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C∗-extreme points of unital completely positive maps
on real C∗-algebras

by

Anand O. R, Sumesh Kappil, and Arindam Sutradhar

Abstract. We investigate the general properties and structure of C∗-extreme points
within the C∗-convex set UCP(A,B(H)) of all unital completely positive (UCP) maps
from a unital real C∗-algebra A to the algebra B(H) of all bounded real linear maps on
a real Hilbert space H. We analyze the differences in the structure of C∗-extreme points
between the real and complex C∗-algebra cases. In particular, we show that the necessary
and sufficient conditions for a UCP map between matrix algebras to be a C∗-extreme
point are identical in both the real and complex matrix algebra cases. We also observe
significant differences in the structure of C∗-extreme points when A is a commutative
real C∗-algebra compared to when A is a commutative complex C∗-algebra. We provide
a complete classification of the C∗-extreme points of UCP(A,B(H)), where A is a unital
commutative real C∗-algebra and H is a finite-dimensional real Hilbert space. As an
application, we classify all C∗-extreme points in the C∗-convex set of all contractive skew-
symmetric matrices in Mn(R).

1. Introduction. The notion of C∗-convexity and C∗-extreme points
was introduced by Loebl and Paulsen [21] for subsets of a complex C∗-
algebra. This concept was further explored in [12, 18, 22]. In [13], Farenick
and Morenz extended the notion of C∗-convexity and C∗-extreme points to
the convex set UCP(A,B(H)), which consists of all unital completely pos-
itive (UCP) maps from a complex C∗-algebra A to the algebra B(H) of
all bounded linear maps on a complex Hilbert space H. They provided a
complete description of the C∗-extreme points of UCP(A,B(H)) when A is
either a commutative C∗-algebra or the algebra Mn(C) of all n × n com-
plex matrices, and H is a finite-dimensional Hilbert space. Subsequently, in
[14] Farenick and Zhou gave a comprehensive description of the C∗-extreme
points when A is an arbitrary unital C∗-algebra and H is a finite-dimensional
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Hilbert space. For an abstract characterization of the C∗-extreme points of
UCP(A,B(H)) in the general case, we refer to [14, 29]. When A is a com-
mutative unital C∗-algebra, the C∗-extreme points of UCP(A,B(H)) were
studied in [16, 17]. More recently, C∗-extreme points have been extensively
studied in various contexts (see [1, 4, 5, 6, 7]).

The study of C∗-extreme points within C∗-convex subsets of completely
positive (CP) maps has primarily concentrated on complex C∗-algebras. This
article begins an exploration into the C∗-extreme points of UCP maps be-
tween real C∗-algebras. While one might speculate that a similar theory
could be developed for the real case via the process of complexification, tech-
nical challenges arise when attempting to translate results from the complex
setting to the real context through this method. For an overview of these
challenges, see the recent survey article [23]. Although operator algebraists
historically overlooked the theory of real C∗-algebras, this trend has shifted
in recent years. Independently, the theory of real C∗-algebras has gained
notable applications [10, 25]. Additionally, in [8, 9, 10, 26], the study of
completely positive maps between real C∗-algebras was undertaken, which
further motivates the investigation of C∗-extreme points in the real case.

This paper is organized as follows. In Section 2, we recall the basic defi-
nitions and results needed for the subsequent analysis. Section 3 defines and
examines the general properties of the C∗-extreme points of the C∗-convex
set UCP(A,B(H)), where A is a unital real C∗-algebra and H is a real
Hilbert space. In Example 3.2, we show that if Φ ∈ UCP(A,B(H)) is a
C∗-extreme point, its complexification may not necessarily be a C∗-extreme
point. This example highlights the need to separately develop a theory for
real C∗-algebra case to understand the C∗-extreme points. However, Propo-
sition 3.4 shows that if the complexification is a C∗-extreme point then the
original UCP map is also a C∗-extreme point when H is a finite-dimensional
real Hilbert space. Though similar techniques from the complex case ap-
ply to the real case with only mild changes in the hypotheses, it is neces-
sary to present them for further analysis. As in the complex case, Propo-
sition 3.8 establishes that C∗-extreme points of UCP(A,B(H)) are linear
extreme points as well, when H is a finite-dimensional real Hilbert space.
Furthermore, in Theorem 3.9 we summarize several equivalent criteria for a
UCP map to be a C∗-extreme point, which serve as the real analogues of
known results from the complex case. Corollary 3.10 shows that pure UCP
maps and ∗-homomorphisms are C∗-extreme points. In the complex case, it
is well-known [13] that inflation of a pure state is always a C∗-extreme point.
Consequently, in the complex case C∗-extreme points of UCP(A,B(H)) al-
ways exist. However, in the real C∗-algebra case, we do not yet know whether
UCP(A,B(H)) always contains C∗-extreme points. We provide a sufficient
condition for an inflation of a pure state on a real C∗-algebra to be a C∗-
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extreme point in Proposition 3.12. Corollary 3.13 guarantees the existence
of C∗-extreme points of UCP(Mn(R),B(H)). Theorem 3.18 states that any
C∗-extreme point of UCP(A,Mn(R)) can be expressed as a direct sum of
pure UCP maps up to unitary equivalence. A key ingredient in establishing
this theorem is Proposition 3.17. In the remainder of Section 3, we exam-
ine the necessary and sufficient conditions established in [14, Theorem 2.1]
for a UCP map on complex C∗-algebra to be a C∗-extreme point, in the
context of real C∗-algebras. We provide examples illustrating that the “if
and only if” conditions do not hold in the real case. However, in Theo-
rems 3.25 and 3.26, under suitable hypothesis, we provide a real analogue of
[14, Theorem 2.1]. Finally, in Section 4, we explore the C∗-extreme points
of UCP(A,B(H)), where A is a commutative unital real C∗-algebra. In the
complex case, it is known that ∗-homomorphisms are the only C∗-extreme
points. However, this is not true in the case of real C∗-algebras; in Theo-
rem 4.10 we completely characterize the C∗-extreme points for the case when
H is a finite-dimensional real Hilbert space. As an application of this charac-
terization, Corollary 4.14 identifies the C∗-extreme points of the C∗-convex
set of all contractive skew-symmetric matrices in Mn(R).

2. Preliminaries and basic results. A real C∗-algebra is a real Banach
∗-algebra A such that ∥a∗a∥ = ∥a∥2 and 1 + a∗a is invertible in the unit
extension of the algebra for all a ∈ A. Any element a ∈ A can be uniquely
decomposed as a = a1 + a2, where a1 := 1

2(a + a∗) ∈ A is self-adjoint (i.e.,
a∗1 = a1) and a2 := 1

2(a − a∗) ∈ A is anti-symmetric (i.e., a∗2 = −a2). Two
real C∗-algebras A and B are said to be isomorphic, written A ∼= B, if there
exists a ∗-isomorphism (i.e., a bijective ∗-homomorphism) between them.
Such a ∗-isomorphism will be necessarily isometric.

Let H be a real Hilbert space. Then the space B(H) of all bounded (real)
linear maps on H forms a unital real C∗-algebra. By the Gelfand–Naimark
theorem (see [19, Proposition 5.1.2]), any real C∗-algebra A is isometrically
∗-isomorphic to a norm-closed ∗-subalgebra of B(H) for some real Hilbert
space H. Another example of a (non-commutative) unital real C∗-algebra is
the algebra of quaternions,

H := {α+ βi + γj + δk : α, β, γ, δ ∈ R},
which is the four-dimensional real vector space with basis {1, i, j,k} satis-
fying i2 = j2 = k2 = −1 = ijk, where 1 is the multiplicative identity. The
involution ∗ and the C∗-norm ∥·∥ on H are given as follows:

(α+ βi + γj + δk)∗ := α− βi − γj − δk,

∥α+ βi + γj + δk∥ := (α2 + β2 + γ2 + δ2)1/2.

Now, if Ω is a compact Hausdorff topological space and “−” is a homeomor-
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phism of Ω of period 2, then the space

C(Ω,−) := {f : Ω → C : f is continuous and f(w) = f(w) for all w ∈ Ω}
is a unital commutative real C∗-algebra with involution ∗ defined by

f∗(w) := f(w) = f(w), ∀w ∈ Ω, f ∈ C(Ω,−).

Moreover, it is well-known (see [19, Proposition 5.1.4]) that every unital
commutative real C∗-algebra is isomorphic to C(Ω,−) for some compact
Hausdorff space Ω and a homeomorphism “−” of period 2. Note that if
− = idΩ, the identity map on Ω, then C(Ω,−) = C(Ω,R), the space of
all real-valued continuous functions on Ω. We let C(Ω) denote the space of
all complex-valued continuous functions on Ω. We refer to [15, 19] for more
details on real C∗-algebras.

Given any real vector space V, its complexification is denoted by Vc =
V + îV. If T : V → W is a linear map between real vector spaces, then its
complexification Tc : Vc → Wc is given as follows:

Tc(v1 + îv2) := T (v1) + îT (v2), ∀v1, v2 ∈ V.
If H is a real Hilbert space, then its complexification Hc := H + îH is a
complex Hilbert space with inner product given by

⟨x1 + îy1, x2 + îy2⟩ := ⟨x1, x2⟩+ ⟨y1, y2⟩+ i(⟨y1, x2⟩ − ⟨x1, y2⟩).
If {Hj}j is a family of real Hilbert spaces and H =

⊕
j Hj , then Hc

∼=⊕
j(Hj)c via a canonical isomorphism. Now, let A be a real C∗-algebra.

Then its complexification Ac := A + îA forms a ∗-algebra with addition,
multiplication and involution ∗ given as follows: If λ = s + it ∈ C and
aj + îbj ∈ Ac for j = 1, 2, then

λ(a1 + îb1) + (a2 + îb2) := (sa1 − tb1 + a2) + î(sb1 + ta1 + b2),

(a1 + îb1)(a2 + îb2) := (a1a2 − b1b2) + î(a1b2 + b1a2),

(a1 + îb1)
∗ := a∗1 − îb∗1.

Furthermore, there exists a unique norm on Ac with respect to which Ac

forms a complex C∗-algebra. This norm satisfies ∥a + îb∥ = ∥a − îb∥ and
∥a + î0∥ = ∥a∥ for all a, b ∈ A. We consider A ⊆ Ac by identifying a ∈
A with a + î0 ∈ Ac. If A = B(H) for some real Hilbert space H, then
Ac

∼= B(Hc) via the ∗-isomorphism T1 + îT2 7→ T , where T (x + îy) :=
T1(x) − T2(y) + î(T1(y) + T2(x)) for all T1, T2 ∈ B(H) and x, y ∈ H. In
particular, if A = Mn(R), then Ac

∼= Mn(C) in a natural way. Now, suppose
A = C(Ω,−) for some compact Hausdorff space Ω and a homeomorphism −
of Ω of period 2. Then Ac

∼= C(Ω) via the ∗-isomorphism f1+ îf2 7→ f1+if2;
its inverse is given by f 7→ f1 + îf2, where f1(w) := 1

2(f(w) + f(ω)) and
f2(w) :=

1
2i(f(w) − f(w)) for all w ∈ Ω. In particular, let Ω = {1, 2} with



C∗-extreme points of UCP maps 5

1 := 2 and 2 := 1. Then C(Ω,−) ∼= C via the ∗-isomorphism f 7→ f(1).
Thus, if A = C, then from the above discussion, we have Ac

∼= C2 via the
∗-isomorphism λ+ îµ 7→ (λ+ iµ, λ+ iµ), where λ, µ ∈ C; the inverse of this
isomorphism is given by (λ, µ) 7→ λ+µ

2 + îλ−µ
2i .

Let A be a unital real C∗-algebra and H be a real Hilbert space. By a
representation of A on H we mean a unital ∗-homomorphism π : A → B(H).
In such a case, we let

π(A)′ := {T ∈ B(H) : Tπ(a) = π(a)T for all a ∈ A},
and is called the commutant of π. A representation π : A → B(H) is said to
be irreducible if H does not have proper closed π(A)-invariant subspaces. It
is known [19, 25] that if a representation π : A → B(H) is irreducible, then
π(A)′ must be isomorphic to one of R,C or H. Following [25], we say that an
irreducible representation π : A → B(H) is of real, complex, or quaternionic
type depending on whether π(A)′ is isomorphic to R,C or H, respectively.
Now, from [19, Proposition 5.3.7], we know that π is irreducible if and only
if π(A)′ ∩ B(H)sa = RIH, where B(H)sa is the set of self-adjoint operators
on H. Note that if π : A → B(H) is irreducible, then πc : Ac → B(Hc) is
irreducible (i.e., πc(Ac)

′ = CIHc) if and only if π(A)′ = RIH if and only if π
is of real type.

Let A be a unital real C∗-algebra. An element a ∈ A is said to be
positive, written a ≥ 0, if a = b∗b for some b ∈ A. Let H be a real Hilbert
space and Φ : A → B(H) be a linear map. Then Φ is said to be self-adjoint
if Φ(a∗) = Φ(a)∗ for all a ∈ A; positive if Φ(a∗a) ≥ 0 for all a ∈ A; and it is
said to be completely positive (CP) if

∑n
i,j=1 T

∗
i Φ(a

∗
i aj)Tj ≥ 0 for any finite

subsets {aj}nj=1 ⊆ A, {Tj}nj=1 ⊆ B(H) and n ∈ N. Observe that Φ is CP if
and only if the map idk⊗Φ : Mk(R)⊗A → Mk(R)⊗B(H) is a positive map
for all k ∈ N, where idk is the identity map on the matrix algebra Mk(R) of
all k × k real matrices. Given a CP-map Φ : A → B(H) there exist a real
Hilbert space K, a unital ∗-homomorphism π : A → B(K) and a bounded
linear operator V ∈ B(H,K) such that Φ(a) = V ∗π(a)V for all a ∈ A.
Note that Φ is unital (i.e., Φ(1) = I) if and only if V is an isometry. Such
a triple (K, π, V ) is referred to as a Stinespring representation of Φ. We can
always choose a triple that meets the minimality condition, which is defined
as K = span{π(A)VH}. Such a minimal Stinespring representation is unique
up to unitary equivalence. See [24, 26, 27] for details. Any unital self-adjoint
positive linear functional ϕ : A → R is called a real state, and is necessarily
a unital completely positive (UCP) map. In such cases, the operator V :
R → K that appears in the Stinespring representation can be identified with
the vector z := V (1) ∈ K. Thus, the Stinespring representation simplifies
to the Gelfand–Naimark–Segal (GNS) construction (K, π, z) of ϕ (see [19,
Theorem 3.3.4]).
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We let CP(A,B(H)) denote the space of all CP maps from A to B(H).
Given CP-maps Φ, Ψ ∈ CP(A,B(H)) between real C∗-algebras, we say Ψ is
dominated by Φ (and write Ψ ≤cp Φ) if Φ− Ψ is also a CP-map. A CP map
Φ : A → B(H) is said to be pure if the only CP maps Ψ : A → B(H) for
which Ψ ≤cp Φ are those of the form Ψ = tΦ for some t ∈ [0, 1]. The above
definitions and results hold true even if A is a complex C∗-algebra and H is a
complex Hilbert space. One can easily check that a linear map Φ : A → B(H)
is CP if and only if its complexification Φc : Ac → B(H)c ∼= B(Hc) is CP;
in particular, CP maps are necessarily self-adjoint (see [9, Lemma 2.3]).
Furthermore, if (K, π, V ) is a (minimal) Stinespring representation for Φ,
then (Kc, πc, Vc) is a (minimal) Stinespring representation for Φc.

Theorem 2.1 ([2]). Let Φ, Ψ : A → B(H) be CP maps, and let (K, π, V )
be the minimal Stinespring representation of Φ. Then the following hold:

(i) Ψ ≤cp Φ if and only if there is a unique positive contraction D ∈ π(A)′

such that Ψ(·) = V ∗Dπ(·)V .
(ii) Φ is pure if and only if π is irreducible.

Arveson [2] proved the above theorem in the complex case. However, the
same proof also works in the real case.

Remark 2.2. Let A be a unital real C∗-algebra, H be a real Hilbert
space and Φ : A → B(H) be a CP map.

(i) If Φc is pure, then Φ is pure. For, let Ψ ∈ CP(A,B(H)) be such that
Ψ ≤cp Φ. Then Φc − Ψc = (Φ − Ψ)c so that Ψc ≤cp Φc. Hence there exists
t ∈ [0, 1] such that Ψc = tΦc, which implies that Ψ = tΦ. Hence Φ is pure.

(ii) If Φ is pure, then Φc need not be pure in general. For example, in
the real C∗-algebra A = C, the only real state is ϕ : A → R defined by
ϕ(λ) := Reλ for all λ ∈ A. But its complexification ϕc : C2 → C given by

ϕc(λ, µ) = ϕc

(
λ+ µ

2
+ î

λ− µ

2i

)
= ϕ

(
λ+ µ

2

)
+ iϕ

(
λ− µ

2i

)
= Re

(
λ+ µ

2

)
+ iRe

(
λ− µ

2i

)
=

λ+ µ

2
, ∀λ, µ ∈ C,

is not a pure state.
(iii) Let Φ be pure and (K, π, V ) be the minimal Stinespring representa-

tion of Φ. Then Φc is pure if and only if πc is irreducible if and only if π is
of real type.

Any irreducible representation of Mn(R) is unitarily equivalent to the
identity map on Mn(R). So, from the above theorem, it follows that any
pure UCP map Φ ∈ UCP(Mn(R),Mm(R)) is of the form Φ(·) = V ∗(·)V
for some isometry V ∈ Mn×m(R). For such maps, the complexification is
Φc(·) = V ∗(·)V , a pure UCP map, where V is viewed as a complex matrix.



C∗-extreme points of UCP maps 7

Thus, by Remark 2.2, we conclude that Φ ∈ UCP(Mn(R),Mm(R)) is pure if
and only if Φc ∈ UCP(Mn(C),Mm(C)) is pure.

3. General properties of C∗-extreme points. In this section, unless
stated otherwise, let A denote a unital real C∗-algebra, and assume that
all Hilbert spaces under consideration are over the real field. The letters H
and K, possibly with subscripts, will be used to denote these Hilbert spaces.
For a given operator T ∈ B(H) we define AdT on B(H) by AdT (X) :=
T ∗XT for all X ∈ B(H). We denote by UCP(A,B(H)) the set of all uni-
tal CP-maps from A to B(H). Note that UCP(A,B(H)) is a C∗-convex
set in the following sense: If Φj ∈ UCP(A,B(H)) and Tj ∈ B(H) for
1 ≤ j ≤ n satisfy

∑n
j=1 T

∗
j Tj = I, then their C∗-convex combination∑n

j=1AdTj ◦ Φj is also an element of UCP(A,B(H)). This C∗-convex com-
bination is called proper if each Tj is invertible. Now following [13, 21], we
define the following:

Definition 3.1. A real linear map Φ ∈ UCP(A,B(H)) is called

(i) a (linear) extreme point if, whenever Φ =
∑n

j=1 tjΦj for some scalars
tj ∈ (0, 1) satisfying

∑n
j=1 tj = 1, then Φj = Φ for all 1 ≤ j ≤ n;

(ii) a C∗-extreme point of UCP(A,B(H)) if, whenever Φ =
∑n

j=1AdTj ◦ Φj

for some invertible Tj ∈ B(H) satisfying
∑n

j=1 T
∗
j Tj = I, then there exist

unitaries Uj ∈ B(H) such that Φj = AdUj ◦Φ (and we write Φj ∼ Φ) for
all 1 ≤ j ≤ n.

Note that in the definition of the C∗-extreme point (resp. extreme point),
it suffices to consider proper C∗-convex (resp. convex) combinations of two
UCP maps (see [29, Proposition 2.1.2]). We denote the set of all extreme
points and C∗-extreme points of UCP(A,B(H)) by UCPext(A,B(H)) and
UCPC∗-ext(A,B(H)), respectively. Clearly, Φ ∈ UCPC∗-ext(A,B(H)) if and
only if AdU ◦ Φ ∈ UCPC∗-ext(A,B(H)) for any unitary U ∈ B(H). These
definitions and notations also apply to complex C∗-algebras A and complex
Hilbert spaces H. Note that if dim(H) = 1, i.e., for (real) states on A, the
notions of pure, extreme and C∗-extreme coincide.

Now, let Φ ∈ UCP(A,B(H)). We first investigate whether Φ being a
C∗-extreme point of UCP(A,B(H)) implies, or is implied by, Φc being a
C∗-extreme point of UCP(Ac,B(Hc)).

Example 3.2. In general, Φ ∈ UCPC∗-ext(A,B(H)) does not imply that
Φc is a C∗-extreme point of UCP(Ac,B(Hc)). For example, consider the
map ϕ : C → R = B(R) defined as in Remark 2.2. Being a pure real state,
ϕ ∈ UCPC∗-ext(C,B(R)). But its complexification ϕc : C2 → C = B(C) is
not pure, and hence not a C∗-extreme point.
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Lemma 3.3. Let Ψ, Φ ∈ UCP(A,Mn(R)) and U ∈ Mn(C) be unitary
such that Ψ(·) = U∗Φ(·)U . Then there exists a unitary V ∈ Mn(R) such that
Ψ(·) = V ∗Φ(·)V .

Proof. Note that UΨ(·) = Φ(·)U . Write U = U1+ iU2 with Uj ∈ Mn(R),
j = 1, 2. Then we get UjΨ(·) = Φ(·)Uj for j = 1, 2. If any of the Uj is unitary,
we are done. If not, consider the non-zero polynomial p : C → C defined by
p(z) = det(U1 + zU2), which has only finitely many zeros. Choose and fix
λ ∈ R such that S := U1+λU2 is invertible. Note that SΨ(·) = Φ(·)S, and by
taking adjoints on both sides, we get Ψ(·)S∗ = S∗Φ(·). Let S = V P be the
polar decomposition of S, where V ∈ Mn(R) is a unitary and P = (S∗S)1/2 ∈
Mn(R) is positive semidefinite. Observe that Ψ(·)S∗S = S∗Φ(·)S = S∗SΨ(·),
which implies that Ψ(·)P = PΨ(·). Then

V Ψ(·)P = V PΨ(·) = SΨ(·) = Φ(·)S = Φ(·)V P.

Since P is invertible, we get V Ψ(·) = Φ(·)V , i.e., Ψ = AdV ◦ Φ.

Proposition 3.4. Suppose that Φ ∈ UCP(A,Mn(R)) and that Φc ∈
UCPC∗-ext(Ac,Mn(C)). Then Φ ∈ UCPC∗-ext(A,Mn(R)).

Proof. Let Φ =
∑2

j=1AdTj ◦ Φj be a proper C∗-convex decomposition
of Φ. Then Φc =

∑2
j=1Ad(Tj)c ◦ (Φj)c is a proper C∗-convex decomposition

of Φc. By hypothesis, there exist unitaries Uj ∈ Mn(C) such that Φc =
AdUj ◦ (Φj)c for j = 1, 2. Considering A ⊆ Ac via the canonical embedding,
we get Φ(·) = U∗

j Φj(·)Uj . Then, by Lemma 3.3, there exist unitary matrices
Vj ∈ Mn(R) such that Φ = AdVj ◦ Φj for j = 1, 2.

Many of the results discussed in the remainder of this section are known
in the context of complex C∗-algebras. Since we are concerned with the real
C∗-algebra counterparts of these results (with possibly minor modifications
to the statements), we present them here. When the proofs from the complex
case directly apply to the real case, we cite the relevant references for the
complex case. If the proof does not transfer directly and requires technical
adjustments, we either sketch or provide a full proof for completeness.

Theorem 3.5. Let Φ ∈ UCP(A,B(H)) and (K, π, V ) be its minimal
Stinespring representation. Define C : π(A)′ ∩ B(K)sa → B(H) by C(T ) =
V ∗TV for all T ∈ B(H). Then Φ ∈ UCPext(A,B(H)) if and only if C is an
injection.

The above theorem is the real case analogue of the abstract character-
ization of extreme points in the complex C∗-algebra case, due to Arveson
[2, Theorem 1.4.6], and the same proof works in the real C∗-algebra case as
well.
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Lemma 3.6. Let H be a complex Hilbert space and T1, T2 ∈ B(H) be such
that T ∗

1 T1 and T ∗
2 T2 are non-zero scalar multiples of the identity operator I

with T ∗
1 T1 + T ∗

2 T2 = I.

(i) If S ∈ B(H) is a compact self-adjoint operator such that S =
T ∗
1 ST1 + T ∗

2 ST2, then T1S = ST1 and T2S = ST2.
(ii) If S ∈ B(H) is a compact operator such that S∗ = −S and S =

T ∗
1 ST1 + T ∗

2 ST2, then T1S = ST1 and T2S = ST2.

Proof. The first part is exactly [29, Lemma 2.2.1]. To prove the second
part, note that T := iS is a compact self-adjoint operator. Also, T = T ∗

1 TT1+
T ∗
2 TT2. Then, by (i), we find that T1, T2 commutes with T and therefore with

S as well.

Corollary 3.7. Let H be a real Hilbert space and T1, T2 ∈ B(H) be such
that T ∗

1 T1 and T ∗
2 T2 are non-zero scalar multiples of the identity operator,

and T ∗
1 T1 + T ∗

2 T2 = I. If S ∈ B(H) is a compact self-adjoint (or compact
anti-symmetric) operator such that S = T ∗

1 ST1 + T ∗
2 ST2, then TjS = STj

for j = 1, 2.

Proof. Since (Sc)
∗ = (S∗)c, from the hypothesis it follows that Sc ∈

B(Hc) is a self-adjoint (or anti-symmetric) compact operator. Now, let 0 ̸=
λj ∈ R be such that T ∗

j Tj = λjIH, j = 1, 2. Then (Tj)
∗
c(Tj)c = (T ∗

j Tj)c =
λjIHc . Also

T ∗
1 T1 + T ∗

2 T2 = IH =⇒ (T1)
∗
c(T1)c + (T2)

∗
c(T2)c = IHc ,

S = T ∗
1 ST1 + T ∗

2 ST2 =⇒ Sc = (T1)
∗
cSc(T1)c + (T2)

∗
cSc(T2)c.

Then, by Lemma 3.6, we conclude that Sc commutes with (Tj)c for j = 1, 2,
and hence S commutes with Tj for j = 1, 2.

Proposition 3.8. Let Φ ∈ UCPC∗-ext(A,B(H)). If Φ(A) ⊆ K(H)+R·I,
then Φ ∈ UCPext(A,B(H)). In particular,

UCPC∗-ext(A,B(H)) ⊆ UCPext(A,B(H))

if H is finite-dimensional.

Proof. Let Φ = t1Φ1 + t2Φ2 for some t1, t2 ∈ (0, 1) with t1 + t2 = 1
and Φj ∈ UCP(A,B(H)), j = 1, 2. Then there exist unitaries Uj ∈ B(H)
such that Φj = AdUj ◦ Φ for j = 1, 2. Let T ∈ Φ(A) be a self-adjoint (or
anti-symmetric) operator. Define Tj :=

√
tjUj for j = 1, 2. Then

T = T ∗
1 TT1 + T ∗

2 TT2, T ∗
j Tj = tjI, and

2∑
j=1

T ∗
j Tj = I.

By assumption, T = S + λI for some S ∈ K(H) and λ ∈ R. Then, from
the above, it follows that S = T ∗

1 ST1 + T ∗
2 ST2. Also, T is self-adjoint (or

anti-symmetric), which implies that S is self-adjoint (or anti-symmetric).
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So, by Corollary 3.7, Tj commutes with S and hence with T . As a result, Uj

commutes with every T ∈ Φ(A) that is either self-adjoint or anti-symmetric.
Therefore, Uj commutes with all operators in Φ(A), implying that Ψj =
AdUj ◦ Φ = Φ for j = 1, 2. Thus, Φ ∈ UCPext(A,B(H)).

Theorem 3.9 ([7, 14, 29]). Let Φ ∈ UCP(A,B(H)) and (K, π, V ) be its
minimal Stinespring representation. Then the following are equivalent:

(i) Φ ∈ UCPC∗-ext(A,B(H));
(ii) for any positive operator D ∈ π(A)′ with V ∗DV invertible, there exist a

partial isometry U ∈π(A)′ with range(U∗) = range(U∗U) = range(D1/2)
and an invertible operator Z ∈ B(H) such that UD1/2V = V Z;

(iii) for any positive operator D ∈ π(A)′ with V ∗DV invertible, there exists
S ∈ π(A)′ such that V ∗SV is invertible (i.e., S(VH) ⊆ VH and S|VH
is invertible), SV V ∗ = V V ∗SV V ∗ and D = S∗S;

(iv) for any Ψ ∈ CP(A,B(H)) with Ψ ≤cp Φ and Ψ(1) invertible, there exists
an invertible operator Z ∈ B(H) such that Ψ = AdZ ◦ Φ.

Corollary 3.10. If Φ ∈ UCP(A,B(H)) is pure or multiplicative (i.e.,
a ∗-homomorphism), then Φ ∈ UCPC∗-ext(A,B(H)).

Proof. If Φ is pure, then the conclusion follows from the above theorem.
Now, if Φ is a ∗-homomorphism, then as in [13, Proposition 1.2] we conclude
that Φ is a C∗-extreme point.

Definition 3.11. Let ϕ : A → R be a real state. The map Φ : A → B(H)
defined by

Φ(a) := ϕ(a)IH, ∀a ∈ A,

is called the inflation of ϕ on H.

Proposition 3.12. Let ϕ : A → R be a pure real state and let (K, π, z)
be its minimal GNS representation with the irreducible representation π of
real type. If Φ is the inflation of ϕ on H, then Φ ∈ UCPC∗-ext(A,B(H)).

Proof. Define π̃ : A → B(H⊗K) and Ṽ : H⊗ R → H⊗K by

π̃(·) := IH ⊗ π(·) and Ṽ := IH ⊗ V,

where V (λ) := λz for all λ ∈ R. We identify H = H⊗R via the isomorphism
x 7→ x⊗1, and observe that Φ = Ad

Ṽ
◦ π̃. Thus, (H⊗K, π̃, Ṽ ) is the minimal

Stinespring representation of Φ. Now, let Ψ ∈ CP(A,B(H)) be such that
Ψ ≤cp Φ and Ψ(1) invertible. Then, by Theorem 2.1, there exists a positive
contraction D̃ ∈ π̃(A)′ ⊆ B(H⊗K) such that Ψ(·) = Ṽ ∗D̃π̃(·)Ṽ . Since
π(A)′ = RIK, from [19, Theorem 4.4.3] it follows that π̃(A)′ = B(H) ⊗ IK.
So, there exists D ∈ B(H) such that D̃ = D ⊗ IK. Now, 0 ≤ D̃ ≤ IH⊗K
implies 0 ≤ D ≤ IH. Therefore,
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Ψ(a) = (IH ⊗ V )∗(D ⊗ IK)(IH ⊗ π(a))(IH ⊗ V )

= D ⊗ (V ∗π(a)V ) = D ⊗ ϕ(a) = ϕ(a)D (∵ H = H⊗ R)
= AdD1/2 ◦ Φ(a), ∀a ∈ A,

where D1/2 is invertible as D = Ψ(1) is invertible. Hence, by Theorem 3.9,
we conclude that Φ ∈ UCPC∗-ext(A,B(H)).

Since every irreducible representation of a matrix algebra Mn(R) is uni-
tarily equivalent to the identity map, which is of real type, we have the
following.

Corollary 3.13. Let ϕ : Mn(R) → R be a pure real state. Then the
inflation Φ(·) := ϕ(·)IH is a C∗-extreme point of UCP(Mn(R),B(H)).

In contrast to the complex C∗-algebra case, the inflation of a pure real
state is not necessarily a C∗-extreme point.

Example 3.14. Consider the pure real state ϕ : C → R given by ϕ(λ) :=
Re(λ) for all λ ∈ C. Let Φ : C → B(R2) = M2(R) be the inflation of ϕ, i.e.,

Φ(λ) =

[
Re(λ) 0

0 Re(λ)

]
, ∀λ ∈ C.

Observe that Φ(λ) = 1
2Φ1(λ) +

1
2Φ2(λ), where Φ1, Φ2 : C → M2(R) are the

UCP maps (in fact, ∗-homomorphisms) given by

Φ1(λ) =

[
Re(λ) Im(λ)

− Im(λ) Re(λ)

]
and Φ2(λ) =

[
Re(λ) − Im(λ)

Im(λ) Re(λ)

]
.

Thus, Φ is not an extreme point and hence not a C∗-extreme point either.
Note that ϕ has the minimal Stinespring representation (R2, π, V ), where
V :=

[
1 0

]∗ ∈ M2×1(R) and the representation π := Φ1 is of complex type.
(Given an m× n real matrix A, we use A∗ to denote the transpose of A.)

Example 3.15. Let Φ : H → B(R2) = M2(R) be the inflation of the
pure real state ϕ : H → R given by ϕ(α+ βi + γj + δk) := α, that is,

Φ(α+ βi + γj + δk) =
[
α 0

0 α

]
.

Observe that Φ = 1
2Φ1+

1
2Φ2, where Φ1, Φ2 : H → M2(R) are the UCP maps

given by

Φ1(α+ βi + γj + δk) :=
[
α β

−β α

]
,

Φ2(α+ βi + γj + δk) :=
[
α −β

β α

]
.
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Thus, Φ is not an extreme point and hence not a C∗-extreme point either.
Note that ϕ has the minimal Stinespring representation (R4, π, V ), where
V = [1 0 0 0]∗ and π : H → B(R4) = M4(R) is given by

(3.1) π(α+ βi + γj + δk) :=


α −β −γ −δ

β α −δ γ

γ δ α −β

δ −γ β α

 ,

which is an irreducible representation of quaternionic type.

Notation. Given a countable family {Φj}j of UCP maps Φj : A → B(Hj)
we define

⊕
j Φj : A → B(

⊕
j Hj) by(⊕

j

Φj

)
(a) :=

⊕
j

Φj(a), ∀a ∈ A,

which is again a UCP map. The above examples also illustrate that the direct
sum of C∗-extreme points need not be a C∗-extreme point.

Proposition 3.16. For each j = 1, 2, let Hj be finite-dimensional and
Φj ∈ UCP(A,B(Hj)). If Φ1 ⊕ Φ2 ∈ UCPC∗-ext(A,B(H1 ⊕H2)), then Φj ∈
UCPC∗-ext(A,B(Hj)) for j = 1, 2.

The above proposition can be proved along similar lines to the proof of
[14, Lemma 4.1], together with Lemma 3.3. For completeness, we include the
proof below.

Proof of Proposition 3.16. Let H := H1⊕H2 and Φ := Φ1⊕Φ2. Suppose
Φ1 =

∑k
j=1AdTj◦Ψj is a proper C∗-convex decomposition, where Tj ∈ B(H1)

invertible and Ψj ∈ UCP(A,B(H1)). Let T̃j := Tj ⊕ 1√
k
IH2 ∈ B(H) and

Ψ̃j := Ψj ⊕Φ2 ∈ UCP(A,B(H)) for all 1 ≤ j ≤ k. Then Φ =
∑k

j=1AdT̃j
◦ Ψ̃j

is a proper C∗-convex decomposition of Φ. Since Φ ∈ UCPC∗-ext(A,B(H)),
there exist unitaries Wj ∈ B(H) such that Φ = AdWj ◦ Ψ̃j , i.e., Φ1 ⊕ Φ2 =
AdWj ◦ (Ψj ⊕ Φ2) for all 1 ≤ j ≤ k. Now, let a1, . . . , an ∈ A be such that
{Φ(a1), . . . , Φ(an)} is a basis of the finite-dimensional space Φ(A). Fix 1 ≤
j ≤ k. We identify B(H1) ∼= Mm(R), where m = dim(H1). Now, we view the
matrices in Mm(R) as complex matrices. Then, as in [14, Lemma 4.1], using
Specht’s theorem [28] (for finite sets of matrices), we get a unitary operator
Uj ∈ Mm(C) such that Φ1(ai) = U∗

j Ψj(ai)Uj for each 1 ≤ i ≤ n. Moreover,
for each a ∈ A, there exist uniquely determined scalars αi(a) ∈ R such that
Φ(a) =

∑n
i=1 αi(a)Φ(ai). Then

Φ1(a) =

n∑
i=1

αi(a)Φ1(ai) = U∗
j Ψj

( n∑
i=1

αi(a)ai

)
Uj , ∀a ∈ A.
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Now, given a ∈ A, let b = a−
∑n

i=1 αi(a)ai. Note that Φ1(b) = 0. Since Φ(b)

and Ψ̃j(b) are unitarily equivalent, they must have the same rank. Hence, we
conclude that Ψj(b) = 0, i.e., Ψj(

∑n
i=1 αi(a)ai) = Ψj(a). Therefore, from the

above equation, we obtain Φ1(a) = U∗
j Ψj(a)Uj for all a ∈ A. Consequently,

by Lemma 3.3, there exist unitary matrices Vj ∈ Mm(R) such that Φ1 =
AdVj ◦ Ψj for each 1 ≤ j ≤ k. Thus, Φ1 is C∗-extreme. Similarly, we can
prove that Φ2 is also a C∗-extreme point.

In the remainder of this section, we analyze the structure of C∗-extreme
points. As a first step, we present the following technical proposition, which
serves as a key ingredient in the proof of one of the main theorems that
follows. To that end, we begin by recalling some relevant terminology. Let
S ⊆ B(H) be a self-adjoint family of operators (i.e., S = S∗). Then the
commutant S ′ := {T ∈ B(H) : TZ = ZT for all Z ∈ S} of S is a real
von Neumann algebra [19, Proposition 4.3.2(1)]. We say S is irreducible if
the only closed subspaces of H which are invariant under S are {0} or H.
Equivalently, the only projections in S ′ are 0 or IH. In view of [19, Propo-
sition 4.3.4(3)], S is irreducible if and only if S ′ ∩B(H)sa = RIH. We say a
self-adjoint real linear map Φ : A → B(H) is irreducible if Φ(A) is irreducible.

Proposition 3.17. Let H be a finite-dimensional real Hilbert space, S ⊆
B(H) be an irreducible self-adjoint family of operators and Wj ∈ B(H),
j = 1, 2, be such that

∑2
j=1W

∗
j ZWj = Z for all Z ∈ S and

∑2
j=1W

∗
j Wj = I.

Then WjZ = ZWj for all j = 1, 2 and Z ∈ C∗(S), the C∗-algebra generated
by S.

Proof. Consider the UCP map Ψ : B(H) → B(H) defined by

Ψ(Z) = W ∗
1ZW1 +W ∗

2ZW2, ∀Z ∈ B(H).

By assumption, Ψ(Z) = Z for all Z ∈ S. Note that (H ⊕ H, π, V ) is a
Stinespring representation of Ψ , where

V = W1 ⊕W2 and π = idB(H)⊕ idB(H) .

Let H0 be a minimal non-zero subspace of H satisfying Wj(H0) ⊆ H0,
j = 1, 2. Note that H0 can be H itself. Consider

Γ := {Z ∈ B(H) : WjZh = ZWjh, ∀h ∈ H0, j = 1, 2}.

Clearly, Γ is a subspace of B(H) which contains IH. Now, fix Z ∈ Γ and
S ∈ S. Define

H′
0 := {h ∈ H0 : ∥SZh∥ = ∥SZ|H0∥ ∥h∥}.

Since operators on finite-dimensional space attain their norm, H′
0 contains
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non-zero vectors. Now, if h ∈ H′
0, then

∥SZh∥2 = ∥Ψ(S)Zh∥2 = ∥W ∗
1 SW1Zh+W ∗

2 SW2Zh∥2

= ∥W ∗
1 SZW1h+W ∗

2 SZW2h∥2 = ∥Ψ(SZ)h∥2

= ∥V ∗π(SZ)V h∥2 = ∥V V ∗π(SZ)V h∥2

≤ ∥π(SZ)V h∥2 = ∥SZW1h∥2 + ∥SZW2h∥2

≤ ∥SZ|H0∥2(∥W1h∥2 + ∥W2h∥2)
= ∥SZ|H0∥2∥h∥2 = ∥SZh∥2.

Since both sides of the above inequality are the same, the inequalities become
equalities and in particular we have

∥SZWjh∥2 = ∥SZ|H0∥2∥Wjh∥2, ∀h ∈ H′
0,(3.2)

∥V V ∗π(SZ)V h∥2 = ∥π(SZ)V h∥2, ∀h ∈ H′
0.(3.3)

From (3.2) it follows that Wj(H′
0) ⊆ H′

0, j = 1, 2. By the minimality of H0,
we must have H0 = spanH′

0. Now, since V V ∗ is an orthogonal projection,
from (3.3), we conclude that V V ∗π(SZ)V h = π(SZ)V h for all h ∈ H′

0;
expanding the left- and right-hand sides we get

SZW1h = W1W
∗
1 SZW1h+W1W

∗
2 SZW2h,

SZW2h = W2W
∗
1 SZW1h+W2W

∗
2 SZW2h,

for all h ∈ H′
0. Then, since Z ∈ Γ , we get

SZW1h = W1W
∗
1 SW1Zh+W1W

∗
2 SW2Zh = W1Ψ(S)Zh = W1SZh

for all h ∈ H′
0. Similarly, we get SZW2h = W2SZh for all h ∈ H′

0. Now,
since H0 = spanH′

0, we conclude that SZWjh = WjSZh for all h ∈ H0,
j = 1, 2. Therefore, SZ ∈ Γ for any Z ∈ Γ and S ∈ S. Putting Z = IH,
we get S ⊆ Γ . Thus, if S,Z ∈ S, then SZ ∈ Γ . This implies C∗(S) ⊆ Γ .
That is, we have WjZh = ZWjh for all Z ∈ C∗(S) and h ∈ H0. Now, fix
0 ̸= h0 ∈ H0. Let Z ∈ C∗(S) and h ∈ H be arbitrary. Note that since S
is irreducible, C∗(S) is an irreducible C∗-subalgebra of B(H). Then, by the
transitivity property of C∗(S) [19, Theorem 5.3.10], there exists Y ∈ C∗(S)
such that Y h0 = h. Then we use the commutator identity

[Wj , Z]Y h0 = [Wj , ZY ]h0 − Z[Wj , Y ]h0

to conclude that [Wj , Z]h = 0. That is, WjZ = ZWj for all Z ∈ C∗(S).

The complex C∗-algebra version of the following theorem has been proved
in several works in the literature [11, 13, 29], with each proof involving
non-trivial algebraic computations. In this paper, we present a proof of the
real version of the theorem, drawing on ideas from [11, 29], with the above
proposition serving as the main technical ingredient.
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Theorem 3.18. Let A be a unital real C∗-algebra, H be a finite-dimen-
sional real Hilbert space and Φ : A → B(H) be a C∗-extreme point of
UCP(A,B(H)). Then there exist finitely many closed subspaces Hi ⊆ H
and maps Φi ∈ UCP(A,B(Hi)) such that

(i) Φi is pure for each 1 ≤ i ≤ k,
(ii) H =

⊕
iHi and Φ ∼

⊕
i Φi.

That is, Φ is unitarily equivalent to a direct sum of pure UCP maps.

Proof. We divide the proof into several steps.

Step 1. We show that if Φ is irreducible, then it is pure. So, let (K, π, V )
be the minimal Stinespring representation of Φ. Since Φ is C∗-extreme, it
is also an extreme point by Proposition 3.8. Thus, it suffices to show that
the injective map C : π(A)′ ∩ B(K)sa → B(H), from Theorem 3.5, has
one-dimensional range. Indeed, in that case, the domain of C must also be
one-dimensional, i.e., π(A)′∩B(K)sa = RIK. Then, by [19, Proposition 5.3.7],
it follows that π is irreducible, and hence Φ is pure. Now, to prove that the
range of C is one-dimensional, let D ∈ π(A)′ be a positive operator. For
ϵ > 0, set Dϵ := D + ϵIK. Then V ∗DϵV is invertible in B(H). Choose and
fix a scalar t > 0 such that ∥tDϵ∥ < 1. Then ∥tV ∗DϵV ∥ < 1. Let D1 := tDϵ

and D2 := IK − tDϵ. Note that V ∗D1V and V ∗D2V are positive invertible
operators in B(H). Then Tj := (V ∗DjV )1/2, j = 1, 2, are invertible operators
such that T ∗

1 T1+T ∗
2 T2 = IH, and Φ =

∑2
j=1AdTj ◦Φj is a proper C∗-convex

combination of the UCP maps

Φj(·) := T−1
j V ∗Djπ(·)V T−1

j , j = 1, 2.

Since Φ is C∗-extreme, there exist unitaries Uj ∈ B(H) such that Φj =
AdUj ◦ Φ, j = 1, 2. Letting Wj := UjTj ∈ B(H), j = 1, 2, we observe that∑2

j=1W
∗
j Wj = IH and

Φ =

2∑
j=1

AdWj ◦ Φ.

Now consider the UCP map Ψ : B(H) → B(H) defined by

Ψ(Z) := W ∗
1ZW1 +W ∗

2ZW2, ∀Z ∈ B(H).

From the construction we have Ψ(Z) = Z for all Z ∈ Φ(A). Then, tak-
ing S = Φ(A) in Proposition 3.17, we have WjZ = ZWj for all Z ∈
C∗(Φ(A)), j = 1, 2. Hence W ∗

j Wj is also in the commutant of C∗(Φ(A))
for j = 1, 2. Note that since Φ is irreducible, C∗(Φ(A)) is an irreducible C∗-
subalgebra of B(H). Hence by [19, Proposition 5.3.7], V ∗DjV = W ∗

j Wj ∈
R+IH. It follows that V ∗DϵV ∈ R+IH, and consequently V ∗DV ∈ R+IH.
Thus, V ∗DV ∈ R+IH for all positive operators D ∈ π(A)′, and hence
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V ∗DV ∈ RIH for all D ∈ π(A)′ ∩ B(K)sa. Therefore, we conclude that the
range of C is one-dimensional and hence Φ is pure.

Step 2. Suppose Φ is not irreducible. Then there exists a non-trivial
projection P ∈ Φ(A)′. Since H is finite-dimensional, without loss of general-
ity, we assume that P is a minimal projection in Φ(A)′. Set H1 = range(P ).
Then, Φ can be decomposed into a direct sum of two UCP maps, namely
Φ = Φ1 ⊕ Ψ̃ , where

Φ1(·) := Φ(·)|H1 ∈ UCP(A,B(H1)),

Ψ̃(·) := Φ(·)|H⊥
1
∈ UCP(A,B(H⊥

1 )).

Then, by Proposition 3.16, we have Φ1 ∈ UCPC∗-ext(A,B(H1)) and Ψ̃ ∈
UCPC∗-ext(A,B(H⊥

1 )). Note that Φ1 is irreducible due to the minimality
of P . Hence, by Step 1, Φ1 is pure. Now, if Ψ̃ is irreducible (and hence
pure) we are done. Otherwise, repeat the above argument for the C∗-extreme
point Ψ̃ of UCP(A,B(H⊥

1 )), where H⊥
1 ⊂ H is a proper subspace. Since

dimH < ∞, after finitely many (say k) iterations of this process, we obtain
real Hilbert spaces {Hj}kj=1 and pure UCP maps {Φj : A → B(Hj)}kj=1 with
H =

⊕k
j=1Hj and Φ =

⊕k
j=1 Φj .

Given Hilbert spaces K1,K2 and two representations πj : A → B(Kj) for
j = 1, 2, we define their intertwining space as

I(π1, π2) := {T ∈ B(K1,K2) : Tπ1(a) = π2(a)T for all a ∈ A}.
If there exists a unitary operator in I(π1, π2), then we say that π1 and π2
are unitarily equivalent. Furthermore, we say that π1 and π2 are disjoint if
no non-zero subrepresentation of π1 is unitarily equivalent to any subrepre-
sentation of π2.

Proposition 3.19 ([3, Proposition 2.1.4]). Let K1,K2 be real Hilbert
spaces and πj : A → B(Kj), j = 1, 2, be two representations. Then π1 and
π2 are disjoint if and only if I(π1, π2) = {0}.

Note that if π1 and π2 are two disjoint representations, then from the
above proposition it follows that

⊕m
1 π1 and

⊕n
1 π2 are disjoint representa-

tions for all m,n ∈ N. Also note that the complexifications (π1)c and (π2)c
are disjoint.

Definition 3.20. Let Φj : A → B(Hj) be UCP maps with minimal
Stinespring representation (Kj , πj , Vj) for j = 1, 2. We say that Φ1 and Φ2 are
disjoint if π1 and π2 are disjoint representations. A countable family {Φj}j of
UCP maps Φj : A → B(Hj), each with minimal Stinespring representation
(Kj , πj , Vj), is said to be mutually disjoint if Φi and Φj are disjoint for all
i ̸= j.
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Proposition 3.21 ([7, Proposition 3.4]). Let {Φj}j be a countable family
of mutually disjoint UCP maps Φj : A → B(Hj), where Hj are real Hilbert
spaces. Then

⊕
j Φj ∈ UCPC∗-ext(A,B(

⊕
j Hj)) if and only if each Φj ∈

UCPC∗-ext(A,B(Hj)).

In [14, Theorem 2.1], the necessary and sufficient conditions are provided
for a UCP map on a complex C∗-algebra A to be a C∗-extreme point of
UCP(A,B(H)), where H is a finite-dimensional complex Hilbert space. In
the remainder of this section, we examine whether these conditions are also
necessary and sufficient in the context of real C∗-algebras. We observe that
subtle differences arise between the real and complex C∗-algebra cases. To
this end, we recall the following terminology and some observations from the
literature.

Definition 3.22. Let Φ ∈ UCP(A,B(H)). A unital CP map Ψ : A →
B(G), where G is a real Hilbert space, is said to be a compression of Φ if there
exists an isometry W : G → H such that Ψ = AdW ◦Φ. A nested sequence of
compressions of a representation π : A → B(H) is a (finite) sequence {Φj}j
of UCP maps Φj : A → B(Hj) such that Φj+1 is a compression of Φj , for
each j ≥ 1, and Φ1 is a compression of π.

The following observations follow from the definition:

• Let Φ ∈ UCP(A,B(H)) be a pure UCP map with the minimal Stinespring
representation (K, π, V ), and let Ψ = AdW ◦ Φ be a compression of Φ for
some isometry W ∈ B(G,H). Then (K, π, V W ) is the minimal Stinespring
representation for Ψ , and consequently Ψ is pure.

• Let Φj ∈ UCP(A,B(Hj)), j = 1, 2, and let (K, π, Vj) be their mini-
mal Stinespring representation (i.e., both Φ1 and Φ2 are compression
of π). Then Φ2 is a compression of Φ1 if and only if V2V

∗
2 ≤ V1V

∗
1 , i.e.,

range(V2) ⊆ range(V1).

Lemma 3.23. Let Φj ∈ UCP(A,B(Hj)), j = 1, 2, be compressions of the
same irreducible representation π : A → B(K) of real type, where dimH2

≤ dimH1 < ∞. If both Φ1 and Φ2 are pure UCP maps and Φ1 ⊕ Φ2 ∈
UCPC∗-ext(A,B(H1 ⊕H2)), then Φ2 is a compression of Φ1.

Proof. Let (K, π, Vj) be the minimal Stinespring representation for Φj ,
j = 1, 2. Then (K̃, π̃, V ) is the minimal Stinespring representation for Φ1⊕Φ2,
where K̃ = K ⊕K, π̃ = π ⊕ π and V = V1 ⊕ V2. Let

D :=

[
2IK IK

IK 2IK

]
∈ π̃(A)′,

which is a positive invertible operator. Since V is an isometry, we see that
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V ∗DV =

[
2IH1 V ∗

1 V2

V ∗
2 V1 2IH2

]
∈ B(H⊕H)

is positive and invertible. As Φ1⊕Φ2 is a C∗-extreme point, by Theorem 3.9,
there exists S ∈ π̃(A)′ such that S∗S = D and SV V ∗ = V V ∗SV V ∗. Since π
is of real type, we have π̃(A)′ = (I2 ⊗ π(A))′ = M2(R)⊗ IK. So, there exist
scalars αj ∈ R such that

S =

[
α1IK α2IK

α3IK α4IK

]
.

Then the identity SV V ∗ = V V ∗SV V ∗ implies that

(3.4)

[
α1V1V

∗
1 α2V2V

∗
2

α3V1V
∗
1 α4V2V

∗
2

]
=

[
α1V1V

∗
1 V1V

∗
1 α2V1V

∗
1 V2V

∗
2

α3V2V
∗
2 V1V

∗
1 α4V2V

∗
2 V2V

∗
2

]
.

Also, S∗S = D implies that α2 ̸= 0 or α3 ̸= 0. Then, from (3.4), it follows
that there are two possibilities:

V2V
∗
2 = V1V

∗
1 V2V

∗
2 or V1V

∗
1 = V2V

∗
2 V1V

∗
1 .

The above identities implies that range(V2) ⊆ range(V1) or range(V1) ⊆
range(V2). Since dimHj = dim(range(Vj)) and dimH2 ≤ dimH1, we must
have range(V2) ⊆ range(V1). Therefore, Φ2 is a compression of Φ1.

Remark 3.24. If H is finite-dimensional and Φ ∈ UCPC∗-ext(A,B(H)),
then by Theorem 3.18, Φ is unitarily equivalent to a direct sum of pure
UCP maps; i.e., there exist finitely many pairwise non-equivalent irreducible
representations π1, . . . , πk of A, subspaces Hi

j of H (1 ≤ j ≤ ni), and com-
pressions Φπi

j : A → B(Hi
j) (1 ≤ j ≤ ni) of each representation πi such

that

(3.5) H =

k⊕
i=1

( ni⊕
j=1

Hi
j

)
and with respect to this decomposition of H,

(3.6) Φ ∼
k⊕

i=1

( ni⊕
j=1

Φπi
j

)
.

Note that since πi is irreducible, each Φπi
j is a pure UCP map. Now, for each

1 ≤ i ≤ k, we arrange the Hilbert spaces Hi
1, . . . ,Hi

ni
so that dimHi

j+1 ≤
dimHi

j for all 1 ≤ j ≤ ni − 1. Also note that {
⊕ni

j=1 Φ
πi
j }ki=1 is a family of

mutually disjoint UCP maps as {πi}ki=1 are mutually disjoint.

Theorem 3.25. Let H be finite-dimensional and Φ∈UCPC∗-ext(A,B(H)).
Let πi (1 ≤ i ≤ k) and Hi

j, Φπi
j (1 ≤ j ≤ ni) be as in (3.5) and (3.6). If
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the irreducible representations πi are of real type, then {Φπi
j }ni

j=1 is a nested
sequence of compressions for all 1 ≤ i ≤ k.

Proof. Since Φ is C∗-extreme, it follows from Proposition 3.21 that the
direct sum

⊕ni
j=1 Φ

πi
j is a C∗-extreme point for each 1 ≤ i ≤ k. Now fix 1 ≤

i ≤ k. If ni = 1, then there is nothing to prove. So, assume that ni ≥ 2. Then,
for each 1 ≤ j ≤ ni, define Φ1 = Φπi

j ⊕Φπi
j+1 and let Φ2 be the remaining direct

sums on the right-hand side of (3.6). Then, by Proposition 3.16, we conclude
that Φπi

j ⊕ Φπi
j+1 is a C∗-extreme point of UCP(A,B(Hi

j ⊕Hi
j+1)). By the

above lemma, Φπi
j+1 is a compression of Φπi

j . This completes the proof.

It is unclear whether the assumption that each πi is of real type is nec-
essary for the above theorem. We also do not have a counterexample to
demonstrate otherwise. However, in [14, Theorem 2.1], it is shown that the
same conclusion holds for complex C∗-algebras without requiring any addi-
tional assumptions on the irreducible representations πi.

Next, we analyze whether the sufficient condition provided in [14, Theo-
rem 2.1] for a UCP map on a complex C∗-algebra to be a C∗-extreme point
also holds in the real C∗-algebra case.

Theorem 3.26. Let π1, . . . , πk be pairwise non-equivalent irreducible rep-
resentations of A and {Φπi

j : A → B(Hi
j)}

ni
j=1 be nested sequences of com-

pressions of each representation πi, where each Hi
j is a finite-dimensional

real Hilbert space. If each πi is of real type, then the direct sum

Φ :=
k⊕

i=1

( ni⊕
j=1

Φπi
j

)
is a C∗-extreme point of UCP(A,B(H)), where H =

⊕k
i=1

⊕ni
j=1Hi

j. (Note
that Φπi

j ’s are necessarily pure UCP maps.)

Proof. Since πi’s are pairwise disjoint irreducible representations of A
on real Hilbert spaces, say Ki, and are of real type, it follows that their
complexifications (πi)c are pairwise disjoint irreducible representations of
the complex C∗-algebra Ac. Note that each Φπi

j has the minimal Stinespring
representation (Ki, πi, V

i
j ) for some isometry V i

j ∈ B(Hi
j ,Ki). Then it fol-

lows that ((Ki)c, (πi)c, (V
i
j )c) is the minimal Stinespring representation of

the complexification (Φπi
j )c; since πi is of real type, (Φπi

j )c is a pure map.
Furthermore, since {Φπi

j }ni
j=1 is a nested sequence of compressions of πi, we

know that {(Φπi
j )c}ni

j=1 is a nested sequence of compressions of (πi)c. Hence,
from [14, Theorem 2.1], it follows that

Φc =
k⊕

i=1

( ni⊕
j=1

(Φπi
j )c

)
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is a C∗-extreme point of UCP(A,B(H)). Finally, from Proposition 3.4, it
follows that Φ ∈ UCPC∗-ext(A,B(H)).

The assumption that each πi is of real type cannot be omitted from
the above theorem. Specifically, the inflation of the pure real state in Ex-
ample 3.14 (resp. 3.15) is not a C∗-extreme point, where only one πi is
involved, and is of complex type (resp. quaternionic type). Here is another
example.

Example 3.27. Consider Φ : H → M4(R) defined by

Φ(α+ βi + γj + δk) :=


α −β 0 0

β α 0 0

0 0 α −β

0 0 β α

 .

Observe that Φ = 1
2Φ1+

1
2Φ2, where Φ1, Φ2 : H → M4(R) are the UCP maps

(in fact ∗-homomorphisms) given by Φ1 = π as in (3.1), and

Φ2(α+ βi + γj + δk) :=


α −β γ δ

β α δ −γ

−γ −δ α −β

−δ γ β α

 .

Thus, Φ is not an extreme point and hence not a C∗-extreme point either.
Note that π is an irreducible representation of quaternionic type and Φπ

j :
H → M2(R), j = 1, 2, defined by

Φπ
j (α+ βi + γj + γk) :=

[
α −β

β α

]
are compressions of π such that Φ = Φπ

1 ⊕ Φπ
2 .

Corollary 3.28. Let Φ ∈ UCP(Mn(R),Mm(R)). Then

Φ ∈ UCPC∗-ext(Mn(R),Mm(R))
if and only if there exists a nested sequence {Φj}kj=1 of compressions of the
identity representation on Mn(R) such that Φ is unitarily equivalent to the
direct sum

⊕k
j=1 Φj.

Proof. This follows from Theorems 3.25, 3.26, and the fact that any
irreducible representation on Mn(R) is unitarily equivalent to the identity
map on Mn(R), which is of real type.

4. Commutative real C∗-algebra case. Throughout this section, let
H be a real Hilbert space and A be a unital commutative real C∗-algebra,
say A = C(Ω,−) for some compact Hausdorff topological space Ω and
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a homeomorphism − of Ω of period 2. Recall that for any finite subsets
{wj}nj=1 ⊆ Ω and {λj}nj=1 ⊆ C, Urysohn’s lemma guarantees the existence
of a function f ∈ C(Ω) such that f(wj) = λj , for 1 ≤ j ≤ n.

Lemma 4.1. Let w ∈ Ω. Then w = w if and only if f(w) ∈ R for all
f ∈ C(Ω,−).

Proof. Suppose that w ̸= w. Choose a function f ∈ C(Ω) such that
f(w) = i and f(w) = 0. Define g : Ω → C by g(ξ) := f(ξ) + f(ξ) for all
ξ ∈ Ω. Then g ∈ C(Ω,−) and g(w) = i /∈ R.

Lemma 4.2. Let w1, w2 ∈ Ω be such that w1 /∈ {w2, w2}.
(i) If wj ̸= wj, j = 1, 2, then for any λ1, λ2 ∈ C, there exists f ∈ C(Ω,−)

such that f(wj) = λj for all j = 1, 2.
(ii) If w1 = w1 and w2 ̸= w2, then for any λ1 ∈ R and λ2 ∈ C, there exists

f ∈ C(Ω,−) such that f(wj) = λj for all j = 1, 2.
(iii) If wj = wj, j = 1, 2, then for any λ1, λ2 ∈ R, there exists f ∈ C(Ω,−)

such that f(wj) = λj for all j = 1, 2.

Proof. (i) Choose f ∈ C(Ω) that satisfies f(wj) = λj and f(wj) = 0 for
j = 1, 2. Define g : Ω → C by g(w) := f(w) + f(w) for all w ∈ Ω. Then
g ∈ C(Ω,−) and g(wj) = λj .

(ii) Choose f ∈ C(Ω) that satisfies f(w1) = λ1/2, f(w2) = λ2 and
f(w2) = 0. Define g : Ω → C by g(w) := f(w) + f(w) for all w ∈ Ω. Then
g ∈ C(Ω,−) and g(wj) = λj .

(iii) Choose f ∈ C(Ω) that satisfies f(wj) = λj/2 for j = 1, 2. Define
g : Ω → C by g(w) := f(w) + f(w) for all w ∈ Ω. Then g ∈ C(Ω,−) and
g(wj) = λj .

Proposition 4.3. Let A be a commutative real C∗-algebra and π : A →
B(H) be an irreducible representation. Then ker(π) is a maximal ideal of A.
In fact, A/ker(π) ∼= π(A) ∼= R or C.

Proof. Let π : A → B(H) be any representation. Then J := ker(π) is
a closed two-sided ideal of A and by [19, Proposition 5.4.1], A/J is a real
C∗-algebra. Then the map π factors through A/J in the natural way:

A A/J

B(H)

q

π π̃

Here q is the quotient map and π̃(f + J) := π(f) for all f ∈ A. Note
that π̃ is a faithful representation of A/J on H. Then the representation
π̃c is faithful, which implies that π̃c is isometric. Consequently, π̃ is isomet-
ric. Then π̃(A/J) = π(A) is a real C∗-algebra and hence A/J ∼= π(A).
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Since A is commutative, π(A) is commutative. Then we have π(A) ⊆ π(A)′.
Now assume that π is irreducible. From [19, Proposition 5.3.7], we have
π(A)′ ∩ B(H)sa = RIH. Then for any 0 ̸= T ∈ π(A) ⊆ π(A)′, we have
T ∗T = TT ∗ = ∥T∥2I. This shows that T is invertible and T−1 = 1

∥T∥2T
∗

∈ π(A). Therefore, π(A) is divisible and hence by [19, Proposition 5.6.6],
π(A) ∼= R or C. In particular, J is a maximal ideal of A because A/J is
divisible.

Lemma 4.4. Let π : C → B(H) be an irreducible representation. Then
dimH = 2 and π : C → B(H) ∼= M2(R) is given by

π(λ) =

[
Reλ ± Imλ

∓ Imλ Reλ

]
, ∀λ ∈ C.

Proof. Let π : C → B(H) be any representation. Since π is unital and
self-adjoint, we have π(1) = I and π(i) = S, where S ∈ B(H) with S∗ = −S.
Moreover, since π is multiplicative, we must have

S∗S = π(−i · i) = I = π(i · −i) = SS∗.

Thus, S ∈ B(H) is an anti-symmetric unitary. Since π is a real linear map
on C,

π(λ) = Re(λ)I + Im(λ)S, ∀λ ∈ C.

Now, let 0 ̸= v ∈ H. Since S is a unitary, we get Sv ̸= 0, and since S
is anti-symmetric, it follows that ⟨Sv, v⟩ = 0. Thus, {v, Sv} is an orthog-
onal subset of H. Clearly, span {v, Sv} is a two-dimensional π(C)-invariant
subspace of H. Therefore, if π is irreducible, then dimH = 2. Identify-
ing B(H) ∼= M2(R), there are only two anti-symmetric unitary operators
in B(H), namely S =

[
0 ±1
∓1 0

]
. Hence, π has the desired form.

The following result is of a fundamental nature and may have been pre-
viously established in the literature. However, we could not find a direct
reference to it. Therefore, we prove it here.

Proposition 4.5. Let π : A → B(H) be an irreducible representation.
Then dimH ≤ 2 and π must be of one of the following forms:

(i) Real type: If dimH = 1, then there exists w = w ∈ Ω such that π : A →
B(H) ∼= R is given by

(4.1) π(f) = f(w), ∀f ∈ A.

(ii) Complex type: If dimH = 2, then there exists w ̸= w ∈ Ω such that
π : A → B(H) ∼= M2(R) is given by

(4.2) π(f) :=

[
Re f(w) ± Im f(w)

∓ Im f(w) Re f(w)

]
, ∀f ∈ A.
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Proof. Since π is irreducible, by Proposition 4.3, J := ker(π) is a maximal
ideal and A/J ∼= R or C. Note that π factors through A/J as π = π̃ ◦ q,
where q : A → A/J is the quotient map and π̃ : A/J → B(H) is given
by π̃(f + J) := π(f) for all f ∈ A. As π is irreducible, it follows that π̃ is
an irreducible representation. Also, q is a non-zero multiplicative real linear
functional on A. Hence, the map q̃ : Ac → C defined by

q̃(f + ig) := q(f) + iq(g), ∀f, g ∈ A,

is a non-zero multiplicative complex linear functional. Since Ac = C(Ω),
there exists w ∈ Ω such that q̃(f) = f(w) for all f ∈ C(Ω). In particular,
q(f) = f(w) for all f ∈ A.

Case (1): A/J ∼= R. Then f(w) = q(f) ∈ R for all f ∈ A and hence,
by Lemma 4.1, w ∈ Ω must be such that w = w. Since the only irreducible
representation of R, up to unitary equivalence, is the identity map on R, it
follows that H ∼= R and π̃ : R → R is the identity map. Thus, in this case,
π : A → R and is given by

π(f) = π̃ ◦ q(f) = f(w), ∀f ∈ A.

Case (2): A/J ∼= C. Since q is surjective, by Lemma 4.1 we get w ̸= w.
Furthermore, since π̃ is an irreducible representation of C = A/J , it follows
from Lemma 4.4 that dimH = 2 and the representation π̃ : C → B(H) ∼=
M2(R) is given by

π̃(λ) =

[
Reλ ± Imλ

∓ Imλ Reλ

]
, ∀λ ∈ C.

Thus π : A → B(H) ∼= M2(R) is given by

π(f) = π̃ ◦ q(f) =
[

Re f(w) ± Im f(w)

∓ Im f(w) Re f(w)

]
, ∀f ∈ A.

This completes the proof.

It is known from [19, Proposition 5.3.2] that pure real states of C(Ω,−)
have the form f 7→ Re f(w) for some w ∈ Ω. The following corollary is a
direct consequence of the above proposition.

Corollary 4.6. If Φ : A → B(H) is any pure UCP map, then one of
the following happens:

(i) dimH = 1 and there exists w ∈ Ω such that Φ : A → B(H) ∼= R is given
by

Φ(f) := Re f(w), ∀f ∈ A.
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(ii) dimH = 2 and there exists w ̸= w ∈ Ω such that Φ : A → B(H) ∼=
M2(R) is given by

(4.3) Φ(f) =

[
Re f(w) ± Im f(w)

∓ Im f(w) Re f(w)

]
, ∀f ∈ A.

Proof. Let (K, π, V ) be the minimal Stinespring representation of Φ.
Since π : A → B(K) is irreducible, by Proposition 4.5 we have K ∼= R
or R2.

Case (1): K ∼= R. Then there exists w = w ∈ Ω such that π(f) = f(w)
for all f ∈ C(Ω,−). Hence, Φ(f) = V ∗π(f)V = f(w) for all f ∈ A.

Case (2): K ∼= R2. Then π must be of the form (4.2) for some w ̸=
w ∈ Ω. Since V : H → K is an isometry, we must have H ∼= R or R2. If
H ∼= R, then V can be identified with a matrix, say V =

[
s
t

]
∈ M2×1(R),

where s, t ∈ R such that s2 + t2 = 1. It can be easily verified that Φ(f) =
V ∗π(f)V = Re f(w) for all f ∈ A. Now, if H ∼= R2, then V can be identified
with a unitary matrix in M2(R), i.e., either V =

[ cos(θ) sin(θ)
sin(θ) − cos(θ)

]
or V =[ cos(θ) sin(θ)

− sin(θ) cos(θ)

]
for some θ ∈ R. A direct computation will show that Φ has

the form (4.3).

Notation. Let w ∈ Ω. Define the pure UCP map ρw : A → R by

(4.4) ρw(f) := Re f(w), ∀f ∈ A.

If w ̸= w define the pure UCP map Πw : A → M2(R) by

(4.5) Πw(f) :=

[
Re f(w) Im f(w)

− Im f(w) Re f(w)

]
, ∀f ∈ A.

Note that for any w ̸= w ∈ Ω, we have Πw(f) =
[ Re f(w) − Im f(w)
Im f(w) Re f(w)

]
. Thus,

Πw is unitarily equivalent to Πw. Clearly, ρw is a compression of Πw for any
w ̸= w.

Definition 4.7. Let {Φj}j be a family of finitely many pure UCP maps
Φj : A → B(Hj). For any w ∈ Ω, the direct sum

⊕
j Φj∈UCP(A,B(

⊕
j Hj))

is said to be of type-w if one of the following conditions holds:

(i) w = w and Φj = ρw for all j, or
(ii) w ̸= w and Φj ∈ {ρw, Πw, Πw} for all j.

It is important to note that, in the above definition, each Hj is necessarily
isomorphic to R or R2. Suppose w = w ∈ Ω. Then, by Lemma 4.1, we have
ρw(f) = f(w) for all f ∈ A. Consequently, any type-w map is multiplicative,
and therefore, a C∗-extreme point of UCP(A,B(H)). The following result is
the crucial step in characterizing the C∗-extreme points of UCP(A,B(H)).



C∗-extreme points of UCP maps 25

Proposition 4.8. Let w ̸= w ∈ Ω and Φ =
⊕

j Φj be a type-w UCP
map, where Φj : A → B(Hj) is pure. Then Φ ∈ UCPC∗-ext(A,B(

⊕
j Hj)) if

and only if Φj = ρw for at most one j.

Proof. Let H :=
⊕

j Hj and n := dimH ∈ N.
(⇒) If n = 1, then there is only one Φj , namely Φj = ρw. If n = 2, then⊕

j Φj = ρw ⊕ ρw or Πw or Πw. Clearly, ρw ⊕ ρw is not a C∗-extreme point
because we can write ρw ⊕ ρw = 1

2Πw + 1
2Πw. Now, assume n > 2. Suppose

Φj = ρw for at least two indices j. Then Φ = Ψ⊕ρw⊕ρw, where Ψ is a direct
sum of maps from the set {ρw, Πw, Πw}, i.e., of type-w. Let Φ̃1 := Ψ ⊕Πw

and Φ̃2 := Ψ ⊕Πw. Then

Φ = Ψ ⊕ ρw ⊕ ρw = 1
2 Φ̃1 +

1
2 Φ̃2.

Since Πw ≁ ρw ⊕ ρw, we conclude that Φ ≁ Φ̃1, which contradicts the fact
that Φ is a C∗-extreme point. Hence Φj = ρw for at most one j.

(⇐) Assume that Φj ̸= ρw for all j. Then Φ is a ∗-homomorphism and
hence it is C∗-extreme. So we assume that Φj = ρw for exactly one j, and
hence by Corollary 4.6 we conclude that n ∈ N is odd. Since Πw ∼ Πw,
without loss of generality, we assume that

Φ ∼ Πw ⊕ · · · ⊕Πw︸ ︷︷ ︸
n−1
2

-times

⊕ ρw = (In−1
2

⊗Πw)⊕ ρw =

[
In−1

2
⊗Πw 0n−1×1

01×n−1 ρw

]
.

Let V0 :=
[
1
0

]
∈ M2×1(R) and define

V :=

[
In−1 0n−1×1

02×n−1 V0

]
∈ M(n+1)×n(R),

π := Πw ⊕ · · · ⊕Πw︸ ︷︷ ︸
n+1
2

-times

= In+1
2

⊗Πw =

[
In−1

2
⊗Πw 0n−1×2

02×n−1 Πw

]
.

Note that Φ(·) ∼ V ∗π(·)V so that (K, π, V ) is the minimal Stinespring di-
lation of Φ, where K :=

⊕(n+1)/2
1 R2. Now, let Ψ ≤cp Φ with Ψ(1) invert-

ible. Then, by Theorem 2.1, there exists a positive contraction D ∈ π(A)′

such that Ψ(·) = V ∗Dπ(·)V . Write D =
[

Y W
W ∗ Z

]
where Y ∈ Mn−1(R),

W ∈ M(n−1)×2(R), Z ∈ M2(R). Since D is a positive contraction, so must
be Y and Z. Also, D ∈ π(A)′ implies that

(∗)


Y ∈ (In−1

2
⊗Πw(A))′,

Z ∈ Πw(A)′x,

(In−1
2

⊗Πw(·))W = WΠw(·).
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Since w ̸= w, by Lemma 4.1, we get
Πw(A) =

{[
s t
−t s

]
: s, t ∈ R

}
.

Then Πw(A)′ =
{[

s t
−t s

]
: s, t ∈ R

}
and we have Z = αI2 for some α ∈ [0, 1].

By direct computation, we can see that

Ψ(·) = V ∗Dπ(·)V =

[
Y (In−1

2
⊗Πw(·)) WΠw(·)V0

V ∗
0 W

∗(In−1
2

⊗Πw(·)) αρw(·)

]
.

Now,

V ∗DV =

[
Y WV0

V ∗
0 W

∗ α

]
being positive and invertible implies that Y is invertible and the matrix[

I −Y −1WV0

0 1

]∗[ Y WV0

V ∗
0 W

∗ α

][
I −Y −1WV0

0 1

]

=

[
Y 0

0 α− V ∗
0 W

∗Y −1WV0

]
is positive and invertible. In particular,

β :=
√

α− V ∗
0 W

∗Y −1WV0 > 0.

Note that

X :=

[
Y 1/2 Y −1/2WV0

0 β

]
is invertible and

X∗Φ(·)X =[
Y 1/2(In−1

2
⊗Πw(·))Y 1/2 Y 1/2(In−1

2
⊗Πw(·))Y −1/2WV0

V ∗
0 W

∗Y −1/2(In−1
2

⊗Πw(·))Y 1/2 R∗(In−1
2

⊗Πw(·))R+ β2ρw(·)

]
,

where
R := Y −1/2WV0

(say)
= [r1 · · · rn−1]

∗ ∈ M(n−1)×1(R).
We observe that

R∗(In−1
2

⊗Πw(f))R = (r21 + · · ·+ r2n−1)Re f(w) = R∗Rρw(f)

= (α− β2)ρw(f), ∀f ∈ A.

Thus, from (∗), we get

X∗Φ(·)X =

[
Y (In−1

2
⊗Πw(·)) WΠw(·)V0

V ∗
0 W

∗(In−1
2

⊗Πw(·)) αρw(·)

]
= Ψ(·).

Therefore, by Theorem 3.9, we conclude that Φ is a C∗-extreme point.
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Notation. Given n ∈ N and w ̸= w in Ω, we let En
w denote the set of all

C∗-extreme points of UCP(A,Mn(R)) of type-w as given in Proposition 4.8.

Lemma 4.9. Let w1, w2 ∈ Ω be such that w1 /∈ {w2, w2}. If Φj is a UCP
map of type-wj for j = 1, 2, then Φ1 and Φ2 are disjoint.

Proof. Let (Kj , πj , Vj) be the minimal Stinespring representation of Φj :
A → Mnj (R) for j = 1, 2. We have to show that I(π1, π2) = {0}. However,
as seen in the above proof, each πj is unitarily equivalent to either Inj ⊗ ρwj

or Ikj ⊗Πwj depending on whether wj = wj or wj ̸= wj , for some kj ≤ nj .
Therefore, it suffices to prove this result in the case when πj ∈ {ρwj , Πwj}
for j = 1, 2.

Case (1): wj ̸= wj for j = 1, 2. In this case πj = Πwj for j = 1, 2. Then

T ∈ I(π1, π2) =⇒ TΠw1(f) = Πw2(f)T, ∀f ∈ C(Ω,−)

=⇒ T

[
α β

−β α

]
=

[
γ δ

−δ γ

]
T, ∀α, β, γ, δ ∈ R

=⇒ T = 0 ∈ M2(R).

In the second implication above, we applied Lemma 4.2.

Case (2): w1 = w1 and w2 ̸= w2. In this case π1 = ρw1 and π2 = Πw2 . If
T ∈ I(π1, π2), then by Lemma 4.2, we have Tα =

[ β γ
−γ β

]
T for all α, β, γ ∈ R.

This implies T = 0 ∈ M2×1(R).

Case (3): wj = wj for j = 1, 2. In this case πj = ρwj for j = 1, 2. Then
by Lemma 4.2, we conclude that I(π1, π2) = {0} ⊆ M1×1(R).

Theorem 4.10. Let n ∈ N and Φ ∈ UCP(A,Mn(R)). Then Φ is a C∗-
extreme point of UCP(A,Mn(R)) if and only if there exist p, q ∈ N ∪ {0},
and a subset {ξj}pj=1 ∪ {ηj}qj=1 ⊆ Ω of distinct points with ξj = ξj for all
j ≤ p, and ηi /∈ {ηi, ηj} for all i, j ≤ q with i ̸= j such that

(4.6) Φ ∼
( p⊕
j=1

Φξj

)
⊕

( q⊕
j=1

Φηj

)
,

where Φξj =
⊕nj

1 ρξj for all j ≤ p, Φηj ∈ Emj
ηj for all j ≤ q, and nj ,mj ∈ N

are such that
∑p

j=1 nj +
∑q

j=1mj = n.

Proof. Let Φ ∈ UCPC∗-ext(A,Mn(R)). Then, by Theorem 3.18, Φ is uni-
tarily equivalent to a direct sum of pure UCP maps. From Corollary 4.6, we
know that pure UCP maps on A are of the form ρw for some w ∈ Ω, or Πw

for some w ̸= w ∈ Ω. Recall that Πw ∼ Πw for all w ̸= w. Hence there exist
p, q ∈ N ∪ {0} and a subset of distinct points {ξj}pj=1 ∪ {ηj}qj=1 ⊆ Ω with
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ξi = ξi for all i ≤ p and ηj /∈ {ηj , ηk} for all j, k ≤ q with j ̸= k, such that

Φ ∼
( p⊕
j=1

Φξj

)
⊕
( q⊕
j=1

Φηj

)
where Φξj =

⊕nj

1 ρξj is a type-ξj map, and

Φηj = ρηj ⊕ · · · ⊕ ρηj︸ ︷︷ ︸
kj-times

⊕Πηj ⊕ · · · ⊕Πηj︸ ︷︷ ︸
lj-times

is a type-ηj map. By construction and by Lemma 4.9 we observe that
{Φξj}

p
j=1 ∪ {Φηj}

q
j=1 are mutually disjoint UCP maps. Since Φ is a C∗-

extreme point of UCP(A,Mn(R)), we have Φηj ∈ UCPC∗-ext(A,Mkj+2lj (R))
by Proposition 3.21. Then, by Lemma 4.8, we have kj∈{0, 1} and Φηj ∈Emj

ηj ,
where mj = kj + 2lj for all 1 ≤ j ≤ q. Conversely, assume that Φ has the
form (4.6). Since each direct summand is a C∗-extreme point and are mutu-
ally disjoint, by Proposition 3.21, we have Φ ∈ UCPC∗-ext(A,Mn(R)).

Corollary 4.11. The C∗-extreme points of UCP(C(Ω,R),Mn(R)) are
precisely the ∗-homomorphisms.

In [21, Proposition 27], the authors considered the C∗-convex set {S ∈
B(H) : S∗ = S, ∥S∥ ≤ 1}, where H is a complex Hilbert space. They showed
that the C∗-extreme points (see [21] for definition) of this set take the form
2P −IH, where P ∈ B(H) is an orthogonal projection. We observe that their
proof works for real Hilbert spaces as well. In particular, if H = Rn, then
the C∗-extreme points correspond to matrices that are unitarily equivalent
to the diagonal matrix

[
Ik 0
0 −Im

]
∈ Mn(R), for some k,m ∈ N ∪ {0} such

that k +m = n. Here, we consider the set CSn(R) of all contractive skew-
symmetric n× n real matrices, i.e.,

CSn(R) := {S ∈ Mn(R) : S∗ = −S, ∥S∥ ≤ 1},

which is a real C∗-convex subset of Mn(R). We investigate the C∗-extreme
points of the above set by considering UCP maps from C to Mn(R).

Remark 4.12. Given a skew-symmetric matrix S ∈ Mn(R) define ΦS :
C → Mn(R) by

ΦS(λ) := Re(λ)In + Im(λ)S, ∀λ ∈ C.

Note that ΦS is a unital self-adjoint positive map; in fact, these are the
only unital self-adjoint positive maps from C to Mn(R). Now, consider the
complexification (ΦS)c : C2 → Mn(C) of ΦS given by

(ΦS)c(λ, µ) = ΦS

(
λ+ µ

2

)
+ iΦS

(
λ− µ

2i

)
=

λ

2
(In − iS) +

µ

2
(In + iS),
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for all λ, µ ∈ C. Since C2 is a commutative complex C∗-algebra we have

ΦS is CP ⇐⇒ (ΦS)c is CP ⇐⇒ (ΦS)c is positive
⇐⇒ In ± iS ≥ 0 ⇐⇒ r(S) = ∥S∥ ≤ 1,

where r(S) is the spectral radius of S. Thus, ΦS ∈ UCP(C,Mn(R)) if and
only if ∥S∥ ≤ 1. (This also shows that, unlike in the complex case, positive
maps on real commutative C∗-algebras are not necessarily CP maps.)

Proposition 4.13. Let S ∈ CSn(R). Then the following hold:

(i) S ∈ C∗-ext(CSn(R)) if and only if ΦS ∈ UCPC∗-ext(C,Mn(R));
(ii) S ∈ ext(CSn(R)) if and only if ΦS ∈ UCPext(C,Mn(R)).
Moreover, in both cases, ∥S∥ = 1.

Proof. We will prove only (i), and (ii) can be shown in a similar manner.
Assume that ΦS ∈ UCPC∗-ext(C,Mn(R)). Let S =

∑k
j=1 T

∗
j SjTj be a proper

C∗-convex decomposition of S with Sj ∈ CSn(R) and Tj ∈ Mn(R). Then
Φj := ΦSj ∈ UCP(C,Mn(R)), j = 1, 2 are such that ΦS =

∑n
j=1AdTj ◦ Φj

is a proper C∗-convex decomposition of ΦS . Hence, there exist unitaries
Uj ∈ Mn(R) such that Φj = AdUj ◦ ΦS for all 1 ≤ j ≤ n. This implies
that Sj = U∗

j SUj so that S is a C∗-extreme point of CSn(R). Conversely,
assume that S ∈ C∗-ext(CSn(R)) and let ΦS =

∑n
j=1AdTj ◦ Φj be a proper

C∗-convex decomposition of ΦS with Φj ∈ UCP(C,Mn(R)). Note that each
Φj = ΦSj for some Sj ∈ CSn(R). Then S =

∑k
j=1 T

∗
j SjTj is a proper C∗-

convex decomposition of S, and therefore there exist unitaries Uj ∈ Mn(R)
such that Sj = U∗

j SUj . This gives Φj = AdUj ◦ ΦS , concluding that Φ is a
C∗-extreme point.

Now, if 0 < ∥S∥ < 1, then we choose s, t ∈ (0, 1) \ {∥S∥} such that
∥S∥ = 1

2s+
1
2 t. Then S = 1

2

(
s

∥S∥S
)
+ 1

2

(
t

∥S∥S
)
, and hence S is neither a C∗-

extreme point nor an extreme point of CSn(R). Additionally, zero is clearly
not an extreme point since 0 = 1

2S + 1
2S

∗ for any S ∈ CSn(R). Therefore,
∥S∥ must be 1.

Corollary 4.14.

(i) If n is odd, then

C∗-ext(CSn(R)) =
{
S ∈ CSn(R) : S ∼ 0⊕

[
0 In−1

2

−In−1
2

0

]}
.

(ii) If n is even, then

C∗-ext(CSn(R)) =
{
S ∈ CSn(R) : S ∼

[
0 In/2

−In/2 0

]}
,

which is precisely the set of all skew-symmetric unitary matrices.
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Proof. (i) Recall that C({1, 2},−) ∼= C as real C∗-algebras via the iso-
morphism f 7→ f(1), where 1 = 2 and 2 = 1. Under this isomorphism, for
any w ∈ {1, 2} we have

ρw(λ) = Re(λ) and Πw(λ) ∼
[

Re(λ) Im(λ)

− Im(λ) Re(λ)

]
, ∀λ ∈ C.

Since n is odd, by Theorem 4.10, any Φ ∈ UCP(C,Mn(R)) is a C∗-extreme
point if and only if

Φ(λ) ∼ Re(λ)⊕
[

Re(λ) Im(λ)

− Im(λ) Re(λ)

]
⊕ · · · ⊕

[
Re(λ) Im(λ)

− Im(λ) Re(λ)

]
︸ ︷︷ ︸

n−1
2

-times

, ∀λ ∈ C

(4.7)

= Re(λ)In + Im(λ)S,

where

(4.8) S = 0⊕
[
0 1

−1 0

]
⊕ · · · ⊕

[
0 1

−1 0

]
︸ ︷︷ ︸

n−1
2

-times

∼ 0⊕
[

0 In−1
2

−In−1
2

0

]
.

Now, the result follows from the above proposition.
(ii) The proof follows similarly to the case when n is odd. Note that if

n is even, then the first term in the direct sum of (4.7) and (4.8) will be
absent.

Example 4.15. Note that any UCP map from C to M2(R) is of the
form ΦS(λ) = Re(λ)I2 + Im(λ)S, where S =

[
0 t
−t 0

]
with ∥S∥ = |t| ≤ 1.

Consequently, there are only two C∗-extreme points and two extreme points;
they correspond to |t| = 1, i.e., t = ±1.

Example 4.16. We saw that any UCP map from C to M3(R) is of the
form ΦS(λ) = Re(λ)I3 + Im(λ)S for some

S =

 0 α β

−α 0 γ

−β −γ 0

 ∈ M3(R)

with ∥S∥ =
√

α2 + β2 + γ2 ≤ 1. If ΦS ∈ UCPC∗-ext(C,M3(R)), then from
the above proposition we have α2 + β2 + γ2 = 1. However, not all of them
correspond to the C∗-extreme points. For, by Theorem 4.10, we know that
(up to unitary equivalence) any C∗-extreme point is of the form
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λ 7→

 Re(λ) Im(λ) 0

− Im(λ) Re(λ) 0

0 0 Re(λ)

 ,

and these maps correspond to α = 1, β = 0, γ = 0. However, it can be
seen that the extreme points correspond to all (α, β, γ) ∈ R3 such that
α2 + β2 + γ2 = 1. This follows from the fact that the map S 7→ (α, β, γ)
defines an affine isomorphism from the convex setS =

 0 α β

−α 0 γ

−β −γ 0

 ∈ M3(R) : α2 + β2 + γ2 ≤ 1


onto the closed unit ball {(α, β, γ) ∈ R3 : α2 + β2 + γ2 ≤ 1}, which has
extreme points precisely {(α, β, γ) ∈ R3 : α2 + β2 + γ2 = 1} (c.f. [20, Theo-
rem B.2]).
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