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LP estimates for discrete Schrédinger equations on Z¢
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THE ANH Bul and XUAN THINH DUONG
Abstract. Let Ay defined be the discrete Laplacian on Z%,d > 1, defined by
d
Aaf(x Z fl@+e)+ flw—e) —2f(x)], =zeZ,

where {e; : j = 1,...,d} is the standard basis for R%.
The main aim of this paper is to prove the £7(Z%) estimates for the solutions to the
Schrédinger equation

.0
28—1; + Aqu = 0,
u(z,0) = f(z).

Our approach is inspired by harmonic analysis methods such as the estimates of joint
spectral multipliers and the theory of Hardy spaces associated with the discrete Laplacian.

1. Introduction and the statement of main results. Consider the
(continuous) Schrédinger equation on R?,

Ou
(1.1) ZE—FAUJ:O
u(z,0) = f(z),

where A is the Laplacian defined by
d 82
Sl

The solution to (T.1)) is given by u(z,t) = e®4 f(x). The family {e**} of op-
erators is referred to as the Schréodinger group due to its connection with the
Schrédinger equation (T.1). It is well-known that the Schrédinger group €4
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is bounded on L?(R%) and unbounded on LP(R%) for p # 2. See [I7]. How-
ever, Lanconelli [22] (see also [25, 26]) showed that €2 maps continuously
the Sobolev space W3 (R%) into LP(R?) for 1 < p < oo and s > d|1/p—1/2].
That is, the operator (I + A)~*e"4 is bounded on LP(R%) for 1 < p < oo
and s > d|1/p—1/2|.

The main aim of this paper is to prove a similar result for the discrete
Laplacian on Z®. Before coming to the main results, we introduce the frame-
work of the discrete Laplacian. The discrete Laplacian Aq on Z% is defined
by

M-

Aaf(z) =) —[f(x+ej)+ f(x—ej) —2f(z)]

<
Il
=

Azlf(a:), x e 7%,

M=

1
where Afjf(a:) =—[f(x+e;)+ f(x —ej) —2f(z)] and {e; : y=1,...,d} is
the standard basis for R<.

For 0 < p < oo, the function space ¢P(Z%) consists of all complex-valued
functions on Z¢ satisfying

/
F ey = [ 3 1£@P] " < oo

x€Z4

<.
Il

For 1 < p < oo and s € R, we define the Sobolev space W;(Zd) to be
the set of all functions f € #(Z%) such that

1fllwszay = (T + A9)** £l p(za) < 00
It was proved in [16] that

d
HfHWpl(Zd) ~ N fller(zay + Z 1D; fllew 22y

=1

where D;f(z) = f(x +¢j) — f(z), j=1,...,d.
Consider the discrete Schrédinger equation

Ou
(1.2) Za + Aqu =0,
u(z,0) = f(z).

The study of discrete Schrodinger equations is an interesting topic in the
theory of nonlinear partial differential equations and has many applications
ranging from optical lattices in physics to the flow of a chemical in an infinite
tank. See for example [6, [7, 2], 18, 21], 20, 29, 31, 27] and the references therein.
Our main result is the following theorem.
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THEOREM 1.1. Forp € (1,00) and s > d|1/p — 1/2|, we have
"4 fllen(zay < Cls, )X+ 1D flwy ey, tER,
where the constant C(s,p) depends on s and p only.
As a consequence of Theorem [I.I} we have the following.

COROLLARY 1.2. Let u(z,t) be the solution to (1.2)). Then forp € (1,00)
and s > d|1/p—1/2|,

[u( Dller(zay < Cls, D)+ L[ fllws(zay,  tER,
where the constant C’(s,p) depends on s and p only.

Theorem is a consequence of the boundedness of the Schrodinger
group €44 on (2(Z?) and the following theorem which gives the estimates
on Hardy space for 0 < p < 1.

THEOREM 1.3. Forp € (0,1] and s > d(1/p —1/2),
I+ Ad) e fllgn, zay < C(s,p) A+ DI llay 2oy, tER,

where Hp is the Hardy space associated to the discrete Laplacian Aq and
the constant C(s,p) depends on s and p only. See Section 3.

As a consequence, by interpolation, for p € (1,00) and s > d|1/p —1/2],
we have

(T + Aa)~*e™ 4| zay < Cls,p)(L+ [ fllp ey, t ER,
where the constant C(s,p) depends on s and p only.

Before going into details, we explain why our main results cannot be
obtained by using the Fourier multiplier approach as in the classical case
[25, 26]. Recall that for each j =1,...,d,

AYf@) = fla+eg) + flw—e) —2f (@), wel’
Obviously, ||A pr(ch Sr(zdy < 4 for each j and 1 < p < co. Consequently,

the spectrum of AY is contained in [0,4] for each j = 1,...,d. Since {AJ :

j =1,...,d} is pairwise commutative, the spectral projectlons of AJ, j =
1,...,d, commute pairwise. In this case one can define the joint spectral
measure F(\) on [0,00)? such that

A= | NdEN) = | NdE;(N), j=1,....d
[0,00) [0,00)

where F;(-) is the spectral projection of Aé foreach j =1,...,d.
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Let m : [0,00)% — C be a Borel measurable function. We define the

multivariate spectral multiplier m(Acll, e Ag) by
m(AL.., AN = | m(,.. A) dEN).
[0,00)4

From now on, we will denote
A, = (AL, ..., A, Ay = (tAL, ... tAD), t>0.
For f € (1(Z%), the discrete Fourier transform Fy(f) of f is defined by
Fa(H)0) =Y f@)e™, 0 [-mn]"
zeZd

The inverse operator Fy L of Fy is determined by

FO@ = | e@e = pe L(-mal),

[=m,m]?
Let m € L>([0,00)%). We define
Tof = .7-"d_1[m(2(1 —cosfy),...,2(1 —cosby))Fa(f)]
= Fy ' [m(4sin®(01/2),...,4sin?(04/2)) Fa(f)).

Recall that in the particular case d = 1, it is well-known that for every
0 € [—m, ],
(1.3) Agqeg = 2(1 — cosb)ey,
where eg(n) = ™.

Therefore, from (1.3) and the spectral theory, it is straightforward that
for m € L>=([0, 00)?),

(1.4) m(Zd)f =Tsf,

where m(6) = m(2(1 — cosby),...,2(1 — cosfy)). Consequently, for s > 0
and t € R,

(I + Ad)_seitAd =

| w()e ™ do,
[77r777]d

(2m)4

where for 6 = (61,...,64),
B(0) = (14 45in2(01/2) + -+ Asind(6,/2)) S¢S 0120 asin 0/2)

This symbol is different from ¥(8) = (1 + |8|2)~*¢l?* corresponding to the
Schrodinger groups (I 4+ A)~*e®*? of the Laplacian A on RY. Because of
this difference, the method to transfer the results regarding the Schrédinger
groups (I + A)*Seim in the continuous setting to the discrete setting as
outlined in [33, Theorem 3.8] is not applicable, hence it does not facilitate
the proofs of the main results in this paper.
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Let us remark that the boundedness of the Schrodinger groups associ-
ated with an abstract operator L has been studied intensively in [8, 9] 5]. In
these papers, the underlying operator L is assumed to satisfy the Gaussian
upper bound or the Davies—Gaffney estimate. In contrast to the approach in
[8, @, [5, [12], our approach relies on the theory of joint spectral multipliers (or
multivariate spectral multipliers). See [28, [30]. Note that the joint spectral
multiplier theorem was proved in [30] under the Gaussian upper bound con-
ditions for the main operators. However, this is not the case in our setting
since it is not clear if the heat kernel of the discrete Laplacian Ay satisfies
the Gaussian upper bound or the Davies—Gaffney estimate even in the case
d = 1. See for example [10]. Moreover, one of the key elements in the proof
of the main results in this paper is the inequality

D IF(A, - AD (@, y)P(1+ Rl — y)™ < CR) R0 F([f sy
T€ZY
where F(A}, ..., A%)(z,y) is the kernel of F(A},..., Ad)(z,y) and
Hf”w;g(Rd) = Z HaszLOO(Rd)
0<t<k

for k € N. (See the inequality (2.2)) in Proposition for the precise state-
ment.)

Let us emphasize that the approach in [30] will give the estimate
D IF(A - AD (@ y)P(L+ Rl — y)** < Ok, ) R85 F;

x€Z4

WEFe(R?)

for any € > 0, and this estimate is not enough to obtain the sharp estimate
in Theorem Here [|fllys ey == [I(1 — A2 f||e with A being the
Laplacian on R?.

The proof of the main result (Theorem proceeds in the following
steps:

e We first establish general spectral multiplier theorems on £7(Z?) and on the
Hardy spaces Hid (Z%); see Theorems and These results, however,
do not provide the sharp estimates stated in Theorem [I.3] and thus cannot
be applied directly.

e Using Theorem [.1} we prove Theorem [I.3] for 0 < p < 1.

e Theorem is then used to establish the coincidence between the Hardy
spaces associated with Ay and the classical spaces ¢P (Zd) for 1l <p< oo
(see Theorem [3.5). This identification, together with the complex inter-
polation argument from [26], yields Theorem for 1 < p < o0, thereby
completing the proof.
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The organization of the paper is as follows. In Section 2 we prove some
kernel estimates and a joint spectral multiplier theorem. In Section 3, we
consider the Hardy spaces associated with the discrete Laplacian Ayq. We
also prove the discrete square function characterization and an interpolation
theorem of these function spaces. The proofs of the main results will be given
in Section 4.

Throughout the paper, we usually use C' and ¢ to denote positive con-
stants that are independent of the main parameters involved but whose val-
ues may differ from line to line. We will write A < B if there is a universal
constant C' such that A < CB and A ~ Bif A < B and B < A.

2. Some kernel estimates and a joint spectral theorem. We begin
this section with some notation we will use in the sequel.
Let E C Z% Denote by |E| the counting measure of E, i.e., |E| = tF.
For z € Z% and r > 0, denote by
B(z,r):={y € 74 - |z —y| <r}
the ball centered z with radius r. Then we have

|B(z,r)| ~ (14 7).

We will often use B for B(zp,rp). Also given A > 0, we will write AB
for the A-dilated ball, which is the ball with the same center as B and with
radius ryg = Arpg. For each ball B C X we set

So(B)=B and S;(B)=2/'B\27'B for j > 1.

For each r > 0 the Hardy-Littlewood maximal function M, is defined
by setting

1/r
M, f(x) = sup (|;| > \f(y)\’) ,
=

B>z

where the supremum is taken over all balls B containing x.
Since in this case the space Z¢ is a space of homogeneous type in the
sense of Coifman and Weiss [11], it is well-known that for p > r,

(2.1) Mo fllerzay S N fllevzey

for all f € (P(Z%).

2.1. Some kernel estimates. We first prove the following kernel esti-
mate for the joint spectral multiplier which plays a key role in the sequel.

PROPOSITION 2.1. Let R € (0,2Vd] and k € N. Then there erists a
constant C = C(k) such that
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(2.2) > [F(Aa)(@,9)lP(1 + Rl — y)* < CR|16R2F I}yk (may
x€Z4
for all x,y € Z¢ and all Borel functions F such that supp F C [0, R?]¢, where
WF =F(t-) and F(Zd)(a:, y) is the kernel of F(Zd).
In order to prove the proposition, we need the following technical lemma.

LEMMA 2.2. Let R € (0,2V/d] and let f be a function supported in [0, R?].
Then for each k € N, there exists C = C(k) such that

k
kgakf(zlsm?(a/z))’ <O R¥ |0 (4sin(0/2))
j=1
for all 0 € [—m, .
Proof. For m = (my,...,my) € N¥, we denote

M| =mq + -+ my,
[Moad| = m1 +m3 + -+ Ma| (k41)/2] 15
[Meven| = M2 + My + -+ + Mo /2.
By Faa di Bruno’s formula,
ki

e (4sin®(6/2))

—chm1 mkfm1+ +mk)(4sm (0/2)) ﬁ<81451n(9/2))>

7!

< 1;(:089)))77“’

where ¢ ;.. m, are constants and the sum is taken over all k-tuples
(mq,...,my) of nonnegative integers satisfying the constraint

_chmh 7mkfm1+ +mk)(451n (0/2))

|z?r

m1+2mo+ -+ kmy = k.

Note that there exists ¢y such that |#| < ¢gR whenever § € [—m, x| and
4sin?(0/2) < R?. This, along with the fact that |sinf| < |#| and |cos | < 1,
implies that

k i mq
H(@ (2(1 — cos 9))) < |g|l7eaal < Rioaal
i=1

i

Therefore,
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k 8k 2
g (152 (0/2)
< Z RFHIMoadl ‘f(m1+---+mk)(4 sin2(0/2))|
m1+2ma+-t+kmp=k
< > RR(mattme) | plmicttmi) (4 5in2 (9 /2))|

m1+2ma+---+kmp=Fk
k
< Z R2j|f(j)(4sin2(9/2))|’

where in the second inequality we have used the fact that R € (0,2v/d] and
the implicit constant depends on k. =

We are ready to give the proof of Proposition 2.1}

Proof of Proposition . From (|1.4)),

F(Zd)(%y) = (271r)d S F(4sin?(01/2),...,4sin(04/2))e =)0 dg

[_W)ﬂ-}
for x,y € Z4.
For each j € {1,...,d}, by integration by parts we have, for z,y € Z¢,

(2.3) PTA$-~aA§szH@g—4ﬁV

- S (=) ;{QkF(lem (01/2),. 48111 (64/2))e —i(z=y)-0 1p

k
— .7-"(;1 <(—Z)k8a F(4sm (61/2),. ,4sin2(0d/2))> (x —y).
It follows that
Z’F a)(z,y)] |x]_y]|2k

x€Zd 8 2
= ’( i)k —kF(4sm (01/2),...,4sin%(04/2)) .

99; L2((—male)
Recall that there exists ¢y such that |0;| < ¢oR for all j = 1,...,d whenever
0; € [—m,n] and 4sin?(0;/2) < R?. This, along with Lemma. 2.2} yields

k
ST R A ) @, y) 2 — gl
$6Zd 2

ak
< ||[(=i)*=-F(4sin?(01/2), ..., 4sin%(04/2))
H o0 1 ‘

L2 ([=m.m]%)

k
S R (R0 F ool S R 0RaF [y (aey
=1
This completes our proof. m
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As a byproduct, we obtain the following kernel estimate.

PROPOSITION 2.3. Let R € (0,2Vd] and k € N. Then there exists a
constant C = C(k) such that

@4)  |FZ)@v)] < CRY+ Rz — y) 105 Fllw ey
for all z,y € Z¢ and all Borel functions F such that supp F' C [0, R2]d, where
0F = F(t).

Proof. From (2.3)) in the proof of Proposition we obtain

F(Aa) (2, )] |2y — yj]*

<

ak
(—i)k—kF(Zl sin?(01/2),...,4sin%(0,/2))
08’
forevery j=1,...,d and k € N.
At this stage, proceeding similarly to the rest of the proof of Proposi-

tion we come up with . "

In what follows, for a function 1) defined on [0, 00), we define
(2.5) My (A1, Aq) = YA+ + Ag).

From Proposition [2.3] we have the following result.

LEMMA 2.4. Let ¢ € S(R) with suppv C [1/4,4] and ¢ # 0. Then for
each N > 0 there exists Cy > 0 such that

C T —y -
et < S (1) sl

el([_ﬂ-vﬂ—]d)

for allt >0 and z,y € Z°.
Proof. Note that
mw(tQ)\l, A ,t2)\d) = Qf)(tz()\l 4+ -+ )\d))

Since the spectrum of Azl is contained in [0, 4] for each j, we have my, (tQZd)
= 0 whenever t < 1/(4v/d). Hence, we need only take care of the case when
t > 1/(4V/d). In this case, suppmy(t,...,t%) C [0, R?|? with R = 2/t
< 8\/&. n

2.2. A spectral multiplier theorem. In this section, we will prove
the following result.

THEOREM 2.5. Let s € N, s > d/2 andn € C°(0,00) be a fized function,
not identically zero. If F is a smooth function defined on [0,00)? such that

(2.6) suIZ) ([ G225 F |l s (may < 00

je
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where my(A1, ..., Ag) =n(A+---+Xg) and 6:F (A1, ..., g)=F(tA1,...,tAq)
for t > 0, then the spectral multiplier F(Zd) is bounded on (P(Z%) for all
1 <p<oo.

REMARK 2.6. (a) Since the spectrum of A{i is contained in the interval
[0, 4] for each j, condition (2.6)) is equivalent to
sup  [|my G2, F'l|yys (ray < 0.
j<log, (4Vd)
(b) Note that a similar result was obtained in [30, Theorem 2.1] under
the Gaussian upper bound conditions imposed on the main operators. We
would like to emphasize that since it is unclear if the discrete Laplacian

satisfies the Gaussian upper bound, Theorem does not follow from [30],
Theorem 2.1].

In order to prove Theorem we need the following sharp maximal
function which was introduced by Martell [24]. Assume that A := {A;}+>0
is a family of operators defined by

Af(z) =Y A, y)f
y€Za

where A;(z,y) is a function defined on Z? x Z? such that there exist C' > 0
and N > d with

c o —yl\ "
(2.7 Ao < 5 (14 552

for all z,y € Z% and ¢t > 0. Associated to the family of A := {A;};>0 we
define the new maximal function ./\/ljj by setting

Miyf(@) = sup er — vy fl.

B balls ye B

We have the following theorem.

THEOREM 2.7 (|24]). Let A := {At}i>0 be a family of operators satisfy-
ing (2.7). Then for 1 < p < 0o, we have

1 lenzay S 1M fllon -
REMARK 2.8. Since in our setting B(z,1) = B(x,r) for all z € 74
and r € (0,1), the statement of the above theorem still holds true if the

supremum in the definition of M& is taken over the balls whose radii are
greater than or equal to 1 and the condition ([2.7) is assumed to be true for
t > 1 only.

We are now ready to give the proof of Theorem
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Proof of Theorem . Due to spectral theory, the multiplier F(Zd) is
bounded on £?(Z%).

We now fix s € N, s > d/2. Let ¢ € S(R) with supp+ C [1/4,4] be such
that

dw@FN =1, A>0.

JEZ
Then we have
FOur M) = S 0@ 50+ 4 M) F O ) = 3 ()
JEZ JEZ
Let B be a ball in Z¢. Since in our setting B(x,1) = B(x,r) for all x € Z4
and r € (0,1), we may assume that rg > 1. We then define
ATB = (Pl(Aclia ceey Ag)v
where @1()\1, - ,)\d) = Zj<0 1/)(2_2j7"23()\1 + -+ )\d))
It follows that
I— ATB = 802(A(1j7 ey Ag%
where QDQ()\l, - ,)\d) = ijo 1/)(2_2jT2B()\1 + -+ )\d))
Since suppty) C [1/4,4] and suppy; C [0,4/r%]?, applying Proposi-
tionwe have, for N > 0, ¢t > 0 and z,y € Z¢,

|ATB (xvy)| = |901(A(117 cee A(Cil)(xv y)|

Cn z—y |\
<— 1+ B ”547»};2901||W£(Rd)

which confirms ([2.7]).

We now claim that
M&[F(Zd)f] < Maf.

To see this, for z € Z%, and any ball z € B with 75 > 1, we write

‘Zu A ) F |—Z DI = A E F(A) fuw),

yeB yGB
where f; = f - 1XSZ(B>, and Sy(B) is defined at the beginning of Section 2.

For ¢ = 0,1,2, by the ¢2>-boundedness of A,, and F(Zd) and Holder’s
inequality,

51 L= A FAan) < LB‘ 3

yeB yeEB

1/2
el >|2] < Maf(z).
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For ¢ > 3, we have

|Zu AV F(RD) foly)]
xEB
Z Z (I = Ay ) F(Ba) (@ 9) | folw)]

xEB y€S(B

ssup[ > ru—ATB>F<Zd><m,y>|2}”2[ SRIZO

r€B 5 es,(B) yES,(B)

1/2

Set

Fa,, (Ra) = (1= A)F(Aa) = 3" F, o A2 215 (i 4+ -4+ Aa))-
k>0

Then we have

Fa, (Ao Ad) = D 02T (A 4+ M) Ea,, (Ar, -, Aa).
JEL

Then by Propositionwith supp (27 H (A4 +Aa)) Fa,, (A1, .., Aa)
C [0,220+D]4 we have, for z € B and s > d/2,
1/2
> IR = A (@)

y€S(B)
SO S WA, (D)@ )P

JEZ yeSi(B)

SO 24 2 g) T 6aen Fa, s may-
jez

1/2

Using ([2.6)), by a straightforward calculation we have
1622542 F A, _ [lwrs ey S min {1, (27r5)*}.
Consequently,

5 20 = A F(R 1)

yeB

<20 (1 4 2 ) min{l,(2jr3)2s}[ > |fz(y)\2] v

JEZ y€eSe(B)

1/2
<Z 2]+Z d/2 1+23+f B)~ Smin{17(2j7“3)23}[ ! Z ’f@(y)F]

2¢B]
JEZ y€Se(B)
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1/2
> 2f(sd/2)(27r3)d/2min{17(QjTB)zs}[ ! > |fz(?/)\2]

. 2|
ji2irg>2-t y€Se(B)
0. \d/2 2 1 2 12
» , .
+ | Z (2 rp)**(2rp) [|2€B Z | fe() ]
ji29rg<2—*t yE€Sy(B)

o(s—dy2)| 1 o'
< 9 l(s—

y€Se(B)
S 27T My f ()
for every ball B C Z% and every = € B as long as s > d/2.
It follows that
M(F(B0)f)@) S Maf (@),
By Remark 2.8 Theorem and the boundedness of the maximal function
My we have, for p > 2,

IF(Za) fllmze S IMAEL D) Hllmzn S IMaFllzn S 1 Flegza-

This means that F' (Zd) is bounded on ¢P(Z%) for p > 2. Then, by using

duality, F(Zd) is bounded on ¢(Z4) for 1 < p < 2. This completes our
proof. m

3. Hardy spaces associated with the discrete Laplacian Ay. Let
¢ € S(R) with suppty C [1/4,4] and ¢ # 0, and let m, be defined as
in (2.5). Consider the area square function Ax, , defined by

- 1/2
B Asuf@=(§ X m Rl i)

0 y: lz—y|<t (t+1

For 0 < p < oo, we define the Hardy space sz w(Zd) to be the comple-
tion of the set

{f € EQ(Zd) cApp € Ep(Zd)}
under the norm
HfHHgdyw(zd) = Aagp fller(zay < oo

We would like to emphasize that the theory of Hardy spaces adapted to
differential operators was developed in [I, 13| 14} [I5 19]. In these papers,
the Hardy spaces are also defined via the area square functions associated
to the semigroup generated by the main operator. However, in our setting it
is not clear whether or not the semigroup e~*44 satisfies either the Poisson
upper bound or the Davies—Gaffney estimates as in [I3] 14} 15, [19]. This
is the reason why we approach the Hardy spaces by using the functional
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calculus m¢(t2Zd).We also note that in the case d = 1, the theory of Besov
and Triebel-Lizorkin spaces has been studied recently by the authors in [4].

We now adapt ideas from [14, 19] to define the molecules associated to
the discrete Laplacian Aq.

DEFINITION 3.1. Let € > 0,0 < p < 1and M € N. A function a is called
a (p, M, €) a,-molecule associated to a ball B C Z if there exists a function b
such that
(i) a =AMy,
. —je. 2(M—=k) o _
(ii) ”Angp(Sj(B)) <2 ]67“3( )|2]B|1/2 1P for all k = 0,1,...,M and

7=0,1,....

DEFINITION 3.2. Given ¢ > 0, 0 < p < 1 and M € N, we say that
[ =22Xja; is a molecular (p, M, €) o -representation if {\;}52, € (P, each
a;j is a (p, M, €)a,-molecule, and the sum converges in ¢2(Z%). The space
Hgd s < (Z%) is then defined to be the completion of the set

{f € £2(Z%) : f has a molecular (p, M, €) o -representation}

under the norm given by

T

Aq,mol, M e
= inf {Z NP f = Z Ajaj is a molecular (p, M, e)Ad—representation}.

Since the kernel of m¢(t22d) satisfies the estimate in Lemma by
the standard argument as in the proofs of |15, Theorem 4.2| (see also [19,
Propositions 4.1 & 4.3]) we have the following:

THEOREM 3.3. Let e > 0, p € (0,1] and M > $(1/p — 1/2). Then the
Hardy spaces H 1 (ZY) and oY, w(Zd) coincide and have equivalent
norms.

Let ¢ € S(R) such that supp ¢ C [1/4,4] and ¢ # 0 and my, be defined
in (2.5). We define the discrete square function S, by

iy 1/2
Sawed = (Y Ime@ B0 f12)
JEZ
By a similar proof, mutatis mutandis, to that of [3, Proposition 3.13],

we have the discrete square function characterization for the Hardy spaces
HY | ,(Z7) for 0 < p < oo.

THEOREM 3.4. Let ¢ € S(R) with supp¢ C [1/4,4] and ¥ # 0, and let
my be defined in (2.5)). Then for each 0 < p < oo, we have

17,y ~ ISy oz
for all f € Hgd’w(Zd).
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We next prove the following identification between the Hardy space
o, ¢(Zd) and (P(Z4) for 1 < p < oo.

THEOREM 3.5. Let 1 € S(R) with supp C [1/4,4] and ¢ # 0, and let
my be defined in (2.5). Then for 1 < p < oo we have

HY (Z4 = (2.

Aap
Proof. By Theorem [3.4] it suffices to prove that

15240 f levzay ~ | fllerza)

for 1 < p < 0.
Let € := {¢j}jcz be an arbitrary sequence with e = &1, we define

Tef = Z ejm¢(2_2jzd)f
JEZL
By a straightforward calculation we can show that the function
Fe()\l, ce ,)\d) = Zﬁjmw(Q_zj)\h ey 2_2j)\d)
JEZ
satisfies the condition (2.6 in Proposition As a consequence we have,
for p € (1, 00),

Te fllevzey < Cll fllerzays

where the constant C' is independent of e.
This, in combination with the Khinchin inequality and the Fubini theo-
rem, implies that

158005 lpzay S D BAUTeS @)} = E(ITef 117, 50) S 11,
reZd
which yields [|Sayp fllerzay S 1 fller(zay-
For the lower bound, it is well-known that we can find 1 € C§°(R) with
suppy C [1/4,4] and
1= 2 2 Np(2 ).
JEZ
This implies that
F=Y ma@ ¥ Agmy2 YA S,
JEZ

where m s defined as in ([2.5)).
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Hence, for g € (7' (Z%), by Holder’s inequality we have

(32) Y f@g@) = 3 Y ma@ ¥ Agmy (2 ¥ Aa) f(2)g(x)

x€Z4 x€Z4 JEL

= 3 > mu@ ¥ A0 f@my2 - Aag()

xCZ4 jEL

<3 (X mu @A s@)E) (3 mpe ¥ Aag@)?)

T jez JEZ

=3 Sa,uf@)S,, 59(@)

1/2

S Sagwfller@zaylS o, 59N e 2y
We have proved that

||SAd7{59Hzp’(zd) S HQng’(Zd)-
This, along with (3.2)), yields

> f@g@) S1Saflleaslglla g

for all g € 7' (Z%). Therefore,
[ fllerzay S 1S a9llerza)-

This completes our proof. m

From Theorems and for 0 < p < oo we define the Hardy space
Hgd(Zd) to be any function space sz,w(Zd) with ¢ € S(R), suppvy C
[1/4,4] and ¢ # 0.

The following interpolation property for our new Hardy spaces can be
obtained by using the argument used in [I4] proof of Lemma 9.1].

PROPOSITION 3.6. Let 0 < pg,p1 < 00, and 0 < 6 < 1. If
1 1-6 6

= +

p Do p1 ’

then
(1R (Z%), HY, (2] = HY (27,
where [-,-]p stands for the complez interpolation brackets.

4. Boundedness of Schrédinger groups. We first prove the following
theorem which gives the bounds of the spectral multipliers on the Hardy
spaces Hgd. This can be viewed as a counterpart of Theorem for the
Hardy spaces scale.
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THEOREM 4.1. Let 0 < p < 1lands € N, s > d(1/p—1/2). Let n €
C2°(0,00) be a fized function, not identically zero. If F' is a smooth function
defined on [0,00)? satisfying the condition as in Theorem then the

spectral multiplier F(Zd) is bounded on Hgd(Zd).
Proof. Fix p € (0,1] and s € N;s > d(1/p —1/2). Let ¢ € S(R) with
supp ¢ C [1/4,4] and ¢ # 0. It suffices to prove that
1206 (F(Za)allngzn S 1

for every (p, M, €) o,-molecule a associated to a ball B.
Using the identity

M
I = (I _ e—TQBAd)Ma + Z Cl'e_irzBAd,
i=1
where ¢; are constants, we obtain
—r2Z A
(A1) 1Sagpallge < 15a,0F(Ba(I = e 520 a2,

M
+ 3 188, wF(Aa) Al e rada,

= J+ K.
We only need to show that J < 1, since the inequality K < 1 can be proved
similarly.
In order to estimate the term J, we write

T < S U8 a, 0 F(Aa) (I — 7530 M (0 15, (5)] [y

Jj=0
—r2
< IS4l AT — 7530 (a1 ) 6,
£>0 >0
= ZZ Jjg.
£>0 >0

It follows from Holder’s inequality that

; 2—p 2
Tio < 2B |1y F(B) T — €520 Y (0 L, (5)] s, 00

For £ =0,1,2,3 and ]2 > 0, by Holder’s inequality and the L?-boundedness
of Sayp and (I — e TB4a)M

. 2—p 2
Jje < 127 B| 2p”SAd w[F(Zd)(I —¢€ BAd)M(a : 1Sj(B))]||§2(SZ(2jB))

S |2]B‘ 2 ”aHp S;(B))

< 9= ~, 9~ (J+f)6p_
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For ¢ > 4, we have

1S a0 F(Aa)(I = 5200 (- L, (5)]1a s, 20
=" myp(@ * AN F(R)(I — 53 (a - 1g, ) P s, i)

keZ

=S| X e BoF@a - B0 @ a0
keZ yeS;(B)

X w(r%zd)F(Zd)u—e-’”%%M](x,y>H@(S,_7(2jB))a<y>]2,
kEZ yGS B)

where in the last inequality we have used Minkowski’s inequality and the
fact that

g (22 A F(Ra)(I — e 53 M (2, y)

is the kernel of mw(Q_QkZd)F(Zd)(I — e TBAG)M
Note that in this situation |z—y| ~ 27+ 5. We thus apply Proposition
to the function

My (22O, M) F(Aa) (I = emhOaA) M
supported in [0, 22414 to deduce that

—r2
1S a0 F(Aa)(T = e 520 M (- L, )12 5,201y

5 Z 2kd||522k+2 [m¢(2_2k()‘17 . /\d»F()\l 44 )\d)(] _ 6—7“23()\17...)\(1))]%] ||12/Vgo(]R{d)
keZ

X (142557 ) = a| s,

Using ([2.6) we can verify that
|8 s2s2 [y (27 A 27 A F (o ) (I — e BRI MY
< min {1, (2rp)*"},

and
e,y < 12/Blllalifzgs, ) S 27127 B27.

Therefore,

—r2
1S 20,6 [F(A)(T — e 5200 M (a1, )2 s, 205

5 Z 2kd min{l, (2krB)4M} (1 4 2]€+j+f,',,B)—282—2j6‘2jB|2—2/p
kEZ
< 272je272s(j+f)|2jB‘272/p|B’71'
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Hence, for £ > 4,
Jit < 9=ipeg=sp(i+) |97 g|p=1| B|~P/2|27 4t B|(2=P)/2
< 9—ijpeg—ijp(s—d/2)9—tp[s—d(1/p—1/2)]
Since s > d(1/p — 1/2) > d/2, we have

J<Y TSl
3,420

which implies
1S, 6 [F(Ra)(I — e b An)Mg)

This completes our proof. m

A ) S

We are now ready to give the proof of Theorem [T.3]

Proof of Theorem |1.5 We will split the proof into two steps. In the
first step, we will show the boundedness on the Hardy spaces HY, d(Zd) for
0 < p < 1. Then we will use the complex interpolation method to extend
the boundedness to 1 < p < oo in the second step.

STEP 1. Set
FO, - Ad) = (14 A 4 -4 Ag) “Seitat=ra) g5,
If s >d(1/p—1/2), then we write
FAL, .. xa) = GO, hg) (L4 A+ - - 4 Ag)~40/Pm1/2) git(atdAa)
where G(A1, ..., g) = (14 Ay 4 -+« + \g) " —d1/p=1/2)],

It follows that
F(Aq) = G(Ra) o (I + Aq) =40 /7=1/2cit A,

Moreover, for each a € N,
10°G (A1, M) S A+ A+ -+ Ag)

for all (Ar,..., Ag) € R% with A 4 -+~ + Ag > 0.

Consequently, for a fixed non-zero function n € C2°(0,00) and any k € N,

we have

sup [|my 092; G||ywx (rey < 00,

JEZL
where my (A1, ..., Ag)=n(Ai+---+Ag) and §;G (A1, ..., A\g) =G (tA1,...,tAq)
for ¢t > 0. Therefore, by Theorem G (Zd) is bounded on the Hardy space
4, (29)

It then remains to prove that (I 4+ Aq)~4/P=1/2)eAa acts houndedly
on de(Zd) with norm controlled by a multiple of (1 + [¢)/P=/2) which
is strictly less than (1 + |¢|)®. This explains why it sufﬁces to deal with the
case s =d(1/p—1/2).



20 T. A. Bui and X. T. Duong

Assuming s = d(1/p — 1/2), let ¢ € S(R) with suppy C [1/4,4] and
¢ # 0. Due to Theorem it suffices to show that there exists C' > 0 such
that

1806 F(Aa)allzay < O+ [t) 1012

for every (p, M, €) o,-molecule a with € > 0 and M > d(1/p—1/2) + 1.

To do this, assume that a = Ag/fb is a (p, M, €) a,-molecule associated
with a ball B. Using the following identity:

Id = (I—e"54) +Z DFFICMemh A = ([ — e TBA)M L P(r3Ay),

we can write
Sapp(F(Aa)a) = Sa, (I — e B2 F (4 )a)
+ Sap el (1AM P(r Ag) F(R)r2 M)
<SS Sa I — e EAM (A )y

k>0

+ 37 S, 320 P AN F(Aa)r? by
k>0

=: ZEf+ZE§,

k>0 k>0

where ap = a - 1g,(p) and by = b - 1g, ().
Therefore, it suffices to prove that

(4.2 Bl + | BSllp 5 274(1 + 202172

for each k € NU {0}.
We take care of E¥ first by showing that

(4.3) |EF|, < 27Fe(1 4 0)dW/P=1/2 0 ke NU{0}.
For each k > 0 set By = (1 +t)2¥B. Then we have
—r2
IBE(L = 1S ay, (T — e 754)M F(4, Jar] oo, 4
1S a0 (T = e B M E(A D) a1,

k k
=. Ell + E12.

Using Holder’s inequality and the £2-boundedness of S aer (4 —eTh Ad)M
and F(Zd), we obtain
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1B5 12 S 1250+ 0)B|C P28, o[ — e 520 F(A)ar] ey,
S+ 2B P2 lag||f, < 27HP|(1+ 6)28 B P2 2R B2
< 2—€kp(1 + t)d(l—P/Q)'
For the second term EY,, set
Fory Ay ey M) = @e(A + -+ Ag) (I — e "B HANM Py ),
where @(-) = p(27).
Let £y be the largest integer such that 2 < 2Frp. We now write

(1.4 A \(Z\Fm akr)””

0P (ZI\4AB
~ (Z4\4B )

<
HZ Frrs(B)al |, .

< ZHFKTB angp (ZI\AB, 1)

LeET
:Z..._‘_Z...:;F{{:_}_FQ]C’
>0y £<Ly

We split the term F7 k¥ into two termb as follows:

Z HF@ 7“B ak”gp (ZA\AB, 1)

>4y
< Z Z ‘FZTB ak”ﬂ’ i (Bt,k))
>0 j>0—Lg
+ Z [ Ferp ( akHZP B(zp,2¢(1+1)))
>4y

By Hoélder’s inequality,

Fly £ 37 1B, 20+ )2 Fyy (Ba)arlfe o s
>4y

g —
< S 1Bas 2 W+ ) Frg [ k|2
>0y

Note that [|[Fy,p |l S min {1, (2r5)2M}272% and s = d(1/p — 1/2).
Hence,
Fiy S Y0 27 Blap, 2(1+ 1)) P2 min {1, (2rp) My 2720728 B2
>4
S 271 4 1) P20 (2Fr ) TP min {1, (27 5)?PM } 2720
>0
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< S0 2741 4 )P (2 5) P min {1, (2'rp)2PM )
>4y
< 2 kpe(1 4 gy
We now turn to the term FJ. For £ > o and j > ¢ — £y, we have

@5)  FR <Y > IFupanlfas, s, )2 Bewl
>0y j>L—Lo

S;Z Z ||F?"B,€(Zd)||]g2(sk(B))Hg2(5j(Btyk))Hak”]5|2jBt,/’f’17p/2
(eN j>0—1

—kpe k — j —
SZ Z 27 HFTB,Z(Zd)H%(sk(B))%p(Sj(Bt’k))’2 B|p/2 1|2jBt,k|1 P/2
(eN j>0—1

S D R+ OB s ) sy ()
>0y j>0—Lo ’

By Proposition for o = s+ 0 € N with some 6 > 0, we have
(4.6) ||FTB,€(Zd)||e2(5k(B))%2(sj(Bt’k))
S (1 +1)28rp) 1620 Frp el e (me):
On the other hand, it is easy to check that
(A7) (16220 Fpp tllwre ey S max {1,227} (1 4 )% min {1, (2°75)*"}.
From (4.7) and (4.6)), we conclude that
HFTB,z(Zd)H@(sk(B))—uﬂ(Sj(Bt,k))
(2779 )~ max {1, 22~} min {1, (2°r)*M}
(2£+j+k7"3)_0‘ max {1, 2%9} min {1, (QZTB)QM}.
Inserting this into (4.5)), we arrive at
Flkl S Z Z 2—k’pe(1 +t)ps2—jp0(2€+kr3)—ozp

hzih x max {1,279} min {1, (2'r )M}

DRI S

02>0y:£<0 £>0y:£2>0

S
S

For the first sum, we have
Z o 5 Z 2—kp6(1 + t)p5(2€+k7°3)_o‘p min {17 (2€rB>2pM}
0>0g: £<0 0>0: £<0
<> 2+ ) P (2 ) P min {1, (207 p) M}
0>0y: £<0
SJ kape(l + t)ps
as long as M > «a/2.
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For the second sum we have

D

£>00:£>0
5 Z 2—kpe(1 + t)ps2fp9(fffo)(2€+kTB)*OéP22€p9 min {1’ (ZZTB)QPM}
£>0p:£>0
< Z 27RPe(1 4 1)P3[28 (2% g) T 0P (25 R ) TP 2P0 min {1, (26 5) MY
>4y
< > aheleremh 4 pyes (2t g) P min {1, (2r5)PM}
£>4oV0
S 271+ )P,
where have we used the fact that 2 ~ 2%rp in the second inequality. There-

fore,
FE < 27ke(1 4 ¢)d—p/2)

for some € > 0.
Taking the estimates of Flkl and F1k2 into account, we obtain
Flk < 2—]{16(1 _|_ t)d(l—p/?)

for some € > 0.
It remains to handle the term FY¥. Indeed, we have

B = 3 1Py (Aol i, o = 3 O e (R)aillys 5,
<ty ’ o<ty §>3

Arguing similarly to the estimate of Fi;, we have
F2k: S Z Z 27kpe(1 + t)ps2fjp9(2€+k7,3)fap

<o 523 x max {1, 2%} min {1, (2¢r5)?M}

S 271+ )P (25 ) TP max {1,227} min {1, (2r5) M}
1<ly
S 21+ )P (2 5) P min {1, (2°rp) M}
£<0
+ ) 2R s (28 ) TP 22 min {1, (20 )M},
0<t<ly
where the last term will be zero if /5 < 0.
It is clear that
> 2R+ )P (20 p) P min {1, (2°rp) M} S 27FPE(L 4 1)P
£<0
as long as M > «.
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For the second sum, we have

Z 2—kpe(1 + t)p5(2€+k,rB)—ap22€p9 min {1’ (2€TB)2pM}
0<t<ly
S ) 2 R (2Frp) TP (228 ) P22 min {1, (257 5) M}
0<t<ty
5 Z 2—kp(5—6+o¢)(1 + t)ps(2€,rB)—p(o¢—6) min {1’ (QETB)QpM}
£>0
S 27 0P
where in the second inequality we have used the fact that
26(28rp) 1 < 250 x 20 (2Mrp) Y] <1,

as long as £ < fy and 2% < 2krp.
Therefore we may conclude

Fy < 97kpe(q 4 4)ps,
This, along with the estimate of Ff and (4.4)), implies that
Efy S 27" (1 + 1),

completing the proof of (4.3)).
It remains to estimate the term E5. We now show that

(4.8) IBS |l S 27 (140! 0 /P2 k=01,

for some € > 0.
Set

Gorp(M, -5 M)
=M 4 FA)[BEOL F - FA)MPEEO + -+ M) F (A Aa).
Then we have
|G lloe S min{(2frp)2M, (2r5)2M 27265,
Similarly to (4.7)), we see that
1890 G ellywroo (ray S max {1, 247} (1 + )* min {(2°r5) 72, (2°rp)*M}.

At this stage, proceed along the same lines as in the proof of (4.3) to

obtain (4.8). This completes the proof of (4.2)).
Thus, we have just proved that for p € (0,1] and s =d(1/p —1/2),

(T + A0) e 8l gy < O+ OIPD | fll gy ), tER

This completes the proof of Step 1.

STEP 2. Similarly to Step 1, it suffices to consider s = d|1/p — 1/2| and
1 < p < co. We now use the standard method making use of the complex
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interpolation as in [26]. However, for the sake of completeness, we provide
the details of the proof.
Setting Xo = Hid (Z%) and X, = (?(Z%), we now define
Xo+ X1 = {CL‘ : dxg € Xo, dx1 € X4, :szo—F:L‘l}

with the norm

= 1 f
lallxorx, = _ o o (lzollx, + fleallx,),

and
XonX; ={z:2€ Xp, z € X1}
with the norm
2]l xonx, = max {{|z[xo, l2]x; }-
These two are Banach spaces. It is clear that
XoNX1 — X; — Xo+ X1

DEFINITION 4.2. Let S = {z € C: 0 < Rez < 1}. We define G(Xo, X1)
to be the set of all functions g : S — Xg + X1 such that

(i) g is holomorphic in S and bounded on S with values in Xo + Xi;
(ii) u — g(iu) and u+— g(1 + iu) are continuous, and

I lexo.x0) = max {sup llg(iu) |, 5up lg(1 + i), } < oo.
ueR u€ER

Let X,Y be Banach spaces. We denote by Z(X,Y) the space of all
bounded linear operators from X to Y. If X =Y, we write #(X) for short.
We recall the following result of [23, Theorem 2.1.7].

THEOREM 4.3. For every z € S, let T, € #(XoN X1, Xo + X1) be such
that z — T,z is in G(Xo, X1) for every x € XoNX;y. Moreover, assume that
Tiw € B(Xo) and Ti14, € B(X1) for every u € R. Assume further that the
following suprema are finite:

Mo = sup | Tiul| z(xo)s M1 = sup||f(1+iu)|zx,)-
u€R u€R

Then for every 6 € (0,1) and x € Xo N X1, we have
||T9x||[X0,X1]9 < Mﬂl_eMIGHx”[Xo,Xl]g?

so that Ty extends to an operator in B([Xo, X1lg), where [-,-]g is the complex
interpolation bracket.

We now turn to the proof. We will apply the above theorem to our setting.
To do this, for every z € S, define

T, = e (Id 4+ Ag) %%, s =d/2.
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It is clear that for every f € Xo N Xj, the function 2 — T, f is (Xo + X1)-
valued, and holomorphic in S. This function is also bounded on S since, for
allze€ S,

(4.9) 1T: fll xo+x1 S N fllxy = T2 fll 229
< | flle2zay < N fllx1nxe-

It is also clear that the functions w — Tj, f and u — T4, f are continuous.
Moreover, using the fact that |m(Aa)|lezd)—eze) = M, we have

My = supHTwaﬁxl = supHTzullzp 7d)—52(24)
u€eR

= sup sup |e (u)* (1+ )\)_Zs“em‘| <1
u€R AeR

In addition,

My = sup [|T14iull xo—x0 = SUP ||T1+w||H1(X —H}(X)
u€eR ue

IN

1—u? s itA
sup |e Id + A e d
uepR[ H( d) HHljd(Zd)%ngd(Zd)

XN+ A0y gy sy o)
On the other hand, using the result from Step 1 we have
[(Id + Aq)™* ”AdIIHl (@)—m} (z) S (1+ )2,

In addition, for F(Ar,...,Ag) = (1 + A1 + -+ + A\g) 7%, we can check that
for each o € N,

0°F (M, )| S L+ Jus))IN L+ A + -+ Ag) 1

for all (A1,...,\q) € R? with A\; +... + g > 0.
Hence, for a fixed nonzero function n € C2°(0,00) and any k € N, we
have

sup ||y 6925 F ||y may S (1+ Jus])¥,

JEZ
where my,(A1,..., Ag)=nA+---+Ag) and & F' (A1, ..., Ag) =F(tA1,...,tAq)
for t > 0. By Theorem F(Zd) is bounded on the Hardy space Hid (7%
and

10+ B) iy 2oy, oy = 1P (Ba)lmy, aoyorry

< sup [|my, 522JFHWd oty S (1+ Jus|)?,
jez

since d > d(1 —1/2) =d/2.
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Consequently,

M; < Csup el_“2(1 + [EN¥2(1 + |us|)?
u€R

< Cy(1 4 [t)2.

Thus, we deduce that for every f € Hid(Zd) N 2(Z%), the function
Z = Tzf is in G(Xo,Xl).

The estimate also implies that for every z € S, the mapping f —
T.f is in A(Xo N X1, Xo + X1). Therefore, applying Theorem 4.3 we have,
for every 6 € (0,1),

(410) HTQH[X(),Xﬂ@—)[Xo,Xﬂe < MOI_GMle Sx (1 + ’ﬂ)ed/Q'

For any p € (1,2), letting # = (2 — p)/p in (4.10) and using the interpo-
lation theorem (Theorem and Theorem we have

[Xo, X1lo = [H), (Z%),0*(2%)])g = HY (27) = *(Z%).
This, along with (4.10)), implies that
(I + Ad) 5" | gy (zay S (1 + [t)IPVD 5 =d(1/p—1/2),

and this holds for all p € (1,2). By duality, the inequality holds true for all
p € (2,00).
This completes the proof. m
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