GEOMETRY OF JETS AND FIELDS
BANACH CENTER PUBLICATIONS, VOLUME 110
INSTITUTE OF MATHEMATICS
POLISH ACADEMY OF SCIENCES
WARSZAWA 2016

A QUANTUM ROUTE TO HAMILTON–JACOBI
EQUATION: COMMENTS AND REMARKS
JOSÉ F. CARIÑENA
Departamento de Física Teórica and IUMA, Facultad de Ciencias
Universidad de Zaragoza, 50009 Zaragoza, Spain
E-mail: jfc@unizar.es
EDUARDO MARTÍNEZ
Departamento de Matemática Aplicada and IUMA, Facultad de Ciencias
Universidad de Zaragoza, 50009 Zaragoza, Spain
E-mail: emf@unizar.es
GIUSEPPE MARMO
Dipartimento di Fisica, Universitá Federico II di Napoli
and INFN, Sezione di Napoli
Complesso Univ. di Monte Sant’Angelo, Via Cintia, 80126 Napoli, Italy
E-mail: marmo@na.infn.it
XAVIER GRÀCIA, MIGUEL C. MUÑOZ-LECANDA
Departamento de Matemáticas, Edificio C-3, Campus Norte UPC
C/Jordi Girona 1, E-08034 Barcelona, Spain
E-mail: xavier.gracia@upc.edu, miguel.carlos.munoz@upc.edu

Abstract. We consider the short-wave limit of evolutionary wave equations to derive the
Hamilton–Jacobi equation. In particular we consider how to get wave mechanics from the abstract picture on Hilbert spaces. This ‘realisation’ contains an additional ingredient which resembles the classical configuration space. We comment on the fact that Hamilton–Jacobi theory only
considers one of the two equations obtained in the appropriate limit. We also comment on the
fact that the superposition rule for the linear equation is no longer available for the approximate
equation.
2010 Mathematics Subject Classification: 35F21, 35Q40, 81Q05.
Key words and phrases: Hamilton–Jacobi equation, differential operators, principal symbol,
short-wave limit.
The paper is in final form and no version of it will be published elsewhere.
DOI: 10.4064/bc110-0-3

[41]

c Instytut Matematyczny PAN, 2016

42

J. F. CARIÑENA ET AL.

1. Introduction. According to our present understanding, the description of physical
reality should be a quantum description. Classical description should be obtained as an
appropriate limit of the quantum one. A natural parameter to be used in this process limit
should be Planck’s constant ~ [D2]. The belief, based on physical intuition, is that when
the magnitude of actions involved in the physical system we are analysing is very large
compared with ~, the classical description should be recovered. However the existence of
alternative pictures to describe quantum phenomena does not help in making the ‘process
limit’ well defined and unique.
In this paper we choose to consider the process of limit within the Schrödinger picture,
what is known as wave mechanics [EMS]. In this picture, the analogue of the ‘short-wave’
limit of D’Alembert wave equation, gives us the Hamilton–Jacobi equation as the eikonal
equation. This coincides with the equations of the characteristics of the evolutionary ‘hyperbolic partial differential equation’; the Hamiltonian function entering the Hamilton–
Jacobi equation defines Hamilton equations whose solutions on the phase-space, when
projected onto the configuration space, give what are known as the bicharacteristics. In
this manner we go from the evolutionary partial differential equation on the ‘configuration space’ to the Hamilton ordinary differential equation on the cotangent bundle of
the configuration space. For a modern geometric approach to Hamilton–Jacobi equation
see [CGMMMR1, CGMMMR2].
We shall briefly recall how we go from the Schrödinger–Dirac equations on some
Hilbert space to the Schrödinger wave equations on the square integrable functions on
the configuration space. We hope to make clear the basic steps and assumptions we use
to recover the classical description. We also comment on the role played by the obtained
classical equations when we try to reconstruct the equations we started with.
Some comments on the lessons we may learn from this process limit are made in the
final section.
2. Quantum mechanics on Hilbert spaces and wave functions. In the Hilbert
space picture, with every physical system we associate a Hilbert space H. Due to the
probabilistic interpretation of quantum mechanics, pure states are not vectors but rather
rays in H, observables are represented by (essentially) self-adjoint linear operators acting
on rays of the Hilbert space H. The time-evolution is ruled by the Dirac–Schrödinger
equation
d
(1)
i~ |ψi = H|ψi,
dt
where the self-adjoint operator H is the generator of the dynamics. Here we find convenient to use the bra-ket notation of Dirac [D1] for vectors in the Hilbert space.
A very convenient way to parametrise the ‘Hilbert manifold’ of rays, the complex
projective space associated to H, is by means of rank-one projectors
ρ|ψi =

|ψihψ|
.
hψ|ψi

(2)

This representation makes immediately clear that these rank-one projectors are invariant
under multiplication of |ψi by a non-zero complex number λ, i.e. ρλ |ψi = ρ|ψi .
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The evolution equation on this space is given by the Landau–von Neumann equation
d
ρψ = [H, ρψ ].
(3)
dt
Due to linearity of this equation, we can easily extend it from pure states to convex
combinations
X
X
ρ=
cj ρψj , cj ≥ 0,
cj = 1.
i~

j

j

P

As cj ≥ 0 and j cj = 1, this set of coefficients may be interpreted as a ‘probability
vector’, finite or infinite. The combination represents an ensemble of pure states. The
equation of evolution will be written on the full space of states as
 X
X  d


d
cj i~ ρψj =
cj H, ρψj = [H, ρ].
i~ ρ =
dt
dt
j
j
The usual description of pure states in terms of wave-type equations requires that
we identify a ‘configuration manifold’ M which is immersed in the Hilbert space H with
the help of a maximal set of pairwise commuting operators whose joint spectrum is the
differentiable manifold M . Moreover, we need to choose an appropriate measure µM to
define the Hilbert space H = L2 (M, µM ). In this manner with every point m ∈ M we
can associate a unique non-zero vector |mi ∈ H. We also require that
Z
|mihm| dµM = 1,
i.e. the family of vectors associated with M provides a resolution of the identity. This
completeness requirement ensures that states associated with M are sufficient to answer any possible physical question we may wish to ask on the physical system we are
describing.
This family of vectors {|mi | m ∈ M }, satisfying the resolution of the identity, may
be used to define a ‘coordinate system’ on the Hilbert space, we set ψ(m) = hm|ψi or,
what is the same,
Z
|ψi =

ψ(m) |mi dµM .
M

Once such ingredients have been chosen, pure states will be described by normalised
wave functions ψ(m), and ψ ∗ (m)ψ(m) represents a probability density on M . Operators,
and observables, will now be represented by differential operators on M . These operators
turn out to be, in general, unbounded operators and we will encounter ‘domain problems’.
A special class of operators is provided by pairwise commuting operators (a maximal set
of commuting operators) which act as multiplication operators
(fbψ)(m) = f (m)ψ(m);
they represent the subalgebra of order zero differential operators and coincide with smooth
functions on M .
Therefore, differential operators play a crucial role in Quantum Mechanics and as
far as the configuration space is not Rn anymore, we should look more carefully at the
definition of the concept of differential operator trying to extend such concept from Rn
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to arbitrary differentiable manifolds and we can follow the Weyl approach to differential operators. The elements of the linear space X(M ) of vector fields on M , say, are
homogeneous first order differential operators which act as derivations on the algebra of
multiplicative operators associated with F(M ).
b ) = {fb| f ∈ F(M )} as a Lie algebra with trivial
By considering the linear space F(M
Lie product, together with the Lie algebra of derivations we can define the Holomorph
Lie algebra



b : (fb1 , X1 ), (fb2 , X2 ) = LX f2 − LX f1 , [X1 , X2 ] ,
Hol(F)
1
2
where LX denotes the Lie derivative with respect to X.
The enveloping algebra of the Holomorph Lie algebra on M provides the algebra of
differential operators on M .
By using the Hermitean structure
Z
hψ1 |ψ2 i =
ψ1∗ (m)ψ2 (m) dµM ,
M

we can consider observable operators as those differential operators which are (essentially)
self-adjoint with respect to the Hermitean product we have defined.
Different choices of the maximal set of pairwise commuting operators with joint spectrum being a differential manifold may be selected, for instance we might use position
operators, momentum operators, or holomorphic or antiholomorphic operators.
By using the space of differential operators the Dirac–Schrödinger equation will acquire the symbolic form

d
i~ ψ = a0 fb0 + a1 D1 + a2 D2 + . . . + an Dn ψ,
dt
where fb0 stays for an operator of order zero, while Dk stays for a differential operator of
order k, and a0 , a1 , . . . , an are functions on M .
In non-relativistic quantum mechanics, usually, in the position representation the operator describing the evolution is no more than second order. We may write symbolically
H = cD2 + bD1 + aVb .
Remark. Very often M itself may carry a Lie group structure, then the immersion
of M in H passes through a unitary irreducible representation of M along with a fiducial
analytical vector |ψ0 i, we would have
U (m)|ψ0 i = |mi .
For instance this is the case of coherent states or generalised coherent states [P].
We shall provide now a specific example of a manifold M which is a Lie group and
show what is meant by the immersion of M into the Hilbert space. We may consider the
well known case of a symplectic vector space M = (V, ω). An immersion of M into a
Hilbert space H may be built up in the following way. First we consider a Weyl system
on V , say an up to a factor unitary representation of the Abelian vector group V , say for
any v ∈ V ,
v 7→ W (v) ∈ U(H),
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with the property
W (v1 )W (v2 )W † (v1 )W † (v2 ) = eiω(v1 ,v2 ) I.
If |0i is any fiducial vector in H we immerse V into H by setting |vi = W (v)|0i. By
selecting a Darboux chart (atlas) for ω, say ω = dx ∧ dα, we may define W (v) to be
b,
W (v) = ei(xPb−αQ)
b act on the Hilbert space H with an action provided by Stone–von Neuwhere Pb and Q
mann construction:

 lim W (sx, α)|ψi − |ψi = xPb|ψi

s→0
s

W
(x,
sα)|ψi
− |ψi
 lim
b
= αQ|ψi
s→0
s
b along with their domain when
which defines both the action of Pb and the action of Q
the limit exists.
It is possible to consider H as the space of square integrable functions on any Lagrangian subspace of V . This Lagrangian subspace may be thought of as the joint spectrum of a maximal set of pairwise commuting operators, those operators that eventually
will act as multiplication operators. Let us select one such subspace and denote it by Rn ,
dim V = 2n. We may use coordinates (y1 , . . . , yn ) on Rn and we consider {(x, α)} coordinates for T ∗ Rn . Then
b−α·Q
b)
W (x, α) = ei(x·P
will act on square integrable functions on Rn with respect to the Lebesgue measure
(
W (x, 0)ψ(y) = ψ(x + y),
W (0, α)ψ(y) = ei α(y) ψ(y).
b will be
These operators are clearly unitary and the infinitesimal operators Pb and Q
represented by i ∂/∂y and multiplication by the components of y, respectively.
Here we consider functions f (y) as an Abelian Lie algebra and the algebra of derivations generated by {∂/∂y 1 , . . . , ∂/∂y n }.
PN
|J|
Then the holomorph will be described by differential operators J=0 aJ ∂∂yJ , with J
a multi-index.
A specific example would be provided by the harmonic oscillator in one dimension. We
would use φ(p), x = i~ ∂/∂p, pb = p·. The following operators will behave like annihilation
and creation operators which by iteration will build up the full Hilbert space acting on
the fiducial state identified by the annihilation operator:


2
2
∂
p+
e−p /2 = (p − p)e−p /2 = 0,
∂p


2
2
2
∂
p−
e−p /2 = (p + p)e−p /2 = 2pe−p /2 .
∂p
In a coming example we shall consider also the case where we select holomorphic coordinates.
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By properly normalising the functions that we generate with iterated use of the creation operator we obtain a basis of square-integrable functions on the real line parametrised by the momentum coordinate.
It is also possible to immerse a generic manifold M with a volume form Ω. The
volume form defines a measure on M , say µΩ , and we can consider the Hilbert space of
square integrable functions on M , L2 (M, µΩ ). We choose an orthonormal set of functions
{φn (m) | n ∈ N} satisfying the finiteness and positiveness condition
X
0 < k(m) =
|φn (m)|2 < ∞,
n∈N

almost everywhere. We select a Hilbert space H in which we would like to immerse M
and select an orthonormal basis {|ni | n ∈ N}. We define now
1 X ∗
φn (m)|ni
|mi =
k(m)
n∈N

and we find that

Z
hm|mi = 1,

k(m) |mihm| dµΩ (m) = IH ,
M

which represents a generalisation of the construction of coherent states.
In this immersion of M in the Hilbert space H we can represent also operators as
functions on the manifold and viceversa associate operators with functions on M . We
obtain a non-local product on the space of functions which is provided by the image of
the product of operators on the Hilbert space and vice versa.
We have a (quantiser) map
Z
f 7→ Af =
k(m)f (m) |mihm| dµΩ (m),
M

and a (dequantiser) map
A 7→ fA (m) = hm|A|mi.
As an example of a different choice of Lagrangian subspace we recall now the usual
construction of coherent states.
In our previous Weyl system, we can set


α + ix
2
M =R ≡C= z= √
,
2
with the Lebesgue measure
d2 z
dα dx
dµΩ =
=
.
π
2π
An appropriate orthonormal set would be


n
−|z|2 /2 z̄
√ , n = 0, . . . .
φn (z) = e
n!
If we now consider the Hilbert space in which we want to immerse our manifold space
say with basis |0i, |1i, . . . , |ni, . . . , the standard Fock space we get the immersion in H
2
∞
X
e−|z| /2
√
|mi ≡ |zi =
|ni.
n!
n=0
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They satisfy
Z
|zihz|
C

d2 z
= IH ,
π

with the scalar product
0 2

hz|z 0 i = e−|z−z |

/2

0

eiω(z,z ) .

Again it is possible to define a quantiser and dequantiser map
Z
d2 z
Af =
f (z, z̄) |zihz|
.
π
C
The operator Af is symmetric if f (z, z̄) is real valued, bounded if f (z, z̄) is bounded,
and selfadjoint if real-semibounded (through Friedrichs extension).
We have also
Z
d2 z 0
Af 7→ f (z, z̄) = hz|Af |zi =
f (z 0 , z̄ 0 ) |hz|z 0 i|2
.
π
C
If we use C ∞ functions f (z, z̄) = z or f (z, z̄) = z̄ we get
√
Az = a a |ni = n |n − 1i, n ≥ 1, and a |0i = 0
√
Az̄ = a† a† |ni = n + 1 |n + 1i
and
[a, a† ] = I.
3. Wave mechanics on Rn . The way it was formulated by Schrödinger required to set
M = Rn . By introducing Cartesian coordinates, say (x1 , x2 , . . . , xn ), the algebra of pairwise maximally commuting operators is ‘generated’ by x
b1 , x
b2 , . . . , x
bn , while the algebra
of derivations will be generated by ∂/∂x1 , ∂/∂x2 , . . . , ∂/∂xn . The algebra of differential
operators is the enveloping algebra of the Holomorph Lie algebra of F(Rn ).
A generic differential operator will be written as
X
∂ |σ|
, gσ ∈ F(Rn ),
D=
gσ
∂xσ
|σ|≤r
P
and σ = (i1 , . . . , in ), |σ| = k ik , while
∂ |σ|
∂ |σ|
=
.
i
∂xσ
∂x11 · · · ∂xinn
Here Rn may be thought of as the translation Lie group and then the set of derivations
{∂/∂xj | j = 1, . . . , n} will be a basis of infinitesimal generators. Further details on differential operators from this point of view may be found in a paper by Grabowski and
Poncin [GP] (see also [GKP]).
When the manifold is not Rn but a differentiable manifold we may define a differential
operator Dk of degree k as an R-linear map on F(M ) satisfying the condition
[. . . [[Dk , fb0 ], fb1 ] . . . , fbk ] = 0,
and such that
[. . . [[Dk , fb0 ], fb1 ] . . . , fbk−2 ]
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is a vector field, where [·, ·] is the usual commutator for linear operators. For further details
on these aspects we refer to [CIMM]. From the last property, it follows that the multiplication operator-function [. . . [Dk , fb1 ] . . . , fbk ] does not depend on possible translations
fbj 7→ fbj + b
cj , cj being a real or complex number. Therefore we may define what is called
a principal symbol for the operator Dk of degree k to be the symmetric k-multilinear
map
σ(Dk )(df1 , . . . , dfk ) = [. . . [Dk , fb1 ], . . . , fbk ].
The fact that σ(Dk ) is symmetric follows from the Lie algebra structure of the algebra
of differential operators, indeed we have
[fb2 , [D, fb1 ]] = [[fb2 , D], fb1 ] + [D, [fb1 , fb2 ]].
We deduce that
[[D, fb1 ], fb2 ] = [[D, fb2 ], fb1 ].
As an example
D = gjk

∂2
∂xj ∂xk

has principal symbol σ(D) given by
σ(D)(df1 , df2 ) = gjk
We may consider σ(D) = gjk

∂
∂xj

⊗

∂f1 ∂f2
.
∂xj ∂xk

∂
∂xk .

If, with abuse of notation, we replace df with θ0 = pj dxj we find also
σ(D)(θ0 , θ0 ) = gjk pj pk .
When f1 = S = f2 we get
σ(D)(dS, dS) = gjk

∂S ∂S
.
∂xj ∂xk

We recognise the important role that the principal symbol, the contravariant symmetric
tensor
∂
∂
⊗
,
G = gjk
∂xj
∂xk
plays. When each derivation ∂/∂xj is thought of as a linear function on the fiber of the
cotangent bundle, it can be replaced by the ‘momentum’ pj and the symmetric tensor G
by the polynomial function gjk pj pk .
When the contravariant tensor field is thought of as a differential operator we have
DG (f ) = gjk

∂2f
.
∂xj ∂xk

The transition from the contravariant tensor field to the second order differential operator
is however ambiguous, indeed we could decide that the associated second order differential
operator would be


∂
∂f
D̃G (f ) =
gjk
,
∂xj
∂xk
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or also
˜ (f ) = ∂ ∂ (g f ).
D̃
G
jk
∂xj ∂xk
The informed reader will recognise in this ambiguity the typical ambiguity we face in the
so called quantisation procedure with ‘ordering problems’. Let us indulge a little more on
the association of a differential operator with a contravariant tensor field. Actually, to go
from the principal symbol
∂
∂
⊗
G = gjk
∂xj
∂xk
to a second order differential operator we need to fix a rule on the order in which the
differential operators gjk (of order zero), ∂/∂xj and ∂/∂xk (of first order) should act on
a given function; clearly this order is arbitrary and the various final differential operators
we would get depend on the chosen order, and they will differ by lower order differential
operators. For instance, we may use a non-holonomic basis which would diagonalise the
symmetric contravariant tensor, say
G = Xj ⊗ Xk δ jk ,
then LXj LXk f and LXk LXj f would differ by [Xj , Xk ]f .
As an interesting example, let us consider the d’Alembert equation we have on M = R4
with adapted Minkowski coordinates

 2
∂2
∂2
∂2
∂
−
−
−
u = 0.
(4)
∂x20
∂x21
∂x22
∂x23
The principal symbol gives rise to the contravariant symmetric tensor field
∂
∂
∂
∂
∂
∂
∂
∂
⊗
−
⊗
−
⊗
−
⊗
,
∂x0
∂x0
∂x1
∂x1
∂x2
∂x2
∂x3
∂x3
which on phase space defines the quadratic function
p20 − p21 − p22 − p23 .
The equation u = 0 gives rise to the zero mass-shell relation p20 − p21 − p22 − p23 = 0.
The Hamilton–Jacobi equation emerges as
2 
2 
2 
2

∂S
∂S
∂S
∂S
−
−
−
= 0.
σ()(dS, dS) = 0, or
∂x0
∂x1
∂x2
∂x3
Thus with a differential operator Dk we can associate the PDE for S in the form


b Sb , . . . , S]
b = 0,
[. . . [Dk , S],
|
{z
}
k times

or the Hamiltonian
σ(Dk )(θ0 , θ0 , . . . , θ0 ),
with the ‘mass-shell’ relation
σ(Dk )(θ0 , θ0 , . . . , θ0 )S = 0.
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As the d’Alembert equation may also be obtained by means of the Hodge codifferential,
say δ = ∗d∗, with ∗ the Hodge operator, we have the intrinsic form of the wave equation
δ du = 0.
It is now possible to consider the principal symbol
[[δ d, fb1 ], fb2 ] = σ(δ d)(df1 , df2 ).
By spelling out the computations we have
[[δ d, fb1 ], fb2 ]u = [δ d, fb1 ](fb2 u) − fb2 ([δ d, fb1 ](u))
= δ d(fb1 (fb2 u)) − fb1 (δ d)(fb2 u) − fb2 (δ d(fb1 u) − fb1 (δdu))
= δ d(f1 f2 u) − f1 δ d(f2 u) − f2 (δ d(f1 u) − f1 (δ du)),
and after several cancellations we obtain
[[δ d, fb1 ], fb2 ]u = hdf1 , df2 i u.
The scalar product is the one defined by the metric tensor used to define δ.
3.1. The short-wave limit for the wave equation. If we consider the factorisation
u = Aeik0 S , as du = eik0 S dA + iuk0 dS, the d’Alembert equation may be written as
0 = δ du = δ(eik0 S dA + iuk0 dS) = ∗d ∗ (eik0 S dA + iuk0 dS)
= ∗d(eik0 S ∗ dA) + ∗d(ik0 u ∗ dS) = ∗(eik0 S ik0 dS ∧ ∗dA)
+ eik0 S ∗ d ∗ dA + ik0 ∗ (du ∧ ∗dS) + ik0 u ∗ d ∗ dS.
We may collect real and imaginary parts separately and we obtain the equations:
eik0 S ik0 ∗ (dS ∧ ∗dA) + ik0 u ∗ d ∗ dS + ik0 ∗ (eik0 S dA ∧ ∗dS) = 0,


δ dA
2
ik0 S
2
(ik0 ) u ∗ (dS ∧ ∗dS) + e
∗ d ∗ dA = u −k0 hdS|dSi +
= 0.
A
The first equation reduces to
ik0 ∗ 2(dS ∧ ∗dA) + ik0 A ∗ d ∗ dS = 0,
which can be rewritten as
k0 2AhdS, dAi + k0 A2 δ dS = 0,
or more simply,
hdS, dA2 i + A2 δ dS = 0,
which gives rise to the continuity equation
δ(A2 dS) = 0.
By introducing the metric tensor G, the ‘principal symbol’, we find
1 δ dA
G(dS, dS) = 2
,
k0 A
which reduces to the Hamilton–Jacobi equation when λ = 1/k0 is very small and
2
λ2 δdA
A ' 0. The imaginary part is always a divergence-free vector field A grad S or a
2
closed 3-form ∗A dS.
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The usual representations by means of a fiberwise quadratic function on the cotangent
bundle will be in terms of the Liouville 1-form θ0 , G(θ0 , θ0 ). The associated Hamiltonian
vector field Γ is defined by
1
iΓ dθ0 = − dG(θ0 , θ0 ),
2
where iΓ denotes the contraction with the vector field Γ.
Projection of integral curves of Γ, the bi-characteristics, will be solutions of the ordinary differential equation on the configuration space
dxµ
= G(dS, dxµ ).
dt
3.2. Principal symbol, Klein–Gordon and Schrödinger equations. From our definition of principal symbol it is quite clear that when the operator is second order the
double commutator will not take into account possible first order terms and order zero
terms.
To remedy this situation it was proposed [LMSV] to enlarge the carrier space so as
to turn the given operator into a homogeneous second order operator. In this enlarged
space the principal symbol will also contain information on the lower order terms.
Let us illustrate the procedure for the Klein–Gordon equation and the Schrödinger
equation.
a) The Klein–Gordon equation on R4 has the form
 2

∂
∂2
∂2
∂2
2 2
−
−
−
−
m
c
u = 0.
0
∂x20
∂x21
∂x22
∂x23
We can put all terms as homogeneous of the same degree by adding a new degree of
freedom s and replacing the function u by the new one ũ(x, s) = e−is u(x), and then the
equation becomes

 2
2
∂
2 2 ∂
−
∆
−
m
c
ũ = 0.
0
∂x20
∂s2
The associated Hamilton–Jacobi equation will be
2 X
2

2

∂F
∂F
∂F
−
− m20 c2
= 0.
∂x0
∂xj
∂s
j
b) We can proceed in a similar way for the Schrödinger equation:
∂u
~2
+
∆u − Vb u = 0.
∂t
2m
As before we have to add an additional degree of freedom s and a vector field i ∂/∂s to
get
∂ 2 ũ
~2
∂ 2 ũ
−~
+
∆ũ + V
= 0,
∂s∂t 2m
∂s2
with ũ = e−is u. Then, the associated Hamilton–Jacobi equation will be

2 
2 
2 

2
∂F ∂F
~2
∂F
∂F
∂F
∂F
−~
+
+
+
+V
= 0.
∂s ∂t
2m
∂x
∂y
∂z
∂s
i~
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A similar equation was arrived at by Grabowska, Grabowski and Urbański [GGU] but
with different motivations.
From here we proceed in the usual manner and to recover results on R4 we have to
consider the projection from R4 × S 1 to R4 .
Thus with the presented trick the principal symbol, a (0,2) contravariant tensor, will
contain also information on the potential or the mass term. With this requirement, we are
naturally brought to consider Kaluza–Klein type of extensions of the Abelian type. For
non-Abelian extensions we should start from matrix-valued differential operators where
particles would also carry inner degrees of freedom.
4. Comments and remarks. We should notice two main aspects of our derivation:
1. From the wave-type equation, we have obtained a non-linear PDE, composed of
two terms: one is the usual Hamilton–Jacobi equation and the other is a continuity
equation.
In the standard approach to the Hamilton–Jacobi theory we consider only one of
these equations, what happens to the other one?
2. The starting equation is a linear equation, thus it admits of a linear superposition
rule for the solutions, what happens with the superposition rule in the short-wave
limit?
Having made these remarks, we may reinterpret the quantisation procedure as a way
to get a linear PDE from a non-linear one represented by the Hamilton–Jacobi equation.
Notice that the usual quantisation procedure appears to be a way to go from a nonlinear PDE, the Hamilton–Jacobi equation, to a linear PDE represented by a wave-type
equation. Thus, the more fundamental theory, the quantum description, appears to be
simpler than the ‘approximated’ one!
4.1. Comments on the continuity equation. We have seen that the imaginary part
of the short-wave limit of the wave-equation gives a continuity equation. Here we would
like to consider what happens with it in the classical setting. It is also known that the
Hamilton–Jacobi equation


∂W
=E
H q,
∂q
arises from


∂S
∂S
H q,
,t +
=0
∂q
∂t
when, in the time-independent case, we set S = W − E t. We recall again that Hamilton–
Jacobi equation arises from the search for a canonical transformation from (q, p; t) to
(Q, P ; t) on the extended phase space by requiring that there exists a function S such
that
(pj dq j − H dt) − (Pk dQk − K dt) = dS(q, Q, t),
and imposing the additional condition K ≡ 0. In the sought for new coordinates, we
would have
d
d
Pk = 0 = Qk ,
dt
dt
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or more generally
d
∂f
f (P, Q, t) =
.
dt
∂t
From the geometrical point of view, a complete solution of the Hamilton–Jacobi equation
would define a map
dS : Q × Q → T ∗ Q,
where Q is the configuration manifold.
This map allows us to replace the Cauchy data (initial position and initial momentum)
with initial position and another position at some later time.
In general there will be open dense submanifolds on which dS will be a diffeomorphism.
Moreover
∂2S
ωS =: (dS)∗ (ω0 ) = d(dS ∗ θ0 ) =
dq j ∧ dQk
∂qj ∂Qk
will be symplectic on the appropriate open dense submanifold. In particular this means
that we can define a Hamiltonian vector field on Q × Q associated with the pull back
(dS)∗ H. As Q̇ = 0 and Ṗ = 0, the vector field will have components only along one of
the two factors, we shall get


∂H
d
qj =
,
dt
∂pj pj =∂S/∂qj
with an implicit dependence on the variables of the second manifold. For a generalisation
of this equation to general bundles see [CGMMMR2].
d
When H = p2 /(2m), we get dt
q = ∂S
∂q . As this vector field on Q × Q is Hamiltonian, it
will preserve the Liouville volume ωS∧n . Before proceeding, we need the following result:
Theorem. If Γ preserves the volume form f Ω, then f Γ preserves the volume form Ω.
This follows easily from Cartan’s identity,
0 = −LΓ (f Ω) = d(iΓ (f Ω)) = d(if Γ Ω) = −Lf Γ Ω.
In particular, d(if Γ Ω) = 0.
In our case, Ω will be the symplectic volume on Q × Q and f will be the determinant
2
S
det( ∂q∂j ∂Q
), therefore the formula of page 7 becomes
k


 
∂2S
d ∗ det
dS = 0,
∂qj ∂Qk
and it reproduces the imaginary part we have got in the short-wave-limit if we set A2 =
2
S
det( ∂q∂j ∂Q
). For an alternative proof of this result one may look at [F, EMS, MMM].
k
Thus, solving the real part of the limit equation we have got in the short-wave limit
by means of a complete integral, we also solve the continuity equation, i.e. the imaginary
part of the equation that we got in the limit.
Example. Let us give a simple example to illustrate the situation. We consider the onedimensional harmonic oscillator, a corresponding solution for the associated Hamilton–
Jacobi equation is
W =

m 2
ωq cot Q,
2

p = mωq cot Q,

P =

mωq 2
.
2 sin2 Q

54

J. F. CARIÑENA ET AL.

By solving for q and p,
√
2P
sin Q,
p = 2mωP cos Q.
mω
On the symplectic manifold of boundary data, the pull backs ωW of the natural
symplectic structure on T ∗ Q and the Hamiltonian under the map dW : Q × Q → T ∗ Q
will be, respectively, given by
r

q=

ωW = d(mωq cot Q dq),
(5)
(mωq cot Q)2
mω 2 2
+
q ,
2m
2
and the dynamics dq/dt = ωq cot Q is a one-parameter family of dynamics depending
on the ‘parameter’ Q. From here it is possible to build an approximate solution of the
Schrödinger equation associated with the harmonic oscillator as explained in [EMS].
HW =

4.2. Comments on the nonlinear real short-wave limit of the wave equations.
Very often, the linearity of the Schrödinger equation is advocated because of interference
phenomena. Indeed, Dirac comments that “the superposition that occur in quantum
mechanics is of an essentially different nature from any occurring in classical theory, as
is shown by the fact that the quantum superposition principle demands indeterminacy
in the results of observations in order to be capable of a sensible physical interpretation”.
In the quantum-to-classical transition, the linear Schrödinger equation is replaced first
by two coupled nonlinear equations in the amplitude and phase of the wave function. From
here, disregarding the term in λ2 (or ~2 ) we get the nonlinear partial differential equation
represented by the Hamilton–Jacobi equation.
Going back, one may consider a modification of the Hamilton–Jacobi equation, i.e.
searching for a correction term to be added to it so as to recover linearity. In other terms
one may conceive of the ‘quantisation procedure’ or the ‘wavisation procedure’ as a way
to linearise a nonlinear equation.
The way we derive the Hamilton–Jacobi equation from the Schrödinger equation says
that we get a non-linear equation out of a linear one.
Once we have written the Hamilton–Jacobi equation in the form


∂S
H x,
= E,
∂x
we would look for a way to ‘linearise’ this equation.
It appears that any ‘quantisation’ procedure of H(q, p), say by means of the operator
H(q, i~ ∂/∂p), would provide a (non-unique) Schrödinger linear equation whose solutions
may be superposed and the superposition would be a solution of the non-linear Hamilton–
Jacobi equation and may be thought of as an ‘approximate’ superposition of the solutions
associated with the two wave-functions we have superposed.
5. Final comments and general considerations. We would like to conclude this
paper with some general considerations.
We have derived a nonlinear equation (the Hamilton–Jacobi equation) starting with
a linear one. This is rather surprising. Indeed, in physics linear structures usually arise
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as approximations to the more accurate nonlinear ones. Here the more accurate one is
linear while the approximate one is nonlinear, and we can learn that more fundamental
theories may be simpler, even though more abstract, than less fundamental theories.
The classical limit was obtained via a separation of the amplitude from the phase in
the wave function, we went from an equation involving two fields (amplitude and phase)
to an approximated one which involved only one field. The opposite route would require
that we go from one field (the phase) to another one (the wave function) which puts
together amplitude and phase. It seems therefore that a unification procedure, versus
a reduction or separation procedure, is able to make descriptions much simpler than
the separate descriptions. In this respect, the unification of electric field and magnetic
field into electromagnetic field has made the theory of electrodynamics much simpler
and powerful than the separate theories. Similarly, the unification of wave aspects and
corpuscular aspects into the wave mechanics description, has created a more fundamental
and simpler theory like quantum mechanics.
We believe that procedures which would make general relativity into a linear theory,
perhaps better unifying ‘matter’ and ‘geometry’ into a theory with additional fields,
may pave the way for a better theory which would unify the theory of gravitation with
quantum mechanics. In this respect one may look at recent papers by M. Taronna and
coauthors on Higher spin Interactions in four dimensions [BKST, NT].
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