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REMARK ON AN OVERDETERMINED PROBLEM FOR THE
p-HARMONIC EQUATION IN ANNULAR DOMAINS

BY

XUYAN SU and JIABIN YIN

Abstract. We study some overdetermined problems for the p-Laplacian in annular
domains and prove the corresponding concentric sphere characterization using a Weinber-
ger-type approach.

1. Introduction. The study of symmetry in overdetermined bound-
ary value problems has become an important field in the theory of partial
differential equations. Seminal contributions in this area include the pioneer-
ing symmetry results obtained by Serrin [19], which have become classical
and remain highly influential. The primary techniques for addressing such
problems are the celebrated method of moving planes, originally developed
by Alexandrov [3, [4] and further advanced by Serrin [19], as well as Wein-
berger’s approach [21], which relies on maximum principles for P-functions
and the Rellich-Pohozaev integral identity.

In the present work, we focus on the radial symmetry of solutions to
overdetermined problems in annular domains. Let £2; C £2y be two connected
bounded C?-domains in R™. In 1990, Philippin [17] considered the following
overdetermined problem in the annular domain 2 := 2y \ 2

Au=0 inQCR",
_Ou

(1.1) u =0, e =c¢y on Iy:= 0,
u=1, —a—u:cl on I := 0fX,
ov

where ¢; > ¢y > 0 are constants and g—g denotes the normal derivative of
u oriented away from the origin, which lies inside . Philippin [17] proved
that if each domain §2; (i = 0, 1) is star-shaped, then u is a solution of
if and only if u is radially symmetric and (2 is a standard annulus (see also
[2,[7, 16] for more general results). He obtained this result using Weinberger’s
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approach. Later, Reichel [18] and Sirakov [20] obtained the same conclusion
for more general cases by means of the moving plane method (see also [8,[9]).

To state our results, we recall the notion of p-capacity of the condenser
(£1, 820). For p € (1,n), the p-capacity of (£21,2) is defined as

Cap, (1, ) = inf{ S |VolP da ’ v e CT(fh),v>1on Ql}.
2

The associated p-capacitary potential is the unique weak solution u of the
following problem:

Ayu=0 inCR",
(1.2) u=0 on Iy := 04,
u=1 on I := 0fX.

In this paper, we study (|1.2]) with the overdetermined boundary conditions

0

(1.3) _ETZ =c¢o on [y,
0

(1.4) —8—Z =c¢; only,

where Apu = div(|Vu[P~2Vu) and ¢; > ¢ > 0 are constants. The existence
of solutions for and is related to an interior Bernoulli free bound-
ary problem, while the existence for and pertains to an exterior
Bernoulli free boundary problem (see [IJ, 5] 111, 10, [12] for details).

Motivated by Philippin’s results [17], we use Weinberger’s approach to
obtain the following theorems.

THEOREM 1.1. Let 1 < p < n and let 2 = §20\§21 be a bounded, connected
annular domain with C*% boundary. If I; (i = 0,1) are star-shaped, then
u is a weak solution of (1.2)—(1.4) if and only if I and Iy are concentric

spheres whose radii are given by

C1 -1

(Ci In ) ) p=n,

Ri = h p P P
n—p, .=k [t P
—(c —c c, , 1<p<n.
p— 1 ( 1 0 ) i p

The solution u s radially symmetric and given by
co ooy
In — In —, =n,
< 01) Ry P
u = o

(5=8) e = e ), 1<
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THEOREM 1.2. Let 2 = Bp, \ 1 (or 2 = 2\ Bgr,) be a bounded,
connected annular domain with C*% boundary.

(1) If 1 < p < n, then a weak solution u of (1.2)—(1.4) exists if and only if
I (resp. 1) is a sphere concentric with O0Br, (resp. 3331)

(2) If p=n, then a weak solution u of (L.2)) and (1.4) (or ) and (L.3))

exists if and only if I'1 (resp. Ip) is a sphere concentric wzth 8B Ry (resp.
O0BgR,).

REMARK 1.3. (1) A domain is called star-shaped with respect to the
origin if each component of its boundary can be represented as a graph over
a geodesic sphere centered at the origin.

(2) Henrot and Shahgholian [10] proved that if 21 is convex, then the
exterior free boundary problem admits a unique convex solution (2.

2. Proof of Theorem We begin with a Rellich-Pohozaev-type
identity.

PROPOSITION 2.1. Let 1 < p < n and let £2; C R™ (i = 0,1) be two
bounded star-shaped domains with C*% boundary such that 21 C $2y. If u is

a weak solution of (1.2)—(1.4)), then
(2.1) (n—p)N|E™" =nlp — V(|2 — [20ld).
Proof. Let v be the outer unit normal vector on 0f2 := Iy U I}. Direct

computation yields

| IVuP(z,v) do = | div(z|Vul?) dz

o8 0
= S n|VulP dx + p S |Vu|P~22upup; da
[0 2
= S n|VulP dx + p S aa (|VulP~2zupu;) de —p S |Vul|P dx
9 2 2
=(n—p) S |VulP de + p S |VulP(x,v) do.
2 a12
Since u is a weak solution of , we have
VIVuP do = | w|VulP=(Vu,v)do = &1y
2 o1
and
S |VulP(z,v)do = ¢ S (z,v)do + cf S (z,v) do = ncp| 2] — nc |
on I I

Combining these identities gives (2.1)). m
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Next, we introduce the P-function

p(n—

_ 1)
(u+a) »r |[VulP, 1<p<n,

e AU vul", p=mn,

where « and (8 are constants to be chosen later. It follows from [22, Proposi-
tion 3.8 that @ satisfies a strong maximum principle. However, we provide
a detailed adaptation here for the reader’s convenience, inspired by [15].

PROPOSITION 2.2. Let {2 be a bounded, connected annular domain with
C?*% boundary and let u be a weak solution of (1.2)-(T.4). Then, on the set

{Vu# 0},

(n—=1)
p_2 _pn— .. .. >
a;;Pij + LiP; > PVl 2(u +a) " XigXij 2 0, L<p<m,
n|Vul""2e Py ixi; > 0, p=n,

where L;®; denotes terms involving only first derivatives of @, and

U; U4
aij = dij + (p— 2)ﬁ,
i = gy — LR P L ugsupus (o ugy
YOO w2 o n—1 |[Vul2 Y [Vul?)”

Moreover, @ cannot attain a local mazimum at an interior point of {2 unless
® is constant.

Proof. We can see that
(2.2)  &; = p|VulP~2(u+a) PP ugug; —pp* (u+ o) PP " VulPy;,

_ ¥ UkU; UL UL UpUp; U g
(2.3) ®ij = p|Vul? 2(u+a) PP ((p—2) |Vlu\2] —pp* u_|_laj T Uk Uk
2 2
. 1 — -
+Ukuk1]+p (pp + ) (’LL—|—CY)2 prp U+« u+ o ’
_ n—1
where p* = Z—_p.

Note that a;ju;; = 0. Taking a derivative, we obtain

(2.4) aijuijr = —apui; = —(p— 2) <( = ]|; |22 )i _ QUZJngTilulk>
u u
Then, using (2.2)—(2.4), we compute
. _9 ¥ Qi U Uk UL U %« Qij UEUR;Uj
iy = VU2 a) " ((p = 2) S gy St

U
+ aijugjuri — agjruijuk +pt(pp* + 1)(u”+la)]2|Vu|2)
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1

= pIVul" 2 (uta) <“’“‘“’“+(p b < (p _2> e _2)) (LZUJ;)

+ lower-order terms in &;
upugiuug | 2(p — 1) wiujuijAu
|Vul? n—1 |Vu|?

= VPt ) <ukuk _

—1)(p—3 i\ 2
+ (p )(pl ) <u|lgﬂ|2]) ) + lower-order terms in @;
n— U

= p|Vu|P % (u + a)*pp*Xinij + lower-order terms in @;,

where “lower-order terms in @;” means terms that involve only first deriva-
tives of @. In the third equality we have used

(p _ 2) (uiujuij>2 _ _uiujuijAu

[Vul? Vul?
\V4 4
=(p-— 2)(p*)2(1l+uié)2 + lower-order terms in @;,
and A
U v
% = (p*)z(ql_fa)? + lower-order terms in ;.

Similarly, for p = n we obtain
aij@ij + ﬁﬂsl‘ Z n]Vu\”_ze_ﬁuxz-inj Z 0.
This completes the proof of Proposition .

Now we show that & is constant in 2. Choose « such that
1

<1 + 1>—ZZ,, _—
o C1

It is easy to see that @|p, = @|p, is constant.

From Proposition [2.2] either @ is constant or @ attains its maximum on
0f2. In either case we have &, > 0 on Iy and @, < 0 on [73. Using the
p-Laplace equation

0= Apu=|VulP?((p — Duwy + (n — 1)Hu,),

where H denotes the mean curvature, we obtain

(2.5)
__P g, 2 —p=b [ (n=1)(p-1) w,|Vul?
D, = p— |VulP~* (u+ ) v (p—1Dupug, — s
_p(n=1) -1 -1 2
= Lo |Vuputa) <_<n_1>H0uy_ (n=1)(p—1) |[Vu )u
p—1 n—p uta

>0 OIIF()7
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and similarly
(2.6)
p(n—1)

1) (p— 2
o, = L’vu‘pﬂ(u_,_a)— = <—(n—1)H1ul,— (n—1)(p—1) [Vu] >uy
p—1 n—p U+

SO onFl,

where H; is the mean curvature of I7;.
It follows that

-1
HOSp “© on Iy,
1) e
le OHFl.
n—pl+a

The Minkowski integral formula (see [I7, (2.21)]) states that

S(m,y>Hda = |I.
r

Since Iy and I are star-shaped, we obtain

ol = S (z,v)Hodo < np—1) CU|90’7
Io n—p o
(2.8)
11l = S<337V>H1daznp ) alfa|
Iy n—p l+a«
From the above we deduce
(2.9) [Tt < n(p — 1) ¢l
n—p «
_ nlp— D] (0= p)IT1]
(n—p)a
< M= DelAl oy
n—p)(1+a)
Note that

2
Thus all inequalities in (2.5)—(2.9) become equalities. Consequently, (2; and
{2y are balls, and & is constant on (2.

Finally, we prove that the balls are concentric. Since @ is constant in {2,
we have

Vul2 " n—-1 |[Vu2 'Y |Vuf?
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and
(2.12) uipuiug(u + o) = r : upf | Vul?.
Substituting into yields
(213)  [Val T (VT )+ 2 (a4 a) 7 Vals, = 0.
On the other hand, from ¢ = cga_p(::pl) we deduce
(2.14) (u+ )™t = ]Vu\_%(clz%ﬁ) —coz%l).
Combining and gives
(Ve u); = ~E= (e )y

Integrating, we obtain

_ntp=2 p—1,6 =% P
Vu|” » T u; = — et =l ).
[Vl g = e i
Thus,
n—p
_(n-p\Pr np omeaol o asp
ui_<p—1> (ef " =g ') 7 (),
which implies
n—p
n — p—1 n—p nTp _ n-—1 _n—p _n—=p
U= < p> (cl"’1 —cél’l) p—1 (r = - R, ”_1).
p—1
From the boundary conditions, the radii of the spheres I; are
n—p, ok RN e
Ri:pj(cl P g, i=0,L

Similarly, for p = n we obtain

-1 -1
U = <ln CO) In L, R;, = (ci In cl) .
c1 Ry co

This completes the proof of Theorem

3. Proof of Theorem We treat the two cases separately.

CASE 1: 1 < p < n. Assume first that {29 = Br,. Then Iy = 0Bp, has

mean curvature Hy = 1/Rg. From (2.7 we have
1 D — 1 Co

3.1 — < - Io.
(3.1) Ry " n—p « onto
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Note that n|Bg,| = |0Br,|Ro. Using (2.1)), (2.10)) and (3.1)) we obtain
(n=p)et '] = n(p = A2 = (p = D Roch 0B, |co
< n(p = 1)ef| ] — (n = p)al |,

which simplifies to a 1|
n—mp + o)l

3.2 >

22 TE 1

Substituting (3.2)) into (2.7)) yields

Hence Hy; > 0 and

The Heintze—Karcher inequality (see [13| 23]) gives

S ]'1171 do > n|f2|,
I
with equality only when (2 is a ball. Hence (2; is a ball. By Theorem [I.1T
{2 is a concentric annulus.
If instead 2 = £\ Bg,, then by Remark (2), 2 is convex. A similar

argument shows that (2 is a ball, and consequently {2 is a concentric annulus.

CASE 2: p =n. Suppose 21 = Bpg,. From the proofs of (2.1)) and ([2.10)

we have

(3.3) Ry | |Vu"do =ncp|20l, | V" do = cj Il
0Br, OBr,
By Holder’s inequality,
n—1
(3.4) | |vu\"*1dag( { \vu|"da) " |0Bg, |V
BBRI aBRl

Combining (3.3]) and (3.4]) gives
[Lo[7T < nl 2ol 8777,

where S”~! is the unit sphere. The isoperimetric inequality provides the
opposite bound:

Dol = nl 2] 877 7.
Thus equality holds, which implies that 2y is a ball.
Similarly, if {2y = Bpr,, we obtain
137 = nl ] 5777,
so {21 is a ball.
This completes the proof of Theorem
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