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Abstract. We study the circle restrictions of inner functions on the unit disc showing
that the local invertibility of a restriction is independent of its singularity set and proving
a local characterization of analytic conditional expectations.

We establish central limit properties for some stochastic processes driven by proba-
bility preserving restrictions via spectral analysis of their perturbed transfer operators.

1. Introduction.

1.1. Inner functions and their restrictions. An inner function on
the unit disc D := {z € C : |z| < 1} is an analytic endomorphism ¢ : D ©
such that for Lebesgue almost every & € 0D,

d(ré) —= o(§) € ID.

The restriction of ¢ to OD is defined M-a.s. (where A is Lebesgue measure
on 0D) and is a nonsingular transformation of (0D, A) in the sense that A
and X\ o ¢! have the same null sets.

This follows from Nordgren’s theorem (in , which also shows the
connection between the ergodic theory of an inner function restriction on
(0D, A) and the dynamics of the action of the inner function on D.

For this, and more discussion of the ergodic theory of restrictions, see
e.g. [Aar97, Ch. 6] and references therein.

1.2. Overview of the paper. This paper deals with the structure and
properties of inner functions, the spectral theory of their transfer operators
and the central limit theory of stochastic processes driven by their restric-
tions.
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The rest of this subsection is devoted to a description of the main results.

Local invertibility vs. singularity set. In §2.2)we consider local invertibility
of general nonsingular maps showing i.a. that a nonsingular transformation
of a standard, nonatomic probability space is locally invertible iff it is forward
nonsingular (Theorem 2.2).

This enables an elementary proof of a multiplicity result of Aleksandrov
(Proposition 2.7): an inner function has a locally invertible restriction iff it
admits angular derivatives a.e. on JD.

The singularity set of an inner function @ (see §2.6) was studied in
[Sei34]. Evidently, if an inner function has a Lebesgue-null singularity set,
then its restriction, being analytic a.e. on T, is locally invertible. However
(by Proposition 2.8), any closed set of 0D appears as the singularity set of
an inner function whose restriction is locally invertible.

Spectrum of the transfer operator and central limits. In §3] & §4, we re-
strict attention to non-Mobius inner functions ¢ : D © preserving an ab-
solutely continuous probability, showing in §3] that their transfer operators
have spectral gaps @ on weighted Hilbert spaces (see .

In §4) we consider central limit properties of stochastic processes (¢ o7™ :
n > 1) (¢ : T — R?) driven by such restrictions 7 = 7(¢). In particular, if
¢ : D © has a singularity on 0D and ¥ : T — R is real analytic and not
constant, then (¢)o7™ : n > 1) satisfies the conditional central limit theorem
(as in ) These results rely on smooth perturbations of the quasicompact
transfer operators under consideration.

The central limit theorem for measure preserving inner function restric-
tions (as in (22)) is established in [[U23] for e.g. nonconstant Hélder contin-
uous functions. See also [NSi(G22] for different forms of central limit theorem
for measure preserving inner function restrictions.

Analytic conditional expectations. Aleksandrov [Ale86] proved that con-
ditional expectation with respect to a sub-o-algebra C C B(T) is analytic
in the sense that the conditional expectation projection commutes with the
Riesz projection (orthogonal projection L? — HZ := {f € H? : f(0) = 0})
if and only if C = 771B(T), where 7 = 7(¢) with ¢ inner, ¢(0) = 0.

In §5[ we prove a local version of this (Theorem 5.2).

2. Structure and basic properties of inner functions.

2.1. Nonsingular maps and transformations. A nonsingular map
7 (X,m) — (Y, u) between the nonatomic, Polish probability spaces (X, m)

(*) The (closed) set of points of O where it is not analytic.
(%) That is, are Doeblin-Fortet operators (see Section .



Inner functions 3

and (Y, u) is a measurable map 7 : X — Y satisfying mo 7! ~ pu. It is
probability preserving if m o T = p.

A nonsingular [probability preserving| transformation (X, m,T) is a non-
singular [probability preserving| self-map 7" : (X, m) — (X, m).

The transfer operator (also called “adjoint” or “predual”) of the nonsin-
gular map 7 : (X, m) — (Y, u) is 7@ : L*(m) — L'(u) defined by

\#fdu= | fdm, AeB(X).
A 1A
The following is a standard application of the disintegration theorem
(IDMT8|, Ch. IIIJ; see also [Aar97, Ch. 1]):

PROPOSITION 2.1 (Preimage measures). Let w : (X,m) — (Y,u) be a
nonsingular map. Then there exist Yy € B(X) with u(Yy) =1 and v = (™) :
Yo = M(X) such that

(1) 71a(y) =vy(A) fory e Yy, A€ B(X), and vy(X) = ———(z);

2) v(X\7m Hyl)=0 and v, Lm for p-a.e. y € Y.

The function z — v, is known as the transition kernel of T and the v,
are known as preimage measures or fiber measures.

2.2. Local invertibility and forward nonsingularity. We will say
that a nonsingular map 7 : (X, m) — (Y, u) is

o almost countable-to-one if there exists Yy € B(Y') with p(Y \ Yp) = 0 such
that 7=y} N Yy is at most countable for all y € Yp;
e locally invertible if there exists an at most countable partition o C B(Y')
such that 7 : a — ma is invertible and nonsingular for all a € «;
o forward nonsingular if there exists Xog € B(X) and m(X \ Xo) = 0 such
that
[A € B(Xp), m(A) =0 = p(nA) =0.

As shown in [Rok61] (see also [Nad81] and [Aar97, Ch. 1]), for the non-
singular map 7 : (X, m) — (Y, u) the “almost countable-to-one” and “locally
invertible” conditions are both equivalent to the pure atomicity of the tran-
sition kernel (i.e. almost every preimage measure is purely atomic).

THEOREM 2.2. A nonsingular map 7 : (X,m) — (Y, u) is forward non-
singular iff it is locally invertible.

Proof. 1t is standard that local invertibility implies forward nonsingular-
ity. We will show that forward nonsingularity implies pure atomicity of the
transition kernel.

Let y — vy (Yo = M(X)) be the transition kernel of 7.

We claim first that the function x — vz ({z}) is measurable.
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To see this let d be a Polish metric on X and let «, be a sequence
of partitions of X such that api1 > an, sup,e,, diama —— 0. Thus
an(y) 4 {y} for all y € X (where y € an(y) € ap) and the function

y = Vry({y}) = limy 00 Uy (an(y)) is measurable.

It follows that W := {x € X : v, ({z}) = 0} € B(X).

If the transition kernel is not purely atomic, then m(W) > 0.

Next, 7 is analytic, whence universally measurable, and since 717/
D W, we have m(r~aW) > m(W) > 0, whence (by nonsingularity of )
u(rW) > 0.

For V € B(W),

m(V)=m(VAW)=m(Vnz aW) (. 7 aW > W)
= | Flvdp= | va(V)du(a).
W W

By the analytic section theorem [Lus30] (see also [Jan4I], [vN49], [Sri98],
Thm. 5.5.2], [Coh80, §8.5]), and Luzin’s continuity theorem, there exists
A C W compact with u(A) > 0 and ( : A - B := (A C W continuous

such that 7 o ¢ = Id. It follows that
A
Brr e} = " = ¢4
{C(x)} = €A,

whence
va(B) = 1a(@)va({C(@)}) =0 (o 7(z) e W & o =n(((2))).
Thus
m(B) = | v:({¢(2)}) dp(z) =0,
A

whereas 1B = (A = A, u(wB) = p(A) > 0 and forward nonsingularity
fails. m

2.3. Structure of inner function restrictions. It will be convenient

to identify 0D with T :=R/Z = [0,1) via
z €[0,1) ¢ x(t) := > € ID.

Indeed, x : (T, m) — (0D, \) is an isomorphism of measure spaces where m
is Lebesgue measure on [0, 1).

Let ¢ : D ©O be inner with restriction ¢ : 9D ©. Define 7 = 7(¢) : T ©
m-a.e. by 7(t) == x " (p(x(1))).

The following shows that (T, m, 7) is a nonsingular transformation, whence
so is the isomorphic (9D, A, ).
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NORDGREN’S THEOREM (|[Nor68|). For ¢ : D < inner,

(3) mooT L= Ty(z), OF equivalently Tp. = py(),

where T, [p,] is the Poisson measure |density| at z defined by
x(@) + 2z

4 dr,(z) :=p,(x)dzr, p,(xr):=Re>"-—F—"-—.

0 (@) = pefa)de,  po(o)i=Re N

REMARK. Equation is also known as Boole’s formula because a ver-
sion for rational inner functions of the upper half-plane appears in [Boo57,
p. 787| (see also |Gla77, §8]). For a converse to Nordgren’s theorem, see
[Let77].

2.4. Invariant probabilities for inner function restrictions

DENJOY-WOLFF THEOREM (|Den26, [Wol26]). Suppose that ¢ : D O
is analytic, nonconstant and non-Mdbius. Then there is a (unique) point
0 =0(¢) € D such that

1= B 1|

— — Vz € D,
1—2(z)2 ~ [1-0:2

and
¢"(z) >0 asn— oo VzeD.

The point 9(¢) is called the Denjoy—Wolff point of ¢.

COROLLARY 2.3 (see e.g. [Aar78| [Neu78, [DMO9I1|). The restriction T of
an inner function ¢ has an absolutely continuous, invariant probability iff
the Denjoy-Wolff point of ¢ belongs to D, and in this case (T, my(g), T) ei-
ther is conjugate to a circle rotation or is an exact probability preserving
transformation.

2.4.1. Clark measures. As in [Sak07], the Clark measure of an analytic
(¢)

endomorphism ¢ : D © at £ € JD is the representing measure pe = pe €
M(T) of the positive harmonic function z — Re gtigg satisfying

£+ 9(2)
(5) Re >———~ =\ p, dye.

£ o(2) qgr =

It follows that £ — p¢ is weak® continuous oD — M(T).
Now let ¢ : D © be inner. Then Re 5200 4 0 a5 whereas by

E=¢(rx) r—1-
Fatou’s theorem, ™
|
Pry Al —7— am &5 and pe L m V¢ € OD.
T
Moreover, since p,(t) = Re iggti, it follows from that Z/t(T) = ly()

where v(7) : T — M(T) are the preimage measures of the restriction 7 =
7(¢). See also [Sak07, §2]|.
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2.5. Factorization of inner functions

2.5.1. Blaschke products. Suppose that Z C D is countable and that
m: Z — Nis such that ) ., m(a)(1 —|a]) < co.

The Blaschke product with zero set Z and multiplicity function mis B =
Bz : D — C defined by

B(z):= H bo(2)™®)  with  ba(z) := cq
ac”Z

Z—« -«
ﬁ, CO!_? (04750), Co—l.
The product converges locally uniformly on D because
1+ |z]
1—-9 m(a)| < .
‘ Ot('z) ’ - 1= |Z|
It can be shown that B is inner, {a € D: B(a) =0} = Z and for a € Z,
B(2)/ba(2)™® =: H(2) is bounded and analytic with H(a) # 0.

2.5.2. Singular inner functions. An inner function S : D © is singular
(i.e. without zeros) iff

m(e)(1 — [a).

log S(z) = — S 72

where o € M(T) with o L m.

In this situation, we write S = S, (&/or o0 = og).

FACTORIZATION THEOREM ([Smi29]; see also [Rud74, Thm. 17.15]). Let
¢ : D O be an inner function, let Z(¢) == {z € D : ¢(z) = 0} and, for
a€ Z(p), let

m(a) := max {k > 0: ¢/b" is bounded on D}.
Then }_ ez m(@)(1 — |af) < oo and ¢ = ABz(g)m - S, where A € St and

S is a singular inner function.

2.6. Regular points and singularities. A regular point of the inner
function ¢ : D © is a point z € D such that there exists U C C open with
z € U and an analytic function F': U — C such that F|ynp = ¢|unp-

A nonregular point in 0D is called a singularity.

The regularity set of ¢ is vy := {regular points of ¢} and the singularity
set of ¢ is 54 := 0D \ ty.

o If v, is any Clark measure for the inner function ¢ (as in §2.4.1)) then

X" lsg = (sptva)'.
e If S = S, is a singular inner function then y!sg = spto.

2.6.1. Derivative of a restriction at a reqular point. Let ¢ : D O with
restriction 7 = 7(¢). Then 7 is differentiable at each 6 € y~'t, with

(©) 7'6) = 00(x(6) = (O] with 26(z) = 0 E) — s(1og o)
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If ¢ = )\Bz((z))’msg, then
s4 = Z(¢) Uspto
and, as in [Mar89],

o . Ly__do®)

(1) 7'(0) a§¢)m( )Pa(0) + 2 S sin?(7(6 — t))
Z i_|a|_|_(2) :mn >0 V6O € T such that x(0) € vy,
a€Z() T lal

where p,(0) := Re a+x8 and Y- = 0. Since either Z(¢) # ) or o # 0
(or both), we have n > 0.
2.6.2. Arc maps. An arc map is a triple (T, T, «), where « is a finite

or countable partition mod m of T into open arcs (open, connected subsets
AQT)@andT:T%Tis a map such that

o foreach A € o, T : A — T(A) is a bi-absolutely continuous homeomor-
phism,
e 0(U,>o T "a) = B(T).
It is called piecewise C* (k > 1) [analytic] if each T : A — TA is a
C*-diffeomorphism [bi-analytic].
PROPOSITION 2.4 (Arc map restrictions). Let ¢ : D O be inner with
m(sg) = 0 and suppose the Denjoy—Wolff point of ¢ belongs to D. Then:

(i) 7: T O defines a piecewise analytic, arc map (T, T, «) such that

(@) >n>0 Vrex 't

] d—1 .
(®) Jd>1: |7 (@) =B8>1 Voe[)mIx .
=0
(i) If in addition #Z(¢),#s4 < 0o, then the partition o may be chosen to
be surjective:
9) 7(A) =Tmodm VAE€a.

Moreover,

(10) sup Ar(z) <oo with Ar(x):= .
zEX 1ty T/(x)Q

We will call piecewise onto arc maps satisfying f Adler maps.

Adler interval maps (Adler arc maps with surjective partitions into in-
tervals) are considered in [AdI73].

(%) Of the form x™*A = (a,b) with 0 < a <b < 1or [0,a)U(b1] with0<a <b< 1.
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Any Adler arc map is conjugate by rotation to an Adler interval map.
Proof of Proposition 2.5

Proof of . There is a Mobius transformation ¥ : D “ such that
9(9) = 0, where g = ¥~ o ¢ o W. If the restrictions of g & ¥ are U & 1)
respectively, then 7 =1 o U o p~! for all n > 1.

Since g(0) = 0, by (7)) we have

U'(0) = 9g(x(0)) =1+ 0h(x(0)) > 1+, = p> 1.
For n > 1,
T = oUm oyt UM 0yt
> p"m’]l}ni// . m’H}ni/J !
> B >1 forlarge enough n > 1.
Proof that (U, T "a) = B(T). By (8) we see that ay, = Vk 0T la

is also a mod 0 partition of T into open arcs satisfying

max {m(a) : a € an} < (1/n)" - (1/8)"/",

) Z B(T).

Proof of @ in case s4 # ). We construct a mod 0 partition « of T into

open arcs satisfying @
Since #s4 < 0o, formula now has the form

whence o (lJ,>o 7

) TO= Y man®)+ ;Y et

a€Z () t€sy
Suppose that J C T is an open arc and f : J — T is continuously differen-
tiable on J with min; f’ > 0. Then f has a lifting: there is an interval J C R
such that »2J = J, where 2 : R — T, 72(z) = x mod 1; and there exists
F : J — R continuously differentiable such that

m(F(z)) = f(m(z)) forz € J.
In particular, F'(x) = f'(m(z)).

Let J C x 'ty be a maximal open arc (i.e. dJ C x 'sg) and let T :

J — R be the lifting of 7 : J — T. Write J = (a_, ay). Then by (11)),

T'(0)

0—{a_,ay},0€(a_,ay) o0,

whence

(12) TO) ————— +©

0—aq,0c(a_ ,a+)

and there is a countable mod 0 partition 25 of J into open arcs such that
for each A € 27, TA is an interval of length 1.
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It follows that aj := 7225 is a mod 0 partition of J into open arcs such
that 7A = T mod 0 for all A € «.

Since #s4 < oo we know that x
arcs as above and so there is a mod 0 partition a of x~
such that 7TA = T mod 0 for all A € a.

Proof of . Since #Z(¢) and s4 are both finite, by , T7(0) =
T(6) mod 1 with
1
(13) T(0) = b(0) — 5= > o({t}) cot(m (0 — 1))

2T
tesy

where b = 0 when Z(¢) = 0; and when 1 < #Z(¢) < oo,

*1t¢ is a finite union of maximal open

1t¢ into open arcs

0
b(6) = | ( 3 m(a)pa(t)> dt mod 1
0 acZ(¢)
defines an analytic endomorphism of T.
Since either b = 0 = A(b) or b : T © is analytic expanding, in which
case A(b) : T — R is analytic, we have ||A(b)]|c < 00.
In case s4 # 0, by we have

1) YO =VO+3 Y H;’(?} —1(6) + 5(0)

2 £ sin(r(0 — )
and
" " 14 " COS(T('(H t))
OIS WO+ WO WO 7S o) |
whence

Sres, o{th) | S5
81(0)2

o({t})|cos(m(6—1))|
sin® (7 (6—t))|

AT(0) < ||Ab|oo + 7

< Ablloe + 7 2
)

t€sy (sm( (9 t

a6l + 5 3 RSN < v+ 5 Y s

t€5¢ tesy

= M<oco. =

EXAMPLE 2.5. We exhibit an inner function ¢ : D O with ¢(0) = 0 and
singularity set s, = {x(a), x(b)} with 0 < a < b < 1 such that 7 = 7(¢) :
[a,b] — [T(a+),7(b—)] C (0,1) is a homeomorphism. Thus the restriction is
not an Adler arc map. Indeed, such an inner function must be a Blaschke
product since otherwise either x(a) is a singularity of the singular factor of
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¢ and by (12)), 7(a—) = 0, or x(b) is and 7(b—) = 1. This would contradict
[T(CH_)? T(b_)] - (07 1)'

To construct ¢, first define an inner function of R?* (the upper half-
plane), B : R?*T ©, by

o0
1 1+s,2z 1+1t,2
B =
(2) ;2”+1<sn—z+tn—z
with s, = —% and t, = 1+ %; then B is an inner function of R?>* and

B(i) =i, B : (0,1) — R is continuous, increasing with B(0+), B(1—) € R.
Let ¢ : D — R?*, 4(2) = i122. Then ¢ := ¢y "' 0 B o) is as advertised with
a=1/2and b=3/4.

2.7. Radial limit set. The radial limit set of ¢ is

Ay :={B €D : ¢(rf) ——= ¢(B) € OD}.
For example, if ¢(z) := exp[— HZ], then

1—z

{e_iCOt(0/2)7 f = X(e) 7é 1»

and Ay = 0D\ {1}.

2.7.1. Angular derivatives. The inner function ¢ : D O has an angular
derivative 8 € C at £ € Ay if there exists 8 € C such that

P(z) — () - . 0(z) —o(8)
Zz—{ P B, that is, 2_5

Denote the angular derivative at £ by 8 =: ¢, (§).

PROPOSITION 2.6 ([Sak07, §3]). Let ¢ : D O be inner with T = 7(¢).
The following are equivalent for £ = x(x) € OD:

Zﬁf,|f;‘—z|§1r<(17|z\)> B VK > 0.

e ¢ has an angular derivative at &;
o ¢(2) ZLTQ B € C and in this case B = ¢, (§);
o % < 00 for some (hence all) w € T, w # x.

ProprosITION 2.7 (JAle87], also [Sak07, Theorem 9.6]). Let ¢ : D O be
inner and let E € B(T) with m(E) > 0. Then 7 = 7(¢) is locally invertible
on E iff ¢ has an angular derivative at x(x) for m-a.e. x € E.

Proof. = Local invertibility on E entails forward nonsingularity on E,
whence, by [Hei77], existence of angular derivatives a.s. on E.

< Suppose that ¢ has an angular derivative at x(z) for m-a.e. z € E.
By [Cra91l Lemma 1.5], 7 is almost uniformly differentiable on E in the sense
that there are Ej, € B(T) with Ej T E mod m such that for all k¥ and € > 0
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there exists 6 = d(k,e) > 0 such that
(15) (@) =7(y) = (z —y)g(x)| < elz —y|  Va,y € Ey, [z —y| <9,
where g(z) = |¢/(x(z))| with ¢'(x(z)) the angular derivative of ¢ at x(x).
To see that 7 is forward nonsingular on E, we note that by possibly
shrinking the Ej (as in (17])), we may assume in addition that there exists
My, > 0 (k > 1) such that g < My on E}.
Suppose that k > 1 and S € B(E})) with m(S) =0, and fix ¢ > 0. There
are intervals {I,, : n > 1} such that

€
S L, I, <5(k,1), I .
UL RS A

By (15),
() = 7(y)| < (9(z) + D]z —y| < (Mg + 1)z -y
and m(7(Ex N 1p,)) < (Mg + 1)m(I,).
It follows that 7(S) C |U,,~1 7(Er N I,,), whence

m(r(9) <> m(r(By N1y) < (M +1)> m(I,) <e
n>1 n>1
and thus m(7(S5)) = 0.
For S € B(E) with m(S) =0,

m(1(95)) == m(r(£xNS)) =0

and 7 is forward nonsingular on E, whence locally invertible on E by Theo-
rem 2.2. m

An example of a probability preserving restriction which is“a.e. continuum-
to-one” (a.e. Clark measure is nonatomic) was constructed in [Don65| (see
also [Sak07, Ex. 9.7]).

In particular, for inner functions ¢, 7(¢) is locally invertible on T iff ¢
has an angular derivative at a.e. point on OD.

The next result shows that this property is independent of the singularity
set.

PROPOSITION 2.8. Let E C T be a closed set. Then there exists an in-
ner function ¢ : D O with locally invertible restriction T = 7(¢) such that
#(0) =0 and s4 = x(E).

Proof. Let I' C T be countable with I = E. We will construct ¢ via a
Clark measure.

First fix e : I' — Ry such that 37 re(y) < oo and then fix 7 € P(I')

with
Ty
> )2 < .
yel €
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We claim that

(16) S dm(t)

|t — x|
T
where 7=}, md, € P(T).

Indeed, since
> m(B(y,e(0) =2 () < o0

yer yerl

< oo for m-a.e. x €T,

with B(z,e) := (x — ¢,x + ¢), by the Borel-Cantelli lemma there exists
K € B(T) with KNI = () and m(K) = 1 such that for all x € K, there
exists I'h(x) € I finite such that

(17) |z =] >e(y) Vv ¢ To().
Let z € K. Then

St—:p|2 Z|x_7|2:< Z Z) _7’2

v€lo(z) v¢lo(z)

Since K C T\ I', we have
Z ™ v VzeK

— 12
Tota) |z 7!
and - T
2 paES 2 qpp <
Y¢ o () ¥¢To(x)
proving .
Next, we define F': D — C by
X(t) +2
F(z):= dm(t).
@)= Ao
Note that 0 | |2
x(t) + z) 1—|z
Re = >0 VzeD,
<x(t) —z Ix(t) — 2|2

so F: D — R4 x R. Moreover, since 7(T) = 1, we have F'(0) = 1.
To construct the inner function, define ¢ := % :ID — C. Since F(0) =
1, we have ¢(0) = 0 and since Re F' > 0 on D, it follows that ¢ : D ©.
Since w L m, we see that for m-a.e. x € T,

lim F(rx(z)) =: F(x(t)) € iR,
r—1—
whence for such z € T we have

@) 5= )y € 0D

and ¢ : D is inner.
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Moreover, vy = m, whence by and Proposition 2.6, ¢ has an angular
derivative at x(t) for a.e. t € T. By Proposition 2.7, 7(¢) is locally invertible.
To finish, we note that s, = sptn’ =I" = x(E). =

The Baire category situation is different:

PROPOSITION 2.9. Suppose that the inner function ¢ : D <D has an an-
gular derivative at a residual set of points. Then sy is nowhere dense.

Proof. Fix w € T and define F': T — (0, 00| by
dvy(t)
Flz)=\——"—
V@ P
and, for r € (0,1), define F, : T — R4 by
dvy (t)
R = el
Vi@ - x|
Then for each 0 < r < 1, F;. : T — Ry is continuous and F,(z) —— F(z) €

(0,00] for all x € T, by dominated convergence in case F'(x) < oo and by
Fatou’s lemma if F'(z) = oc.
By Baire’s simple limit theorem, the set

Coo i ={z€T:F:T— (0,00] is continuous at z}

is residual in T. By assumption, A := [F < oo] is residual, whence so is
C = Cy N A. Thus for every x € C, there exists 0 < a; < b, and an open
interval J, 3 x such that

ar; < F<b, onJ,.
By Seidel’s theorem [Seid4] (see also |[Zyg02, Thm. 7.48)),
5¢ N X(Jm) = ®7

whence t, is open and dense and s is nowhere dense. »

3. Quasicompactness of transfer operators. Let £ be a Banach

space. An operator P € hom(L, L) is called quasicompact if there exists
A = A(P) € hom(L, £) of the form

N
A= Z e Ep
k=1

with N > 1, Ey,...,Ey € hom(L, L) finite-dimensional projections, and
Ay, An €St i={z € C: |2] = 1} such that the spectral radius satisfies

p(P— A) = T [[(P— A2 o <1
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Let (X,m,T) be a nonsingular transformation with transfer operator
T LY(m) ©. We look for Banach spaces £ C L*(m) on which T: L acts
quasicompactly.

If (X,m,T) is a weakly mixing, probability preserving transformation
with transfer operator T acting quasicompactly on £ C L(m), then A(f) f
= E(f) and for all § € (p(T — E), 1) there exists M > 0 such that

(18) IT"f —E(f)le < MO"||fllc Vf €L
The property is called exponential decay of correlations because it entails

| §urvoTmdm — B@EW)| < MO"ulelvl 2 my-
X

3.1. Doeblin—Fortet operators on an adapted pair. Let £L C C C

L' (m) be Banach spaces such that (C, £) is an adapted pair in the sense that

o -l <l -lle <11 lley (£)pigmy = L(m), and L-closed, bounded sets
are C-compact.

For example both (L!(m),Lip(T)) and (L'(m),BV(T)) are adapted pairs.

Here Lip(T) denotes the Lipschitz functions on T (equivalently, the abso-

lutely continuous functions with essentially bounded derivative), with norm

1 fllLsp == N F Il 4 11 lloos

Lip-closed, bounded sets are L'-compact by the Arzela—Ascoli theorem. Fur-
ther, BV(T) denotes the functions of bounded variation on T with norm

Il fllev == I £l + \/f, where
n—1

\ = sup {3 1f(then) = Ft)] 0 <t <o <ty =1}
k=0

BV-closed, bounded sets are L'-precompact by Helly’s theorem.
As in [Nor72, Ch. 3|, we say that an operator P € hom(L£, £) Nhom(C, C)
is Doeblin-Fortet (D-F) on (C, L) if
(19) IP"flle < H|fle V¥neN, feL(m),
(20) =1 |PYflle <Olflle+ Rl flle VfeL
where R, H € Ry and 6 € (0,1).

EXAMPLE 3.1 (Adler arc maps). Let (T, m = Leb,T') be an Adler map.
It is a well known folklore result that the transfer operator T is D-F on the
adapted pair (L'(m), Lip(T)).

It is also D-F on (L!(m),BV(T)) because by [Zwe98, Cor. 1] an Adler
map satisfies the assumptions of [Ryc83, Prop. 1], which proves the D-F
inequality on (L'(m),BV).
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The following lemma is a well-known consequence of the Yosida—Kakutani
mean ergodic theorem [YK41, Theorem 1]. See also [ITM50], [Nor72, Chap-
ter 3|, [HHO1, [PP90], [LY73, Theorem 1.

LEMMA 3.2 (rigidity of Doeblin—Fortet operators). Suppose that P is a
Doeblin—Fortet operator on the adapted pair (C,L). If f € C and Pf = f,
then f € L.

It is shown in [ITM50] (see also [Nor72, Ch. 3|, [HHO1,[PP90]) that a D-F
operator P € hom(L, £) has spectral radius p(P) < 1 and that, if p(P) = 1,
then P is quasicompact.

3.1.1. Quasicompactness and the central limit theorem. If ¢ € L and
E(¢)) = 0, then by Leonov’s theorem [Leo61],

1 n—1
3 lim —E(¢y) =: oy, >0, where =Y poT¥
k=0
with equality iff ¢ = g — g o T for some g € .
If in addition oy > 0, then (see [Gor04]) the stationary process (X, m, T, )
satisfies the central limit theorem:

(22) m<[(jf\”/ﬁ < tD S \/127 § e /2ds.

_ 3.2. Hardy spaces. The harmonization of f € LP(m) (1 < p < o0) is
f D — C defined by

—00

f(z) =\ p.f dm,

T

where p, is as in . The function fis harmonic in D and satisfies

sup || (rx)llp = 1£]lp-

re(0,1

It is classical that the Hardy spaces consist of harmonizations:

hP(D) := {F :D — C harmonic: sup |[[F(rx)|, < oo} ={f:feLP(m)},
re(0,1)

HP(D) :={f € h? : f analytic on D} = {f € L’(T) : f(n) =0 Vn < 0}.

Let

Ay = Elrlir{li Flrx) =: f(x) € (C}.

Then by Fatou’s theorem, m(/l];) =1land f(x)=f ae.
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3.2.1. Action of the transfer operator. Let ¢ : D ©O be inner with re-
striction 7 = 7(¢). Then (see [Ale87], and also [Sak(07, Thm. 3.1]) TH?(D) C
HP(D), and if ¢(0) = 0, then for d > 1,7(x?) is a polynomial in x of degree
at most d.

LEMMA 3.3 (Basic Proposition). Let ¢ : D © be inner with ¢®*)(0) = 0

for all 0 < k < k. Then for N > 1 we have 7V (x%) = 0 for all 1 < d < &V,
and for d > kN,

Ld/s"] _
N = > a™M(d,0x" where o™ (k,0) = (¢IN)) (k).
/=1

Proof. Let d > 1 and write 7V (x?) = 3, a™)(d, £)x*. Then

a™(d, 0) = (7Y (), ) = (X, x o ) = (X% 6 () = (9V)(d)
Thus
(23) a™(d,0) =0 unless ¢>1&d>rN0. m

3.3. Weighted Hilbert spaces. A (Hilbert space) weight is a sequence
w € RTO satisfying 1 = w(0) < w(l) < --- < w(n) T oo. The associated
weighted Hilbert space is

fw 1= {f € L2m) : F13 = 3 wllnl) | fm)? < oo},
neZ

equipped with the inner product

(u, )y =Y w(ln))a(n)o(n).

ne”Z
Classical examples
(i) For w(n) = n?, %, is isomorphic to the Sobolev space
Wh2(T) .= {f € O(T) : f ac. & f' € L*(m)}.
(ii) For b > 1, let wqp(n) := b™. Then
Ry = Fow, , = h*(Bc(0,0)°).

We call a weight w summable if }_, -, ﬁ < o0o. Both examples above

are summable.
PROPOSITION 3.4. If w is a summable weight, then (L*(T), %) is an
adapted pair.

(*) Note that here ¢V := ¢ o --- 0 ¢, whereas (V)¢ := ¢M . N
[ S——

N times £ times
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Proof. We show that B(R) := {f € %y : || f|lw < R} is strongly compact

in L?(m). To see this, let f; € B(R) (j > 1). Then for n € Z and j > 1,

Vu(ln]) = w(ln])

and there exist j, — oo and a € ¢?(Z) such that

fie(n) == a(n).

We claim that ) w(|n|)|a(n)|2 < R?. Indeed,

nez
R >3 w(n|)|fi, ()P < D w(ln))|fi(m)? YN =1,
nez |n|>N
== 2 winDla@m)? =2 Y w(ln)a(n
In|<N nez

Let A:=3%" sa(n)x" € 7%y with [|[Afl, < R.
2
To see that fp % A, by the Riesz—Fischer theorem we get

Hfje - AH%Q Z ’f]e ’ == 0
neL
(7 04z fi(n) —a(m)* < L/w(|n])). =

The rest of this section is devoted to showing that the transfer operators
of probability preserving, non-M&bius inner functions act quasicompactly on
certain weighted Hilbert spaces.

Ivrii and Urbanski [IU23|] obtained spectral gaps for the action of 7 on
WLA(T) (1 = 7(¢) with ¢ inner, ¢(0) = 0) and we obtain them on %,
(Proposition 3.5 below). In both cases, the minimal essential radius (as in
is the “Koenigs eigenvalue” |¢'(0)| (Proposition 3.7 below). However,
we obtain superexponential decay of correlations on (e.g.) £;, when ¢'(0) = 0
(Proposition 3.6 below).

3.3.1. Admissible weighted Hilbert spaces. Call a summable weight w € R§
and its associated weighted Hilbert space %, admissible if

(24) 30 =Cp>0: WQ;Dng(n) Vn>K > 1,

w(K)
where W(n) := >, w(k).
We call any C,, satisfying an admissibility constant for w.
For example, for b > 1, wy p(n) = b" defines an admissible weight with
eg Cy,, = %. Also, for b,s > 1, w,;, defined by w; p(n) := b defines an
admissible weight.
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On the other hand, for ¢t > 0, v, defined by v¢(n) := n’ is not admissible
(although summable for ¢ > 1).
Recall from [Kat04] Def. 1.2.10] that a Banach space B C L'(T,m) is
homogeneous if
feB, seT = fs€B, |fllz=IfI

If = fsllB w53 0 with fs(z) :== f(z — s).
Consequently (by [Kat04, Thm. I.2.11]), if B is homogeneous, then for f € B,
(260) fxpr€B, |f*plp=Iflls VO<r<1 & fxp Zpf

r—1

(25)

Any summably weighted Hilbert space %, is homogeneous.

PRrROPOSITION 3.5 (Exponential decay of correlations). Let ¢ : D O be
inner, non-Mdbius with $(0) = 0 and T = 7(¢) and let w € RY be admissible.

If there exists 0 < R = Ry, < 1 such that En21 < 00, then for
every |¢'(0)| < p < 1 there exists M > 0 such that
(27) 7Y u —E(u)lw < Mp™ullw  Vu € £w, N 20,
where E(u) := {rudm = u(0).

Proof. Fix p € (|¢/(0)],1). We first show that
(28) Vo<r<1,3M>0: |¢pM(2) < MpN VzeD, |z <,
where ¢V = g o0 ¢.

—_———

N times

Proof of (2§). By assumption, ¢(z) = zg(z), where g : D O is inner.
Thus ¢'(0) = g(0) and there exists v = t,, such that

92 <p & [p(2)] <plz| VY|z[ <
Next, there exists N, such that [p!Vel(2)| < ¢ for |2] < r, whence for |2| < r,

e (2)] < p"Nev  ¥n > N,

1
R2nw(n)

and follows.

Proof of for w € /iy N HE. For u € /iy N HE set vy, := u(n)/R"
where R = R,,. Then

3 foul = Y- Vo) < ull Y e <

n>1 n>1 Vw(n) n>1 R#mw(n)
whence v =3 < vpX" € C(T) and v * pr = u.
Now

u=vx%pr = | v(t)pryw dm,
T
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whence
uy = 7u = o7 (Pryn) dm = §(E)Pgm ayy) dm by
T T
and
an(€) = | {0 Opgivi(ry(eyx " dmdm
TT
S U N] RX t)) (f) dm
T
SU V(N (Rx( ))) dm.
T
Thus

[an (OF < 1n(0) | [of? dm | [¢P (Rx(8))[* dt < [lul3,(Mp")*
T T

where M > 0 is as in ([28).
Let Ny be such that b, := M?p?" < l for n > Ny. For N > Ny,

¢ ¢ N
Nullp =Y VAN (O < Jlullp Y bl = |U||b < 2M%0p* |Jull3,
>1 >1

proving .

To continue, let w € %,. Then
w=F+G+E(w) for some F,G € A, N HZ

and
N =7NF +7NG + E(w).
By for F and G,
7w —E(w)l; = I7¥Fl; + I7VGIlE < Mp*  (IF 5 + IG17)
< M2, =

PROPOSITION 3.6 (Superexponential decay of correlations). Suppose that
¢(2) = 2"°®(2) with kK > 1 and @ : D O inner and let w € RY be admissible.
Then

(29) 7~ E(u)llw < ——=llulw  Yu € Ay, N >0.
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where a™ (k, £) = (V) (k) and 0_, = 0. Thus also Yy, [a™ (K, £)[2
=1.

Proof of foru € 7y N Hg. We have

Ny = Z w N (x*)  (where ug, = U(k))
k>1

= > ua™M(k 0y

1, k>N

= Z( Z uka(N)(k,€)>X£.

£>1 k‘ZHNK

Thus, using Cauchy—Schwarz and (23)), we get

|(7 ug\Q ‘ Z uka(N) ké‘ Z \uk\Q

k>kNY k>kINe

PNullf, =Y w@IEVu)e? < w(0) D furf?

and

>1 >1 k>kNYE
<3 lwl Y w@) = fuPW(k/EN))
k>rN 1<e<k/rkN kE>rN
2 W(k/&N]) _ Cuw oo
]g;N k| “w w(k) < w(/{]\,)HuHﬂ

by , as desired.
To continue, let u € %,,. Then

u=F+G+E(u) forsome F,G € %y, N Hj
and -
Ny =7NF + NG + E(u).
By the previous step,
17— E() 2 = ITVFI + 17V Gl

(IFIE + IG5 =

Cy Cy 9
< bw w
= w(V) w(pN) e
3.3.2. Essential spectral radius. For (T, m,T) a weakly mixing, probabil-

ity preserving transformation, suppose that 7' is a Doeblin—Fortet operator
on the adapted pair (L(T,m), L).
The essential spectral radius of T : L D is

-~ L T Snl/n
pess(TwC) = p(T7 ‘CO) - nh—>nolo ||T Hhom(ﬁo,ﬁo)’
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where Lo := {f € £ : E(f) = 0}. Equivalently, p(T, £) is the greatest lower
bound of the collection of § € (0, 1) satisfying (L8).

PROPOSITION 3.7 (Minimal essential spectral radius @) Let ¢ : DO
be non-Mdébius, inner with ¢(0) = 0, and suppose that T is a Doeblin—Fortet
operator on the adapted pair (L'(m), L), where there exists R > 0 such that
pe € L for all z € D with |z| < R. Then pess(T, L) > |¢'(0)|.

Proof. By Koenigs’ theorem ([Koe84], see also [Sha93| §6.1]), there exists
z € D with |2| < R such that [¢"(2)|"/" —= [¢/(0), and by (@), if 7

satisfies with constant 6 on £ € b, then
MO™ > |[7"(p.) = | > [7"(p=) = L1 > el"(2)] = |¢/(0)[" 7. w

4. Perturbations and central limits. Let (X, m,T) be a weakly mix-
ing, probability preserving transformation and let 1) : X — C be measurable.

For z € C such that e*¥ € L*(m), define the perturbed (or twisted)
transfer operator 11, y Ll(m) D by

The operators P, = P,y = T(ezwf) are also known as characteristic
function operators, because E(P;1) = E(e¥).

Let £ be a Banach space of functions on T. A function f: T — R is an
L-multiplier if f-w € L for all uw € L. Let M (L) := {L-multipliers}. By the
Resonance Theorem,

1fllarey :=sup{ll fullz s uw € L, [lull e =1} <oo  Vf e M(L).

Evidently, if 1 € £, then M(£) C L. Indeed, for £ = Lip or BV,
M(L)=L.

In general, if f €M (L), then f¥ e M(L) for all N > 1, with || fV|psc
£ 1137z and ¥ € M(L) for all z € C, with [|e*f ||y < e/l rco,

THEOREM 4.1 (Nagaev’s Theorem [Nagh7, RES3| @) Suppose that T
is a Doeblin-Fortet operator on the adapted pair (L*(m),L) and that ¢ €
M(L)N L satisfies E() =0 and
(30) Je>0: Py € hom(L, L) V|t] <¢;

t > Py is C? from (—e,¢) to hom(L, L).
Then:
(i) There exists 0 < € < € such that P, is a Doeblin—Fortet operator on
(L2(m), L) for |t| < E.

(°) Cf. [BCI123).
(%) See also [PP90, [HHO1], [ADOT, Lemma 4.2].
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(ii) There are constants K > 0 and 6 € (0,1), and C? functions \ :
B(0,€) — Bc(0,1) and N : B(0,&) — hom(L, L), such that

(31 [Ph = AE)"N(t)hllc < KXE)" Rz V[t <& n=1 helL,

where for |t| < €, N(t) is a projection onto a one-dimensional subspace.
(iil) If o = limy, 00 s E(¢7) > 0 as in @21), then A(t) = 1 — 03t* + o(t?)
as t — 0 and the conditional central limit theorem holds:
t
1 2
Yn ? e ® /2 ds.
[mgt] n—»o00 /2 S

(32) "1

REMARKS. 1. If, in addition, P; is a Doeblin—Fortet operator for all t € R
and 1) is T-aperiodic in the sense that e = \go7/g with t € R, A € C,
Al=1& g: T — C entails t =0, A = 1 & g constant, then the conditional
local limit theorem holds: for I C R an interval, and k, € Z with Ukﬁ
— Kk €R,

(33) oy/nT"(1 )y L2

(W €nE()+kn+1]) 7500 Jon
and the skew product (X x R,m x Leb,Ty) is ergodic, where Ty (z,y) =
Tz, y+ ¥(x)). See |Gui9, (GHSS| [ADO1].

2. If (X,m,T) is an AFU map as in [Zwe9§| (e.g. an Adler arc map),
then for ¢ € BV, the characteristic function operator F;  is a Doeblin-Fortet
operator on (L!(m),BV) for all t € R. See [ADSZ04, §5].

To obtain for the stationary process (X, m,T, 1) via Nagaev’s the-
orem, we verify and then oy > 0.

THEOREM 4.2 (Analyticity of perturbation). Suppose that ¢ : D O is
non-Maébius inner with ¢(0) = 0.
Let b> 1 and let w be a summable weight ), b"/w(n) < oco.
If 1 € %y then for all z € C, -
I, := 2 € hOm(éb, éb).

Moreover, C 35 z +— II, € hom(#y, £y) is holomorphic with

d"II, " "

T () = (v f) = 1IE(f).

In particular, holds.
LEMMA 4.3 (Multiplier lemma).

(i) Let b > 1 and let w be a summable weight with Y, -, b"/w(n) < oco.
Then /iy C M(2p) with N

(34) 1 llaecey) < Bowllfllw  VF € 7w,
where Ry, = \/1 +23 5, 07/ w(n).
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(i) If w is a weight with lim, . w(n + 1)/w(n) = oo, then there are no
non-constant multipliers of 7.

Note that if w(n) = B" with B > b then Ry, = /22

Proof of (i). We have

1791, = S0 Fam) P = S0 Fmtn — k)|

nez neL keZ

I Wk | Foe |2 \‘
"L v Wk

DDA IHEID Bt

neZ  kei tez
_ ynl 190 — OF VQ -0 _ R pnl=le 15 2

1l 14l
<118 Z ?wnb" g(n - ) = ||f||i||g||ibzufm

nleL LeZ
=R, |1 flllgllZ,-

Proof of (ii). Suppose otherwise. Then there exist f € M (%) and ¢ > 1

with f(£) # 0. Suppose that vy, T 0o with w(vg + 1) > kw(vy) for k > 1. It
follows that

||fXVk”2 ) ~ {4+ v

> k(0] = 0. =

k—oo

00 > || 13100 = w(vy)

Proof of Theorem 4.2. It suffices to show that for every w € C, there
exists € = ¢, > 0 such that

N
(35) 3 (Z_n>n<"> Lol T, Vz € B(w,e).
n=0 ’

To this end, fix w € Cand 1 <b < by < by with 3 -, by /w(n) < oo.
Let f € £4. Then for k£ > 1,

I ()4, = 7@ e f)llg, < Mpll*e fllg, by
< MpRow, , |f,]14" e ls, by

by +0b

k
||f||;%b|W) eV llp, -
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To continue, by repeated application of ,

k 2 1 k
" ewwnbls( ) TOIE 1% 1o,

by — b1
< — [, expllw| Ry |||,
by — b1
Thus
by + b1 \"
HHcSk)”hom(}%b,féb) < < by b1>

and holds with ¢, = \/ﬂ. .

4.1. Periodicity. Let ¢ : D O be non-Mé&bius inner with ¢(0) = 0 and
let ¢ : T — R be measurable.

We call t € R a 7-period of 1 if there are t € R, A € C with |A\| =1 and
g : T — C measurable such that e = A\go1/g.

We denote the collection of 7-periods of ¥ by Q(v), and we call 9
T-aperiodic if Q(¢) = {0} and 7-periodic otherwise.

It is standard to show that for t € R, A € C with [A\| = 1 and f € L'(m),

(36) W f=Nfor < P(f):=7("f) =\,

and also, if the limit lim,, o ;E(47) =: 07, > 0 exists, then oy, > 0 if Q(¢))
is discrete.

THEOREM 4.4. Let ¢ : D O be non-Mdbius inner with with Denjoy—Wolff
point in D and nonempty singularity set.

(i) If¢ : T — R is nonconstant and real analytic, then Q(v) is discrete and
the stationary process (T, mo,,T,%) satisfies (32)).

(ii) If both Z(¢) and s, are finite, and v : T — R is nonconstant and
of bounded variation, then 1 is T-aperiodic and the stationary process

(T, o, 7, ) satisfies (33).

The assumption s4 # () is essential. If ¢ is a finite Blaschke product
with 9(¢) € D and g : T — R nonconstant and real analytic, then so is
Y :=g—gort: T — R, whence P,(x(tg)) = x(tg) for all t € R and
Q) = R.

Proof of (i). Let €& > 0 be as in (i). Fix 1 < b < B with ¢ € £p.
If Q(v)) is not discrete, then there are t € (0,€) N Q(v), f € L'(m) and
A € C with |[A\| = 1 such that P,(f) = A\f. For t € (0,€) N Q(¢), P is a
Doeblin-Fortet operator on (L?(m), %). Write Q := AP;. Then Q : %4 © is
a Doeblin—Fortet operator, Qf = f and by Lemma 3.1, f € £;.
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By we have
(37) f(rz) = M(2)e™@)  for m-ae. z € T.

Using harmonization, we see that (| . ) holds for all z € Ag.
Now suppose that v is a point of discontinuity of 7. Then x(v) € 5.
By Seidel’s theorem [Sei34] (see also [Zyg02, Thm. 7.48]), for every w € T
there exists z, = z,(w) € Ay such that z, — v and 7(2,) = w. Thus

fw) = f(7(2)) = Af ()8 (2n) o A ()Y (v),
so f is constant, e = X\, whence v (being continuous) is constant. m

Proof of (ii). Under the assumptions of (ii), (T, my(4), 7) is an Adler arc
map, whence an AFU map as in [Zwe98| and P, is a Doeblin-Fortet oper-
ator on (L!(m),BV(T)) for all ¢ € R. Using [ADSZ04, §5], it suffices to prove
that 1 is 7-aperiodic.

To this end, suppose that f : T — C is measurable and satisfies . By
Lemma 3.1, f € BV. We must show that f is constant. Suppose otherwise;
then there exist &, ¢ € T such that |f(£) — f(¢)| =:n > 0.

Let v € x 's4. Then there exists z, — v monotonically with 7(z2,) = £
and 7(z2n41) = ¢. The function G(z) := \f(z)e"™®) is in BV, thus so is
f o1 = G. Therefore

00>\ for =3 |f(r(z) = f(r(zmin)| = Y n=o0. =

n>1 n>1

5. A local version of Aleksandrov’s theorem. Fix A € B(T) with
m(A) > 0 and a sub-c-algebra C C B(A).

For 1 < p < oo write

HE(A,C) :={f € H} : f|a is C-measurable}.

By [Rud74, Thm. 17.18] if f,g € HZ(m) and f|a = g|a, then f = g.

Let P: H? — HZ(A,C) be the orthogonal projection in the sense that
(38) (Id — P)HZ c HZ(A,C)*.
Call (A,C) an analytic pair if

Ena(f)=(PPla for [ € H,

where m4(B) := m(A N B) and Ean(f) is conditional expectation on the
measure space (A, my4) with respect to the sub-o-algebra C C B(A).

Let A € B(T) with m(A) > 0. It is easy to see that (A,C) is an analytic
pair if either C = B(A) (in which case HZ(A,C) = H?), or C = {0, A} (in
which case HZ(A,C) = {0}).

Next, we give an example which turns out to be general.
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ExXAMPLE 5.1. If A € 77'B(T) and C = 77 1B(T) N A, where 7 = 7(¢)
with ¢ : D © inner with ¢(0) = 0, then (A,C) is an analytic pair.
Proof. We have
HE(A,77'B) := {f € H? : f|a is 7~ ' B-measurable}
={f € H§ : 3g € Hf, fla=goTla}
= H?or by [Rud74, Thm. 17.18].

To continue, note that because mo 7! =m,

Ep, BO(f) =7(f)or.
Since 7 : H3 O,
P := IE:,;IB(T) =7(f)orT: Hg — HgOT

is an orthogonal projection.
Let A =7"'B. Then

Ef, () =B B(s o)l = (1570) o 7)a = (Pf)]a. =
THEOREM 5.2. If (A,C) is an analytic pair, then either C = {0, A},
or there exists ¢ : D © inner with ¢(0) = 0 such that A € 771B and
C=ANT7'B, where T = 7(¢).

The cases with C' = T are established in [Ale86] @
Proof. We divide the proof into several claims.
CrLaM 1. P(gf) = gP(f) for all f € H$® and g € HZ(A,C).
Proof. We have
P(gf)la = E5, ,(fg) = glaEG, () = (9P(£))]4.
and by [Rud74, Thm. 17.18|, P(g9f) = gP(f) a.s. on T.
CLAIM 2. For every f € L*(A,C,ma) there are g,h € HZ(A,C) and
~v € C such that B
f=(g+h+7)a
Proof. There are G, H € H and « € C such that
f=G+H+~.
Next, g = PG, h = PH € H3(A,C) and a.s. on A,
(9+h+7)=(PG+PH+7)=E;, (f) = /.
Cramm 3. Let A € B(T) and let C,C" C B(A) be such that both (A,C)
and (A,C") are analytic pairs. Then

C<C <= H}AC) C H(AC).
Proof. = follows from the definition and <« follows from Claim 2.

(") See also [Sak07, Thm. 5.6].
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CLAIM 4. L :=span{fg: f € H3(A,C), g€ HF(AC)} € HZ(A,C).
Proof. Let
d:=min{k>0:x%gec H> Vg € HZ(A,C)}.

Then d € N.
By Claim 2, there exists nonconstant G € H§°(A,C) with x~'G € H?.
Thus x4 "'g € H? for all g € L, whence H2(A,C) \ L # 0.
CLAIM 5. Every ¢ € HE(A,C)NL* with ||¢||2 = 1 is inner with ¢(0) = 0.
Proof. For n > 1, P(¢x"™) clam! ¢P(x™) € L, whence ¢ L ¢P(x")
(. ¢ € LY). Thus for n > 1,
(I91?)(n) = (. dx" = (¢, P(¢x")) = (&, #P(x")) =0,

——

whence also (|¢2)(—n) = (|6[2)(n) = 0 and
162 = (62)(0) = |63 = 1. w
Fix ¢ € H3(A,C) N L* (inner with ¢(0) = 0).
CLAIM 6. HZ(A,C) = HE o1 = H3(T,771B), where 7 = 7(¢).

Proof. Since ¢ € HE°(A,C), we have (i) ANT1B(T) C C and (ii) ¢" €
HS°(A,C) for all n > 1. It follows that every F' € HZor is in H3(A,C) having
the form Foyx = 3, ~; an¢™ with (a1 k > 1) € 2. Thus HZ(A,C) D H@or.

To show equality we will prove that

M = HZ2(A,C)N (HZ o 1)t = {0}.
To this end, we show first that

(39) oM C M.

Indeed, let g € M; then g L ¢/ for all j > 1 and

(40) (6g,67) =0 Vj=>0.
For k > 1,

(@9, x7*) = (gx*, ) © (P(9x"), 6) = (gP(x*), ¢) = 0.
Thus ¢g € H3(A,C).
Each H € H§(A,77!B) is of the form H = h o1 with h € H§. By (40),
og L Zﬁ(k‘)qﬁk =hor=H

k>0

and ¢g € M, proving .
To see that M = {0}, suppose otherwise: let g € M, g # 0; then by

(used repeatedly) &’ g € M for all j > 1, which is impossible unless g = 0. u
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Cramv 7. A € 7 1B(T).
Proof. By Claim 6, H2(A,C) = H3 o7 and Pf = 7(f) o7 and

Er, (f) = P(Laf)la

for all f € HZ and hence f € L?.
In particular, (7(14) o7)|4 = 1 and we claim that 7(14) o 7 = 14.
To see this, note that

where J

Now,

T(lg)oT =14+ J,

:=7(la)oT-14e >0.

m(A) =Em(T(1a) 0 7) = m(A) + En(J),

whence E,,,(J) =0, J =0 a.s., 7(1a)or =14 and A € 77'B(T). =
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