we have, for every t ≥ 0,

∥ω(t)∥L∞ ≤ C0 exp(exp(C0t
2)).

In addition,
∥v∥L∞

t L∞ ≤ C0 exp(exp(C0t
2)).

Proof. The maximum principle for the ω-equation gives

∥ω(t)∥L∞ ≤ ∥ω0∥L∞ +

t�

0

∥∇θ(τ)∥L∞ dτ.

Since Hρ+1 ↪→ Lip for ρ > 1, we have

∥ω(t)∥L∞ ≤ ∥ω0∥L∞ + ∥θ∥L1
tH

ρ+1 .

By the Cauchy–Schwarz inequality with respect to time and Proposition 3.4,
we conclude that

(3.26) ∥ω(t)∥L∞ ≤ ∥ω0∥L∞ + ∥θ∥L2
tH

ρ+1t1/2 ≤ C0 exp(exp(C0t
2)).

From the Biot–Savart law, v = ∇⊥∆−1ω, and applying Bernstein’s inequal-
ity, we obtain the equivalence

∀q ∈ N, ∥∆qv∥L∞ ≈ 2−q∥∆qω∥L∞ .

Hence,

(3.27) ∥v∥L∞ ≲ ∥v∥L2 + ∥ω∥L∞ .

Inserting (3.26) into (3.27) and using Proposition 3.1(ii), we conclude that

∥v(t)∥L∞ ≤ C0 exp(exp(C0t
2)),(3.28)

which is the desired estimate.
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4. Inviscid limit. This section concerns the inviscid limit for system
(Bµ) towards (B0) as µ → 0, and establishes the rate of convergence of the
velocities and densities.

Proof of Theorem 1.4. Taking the difference between (Bµ) and (B0), by
setting vµ = vµ − v, θµ = θµ − θ and pµ = pµ − p we find that the triplet
(vµ, θµ, pµ) is governed by the following evolution system:

(Dµ)



∂tvµ + vµ · ∇vµ − µ∆vµ = µ∆v −∇pµ + θe⃗2 − vµ · ∇v,

∂tθµ + vµ · ∇θµ −∇ · (κ(θµ)∇θµ)

= −vµ · ∇θ +∇ ·
(
(κ(θµ)− κ(θ))∇θ

)
,

∇ · vµ = 0,

(vµ, θµ)|t=0 = (vµ0 , θ
µ
0 ).

Taking the L2 inner product of the first equation in (Dµ) with vµ, and
integrating by parts over R2 bearing in mind that ∇ · vµ = ∇ · v = 0, shows
that

1

2

d

dt
∥vµ(t)∥2L2 + µ

�

R2

|∇vµ|2 dx = µ
�
∆vvµ dx+

�

R2

vµθµe⃗2 dx

−
�

R2

vµ · ∇vvµ dx.

Then, by integration by parts and Hölder’s inequality we obtain

(4.1)
1

2

d

dt
∥vµ(t)∥2L2 + µ∥∇vµ∥2L2

≲ µ∥∇v∥L2∥∇vµ∥L2 + ∥vµ(t)∥L2∥θµ(t)∥L2 + ∥∇v∥Lq∥vµ∥2L2q′

for q ∈ (2,∞), where q′ denotes the conjugate exponent of q. We next suc-
cessively apply the Biot–Savart law, Young’s inequality, and interpolation to
get

1

2

d

dt
∥vµ(t)∥2L2 +

µ

2
∥∇vµ∥2L2 ≲

µ

2
∥ω∥2L2 +

1

2
(∥vµ(t)∥2L2 + ∥θµ(t)∥2L2)

+ q∥ω∥Lq∥vµ∥2/q
′

L2 ∥vµ∥2/qL∞ .

Thus, we have

(4.2)
1

2

d

dt
∥vµ(t)∥2L2 +

µ

2
∥∇vµ∥2L2

≲
µ

2
∥ω∥2L2 +

1

2
(∥vµ(t)∥2L2 + ∥θµ(t)∥2L2)

+ q∥ω∥Lq∥vµ∥2(1−1/q)
L2 (∥vµ∥L∞ + ∥v∥L∞)2/q.
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On the other hand, proceeding in the same way for the θµ-equation, we find

(4.3)
1

2

d

dt
∥θµ(t)∥2L2 +

�

R2

κ(θµ)∇θµ · ∇θµ dx

= −
�

R2

vµ · ∇θθµ dx−
�

R2

(κ(θµ)− κ(θ))∇θ · ∇θµ dx =: I + II.

To estimate the first term, we successively use the incompressibility condition
∇· vµ = 0, integration by parts, Hölder’s inequality, and Young’s inequality:

(4.4) I = −
�

R2

div(vµθ)θµ dx =
�

R2

vµθ · ∇θµ dx

≲ ∥θ∥L∞∥vµ∥L2∥∇θµ∥L2 ≤ C(ε)∥θ∥2L∞∥vµ∥2L2 +
1

2ε
∥∇θµ∥2L2 .

For the second term II, we first exploit Taylor’s formula to write

κ(θµ)− κ(θ) = (θµ − θ)

1�

0

κ′(θµ + ϑ(θ − θµ)) dϑ

= θµ

1�

0

κ′(θµ + ϑ(θ − θµ)) dϑ.

Thus, from (1.1), we have

|κ(θµ)− κ(θ)| ≤ κ0|θµ|.
Hence, by Hölder’s inequality, Ladyzhenskaya’s inequality, (3.11), and Young’s
inequality we get

|II| ≲
�

R2

|θµ∇θ · ∇θµ| dx ≲ ∥θµ∥L4∥∇θ∥L4∥∇θµ∥L2

≲ ∥θµ∥1/2L2 ∥∇θµ∥1/2L2 ∥θ∥
1/2
L∞∥∆θ∥1/2

L2 ∥∇θµ∥L2

≤ C(ε)∥θµ∥L2∥∇θµ∥L2∥θ∥L∞∥∆θ∥L2 +
1

2ε
∥∇θµ∥2L2

≤ C(ε)∥θ∥2L∞∥∆θ∥2L2∥θµ∥2L2 +
1

4ε
∥∇θµ∥2L2 .

Plugging (4.4) and the last estimate into (4.3), and using (1.1), we obtain
1

2

d

dt
∥θµ(t)∥2L2 + κ−1

0 ∥∇θµ∥2L2 ≲ ∥θ∥2L∞∥vµ∥2L2 + ∥θ∥2L∞∥∆θ∥2L2∥θµ∥2L2

+
3

4ε
∥∇θµ∥2L2 ,

Hence,
1

2

d

dt
∥θµ(t)∥2L2 + κ−1

0 ∥∇θµ∥2L2 ≲ ∥θ∥2L∞∥vµ∥2L2 + ∥θ∥2L∞∥∆θ∥2L2∥θµ∥2L2 .



Inviscid limit of the viscous Boussinesq system 19

Combining the last estimate with (4.2), we find
1

2

d

dt
Πµ(t) ≲

µ

2
∥ω∥2L2 +Πµ(t) + (∥θ∥2L∞ + ∥θ∥2L∞∥∆θ∥2L2)Πµ(t)

+ q∥ω∥Lq(∥vµ∥L∞ + ∥v∥L∞)2/qΠµ(t)
1−1/q.

Consequently,

(4.5)
1

2

d

dt
Πµ(t) ≲

µ

2
∥ω∥2L2 + (α(t) + β(t) + 1)(Πµ(t) + qΠµ(t)

1−1/q)

with α = ∥θ∥2L∞ + ∥θ∥2L∞∥∆θ∥2L2 and β = ∥ω∥L2∩L∞(∥vµ∥L∞ + ∥v∥L∞)2/q.
Choosing q = 2− 2 logΠ, we get

(4.6) qΠ1−1/q
µ ≤ 2e1/2Πµ log(e

2/Πµ).

By substituting the last estimate into (4.5) and integrating in time, we find
that

Πµ(t) ≲ Πµ(0) + µt∥ω∥2L∞
t L2

+

t�

0

(α(τ) + β(τ) + 1)Πµ(τ) log

(
e2

Πµ(τ)

)
dτ

≲ Πµ(0) + µt∥ω∥2L∞
t L2

+ sup
τ∈[0,t]

(α(τ) + β(τ) + 1)

t�

0

Πµ(τ) log

(
e2

Πµ(τ)

)
dτ.

Thanks to Proposition 3.1 Proposition 3.2 and (3.28), we deduce that

Πµ(t) ≲ Πµ(0) + µt exp(C0t) + exp(exp(C0t
2))

t�

0

Πµ(τ) log

(
e2

Πµ(τ)

)
dτ.

However, Πµ(0) = 0. Thus, applying Osgood’s Lemma 5.1 gives

Πµ(t) ≲ (µt∥ω∥2L∞
t L2)

exp(− supτ∈[0,t](α(τ)+β(τ)+1)t)

× e1−exp(− supτ∈[0,t](α(τ)+β(τ)+1)t).

Thanks to Propositions 3.1 and 3.2 and 3.28, we deduce that

∥vµ(t)∥2L2 + ∥θµ(t)∥2L2 ≤ (C0(1 + t)µt)exp(− exp(exp(C0t2))t)

× e1−exp(− exp(exp(C0t2))t).

Consequently,

∥vµ − v∥L∞
t L2 + ∥θµ − θ∥L∞

t L2 ≤ (µt)
1
2
exp(− exp(exp(C0t2))t)Φ(t),

where

Φ(t) = C0(1 + t)
1
2
exp(− exp(exp(C0t2))t)e

1
2
[1−exp(− exp(exp(C0t2)))t].

This completes the proof.
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5. Appendix. In this appendix, we present some technical lemmas used
in this article. We begin by recalling the following version of Osgood’s lemma,
which is a particular case of [2, Lemma 3.4].

Lemma 5.1. Let f be a measurable function from [t0, T ] to [0, a], and
γ a locally integrable function from [t0, T ] to R+. Assume that, for some
nonnegative real number c, the function f satisfies

f(t) ≤ c+

t�

t0

γ(τ)f(τ) log

(
a

f(τ)

)
dτ for a, t ∈ [t0, T ].

Then
f(t) ≤ c

exp(−
	t
t0

γ(τ) dτ)
a
1−exp(−

	t
t0

γ(τ) dτ)
.

The following two estimates, related to fractional differential operators,
can be found in various classical works; see, for example, [2, 34].

Lemma 5.2. Let p, p1, p3 ∈ (1,∞) and p2, p4 ∈ [1,∞] satisfy
1

p
=

1

p1
+

1

p2
=

1

p3
+

1

p4
.

Then for s > 0, there exists a positive constant C such that

(A.1) ∥[Λs, f ]g∥Lp ≤ C(∥Λs−1g∥Lp1∥∇f∥Lp2 + ∥Λsf∥Lp3∥g∥Lp4 ).

In particular,

(A.2) ∥Λs(fg)∥Lp ≤ C (∥Λsg∥Lp1∥f∥Lp2 + ∥Λsf∥Lp3∥g∥Lp4 ) .

Next, we state the boundedness result concerning the effect of left com-
position with a smooth function on Besov spaces [2, Theorem 2.61].

Lemma 5.3. Let s > 0, p, r ∈ [1,∞]× [1,∞] and f ∈ Ḃs
p,r(R2)∩L∞(R2).

Assume that u(·) is a smooth function on R with u(0) = 0. Then

∥u(f)∥Ḃs
p,r

≤ C(1 + ∥f∥L∞)[s]+1∥f∥Ḃs
p,r
,

where the constant C depends on

sup
k≤[s]+2, |a|≤∥f∥L∞

∥u(k)(a)∥L∞ .

We conclude this section with a refined logarithmic Gronwall inequality
(see, for example, [38, Lemma A.4]).

Lemma 5.4. Let T > 0, and let A and B be absolutely continuous and
nonnegative functions on (0, T ) satisfying

A′(t) +B(t) ≤ [l(t) +m(t) ln(A+ e) + n(t) ln(A+B + e)](A+ e) + f(t)

for any t ∈ (0, T ), where l(t), m(t), n(t) and f(t) are all nonnegative and
integrable functions on (0, T ). Assume further that there are constants K,α ∈
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[0,∞) and β ∈ [0, 1) such that for any t ∈ (0, T ),

n(t) ≤ K(A(t) + e)α(A(t) +B(t) + e)β.

Then, for any t ∈ (0, T ), we have

A(t) +

t�

0

B(τ) dτ ≤ eΩ,

where

Ω =
(
X(0) +

t�

0

(C(α, β,K) + f(τ) + l(τ)) dτ
)

× exp
(t�

0

(m(τ) + C(α, β)n(τ)) dτ
)
.
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