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On the inviscid limit of the viscous Boussinesq system with
variable temperature diffusion

ADALET HANACHI and YOUSSOUF MAAFA

Abstract. We prove the global-in-time well-posedness of the two-dimensional viscous
Boussinesq system with temperature-dependent diffusivity under Yudovich-type initial
data. Furthermore, we show that, as u — 0, the viscous solutions (v, 6,,) converge to the
inviscid solutions (v, 0) in L{°L? for p € [2, 00|, with an explicit rate of convergence.

1. Introduction

1.1. Introduction. The Boussinesq system is a fundamental model
in geophysical fluid dynamics, widely used to describe large-scale atmo-
spheric and oceanic flows. It also plays a central role in the analysis of
Rayleigh—Bénard convection, a classical problem in fluid mechanics. This
system captures convection phenomena in an incompressible viscous fluid
driven by the buoyancy force induced by temperature; we refer for instance
to [4,6] for more details.

In this paper, we focus on the two-dimensional viscous Boussinesq system
with variable dissipation, described by the following equations:

vy + vy - Vo, — pdv, + Vp, = 0,65 if (t,z) € Ry x R%,
00, + v, - VO, —V - (k(0,)V0,) =0 if (t,z) € Ry x R%,
V-v, =0,

(U,uv 0#)\75:0 = (Ugv 02)

Here v, = (U}L, vz) denotes the velocity field, p, the scalar pressure, and 6,

the scalar temperature. The term 6,€> represents the buoyancy force, with
€> = (0,1)T. The parameter y denotes the viscosity of the fluid, while r(-)

(By)
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is a smooth function satisfying
(1.1) k(0) > Ko,

where kg is a fixed positive constant. If the initial temperature (92 is iden-
tically zero, then the system reduces to the Navier—Stokes equations
for © > 0, and to the Euler equations for p = 0. In both cases, global
well-posedness has been established in various function spaces (see, for ex-
ample, |1,3,5,/11,/12,/14-17}|21,22,35,/39] and the references therein).

The study of existence and uniqueness has also been extended to other
models, including , which features several distinct cases. In the inviscid
case, i.e. u = k(f) = Ko = 0, the global existence problem remains open.
However, D. Chae and K. Nam [10] established local well-posedness for ini-
tial data vg, 89 in H® with s > 2. Subsequently, the same authors obtained
a similar result in [9] for initial data in the Holder space C* with s > 1.
Recently, Z. Hassainia and T. Hmidi [19] studied the local theory for rough
initial data of Yudovich type. In the case when system includes dissi-
pation, the global-in-time regularity is well known. Specifically, three cases
arise. In the fully viscous case (¢ > 0 and x(f) = ko > 0), J. R. Cannon
and E. Dibenedetto [7], and independently B. Guo [18], proved the global
existence of smooth solutions for arbitrarily large data by means of energy
estimates.

For the cases of partial dissipation, i.e. either (u > 0, xK(0) = ko = 0) or
(b =0, k() = ko > 0), D. Chae [8] established global well-posedness for
initial data vg, 0y € H® with s > 2. This result was subsequently improved
by T. Hmidi and S. Keraani |23} 24]. In their first work, they considered
initial data (vo,00) € H® x 23, N A, with (s,p) € (0,2] x (2,00]. In
the second work, they obtained global well-posedness for initial data in the
critical Besov spaces %;j2/p x L", with (p,r) satisfying 2 < r < p < co. An
additional condition fy € B is required in the endpoint case p = oo. More
recently, in the case of system with a general source term (0éy = F(6))
for F € C?(R,R?) and zero viscosity, the second author and O. Melkemi [28]
studied the global-in-time well-posedness in the framework of smooth vortex
patches.

In recent years, much attention has been devoted to the Boussinesq sys-
tem with temperature-dependent diffusivity « in . For example, S. Wang
and Z. Zhang [36| established global well-posedness of with temperat-
ure-dependent viscosity, assuming vg, 0g € H® with s > 2. Their proof relies
on the De Giorgi method, Littlewood—Paley decomposition, and paradiffer-
ential calculus. The same result was later obtained independently by D. Li
and X. Xu [26], and by Q. Chen and L. Jiang [13|, for the inviscid case
@ = 0. More recently, Z. He and X. Liao [20] proved the propagation of
global regularity under the assumption (6, vg) € H®(R?) x H**(R?) with
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(sg,8v) € [1,00) x [0,00) | $p —1 < 59 < 5, +2}\{(0,2),(1,2)}. In addition,
the functions x(6) and p(6) satisfy (x(6), n(9)) € CZNClsal+ x c2n s+t
in the setting where the classical dissipation (i.e., pAv,) is replaced by the
nonlinear dissipation (i.e., V -(u(6)Vv)). We now turn to weak solutions of
Yudovich type. This framework allows for less regular initial data. Roughly
speaking, it requires that (vg, fp) has finite energy and that the correspond-
ing initial vorticity wy = V= - vg is bounded and integrable. In this setting,
the velocity field is not Lipschitz, but belongs to the class of log-Lipschitz
functions. In [32] M. Paicu and N. Zhu proved the global existence of weak
solutions under Yudovich-type initial data, namely bounded initial vortic-
ity wo and temperature 6y € L? N ﬂg;z/r with (p,7) € (2,00) x (1,00). In
addition, they imposed a smallness condition on x(6y). The second author
and M. Zerguine [30] obtained similar results for (By]), establishing uniform
estimates with respect to viscosity and proving convergence of the viscous
solutions to those of the inviscid Boussinesq system with variable dissipa-
tion in L{LP for p € [2,00] as p — 0. In more recent work, Z. Ye [38|
established global existence and uniqueness of weak solutions for initial data
in Yudovich’s class without any smallness assumption on x(6y). Moreover,
he proved global regularity under different assumptions on the initial data,
namely (vo,6p) € H® x HP N L*™ with (s,p) € (2,00) x [1,00) satisfying
|s —p| < 1.

Motivated by the works of [29,[30] and [37], we study the global well-
posedness and the inviscid limit for the two-dimensional viscous Boussinesq
system with variable dissipation.

1.2. Main results. The main results of this paper are twofold. First,
we extend the global-in-time well-posedness result for Yudovich-type initial
data obtained in [38] to system (B,J]), and establish uniform estimates for the
corresponding viscous solutions with respect to the viscosity parameter. Sec-
ond, we address the inviscid limit of system toward the corresponding
inviscid system

O +v-Vu+ Vp = fés,

0 +v-VO—V - (k(0)V) =0,
V-v=0,

(v,0)lt=0 = (vo, bo),

in the LP-spaces for p € [2,00[, as the viscosity tends to zero. In particular,
the rate of convergence of the velocities and densities is quantified. To for-
mulate the problem, we adopt the vorticity formulation. The vorticity w is
defined by

(Bo)

w = 611}2 — 821}1,
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which, in two dimensions, is a scalar function. Applying the curl operator to
the momentum equation in , we obtain the vorticity-temperature system
Owwy + vy, - Vwyu — pAw, = 010,

0, +v, -V, —V-(k(0,)V0,) =0,

vy = VlA_lw“,

(O wp)lt=0 = (957""5)'

The first main result is as follows.

(VD)

THEOREM 1.1. Let vg € L? be a divergence-free initial velocity field whose
initial vorticity wg belongs to L> N L. Let 92 € HP with p € (1,2]. If (1.1)
holds, then the system admits a global-in-time solution (v,,0,) such
that

(0 0) € Lige(Ry; L) x € (Ry; H?) N Lio(Ry; HPHY),
In addition,
wy € LS (Ry; L2 N L™).

Moreover,

H%H%toomngHl + ||9uH%§°L°°nHﬂ + ||9;¢H%ng+1 + ||Wu‘|%t°°L2er°°
< Cy exp(exp(Cot?)),
where Cy depends only on the norms of the initial data and not on the vis-
cosity .
Before giving the details of the proof, we present a few remarks.

REMARK 1.2. In this work, we do not impose any smallness assumption
on either the initial data or the thermal diffusivity coefficient x(6), and we
only assume that () is bounded from below.

REMARK 1.3. Very recently, Z. Ye |38| proved the global existence and
uniqueness of a Yudovich-type solution for when the viscosity u vanishes
(i.e., in the nonviscous case).

The main point in the proof of Theorem [I.1]is to bound the norm of the
vorticity w in L°L*. Indeed, from the maximum principle for the vorticity
equation, we have

lapllzgeroe < llwpllzoe + VOl £ poos

To bound the quantity ||V, |11 zo, we use the Sobolev embedding HrTH(R?)
< Lip(R?) with 1 < p < 2, which yields

t
lwullzgeree < llwplizee + V16 (7)llross dr
0
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To estimate [0,/ L1 go+1, We use the equation

(1.2) (0r +v - V)9(0) — (0)Ad(0) = 0,
where
0
$(0) = | k(o) do,
0

as introduced in [33]. First, we control the temperature § in the mixed ho-
mogeneous Sobolev space L°H! (see Section 3.2) by taking the L? inner
product of with —A(¢(0)). This estimate is then used to bound € in
L H? for p € (1, 2] (see Section 3.3). Finally, we apply the operator A” with
p € (1,2] to the §-equation and take the L? inner product with A°.

The second main result addresses the inviscid limit for the velocities and
densities and establishes a rate of convergence. More precisely, it reads as
follows.

THEOREM 1.4. Let (v,,0,) and (v,0) be the solutions of and (B,
respectively, corresponding to the same initial data satisfying the conditions

of Theorem . Then for allt € Ry, p €]0,1], we have
L oxp(— exp(ex 2
(13) v = vllggors + 10 — Ol g2 < ()2 P PPN P(p),
where
@(t) _ 00(1 + t)% exp(—exp(exp(C’ot2))t)e%[l—exp(—exp(exp(C’otZ)))t}
REMARK 1.5. We point out that we can obtain the convergence for the
velocity in the LP spaces with p € |2, 0o[. More precisely, applying the inter-
polation inequality
2 1-2
1o S NAZPNANE, P 2,00]
together with (3.1)), , and the inequality (|1.3), we have the following
rate of convergence:
- 1 X —ex X 2
o = vl et + 1165 = Bll e < Co /P (ut)p P PPN
x exp((1 — 2/p) exp(Cot*)) @'/ ().

REMARK 1.6. The rate of convergence in the inviscid limit is also of
interest. In our case, it has an exponential form, which differs from the
convergence rate in the L? setting, where the rate is of order ut (see [27,31]),
due to the lack of Lipschitz regularity of the velocity field.

The paper is organized as follows. In Section[2] we introduce the function
spaces and preliminary results. Section [3] is devoted to the proof of Theo-
rem [I.T} where we obtain uniform estimates for the viscous solutions with
respect to the viscosity parameter. Section 4] addresses the inviscid limit of
system , namely the convergence of its solutions to those of as
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u — 0 in Lebesgue spaces. Finally, the last section presents some technical
lemmas used in the proof of the main result.

2. Setup and technical toool box. Throughout this paper, we employ
the following notations:

e We denote by x; and ko the quantities
(2.1) k1= sup k(o), ko= sup K'(0).
lo[<l|0oll oo lo|<llfoll oo

e We designate by C a positive constant which may be different at each
occurrence, but it does not depend on the initial data.

e We shall sometimes alternatively use the notation X <Y for an inequality
of the type X < CY with C independent of X and Y.

e The notation Cjy denotes a constant depending only on the norms of the
initial data and independent of the viscosity parameter.

e We write L? instead of LP(R?).

2.1. Function spaces. In this section, we introduce the definitions of
Holder spaces C" T and Sobolev spaces of type WP which will be used in
our analysis. For a € |0, 1[, we define C* to be the set of u € L such that

u(z) —u
(2.2) lullce = ||ul|Le + SUPM < 00
Y ‘.%' - y‘
We will also make use of the space C'*® which is the set of continuously
differentiable functions u such that

lul|crea = [Jullze + ||Vu|ce < .

In the same way, we can generally define the space C"™ with n € N and
a€]0,1].

The homogeneous Sobolev space WP for p € [1, 00] is the set of tempered
distributions u € .’ whose gradient belongs to LP, endowed with the norm

[ullypro = [Vl e
Next, we outline some elements of Littlewood—Paley theory which will
be required in several steps. Let (x,¢) € D(R?) x D(R?) be radial cut-off

functions such that suppx C {¢ € R? : ||£]| < 1} and suppy C {¢ € R? :
1/2 < ||&]] < 2}, so that

XE)+> p(27%) = 1.
q>0

The Littlewood—Paley or frequency cut-off operators (Aq)q>—1 and (Ag)g>—1
are defined for v in S’(R?), the class of tempered distributions, by

A_ju = x(D)u, Agu= (2 9D)u for ¢ €N, Ayu = o(279D)u for q € Z,
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where, in the general case, f(D) stands for the pseudo-differential operator
u— F U fFu),

with constant symbol. The lower frequencies sequence (S;)4>0 is defined for

q > 0 by
Squ = Z Aju.
j<q-1

In accordance with the previous properties, we have the well-known decom-

position of unity
U= Z Aqu, u= ZAqu.
q>—1 q€Z
We now define the inhomogeneous Besov spaces %, . and the homoge-
neous Besov spaces %, ..

DEFINITION 2.1. For (p,r,s) € [1,00]* x R, the spaces %5, and %’;T are
defined by

B,,=1{ue S'(R?) : HUH%;T < oo},
By = {ue S @)p: Jull, < oo),
where P refers to the set of polynomial functions in R?, and we have
|ullgs . := {(Zqz—l 2rq$HAqu||EP)1/T ?f 7 € [1,00],
por sup,>_1 29[| Aqul| r» if r =00
and
|uH,.Z{QL@TWW%MhY“ if r € [1,00],
P supgez 2| Aqul| e if 7 = oo,
The celebrated Bernstein inequalities are listed in the following lemma
(see for example [2, Lemma 2.1]).

LEMMA 2.2. There exists a constant C' > 0 such that for ¢,k € N; 1 <
a <b< oo, and foru e LP,
(i) supjg— [0%Squl|pp < CF29FH20/a=/OD ||| o,
(ii) C7729%(| Agul|pa < supjq—g 10* Aqul|a < CF29%||Agul|La.
Moreover,

(iii) (a consequence of (i)) we have the embedding %, , — %gi whenever
p > p and either
s<s—201/p-1/p)
or
S5=s—-2(1/p—1/p) and T <.

We define the mixed space-time spaces as follows.
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DEFINITION 2.3. Let T > 0 and (s, 3,p,7) € R x [1,00]3. We define
L3, = {u: [0,T) = 8 Jull g = (@) Agulzo)e

L? < oo}

Since V - v = 0, we can express v in terms of the stream function via
the Biot-Savart law v = V+ A~ w. Combining this with Calderén—Zygmund
theory, we deduce the following.

PROPOSITION 2.4. Let p € ]1,00[ and v be a divergence-free vector field
with vorticity w € LP. Then Vv € LP and

p?
[V][er < C—|lw| L
p—1

with C being a universal constant.

3. A priori estimates. The existence part of Theorem is classical
and can be proved for example by using the standard recursive method: see,
e.g., |32]. We will focus on a priori estimates for the velocity, temperature
and vorticity in various function spaces.

3.1. Energy estimates. We start with elementary energy estimates.

PROPOSITION 3.1. Let (v,6) be a smooth solution of (By).
(1) Let 69 € LP for some p € [2,00]. Then for t € Ry, we have

(3.1) 16(E)] e < [l60]|r-
(ii) Let (vo,00) € L? x L?. Then for t € Ry, we have
[o(®)llz2 < llvollz2 + 6ol L2,
t
lo@)l17> + 26\ Vo(7) 122 dr < Co(1 +#2).
0
iii) Let (wo,8p) € L? x L?. Then for t € Ry, we have
(iif) Let (wo, .
lw@ |22 < llwollz2 + Vrot[[6oll L2

Proof. (i) First case: p € [2,00[. Multiplying the §-equation by |9P~26),
integrating by parts over R? and using V - v = 0, we obtain

1d
— 0@, + § w(O)VOV(0P~26) dz = 0.
p dt o

In view of (1.1)) we may write

1d _ _
(3.2) — 0O + 1 (0= 1) | [VOPI6]P de < 0.
p dt o
Integrating in time over [0, ¢] we infer that ||0(¢)||z» < ||6o|lLe-
Second case: p = co. Taking p — oo we find the desired result.
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(ii) The classical L? scalar product for the v-equation allows us to achieve

S e+ § 1V dr < § 160] o

R2 R2

By the Cauchy—Schwarz inequality, we readily get
1d
(3-3) 5 IO + plVoOI72 < @) 22102
Thanks to (i) for p = 2, that is, ||6(¢)]|z2 < ||0o]| 2, it follows after integration
with respect to time that
lo(@)llz2 < llvoll 2 + ¢[00l L2-

Finally, integrating (3.3 in time and using the last estimate gives

t
lo@)II72 + 20§ IVo(r) 172 dr < [lvoll72 + 2¢160]l 22 ol 22 + £[160] 7

’ < 2(|0ol 2 + ool z2)2(1 + £2)
~ 0l L2 Vo|| L2 .

(iii) The classical L?-estimate for the w-equation gives
~ —Jw®)li = | 010w da.

R2

Using the Cauchy—Schwarz inequality, we obtain

1d
3 @!\W(t)lliz < [VO@)| r2llw(@)]l 2
Therefore,
1d
3 g lw®llzz < VO] 2.

Integrating in time and using the Cauchy—Schwarz inequality with respect
to time, we find

(34) lo(@)ll 2 < llwollz2 + 7% V8] 12 2.
On the other hand, by exploring (3.2)) for p = 2, we have
1d _
B %IW(t)H% + g | VO(@) |72 < 0.
It follows from integrating in time that
(3.5) IVOI1Z2 2 < rollfoll7-

Substituting the last estimate into (3.4]), we deduce that

[w(®)llz2 < llwollz2 4+ Vot [|Boll z2-
This completes the proof of Proposition .
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3.2. The H'-bound of the temperature. In the next step, we will
bound the temperature @ in the mixed homogeneous Sobolev space L{°H!.
For this purpose, we define

which is inspired by [33|. Then ¢(6) satisfies

9y(¢(0)) = (0)0,0
V(¢(0)) = k(0)v - W
and
(3.6) Ap(0) = K'(0)|VO|? + k(h)Ab.
Combining these with the second equation of , we infer that
(3.7) (9 +v- V)6(8) — K(6) Ad(6) =

In view of Proposition [3.1|i) we have [|6(t)||zm < ||6o||zm. Therefore we get

0
vm e 2,00, |6(O)O)lm = | (o) do|| < mllo@llm < ko]l om.
0

PROPOSITION 3.2. Let (w°,6°) € L? x H' N L. Then the solution of the
second equation of satisfies

16117 o g1 + 101722 < Coexp(Cot?).

Proof Taking the L? inner product of ([3.7) with —A(¢4(6)), we find that

(3.8) 5 L|vo(o)(¢ 72+ § w(0)(A@(9)) de = | v-V(6(8) A($(6)) da.

R2 R2

2dt

Now, integrating by parts and using the incompressibility condition V-u = 0,
we obtain

82 v-V(6(0))A($(0)) dx = — §2 020" 016(0)D26(0) dev
) - EE N2 020(0)01¢(0) dar
Hence, we get )
3 dtHWﬁ( )(®)17: +R§2 K(0)(A(¢(9)))” dx = —RSZ 020" 016(0)D26(0) dax

- S 010 026(0)016(6) dx

R2
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We successively use (1.1)) and Holder’s inequality to get

B dtllvcb( YOlZ2 + rollADO) D172 < IVo@)ll22VH(O) (1)1 Za-

Thanks to the Calderon—Zygmund estimate (2.4) and the Gagliardo—Niren-

berg inequality || ]+ < C|[V ]| }5%)| £ %", we find

B dtl!V¢( )(B)I72 + Kol Ae(9))(1)]172
< Cllw@®)l 2 IVO(0) (@)l 12| Ad(0) (£) ] 12-
Therefore, by Young’s inequality, we have

5 FITEOOI3: + sl AGE) B

1 Ko
< (G IwOIETO O I + 1360013 )
It follows from integrating in time that
IVG(O)7- 2 + kol AS(0)) 72 2

1

SV
S VOO +

t

VIwI7211Vo(0)(7)]72 dr.
0

Gronwall’s inequality gives

IVG(O)7x 2 + Kol A(S(O)) 1722

< LIvo0O 13 ({7130 7).

0
The fact that V¢(0y) = £’ (6y) Vo and Proposition (i) give

(3.9)  IVAOIBe 2+ roll AGO))]122.

2
K
< 0(0) 198012 exp((lwolZ + roll6ol221)2).

We now use (3.9)) to derive bounds for V6 in L°°(0,t; L?) and for Af in
L?(0,t; L?). On the one hand, we exploit the fact 9;0 = (k(6))~10;¢() and

to get
1
(3.10) Vo)l 2 < ;0||V¢(9)(t)llm,
On the other hand, from , we have
A0 = (k(0)) 1 (Ag(0) — K'(0)|VO]?).
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It follows that

t t
K2
V120(7)|22 dr < f||A<z> Mize + 3 ) 1V6(0) ()14 dr.
0 09
We use the interpolation inequality
(3.11) IV £l S IFI21AF

and (3.8]) to deduce that
t

1
JIAOTIZe dr S = 1A0(0) 7,2
0

+ % VI6(0) (1) 7 1 Ad(0) ()72 dr
0

1 HlﬁQ
S B Wizpe +——

< CO||A¢( )HLfLQ'
Combining this with (3.9)) and (3.10)), we conclude that
V01750 12 + HAeHi?LQ < Cpexp(Cot?).

||90HLoo||A¢>( M2z

This completes the proof of Proposition [3:2] =
The following corollary is a consequence of the previous proposition.

COROLLARY 3.3. Let v be the divergence-free velocity vector field, and
q > 2. Then for any smooth solution (8,w) of the system (VD,) we have,
fort >0,

||w(t) HL;’OL‘I < Coecotz.

Proof. Multiplying the w-equation by |w|9=%w for ¢ > 2, integrating by
parts over R?, and using divv = 0, we get

1d
—lw®llfs = | d16lw|” *wda.
q dt ]RS2
Hoélder’s inequality implies that
1d -1
5allw(t)\|qm S IV LallwllTa

From the embedding
[fllze < CVall fllmm,
it follows that

1 -1
5*\Iw(t)||%q < CVall0ll m2llwllTe -
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So, integrating in time and using the Cauchy—Schwarz inequality with respect
to time one gets

Jlt)ler < llollze + Cvalol et
According to Proposition [3.2] we deduce that

wllpgera < Coet,

which is the desired estimate. =

3.3. The H”-bound of the temperature. Now, we will control the
temperature 6 in L{° H” where p € (1,2].

PROPOSITION 3.4. Let §° € HP with p € (1,2]. Then the solution of the
second equation of satisfies

(3.12) 101350+ 16112 1051 < Coexp(exp(Cot).
Proof. First, apply the operator A” with p > 1 to the second equation
n (B,)). Then, taking the L? inner product with A”@ yields

(3.13) 1i||Af’9( 3. — | 4V (5(0)VO) A0 dw = — | A°(v-V0) AP0 da.

R2 R2
Integrating by parts and using (|1.1)), we obtain

(3.14) = | 47V - (k(0)V0)A?6 dx
R 2 2
== | 4°0;((0)0:0) 470 dx =Y " | A°(1:(0)9,0)0,A°0 da

=1 R2 i=1 R2

2
=" [ 6(O)2°0,04°0,0 da + > | (47, 5(6)]0,0470;0 dev
i=1 R2 =1 R2

2
> kol APVO)135 + > | (47, 5(0)]0,04°0;0 da.

i=1 R2

Plugging (3.14)) into (3.13), we find that
(3.15) E d HAPG( 32 + Kol APVO||72 < — S AP (v.VO)APO dx

R2

2
= |47, 5(6)]0:60470,6 dx
i=1 R2
2

=1+ I,
=1
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Let #(0) = k(6) — x(0). For the operator 7 = A°, we note that
(3.16) [7,5(0)|F = 7(R(0)F) — R(0)TF
= 7(k(0) = £(0))F = (k(0) — £(0))TF
=71(k(0)F) — k(0)TF = [1,k(0)]F.
Using the Cauchy—Schwarz inequality, we obtain
(3.17) 11| < CI[A?, k(0)]0:0]| 12 | A7V O] 12

For the commutator term on the right-hand side, we successively use (3.16))
and (A.1) of Lemma [5.2] to find

1[A?, 5(0)]0:0| L2 = [[A7, &(0)]0:0]| .2
S IVEO) Lo |4°0] 2 + ([ VOl oo [ APR(O) || 2.
We use the identity V&(0) = &'(0)V(6) together with Proposition [3.1](i) and
(2.1) to obtain
(3.18) IVE®) || < £1[[VO| Lo
According to Lemma and (12.1]), we have
4RO 12 = (O] 59, < CEA+ [0)"+121 0] 5
< C(R2)(L+ 116l 2=) | 47| 2,
where we have used the identity ||0”B§2 = 10|l 7, = [|A”0|| 2. Combining the
the last three estimates, we get 7
114°, £(0)]0:6] 12 < C (81, R2) (L + 18] z<)?[[ V]| oo | 48] 2.
Substituting the last estimate into (3.17)) and using Young’s inequality yields
Ko
(3.19) L] < 1 APVOIIZ: + (1+ [10]] o) VOl 7o [ 4701 7.
Now, we are going to bound I. By the Cauchy—Schwarz inequality,
(3.20) 1< 1477 (v - VO) || 2 A7V 2.
First for p € (1,2), we exploit (A.2) of Lemmal[5.2) to get
1477 (v - VO) L2 S N0l | 477 V0|2 + [IVO] 2 (1477 H0]| 2 -

2|
QTP

To treat the two terms |[V| 2 and ||[A?~!v|| 2 we successively use the
L2 Le=T

Sobolev embeddings HP~1 «» L% and H2 P — L% to find
1477w - VO)l2 S ([ollzee + V]l £2) [ 4°6] 2.

~

Substituting the last estimate in (3.20]), by Young’s inequality we deduce
Ko
1 S —14°V0)172 + ([[ol| 7 + [ Vll72) ] 476172
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In the case p = 2, we successively use integration by parts, the Cauchy—
Schwarz inequality, Lemma [5.2] and Young’s inequality to obtain

(B21) U< ClA®- VOl 476]
(ollz=1AV0l 2 + V0l =] Avl|12) |42V 0] .
(ol 4%6] 12 + [ VOl | V] £2) | 4296 .
LAV Z2 + [0]7 147612 + [Vl 32 V6] 7o

IN A

A

By inserting (3.17) and (3.20) into (3.15]), we deduce that

d
(3:22) (| AP0()I|Zz + w0l AVOI L2
< ([vllZee + [IVUlI 72 + @+ (18] 22) [ VOI[7 )11 47017 2
+ Vol 22 V0|7
The interpolation inequality together with the Calderén—Zygmund estimate

[£4) yields

d
(3.23) %IIAPG(t)Hia + /<60||/1’2V9||%2
72

S (lvllz2 ellE + 19003 + (14 10]2)* [ VOl 147613
+ [ Vol|22 VO] 7o

In order to handle the term ||V6|| 1, we invoke the logarithmic interpolation
inequality

(3.24) [IVOl|z < O+ (VO] 2 + | A0l 2/ In(e + [ 47V 12),  p> 1.
With (3.24)) substituted into (3.22)), we arrive at

d
N AP0@)IZ: + ﬁol!ApV9|!i2
2

<CO(1+ H’UH el g + 19003 + (0 10~ [ V6132) 14702

+C[|A9|I72 In(e + [|4°V0] 7)1 4°0] 7

+ O Vo[ 72(|A0]|72 In(e + [ AVE][72).
From Proposition [3.1](i), we infer
d
T 1470@)I172) + Ho||/1pV9||i2

2
< C(L+ 6ol z2)* (1 + HUH el g + 1903 + [196]32)(0+ 1476]34)
+C(1+ [[Voll22) 1401172 In(e + ([ 47V 22) (1 + [|470] 72)).

(3.25)
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In light of the estimate

2p—2 4 4

146]122 < ClI61l &7 14798 737 < 147V8] 72"

where ﬁ < 2since p > 1, and combining this with Lemma Propositions

and and Corollary we conclude that

t
1426(0)|32 + {149V 6(7) 2. dr < Co explexp(Cot?)).
0
The proof of Proposition [3.4]is complete. u

3.4. The L* bound of the vorticity. The following important result
is a direct consequence of the above proposition.

COROLLARY 3.5. Let v be a smooth divergence-free vector field. Then for
every smooth solution (w, ) of the system (VD,|) we have, for everyt >0,

lw(t)]|Loe < Coexp(exp(Cot?)).
In addition,
[0 oo oo < Co exp(exp(Cot?)).

Proof. The maximum principle for the w-equation gives

t
lo(@)llze < llwoll e + § IVO(T) || = dr.
0

Since HP*T! < Lip for p > 1, we have
lw(@ [z < llwollzoe + 101y pross-

By the Cauchy—Schwarz inequality with respect to time and Proposition [3.4]
we conclude that

(3.26) lw@®)lz < llwollz + 0]l 2 o t'? < Co exp(exp(Cot?)).

From the Biot-Savart law, v = VA", and applying Bernstein’s inequal-
ity, we obtain the equivalence

VgeN, |[Ag|re =27 Agw|ree.

Hence,

(3.27) [ollzee S llvll 2 + [lol 2o

Inserting (3.26)) into (3.27) and using Proposition [3.1fii), we conclude that
(3.28) |v(t)|| L < Coexp(exp(Cot?)),

which is the desired estimate. m
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4. Inviscid limit. This section concerns the inviscid limit for system
towards as i — 0, and establishes the rate of convergence of the
velocities and densities.

Proof of Theorem. Taking the difference between and , by
setting v, = v, — v, 0, = 6, — 0 and p,, = p, — p we find that the triplet
(@M,gu,fou) is governed by the following evolution system:

(3ﬁu + vy - VU, — pAv, = pAv —Vp, + 0e, — v, - Vv,

0, +v, -V, -V - (k(6,)V0,)

(Dp) = -0, -V0+ V- (((0,) — k(0))VH),
V.v, =
[ (Vs 0 )|t o = (0}, 0p).-

Taking the L? inner product of the first equation in @ with v, and
integrating by parts over R? bearing in mind that V - v, =V -v =0, shows
that

1d _ _ — 7 -
3 dt”v“( NZe + p S \VD,|? dov = /LSA’UUM dx + S 0,06 dx
R2 R2
— S v, - Vou, dx.
R2

Then, by integration by parts and Holder’s inequality we obtain

1d _
(1) 5 ST 3 + pl Vol

< 1l Vol 2 lIVOull 2 + [T Ol 2210 ®) ]2 + V0l 2al[T4]17 5

for ¢ € (2,00), where ¢’ denotes the conjugate exponent of g. We next suc-
cessively apply the Biot—Savart law, Young’s inequality, and interpolation to
get

1 _
wlFz + 5 (IT.OF2 + 18, (1)]172)
2 574

Q.‘Q‘

o ®)72 + 5 HV%Hm S 2H

+qllwlpallvaly

N | —

Thus, we have

1d U
(42) 5 2Ol + 51V0ulZs

1 _
S Bl + 5 5 ([0t )72+ 10.(8)]172)

2(1-1
+ qllwllza [Tl125 D (oull oo + (o] o)/
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On the other hand, proceeding in the same way for the gu—equation, we find

(43) dtue 72 + | #(0,)V0, - VO, da
RQ
=— 5, V00, dx— | (k(0,) — K(0))VO - VO, dw = T+1L
R2 R2
To estimate the first term, we successively use the incompressibility condition
V-v, = 0, integration by parts, Holder’s inequality, and Young’s inequality:
(44)  I=- | div(©.0)f,de = | 5,0 V0, dx
R2 R2
_ = _ 1 o7
S N0llzee [0l 21 VBull 2 < C()I0N1F o0 10,172 + ;g\lwulliz-
For the second term II, we first exploit Taylor’s formula to write
1
K(0u) — k(0) = (0 — 0) S K (0 +9(0 — 0,)) dY
0
1

=0, | K (0, +9(0 — 0,)) .
0

Thus, from ((1.1)), we have
|5(0) — K(0)] < Ko0l0,u].

Hence, by Holder’s inequality, Ladyzhenskaya’s inequality, (3.11]), and Young’s
inequality we get

) < {16,900 V8, do < 18,ll4 V0 12 1V8,]) 2
]R2
1/2 1/2 1/2 1/2 =
A ESNA RS RS R R AT

1
< CEN0ul2 VOl L2 [16] Lo || A0 L2 + ;gllveulli2
_ 1
< C())|0)170< 1200172110, 172 + EIW%H%%
Plugging and the last estimate into (4.3)), and using (1.1)), we obtain
: dtue (O3 + w5 IVl 32 < 1613 153l + 161 4013218,
3 _
+ VB3,
Hence,

3 dtH9 N2 + 55 1V0,ul 72 S 1070 [Tl 72 + 10117 [ AON 721872
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Combining the last estimate with (4.2), we find
1d 7
5 5 T(0) S Sl + Iu(0) + (101 + 1013 1 461321, ()
+qllwllza ([[vallzoe + [0l ) 1T, (011
Consequently,
1d W _
5 S () S Bl + (at) + 6(0) + 1)(T(t) + aIT,(6)' /)
with o = [[0]|F0 + 1017 140]172 and 8 = ||l z2nzoe (1ol zoe + [o]| 2o ).
Choosing ¢ = 2 — 2log I, we get
(4.6) qIT = < 21211, log(e?/11,,).
By substituting the last estimate into (4.5) and integrating in time, we find
that

(4.5)

(1) < 1,u(0) + prt ]| T 2

+§(Oz(7)+,3(7')+1)ﬂ (T)log( ¢ )dT
0 g HM(T)

S 11,(0) + pt|[w]|7 oo 12
t 2
+ Tsel[l(JI,)t](a(T) +B(r) +1) § II,(7) 10g<Hj(T)) dr.

Thanks to Proposition Proposition and ((3.28)), we deduce that

t o2
I1,,(t) S 11,(0) + pt exp(Cot) + exp(exp(Cot?)) | (1) log (H(ﬂ) o
0 14

However, I1,,(0) = 0. Thus, applying Osgood’s Lemma gives
T(0) S (3 )2 *08reton (@) H80) 110
% el=exp(=sup e,y ((T)+B(7)+1)t)
Thanks to Propositions 3.1 and and we deduce that
P
BNz + 18 (8)][32 < (Co(1 + t)put) P (- explexp(Cor))t)
« el—exp(—exp(exp(Cot?))t)

Consequently,

o = vl ez + 16, — ]l o2 < (ut)2 P PEPCENIG( 1),
where

@(t) _ C()(l + t)% exp(— exp(exp(Cot2))t)€% [1—exp(— exp(exp(Cot?)))t] )

This completes the proof. m
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5. Appendix. In this appendix, we present some technical lemmas used
in this article. We begin by recalling the following version of Osgood’s lemma,
which is a particular case of |2, Lemma 3.4].

LEMMA 5.1. Let f be a measurable function from [to,T] to [0,a], and
v a locally integrable function from [to,T] to RT. Assume that, for some
nonnegative real number ¢, the function f satisfies

f(t) <c+ \~y(r)f(r)lo 4 Nar fora,t € [to, T].
}07 g(fm) ’

Then
f(t) < Cexp(* Sio ~(7) dT)alfexp(f Sio ~(7) dr) '

The following two estimates, related to fractional differential operators,
can be found in various classical works; see, for example, [2}|34].

LEMMA 5.2. Let p,p1,p3 € (1,00) and pa2,ps € [1,00] satisfy
1 1 1 1 1

P P P2 D3 Da
Then for s > 0, there exists a positive constant C such that

(A1) 1147, flgllee < CUA T glleon [V fllLrz + 114° fll s [l glloa).
In particular,
(A2) 14°(fg)lle < C([[ A%l Loa [ Fllzea + 1A% fllLes [l gll Lea) -

Next, we state the boundedness result concerning the effect of left com-
position with a smooth function on Besov spaces |2, Theorem 2.61].

LEMMA 5.3. Let s > 0, p,7 € [1,00] x [1,00] and f € Bj,.(R?)NL>(R?).
Assume that u(-) is a smooth function on R with w(0) = 0. Then

lulA)llgy, < CO+NF) T Sl
where the constant C' depends on

sup [u™ (a) [ .
K<[s]+2,lal<] fllzoc

We conclude this section with a refined logarithmic Gronwall inequality
(see, for example, |38, Lemma A.4]).

LEMMA 5.4. Let T > 0, and let A and B be absolutely continuous and
nonnegative functions on (0,T) satisfying
A't)+ B@®) < [I(t) + m(t)In(A+e) + n(t) In(A+ B +e)](A+e) + f(t)

for any t € (0,T), where I(t), m(t), n(t) and f(t) are all nonnegative and
integrable functions on (0,T). Assume further that there are constants K, o €



Inviscid limit of the viscous Boussinesq system 21

[0,00) and 8 € [0,1) such that for any t € (0,T),

n(t) < K(A(t) +e)®(A(t) + B(t) +e)’.

Then, for any t € (0,T), we have

A(t)+ | B(r)dr < ”,
0

where

2= (X(0)+ [ (Cla, 8, K) + f(7) + (7)) dr)
0

X exp (S (m(1) + C(a, B)n(T)) dT).

0

Acknowledgements. The authors would like to thank the referees for

their valuable comments.

(1]
2]
13|
14]
5]
(6]
7]
18]
9]
[10]
[11]

[12]
[13]

[14]

References

H. Abidi and R. Danchin, Optimal bounds for the inviscid limit of Navier—Stokes
equations, Asymptot. Anal. 38 (2004), 35—46.

H. Bahouri, J.-Y. Chemin and R. Danchin, Fourier Analysis and Nonlinear Partial
Differential Equations, Springer, Berlin, 2011.

J. T. Beale, T. Kato and A. Majda, Remarks on the breakdown of smooth solutions
for the 3-D Euler equations, Comm. Math. Phys. 94 (1984), 61-66.

H. Berestycki, P. Constantin and L. Ryzhik, Non-planar fronts in Boussinesq reactive
flows, Ann. Inst. H. Poincaré Anal. Non Linéaire 23 (2006), 407-437.

A. Bertozzi and P. Constantin, Global regularity for vortex patches, Comm. Math.
Phys. 152 (1993), 19-28.

Y. Brenier, Optimal transport, convection, magnetic relazation and generalized Boussi-
nesq equations, arXiv:0801.1088v1| (2008).

J. R. Cannon and E. DiBenedetto, The initial value problem for the Boussinesq equa-
tions with data in L?, in: Lecture Notes in Math. 771, Springer, Berlin, 1980, 129-144.
D. Chae, Global regularity for the 2D Boussinesq equations with partial viscous terms,
Adv. Math. 203 (2006), 497-513.

D. Chae, S.-K. Kim and H.-S. Nam, Local ezistence and blow-up criterion of Holder
continuous solutions of the Boussinesq equations, Nagoya Math. J. 155 (1999), 55-80.
D. Chae and H.-S. Nam, Local existence and blow-up criterion for the Boussinesq
equations, Proc. Roy. Soc. Edinburgh Sect. A 127 (1997), 935-946.

J.-Y. Chemin, A remark on the inviscid limit for two-dimensional incompressible
fluids, Comm. Partial Differential Equations 21 (1996), 1771-1779.

J.-Y. Chemin, Perfect Incompressible Fluids, Oxford Univ. Press, Oxford, 1998.

Q. Chen and L. Jiang, Global well-posedness for the 2-D Boussinesq system with
temperature-dependent thermal diffusivity, Colloq. Math. 135 (2014), 187-199.

R. Danchin, Evolution temporelle d’une poche de tourbillon singuliére, Comm. Partial
Differential Equations 22 (1997), 685-721.


http://dx.doi.org/10.3233/ASY-2004-614
http://dx.doi.org/10.1007/978-3-642-16830-7
http://dx.doi.org/10.1007/BF01212349
http://dx.doi.org/10.1016/j.anihpc.2004.10.010
http://dx.doi.org/10.1007/BF02097055
http://arxiv.org/abs/0801.1088v1
http://dx.doi.org/10.1007/BFb0086903
http://dx.doi.org/10.1017/S0027763000006991
http://dx.doi.org/10.1017/S0308210500026810
http://dx.doi.org/10.1080/03605309608821245
http://dx.doi.org/10.1093/oso/9780198503972.001.0001
http://dx.doi.org/10.4064/cm135-2-3
http://dx.doi.org/10.1080/03605309708821280

22 A. Hanachi and Y. Maafa

[15]| R. Danchin, Poches de tourbillon visqueuses, J. Math. Pures Appl. 76 (1997), 609-647.
[16]| R. Danchin, On the well-posedness of the incompressible density-dependent Euler
equations in the LP framework, J. Differential Equations 248 (2010), 2130-2170.

[17]| N. Depauw, Poche de tourbillon pour Euler 2D dans un ouvert & bord, J. Math. Pures

Appl. (9) 78 (1999), 313-351.

[18]| B. Guo, Spectral method for solving two-dimensional Newton—Boussinesq equation,
Acta Math. Appl. Sinica 5 (1989), 27-50.

[19]| Z. Hassainia and T. Hmidi, On the inviscid Boussinesq system with rough initial data,
J. Math. Anal. Appl. 430 (2015), 777-809.

[20]| Z. He and X. Liao, On the two-dimensional Boussinesq equations with temperature-
dependent thermal and viscosity diffusions in general Sobolev spaces, Z. Angew. Math.
Phys. 73 (2022), 16.

[21]| H. Houamed and M. Magafia, Sharp strong convergence in ideal flows, Nonlinearity
38 (2025), 125012.

[22]| T. Hmidi and S. Keraani, Inviscid limit of the two-dimensional Navier—Stokes equa-
tion in a critical Besov space, Asymptot. Anal. 53 (2007), 125-138.

[23]] T. Hmidi and S. Keraani, On the global well-posedness of the two-dimensional Boussi-
nesq system with a zero diffusivity, Adv. Differential Equations 12 (2007), 461-480.

[24]] T. Hmidi and S. Keraani, On the global well-posedness of the Boussinesq system with
zero viscosity, Indiana Univ. Math. J. 58 (2009), 1591-1618.

[25]| T. Hmidi, S. Keraani and F. Rousset, Global well-posedness for Euler—Boussinesq
system with critical dissipation, Comm. Partial Differential Equations 36 (2011), 420—
445.

[26]| D. Li and X. Xu, Global wellposedness of an inviscid 2D Boussinesq system with
nonlinear thermal diffusivity, Dynam. Partial Differential Equations 10 (2013), 255—
265.

[27]] Y. Maafa and O. Melkemi, On the vanishing viscosity limit for the viscous and re-
sistive 3D magnetohydrodynamic system with azisymmetric data, J. Math. Phys. 65
(2024), art. 041502, 22 pp.

[28]] Y. Maafa and M. Oussama, The vortex patch issue for the generalized Boussinesq
system, Ann. Polon. Math. 132 (2024), 51-78.

[29]] Y. Maafa and M. Oussama, On the well-posedness of the 2D Euler—Bénard system
with nonlinear thermal diffusivity, Rocky Mountain J. Math. 56 (2026), 911-916.

[30] Y. Maafa and M. Zerguine, Inviscid limit for the viscous 2D Boussinesq system with
temperature-dependent diffusivity, arXiv:2101.07014v1| (2021).

[31]] Y. Maafa and M. Zerguine, Inviscid limit for the full viscous MHD system with critical
azisymmetric initial data, Appl. Anal. 102 (2023), 343-383.

[32]] M. Paicu and N. Zhu, On the Yudovich’s type solutions for the 2D Boussinesq system
with thermal diffusivity, Discrete Contin. Dynam. Systems Ser. A 40 (2020), 5711—
5728.

[33]] Y. Sun and Z. Zhang, Global regularity for the initial-boundary value problem of the
2-D Boussinesq system with variable viscosity and thermal diffusivity, J. Differential
Equations 255 (2013), 1069-1085.

[34]] H. Triebel, Theory of Function Spaces, Monogr. Math. 78, Birkh&user, Basel, 1983.

[35] M. Vishik, Hydrodynamics in Besov spaces, Arch. Ration. Mech. Anal. 145 (1998),
197-214.

[36] S. Wang and Z. Zhang, Global well-posedness for the 2-D Boussinesq system with
the temperature-dependent viscosity and thermal diffusivity, Adv. Math. 228 (2011),
43-62.

[37]] J. Wu and X. Xu, Well-posedness and inviscid limits of the Boussinesq equations with
fractional Laplacian dissipation, Nonlinearity 27 (2014), 2215-2232.


http://dx.doi.org/10.1016/S0021-7824(97)89964-3
http://dx.doi.org/10.1016/j.jde.2009.09.007
http://dx.doi.org/10.1016/S0021-7824(98)00003-8
http://dx.doi.org/10.1007/BF02006004
http://dx.doi.org/10.1016/j.jmaa.2015.04.087
http://dx.doi.org/10.1007/s00033-021-01650-3
http://dx.doi.org/10.1088/1361-6544/ae25b0
http://dx.doi.org/10.3233/asy-2007-832
http://dx.doi.org/10.57262/ade/1355867459
http://dx.doi.org/10.1512/iumj.2009.58.3590
http://dx.doi.org/10.1080/03605302.2010.518657
http://dx.doi.org/10.4310/DPDE.2013.v10.n3.a2
http://dx.doi.org/10.1063/5.0175019
http://dx.doi.org/10.4064/ap230729-22-1
http://dx.doi.org/10.1216/rmj.2026.56.911
http://arxiv.org/abs/2101.07014v1
http://dx.doi.org/10.1080/00036811.2022.2124975
http://dx.doi.org/10.3934/dcds.2020242
http://dx.doi.org/10.1016/j.jde.2013.04.032
http://dx.doi.org/10.1007/978-3-0346-0416-1
http://dx.doi.org/10.1007/s002050050128
http://dx.doi.org/10.1016/j.aim.2011.05.008
http://dx.doi.org/10.1088/0951-7715/27/9/2215

Inviscid limit of the viscous Boussinesq system 23

[38]| Z. Ye, Global well-posedness for 2D Euler—Boussinesq equations with temperature-
dependent thermal diffusivity, J. Differential Equations 366 (2023), 743-806.

[39] V. L. Yudovich, Non-stationary flows of an ideal incompressible fluid, Zh. Vychisl.
Mat. Mat. Fiz. 3 (1963), 1032-1066 (in Russian).

Adalet Hanachi, Youssouf Maafa
Faculty of Mathematics and Computer science
Department of Mathematics
Laboratory of Partial Differential Equations and Applications
University of Batna 2
Batna, Algeria
E-mail: a.hanachi@Quniv-batna2.dz
y.maafa@univ-batna2.dz


http://dx.doi.org/10.1016/j.jde.2023.05.015

	1. Introduction
	1.1. Introduction
	1.2. Main results

	2. Setup and technical toool box
	2.1. Function spaces

	3. A priori estimates
	3.1. Energy estimates
	3.2. The H1-bound of the temperature
	3.3. The H-bound of the temperature
	3.4. The L bound of the vorticity

	4. Inviscid limit
	5. Appendix
	Acknowledgements
	References

