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Cosine families, invariant subspaces, and boundary
conditions for a class of diffusions on star graphs

by

ELZBIETA RATAJCZYK

Abstract. This paper explores the interplay between boundary conditions and in-
variant subspaces for one-dimensional Laplacians, extending these concepts to Walsh’s
spider process on a star-like graph. We establish a precise correspondence between the
transmission condition characterizing this process and a specific subspace within a larger
function space. This correspondence is facilitated by relating the cosine family associated
with the spider process to the basic cosine family of unrestricted Brownian motion. Fur-
thermore, we introduce a complementary subspace, leading to a novel decomposition of
the function space that generalizes known results for simpler boundary conditions. This
decomposition reveals a fundamental relationship between two distinct transmission con-
ditions, highlighting their complementary nature. Our findings provide new insights into
the structure of Walsh’s spider process and offer a framework for further analysis, including
the study of its limiting behavior as the stickiness parameter varies.

1. Motivation. It has been known for some time that in the cosine
family (and, consequently, the semigroup) describing one-dimensional unre-
stricted Brownian motion, harbors hidden treasures: a collection of invariant
subspaces related to Brownian motions on a half-line with various types of
boundary behavior. Specifically, there is a one-to-one correspondence be-
tween Feller—Wentzell boundary conditions at = 0 and certain subspaces
that are invariant under the basic cosine family {C(t) : t € R} defined by

Cit)f(z)=%[flz+t)+ flx—1t)], f€C[—00,], z,tER,

where C[—o00, 0o] denotes the space of continuous functions on R with finite
limits at +o00, equipped with the usual supremum norm.

The origins of this observation can be traced back to Feller [13] pp. 340
343], who used the invariant subspace Ceyen[—00,00] of even functions in
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C[—00, 00] to construct the reflecting Brownian motion semigroup in C10, 00|,
the space of continuous functions on Ry := [0,00) having finite limits at
infinity. Furthermore, there exists a corresponding cosine family {Chef(t) :
t € R} in C[0, 00] which is similar (isomorphic) to the basic cosine family
restricted to the subspace Ceyen[—00, 0],

Cret(t) = C(2) t € R.

Ceven [_00700] ’

The underlying isometric isomorphism is the operator Fy¢ mapping a func-
tion to its even extension. Thus

(1.1) Cret(t) = RC(t)Eref, tER,

where R maps any function on R to its restriction to Ry. We note that this
cosine family is generated by the Laplace operator f ~— f” with domain
consisting of functions f € C]0, co| that are twice continuously differentiable
with f” € C[0, 0c] and satisfy the Neumann boundary condition f’(0) = 0.

Another invariant subspace, the space Coqq[—00, 00| of odd functions in
C[—o00, 0], is associated with the Dirichlet boundary condition f(0) = 0
and the cosine family {Cpin(t) : t € R} of the minimal Brownian motion
on R, . Clearly, this family acts in the space Cy[0, oc] C C|0, 00| of functions
that vanish at 0. The abstract Kelvin formula analogous to (|1.1)) also holds,
but the extension operator E,..s must be replaced by FEy,, which maps a
function to its odd extension.

In [5], a similar construction was performed to demonstrate that one-
dimensional Laplacians with more general boundary conditions at the origin
generate cosine families in C[0, o0]. In particular, for a« > 0, the so-called
elastic and sticky boundary conditions correspond precisely to the following
invariant subspaces (see Section [3| for more details):

1(0) = af(0) <> Ce[—00,00] := {f € C|—00, 0] : f* = aeq * f},
(1.2)  f"(0) = af’(0) +» Cst[—o0, ]
={f € C[—o0,00]: = f(0)eq + aeq * [},

where > denotes correspondence. Here and throughout, for f € C[—o0, 0],
f€ and f° represent the even and odd parts of f, respectively, that is,

fé(x) = 5(f(z) + f(=x)) and [f°(z):=5(f(z) - f(-=z)), x€R,
Furthermore, we define
eq(x) =", zeR,

and, for any real-valued continuous functions g, h, we set

T

gxh(x):=\gx—yhly)dy, zeR
0
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A particularly intriguing result arising from the correspondence between
boundary conditions and invariant subspaces is that the standard decompo-
sition

C[—OO, OO] = Ceven[_oo7 OO} S2) Codd[_ooa OO]
of subspaces related to Neumann and Dirichlet boundary conditions can be
seen as the limiting case, when o — oo, of the decompositions

(1.3) C[—00, 00| = Cyt[—00, 00] & Cej[—00, 0],

established in [7], demonstrating that also sticky and elastic boundary con-
ditions are complementary. In a sense, these conditions are perpendicular,
as the related projections, which map each f € C[—o0,o0] to functions
Pf € Cs[—00,00] and Qf € Cej[—00, 00] given by

[ee]
(1.4) Pf(x) = f(z) +a | eV f(—y)dy, z€eR,

xT

and Qf = f — Pf have their origins in orthogonal projections in L?(R).
Specifically, P f minimizes the functional L(g) = Sy_y[ f(z)—g(x)]* dz among

all g € Cy[—00, 0] for any positive y.

2. Transmission conditions on the infinite star-like graph: our
main results. Let £ € N and let K = {1,...,k}. Let @« > 0 and let
B = (B:)ick be a sequence of positive numbers such that

(2.1) > Bi=1
€K
The primary objective of this paper is to extend the ideas presented in the

previous section to the case of Walsh’s spider process with a sticky vertex.
This entails investigating the transmission condition

(2:2) a ' f1(0) = Bifi(0)=0

€K
for the Laplace operator on the star-like graph Sy with £ infinitely long edges
emanating from the origin (see Figure [1)).

Fig. 1. The infinite star-like graph S with k = 5 edges
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To elaborate, let 2" be the Cartesian product of k copies of C[0, oc],
2 = (C[0, c])*.
Since all edges of Sy can be identified with R, we will work in the space
Zo = {(fi)iex € 2" : fi(0) = f;(0) for all 4, j € K}

and treat each element of 2 as a single continuous function f on Si. Con-
sequently, we will adopt the convention that f(0) denotes the common value
of £;(0), i € K.

We then define an operator A, g in Zg by

Aapf = (fl//)zeK
with domain consisting of all f = (f;)icx € 2o satisfying the following three
properties:

(a) each f; is twice continuously differentiable with f/ € C0, 00|,
(b) £7(0) = f;(0) for all 4,5 € K,
(c) condition (2.2)) holds.

Note that A, gf € 2y and in particular it is meaningful to speak of f”(0),
even though f/(0) may not be well-defined.

It is known that A, g is a generator of Feller semigroup in 2" |9, Propo-
sition 2.1] and |3, Remark on p. 281|. The associated process is a diffusion
in S that, away from the origin, behaves like one-dimensional Brownian
motion along each ray, but exhibits a peculiar behavior at the origin, often
referred to as a “roundhouse singularity” [|26]. In essence, this means that
whenever the process reaches the center of the graph, it immediately de-
parts in all directions simultaneously, embarking on a standard Brownian
excursion into the ith edge with probability 3;, i € K. Furthermore, the
graph’s center exhibits a certain degree of stickiness, causing the time spent
by a diffusing particle at the origin to form a generalized Cantor set, which
is nowhere dense yet has positive Lebesgue measure depending on « |22} 23],
[17, p. 307]. This process was initially introduced by Walsh in the non-sticky
case as a generalization of skew Brownian motion on the real line, where
the sign of each excursion from the origin is determined by an independent
Bernoulli random variable [18]. Since then, it has been extensively studied in
various contexts [4, |11} |14} 21}, 24], including its application to solving applied
problems [2, |12, |16, providing a counterexample in studies on Brownian fil-
trations |25, and serving as a building block in the construction of Brownian
motions on general metric graphs |15, |19].

In the first main result of the paper we establish a precise correspondence
between the transmission condition of Walsh’s process and the subspace

Do = {f €Y T = F(0)ea + aea * F. [ = f¢ for all i,j € K},
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where

(2.3) W = (C[-00,00])* and f:= Zﬂzfz

€K
Specifically, in Section@we prove that the operator A, g generates a strongly
continuous cosine family {C, g(t) : t € R} in Zp. To this end, we consider k
copies of the unresticted Brownian motion on R and the Cartesian product
basic cosine family {Cp(t) : t € R} (‘D’ for ‘Descartes’) defined in the space
% by the formula

(2.4) Co(t)f = (CH)fi)iex, [f=(filiek €¥,tER
We show that the subspace %, 5 is isomorphic to Zp and invariant under
{Cp(t) : t € R}. Furthermore, we demonstrate that the Cartesian product
basic cosine family restricted to %, g is similar to the cosine family generated
by Aa,ﬁa

Caﬁ(t) = CD(t)|aaﬂ, teR.

The explicit form of the underlying isomorphism, provided in (4.1)), is
closely related to another important result. Specifically, for f=(f;)icx € 20,
we have

(25) (Caﬂ(t)f)i = Cmin(t)(fi - f) + Cst(t)fa { € K, t € R,

where the right-hand side involves the cosine operators of the minimal and
the sticky Brownian motions on R, as defined in Sections [1] and [3], respec-
tively. Here, f is also given by , but in this context, it represents an
element of C10, oc].

To discuss the meaning of , we look at the foundational definition
of Walsh’s process semigroup {Tg(t) : t > 0} without stickiness, i.e., when
a — 0o in the transmission condition (2.2)). By [3, (2.2)], for f € Zp, we
have

(26) (Tﬁ(t)f)z = min(t)(fi - f) + Tref(t)f’ (&S K7 t>0.

Here, Tinin(t) and Tief(t) are operators forming semigroups of, respectively,
the minimal and the reflecting Brownian motions on R,. Now, let us recall
that the cosine family is a more fundamental object than the semigroup. In
particular, each cosine family generator automatically generates a strongly
continuous semigroup, although the converse is not always true. From the
Weierstrass formula (see, e.g., |1, p. 219], it follows that the semigroup gen-
erated by the cosine generator A, g is given by T, 5(0)f = f and

[e.e]

1 o2
Tast)f = N Ve ®Capl(s)fds, t>0,fe 2.
0

Thus, many properties of the semigroup are rooted in the properties of the co-
sine family. For example, representation ([2.6)) is a direct consequence of (2.5)),
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because in the limit as o — oo, the sticky boundary condition transitions
to the Neumann condition, and the operators Cy(t) must be replaced by
Cref(t), t € R.

The isomorphism established in Section [] can also be used to derive
equations for the transition kernels of Walsh’s spider process on Si in a
straightforward manner (similar to the approach taken for Brownian motions
on Ry in [5]). However, we will pursue a different approach, as these formulas
have already been obtained by alternative methods in [20].

2.1. Complementary transmission conditions. Our next goal, mo-
tivated by ([1.4)) and achieved in Section |5} is to identify a natural operator
P. s that projects ¢ onto the subspace %, g, thereby yielding a natural
decomposition of %". We discover that the subspace complementing %, g is
(2.7) g ={f €W : Xf° = aecax Xf, B f7 = B; ' 7 forall i, j € K},
where

Zf=) fi f=()iex €.
€K
This leads to an analogue of the decomposition (1.3|) for the Cartesian prod-
uct of k copies of C[—o0, x]:

(2.8) Y =Ypp® Yy s

We emphasize that generalizes the main result of |7], as the definition
of the projection P, g, given in , coincides with for k =1.

The subspace %, 3 is composed of extensions of members of £y, and
the form of these extensions is uniquely determined by the transmission
condition that describes Walsh’s spider process. The subspace %ﬁg is
investigated in Section [6] As it turns out, it is also invariant under the basic
Cartesian product cosine family. Moreover, it is isomorphic to the space 2
and is intimately connected with the following transmission conditions:

(2.9) a7'2f'(0) =~ Zf(0)=0 and 5 f(0) = ;1 fi(0), ije K.

In other words, the transmission condition ([2.2)) forms a complementary pair
with (2.9). Finally, we establish a representation similar to (2.5)) for the cosine
family {Ciﬂ(t) :t € R} in 2 associated with (2.9). Specifically, for f € 27,

we obtain
(CL(t)f)i = Cret(t)(fi — BiZf) + BiCa(t)Sf, i€ K, teR.

2.2. The non-sticky case. In this paper, we focus on the sticky Brown-
ian motion on the graph Si, but our results remain valid in the limit as
a — 00. In particular, the subspace determined by the transmission condi-
tions
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(2.10) > Bifi(0)=0
€K
takes a remarkably elegant form
(2.11) Yy ={feW [ =0, ff=fforallijeK}.
Furthermore, there exists a corresponding family of direct sum decomposi-
tions
(2.12) Y =&Y,
where the subspace
(2.13) Y- ={fe? :5f°=0,57"f7 =pB;"f foralli,j € K}
is uniquely determined by conditions ([7.1)).

3. Elaboration on the elastic and sticky boundary conditions
on R,;. As the correspondence will be important in our analysis of
transmission conditions and , we will examine it in greater detail
in this section.

The invariance of the subspace Cej[—00, 0o] under the basic cosine family
is a direct consequence of the fact that this family commutes with the oper-
ation of taking the odd part, combined with the following lemma (compare
[8, Section 2.1]).

LEMMA 3.1. For f € C|—o0, 0], the following conditions are equivalent:
(a) f € Cql[—00,0];
(b) f°=aeq*f onRy;
(c) forallt e R, C(t)(eq* f) =ea*xC(t)f on R.

Next, by 'Hospital’s Rule, for f € C0, cc] we have

(3.1) lim eq * f(z) = a1 f(c0).

T—00
This, combined with point (b) of Lemma implies that Ce[—o00, 0] is
isomorphic to C|0, oo]: there exists an isomorphism Eg mapping f € C[0, o0]
to its extension Fg f specified by
Eoaf(—x) = f(z) — 2ceq * f(x), x>0.
It follows (see also [6, Section 5.2|) that the formula
(32) Cel(t) = Rc(t)Eeh teR,

with R being as in , defines a cosine family of operators in C|[0, co]. The
generator of this cosine family is the Laplace operator with domain consisting
of twice differentiable f € C[0, 0] whose second derivative also belongs to
([0, 00] and that satisfies the elastic boundary condition f’(0) = af(0). In
fact, only for such f does the extension E.f belong to the domain of the
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generator of {C(t) : t € R}, i.e., only for such f, Eqf is twice differentiable
with its second derivative in C[—o0, 00].

Turning to the sticky boundary condition, guided by [8, Section 4.1], we
give two more characterizations of the space Cy[—00, 0].

LEMMA 3.2. For f € C|—o0, 0], the following conditions are equivalent:

(a) f € Cgl—o0,00];
(b) 7€ = F(0)eq +aca * f on Ry
(c) forallt € R, we have

Ct)(f(0)eq + aeq * f) =[C(t)f(0)]eq + aeq x C(t)f  on R.

Accordingly, given f € C|0, oo], we define its extension Eg f € C[—o00, 0]

by

Egf(—z) = —f(x) + 2f(0)eq(z) + 2ceq * f(x), x> 0.
The operator Eg is an isomorphism between C0,00] and the subspace
Cst[—00, 00], which is invariant under the basic cosine family by Lemma [3.2]
Then, it is easy to see that the cosine family of operators in C0, co] given
by
(3.3) Cst(t) = RC(t)Ey, teR,
is generated by the Laplace operator with domain described by the sticky
boundary condition f”(0) = af’(0).

4. Generation theorem. In this section, we prove that the opera-
tor A, g, introduced in Section [2| is the generator of a cosine family, and
we establish the connection between the transmission condition and
the subspace %, 3.

THEOREM 4.1.

(a) The operators Co 5(t), t € R, defined in (2.5)) form a strongly continuous
cosine family in Zo. The generator of this family is Ay g.
(b) Let the extension operator
Eap: 202 (fi)iexk = (9i)ick € Y
be defined by
gi(z) = fi(z),
gi(—x) = —fi(x) + 2f(0)eq(z) + 2ceq * f(x),

and let R be the restriction operator R: & — 2 that assigns to each
(fi)iex € % the member (filr, )icx of Z . Then

Ca75(t) = RCD(t)Eaﬁ, teR.

(4.1) z>0,i€K,
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Proof. (a) It is clear that C, 5(0) is the identity operator. Thus we need
to show that d’Alembert’s functional equation is satisfied, i.e.,

(4.2) Ca,ﬁ(t)caﬁ(s) = %Cawg(t +3s)+ %Cawg(t —-s), s,teR.

Let s,t € R and f = (fi)iex € Zo. By definition, the ith entry of the
sequence C, 5(t)Cq g(s)f equals

Cmin( )( mln( )fz ( st( )_ Cmin(s))?)
+ (Cst(t) = Cnin (1)) [(Crnin(8) fi + (Cst(5) — Cmin(5)) fiex |-
The term in square brackets simplifies to Cy;(s)f, so we are left with

Crnin (t) Cmin () (fi — f) + Cst(t)cst(s)?'

To complete the proof of -, we use d’Alembert’s equations for cosine
families of minimal and sticky Brownian motions. The strong continuity of
these families also implies an analogous property of {C, g(t) : t € R}.

Turning to its generator, say G, we prove that it extends the opera-
tor A, g. Indeed, let f = (fi)ick be a member of the domain of A, g. For
each i € K, f; — f satisfies the Dirichlet boundary condition and belongs
to the domain of the generator of {Cmin(t) : t € R}. Moreover, by
and , f satisfies the sticky boundary condition and is an element of the
domain of the generator of {Cs(t) : t € R}. Hence

lim 26~%(Ca,p(t)f — f) = ((fi = )" + (1) Niex = (F)iex = Aapf

This implies that G = A, g, since it is impossible to have two generators
with one being a proper extension of the other (see e.g. |10, p. 267]), and
A, s is known to be the generator of a Feller semigroup.

(b) To check that E, g is indeed a member of ?)7/ We apply . ) to the
function f € C[0, oc]. Combining formula (2.5 with and (B.3) yields

Cap(t)f = (RC(t)[Ewin(fi — f) +Estf])i€;< = RCD( )Easf
for any f € 2p and t € R, as desired. =

The next result allows us to view %, g as the image of the space Zj
under the extension mapping E, g.

LEMMA 4.2. For f = (fi)iex € ¥, the following conditions are equiva-
lent:

(a) fePagp; B B
(b) foralliec K, ff = f(0)eq + aeq x f on R;

(c) foralli€ K, f¢ = f(0)eq + aeq * f on Ry.

Proof. Let f € %, 3. Using (2.1]), we obtain 7= ff for all i € K, and
thus (a) implies (b).
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Now, assume that (c) holds. We claim that f = f7 on R for any i,j € K.
This follows from the fact that even functions that agree on R} must coincide
on R. Furthermore, by (2.1)), f satisfies condition (b) of Lemma . Hence
f € Cyt[—00, 0] and the relation ¢ = F(0)eq+aeq* f holds on the entire R.
Therefore, (C) implies (a).

Finally, since (b) obviously implies (c), the proof is complete. =

THEOREM 4.3. The extension operator E, g is an isomorphism from Zg
onto %, g

Proof. We begin by noting that each g; in is continuous and, by ,
has a finite limit at negative infinity. Consequently, each ¢; belongs to
C[—00, 00]. Using Lemma it is straightforward to verify that E, g is a
bijection from Zy onto %, 3. Indeed, E, g is surjective because every mem-
ber (fi)icx € %ap satisfies f;(0) = f;(0) for all 4,5 € K and is uniquely
determined by the values of f; on the positive half-axis for ¢ € K. Moreover,
Eo g is linear and bounded, with ||E, g|| < 5 when %, g is equipped with the

norm [|(fi)iek || = maxiex || fil].

REMARK 4.4. The space %, g contains invariant subspaces that are re-
lated to Walsh’s spider processes on subgraphs of Sjy. Specifically, let m
be a positive integer less than k, and let o be a surjection from K onto
M :={1,...,m}. The function o describes how the edges of the graph Sy
are merged to form the star-like graph .5, with m infinitely long edges.

It is straightforward to see that the subspace

T={fe¥: fi=f;jforalli,j e K such that o(i) = 0(j)}

is invariant under the basic Cartesian product cosine family. Consequently,
the intersection % SRS %7 N %, is also invariant. Moreover, %7 o s iso-
metrically isomorphic to the space

{f € (Cl—00,00])™ : ¢ = f(0)eq + aeq * f&, fE = f§ for all i,j € M},

where
F=>Bifi and Bi= > B, i€M,
ieM jeo—1(d)
which is directly associated with the transmission condition
o' f1(0) = Y Bifi(0) =0
ieEM

for the Laplace operator on S,,.

5. Natural projections onto the spaces %, 3 and %/ LB The ultl—
mate goal of this section is to establish the direct sum decomposition (|2
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For notational convenience, we first introduce a constant

vi=a- kZﬁf
€K

sinhy(z) := sinh(yz) and cosh,(z) := cosh(yz), x€R.

and two functions

The following identities will also be useful.
LEMMA 5.1. Let a > 0. Then

eq * [asinh, + vy cosh,] = sinh,,

eq * [ysinhy + a cosh,] = cosh, —e,.

LEMMA 5.2. For f € C[—o0,00], we have

T

: —y(z—y) _ A1
im Sooe fly)dy =y~ f(Fo0),

[e.9]

: Y(z—y) _ A1
lim § e fly)dy =y f(Z00).

THEOREM 5.3. Let the map
Pag: @ 3 (fiiek = (gi)iex €Y
be defined by
(5.1) gi = f¢ + c(ycosh,, + aBiksinh,) + a(f° — B;2f¢) * cosh,

2 ik‘fo
+ (a b - ZEfe> * sinh.,,
Y

where
Oo_xl °(z) — 2F(z)| dz
(5.2) c.:(x)e'y[kﬂf() fyf()}d.

Then Py g is a projection from % onto %, g.
Proof. Let f = (fi)iex € % . Our task is to show that

(a) (gi)iex of (b.1) is a member of #;
(b) we have gi = g5 for any i,j € K and g° = g(0)eq + aeq * g;
(c) if f € %, p, then g; = f; for all i € K.

(a) Let i € K. Using the standard identities between hyperbolic and ex-
ponential functions, together with the integral expression for ¢ given in (5.2)),
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the definition of g; can be rewritten as
R 1 —
(53)  gi(x) = f(x) + 37y — afik) | eV [sz%y) +57 <y>] dy

—0o0
e}

ol 1 are a—o
+3(v + aBik) | oY) [kﬂf W) =27 (y)} dy, z€R.
Since f?, Xf¢ and 77 all belong to C[—00, 0], Lemma guarantees that
g; also belongs to C[—o0, x0].
(b) Tt is easy to check that if f is even and g is odd, then f % g is even.
Similarly, the convolution of two even functions or two odd functions is odd.

Therefore, (5.1) yields
g; = cycosh, + af’ x cosh, — %Efe *sinh,, ¢ K.

The right-hand side does not depend on ¢, which proves the first assertion.
Turning to the second assertion, using (/5.1]) once more, we obtain

2 2
g=1"+ c(’y cosh, + T sinhy> + (afo - ,ysze) * cosh,
a a

+ (’yfo — ZZ‘F) * sinh., .

Therefore §(0) = ¢, and, by the second equality in Lemma it remains
to show that

af” * [coshy —eq— eq * (acosh,, + v sinh,)]
= %Efe * [sinh, — eq * (7 cosh, + asinh,)].

Since, again by Lemma [5.1] both expressions in square brackets vanish, the
proof is complete.

(c) Let f = (fi)iex € %, p and fix an index i € K. From and the
fact that f7 = f7 for all j € K, it follows that Xf¢ = kf;. Additionally, we
have f = f—f = f— ff. Substituting these expressions into and
then applying condition (b) of Lemma [£.2] we obtain

9i = fi — f(0)ea — aeq * f + F(0)[1 + I,

where
xT

L(z) =12y —apik)e ™ | v qy

2y o
+1 ra (v + aBik)e™ S e~ (rFe gy

2y

x
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xT

Be) = -0y = afik) | ey —a)ea s (o) + ()] dy
+ g aBik) | T+ a)ea x fly) = Flw))dy,

x
for x € R. A direct calculation shows that I; = e,. After integrating both
convolution terms by parts, the expression for I5 simplifies to
o«
2
As a result, we can conclude that g; = f;, as desired. =

L= = (y— afik)ea * T + %w + aBik)eq % | = acq % I

THEOREM 5.4. The map Qq 3 := | — Py g is a projection from % onto
the subspace %J:ﬁ introduced in (2.7)).

Proof. Let f = (fi)iex € % . We define
(5.4) gi = ff — c(ycoshy, +aB;ksinh,) — a(f° — B; Xf°) * cosh.,
a?Bik—o
-(5

~ foe) ssinh,, i€ K,
and we aim to prove the following:

(a) (9)iex € Z35;
(b) if additionally f € %{-ﬁ, then g; = f; for all i € K.

(a) The fact that (g;)icx is a member of # follows directly from Theo-
rem In a similar manner to the proof of point (b) of that theorem, we
obtain

2 iy .
OBk zo, nh, e K.

g; = —cafiksinhy + af; Xf¢ * cosh, —

Since the right-hand side, when divided by f;, does not depend on 4, the
second equality in the definition of @aj—ﬂ is satisfied. Moving on to the first
equality, that is,

(5.5) Yg° = ey x Xy,
we find, by , that
Yg = Xf°— ck(ycoshy + asinh,) — oz(k?o — Xf¢) * cosh,
a?k—o .
— <’yf — 'nye> * sinh., .

Using the first equality in Lemma we verify that all terms in (5.5) in-
volving ¢ cancel out, reducing (5.5 to
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aXf¢x [coshy — eq — €q * (acoshy + 7 sinhy)]
0[2]{3—0 . .
= Tf * [sinh, — eq * (7 cosh, + asinh,)].

Finally, again by Lemma we observe that both expressions in square
brackets are identically zero.

(b) Let i € K. We start by noting that g; may be written as (compare
the equivalent formula for P, gf given in (5.3))

56) 0x) = £12) ~ =) | 0 [prr) + S|

—3(y+apik) | e [;Efe(y) - afo(y)] dy, zeR

xT

Then, we proceed as in part (c) of the proof of Theorem |5 . Namely, as-
sume that f € %L From the definition of this space, it follows that f

g—iea*Ef, Yfe=Xf—oaeyxXf, and ff = fi —aBieq x Xf. Therefore, (5
becomes

gi = fi —afieqx Xf — J,

where
1 A
J(z) = o1 (v — afik) | eSS (y) + (v — a)ea x T (y)] dy
1 T e
+ (v +aBih) [ UV g) - (7 + a)eax Sf)ldy, v ER
After integrating both convolution terms in J by parts, we obtain
1 1
J = ﬂ(y —afik)eq x Xf — ﬁ('y—l—ozﬁZ Jeq * Xf = —afieq x Xf.

This clearly yields g; = f;, as desired. =

Now, the direct sum decomposition ([2.8)) follows immediately from The-
orems [5.3] and [5.4] thereby accomplishing the main goal of this section.

6. @ 5 as an invariant subspace shaped by the boundary condi-
tions 1’ This section focuses on the subspace %+ 0B and explores various
mathematical entities and properties associated w1th it.

THEOREM 6.1. The subspace %J- is inwvariant under the basic Cartesian
product cosine family defined in (2.4))

Proof. The property that each component function has finite limits at
both infinities is evidently preserved by the basic Cartesian product cosine
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family. It is also clear that
(o)) =Ct)Xf, fe¥ teRr

Combining this fact with the invariance of the space Cg[—00, 00| (defined in
(1.2)) under the basic cosine family establishes the preservation of the first
condition in the definition of %J_B To complete the proof, for any f € %, g,
1,7 € K, and t € R, we verify that

BTN Cp (1) )7 = COBf7) = COB; 7 17) = B~ (Co (1) ),
where the first and the last equalities hold because the basic cosine family

commutes with the componentwise operation of taking the odd part of a
function. =

LEMMA 6.2. For f = (fi)iex € ¥ the following conditions are equivalent:
(a) fedy:
(b) ﬁ;lfzo =ae,* Xf onR forallie K;
(c) B 'fe=aeq* Xf on Ry foralli€ K.

Proof. Let f € @al/j By (1), we have Xf° = ;! f? for each i € K,
which shows that (a) implies (b).

Next, assume that (c) holds. Then Xf° = ae, * Xf on Ry, and by

Lemmal[3.1] this equality extends to R. Moreover, the second equation in the
definition of %J-ﬂ is also fulfilled, as the functions 3, ! f{ for i € K are odd
and coincide on Ry by the definition of %J_ﬂ' This establishes (a).

Since it is clear that (b) implies (c), the proof is complete. m

Guided by condition (c) of Lemma we define the extension operator

Exvg: 2 3 (fi)iek — (9i)ick €Y
by
() = fi(z),
6.1) gi(z) = fi(z) s> 0.
9i(—x) = fi(z) — 2Biaeq x Xf (x),

We note that each g¢; is a member of C[—o00,o0] and it has a finite limit at
—oo by (3.1)).

PROPOSITION 6.3. The operator Ejﬁ is an isomorphism from Z onto

i

Vs

Proof. By definition, we have égf = ey x Xf on Ry. Combining this
with Lemma implies that the image of £ is contained in %J_B‘ The
surjectivity of EZ P follows from the fact that each member f of Q/alﬂ satisfies
fi(=z) = fi(x) — 2B,ceq * Xf(x) for x > 0. Moreover, E(J)é_ﬁ is linear and
bounded, with norm not exceeding 5. Its inverse is the operator R (introduced
in Theorem restricted to the domain %J- ..
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The invariance of %/ .8 together with the fact that E- a8 1s an isomorphism
allows us to define a strongly continuous cosine family in 2~ via the abstract
Kelvin formula

(6.2) Caps(t) =RCp(t)Eys, teR.
THEOREM 6.4. Let Ai be the operator in Z defined by
Bf (fl )ZGK

on the domain D(Aiﬁ) consisting of all functions f = (fi)icx € X such

that each fZ is twice continuously differentiable with f!' € C[—o0,00] and
condition ) holds. Then ALﬁ 1s the generator of the cosine family defined

by @:2).
Proof. Let G be the generator of {Ciﬁ (t) : t € R}. We need to show that
D(G) = D(Aiﬁ) and that the operators G and /-\CJ;’B coincide.

STEP 1. By definition, f = (fi)iex € 2 belongs to D(G) if and only
if each g; of is twice continuously differentiable on the entire R, with
gl € C[—o0,00]. Equivalently, each f; is twice continuously differentiable
with f/ € C[0, 00] and each g; has derivative of second order at 0.

Assume that f € D(G). Our goal is to show that condition holds.
To this end, we first use to write out the formula for the difference
quotient and see that the left-hand derivative of g; at 0 coincides with its
right-hand derivative at 0 provided that i f1(0) = aXf(0). This implies the
second equality in . Similarly, the left-hand second derivative of g; at 0
is equal to its right-hand second derivative at 0 plus 28;a(Xf(0) —aX'f(0)).
Since they coincide by assumption and the derivatives of g; and f; coincide
on Ry, we get Xf'(0) — aXf(0) = 0. This proves D(G) C D(Aiﬁ)'

To establish the converse inclusion, assume that f € D(Aiﬁ). Then,
writing out the formula for the difference quotient and using 1’Hospital’s
Rule, we check that the left-hand derivative of g; at 0 exists and equals
—f1(0) 4+ 28;aXf(0). On the other hand, combining ([2.9) with (2.1)), we see
that f/(0) = B;aXf(0) and that the one-sided derlvatlves of g; coincide.
Next, we note that

(9:)' (=) = — fi(z) + 2B:a(Zf(0) — aeq * Tf)(z), x>0,
and argue as above, using ’'Hospital’s Rule, that the left-hand second order

derivative of g; at 0 exists and by ([2.9) agrees with f;’(0). Therefore f € D(G).
Thus D(A; 5) C D(G) and finally D(A] ;) = D(G).

STEP 2. Let f € D(ALﬁ) From Step 1, g = (¢i)iex of is a vector
of twice continuously differentiable functlons and therefore

2 T — (.
lim 2¢7%[Cp(t)g — g] (97 )iek -
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It follows that Gf = R((¢))iex) = (f})iex = Ajﬁf, which completes the
proof. m

THEOREM 6.5. For any f = (fi)icx € 2, we have
o i = Cret(t)(fi — Bi i Cel ,o 0 ; :
(Cap()))i = Cret()(fi = BiZf) + BiCa()Ef, i€ K, teR
Proof This follows directly from the fact that (6.2) can be rewritten

using and (| . as

RCp(t ) a,gf = (RC(t)[Eret(fi — BiXf) + BiEa Xf])ier, fe Z,tcR. u

7. Non-sticky Walsh’s Brownian motion. In this section, we gather
results concerning the transmission condition in the limit as a — oc.
We begin by defining an operator Ag as the Laplace operator on Sy, with the
domain described by the transmission condition .

THEOREM 7.1. The operator Ag is the generator of a cosine family
{Cs(t) : t € R} which is isomorphic to the basic Cartesian product cosine
family restricted to the invariant subspace % defined in (2.11)),

Ca(t) = CD(t)}%, teR.
The cosine family {Cg(t) : t € R} is given via the abstract Kelvin formula
Cs(t) = RCp(t)Eg, teR,
where the extension operator Eg: Zo — % is defined by
(Esf)i(z) = fi(x),

_ r>0,1€ K,
(Esf)i(—2) = —fi(z) + 2/ (2),
and is an isomorphism from Zo onto %j3.
LEMMA 7.2. Let f € C[—o0,00]. Then
. —a(z—y) — T a(z—y) =
alggoaﬂooe fly)dy = lim a §C e fy)dy = f(z)

and the convergence in both limits is uniform in x € R.

Lemma |7 ﬂ implies that for any f € %, Pof and Qqpf (defined as
(gi)ier with the aid of ( and (.6), respectlvely) converge strongly to

f ‘ Bi

Psf = f°+ — and Qgf=(1-P

sf =f P S Bgf pf=(0-=Pg)f

as a — 0o. Furthermore, it turns out that the limit operators Pg and Qs are
projections onto the subspaces defined by the transmission conditions ([2.10)
and (| , respectively. More specifically, we have the following result.

THEOREM 7.3. Pgisa pmjectzon on %3, Qg is a projection on @J- and
the direct sum decomposition (2.12]) holds.
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As a complementary remark, we note that for f € %3 and g € %l,
a straightforward computation show that X(fg) is odd. Consequently, the
following orthogonality property holds:

a

| (X @) de =0, a>o.

—a ieK
THEOREM 7.4.
(a) The subspace %J- defined in (2.13)) is invariant under the basic Cartesian
product cosine family.
b) Let 21 :={f € Z : ¥f(0) = 0}. The extension operator Et: 21 — %
B
defined by
(E5 f)i(z) = fulx),
(E5 f)i(—2) = filx) = 26:Zf (x),
s an isomorphism from Z1 onto %l.
(¢c) The cosine family

fe,z>0,i€kK,

C5(t) :=RCp(t)Ez, teR,
is generated by the operator Aé in 21 defined by Aéf = (f{");ex on the

(2

domain consisting of functions f = (fi)iex € Z such that each f; is
twice differentiable with f]" € C[—o0,00],

(7.1) Xf'(0)=0 and B7UF(0)=B115(0), i EK.
Finally, we note that for any ¢« € K and t € R, we have
(Cﬁ(t)f)z = len(t)(fl - 7) + Cref(t)fa f € %,

(C5(1) )i = Cret)(fi = BiZf) + BiCuin () Zf, [ € 21
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