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Quantum automorphism groups of
direct sums of Cuntz algebras

by

UjjaL KARMAKAR and ARNAB MANDAL

Abstract. We explore the quantum symmetry of the direct sum of a finite family
{On, }i21 of Cuntz algebras, viewing them as graph C*-algebras associated to the graphs
{Ln,}i~1 (where L, denotes the graph containing n loops based at a single vertex), in
the category introduced by Joardar and Mandal (2018). We show that the quantum auto-
morphism group of the direct sum of non-isomorphic Cuntz algebras is Uﬁrl R U,fm for
distinct n;’s, i.e.

m
Li ~ Wl ~ g7t +
(L B 2 B QF (L) 2 U+ x UL
=1

where QY (I") denotes the quantum automorphism group of the graph C*-algebra asso-
ciated to I'. Also, the quantum automorphism group of the direct sum of m copies of
isomorphic Cuntz algebra O, is U,7 1. S;5;, i.e.
E“‘( L] Ln) ~ QML) w S = U . S
i=1

Furthermore, we provide counterexamples to demonstrate that the isomorphisms above
cannot be generalized to arbitrary graph C*-algebras, whereas analogous relations do
extend to quantum automorphism groups of graphs in the sense of Banica and Bichon.

1. Introduction. The Cuntz algebra, introduced by Joachim Cuntz in
1977 [CuT7], is an interesting example of a C*-algebra that can be described
as a universal C*-algebra in terms of generators and algebraic relations.
Formally, the Cuntz algebra with n generators (denoted by O,,) is the uni-
versal C*-algebra with generators si,...,s, and relations s}s; = 1 for all
i€ {l,...,n} (ie. all s;’s are isometries) and ) ;" | s;s7 = 1. By construc-
tion, O, is commutative if and only if n = 1, and O is isomorphic to C(S!).
Moreover, O,, and O,,, are isomorphic iff m = n. Interestingly, the Cuntz
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algebras can be viewed as graph C*-algebras. A graph C*-algebra (denoted
by C*(I')) is a universal C*-algebra generated by some orthogonal projec-
tions and partial isometries coming from a given directed graph I'. Though
not every C*-algebra can be thought of as a graph C*-algebra (for instance
C(S! x S') cannot), many important examples of C*-algebras, including
matrix algebras, Cuntz algebras, Toeplitz algebra etc. can be recognized as
graph C*-algebras. In particular, O,, can be realized as a graph C*-algebra
with respect to the graph containing n distinct loops based at a single ver-
tex. Moreover, a graph C*-algebra is a Cuntz—Krieger algebra (introduced in
[CKR0(]) if the underlying finite graph contains no sink [KP*97|. The impor-
tance of graph C*-algebras lies in the fact that some graph-theoretic proper-
ties of the underlying graph I" can be recovered from the operator-algebraic
properties of C*(I") and vice versa (see [KPR98|, [To06l [Ral] for more details).

On the other hand, compact quantum groups (for short, CQG) appeared
in mathematics in the 20th century, almost a hundred years after the ap-
pearance of the group. Using an analytic construction, S. L. Woronowicz
constructed a few initial examples of CQGs in [Wo87]|. In non-commutative
geometry, mathematicians were always highly determined to capture an ap-
propriate notion of symmetry for non-commutative spaces. The aim was
to generalize the concept of classical group symmetry to develop a ‘non-
commutative version of symmetry’ [Co94]. In 1998, Shuzhou Wang defined
a quantum automorphism group for a finite space X,, (containing n points)
as the ‘universal object’ in a category of compact quantum groups acting
on the unital C*-algebra C(X,). He showed that the quantum automor-
phism group of X, is larger than the classical automorphism group of X,
for n > 3 and its associated C*-algebra is infinite-dimensional and non-
commutative. Moreover, he classified the quantum automorphism groups for
any finite-dimensional C*-algebras (see [Wa98|). In 2003, J. Bichon [Bi03]
introduced the quantum symmetry structure for a finite graph I'; we de-
note the corresponding quantum automorphism group of I by QAutg;.(I).
Later, quantum symmetry for a finite graph I' was also extended by T.
Banica [Ba05] and the quantum automorphism group of I" in the sense of
Banica is denoted by QAutg,, (I"). The notion of quantum isometry group
(in an infinite-dimensional set-up) was defined by Goswami |[Go09]. A few
years later, adopting the key ideas from their works, T. Banica and A. Skalski
proposed the notion of orthogonal filtration on a C*-algebra, equipped with a
faithful state, and its quantum symmetry [BS13]. Since the graph C*-algebra
associated to a finite, directed graph may indeed be infinite-dimensional, in
2017, an interesting study about the quantum symmetry of a graph C*-
algebra C*(I") was presented by S. Schmidt and M. Weber [SW17|. Inspired
by their work, in 2018-2021, S. Joardar and A. Mandal studied the quan-
tum symmetry of a graph C*-algebra C*(I") for a finite graph I" without
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isolated vertices, in a categorical framework considering two different cat-
egories, €MN(I") and ¢l (I), introduced in [JMI8| and [JM2I] respec-
tively. The quantum symmetry group QAutgy (1) of the graph C*-algebra
coincides with the quantum automorphism group (of the underlying graph)
QAutp,, (I'); QY"(I) is strictly larger than QAutp,,(I"). Moreover, for a
finite graph I" without a sink, one can also consider the category Qﬁ%{ﬁs (I)
and under certain conditions, the category €X(I") coincides with €l (I7)
(see [IM21]).

Now, if we take n graphs {I3}? ; and consider their disjoint union
LI I3, then it is natural to ask about the relation between the quantum
symmetry of the graph | |, I3 and the individual quantum symmetries of
the graphs I; in the sense of Banica or Bichon: is there any relation between
the groups QAutBan(I_l?:l Fl) [QAUtBic(l_l?:l D)] and {QAUtBan(n)}?zl
{QAutg;.(I7) -7 It is well known that if I’s are connected and mutually
‘quantum non-isomorphic’, then

QAut,, (|| 17) = ¥ QAuty,, (1)

=k
=1

(we refer to [LMR20), [Sc20, DK ™26, [Me] for details). Moreover, if all I}}’s are
connected and isomorphic to each other, then

n

QAUtBan< |_| E) = QAutBan(Fl) Uk S: ([BBO7])7

i=1
QAutBic< |_| Fz) = QAutg; (1) S, (Bi0d)).
i=1

Similar questions also arise in a graph C*-algebraic context, i.e. what is
the relation between QL™ (||, I}) and {QM"(I3)}?_,? Do analogous results
hold for the quantum symmetries of graph C*-algebras? More precisely, are
the following true: (i) QU™ (| I, [3) =& QU™ (1) - - * QY™ (I3,) if I}’s are
mutually non-isomorphic graphs? (i) QU™ (||, [3) = QYn(I1) v S;F if all
I';’s are isomorphic? However, the answers are negative in both scenarios. We
have found non-isomorphic (even ‘quantum non-isomorphic’) graphs, specif-
ically P; and Sos (see Figure 4| in Section for details), for which relation
(i) does not hold in general. Interestingly, (ii) does not hold either when
considering two disjoint copies of P; (see Figure @ But we have also found
a class of graph C*-algebras, namely Cuntz algebras O,, (whose underlying
graph is L,,), for which both (i) and (ii) hold in the sense that

m
QN (L] En) = 2 QUML) = U 5 U
=1

1=
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if L,,’s are mutually non-isomorphic graphs (i.e. n;’s are distinct), and
m
QU (L L) = Q4" (L) 2 S = U 0 S5
i=1

Now, we briefly discuss the organization of this article: In Section 2, some
prerequisites are recalled about directed graphs, graph C*-algebras, compact
quantum groups and their action on a C*-algebra, orthogonal filtrations,
quantum automorphism groups etc. Moreover, we recall the quantum sym-
metry of a graph C*-algebra in the category introduced in [JMI18] [JM21].
We consider three categories on the direct sum of Cuntz algebras: (i) the
category €M from [JMIS], (ii) a modified category of KMS states on the
direct sum of Cuntz algebras, and (iii) the orthogonal filtration preserving
category. In Section 3, we describe the quantum automorphism group of
the direct sum of non-isomorphic Cuntz algebras in the above categories.
Additionally, we provide a counterexample to demonstrate that an analo-
gous relation does not hold in general. In Section 4, we explore the quantum
automorphism group of isomorphic Cuntz algebras and provide a counterex-
ample to illustrate that the same formula cannot be extended to all graph
C*-algebras.

2. Preliminaries

2.1. Notations and conventions. For a set X, |X| will denote the
cardinality of X and idx will denote the identity function on X. The n-set
{1,...,n} will be denoted by [n], and I,,x, is the identity matrix on M, (C).
For a C*-algebra B, B* is the set of all bounded linear functionals on B. For
a set X, span X will denote the linear space spanned by the elements of X.
The tensor product ‘®’ is the spatial or minimal tensor product between two
C*-algebras.

For us, all the C*-algebras are unital.

2.2. The Cuntz algebra. The Cuntz algebra O,, was introduced by
Cuntz [Cu77| in 1977. An element s in a C*-algebra is an isometry if s*s = 1.

DEFINITION 2.1. The Cuntz algebra O,, (with n generators) is the univer-
sal C*-algebra generated by isometries s1,...,s, such that ) ;" ; s;s7 = 1,
i.e.

0, = C*{sl,...,sn

n
s;si =1VYi € [n], Zsisf = 1}.
i=1

Clearly, Oy is C*-isomorphic to C(S'). Moreover, since Ko(Op,) = Zn_1
for all n € N, O,, and Oy, are isomorphic iff m = n [Cu81].

An important fact is that one can also view the Cuntz algebra O, as
a graph C*-algebra. Next, we introduce the graph C*-algebra for a finite,
directed graph.
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A directed graph I' = {V(I"), E(I"), s, r} consists of countable sets V (I’
of vertices and E(I") of edges together with the maps s,r : E(I") — V(I
describing the source and range of the edges. We say that avertex v € V(I
is adjacent to w € V(I") (denoted by v — w) if there exists an edge e € E(I
such that v = s(e) and w = r(e). A graph is said to be finite if both |V (I")
and |E(I")| are finite. A directed graph without isolated vertices means that
for every vertex v € V(I'), s71(v) or r~!(v) is non-empty. A directed path
a of length n in a directed graph I is a sequence o = ej ... e, of edges in
I' such that r(e;) = s(e;y1) for 1 <i < n — 1. We define s(a) := s(e1) and
r(a) := r(e,). Let E<*°(I") denote the set of all finite length paths on I
A loop is a graph with a vertex v and an edge e such that s(e) = r(e) = v.
Let I' = {V(I"),E(I"),s,r} be a finite, directed graph with |V(I")] = n.
The adjacency matriz of I' with respect to the ordering (v1,...,v,) of its
vertices is a matrix A(I") = (a;;)7;—; with

n(vi,v;) if v; = vj,
a;j = .
/ 0 otherwise,

where n(v;, v;) denotes the number of edges joining v; to v;.

In this article, we will consider graph C*-algebras only for finite, directed
graphs. For more details about the theory of graph C*-algebras, consult
IBHT02, BPT00, [KPT97, [KPR9IS| [PRO6| Ral, [MS].

DEFINITION 2.2. Given a finite, directed graph I, the graph C*-algebra
C*(I') is a universal C*-algebra generated by orthogonal projections {p, :
v e V(I')} and partial isometries {S, : e € E(I")} such that

(1) SESe = pp(e) for all e € E(I),
(i) po =D (1 5(f)=uy SpSF forall v e V(I ) if s71(v) # 0.

EXAMPLES. ( ) The Cuntz algebra O,, can be thought of as the graph
C*-algebra with respect to L,, (Figure , a graph containing n loops based
at a single vertex, i.e. C*(L,) is C*-isomorphic to O,.

Enn

Fig. 1. L,

(2) For a directed path P, (Figure[2) of length n containing n+1 vertices,
the graph C*-algebra C*(P,) is isomorphic to the C*-algebra M, 1(C).
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Fig. 2. P,

For any graph C*-algebra C*(I"), we have the following results.

PROPOSITION 2.3. Let I' ={V(I"),E(I"), s,r} be a finite, directed graph.
For a pathy =ey...e, € E<®(I'), define Sy := Se, ... S, whereei, ... e,
€ E(I).

(i) S3S, =0 for all v, € E<(I") with v # p. In particular, S;Sy =0
for all distinct e, f € E(I').

(i) > pev(ry o =1.

(ili) SeSp#0<r(e)=s(f), i.e. ef is a path of length 2. Moreover, Se, ... Se,
#£0&r(e;)=s(eiy1) fori=1,....k =1, i.e. S;#0 for all ye E<>°(I").

(iv) SyS) # 0 < r(y) = r(p) for all v,p € E<(I"). In particular, for all
e,f€E,SS;#0=r(e)=r(f)

(V) ps(e)Se = Sepr(e) =S, fore e E(F)

(vi) span {S,S) : v, € E<(I") with r(y) = ()} is dense in C*(I).

2.3. Direct sum of (C*-algebras. The direct sum of C*-algebras
Ay, ..., A, is the C*-algebra whose underlying set is A1 & --- ® A, =
{(a1,...,a,) : a; € A; for all i € [n]} together with coordinatewise oper-
ations and the unique C*-norm is given by ||(a1,...,a,)|| = max {||a;| : i €
(n]}.

If all A;’s are unital with units 14, respectively, then (14,,...,14,) is
the unit of A1 S A2 d--- D A,.

2.3.1. A state on direct sum of C*-algebras. Since every C*-algebra al-
ways admits a state, we can naturally define a state on the direct sum. Let ¢;
be a state on a C*-algebra A; for all i € [n]. We can naturally define a state

@D pion Ay BB A, by D dilar, ..., an) = 2[d1(a1) +- -+ dn(an)].
2.3.2. Direct sum of graph C*-algebras. Let {I;}!", be disjoint graphs.

Then . .
c*(|_| r) ~ P o).
=1

=1
In particular, C*(| ", Ly,) = @i~ , On, and C* (L, Pn,) = @ My, 41.

2.3.3. KMS state on a graph C*-algebra at a critical inverse temperature.
For a finite directed graph I" without sinks and isolated vertices, the spectral
radius of the adjacency matrix of I' is denoted by p(A(I")). Let P be a
probability measure on V(I'). Let Fo = C1 and F; = span{S,S}, : |y| =
|| =i} for i > 1; these are finite-dimensional algebras such that F; C Fjy;.
For the proof of the following proposition, see [HLR13l Proposition 4.1| and
[JM21] Proposition 2.21].
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PROPOSITION 2.4. For a directed graph I' = {V ("), E(I'), s,r}, the fol-
lowing hold:

(1) There exists a KMSy, pa(ry) state on C*(I") such that

i AD)hlp, if v = u,

KMSmmAw»G%SJ=={g(( ) ™ i;ﬁwia
iff A(DYP = p(A(T))P,

(2) The graph C*-algebra C*(I") has a state KMSy, ,a(ryy which is faithful
on each Fy, iff p(A(I")) is an eigenvalue of A(I') corresponding to an
eigenvector (P1,..., Py (ry) with P; > 0 for all i € [|[V(I')]]. If the
eigenvector (P, ..., Ply(r)|) is normalized with Zie[\V(F)\] P; =1, then

p(AD)) Py ify =,

KMS;, S,S8%) = 7

inp(A(r) (5 “) {0 otherwise.
COROLLARY 2.5. For the Cuntz algebras {On,}",, the direct sum

D21 On, (= C* (UL, Ln,)) has a KMSiymax{n,ym ) state. Moreover, if all

ni’s are equal, then C*(| 2| Ly,) has a KMSy,(,,,) state which is faithful on

each Fi such that

ny— 1 Zf .
* m /7 - 9
KMSln(nl)(SWS,u) = { a

0 otherwise,

and

KMSy p(a gz, £o,)) = D KMSin pacr,,))-
=1

Proof. The existence of a KMSln(max{ni};';l) state follows directly from
Proposition [2.4(1).
If all n;’s are equal, then %(17 ...,1) is an eigenvector corresponding

to the eigenvalue ny. Hence, the faithfulness of the state KMSy,(,,) clearly
follows from Proposition [2.4]2).

Lastly, we need to show that KMS,, p(AU™, Ln,)) = @, KMS,, p(A(Ln,))-
Observe that {7 : v is a path on | |[*| Ly, } = ||/~ {v : 7 is a path on Ly, }.
Using the fact that S,5, = S15, = 5,5, = 0 for all v € Ly,,u € Ly,
with ¢ # j (by Proposition , one can show that span{S,S; : v, €
E<(L[" Ln,)} = D", S0 {5, : 7. 1 € E<(Ly,)}. Hence, by Propo-
sition Vi), the states KMSy, paq | Ln,)) and ;" KMSlnp(A(Lni)) have
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the same domain set. Moreover, for v, u € Ly,

(AL Ln =,
if v=pu,
KMSu pa, ) { S

otherwise,
=l
L iy =g,
0 otherwise,

= P KMS1 pa(L,,)) (5455 =

=1

[an}

~.

2.4. Compact quantum groups and quantum automorphism
groups. In this subsection, we recall some facts related to compact quan-
tum groups and their actions on a given C*-algebra. We refer the readers to
[MV98|, Wa98|, Wo87, [Ti08] INTT13| [Fr23] for more details.

DEFINITION 2.6. A compact quantum group (CQG) is a pair (Q,A),
where Q is a unital C*-algebra and A : Q@ — O ® Q is a unital C*-
homomorphism such that

(i) (idg® A)A = (A®idg)A,
(ii) span{A(Q)(1 ® Q)} and span {A(Q)(Q ® 1)} are dense in (Q ® Q).

Given two compact quantum groups, (Q1,4A;) and (Qa,Az2), a compact
quantum group morphism (CQG morphism) between Q; and Qj is a C*-
homomorphism ¢ : Q; — Qs such that (¢ ® ¢)A; = Azé.

For any CQG Q, there exists a canonical dense Hopf *-algebra Qg C Q
in which one can define an antipode x and a counit e.

In this article, we are interested in a special class of CQG called compact
matrix quantum groups.

DEFINITION 2.7. Let A be a unital C*-algebra and ¢ = (¢;j)nxn be a
matrix with entries from A. Then (A4, q) is called a compact matriz quantum
group (CMQG) if there exists a x-subalgebra A’ generated by the entries of
q such that

(i) A’ dense in A,
(ii) there exists a C*-homomorphism A : A — A ® A such that A(g;;) =
> k=1 Gik @ qij for all 4, j € [n],
(iii) There exists a linear anti-multiplicative map  : A — A’ such that
k(k(a*))* = a for all a € A’, and g, := (K(¢ij))nxn is the inverse of g.

The following definition is equivalent to Definition (see [Wo91] for

more details).

DEFINITION 2.8. Let A be a unital C*-algebra and ¢ = (¢ij)nxn be a
matrix with entries from A. Then (A4, q) is called a compact matriz quantum

group (CMQG) if
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(i) A is generated by the entries of ¢,
(ii) both g and ¢' := (gji)nxn are invertible in M, (A),
(iii) there exists a C*-homomorphism A : A — A ® A such that A(g;;) =
Y oheq Gk © qij for all 4, j € [n].
The matrix ¢ is called the fundamental representation of the CMQG (A4, q).

DEFINITION 2.9. Let (4, ¢) and (A4’,¢’) be two CMQGs, where A and A’
are unital C*-algebras with fundamental representations ¢ = (¢;j)nxn and

¢ = (q;j)nm respectively.

(1) (A,q) and (A’,¢) are said to be identical (denoted (A, q) ~ (A4',¢")) if
there exists a C*-isomorphism ¢ : A — A’ such that ¢(q;;) = qj;-

(2) (A, q') is said to be a quantum subgroup of (A,q) (denoted A’ C A)
if there exists a surjective C*-homomorphism ¢ : A — A’ such that
o(aij) = 4i;-

Next, we present some examples of CMQGs which will appear in this
article.

EXAMPLES. (1) For n € N, C(S;) is the universal C*-algebra generated
by {uij}i jen) such that

(i) u?j = u;; = uj; for all 4,5 € [n],
(i) Yop_quik =Y p_quk; =1 forallé,je [n].
Define a coproduct A : C(S;7) — C(S;7)®C(S;)) on generators by A(u;;) =
> b wik ®ugj. Then (S;F, A) [respectively, (S;7,u)] is called a CQG [respec-
tively, CMQG]| whose underlying C*-algebra is C(S,") (see [Wa98, BBCO7]
for more details).

(2) Let F € GL,(C) and let Ay:(F') be the universal C*-algebra gen-
erated by {gi; : i,j € [n]} such that the matrix U = (gi;)nxn satisfies the
following conditions:

o (UHYUYHY = (UH*(UY) = Lyxn, i-e. Ut is unitary.
o UF'U*F = F7YU*FU = I,,«,,.

Again, the coproduct on the generators {g;; : i,j € [n]} is given by A(g;;) =
> k1 %k ® qij. It can be shown that (Ay:(F),A) is a CQG (as well as a
CMQG with respect to the fundamental representation U).

If F = I,xn, then we write U, for Ay (F), ie. (U, A):=(Agt(Inxn), Q)
(consult [MV9S§]| for details).

(3) C(HT) is defined to be the universal C*-algebra generated by {u;; :
i,7 € [n]} such that

® u = (Ujj)nxn and (u;‘j)nxn are unitary matrices,
e u;;’s are normal partial isometries for all 4, j.
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The coproduct A on generators is again given by A(uij) = Y 54 Uik ® ug;.
Then (C(H°T), A) forms a CQG. Moreover, the CMQG (C(H"), u) forms
a unitary easy quantum group with respect to the category of partition

6= (E5E)

(see [TW1T] for the details on the unitary easy quantum group). We denote
this CQG (or CMQG) by H°T.

(4) Consider the universal C*-algebra generated by {w;; : i, j € [n]} such
that

(i) (wij)nxn and (u’{j)nxn are unitary matrices,
(ii) wy;’s are partial isometries for all 4, j,

and denote it by C(SHS"). Observe that condition (ii) can be replaced by
“uiguly, = ujpusr = 0 for all 4, j, k € [n] with ¢ # j”. Similarly, the coproduct
A on generators is given by A(uj) = > p_; Uik ® ugj. Thus, the CMQG
(C(SHS'),u) constitutes a unitary easy quantum group with respect to

the category of partition Cy = {ﬁ, ﬁ} (see [TWI1T, Section 4| for details).
We denote this CQG (or CMQG) by SH°T.

(5) Let n € N and let (Q, Ag) be a CQG. The free wreath product of Q
by the quantum permutation group S, denoted by Q U S;F, is the quotient
of the algebra @ * - - - * Q xS, by the ideals of the form (ix(a)tg; — trir(a))

n times
for k,1 € [n], a € Q, where iy : Q — Q*---xQ xS, is the natural inclusion.
Define the coproduct A : Q4 S;F — (Q % S;F) @ (Q 1 S;T) by

Alig(a)) =Y _ir @ i(Ag(a))(ty ®1) and  A(tp) =Y tre @ty
=1 r=1

Moreover, the counit satisfies €(tx;) = 0y and €(ix(a)) = eg(a), where €g is
the counit of (Q, Ag) (see [Wa95) Bi04]).

Next, we will discuss the CQG action and the quantum symmetry of

a (C*-algebra from the categorical viewpoint. The readers are referred to
[Wa98|, Bi03]| for the following definitions and discussions.

DEFINITION 2.10. A CQG (Q, 4) is said to be acting faithfully on a
unital C*-algebra C if there exists a unital C*-homomorphism « : C - C® Q
such that:

(i) (action equation) (o ®idg)a = (id¢ ® A)q,
(ii) (Podles condition) span{a(C)(1® Q)} is dense in C ® Q,
(iii) (faithfulness) the x-algebra generated by the set {(#®id)a(C) : 0 € C*}
is norm-dense in Q.

((Q, A),«) is also called a quantum transformation group of C.
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Given a unital C*-algebra C, the category € of quantum transformation
groups of C is a category having quantum transformation groups of C as
objects, and a morphism from ((Q1,A1),a1) to ((Q2,42),a2) is a CQG
morphism ¢ : (Q1, A1) — (Q2, A2) such that (ide ® ¢)a; = ag.

The unwersal object of € is a quantum transformation group of C, denoted
by ((Q, A),a), satisfying the following universal property: For any object
((D, Ap), 8) of C, there is a surjective CQG morphism ¢ : (O, A) — (D, Ap)
such that (ide ® ¢)a = 4.

DEFINITION 2.11. Given a unital C*-algebra C, the quantum automor-
phism group of C is the underlying CQG of the universal object of the cate-
gory C of quantum transformation groups of C if the universal object exists.

REMARK 2.12. In C, the universal object might fail to exist in general.
One can remedy this by restricting the category to a subcategory so that
a universal object would exist. Take a linear functional 7 : C — C. Define
a subcategory €. whose objects are those quantum transformation groups
of C, ((Q,A4),«), for which (1 ® id)a(:) = 7(-)1 on a suitable subspace of C
and morphisms are as above.

ExXAMPLES. (1) For the n-point space X, the universal object in the
category of quantum transformation groups of C(X,,) exists and is isomor-
phic to the quantum permutation group S;" (see [Wa98, BBC07] for more
details).

(2) For the C*-algebra M, (C), the universal object in the category of
quantum transformation groups of M, (C) (for n > 2) does not exist. But if
we fix a linear functional 7" on M,,(C) which is defined by 7/(A4) = Tr(A) and
assume that any object of the category also preserves 7/, i.e. (7' ® id)a(-) =
7/(-)1 on M,,(C), then the universal object exists in €,/ (see [Wa98| for more
details).

2.5. Quantum symmetry in an orthogonal filtration preserving
way. In this subsection, we recall the quantum symmetry of a C*-algebra
equipped with an orthogonal filtration with respect to a given state ¢ on
that C*-algebra, introduced by Banica and Skalski [BS13].

DEFINITION 2.13. Let C be a unital C*-algebra together with a faithful
state ¢ and a family {F;};cz of finite-dimensional subspaces of C (where
7 is the index set containing a distinguished element 0). The collection
({Fi}iez, ) defines an orthogonal filtration on C if

(1) Fy = (C]-Cv
(2) if a € F; and b € F} for ¢, € T with i # j, then ¢(a*b) =0,
(3) span(|J;c7 Fi) is dense in C.
EXAMPLES. (1) Any unital separable AF algebra admits an orthogonal
filtration.
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(2) In |[JM21], Section 5|, the authors provide an orthogonal filtration for
the Cuntz algebra O,, (viewing it as a graph C*-algebra with respect to the
graph L,). We will similarly define an orthogonal filtration on the direct
sum ;" Oy, (whose underlying graph is | | Ly,). Set Fp = C1 and
Fi =span{S,S;, : |y| = |u| = i} for i > 1. Note that F; C F;41. Consider
the KMS state KMSy;,(,,) on C*(Ly,) and ;2 KMS, ¢,y on C*(LIiZ, La,)-
Now, define finite-dimensional vector subspaces Wy = Fy = C1 and W; =
Fi © Fi_1, the orthogonal complement of F; 1 in F; for ¢ > 1. Moreover, we
define the finite-dimensional subspaces

Mgz) := span{Syx : [u| =1, x € Wy},
/\/l,(fl) := span{yS; : [v| =1, y € Wi}
for (k,1) € Ng x N.

Now, the collection ({WZ,MI(;C),,M%) 11 € Ny, (p,q) € Ng x N, (r,s) €
No x N}, @i~ KMSj,(5,,)) is an orthogonal filtration on @;"; Op,.

For the proof, we mention a key fact: if we take any two paths v and p
from Ly and L; respectively (for k # [), then S, S, =535,=S,5;=0 (by
Proposition . Now, the arguments can be adopted from [JM21, Theo-
rem 5.3|. Though Lemma 5.1 of [JM21] does not hold for )", O, with
respect to the state ;" KMSy, (), it is true for each individual Oy, with
the state KMSy,(,,,). Hence, the fact mentioned above ensures that a similar
proof works.

DEFINITION 2.14. For an orthogonal filtration § = ({F;}icz,¢) on a
unital C*-algebra C, we say that a CQG (Q, A) acts on C by « in a filtration
preserving way if

a(F;)) e F;Q foralliel.

DEFINITION 2.15. We define a category €z(C) whose objects are
((Q, A),«) such that (Q, A) acts on C in an orthogonal filtration preserving
way in the sense of Definition and a morphism from ((Q, A1), 1) to
((Q2, A2), a2) is a CQG morphism @ : Q1 — Q9 such that (ide ® @) = as.

For the proof of the theorem below, consult [BS13, Theorem 2.7].

THEOREM 2.16. For an orthogonal filtration § = ({F; }iez, @) on a unital
C*-algebra C, there exists a universal object in the category €z(C).

We denote by Qz(C) the underlying CQG of the universal object in €5(C).

2.6. Quantum symmetry of a graph C*-algebra. Let I' = {V(I"),
E(I'),s,r} be a finite directed graph without isolated vertices. To define a
CQG action on C*(I'), it is enough to define an action on the partial isome-
tries corresponding to the edges of I'. To describe the quantum symmetries
of a graph C*-algebra, we restrict ourselves to finite directed graphs without
1solated vertices and we simply call them graphs.
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2.6.1. Quantum symmetry of a graph C*-algebra in the category ¢Ln
introduced in [JMIS]

DEFINITION 2.17 (JJMI8| Definition 3.4]). Given a graph I', a faithful
action « of a CQG Q on a C*-algebra C*(I") is said to be linear if a(S,) =
ZfeE(F) St @ qfe, where gy € Q for all e, f € E(I).

Set

V ={ue V(') : uis not a source of any edge of I'},
E={(e,f) € E(I') x E(I') : S.S} # 0}

={(e,f) € E(I') x E(I') : r(e) = r()}-
In [JMI8, Lemma 3.2|, it was shown that {py, SeS}:u €V, (e, f) € £} is a
linearly independent set.

Now, define V5 4 = span {pu,SeS;i cu €V, (e, f) € £} and a linear
functional 7 : Vo 4 — C by 7(SeS}) = def, T(pu) = 1 for all (e, f) € € and
u €V (see [JMI8| Section 3.1]).

Since a(Vo 1) € Vo ® Q by [JMI18, Lemma 3.6, the equation (7 ®
id)a(-) = 7(-)1 on V5 4 makes sense.

DEFINITION 2.18 ([JMI18| Definition 3.7]). For a graph I', define a cate-
gory €L whose objects are ((Q, A), @), quantum transformation groups of
C*(I') such that (7®id)a(-) = 7(-)1 on Vo 4. A morphism from ((Q1, A1), 1)
to ((Qz, A2), a2) is a CQG morphism @ : Q; — Qo such that (idC*(F) ® o)
= (3.

FT'is an |E(I')| x |E(I')| matrix such that (FT).; = 7(S2S¢). It can
be shown that F!" is an invertible diagonal matrix. Therefore, Ay« (F!') is a
CQG. We refer to [JMI18] Proposition 3.8 and Theorem 3.9] for the proof of
the following theorem.

THEOREM 2.19. For a graph I,

(1) there is a surjective C*-homomorphism from At (FT) to any object in
the category ¢Lin,
(2) eLin admits a universal object.

We denote the underlying CQG and the respective action of the universal
object by Q%ln (I") and « respectively, with respect to the category @I;m. Note
from [JMI8, proof of Theorem 3.9] that Q1" (I") is essentially a CMQG with
the fundamental representation q¢ = (gef)|g(r)|x|E(r) Such that a(Se) =
> rer(r) St ® dfe-

2.6.2. Quantum symmetry of a graph C*-algebra in the KMS state cate-
gory introduced in [JM2]]

DEFINITION 2.20 ([JM21], Definition 3.1]). For a graph I" without a sink,
¢lin . is a category whose objects are ((Q, A), @), where (Q, A) is a CQG
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and « is a linear action on C*(I") which preserves the state KMSy, ,(a(r)),

ie.
Z Sf & qfe
feEE(

and on C*(I'),

(KMSy, pa(ry) @ ides(ry) o a(-) = KMSy, pa(r)) ()1
A morphism from ((Q1, A1), 1) to ((Q2, A2),as2) is a CQG morphism P :
Q1 — Qz such that (idg«(ry ® @)a1 = as.

THEOREM 2.21 ([JM21], Proposition 3.2]). The category €y has a uni-
versal object.

We denote by Qili«(I") the underlying CMQG of the universal object in
s

The next result provides a sufficient condition for the isomorphism be-
tween the categories €& and Q:%illl\l/IS'

THEOREM 2.22 ([JM21) Theorem 3.6]). For a graph I" without a sink, if
all the row sums of A(I") are p(A(I)), then the KMSy, ,a(r)) state exists on
C*(I') such that

(A1)~ if v =
KMSp pa(r)) (S555) = 4 V) .
0 otherwise,

and in this case the categories €¥M and Qﬁ%(il{}ls coincide.

COROLLARY 2.23. For the Cuntz algebras {Oy,}"| where all n;’s are
equal, the categories €U and €U ¢ coincide for @I, O, (2 C* (LU Ln,))-

2.6.3. Quantum symmetry of direct sum of Cuntz algebras in a natural
state preserving category. We will adopt the same idea to define a new state
preserving category only for the direct sum of Cuntz algebras. Since each
C*(Ly,) has a natural KMSy,,(,,,y state, we can define a state ;2 ; KMSyy;,,)

on C* (U1, L,).

DEFINITION 2.24. For @ Op, (= C*(Li~; Ln,)). Q@I%MS is a category
whose objects are ((Q, A), ), where (@, A) is a CQG and « is a linear action
on C*(LiZ; Ln;) which preserves @;%; KMSyy,,,), i.c.

a(Se) = Y Sy @qge,
feB(UiZ, Ln;)

and on C*( " Ly,),

( @ KMSy (n) @ idee (1 ) @ KMS(n,) (
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A morphism from ((Qi, A1), 1) to ((Q2, A2),a2) is a CQG morphism @ :
Ql — Qg such that (ldc*(ugl Lni) X @)al = 9.

LEMMA 2.25. There exists a surjective C*-homomorphism from Ay (FT)
to any object of Rus corresponding to the graph I' = | [/ Ly,.

Proof. For convenience, we denote the state KMSy,(,,,) simply by ¢; and
D2 KMSy,(,y = D, ¢: by ¢. Also, we define E; := E(Ly,) and E :
L™, B = E(L", Ly,). Hence, |E;| =n; and |E| = > n; =: n.

Let ((Q,A),a) be an object of €&}« with a(S.) = Y rer St @ qfe,
where ¢f. € Q for e, f € E. Since o preserves ¢, for each p € [m] and for all
e, f € E,, we have (here and below, “ =" means “therefore”)

(¢ @ides(ry) 0 a(SeST) = #(SeS7)1

— Y O(SySh)agethy = —0i(8eS7) = ey
g,h€E p
— Y LSS et = —6i(S.5}) = ——b.s
i€[m] g,h€E; m m M
1 . 1
— RS _
Z Z mniégththf mnp(sef
i€|m] g,h€E;
1 1
- Z Z ;59hq96q;f:;56f-
i€[m] g,h€E; " p

The last equation implies U!(F/)~1UY = FI™" where U = (Gef)nxn-
Since we are considering a CQG action, the invertibility of U! guarantees
FI'Ut FIUt = 1. Hence, U FIUt = FT
Now, observe that since S¥S, = ZfeEp SfS;Z for all e € E}, and p € [m],
we have .
O(SiSe) =D —ap(SpSp) =D ——=—.
feEp feEP

Again using the fact that o preserves ¢, for all e € E, we get
(¢ ®@ides (1)) 0 a(SgSe) = ¢(SgSe)1

* * 1
— > (SiSk)Gretre =
keE

— > =

i€[m] keE;

- Z Z QZere =1.

i€[m] kEE;

m
1
m
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Thus, U*U = I,,. Since we are considering a CQG action, invertibility of U
again yields UU* = I,,. Then the universal property of Ay (F!') ensures the
statement of the lemma. =

Now, using similar arguments to those in [JM18 Theorem 3.9, one can
easily prove the following theorem.

THEOREM 2.26. The category QiéiﬁMs always admits a universal object.

For the graph L™ Ly, , we denote the underlying CQG of the univer-
sal object of @é‘ﬁMs by QIélﬁMS(U;ll Ly,;). From the proof of the theorem
above, one can notice that the universal object QélﬁMs(U?il L,,) appears
as a CMQG with the fundamental representation U := (gef)nxn (Where
n =y, n;) such that a( ) = ZfeE ™ L) S¢ ® qfe. Hence, as a par-

ticular case of Lemma we have U t*F Iy Ut = FI' or equivalently

(2.1) Z Z NiQegqrg = Npdey forall e, f € E(Ly,) and p € [m].
=1 geE Ln )

We will compute the quantum symmetry of the direct sum of Cuntz
algebras (viewing it as a graph C*-algebra) with respect to the categories
introduced in [JMI18| and [JM21].

3. Direct sum of non-isomorphic Cuntz algebras

THEOREM 3.1. Let {Oy,}", be a finite family of Cuntz algebras where
all n;’s are distinct. Then

Fig. 3. LI, Ln

Proof. Let V(Ly,) = {i} for all i € [m] and E; := E(Ly,) = {€}, ..., €, }
(see Figure 3). Then E := E(| " Ly,) = ||, Ei. Without loss of general-

ity, we may assume that ny > -+ > ng,.
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The linear action o : C*(| "y Ln,) — C* (LU Ln;) @ QU (L2, Ly,) is
given by a(S, ) ZfeE Sr® el For each i # j, it is enough to show that

q, s = 0 for all k € [n;] and all | € [n;] because in this scenario the above
k-l

Z Sf@qfej - Z S ®qejel

feE; keln;)

action reduces to

and the result follows using [JMI8, Proposition 4.12]. Since Q%ig =0 =
k-1
k(g ) =0=q,. =0, it suffices to show ¢, ; = 0 for all k € [n;] and all
k-l Lk k-l
l € [n;] with i < j.
We will show this inductively. Let
S(1) : qi ip=0forall ke [ni] and all f e[ |7, E

Also, for convenience, we define Q. = ¢ Flef-
Now, we will show that S(1) is true. Since Y ;= p; = 1, we have

S%1 S +S Sg—l— +S* Sem =1 Vj; € [ng] and Vi € [m].

jl ]1 J2

Applying the action o on both sides of the above equation, we obtain
(S5 Sa +85 82 44+ 8Sm Sem ) =1®1
Jl ]1 32 72 Im Jm
Vj; € [ni] and Vi € [m]
so that
ZSjS@ ® (Qeejl-l + Qee?2 +oeee Qee;':n) =1®l1

eck
Vj; € [n;] and Vi € [m].

Now, for each i € [m], multiplying both sides by (p; ® 1), we get m equations
of the form

(3.1) > (Qu fel T Qe ot Quon ) = 1.
kE[nJ
For i = 1, we have
Z (Qe}ce}l + Qe}ce?Q +oF Qe}ce;-”m) =1
kE[nl]

for each j; € [ny].
Now taking the sum over j; € [n] for each t € [m], we get

S Y Y [X @ + Qe 4 Q)| = T
=1

Jm€[nm]  j2€[n2] j1€[n1] k€[n]
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and hence

ST ) ¥ @y =1n

i=1 ke[m], ki kelni] ji€fn;]

Dividing both sides by the scalar [[;", n; yields

(3:2) fZ ZQe,lveh*'*Z > Qe+

L kelm] jr€lm] 2 kE[m]hE[m]
E— Z Z Qel mo — 1
k=im
ke[nl} Jme["’hn}

Consequently,
B3 o3[ @yt X Qua ot X Qg

ke [n1] j1€[n1] j2€[n2] JmE[nm]

(_> Y Y gt (ma) X Qg -t
ke[ni] jo€lno] k€n1] jm€[nm]

Since for each k € [nq],

> Qetet + > Qepez +---+ > Qeren =1 (as U' is unitary),
J1€[n1] j2€[n2] JmE[nm]

the above equation can be written as

— Z 1+<ng—n> D 2 Qe+

k’e ke TL1] J2€ TLQ]

(2] T X Qg -t

ke [nl Jme [nm

which further implies

e T

k€[n1] j2€[ns] k€[n1] jm €[rm]
(because } e,y 1 = m1). Since n% - n% > 0 for all i € {2,...,m}, we
conclude that Q1.2 = Qo3 = -+ = Qun = 0 for all £ € [nq] and
k=2 k=33 k€im
Ji € [n;] whenever i € {2,...,m}.

In other words, g.1; = 0 for all k € [n1] and all f € | |, E;. Therefore,
S(1) is true.

Assume that S(i) is true for ¢ = 1,...,1 — 1, i.e. for each such i, we
already have g,; ; = 0 for all k € [n;] and all f € | []X;,, Es. We now need
to show that S(I) is also true.
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Putting ¢ = [ in (3.1]), we get
Z (Qeke;l + Qeiei toeee Tt Qefce;"m) =1

keln]
By induction hypothesis, for each k € [ny], Qez =Q, tez = =Q 1 =0
k=911
for any ji € [n1],...,51—1 € [ny—1]. Therefore, the above equation reduces to
Z (Qekeé'l + Qeie,ljxl 4+ Qeéeyﬁn) =1.
ke[nl]

Taking the sum over j; € [n;] for each i € {l, (I + 1),...,m}, we obtain

DY Z[Z]Qelel+le++l+ Qupern ] Hm

Jm€nm]  Jig1€niga] si€ln] kelm

Consequently,
(34) Z > Qelet +H oY @ ettt
kG["l]Jze[nl] k€[] jiy1€lni41]
1
— Z Z Qel em = ].
nm . k~im
k€[ny] jm€[nm]
Hence
1
(3.5) EZ[Z sz + Z szlﬂl-i- +'Z Qekeﬁn}—i_
kelm] jigln] Ji+1€[n41] Jm€nm]

1 1
<_n> Z Z Q 1+l +-- +<nm_n> Z Z Qeieﬁlzl.

ni+1 k%41 .
+ kelm] jis1€lnisal ke€[n] jm € [nm]

Using the fact that U! = (qef)t is unitary and the induction hypothesis
again, one can easily find that

Z Q z + Z Qekeﬁl +---+ Z Qeke;nm = 1.
Ji€ni] Ji+1€[niy1] Jm€E[nm]
Therefore, one can rewrite (3.5)) as before:

—_— L1 | ——— 1 .m =0.
<nl+1 n >I<:€Z[’f;z]ﬂ+1ez[nz+1] QEkeJHl <nm nl)k%zbmez[nm QEk kS
Hence, for all k € [ny], we get Q, o1 == Qei%"m = 0 for all j; € [n]
withie {{+1,...,m}. Therefore S(l) is also true. m

REMARK 3.2. Though the statement of Theorem is written in the
sense of ‘CGQ isomorphic’, the proof suggests that the result is also true
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in the ‘identical’ sense, i.e. under the hypothesis of Theorem we have
QY (LI L) = %2y Q™ (L) =+ U

REMARK 3.3. It is known that if we take m connected graphs {I;}",
which are ‘quantum non-isomorphic’ to each other, then

m
QAutBan( |_| E) ~ Z} QAutBan(‘Fi)
i=1 =1
with respect to their standard fundamental matrix representation (consult
[ILMR20], [Sc20, DK*26, Me] for details). From Theorem [3.1] for non-isomor-
phic Cuntz algebras {O,,,} we get that

m
() = 5 ot
=1

It is natural to ask: does a similar result hold if we replace {Ly,} by any
non-isomorphic class of graphs? But the answer is negative in graph C*-
algebraic context, even if we take ‘quantum non-isomorphic’ graphs (see
Counterexample [3.4). But for non-isomorphic matrix algebras {M,,} (for
distinct n;’s), we also have an analogous result, i.e.

m
QEn ([ Pa) ~ ¥ QH (7).
=1

The proof is a simple application of [KM24, Lemmas 4.4 and 4.5]; we omit
the details of the proof.

COUNTEREXAMPLE 3.4. In this subsection, we provide two non-isomor-
phic graphs Il and I to show that QU™ (I'y U I3) is not always identical to
QMM (1) * QU™ (I3) in general.

Consider the graph P L.Sos (as shown in Figure , which is the disjoint
union of two non-isomorphic (even ‘quantum non-isomorphic’) graphs P; and
So9, where P; and Sog denote the first and second connected components
of the graph shown in Figure [4]

(] €9 €3

*—H—o ——<—eo—>—»
1 () V3 V4 V5

Fig. 4. Py U Sos

By [KM25|, Proposition 3.4], (QI;i“(PluSOQ), q) ~ SH*" and (QX"(So02), q)
~ SHJT. Thus, it is evident that QI;‘“(Pl U Sog) ~ SH®" is not identical
to O(S1) * SHy*T ~ QU»(P) * QY"(Soz), where all CMQGs are taken

with respect to the standard fundamental representations as introduced in

Sections [2.4] and 2.6l



Direct sum of Cuntz algebras 21

We now remark that in the context of the quantum automorphism group
of a graph (in the sense of Banica)

QAutp,, (P1 U So2) ~ Sy ~ QAutg,,(P1) * QAutg,, (So2),
whereas in the graph C*-algebraic scenario QU™ (Py U Soy) is not identical
to QY™ (Pr) * Q™ (Soz).

Now, we demonstrate that an analogue of Theorem also holds with re-

spect to the ‘KMS state’ and the ‘orthogonal filtration’ preserving categories
for the direct sum of Cuntz algebras.

THEOREM 3.5. Let {Oy, }", be a finite family of Cuntz algebras, where
all n;’s are distinct. Then

m
éslﬁMs(l_lL )= E k= E Qlis(La).

Proof. We will use the same notations and conventions as in the proof
of Theorem First, we will show that if (QER\s(LI, Ln,), ) is the
universal object with the fundamental representation U = (q ‘ j)an of un-

€

derlying CMQG, then ¢, il = =0 for all £ € [n;] and [ € [n;] whenever i # j.

The strategy is similar to that for Theorem |3 - (see the induction statement
S(i) there). We just need to modify a few computational tricks. To show
S(1), just as for the previous theorem, again starting with » ;" p; = 1, we
arrive at (3.2)), i.e.

*Z > Qei}ﬁ*Z > Qe

ke[nl]j1€[n1] k€n1] j2€[n2]

+* > D Qen =1

" ken1] jm€[nm)
This can be rewritten as

2 Z Z leelel —I— Z Z n2Q6162 + -

L kelna) jr€fna) kE[n11J2€[n2]
LSS w0 -1

m ke[nl] ]me[nm]
which implies

(36) Z |: Z le 1 + Z H’QQe}Ce?Q—f—”'_’_ Z ane}ce;nm}—F

1 k€[ni1] j1€[ni] J2€[n2] Jm€[nm]

( )Z S Qe+ +< )Z > Qe =1.

k€lni] j2€[ne] k€[n1] jm€[nm]
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Since

> mQeter + > neletez + o+ > MnQetem =M1

j1€[n] j2€[na] Jm€E[nm]

for each k € [nq] (using (2.1))), equation (3.6) reduces to
1 1
2 2 mt (- n) )3 znz@

! kefm) 2 k€[n1] ja€lne]
1 1
++<TL2_TLQ> Z Z nTRQele = 7
m k€[n1] jm€E[nm]
and consequently

( )Z 2 Qe T *( >Z > mnQeen =0.

kE[nl]JQE[n2] k€[n1] jm€[nm]
Now, # — p > 0 for all i € {2,...,m} ensures that Qe}cez = Qe}ceg
7 1 J2
= Qeem =0forall ke [n1] and j; € [n;] whenever i € {2,...,m}, which
Jm
proves the base case S(1).
Assuming S(7) holds for each i € [l — 1], we now show that S(I) is true.
Just as in the proof of Theorem starting with (3.1)) (by putting ¢ = 1)
and using the induction hypothesis, we get (3.4), which implies

(3 7)

Z [Z le z + Z nl+1Qz l++1 + -+ Z anele ]

l keln] ji€ln] Ji+1€Mn41] Jm E[nm]

+< >Z > mnQuan
”l+1 ki

k€[n] jiv1€[nita]
1
() > Y magy, =
T ke jm€lnm)]

(which is just a modification of (3.5)).
Again using the induction hypothesis, reduces to

Z leelel + Z nl+1Qelel+1 +- Z Mm@t om o =

J1€n] Jir1€Mni41] Jm€[nm]

Therefore, (3.7]) implies
ny 1@ I+1
(nm Z) Y e

keng] jiq1€nip1]

1
++<n$n—nl>z Z anlm—O

ke[nl] Jme[nm]
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Hence, for each k € [ny], we have @, Lt == Qe om = 0 forall j; € [14]
Jl+1 m

with i € {{+1,...,m}. Therefore, S(I) is also true.

Finally, the universal property of 7, Ul ensures that Q2 (LI, Ln,)
is a quantum subgroup of *" Unt_ with respect to the standard fundamental
representation.

Conversely, we will show that the CMQG */; U;Zt, (whose fundamental
representation is ¢ = (gef)nxn, Where ¢ is a unitary matrix and gy = 0
iff e and f based on two distinct vertices) acts linearly, faithfully and in
D2, KMSy,(,,) preserving way on C*(| ;2| Ly, ), where we denote | i Ly,
= {V,E,s,r} with [V| =m and n := |[E| = Y_" | n;. Also, we write Ej :=
{e€ E:s(e) =r(e) = k}. Let us define a linear faithful action a by

(3.8) a(Se) = Z Sf®qey foralleec E; and i€ [m].
fEE;

We have to show that « preserves the state ;" KMSj,(n,)-

Let ~y, pu be finite paths in | |[*| L,,. Hence, ~, u are paths in Ly, and Ly,
respectively, for some k,1 € [m].

If k # [, then S, S = 0. Therefore, (P;~ ) KMSy,(,,) ®idc=(1)) 0 (S S;;)
=0=", KMSln( )(S S;)1 follows trivially.

If k=1, then S,S}, # 0 (since 7(y) = r(p)). Assume v = v;...7, and
W= ... 1. Then

*\ * * . ; * ;
a(SWSu) = E S SZij Sj1 @ iy - - iy Lrpar - - D
U1 seesipofilseesfir EE,

CASE 1: p # r. Then @) KMSjy(n,)(S4S5) = mKMSy () (S4S5) = 0.
On the other hand, S;, ... S; S* S* % 0, since all the loops i1, ..., 4,

J1,-..,Jr are based at a smgle Vertex k By definition,
KMSj(ny) (S5 - - 53,55, ... S5,) =
Hence,

(@KMSM ®ides (1 )) o a(S,S5) _o_@KMslnn)(S SI)1.

CASE 2: p=r. In this case,

m
(39) (P KMSi, @ idew(r)) © (S, 5])
i=1
- ¥ L Gt g
- P HAMYL s HlpYpHippp C 7t i1
i150eyipEE miy o

_— E qi Tipyp s, q;
mngP LIV 1 Ypippp tt  di
7'17 7ZP€Ek
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Depending on the paths v, u, we consider the following two subcases:

CAsE (A): v = p. Then v = py for all ¢ € [p]. Since >, g Girr 4, = 1
for each t € [p], we have

§ : * * _
Qiryy - - - Qip’prip'yp T qil’)’l = 1.
11,...,ipEE)
Therefore, from ([3.9)),

m
(@KMsln(nl) ®ldc*([~)> OO‘(SVS;) _ 1
=1

m.ng

m
> = EDKMSyy(,) (S,55)1.
=1

CASE (B): v # u. Assume that v = p for t = p,p —1,...,p — j but
Yp—j—1 = fp—j—1. Now, since theEququmt lfort=p,p—1,....,p—J

and Z yreBy Gipjrvp—g 1% _ipy,—, = 0, the sum on the RHS of (3.9)
is 0. Therefore

1 *
(EBKMSIH ®1d0*(p)> 0 a(S,51) = 0 = —KMSj, s, (5,531

é KMS1 () (S55) 1.

Recall that
- ({Wi,/\/l(l) M) 1 i€ Np, (p,q) € No x N, (r,5) € Ng x N},

p,q’
P KNSy,
k=1

is an orthogonal filtration on ;" O, and §; denotes the orthogonal filtra-
tion on O; = C*(Ly,) with respect to the KMS state KMSy,,(,,,) (for i € [m])
as introduced in [JM21), Section 5].

The same idea as in the proof of [JM21, Theorem 5.4] will be used to
prove Theorem below.

Let ||| Ln, = {V, E, s, r}, where |V| = m. Before going to the proof, ob-
serve that since ./\/l(()lz generates C*(| |"| Ly,) (as a C*-algebra) and {\/mS, :
e € E} is an orthonormal basis for M(()g, Theorem 2.10(ii)-(iii) of [BS13]
ensures that Qz(C* (|~ Ln,)) is essentially a CMQG with the fundamental
representation ¢ = (‘Jef)\EIX|E| such that a(Se) =3 rcp S ® qfe.

THEOREM 3.6. Let {Oy, }1", be a finite family of Cuntz algebras, where
all n;’s are distinct. Then
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Proof. First, we claim that there exists a surjective C*-homomorphism
from ™, Ul to Qz(C* (LI, Ly,)) that takes generators of | U, to gen-
erators of Qz(C*(L~ Ln,)). To verify this, suppose ((@, A), @) is an object
in the category €z(C*(L~ Ln,)). Then, by [BS13| (2.1)], the action « pre-
serves the state @) KMSy,(y,). Moreover, a(/\/l((ﬂ) C M(()H ® @ implies
that « is linear. Hence, ((Q,A), ) is an object of €Lk g, and the claim
follows from Theorem [3.5

For the converse, we have to show that the CMQG (%], Unt_,q) (as de-
scribed in Theorem acts on C*(||"; Ly,) by v as in (3.8)), and preserves
the above orthogonal filtration §. Using , we get

a(S,S),) = E Siy - Si S5, S5 @ iy Qi G, Ty
U1 yeensl;J 1,0 I EEY

where v =~1...79; and p = pq ... g are paths in L,,. Therefore,
a(Fy) C Fr @ Q.

Since the fundamental representation ¢ = (gef)nxn is unitary, the action
restricted to each F, a|r,, is actually a unitary (co)representation on F.
Hence, « preserves the orthogonal complement

Wy = Fr © Fr_1.
Lastly, to show oz(/\/lg*,ls) C Mgg ® @, take a non-zero element
Spx =S, ...5,x € Mﬁls),

where x € W, and p is a path on E(L;). Since

a(Sum) = (D S 51 @ i i) (@),
i1yeris€B
where a(z) € W, ®Q, the claim follows. Also, the *-preserving property of «
ensures that similar arguments hold for a(Mgzs)) C Mf«QS) ® Q. Hence, there
exists a surjective C*-homomorphism from Qg(C*( i, Ly,)) to *, U;f
that takes generators to generators, which proves the first isomorphism in
the statement of the theorem.

The second isomorphism follows from [JM21), Corollary 5.5]. =

OBSERVATION 3.7. We mention two key observations from the above
proof that will help us to understand Theorem [£.4] below.

(i) Any object of the category €5(C* (|2, Ln,)) is also an object of €&, 1
(whether the n;’s are distinct or not).

(ii) In the second half of the above proof, to show that the action « is
filtration preserving, we have just used the fact that the fundamental
matrix representation ¢ of the acting CMQG is unitary.
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4. Direct sum of isomorphic Cuntz algebras

THEOREM 4.1. Let {ON}E, be a finite family of isomorphic Cuntz al-
gebras (with N generators) whose underlying graphs are Ly. Then

K
QU (] L) = QU*(L) 1. 7 = U 1. S5
=1

Fig. 5. ||, Ln

Proof. Let V' = V(|_|£1 Ly) and E' := E(Llf; Ly) (see Figure .
Denote by e (for i € [N]) the ith loop based at a € V(Ufil On) =:V'. The
action o can be given by

a(se?) = Z Se? ® qe?elj’-
a€[K],i€[N]
for b € [K] and j € [N].
For convenience, we denote qa,b by q%b. Then the above equation can be
i
written as
b
a(Sp)= Y Se@dqf.
a€[K],i€[N]
With respect to the ordering of the edges given by
{ei...,e}v;e%,...,efv;...;ef(j...,ell\(,},

the fundamental matrix formed by the generators of QU™ (| |X, Ly) is U :=
[(Uab)|NKxNEK, where each Uy, := (q%b)i,je[m is an N x N block matrix.

We divide the proof into two parts. In the first part, we derive the re-
lations among the generators of QI;i“(Ufi 1 Ln). In the second part, we use
these relations to identify this group with UJJ\; L S}.

Finding the relations among the generators of Q&in(ufil Ly).
To determine the group Ql;in(ufil Ly), we derive some relations among its
generators {qub 14,7 € [N], a,b € [K]} arising from the action « described
above.
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e First, since F LS Ly — NIng«NK, one can easily observe that U and

U are both unitary matrices. Therefore,

(41> Z q;:g(q;«’g)* = 6(w,r)(z,t)7
y€E[K], s€[N]
(4.2) Z (a% )*qgf = 5(avﬂ’)(zﬂf)?
y€[K], s€[N]
(4.3) > @@ = ey
y€E[K], s€[N]
(44> Z (qfs )*qzsy - 5(:(:,r)(z,t)-
y€E[K], s€[N]
e Next, we will show that for all a,b € V',
(4.5) Z (@i)) aif = Z i (gip)* for any j,k € [N],
1€[N] le[N]
(4.6) S @ =" ai(a)r for any j.k € [N].
1€[N] lE[N]
We denote the above term in (4.5) by cup. Therefore, for all a,b € V/,
A7) = > (@) =D @) aE == D (@)%
1€[N] 1E€[N] 1€[N]
= Z (hz Q1l Z QQl QQz = = Z QNl QNl
l€[N] le[N] l€[N]
For fixed a,b € V’,
S Se Z S¢S} Ve e E with r(e) = b.
frs(f)=b

Applying the action « to both sides, we get
>SSy qhtge= D SySi® ( 3 qgfth) Ve € E' with r(e) = b,

geEE’ g,heE’ Js(f)=

and so
Z Pr(g) @ Qgedge = Z S¢Sh ® ( Z qgqubf) Ve € E' with r(e)=b.
geE’ g,heE’ frs(f)=b

Take any loop ¢’ € E’ with r(¢’) = s(¢’) = a. Multiplying the above equation
by S;, ® 1 on the left and by Sy ® 1 on the right, we get

Z S;/pr(g)sg’ ® qsnge = Z S;’SQSZSQ’ ® ( Z qgfth>

geE' g,her’ s(f)=b
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for all e € E’ such that r(e) = b. This yields
Z Pa X q;que = S;/Sg/S;/Sg/ ® ( Z qg/fq;’f>
g:7(9)=s(9)=a frs(f)=b
and consequently
Pa ® ( Z q;quE) =P ® ( Z Qg’fqz;/f)
g:7(g)=s(g)=a frs(f)=b
for all such e. Therefore, for all a,b € V’,
( > q;que) = ( Z ay fq9’f>
g:7(9)=s(g)=a s(f)=b
for all e,g’ € E’ such that r(e) = b and r(¢') = s(¢’) = a. Hence, in our

notations, we have
Z (qe“eb qeaeb - Z qekel ekel
1€[N] le[N]

and (| . ) follows from the convention Qeseb = qzb Applying antipode k to

both sides of (4.5 ., we get .

e Moreover, we claim that for all a,b,b’ € V' with b # ¥/,
(4.8) aifal =0 Vi.j.k1€[N],
(4.9) qé’?q?k“ =0 Vi,jk1€[N]

Clearly, (4.9)) follows from (|4.8]) simply by applying the antipode  to (4.8).
To show (4.8)), observe that Seb. S = 0forall j,I € [N] and b # b'. Applying
J !

the action o, we get

Z SgSh ® qge?qhe?, = 0
g,he R’

Since {S¢Sh, : g, h € E' with r(g) = s(h)} is a linearly independent set (by
IKM25, Lemma 2.3]), we get

Qgetper’ = 0 Vg,h € E with r(g) = s(h) € [K]
J
and so
Qe =0 Vinji k1€ [N] and a,b,b € [K] with b # V',

ie. qf]bqgf’—()forallij,kle[ }andabb’ [ ]forallb;éb’

Using the relations above, namely . , ) and ., we will

derive some more relations among {qm }.
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e For a,b,b' € V' with b # V' and i, j, k,l € [N],

(4.10) (@) ait =0,
(4.11) (%) ah =0,
(4.12) a5 (ai =0,
(4.13) ¢33 (gl = 0.

We will prove only (4.10) and (4.12). A similar proof works for (4.11)) and
(4.13]). To show (4.10]), observe that

@ra =@ (Y @ a)a  (wing @)

y€[K], s€[N]
= (@) (@Y ay)
y€[K], s€[N]
= > (@ai) (giaii) =0 [using (E3)].

SE[N]

Similarly, for (4.12), we have
@@y =ap (Y @@ )@y fusing @)

y€[K], s€[N]
= > @) )

y€[K], s€[N]
= (@a) (g ¢) =0 [using (.8)].
SE[N]

e For all a,b € V', (cap) kK x i 18 @ magic unitary matrix such that
(4.14) qubcab = cabq?jb = qub Va,b € [K] and ¢,j € [N].

Observe that for a,a’ € [K] with a # @/,

(415)  eacan = (2 @@y o) (D @@hyart)

1E€[N] i'€[N]
= > (@)at(@t) gt =0 [by EI3)]
i,i’€[N]

Since er[ K] Cab =1 (using (4.2])), multiplying both sides by ¢,p, we have

ZJ}E[K] CabCab = Cap and so Cgb = cqp [by (4.15)]. Moreover, clearly ¢, = cqp.
Hence, each ¢,y is a projection.
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Since er[ K] Cab = 1 again, multiplying by qg-b on the left, we have

b b
> a @) et =ay

z€[K], z”e[N}
= Z q qz’l *ng - qz] [by "
i'€[N]
—af (D @) ah) = o) = aibew = alf
i'€[N]

Again, multiplying by qgjb on the right, one can get

b _ab b
> @y ahay =4

z€[K],i €[N]
= (@) ey =q) [y @EI)]
i'€[N]
b
= ( Z (qgl)*q$1>q1] = qzy = Caqug = ng
i'€[N]

Hence, (4.14) holds.

Therefore, the generators {qub ta,b € [K]andi,j € [N]} of the group

Q%in(uii 1 L) satisfy the relations specified in (4.1))-(4.6)) and (4.8)—(4.14).

Moreover, the coproduct on these generators is given by

Mg =Y dEedq
c€[K], k€[N]

Finding the CQG isomorphism between QU"(| |X, Ly) and
U 1 Sf. We will now identify Ql;in(l_lfil Ly) with the compact quan-
tum group (UJJ\; U S, Az), which is described as follows. UJJ\,r U Sp is de-
fined as the universal C*-algebra generated by the entries of the matrices
UW = (ul))nxn, UD = (W) nsns -, UE) = () vuw, T = (tap) ki
such that

(a) for each p € [K], both U®) and U®" are unitary matrices,
(b) T is a magic unitary matrix,
(¢) ufitap = tapug; for all a,b € [K], i,7 € [N].

Moreover, the coproduct A, is given on generators by

M) = Y (uh@uf)(ter ®1) and  Ap(taw) = Y tac @ ta.
c€[K], ke[N] c€[K]

Define ¢ : Q¥"(| X, Ly) — U & S on generators by D(qff) = uitap
wfjb. We will prove that ¢ is a CQG isomorphism in three steps.
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STEP 1. We first show that ¢ is a surjective *~homomorphism. To do this,
we construct a linear 7-preserving action « such that (U;; . S;, Ay) acts
faithfully on C’*(Ufil Ly); in other words, ((Uy e Si, A2), a) is an object
of the category ¢Lin,

For convenience, we derive several relations among {wy; 1 and {tu ),
which will later be used to show that « is a well-defined 7- preservmg ac-
tion. For all z,z € [K] and i,j € [N], we have

(4.16) > wi(wi)

y€E[K], s€[N]
= Z u?stwy(ujstzy)* = Z ufstxytzy(ujs)*
y€E[K], s€[N] y€E[K], s€[N]
= D Un (DD gty ) 5" = D Wk (002) ()" [by (b))
sE[N] y€E[K] s€[N]
uF(ur ) =6;; fxz=z
=0 Y i) = T R0
0 otherwise
SE[N]
1 ifz=2z2i=7
~ 10 otherwise
= 0zi)(2,4)
and
(4.17) Wl (wl)’
y€E[K], s€[N]
= Y Wty (W) = D tyatyudi(ul)* by (c)]
81 YT Yz \Psj YrryzTsi\ Vsj y
y€E[K], s€[N] y€E[K], s€[N]
= Z tyxtyZ( Z ugz(ugj)*) = Z tyaty:(dij) [by (a)]
ye[K] SE[N] y€[K]
= 0100 [by (b)]
= 02,0)(2,4)
Similarly, one can show that
@18) N (W)W =80, Yo i)W = i)
y€E[K], s€[N] y€E[K], s€[N]

Furthermore, for all a,b € [K] and i, j € [N], we have

(419) > (it wi? =Y (uftas) ufstar = Y tap(ufs) uftas

le[N] le[N] LE[N]

— ta( Y () ufy ) tar = Sigtas [by (2) and ()],
le[N]
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and
(420) Z w Z uzltab ]l [by (b)]
le[N] le[N]
- Z tabuzl ]l [by (C)]
le[N]
=t Y uf =diitay  [by (a)].
le[N]

We now define an action

<|_|LN> - C*<|_|LN> © (U S3)
on generators by
a(Sp) = Y, Seoul, am)i= Y pi®la
! a€[K],i€[N] a€[K]

for all b € [K] and j € [N]. To show the existence of «, we verify that
the elements of {a(S,), a(pe) : j € [N] and b, ¢ € [K]} satisfy the defining
J

relations (i) and (ii) of Definition for C’*(uilil Ly):
a(Sg) a(S,) = D SteSe © (W) wi

a,c€e[K]

i,k€[N]

= Z SeaSea ® (w “b)*wf]b [by Proposition [2.3(i)]
a€[K],i€[N]

= > e (X @) = > pte by EII)
a€[K] i€[N] a€[K]

= a(p)

and
Z o Ses)a(S,0)"
oSS S @ el (et

JE[N] a,c€[K]

i,k€[N]

ab * .. .

Z Z SeaSga ®fwm (wi})*  |by Proposition 2.3{(iv)]
JEIN] a€[K]

i,k€[N]
z[:] SeaSea ® diktap [by (4.20)]
acK

i,k€[N]
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= ) SewSkQta= Y (Z Segs;l) ® tap
]

a€[K],i€[N] a€[K] €[N
= ) pa®ta = alps).
a€[K]

Since « is a linear action, it is straightforward to verify that « satisfies both
the action equation and the faithfulness condition.
To show the Podles condition, we have to ensure that both Sea ® 1 and

S% © 1 belong to span [a(C*(| |, Ly))(1 ® U 1 S)] for all a € [K] and
i € [N]. Indeed, observe that
> aee @)=Y (D Sy eul) e we)?)

ce[K], s€[N] c€[K] pe[K]
s€[N] ke[N]

Sy spe( Y efwy)

p€E[K], kE[N] c€[K], s€[N]
= Z SeZ ® 5(p,k)(a,i) [by "
pE[K], kE[N]
= Seg & 17
and (4.18) similarly ensures that
Y alSk)(1ew) =Sl
c€[K], s€[N]
Moreover, since « is a unital action, it follows that 1 ® ¢ = a(1)(1 ® q) €
a(CH(LE, Ly) (1 @ U v Si) for all g € Ui 1 S

The rest of the argument now follows by invoking standard facts about
CQG actions (for further details, one may consult [SW17, 4.2.3 and 4.2.4]).

Finally, since the subspace Vs, for the graph |_|fi 1 Ly is spanned by
{SeaS¥% : a € [K] and i,j € [N]}, one can get the 7-preserving condition
v

from
(T@ld)a(segs:%): Z T(SezS:?)U)igwldja*: Z 5(c7k)(d7l)w,‘;‘;wldja*
¢,d€[K] ¢,de[K]
k,le[N] k,l€[N]
= ) wwit=d;1  [by @EI7)
c€[K], kE[N]

- T(S@?S:?)l
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Therefore, by the universal property of QI;in(l_lfil Ly), there exists a
surjective C*-homomorphism ¢ : Ql;in(ui[il Ly) — Uy W Si such that
BaY) = wil = ulitap,

STEP 2. We define a *-homomorphism 1 : Uy, 1 Sf — QLin(|_|Z 1Ln)
such that 1 is the inverse of ¢. On the generators of UN SJr we set

(w) = > g = vy and G(ta) = > (¢)" ¢} = cap-
be[K] 1€[N]

We need to verify that {v{;, cap : a,b € [K] and 4, j € [N]} satisfies all three
defining relations (a), (b) and (c).
We start by observing that

> ik = N @)= > dfan by @EI)]

ke[N] ke[N] by €[K] ke[N],be[K]

= 0jj [by (4.1)],

and
> (o) ol = Z Moo@a = > (@) by @I0)
ke[N] [N] bb'€[K] kE[N], be[K]
= > al@ by (7]
k€[N, be[K]
= 8.

A similar computation also shows that

D vhi(vl) =0y, and Y ofitof =0
k€[N] ke[N]
Therefore, for each p € [K], both V() .= (UZ-)NXN and V®" are unitary
matrices.
Since each ¢y is a projection with ZzE[K] cgp =1 and

S XSG - Y Yy ing ()
ye([K] yE[K]i€[N] yE[K] jEN]
= 17
(cab) K x K 18 @ magic unitary matrix.

Lastly, we show that vf;cap = capvf; for all a,b € [K] and 4,5 € [N].
Indeed,

Ve = Y qf (@)t =D ¢l gl by EI)]

b €[K],i'€[N] i’/€[N]

= qPcq, = qf [by ([£14)).
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Similarly, using (4.8]) and (4.14]), one can obtain cabvw = ql b Hence, v” Cab =
capvf; for all a bE[ ]andz J E [N].

The above calculations show that the elements of {vw, a
and i,j € [N]} € QU™(||X, L) satisfy all the defining relations (a)-
Uy & S

Therefore, by the universal property of U;\; Uk S;g, there exists a surjective
C*- homomorphism ) UN L S — QUR(UE, Liv) such that y(ud;) = vl =
Zbe ng and w( ab) = Cab = ZzG[N](qzan)*q%b

Moreover it is evident that ¢poy = 1dU+2 st and Yo =

Hence, ¢ : Ql;in(l_lfil Ly) — Uy b Si is a C*-isomorphism.

b € [K]
(c) of

QL‘“(LIfil Ln)’

STEP 3. Finally, to show ¢ is a CQG morphism, it is sufficient to verify
that (¢ ® @)A1 = Ag¢ on the generators. Starting with the left-hand side,
we have

Geom) =0eo( Y o)

kE[N], ce[K]
= Z P(gix) ® (f’(ng) = Z Ujgtac @ Uijtcb'
kE[N], ce[K] kE[N], ce[K]
On the other hand, the right-hand side gives

220(q5)) = Ag(ufjtay) = Ao(ufy) Aa(tas)

[ T wheu)twe)][ X teot)]

c€[K], ke[N] cE[K]

= Y (uf®uf) (e ®1)(tee O )
¢,c'€[K], kE[N]

= Z (u(zlk ® ugj) Z (tzzc’ lac ® tcb)

' €[K], ke[N] cE[K]
= Y WU (e Oten) = Y (uftar @ ufjten).
' €[K], k€[N] c€[K], ke[N]

Thus, (¢ ® ¢)A; = Ag¢, and the proof is complete. =

REMARK 4.2. For a connected graph I, if we consider K disjoint copies
of I', namely |_|fi 1 I, then the relevant quantum automorphism group in
the sense of Banica (respectively, Bichon) is isomorphic to the free wreath
product of the quantum automorphism group of I" in the sense of Banica
(respectively, Bichon) with S} (see [BBOT, [Bi04] for more details), i.e.

K
QAutBan( |_| F) = QAUtBan(F) & Sl—i(_'

=1
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and

K
QAutBic< |_| F) = QAutp;e(I) & Sk

i=1
Though Theorem [4.T]ensures that a similar result is also true for the graph L,
(i.e. for the underlying Cuntz algebra O,) in the context of graph C*-
algebras, the same is not always true for an arbitrary graph in the category
discussed above. In the next subsection, we will provide a counterexample
to show the above claim.

Now, we will justify the analogous results in terms of the categories
- K
Ciitus and Cx(LLiL, L),
THEOREM 4.3. Let {On}E | be a finite family of isomorphic Cuntz al-
gebras (with N genemtors) whose underlying graphs are Ly. Then

QLR o ( |_| LN) o QH“( |j LN> U Sie = Qs (In) & S
i=1

Proof. In thls case, since KMSlnp( AU, L)) = @Z 1 KMSy, peaczyy) (by

Corollary , Mg and C@KMS coincide for @Z 1 On. Hence, by Theo-

rem Q: @KrMs has a universal object. Now, using Corollary E we can

say that the universal object of QIélﬁMS is isomorphic to the universal object

of ¢Lin. Hence, the result follows. =

THEOREM 4.4. Let {On}E | be a finite family of isomorphic Cuntz al-
gebras (with N generators) whose underlying graphs are Ly. Then

Qs (c( |_| L)) = Qlitus ] L) 2 UF 1 5§ = Q5. (C(La)) e S
=1

Recall that the fundamental representation ¢ = (qgjb) NExNK of CMQG

(@t [125).0) = (@3] )

satisfies 77 which imply ¢ is unitary. Now, Observation ensures
that exactly the same arguments as in Theorem [3.6] work to show the first
isomorphism mentioned in the above theorem.

COUNTEREXAMPLE 4.5. We provide a graph I" such that QI;in(l_lfil I
is not the same as QX (I") 1, Sit.

Consider the graph P; LI P;, a disjoint union of two distinct edges e;
and ey (see Figure @ Here, P; represents a simple directed path of length 1
(which is effectively a directed edge). Note that C*(P; U Py) is C*-isomorphic
to M»(C) & M(C).
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Again, Proposition 3.4 of [KM25] tells us that QX"(P, U P;) ~ SH" with
respect to their standard fundamental representations, as mentioned in Sec-
tions [2.4]and [2.6] On the other hand, QY™(Py) 1 S5 =2 C(SY) . S = HST.
But clearly, SHy°" is not identical to Hy°T.

REMARK 4.6. Though from Remark [£.2] the quantum automorphism
group (in the sense of Banica or Bichon) of K disjoint copies of a con-
nected graph I' is isomorphic to the free wreath product of the quantum
automorphism group of I' with S7, Counterexample tells us that a sim-
ilar result may not be true if we move from the context of graphs to graph
C*-algebras. We can ask how one can classify the graph C*-algebras C*(I")
for which QU (| X, I') = QL(I) 1, Si. (Note that the class is non-empty
due to Theorem [4.1])

REMARK 4.7. Using similar ideas to what we have used in the main
theorems in Sections 3 and 4, one can extend the results to the quantum
symmetry of the direct sum of any family of Cuntz algebras.

If there are k; copies of Ly, for all ¢ € [m], where all n;’s are distinct,
then the quantum symmetries of the direct sum Cuntz algebras, namely
QM (LI Ly L), QERas (U LIy L) and Qg(C (L, LI Ln,)
(with respect to the categories mentioned before), are isomorphic to
sy (U SJ::)
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