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REMARK ON AN OVERDETERMINED PROBLEM FOR THE
p-HARMONIC EQUATION IN ANNULAR DOMAINS

BY

XUYAN SU and JIABIN YIN

Abstract. We study some overdetermined problems for the p-Laplacian in annular
domains and prove the corresponding concentric sphere characterization using a Weinber-
ger-type approach.

1. Introduction. The study of symmetry in overdetermined bound-
ary value problems has become an important field in the theory of partial
differential equations. Seminal contributions in this area include the pioneer-
ing symmetry results obtained by Serrin [19], which have become classical
and remain highly influential. The primary techniques for addressing such
problems are the celebrated method of moving planes, originally developed
by Alexandrov [3, 4] and further advanced by Serrin [19], as well as Wein-
berger’s approach [21], which relies on maximum principles for P -functions
and the Rellich–Pohozaev integral identity.

In the present work, we focus on the radial symmetry of solutions to
overdetermined problems in annular domains. Let Ω̄1 ⊂ Ω0 be two connected
bounded C2-domains in Rn. In 1990, Philippin [17] considered the following
overdetermined problem in the annular domain Ω := Ω0 \ Ω̄1:

(1.1)


∆u = 0 in Ω ⊂ Rn,

u = 0, −∂u

∂ν
= c0 on Γ0 := ∂Ω0,

u = 1, −∂u

∂ν
= c1 on Γ1 := ∂Ω1,

where c1 > c0 > 0 are constants and ∂u
∂ν denotes the normal derivative of

u oriented away from the origin, which lies inside Γ1. Philippin [17] proved
that if each domain Ωi (i = 0, 1) is star-shaped, then u is a solution of (1.1)
if and only if u is radially symmetric and Ω is a standard annulus (see also
[2, 7, 16] for more general results). He obtained this result using Weinberger’s
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approach. Later, Reichel [18] and Sirakov [20] obtained the same conclusion
for more general cases by means of the moving plane method (see also [8, 9]).

To state our results, we recall the notion of p-capacity of the condenser
(Ω1, Ω0). For p ∈ (1, n), the p-capacity of (Ω1, Ω0) is defined as

Capp(Ω1, Ω0) = inf
{ �

Ω0

|∇v|p dx
∣∣∣ v ∈ C∞

c (Ω0), v ≥ 1 on Ω1

}
.

The associated p-capacitary potential is the unique weak solution u of the
following problem:

(1.2)


∆pu = 0 in Ω ⊂ Rn,

u = 0 on Γ0 := ∂Ω0,

u = 1 on Γ1 := ∂Ω1.

In this paper, we study (1.2) with the overdetermined boundary conditions

−∂u

∂ν
= c0 on Γ0,(1.3)

−∂u

∂ν
= c1 on Γ1,(1.4)

where ∆pu = div(|∇u|p−2∇u) and c1 > c0 > 0 are constants. The existence
of solutions for (1.2) and (1.4) is related to an interior Bernoulli free bound-
ary problem, while the existence for (1.2) and (1.3) pertains to an exterior
Bernoulli free boundary problem (see [1, 5, 11, 10, 12] for details).

Motivated by Philippin’s results [17], we use Weinberger’s approach to
obtain the following theorems.

Theorem 1.1. Let 1 < p ≤ n and let Ω = Ω0\Ω̄1 be a bounded, connected
annular domain with C2,α boundary. If Γi (i = 0, 1) are star-shaped, then
u is a weak solution of (1.2)–(1.4) if and only if Γ1 and Γ0 are concentric
spheres whose radii are given by

Ri =


(
ci ln

c1
c0

)−1

, p = n,

n− p

p− 1

(
c
n−p
n−1

1 − c
n−p
n−1

0

)−1
c
− p−1

n−1

i , 1 < p < n.

The solution u is radially symmetric and given by

u =


(
ln

c0
c1

)−1

ln
r

R0
, p = n,(

n− p

p− 1

)n−p
p−1 (

c
n−p
n−1

1 − c
n−p
n−1

0

)−n−1
p−1

(
r
−n−p

p−1 −R
−n−p

p−1

0

)
, 1 < p < n.



p-HARMONIC EQUATION 3

Theorem 1.2. Let Ω = BR0 \ Ω̄1 (or Ω = Ω0 \ B̄R1) be a bounded,
connected annular domain with C2,α boundary.

(1) If 1 < p < n, then a weak solution u of (1.2)–(1.4) exists if and only if
Γ1 (resp. Γ0) is a sphere concentric with ∂BR0 (resp. ∂BR1).

(2) If p = n, then a weak solution u of (1.2) and (1.4) (or (1.2) and (1.3))
exists if and only if Γ1 (resp. Γ0) is a sphere concentric with ∂BR0 (resp.
∂BR1).

Remark 1.3. (1) A domain is called star-shaped with respect to the
origin if each component of its boundary can be represented as a graph over
a geodesic sphere centered at the origin.

(2) Henrot and Shahgholian [10] proved that if Ω1 is convex, then the
exterior free boundary problem admits a unique convex solution Ω0.

2. Proof of Theorem 1.1. We begin with a Rellich–Pohozaev-type
identity.

Proposition 2.1. Let 1 < p ≤ n and let Ωi ⊂ Rn (i = 0, 1) be two
bounded star-shaped domains with C2,α boundary such that Ω1 ⊂ Ω0. If u is
a weak solution of (1.2)–(1.4), then

(2.1) (n− p)|Γ1|cp−1
1 = n(p− 1)(|Ω1|cp1 − |Ω0|cp0).

Proof. Let ν be the outer unit normal vector on ∂Ω := Γ0 ∪ Γ1. Direct
computation yields�

∂Ω

|∇u|p⟨x, ν⟩ dσ =
�

Ω

div(x|∇u|p) dx

=
�

Ω

n|∇u|p dx+ p
�

Ω

|∇u|p−2xiukuki dx

=
�

Ω

n|∇u|p dx+ p
�

Ω

∂

∂xk
(|∇u|p−2xiukui) dx− p

�

Ω

|∇u|p dx

= (n− p)
�

Ω

|∇u|p dx+ p
�

∂Ω

|∇u|p⟨x, ν⟩ dσ.

Since u is a weak solution of (1.2), we have
�

Ω

|∇u|p dx =
�

∂Ω

u|∇u|p−2⟨∇u, ν⟩ dσ = cp−1
1 |Γ1|

and�

∂Ω

|∇u|p⟨x, ν⟩ dσ = cp1

�

Γ1

⟨x, ν⟩ dσ + cp0

�

Γ0

⟨x, ν⟩ dσ = ncp0|Ω0| − ncp1|Ω1|.

Combining these identities gives (2.1).
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Next, we introduce the P -function

Φ =

(u+ α)
− p(n−1)

n−p |∇u|p, 1 < p < n,

e−βu|∇u|n, p = n,

where α and β are constants to be chosen later. It follows from [22, Proposi-
tion 3.8] that Φ satisfies a strong maximum principle. However, we provide
a detailed adaptation here for the reader’s convenience, inspired by [15].

Proposition 2.2. Let Ω be a bounded, connected annular domain with
C2,α boundary and let u be a weak solution of (1.2)–(1.4). Then, on the set
{∇u ̸= 0},

aijΦij + LiΦi ≥

{
p|∇u|p−2(u+ α)

− p(n−1)
n−p χijχij ≥ 0, 1 < p < n,

n|∇u|n−2e−βuχijχij ≥ 0, p = n,

where LiΦi denotes terms involving only first derivatives of Φ, and

aij = δij + (p− 2)
uiuj
|∇u|2

,

χij = uij −
uikukuj
|∇u|2

+
p− 1

n− 1

uksukus
|∇u|2

(
δij −

uiuj
|∇u|2

)
.

Moreover, Φ cannot attain a local maximum at an interior point of Ω unless
Φ is constant.

Proof. We can see that

Φi = p|∇u|p−2(u+α)−pp∗ukuki−pp∗(u+α)−pp∗−1|∇u|pui,(2.2)

Φij = p|∇u|p−2(u+α)−pp∗
(
(p−2)

ukukiuljul
|∇u|2

−pp∗
ukukiuj
u+α

+ukjuki(2.3)

+ukukij+p∗(pp∗+1)
uiuj |∇u|2

(u+α)2
−pp∗

ukukjui
u+α

−p∗
uij |∇u|2

u+α

)
,

where p∗ = n−1
n−p .

Note that aijuij = 0. Taking a derivative, we obtain

(2.4) aijuijk = −aijkuij = −(p− 2)

(
(uikuj + uiujk)uij

|∇u|2
− 2

uijuiujululk
|∇u|4

)
.

Then, using (2.2)–(2.4), we compute

aijΦij = p|∇u|p−2(u+ α)−pp∗
(
(p− 2)

aijukukiuljul
|∇u|2

− 2pp∗
aijukukiuj

u+ α

+ aijukjuki − aijkuijuk + p∗(pp∗ + 1)
aijuiuj
(u+ α)2

|∇u|2
)



p-HARMONIC EQUATION 5

= p|∇u|p−2(u+α)−pp∗
(
ukiuki+(p∗)2

((
1

p∗
−2

)
(p−1)+(p−2)

)
|∇u|4

(u+α)2

)
+ lower-order terms in Φi

= p|∇u|p−2(u+ α)−pp∗
(
ukiuki −

ukukiululi
|∇u|2

+
2(p− 1)

n− 1

uiujuij∆u

|∇u|2

+
(p− 1)(p− 3)

n− 1

(
uiujuij
|∇u|2

)2)
+ lower-order terms in Φi

= p|∇u|p−2(u+ α)−pp∗χijχij + lower-order terms in Φi,

where “lower-order terms in Φi” means terms that involve only first deriva-
tives of Φ. In the third equality we have used

(p− 2)

(
uiujuij
|∇u|2

)2

= −uiujuij∆u

|∇u|2

= (p− 2)(p∗)2
|∇u|4

(u+ α)2
+ lower-order terms in Φi,

and
ukukiululi
|∇u|2

= (p∗)2
|∇u|4

(u+ α)2
+ lower-order terms in Φi.

Similarly, for p = n we obtain

aijΦij + LiΦi ≥ n|∇u|n−2e−βuχijχij ≥ 0.

This completes the proof of Proposition 2.2.

Now we show that Φ is constant in Ω. Choose α such that(
1 +

1

α

)−n−1
n−p

=
c0
c1
.

It is easy to see that Φ|Γ1 = Φ|Γ0 is constant.
From Proposition 2.2, either Φ is constant or Φ attains its maximum on

∂Ω. In either case we have Φν ≥ 0 on Γ0 and Φν ≤ 0 on Γ1. Using the
p-Laplace equation

0 = ∆pu = |∇u|p−2
(
(p− 1)uνν + (n− 1)Huν

)
,

where H denotes the mean curvature, we obtain
(2.5)

Φν =
p

p−1
|∇u|p−2(u+α)

− p(n−1)
n−p

(
(p−1)ukukν−

(n−1)(p−1)

n−p

uν |∇u|2

u+α

)
=

p

p−1
|∇u|p−2(u+α)

− p(n−1)
n−p

(
−(n−1)H0uν−

(n−1)(p−1)

n−p

|∇u|2

u+α

)
uν

≥ 0 on Γ0,
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and similarly
(2.6)

Φν =
p

p−1
|∇u|p−2(u+α)

− p(n−1)
n−p

(
−(n−1)H1uν−

(n−1)(p−1)

n−p

|∇u|2

u+α

)
uν

≤ 0 on Γ1,

where Hi is the mean curvature of Γi.
It follows that

(2.7)


H0 ≤

p− 1

n− p

c0
α

on Γ0,

H1 ≥
p− 1

n− p

c1
1 + α

on Γ1.

The Minkowski integral formula (see [17, (2.21)]) states that
�

Γ

⟨x, ν⟩H dσ = |Γ |.

Since Γ0 and Γ1 are star-shaped, we obtain

(2.8)


|Γ0| =

�

Γ0

⟨x, ν⟩H0 dσ ≤ n(p− 1)

n− p

c0|Ω0|
α

,

|Γ1| =
�

Γ1

⟨x, ν⟩H1 dσ ≥ n(p− 1)

n− p

c1|Ω1|
1 + α

.

From the above we deduce

(2.9) |Γ0|cp−1
0 ≤ n(p− 1)

n− p

cp0|Ω0|
α

=
n(p− 1)cp1|Ω1| − (n− p)|Γ1|cp−1

1

(n− p)α

≤ n(p− 1)cp1|Ω1|
(n− p)(1 + α)

≤ cp−1
1 |Γ1|.

Note that

(2.10) 0 =
�

Ω

∆pu dx = cp−1
1 |Γ1| − cp−1

0 |Γ0|.

Thus all inequalities in (2.5)–(2.9) become equalities. Consequently, Ω1 and
Ω0 are balls, and Φ is constant on Ω̄.

Finally, we prove that the balls are concentric. Since Φ is constant in Ω,
we have

(2.11) 0 = uij −
uikukuj
|∇u|2

+
p− 1

n− 1

uksukus
|∇u|2

(
δij −

uiuj
|∇u|2

)
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and

(2.12) uikuiuj(u+ α) =
n− 1

n− p
ukuj |∇u|2.

Substituting (2.11) into (2.12) yields

(2.13) |∇u|
n+p−2
n−1 (|∇u|−

n+p−2
n−1 ui)j +

p− 1

n− p
(u+ α)−1|∇u|2δij = 0.

On the other hand, from Φ = cp0α
− p(n−1)

n−p we deduce

(2.14) (u+ α)−1 = |∇u|−
n−p
n−1

(
c
n−p
n−1

1 − c
n−p
n−1

0

)
.

Combining (2.13) and (2.14) gives

(|∇u|−
n+p−2
n−1 ui)j = − p− 1

n− p

(
c
n−p
n−1

1 − c
n−p
n−1

0

)
δij .

Integrating, we obtain

|∇u|−
n+p−2
n−1 ui = − p− 1

n− p

(
c
n−p
n−1

1 − c
n−p
n−1

0

)
xi.

Thus,

ui =

(
n− p

p− 1

)n−p
p−1 (

c
n−p
n−1

1 − c
n−p
n−1

0

)−n−1
p−1

(
r
−n−p

p−1
)
i
,

which implies

u =

(
n− p

p− 1

)n−p
p−1 (

c
n−p
n−1

1 − c
n−p
n−1

0

)−n−1
p−1

(
r
−n−p

p−1 −R
−n−p

p−1

0

)
.

From the boundary conditions, the radii of the spheres Γi are

Ri =
n− p

p− 1

(
c
n−p
n−1

1 − c
n−p
n−1

0

)−1
c
− p−1

n−1

i , i = 0, 1.

Similarly, for p = n we obtain

u =

(
ln

c0
c1

)−1

ln
r

R0
, Ri =

(
ci ln

c1
c0

)−1

.

This completes the proof of Theorem 1.1.

3. Proof of Theorem 1.2. We treat the two cases separately.

Case 1: 1 < p < n. Assume first that Ω0 = BR0 . Then Γ0 = ∂BR0 has
mean curvature H0 = 1/R0. From (2.7) we have

(3.1)
1

R0
≤ p− 1

n− p

c0
α

on Γ0.
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Note that n|BR0 | = |∂BR0 |R0. Using (2.1), (2.10) and (3.1) we obtain

(n− p)cp−1
1 |Γ1| = n(p− 1)cp1|Ω1| − (p− 1)R0c

p−1
0 |∂BR0 |c0

≤ n(p− 1)cp1|Ω1| − (n− p)α|Γ1|cp−1
1 ,

which simplifies to
(3.2) c1 ≥

n− p

p− 1

(1 + α)|Γ1|
n|Ω1|

.

Substituting (3.2) into (2.7) yields

H1 ≥
|Γ1|
n|Ω1|

.

Hence H1 > 0 and �

Γ1

1

H1
dσ ≤ n|Ω1|.

The Heintze–Karcher inequality (see [13, 23]) gives
�

Γ1

1

H1
dσ ≥ n|Ω1|,

with equality only when Ω1 is a ball. Hence Ω1 is a ball. By Theorem 1.1,
Ω is a concentric annulus.

If instead Ω = Ω0 \ B̄R1 , then by Remark 1.3(2), Ω0 is convex. A similar
argument shows that Ω0 is a ball, and consequently Ω is a concentric annulus.

Case 2: p = n. Suppose Ω1 = BR1 . From the proofs of (2.1) and (2.10)
we have
(3.3) R1

�

∂BR1

|∇u|n dσ = ncn0 |Ω0|,
�

∂BR1

|∇u|n−1 dσ = cn−1
0 |Γ0|.

By Hölder’s inequality,

(3.4)
�

∂BR1

|∇u|n−1 dσ ≤
( �

∂BR1

|∇u|n dσ
)n−1

n |∂BR1 |1/n.

Combining (3.3) and (3.4) gives

|Γ0|
n

n−1 ≤ n|Ω0| |Sn−1|
1

n−1 ,

where Sn−1 is the unit sphere. The isoperimetric inequality provides the
opposite bound:

|Γ0|
n

n−1 ≥ n|Ω0| |Sn−1|
1

n−1 .

Thus equality holds, which implies that Ω0 is a ball.
Similarly, if Ω0 = BR0 , we obtain

|Γ1|
n

n−1 = n|Ω1| |Sn−1|
1

n−1 ,
so Ω1 is a ball.

This completes the proof of Theorem 1.2.
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