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Abstract. Let G be a countable infinite discrete group. We show that a subset F' of
G contains a return time set of some piecewise syndetic recurrent point x in a compact
Hausdorff space X with a G-action if and only if F' is a quasi-central set. As an application,
we show that if a nonempty closed subsemigroup S of the Stone-Cech compactification
BG contains the smallest ideal K(8G) of BG then S-product recurrence is equivalent to
distality, which partially answers a question of Auslander and Furstenberg [Trans. Amer.
Math. Soc. 343 (1994), 221-232].

1. Introduction. By a topological dynamical system, we mean a pair
(X,T), where X is a compact metric space with a metric d and T: X — X
is a continuous map. The study of recurrence is one of the central topics in
topological dynamics. For a point x € X and a subset U of X, the return
time set of x to U (in this paper, “neighborhood” always signifies an open
neighborhood) is

N(z,U)={neNg: T"z € U},

where Ny denotes the collection of nonnegative integers. Recurrent time sets
are closely associated with the combinatorial property of the sets of nonneg-
ative integers. In the seminal monograph [I1], Furstenberg characterized the
return time sets of a recurrent point via IP-subsets of Ny which is defined
combinatorially. Recall that a point x € X is called recurrent if for every
neighborhood U of x, the recurrent time set N(x,U) is infinite, and a subset
F of Ny is called an IP-set if there exists a sequence {p;}?°; in Ny such that
the finite sum F'S({p;}32,) of {p;}32; is infinite and contained in F', where

FS{pi}2,) = {Zpi: a is a nonempty finite subset of N}.
1€
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THEOREM 1.1 (|II, Theorem 2.17]).

(1) Given a topological dynamical system (X,T), if a point x € X is recur-
rent, then for any neighborhood U of x, N (xz,U) is an IP-set.

(2) If a subset F' of Ny is an IP-set, then there exists a topological dynamical
system (X, T), a recurrent point x € X and a neighborhood U of x such
that N(z,U) C F U{0}.

Furstenberg introduced the concept of central subsets of Ny and proved
the so-called “central sets theorem” (see |11, Proposition 8.21]), which has
many combinatorial consequences. For a recent survey on central sets, we
refer the reader to [15]. In [16] Hindman et al. introduced the notion of quasi-
central sets, and both concepts were further generalized to be applicable to
arbitrary semigroups. Motivated by Theorem [I.1} we characterize the return
time sets of a piecewise syndetic recurrent point via quasi-central subsets
of No.

THEOREM 1.2.

(1) Given a topological dynamical system (X,T), if a point x € X is piece-
wise syndetic recurrent, then for every neighborhood U of x, N(z,U) is
a quasi-central set.

(2) For any quasi-central subset F of Ny, there exists a topological system
(X,T), a piecewise syndetic recurrent point x € X and a neighborhood
U of x such that N(z,U) C FU{0}.

The proof of Theorem is presented in Section 2} In fact, we will show
that a more general version of Theorem also holds for G-systems and
some special kinds of recurrence; see Theorem [5.7] for details. Recall that
a G-system is a pair (X,G), where X is a compact Hausdorff space and
G is a countable discrete group continuously acting on X. A key aspect
of the proof of Theorem is a “purely” combinatorial characterization of
the recurrent time sets corresponding to certain specific types of recurrent
points; see Theorem [£.4]

Let (X,T) be a topological dynamical system. Recall that two points
z,y € X are called prozimal if liminfy_,. d(T*z, T*y) = 0, and a point
x € X is called distal if it is not proximal to any point in its orbit closure
other than itself. By the well-known Auslander—Ellis theorem (see e.g. [11],
Theorem 8.7]), any distal point is uniformly recurrent. In [I1], Furstenberg
also characterized distal points in terms of recurrent time sets and synchro-
nized recurrence with certain types of recurrent points (see [9] and [7] for
G-systems). Recall that a subset F' of Ny is called an IP*-set if for any
[P-subset F’ of Ng, F N F' # ().

THEOREM 1.3 (|11, Theorem 9.11]). Let (X, T) be a topological dynamical
system and x € X. Then the following assertions are equivalent:
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(1) z is distal;

(2) x is IP*-recurrent, that is, for any neighborhood U of x, N(x,U) is an
IP*-set;

(3) = is product recurrent, that is, for any topological dynamical system
(Y,S) and any recurrent point y € Y, (x,y) is recurrent in the prod-
uct system (X x Y, T x S);

(4) for any topological dynamical system (Y,S) and any uniformly recurrent
point y € Y, (x,y) is uniformly recurrent in the product system (X xY,
T x S).

In [2], Auslander and Furstenberg treated directly the action F x X >
(p,x) — px € X of a compact right topological semigroup E on a compact
Hausdorff space X. It should be noticed that the maps x +— px are often
discontinuous for such semigroup actions. Such an action is referred to as an
Ellis action in [I]. Within this framework the authors of [I] investigated the
relationships between dynamics of an action and an algebraic structure of E.
For instance, they obtained several characterizations of distal, semidistal and
almost-distal flows for an Ellis action. The Stone—Cech compactification SG
of a discrete group G forms a compact right topological semigroup, and its
action constitutes an important example of Ellis action (referred to as a
BG-action).

Partially motivated by Theorem Auslander and Furstenberg [2] in-
troduced the concept of S-product recurrence for a closed subsemigroup S
of E, and showed that under certain conditions, a point is S-product re-
current if and only if it is a distal point. In the end of [2], Auslander and
Furstenberg asked the following two questions:

QUESTION 1.4. How to characterize the closed subsemigroups S of a com-
pact right topological semigroup for which an S-product recurrent point is

distal?

QUESTION 1.5. If (x,y) is recurrent for any almost periodic point y, is x
necessarily a distal point?

Question was answered negatively by Haddad and Ott [14] for topo-
logical dynamical systems. In fact, this question is related to dynamical
systems which are disjoint from all minimal systems. In [§], Dong, Shao and
Ye studied general product recurrence properties systematically and in [21]
Oprocha and Zhang showed that if (z,y) is recurrent for any piecewise syn-
detic recurrent point y, then x is a distal point.

Recall that the Stone—Cech compactification SG of G has a smallest
ideal K(BG) which is the union of all minimal left ideals of 5G. We consider
BG-actions on compact Hausdorff spaces and obtain the following sufficient
condition for the closed subsemigroups S of G for which an S-product re-
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current point is a distal point, partly answering Auslander and Furstenberg’s

Question [T.4]

THEOREM 1.6. Let (X, fG) be a BG-action and S be a nonempty closed
subsemigroup of BG \ G. If K(BG) C S, then a point v € X 1is distal if and
only if © is S-product recurrent.

As an application, we obtain a characterization of distal points in terms
of product recurrence for G-systems on compact Hausdorff spaces. It should
be noted that some special cases for a topological dynamical system (X, T)
were established by Oprocha and Zhang [21].

THEOREM 1.7. Let G be a countable infinite discrete group and F C
P(G) be a Furstenberg family. If F has the Ramsey property and the hull
of F,

WF):={p€pG:pC F},

is a subsemigroup of BG and F D Fps, then for any G-system (X,G) and
x € X, the following assertions are equivalent:

(1) z is distal;

(2) = is F-product recurrent, that is, for any G-system (Y,G) and any F-
recurrent pointy € Y, (x,y) is recurrent in the product system (X x Y, G);

(3) for any G-system (Y,G) and any F-recurrent point y € Y, (x,y) is
F-recurrent in the product system (X xY,G).

The paper is organized as follows. To illustrate the core idea, in Section 2
we focus on topological dynamical systems and prove Theorem [I.2] The
proof takes advantage of the order of natural numbers and is thus relatively
straightforward. In the rest of this paper, we consider general group actions
and Ellis actions. In Section 3, we investigate some properties of several
collections of subsets in a countably infinite discrete group G. In Section 4,
for compact metric G-systems we provide combinatorial characterizations of
the return time sets of F-recurrent points under the conditions (P1) and
(P2) introduced in Section 3. We also present an application of product
recurrence for G-systems. In Section 5, we recall some results about Stone—
Cech compactification 3G of G and prove the main result (Theorem [5.7)
of this paper, which can be regarded as a generalization of Theorem [1.2]
In Section 6, we study SG-actions on compact Hausdorff spaces and prove
Theorems [L.6 and [[.7

2. Proof of Theorem In this section, we focus on continuous
maps acting on a compact metric space and prove Theorem [I.2] It should
be noted that the natural order of Ny plays a significant role in the proof of
Theorem , whereas in the general case (G-system), the situation becomes
more complicated. To illustrate the core idea of the construction, we prove



Return time sets and product recurrence 5

Theorem in a separate section, which may be of independent interest. We
will try our best to make this section self-contained to ensure that readers
can understand it independently. Readers are referred to Theorems [£.4] and
for the general case.

In Section [2.1| we will discuss some equivalent definitions of quasi-central
sets. For the proof of Theorem readers may refer directly to Section

2.1. Some equivalent definitions of quasi-central sets. First we
introduce the structure of SNy. Denote by P = P(Ny) the collection of all
subsets of Ny. A subset F of P is called a Furstenberg family (or just a
family) if it is upward hereditary, i.e., F} C Fy and Fy} € F imply F, € F.
A family F is called proper if it is neither empty nor all of P. A family is
called a filter when it is a proper family closed under intersection, i.e., if
Fy, Fy € F then Fy N Fy, € F. A family is called an wltrafilter if it is a filter
that is maximal with respect to inclusion.

Before proceeding, let us recall some notions. By a compact right topo-
logical semigroup, we mean a triple (F,-,T), where (E,-) is a semigroup,
and (E,T) is a compact Hausdorff space, and for every p € E, the right
translation p,: S — S, ¢ — ¢ - p, is continuous. If there is no ambiguity, we
will say that F, instead of the triple (F,-,7), is a compact right topological
semigroup. A nonempty subset I of E is called a left ideal of £ if E-1 C I,
a right ideal of E if I - E C I and an ideal of FE if it is both a left ideal and
a right ideal of E. A minimal left ideal is the left ideal that does not con-
tain any proper left ideal. A minimal right ideal is the right ideal that does
not contain any proper right ideal. An element p € FE is called idempotent
if p-p =p. An idempotent p € F is called a minimal idempotent if there
exists a minimal left ideal L of E such that p € L. The Ellis-Numakura
theorem states that every compact right topological semigroup must contain
an idempotent; see e.g. [I7, Theorem 2.5].

Endowing Ny with the discrete topology, we take the points of the Stone—
Cech compactification SNy of Ny to be the ultrafilters on Ny. For A C Ny,
let A= {p € BNy: A€ p}. Then the set {A: A C Ng} forms a basis for
the open sets (and a basis for the closed sets) of SNy. Since (Np,+) is a
semigroup, we can extend the operation + to SNy by

p+q={FCNy:{neNy: —n+F €q}ep}

Then (SN, +) is a compact Hausdorff right topological semigroup with Ny
contained in the topological center of SNy. That is, for each p € SNy the
map p, : BNg — BNy, ¢ — g+ p, is continuous, and for each n € Ny the map
An : BNg — BNg, g — n + ¢, is continuous. It is well-known that SNg has a
smallest ideal K(SNg) = J{L : L is a minimal left ideal of fNo} = [J{R :
R is a minimal right ideal of SNg} [I7, Theorem 2.8|. Let p € BNy, {zp tnen,
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be an indexed family in a compact Hausdorff space X and y € X. If for
every neighborhood U of y, {n € Ny: z,, € U} € p, then we say that the
p-limit of {xy,}nen, is y, denoted by p-lim,en, z, = y. As X is a compact
Hausdorff space, p-limyen, z,, exists and is unique.

According to [16, Definition 1.2|, we introduce the following definition of
quasi-central sets.

DEFINITION 2.1. Let F© C Ng. Then F' is quasi-central if there exists
some idempotent p € cl(K(8Np)) with F' € p.

We recall some classes of subsets of Nj.
DEFINITION 2.2. Let A be a subset of Ny.

(1) Iffor every L € N, there exists n € Ny such that {n,n+1,...,n+L} C A,
then we say that A is thick.

(2) If there exists L € N such that for any n € Ng, {n,n+1,...,n+L}NA
# (), then we say that A is syndetic.

(3) If there exists a thick set B C Ny and a syndetic C' C Ny such that
A = BnNC, then we say that A is piecewise syndetic.

Let (X, (Ts)ses) be a dynamical system defined in [5] where S is a semi-
group. Note that when S = Ny, the action is generated by a continuous
evolution map 7' and we simply write the dynamical system as (X,7T) in
this section (the underlying space X is a compact metric space). By the
proof of [5, Theorem 3.4|, we have the following theorem, which is a dynam-
ical characterization of quasi-central sets.

THEOREM 2.3. Let F' C Ng. Then F is quasi-central if and only if there
exists a dynamical system (X, T'), points x andy of X, and a neighborhood U
of y such that

(1) for any neighborhood V' of y, N((z,y),V x V) is piecewise syndetic;
(2) N(z,U)=F.

We will need the following equivalent characterizations of quasi-central
sets.

PROPOSITION 2.4. Let F' C Ng. Then the following assertions are equiv-
alent:

(1) F is quasi-central;
(2) there exists a dynamical system (X,T), points x and y of X, and a
neighborhood U of y such that

(a) for any neighborhood V of y, N((x,y),V X V) is piecewise syndetic;
(b) N(z,U) c FU{0};
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(3) there exists a dynamical system (X,T), points x and y of X, and a
neighborhood U of y such that

(a) for any neighborhood V' of y, N((x,y),V x V) is piecewise syndetic;
(b) N((z,9),U xU) c FU{0}.

Proof. (1)=-(2). This follows from Theorem

(2)=(3). This follows from the fact that N((z,y),U x U) C N(x,U).

(3)=(1). By [B, Lemma 3.3| one can pick an idempotent p € cl(K(5Np))
such that p-lim,en, T"2 = p-limpen, 7"y = y. For the neighborhood U
of y, N((z,y),U xU) = N(z,U) N N(y,U) € p. Then F U {0} € p. Since
K(BNp) C 8Ny \ Ny, F' € p. By definition F' is quasi-central. =

2.2. Proof of Theorem To prove Theorem we need the fol-
lowing definition and lemma.

DEFINITION 2.5. Let (X,T) be a topological dynamical system and
x € X. We say that x is a piecewise syndetic recurrent point if for any
neighborhood U of z, N(z,U) := {n € Ny : T"z € U} is a piecewise synde-
tic set.

LEMMA 2.6. Let (X,T) be a dynamical system, let x,y € X, and assume
that for every neighborhood V' of y, N((z,y),V x V) is piecewise syndetic
in Ng. Let U be a neighborhood of y and let a € N. There are a set H
which is thick in Ng and a set S which is syndetic in Ny such that HN.S C
N((z,y),U xU) and S C (a+ 1)N.

Proof. By Proposition N((z,y),U x U) is a quasi-central set. Then
by [17, Lemma 5.19.2] or |20, Proposition 6.7], ﬁN((w,y), UxU)NNis
piecewise syndetic in N, so also in Ny. There exists a thick subsset H' of N
and a syndetic set S’ in N such that

H NS =

o Jr1N((x,y),U x U)NN.

Let H = {JjLo((a1 + 1)H' + j) and S = (a1 + 1)S". Then H is thick, S is
syndetic and
HNScC(a+1)(H NS)C N((x,y),U xU). u
Now we introduce the symbolic dynamical system (X9, 0). Let
Yo = {0,130 = {zgxy ... 2; € {0,1}, i € Np},

endowed with the product topology on {0, 1}, while {0, 1} is endowed with
the discrete topology. A compatible metric d on Y is defined by

d(IB )_ 07 ./L':y,
Y 2%, k=min{i € No: z; # y; },



8 J. Li, X. Liang and Y. Yang

for any z,y € Yy. Then (X9, d) is a compact metric space. Define the shift
map as follows

0'122—)22, ToT1...—> T1x9 ...

Then (X5, 0) is a topological dynamical system. Besides infinite symbolic se-
quences we consider also finite symbolic sequences or words u = uguy - . . Unp—1
where u; € {0,1} fori =0,...,n—1. If u = wouy ... u,—1 is a word of {0, 1},
we define the cylinder of u by

[u]:{UEZQ:vi:uiforanyogignfl}.

Obviously [u] is a clopen subset of Y. Let {0, 1}"={zox1 ... zn_1:2,€{0, 1},
0 <i<n-—1}and {0,1}* = (J;7,{0,1}". Then the collection {[u] : u €
{0,1}*} of all cylinders forms a topological basis of the topology of Xs. In
particular, for any x = zgz;... € Yo, we denote by x\[i’j] = z;...x; the
word which occurs in & between coordinates ¢ and j. Then we can consider
the cylinder [z[}; 5], i-e., [[j )] = {v € Za: vs = 5 for any i < s < j}. For
any x,y € Yo, x|; ;) = yl; ;) means that the two words are identical, i.e., for
any s € {i,...,7}, Ts = ys.

Proof of Theorem . (1) Since z € X is piecewise syndetic recurrent,
for every neighborhood V' of x, N(x,V) is a piecewise syndetic set. Then
for the system (X,T), z € X and a neighborhood U of z, it satisfies the
following:

(i) for every neighborhood V of z, N((x,z),V x V) = N(z,V) is piecewise
syndetic;

(i) N(z,U) = N(z,U) U {0}.

Thus N(z,U) is quasi-central.

(2) Let F be a quasi-central subset of No. By Proposition [2.4] there exists
a topological dynamical system (X,T), z,y € X and a neighborhood U of
y such that

(i) for every neighborhood V of y, N((z,y),V x V) is piecewise syndetic in

No;

(i) N(z,U) C FU{0}.

We shall show that for the symbolic dynamical system (X9,0), there
exists a point z € X5 which is a piecewise syndetic recurrent point such
that [1] is a neighborhood of z and N(z,[1]) C F U{0}.

Let U; = U. Since N((z,y),Us x Uy) is piecewise syndetic in Ny, pick a
set H1 which is thick in Ny and a set S7 which is syndetic in Ny such that
HyNSy = N((x,y),U; x Uy). Pick a finite integer interval Ifl) C Hj such
that Ifl) NSt # 0, min Ifl) > 1 and ]I£1)| > 1, where | - | denotes cardinality.
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Define z(1) € 29 as follows:
1, n=0,
2Wn)={1, ne I(l) N S,
0, neNo\{{o}uIMns}.

Then z1(0) = 1, 20 (1) = 0 and N(zM,[1]) = {0} U T N S)). Let
Ay = N(2W,[1]) and let a; = max A;. Then A; is a finite subset of Ny and
Ay CN((x,y),Ul XUl)U{O}. A
Let k € N and assume that we have chosen (z())F | in Xy (U;)F

neighborhoods of y in X, (A;)%_,, (a;)*_,, (H;)%_;, (S;)k_| and <(Ii(])>§:1>f:1
satisfying the following hypotheses for ¢ € {1,...,k}:

(1) A; = N(z2,[1]) € N((z,y),U; x Uy) U{0} and a; = max A;;

( ) if > 1, then A;_1 C A; and a;,_1 < a;;

(3) if i > 1, then U; = Njcq,_, T—Uy;

(4) H; is thick in Ny, S; is syndetic in Ng, and H;N.S; C N((z,y), U; x U;);

(5) if 1 > 1, then S; C (ai 1+ 1)N

(6) if 1 < j < i, then Ii(j) is a finite interval, |I | > i, I(J) C Hj and

VN sy #0;
(7) if i > 1, then min[i(l) > a;_1, and minIi@) > max[i(l);
(8) if i > 2, then minIi(l) > max[i(z__ll) + ai—2, minIi@) > maxli(l) and if
3 < j <1, then minI(j) > maXI»(ZID +aj_9;

1

(9) if i > 1, then z( |[Oa '*1)\[07%71];
(10) 1fn€[ )ﬂsl, then z()( )=1;
(11) if2<j<iandne I( 2 n.sj, Z((?)’[n,nJra -] = 20 |[0a] 1
(12) ifi > 1and t € No\ ([0, a;—1]U(I; ﬂSl)UUj:2 Uneli(])msj n,n+a;_1]),

then 2 (t) = 0.

All hypotheses are satisfied for i = 1, all but (1), (4), (6) and (10) vacuously.
We now show that all hypotheses are satisfied for ¢ = k + 1. Let Up41 =
Njea, T7?U1. By hypothesis (1), if j € Ay, then j € N((z,y), U1 x U1) U{0}
so T’y € U;. Therefore Uy, is an open neighborhood of y. By Lemma
pick a thick subset Hyi1 of Ny and a syndetic subset Si+1 of Ny such that
Sk+1 C (ag + )N and Hyq1 N Skgy1 € N((2,y), Ugt1 X Ug1).
Take a finite interval I,Sr)l in Hy with min IIE1+)1 > ay, such that IIE1+)1 NSy

(k)

# () and minI,Sr)1 > max I,/ + u where

0 k=1,
u =
ap—1 if k> 1.
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For j € {2,3,...,k+ 1} pick a finite interval I,gy_zl in H; such that |I,£J_21| >
k41, min I]ggl > max Ilgi_ll) and if j > 3, then min Ilgzl > max I,gr_ll)—i—aj,g.
We claim that we can define z#t1) e ¥, as required by hypotheses

(9)—(12) for i = k 4 1. That is,

9) 2% V0,0, = 20,015
(10) ifn € I,E,i_)l N Sy, then 2+ (n) = 1;
(11) if2<j<k+landne Y NSy, 20D 0 =20V,
(12) if t € No \ ([0,ai] U (1Y, nS1) U UL Ut s, [+ a-1]), then
D (1) = 0.
By the construction of I,E:Ql, Jj = 1,....k + 1, we have minllgzl >

min 115:21 > ay, for j € {1,...,k + 1}, which implies that (9) does not con-

tradict (10) or (11).
To see that (10) does not contradict any part of (11), let j € {1,2,...,

k+ 1}, let m € I,gﬂzl NS; and let t € [0,a;—1]. Then m +¢ > min[,i{gl >

max I,Sr)l > n.

Finally, we show that no parts of (11) contradict each other. Suppose we
have 2 < j <1 <k+1lne Il nS;,mell) NS, tel[0,a] and
s € [0,a;—1] such that n +t = m + s. Assume first that j = [. If n = m,
then t = s and there is no conflict. So suppose without loss of generality that
n < m. Then n,m € (a;—1+1)N so pick b < ¢ in N such that n = (aj—1+1)b
and m = (aj—1 + 1)c. Then n+t = (aj—1 + 1)b+t < (aj—1 + 1)c <m+ s,

1)

a contradiction. Thus we must have j < [lsol > 3. Then m+s > min [ Ig 11>

max Ilitll) + a;_9 > max [&)1 +aj_1 > n+t, a contradiction.

Let Apy1 = N(2F*1[1]) and let ax1q = max Agyq. All hypotheses are
satisfied directly except for (1) and (2). To see that Ay C Agiq, let n € Ag.
Then n < aj, so by hypothesis (9), z*+D(n) = 2*)(n) = 1. Also by (6),
I,Sgl NSy # 0 so by (10), apr1 > min([&_)1 N .S1) and min([ﬁ_)1 NSy >
min I,ii_)l > ay by (7). Thus, hypothesis (2) holds.

To verify hypothesis (1) we need to show that

Nz [1]) € N((z,y), U1 x Ur) U{0}.
So let m € N(z*+1 [1]). If m € [0, az], then m € A, € N((z,y),U; x Uy)
U{0}. If me I,gi_)l NSi, then m € H; NSy C N((z,y),U1 x Up). So assume
that we have 2 < 7 < k+4+1, n € I,gj_zl NS;, and t € A;_; such that
m = n + t. By hypotheses (6) and (4), n € N((z,y),U; x U;) so T"x € U;
and T"y € Uj. By hypothesis (3), T"(T™z) € Uy and T'(T™y) € U; so
m=n+t¢& N((z,y),U; x Up). The inductive construction is complete.
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We now establish some facts.

(a) If 1 <r < j <1, then for eachn € I](TH) N Srt1,
Z(i)|[n,n+ar} = z(j)|[n,n+ar} = z(r)|[0,a,~}'

To establish (a),let 1 <r < j <i /letn € I(T+1)HST+1 and let ¢t € [0, a,].
By hypothesis (11), 20 (n 4+ t) = 2)(t). Now 29)(n + a,) = 20 (a,) = 1
so n+ a, € Aj and thus n + a, < aj. Then by hypotheses (2) and (9),
2D (n41t) =20 (n+1t) = 200(¢).

b) If1<r<j<i, thenﬂ VS € NEO 200400

To establish (b),let 1 <r < j <iandletn € I(H_ )erJrl Then by (a),
for each t € [0, a,], o™ (2)(t) = 29 (n+t) = 2 (¢ )soneN( @, [z [0, Bl
as required.

Since <z(")>l.o;

point z € X of the sequence <z(i)>z1

is a sequence in compact space Yo, we may pick a cluster

(c) For each j € N, Z\[o,aj] = Z(j)’[o,aj]-

To establish (c), let j € N and let ¢ € [0, a;]. Since z is a cluster point
of the sequence <z(i)>;:1 and [2p,q,)] is & neighborhood of z, we can pick
i > j such that 2 e [z][07aj]]. Then Z(i)‘[o,aj] = 2‘[0,%] and by hypotheses
(2) and (9), 2|9 4.1 = 29| j0.4,] = 2l0,0,]-

As a consequence of (c), for each r € N, [Z(T)|[07ar]] is a neighborhood of
z. So {[Z(T)Ho,a,«]] :r € N} is a neighborhood basis for z.

(d) If 1 <r <. Then N(z(l)v [Z(r)’[o,ar]]) - N(Zv [Z(T)|[O,a7-}])'

To establish (d), let 1 < r <4 and n € N(z®, [z(’")][o,ar]]). Then for any
t €10,a,],
o (=) () = 20 (n + 1) = 201,
In particular, z(9) (n+a,) = z(r)(a,n) =1son+a, € A; and thus n+a, < a;.
By (c), 2lj0,a,] = Z(i)’[o,ai] s0 0™(2)(t) = z(n+t) = 2D (n+1t) = 20 (t). Thus,
n € N(z, [Z(T)’[o,ar]]) as claimed.

Now we claim that z is a piecewise syndetic recurrent point of Xs. To see
this, let R be a neighborhood of z and pick r € N such that

[Z(T)| 0,a ]] C R.

1) g thick, S,41 N (U r+l IZ(TH)) Is

As Spq1 is syndetic and (J;2, I,
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piecewise syndetic and

ST+1 n (i=L7“J+1 I’L‘(T+1)) B i:Lrgrl(ST—i-l N Il'(r+1))

c |J NGED D pa) € Nz 27 0.0.]),
i=r+1
where the first inclusion holds by (b) and the second inclusion holds by (d).
So z is a piecewise syndetic recurrent point of Xs.

By (c), [1] is a neighborhood of z. We conclude the proof by showing that
N(z,[1]) € FU{0}.If n € N(2,[1]) and a; > n then by (c), z(n) = 29 (n) so
N(z,[1]) c U2, N(2%,[1]). By hypothesis (1), for each i € N, N(2(,[1]) C
N((z,y),U; x U;)U{0} C N(z,U)U{0} so N(z,[1]) c FU{0}. =

3. Subsets in a countable infinite group. In this section we investi-
gate some classes of subsets in a countable infinite discrete group. We propose
two abstract properties (P1) and (P2) for a Furstenberg family which we will
use in Section 3 to characterize recurrent time sets. We will verify that the
collection of all piecewise syndetic sets and the collection of all infinite sets
satisfy the two abstract properties. If the group is amenable, the collection
of all sets with positive upper density (with positive upper Banach density,
respectively) also satisfies the two abstract properties.

Let G be a countable infinite discrete group with identity e. Denote by
P(G) and Pg(G) the collections of all subsets of G and all nonempty finite
subsets of G respectively. Let F C P(G)\{0}. If forany F € F, FC H C G
implies H € F, then we say that F is a Furstenberg family (or just a family).
A Furstenberg family F is proper if it is a proper subset of P(G) \ {0}. For
a Furstenberg family F, the dual family of F, denoted by F*, is

{FeP(G): FNF' #{ for any F' € F}.

Note that F* = {F € P(G) : G\ F ¢ F}. A Furstenberg family F is called
a filter if A,B € F imply AN B € F. An ultrafilter is a filter which is
not properly contained in any other filter. A Furstenberg family F has the
Ramsey property if whenever A € F and A = A; U Ay there exists some
i € {1,2} such that A; € F. It is easy to see that a Furstenberg family F
has the Ramsey property if and only if the dual family F* is a filter.

Let A be a subset of G.

(1) If for every K € P¢(G), there exists g € G such that Kg C A, then we
say that A is thick.

(2) If there exists K € P¢(G) such that for any g € G, KgnN A # 0 (i.e.
G = K~'A), then we say that A is syndetic.
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(3) If there exists a thick set B C G and a syndetic C C G such that
A = BNC, then we say that A is piecewise syndetic.

Denote by Fi, Fs, Fps, Finf the collections of all thick, syndetic, piecewise
syndetic and infinite subsets of GG, respectively.

We say that a Furstenberg family F satisfies (P1) if for any A € F there
exists a sequence {A,}°°; in P¢(G) such that

(1) for every n € N, A,, C A;
(2) for any distinct n,m € N, A, N A, = 0;
(3) for every strictly increasing sequence {n;}32, in N, (Ji2, An, € F,
and F satisfies (P2) if for any F' € F and any K € P¢(G), there exists a
subset F’ of F such that F’ € F and for any distinct fi, fo € F' U {e},
KfiNnKf,=10.

First we need the following lemma.

LEMMA 3.1. For every F,H € P¢(G) if |H| > |F|? there exists h € H
such that F N Fh =.

Proof. For any fi,fa € F, let B(f1,f2) = {h € H: fi = fah}. As
G is a group, each B(f1, f2) is the empty set or a singleton. If for every
h € H, FOFh # 0, then Uy, ,cp B(f1,f2) = H. As |H| > |F|*, there
exist f1, fo € F, such that B(f1, f2) contains at least two points. This is a
contradiction. m

The following result must be folklore. We provide a proof for the sake of
completeness.

LEMMA 3.2. F; satisfies (P1).
Proof. We need the following claim.

CLAIM. Let F be a thick set. Fiz K € P¢(G), then {g € G: Kg C F} is
a thick set.

Proof. For any H € P¢(G), KH € P¢(G). As F is thick, there exists
h € G such that KHh C F. Then Hh C {g € G: Kg C F}. So {g € G :
Kg C F} is a thick set. =

Now fix a thick set A. As G is countable, there exists a sequence {G, }72
in P¢(G) such that G, C Gp41 and ;2| G, = G. As A is thick, there
exists g1 € G such that G1g1 C A. Let A = Gig1. Let By = A1 U Go.
By the claim, {g € G: Bag C A} is thick. By Lemma there exists
g2 € {g €G- B2_g (@ A} such that By N BQQQ = 0. Let Ay = Gggg.

By induction, we construct two sequences {A,}, {B,} in P¢(G) and a
sequence {gy} in G such that for any n > 2,

(1) By = U5 Ai UGhy;
(2) Bngn C A;
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(3) B, N Bngn = ®§
(4) An = Gngn-

Then for any n € N, A,, C Bpg, C A; for any n,m € N with n # m, without
loss of generality assume that n > m, A, NA,, C A,NB, C B,g,NB, =0.
Since Gy, C Gpq1 and |, ; G, = G, for every strictly increasing sequence
{ne}2, in N, Up2, An, € Fi. Thus F; satisfies (P1). m

In [22] Xu and Ye showed that Fs satisfies (P2). Here we have the fol-
lowing sufficient condition for a Furstenberg family to satisfy (P2).

PROPOSITION 3.3. Let F be a proper Furstenberg family in P(G)\{0}. If
F has the Ramsey property and for all A € F and g € G, we have gA € F,
then F satisfies (P2).

Proof. We first show the following Claim.
CLAIM. For every A€ F and K € P¢(G), A\ K € F.

Proof of the Claim. Let A € F and K € P¢(G). As F has the Ramsey
property and A = (ANK)U (A\ K), either ANK € For A\ K € F.
Now we assume that AN K € F and write the finite AN K as {k1,...,kn}.
By the Ramsey property of F again, there exists some 1 < ¢ < n such that
{k;} € F.Forevery g € G, g{ki} = {gki} € F. As F is a Furstenberg family,
F =P(G)\ {0}, which contradicts F being proper. Therefore, A\ K € F. u

Now fix A € F and K € P;(G). Let
B ={B C A: for any distinct by, by € BU{e}, Kby N Kby = 0}.

By the Claim, A is infinite. By Lemma[3.1] there exists h € A\ {e} such that
KN Kh =0, then {h} € B, which implies that B is not empty. By Zorn’s
Lemma, pick B € B which is maximal with respect to inclusion. If D € B
then also DU{e} € B and since B € B is maximal with respect to inclusion,
e € B.

Now we will show that B € F. For any a € A, there exists b € B such
that KaN Kb # (). (For otherwise there is a € A such that for any b € B, we
have KaNKb=0,s0oa ¢ B, BC BU{a} € B, contradicting the maximality
of B.) Then a € K~ Kb. This shows that A C K "!KB. Then K 'KB € F
as A € F. As F has the Ramsey property and K 'K is finite, there exists
some g € K 'K such that gB € F. Then B=g '(¢gB) € F. m

It is easy to see that Fi,s satisfies the properties (P1) and (P2). Now we
show that so does Fps.

LEMMA 3.4. Fps satisfies (P1) and (P2).

Proof. (1) To prove that Fpg satisfies (P1), let F' € Fps. By the definition
of Fps, there exists a thick set A C G and a syndetic set B C G such that



Return time sets and product recurrence 15

F = AN B. By Lemma if F; satisfies (P1), then there exists a sequence
{An}22, in P¢(G) such that

e for every n € N, A, C A;
e for all distinct n,m € N, 4, N 4,, = 0;
e for every strictly increasing sequence {n;}%2, in N, Up2; An, € Fr.

Let F,, = A, N B for n € N. Then {F,}°, is the sequence that satisfies
(P1) for F'. By the arbitrariness of F', Fps satisfies (P1).

(2) To prove that Fps satisfies (P2), let F' € Fp,s. By the definition of F,
there exists a thick set A C G and a syndetic set B C G such that F' = ANB.
For any K € P¢(G), by |22, Lemma 2.7|, Fs satisfies (P2). Then there exists
a subset B’ of B such that B’ € Fs and for any distinct by,by € B’ U {e},
Kby N Kby = 0. Let F¥ = AN B’. Then F' C F and F' € Fps. For any
distinet fi, fo € F' U {e}, we have f1, fo € B’ U {e}, thus Kf1 N K fo = (.
By the arbitrariness of F', Fps satisfies (P2). m

A Fglner sequence of a group G can be used to define the density of a set
A C G in a way analogous to the definition given for a subset of nonnegative
integers of natural density.

For any nonempty subsets A, B in G, denote AAB = (A\ B)U(B\ A).
It is easy to verify that for any nonempty subsets A, B,C, D in G, (A\ B) A
(C\D)C(AAC)U(BAD,).

DEFINITION 3.5. Let G be a countable infinite discrete group and {F,}
be a sequence of nonempty finite subsets of G. We say that {F,} is a Fglner
sequence if for any g € G, we have

lim ‘(an) AFn’ _

n—oo ‘Fn’

0.

It is obvious that if {F},} is a Folner sequence, then lim,, o |F},| = +o00.

A countable infinite discrete group G is called an amenable group if there
exists some Fglner sequence {F,} in G.

DEFINITION 3.6. Let GG be a countable infinite discrete amenable group
and {F,} be a Fglner sequence in G. For a subset A of G, the upper density
of A with respect to the Folner sequence {F,,} is defined by

dg,1(A) = limsup L

|F, N A

It is obvious that 0 < d¢p,1(A) < 1. For a given Fglner sequence {F),},
denote

fp{fg} = {AC G: dgpy(A) >0}
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The upper Banach density of A is defined by
d*(A) = sup {dyp,}(A): {F,} is a Folner sequence in G}.
It is obvious that 0 < d*(A) < 1. Denote Fpuha = {A C G: d*(A) > 0}.
In the following we show that if G is an amenable group and {F,} is
a Fglner sequence in G, then F {ug} and Fpubq satisfy the properties (P1)
and (P2).
LEMMA 3.7. Let G be an amenable group and {F,} be a Folner sequence

in G. Then }—éu;} and Fpuba satisfy (P1) and (P2).

Proof. (1) Flibnd satisfies (P1). Let A € FUEn then

pud pud
dip,3(A) = hmsup 7, ‘|F NA|l>0.
Then there exists a Fglner subsequence {F)} C {F,} such that
hm |F’\|F/ NA|>0.
Without loss of generality we assume that |F)| > (n+ 1)(\F1| +-+|F)_4])
for any n > 2. Define Ey := F| and E, := F} \ (F{U---UF} 1) for any

n > 2. It is clear that E; N E; = () for any distinct 4,5 € N.
CLAIM. {E,} is a Folner sequence and dgg, }(A) = dgpry(A).
Proof of the Claim. Since
() & = () o U U B3 1) & (L (R U U )
C ((9F,) AF,) U (g(F1 U UE, ) A(F{U-UF, ,)),

we have
i [GE) .|
n—00 ’En|
fim JGEDAE @ UF ) AF U U R, )
T n—oo |En| n—00 |E ‘
EF'YN F! 2[F{U---UF!
< lim M—i—lim |/1 ] o,
n—oo |F n—oo n(|Fi|+ -+ [F},_4])

So by definition {E,} is a Fglner sequence.
It is easy to verify that

)  ENF U U )4
d A)=1
(0 (4) = i sup = e )

'NAl

= limsup [ =dpry(A). =

n—oo | F|
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Similarly, we can verify that for every strictly increasing sequence {ny }722,
in N, {Ep, } is a Folner sequence and dyp, }(A) = d{pr/%}(A).

Let A, := E, N A. Then A, C A and A, N A,, = () for every n,m € N
with n # m. For any strictly increasing sequence {nk} in N,

CZ{Fn} (kL;JI Ank> > CZ{F;L} (gl Ank> 117rln_>sOL<1Jp |F’| FI'n U An,
2 ot gl 014
= d¢p, 1(A).

By the Claim, d{E }( ) = d{F/ y(A) = J{F/}( ) > 0. So Upey 4n, €

féﬁ b Thus {A4,} is the sequence satlsfylng (P1) for A. By the arbitrariness

of A, ]-"{ ”} satisfies (P1).
(2) ]:pubd satisfies (P1). Let A € Foupq. There exists a Fglner sequence
{Fy,} such that d¢z,1(A4) > 0. Then the assertion follows from the proof that

.7-"{F"} satisfies (P1).
(3) It is easy to verify that f{ "} and Fpupq satisfy all the conditions in
Proposition 3.3, Then .7:{ "} and fpubd satisfy (P2).

4. Return time sets and product recurrence for G-systems on
compact metric spaces. In this section we study recurrent time sets of
points with some special recurrent property in a G-system (X, G). Note that
in this section, we always assume that X is a compact metric space. Using
the abstract properties (P1) and (P2) of Furstenberg families in Section 3
we give combinatorial characterizations of return time sets of F-recurrent
points. We also apply those results to the study of product recurrence.

First we introduce G-system and recall some definitions. By a compact
(metric) G-system, we mean a triple (X, G, IT), where X is a compact (met-
ric) space with a metric d, G is a countable infinite discrete group with an
identity e and IT : G x X — X is a continuous map satisfying I1 (e, x) = z,
for all z € X and II(h,II(g,z)) = II(hg,z), for all x € X, h,g € G. For
convenience, we will use the pair (X, G) instead of (X, G, IT) to denote the
G-system, and gx := II(g,x) if the map I is unambiguous. For two sys-
tems (X, G) and (Y, G), there is a natural product system (X x Y,G) as
g(z,y) = (gz,gy) for every g € G and (z,y) € X x Y. A nonempty closed
G-invariant subset Y C X naturally defines a subsystem (Y, G) of (X,G).
A /G-system (X, Q) is called minimal if it contains no proper subsystem.
Each point belonging to some minimal subsystem of (X, G) is called a min-
imal point. By Zorn’s Lemma, every G-system has a minimal subsystem.
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Let (X, G) be a G-system. For a point z € X and open subsets U,V C X,
define

N(z,U)={9g€G:gxeU}, NUV)={g9geG:gUNV #0}.

The orbit of a point x € X is the set Gx = {gz : g € G}, and the orbit closure
is Gz. Any point with dense orbit is called transitive. It is easy to see that
(X, G) is minimal if and only if every point in X is transitive. A G-system
(X,G) is called transitive if for any nonempty open sets U and V of X,
N(U,V) # (. A point x € X is called recurrent if for any neighborhood U
of z, N(x,U) is infinite, and almost periodic (it is also known as uniformly
recurrent) if for any neighborhood U of z, N(x, U) is a syndetic set. It is well
known that a point x is almost periodic if and only if the system (Gz, G) is
minimal.

DEFINITION 4.1. Let G be a countable infinite discrete group. For a
sequence {p;}°, in G, we define the finite product of {p;}32; by

FP({pi}2) = {Hpi: « is a nonempty finite subset of N},
i€
where [];c,pi is the product in increasing order of indices. A subset F'
of G is called an IP-set if there exists a sequence {p;}°; in G such that
FP({pi}2,) is infinite and F'P({p;}2,) C F. Denote by Fi, the collection
of all IP-subsets of G.

Let (X, G) be a G-system, x € X and F C P(G) be a Furstenberg family.
We say that x is F-recurrent if for every neighborhood U of z, N(z,U) € F.
We also say that a JFps-recurrent point is piecewise syndetic recurrent point.
We will further study recurrent time sets of F-recurrent points. First we
introduce the Bernoulli shift (X9, G) and symmetrically F-sets which are
closely related to the corresponding recurrent time sets.

For a countable infinite discrete group G with identity e, let X5 = {0,1}¢,
endowed with the product topology on {0, 1}%, while {0, 1} is endowed with
the discrete topology. An element of X5 is a function z : G — {0, 1}. Enu-
merate G as {g;}:°, with go = e. A compatible metric d on X5 is defined

by
0, 21 = 22,
d(z1, 2) =
(21, 22) {1/2k, k = min {i € No: 21(gi) # 22(g:)},

for any z1, 29 € Xy. Then (X5, d) is a compact metric space.
For any K € P¢(G) and u € {0, 1}¥, define a cylinder as follows:

[u] ={z € Xy : 2(g9) = u(g) for g € K}.

Then the collection of all cylinders {[u] : u € {0, 1}/ for some K € P¢(G)}
forms a topological basis of the topology of X5. For every z € Yy and
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K € Pi(G), define z|x € {0,1}* by z|x(9) = z(g) for every g € K,
then we can consider the cylinder [z|k]. For convenience, we denote [1] =
{z € Xy: z(e) = 1}.

For g € G, define T, : Xy — X5 by

Tyz(t) = z(tg) foranyte G.

Then (X, (Ty)gec) is a G-system, which is called the symbolic dynamical
system over G. We briefly denote (X, (Ty)g4ec) by (X2, G).
For a subset FF C G, let 1p € Y5 be the characteristic function of F,

that is,
1, g€ F,
1p(g) = {

0, otherwise.

In [I9] Kennedy et al. introduced the concept of symmetrically syndetic
set and showed that the dual family of symmetrically syndetic sets is the
family of dense orbit sets, which answered Question 9.6 in [13]. Recall that a
subset A C G is symmetrically syndetic if for every pair of nonempty finite
subsets F1 C A and F, C G\ A, the set

() A0 () £1(G\4)

fiem faEF>

is syndetic. In [22] Xu and Ye showed a subset of G is symmetrically syndetic
if and only if it is a return time set of an almost periodic point in the Bernoulli
shift (EQ, G)

Similar to the symmetrically syndetic set, a general symmetrically set
can be defined. Given a Furstenberg family F over GG, a subset A C G

is a symmetrically F-set, if for any nonempty finite subsets F; C A and
F, C G\ A,

) fi'An () KLHG\A)eF

fierk foEF:

We show that the family of sets containing a symmetrically F-set coin-
cides with the collection of the return time sets of F-recurrent points.

PROPOSITION 4.2. Let G be a countable infinite discrete group with iden-
tity e and F C P(G) be a Furstenberg family. For a given subset F' of G with
e € F, the following assertions are equivalent:

(1) F contains a symmetrically F-set F' with e € F';

(2) there exists an F-recurrent point x € {0,1}% with x € [1] such that
N(z.[1)) C F;

(3) there exists a G-system (X, G), an F-recurrent point x € X and a neigh-
borhood U of x such that N(z,U) C F.
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Proof. (1)=-(2). As G is countable, there exists a sequence {G,}>° in
Pr(G) such that e € Gi, G, C Gpy1 and |Jo2; G, = G. Consider the
Bernoulli shift (X, G). Define

1, geF',
1z =
#(9) {0, otherwise.

For any n € N, let
L,=FnNG, J,=G,\F.
Then for any n € N, I, U J,, = G, [1F"Gn] = [1F"In] N [1F/|Jn],

NQp,[ple)) = (] fAF0 () LHG\F)eF
el f2€dn
Obviously {[1r|g,]: n € No} is a neighborhood basis of 1. By the arbi-
trariness of n, this shows that 1z is an F-recurrent point in (X, G). It is
clear that N(1p/,[1]) = F' C F.

(2)=-(3). This is clear.

(3)=(1). As G is countable, there exists a sequence {G,}°°; in P(G)
such that e € G, G,, C Gpy1 and U, G,, = G. According to (3), there
exists a G-system (X, G), an F-recurrent point x and a neighborhood U of
x such that FF D N(z,U). Since G is countable, Gz is countable, we can
choose a neighborhood V' of = such that V' C U and for any g € G, either
greVorgre X\V.

Let F' := N(z,V). Then e € F' C N(z,U). Now it is sufficient to
show that F’ is a symmetrically F-set. For any g € G, we can choose a
neighborhood W, of x with W, C V such that if gv € V then gWW, C V
and if gr € X \ 'V then gW, C X \ V. For any finite set G, Nyea, Wo
is a neighborhood of z. Denote W := (), Wy. Then N(z,W) C F and
N(zx,W)e F.Let I, =G, NF', J, =G, \ F'. We have

N@w)c () f'Fn () £LY(G\F)eF.
fr€ln f2€Jn
Thus F’ is a symmetrically F-set. m
By the proof of Proposition [4.2] we have the following consequence.

COROLLARY 4.3. Let G be a countable infinite discrete group with identity
e and F C P(G) be a Furstenberg family. For a given subset F' of G with
e € F, the following assertions are equivalent:
(1) F is a symmetrically F-set;
(2) there exists an F-recurrent point x € {0,1}¢ such that N(z,[1]) = F.

Though Proposition [4.2] connects the recurrent time sets of F-recurrent
points with symmetrically F-sets, usually it is not easy to verify whether a set
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is a symmetrically F-set. Under the conditions (P1) and (P2) introduced in
Section 3, we have the following combinatorial characterization of recurrent
time sets of F-recurrent points, which is the main result in this section.

THEOREM 4.4. Let G be a countable infinite discrete group with identity e
and F C P(G) be a Furstenberg family satisfying (P1) and (P2). For a given
F € F with e € F, the following assertions are equivalent:

(1) there exists a G-system (X, G), an F-recurrent point x € X and a neigh-
borhood U of x such that N(z,U) C F;

(2) there exists a decreasing sequence {F,} of subsets of F' in F such that
for any n € N and f € F,, there exists m € N such that fF,, C F,.

Proof. (1)=-(2). According to (1), there exists a G-system (X, G), an F-
recurrent point x € X and a neighborhood U of x such that N(z,U) C F.
Then there exists 6 > 0, such that B(z,d) C U.

For n € N, define F, :== N(z, B(z,0/n)). It is clear that F,,41 C F;, C F
and F,, € F for n € N. Now fix F,, and f € F,, then fx € B(x,d/n) and
x € f71B(z,d/n). It is clear that f~1B(z,d/n) is a neighborhood of z, thus
there exists m € N such that B(x,d/m) C f~'B(x,§/n). Then we have
fN(xz,B(z,0/m)) C N(x,B(z,d/n)), i.e. fFy C F,.

(2)=(1). As G is countable, fix a sequence {G,,}>2; in P¢(G) such that
G1 ={e}, Gn C Gpy1 and |J,~; G, = G. Without loss of generality assume
that e € F,, for any n € N. Let m; = 1, F] = F} and B; = {e}. Since F
satisfies the condition (P1), for F; € F, there exists a sequence {C’,(Ll)}%":1
in P¢(G) such that

e for every n € N, ol ¢ Fy;

e for all n,n’ € N with n # n’, etV n C’S) = ()
e for every strictly increasing sequence {n;}°, in N, [J72, 07(5) e F.
Let A(ll) = CS). Consider the symbolic dynamical system (X9, G). First, we
define z() € ¥ as follows:
L g=e,
Wg)={1, ge Agl),

0, otherwise.

Let k € N and assume that we have chosen {z(}* | in Xy, {F,,}% | and
(FL Y in Fo{B Y, {092 i =1, kand {ADYE_ L i=1,.. .k
in Pe(G), {{t(4,7) 3:1}5-“:2 in N satisfying the following hypotheses for ¢ €
{1,...,k}:

(1) if i > 1, then B; = N(20~D [1]) U Gy;

(2) N(W,[1]) € Pe(F1);
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3) ifi>1, then N(2@, [1]) = N(z(-D, [1)uAP Uit (N (20, [1)) AV D),
) =1 7
(5) if i > 1, then N(z0=V [1])E,,, C Fi;
(6) for any distinct f1, fo € F),., Bifi N Bifs =0
(7) for every n € N, cl) c F
(8) for any distinct n,n’ € N cnc® =
(9) for every strictly increasing sequence {n;}°; in N, [J;2, CT(L? eF;
(10) ¢(1,1) = 1;
(11) ifi > 2 and 1 < j < i — 1, then t(j,4) > t(j,i — 1);
(12) if i > 2, then (i, i) > i — 1;
(13) if i > 2 and 1 < j < i — 1, then A" = ¢,
(14) if 1 <j <, then AY =),
(15) if i > 2, O}, N B =1,

2 —1 40
cg(gﬂ.) n(By 1B, U BytAW) =g,
Ly N (BB U BT AN U BT B AP U BT B ALY = 0

(16) if i > 3, C((” ) N ( i‘é(BtA(t) - UBAY)) =0,
C UL B B A U B BAY ) =0,
Chan N (Ui i, 'BAl U U BT BAD) = 0

(17) if i > 1, then 2(|p, = 2(~1) |BZ,

(18) 1fg€A 2 , then 2()(g) = 1,

(19) if2<j<i,heBjand g€ hA( 2 , then 2()(g) = 2U-1(h);
(20) ifi>1and ge G\ (B;UAP U Uj:2 B;AY)), then 2()(g) = 0.

All hypotheses are satisfied for i = 1, all but (2), (4), (6), (7), (8), (9), (14)
and (18) vacuously.

We now show that all hypotheses are satisfied for ¢ = k + 1. By hy-
pothesis (2), N(z®) [1]) € P¢(F}). For any f € N(2® [1]), by (2) there
exists m = m(f) € N such that fF, C Fi. Let mp11 = max{m(f): f €
Nz, [1])}. Since {F,} is a decreasing sequence, fFy, ., C F| for every
f & N(=9, 1)),

Let Byy1 = N(2™,[1]) U Gyy1. By condition (P2), for Fy,,,, € F and
Bit1 € Pe(G), there ex1sts F) C Fp,,, with F] € F such that

M1 mg4+1

for any distinct fi, fo € Fy, ., Bry1fi 0 Bryifo = 0. Since Fy € F,

ME+1

k+1

again by condition (P1), there exists a sequence {C’(kH) o, in P¢(G) such
that
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(k+1) C FI

mk+1a

e for any distinct n,n’ € N, C(kH) N C(kH) 0;

e for every n € N, Cj,

e for every strictly increasing sequence {n:}$2, in N, | J;2, C (kH) € F.
Let A = ¢V for 1 < j < k. Since Byyy € Py(G) and
B;AY U uB;AY € Py(G)

for k > 2, j = 2,...,k and the elements in {C }OO , are pairwise dis-
joint, there exists t(l,k + 1) > t(1,k) such that C( N Brip = 0
and

\_/

t(1,k+1)

C(ll)k+1 (CJ UBAJ))) 0

for kK > 2. Let A§c-|)-1 = C((1)k+1)
for 2 < j < k such that

C) oy V(B By UB ' BIAY) U U B B 1 AYY)

Similarly there exists t(j,k + 1) > t(j, k)

0

and i
C((JJ) k1) < U ' Bia v u Bj_lBtAl(ct))> =0.
=2

Let AY) = C(]) for 2 < j < k. And there exists t(k+ 1,k +1) > k

E+1 = Mt k+1)

such that
k+1 - - 1 -1 k
C((kﬂ)m) (Bil B UB L BiAY) U UBL BAl ) =0

and

k+1 g

Ct((l:H),k+1) ( U(Bk+1BtA( ) -U Bk+1Bt )) =0 fork>2.
t=2

(k+1) _ ~(k+1)

Let Ak+1 - Ct(k+1,k+1)'

We claim that we can define z(**1) e ¥y as required by hypotheses

(17)—(20) for i = k + 1. That is,
(17) 2%V, = 2Wp,, 5
(18) if g € A,(H)1 then z(F+D(g) = 1;
(19) if2<j<k+1,heBjand g € hA,(C_i)rl, then z(*+1)(g) = 20-D(p);
(20) if g € G\ {Bj41 U Ak+1 Ui B]Akﬂ} then z*k+D(g) = 0.
By the construction of By,1, Ct((ll),k+1) and A;ll, we have

(1) _
Cytiny NV Brer =0
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(1) (1)
and Ay, = C, t(1,k+1)

not conflict with (18).
For 1 < j < k+ 1, by the construction of Bjy1, C't(])

(J,k+1)
have C((),M) NB; ' By =0and AY), = CY) | thus BN B AY) =0

for 2 < j <k + 1, which implies that (17) cannot conflict with (19).

thus A,(gl_zl N Byy1 = 0, which implies that (17) does

and Aéﬁl, we

For 1 < j7 < k+ 1, by the construction of Bjy1, C(()k-l,-l) and A,(C_R_I, we
have Ct(()k+1) NB; IA/,CJrl =0for2<j<k+1and A,(gll = C((]J)kﬂ) thus

Aﬂl N B; A(j = for 2 < j < k+ 1, which implies that (18) does not

conflict Wlth any part of (19).
Finally, we show that no parts of (19) contradict each other. By the

construction of By1, C’t(()k +1) and Ag}rl, we have
1
C((]])k—l—l) (B 'B Al(c—f)—l U---UBy 1BJ 1Al(€+1)) =0

for 2 < j < k+1. Therefore for any 2 < j # j < k+1, BJA,(Q_IQB A(Jrl = 0.
Now all hypotheses are satisfied directly for i = k 4+ 1 except for (2) and
(3). By the construction of z(+1),

k
N ) = NE®, 1) u Ay, u | NED, Ay,
j=1
which implies that (3) holds for i = k + 1.
By (2) for i = k, N(z,[1]) € Px(F). By (4), (7) and (14), A}), =
Clilsn) © Fhy © Fny = Fi. Since {CV}2, is in Pr(G), ALY, € Pr(Fy).
By (5), N(zm,[ |)Fm,,, C Fyfor j=1,...,k By (4), (7) and (14),

(G+1) _ ~(+1)
A = Ohaes © Fyy © Fmy

forj =1,...,k Thus, for j = 1,....k, N(z0, 1) AYY ¢ F. By (2) fori =

1,...,k and since A,gj;:al),j =1,...,k, is in P¢(QG), we have N (20, [1})A,(€j_;1)

€ P¢(Fy) for j =1,...,k. In conclusion,

k
1 1
NEED 1)) = NEW, ) u AL, U | NED, )A€ PR,
j=1
which implies that (2) holds for i = k + 1.
We now establish some facts.
(i) If 1 <r < j, then for each h € By+1 and each g € A(TH) U Ag,:;l)
UATHY, 20 (hg) = 20 (h).
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By (19), for each h € B,1; and each g € AS.TJFI), 20 (hg) = 2" (n). If
j = r+ 1, then the proof is finished. Otherwise 7 > r + 1 > 2 and thus
j > 3. To see that for each h € B,;1 and each g € AE-T_JED, 2 (hg) = 2 (h),
we will first show that for each h € B,1; and each g € Agrfll), 2U)(hg) =
207 (hg). By (17), 2W|p, = 2U7V|p,. By (1), B; = N(zU~Y,[1]) U G
So U=V (hg) = 1 implies 29 (hg) = 1 for g € Ag.Tfll) and h € Byyg. It is
sufficient to show that U~ (hg) = 0 implies 20 (hg) = 0 for g € Ag.rfll) and
h € B,41. To prove this we note that by (14) and (16), AEI)QB,«HA;T:D = (),
BAY 0 B, A = 0 for 2 <t < j. Now by (19), for each h € By41 and
each g € Ag-rjll), we have z(j)(hg) = 20" (hg) = Z(r)(h). If j—1 = r+1 then
the proof is finished. Otherwise j —1 > r+ 1 > 2 and thus j > 4, and again
we can see that for each h € B,y and each g € Ay_—gl), 29 (hg) = 2 (h).
By induction the proof is finished.

Since {z(i)};ﬁl is a sequence in compact space Xy, we may pick a cluster
point z € ¥y of the sequence {2V},

(ii) For each j €N, z|p,,, = Z(j)|Bj+1-

To establish (ii), let j € N and let g € Bj;. Since z is a cluster point
of the sequence {z(1}%° and 2|B;,,] is a neighborhood of 2, we can pick
i > j such that 20 € [2|B,,1]- Then z(i)|BjJrl = z|p,,,- By construction we
have By, C Bpy1 for any n € N and |J;2; B, D U, Gn = G. So by (17),
eD|p,, =205, = 215,

As a consequence of (ii), for each r € N, [2()|p,, ]
z so {[z("]|p,.,] : v € N} is a neighborhood basis for z.

is a neighborhood of

(i) If 1 <7 <i, then AVEV U ATV U 0 A € Nz, [20))5,,0)).

To establish (iii), for any g € Ag,fll) U Ai:;l) u---u AZ(-TH) and for any

h € By, if 200 (hg) = 1, then hg € N(2%,[1]) C Biy1. By (i),
A7(“T—,:_11) U Ai:—gl) U---u AET+1) C N(Z(Z)v [Z(T)’BH-J)?

then z(®(hg) = 2(h). By (i), 2|p,,, = 2¥|p,,,, thus we have z(hg) =
20 (hg) = 2" ().

If 20 (hg) = 0 and hg € B;;1, then we still have z(hg) = 2 (hg) =
2 (h). If 20)(hg) = 0 and hg & Bi,1, then since B, C B,41 for any n € N
and | Jo? B, D U, ; G = G, we have hg € By for some t > i + 1. Noting
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that 1 <r <i<i+1<t, by (i),
NGO 20, ) > ATy At ULy AT

r+1 r+2
S5 AT gAY Gy A,

By (ii), z|g, = 2®|p,, so we have z(hg) = 2()(hg) = 2" (h) for g € Afnfll) U

Afﬁgl) U---u AET—H) and h € Byy1.

In conclusion, for any g € Afffll) U Af:;l) U---u AETH) and for any
h € Byy1, we have T,(2)(h) = z(hg) = 2 (hg) = 2")(h), which implies
that g € N(z, [20)[5, ).

Now we claim that z is an F-recurrent point of X5. To see this, let R be
a neighborhood of z and pick 7 € N such that [(")|p_,,] C R. Thus we have

o i oo
N(zR) SN[ o U A= [ ar,
i=r+1j=r+1 i=r+1
where the second inclusion holds by (iii). By the construction of {Aq(fﬂ) 1

[j AT e F.
i=r+1
So z is an F-recurrent point of Xs.

By (ii), [1] = {# € X5: z(e) = 1} is a neighborhood of z. We conclude
the proof by showing that N(z,[1]) C F. Note that N(z,[1]) = {g € G :
Tyz € [1]} = {9 € G : z(g) = 1}. By the construction B,, C B, for any
neNand J;”, B, DUy~ Gy = G. Thus for any g € N(z,[1]), there exists
r € N such that g € B,1; then by (ii), z(g) = 2 (g) = 1, which implies
that g € N(2",[1]). So N(z,[1]) € U2, N(2"),[1]). By (1), for each r € N,
N 1) C Fyso N(z,[1]) CFi CF. u

REMARK 4.5. In Section 3, we showed that Fp,s and Fi,s satisfy the
properties (P1) and (P2). If G is amenable and {F,} is a Folner sequence

in G, féfg} and Fpupa also satisfy the properties (P1) and (P2). So we can

apply Theorem to Furstenberg families Fps, Fint, ]-";fg } and Fpubd-

DEFINITION 4.6. Let (X, G) be a G-system. A pair (z1,z2) € X x X is
said to be prozimal if inf e d(gx1, gx2) = 0, and distal if it is not proximal.
A point z € X is called distal if for any y € Gz with y # z, (z,y) is distal.

DEFINITION 4.7. If for any G-system (Y,G) and any recurrent point

y €Y, (z,y) is recurrent in the product system (X x Y, G), then we say that
x is product recurrent.

DEFINITION 4.8. Let G be a countable infinite discrete group. A subset
F C G is called central if there exists a G-system (X,G), a point x € X,
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an almost periodic point y € X and a neighborhood U of y such that (z,y)
is proximal and N(z,U) C F. Denote by Feen the collection of all central
subsets of G.

A subset A C G is called IP*-set (resp. central*-set) if for any IP-subset
(reps. central subset) F' of G, AN F # (. Denote by F; and Fg,, the
collection of all IP*-subsets and central®-subsets of G. It is not hard to see

that Fi C Feen C Fip and Fyj, C Fog, C Fy; see e.g. [17].

The following characterizations of distal points were proved by Fursten-
berg in [I1] for topological dynamical systems and [9)] for G-systems (see [9,
Corollaries 5.30 and 5.36]).

THEOREM 4.9. Let (X, G) be a G-system and x € X. Then the following
assertions are equivalent:

(1) z is a distal point;

(2) x is an Fip-recurrent point;
(3) = is an Fl,-recurrent point;
(4) x is a product recurrent point.

The notion of weak product recurrence was first introduced by Haddad
and Ott [14] for topological dynamical systems. Let (X, &) be a G-system
and z € X. If for any G-system (Y, G) and any almost periodic point y € Y,
(z,y) is recurrent in the product system (X x Y, G), then we say that x is
weak product recurrent.

In [2] Auslander and Furstenberg asked whether weak product recurrent
point is product recurrent. It is answered by Haddad and Ott [14] negatively
for topological dynamical systems. In [8], Dong, Shao and Ye related prod-
uct recurrence with disjointness, which was introduced by Furstenberg in his
seminal paper [10], and proved that if a nontrivial transitive system is dis-
joint from any minimal system, then every transitive point is weak product
recurrent but not minimal. Here we generalize this result to G-systems.

DEFINITION 4.10. Let (X, G) and (Y, G) be two G-systems. We say that
a nonempty closed subset J C X x Y is a joining of (X, G) and (Y, G) if it
is G-invariant and its projections onto the first and second coordinates are
X and Y respectively.

If every joining is equal to X x Y, then we say that (X,G) and (Y, G)
are disjoint.

In [13], Glasner et al. showed that for any infinite discrete group G, the
Bernoulli shift is disjoint from any minimal system. Recently, Xu and Ye [22]
gave a necessary and sufficient condition for a transitive system (X, G) to be
disjoint from any minimal system when G is a countable discrete group. In
the following we show that any transitive point in such a nontrivial transitive
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system is weak product recurrent but not product recurrent, which shows
that Question [I.5]is also negative for G-systems.

In [8, Theorem 4.3] the authors proved the following result for a topolog-
ical dynamical system (X, T'); we generalize the result to G-systems.

THEOREM 4.11. Let (X,G) be a nontrivial transitive system. If (X, Q)
s disjoint from any minimal system, then every transitive point x € X is
weak product recurrent but not product recurrent.

Proof. Let x be a transitive point in (X, G). First we show that z is weak
product recurrent. Given any almost periodic point y in a G-system (Y, G),
we need to show that (x,y) is recurrent. Since x is transitive, G(z,y) is a
joining of X and Gy. Since (X, Q) is disjoint from any minimal system, in
particular (X, G) and (Gy, G) are disjoint, thus G(z,y) = X x Gy. Then for
any neighborhood U x V of (z,y) in X x Y, G(z,y) N (U x (VN Gy)) is an
infinite set, i.e. (z,y) is recurrent.

Now we show that z is not product recurrent. Since Fy,, C Fs, by The-
orem it is sufficient to show that z is not almost periodic. Assume on
the contrary that z is an almost periodic point. Then (X,G) is a mini-
mal system. By assumption, (X,G) is disjoint from itself. It is clear that
{(2,2) : z € X} is a joining of (X, G) and (X, G@). Since (X, G) is nontrivial,
{(z,2) : 2 € X} # X x X. This is a contradiction. =

In [2I], Oprocha and Zhang showed that the intersection of a dynamical
syndetic set and a thick set contains a recurrent time set of a piecewise
syndetic recurrent point for topological dynamical systems. In fact, a subset
of Ny is the intersection of a dynamical syndetic set and a thick set if and only
if it is central; see e.g. [I8, Theorem 3.7|. Using Theorem we generalize
Oprocha and Zhang’s result to G-systems.

LEMMA 4.12. Let G be a countable infinite discrete group with identity e
and F C G. If F is a central set with e € F', then there exists a G-system
(X,G), an Fps-recurrent point x € X and a neighborhood U of x such that
N(z,U) C F.

Proof. It is sufficient to show that F satisfies Theorem [£.4)2) for the case
F = Fps. That is, there exists a decreasing sequence {F,} of subsets of F'
in JFp,s such that for any n € N and f € Fj, there exists m € N such that
fFn C F,.

Since F'is a central set, by the definition, there exists a G-system (X, G),
a point x € X, an almost periodic point ¥y € X and a neighborhood U of
y such that (z,y) is proximal and N(z,U) C F. Since U is a neighborhood
of y, there exists e > 0 such that B(y,e) C U.

For n € N, define F,, := N((z,y), B(y,e/n) x B(y,e/n)). It is clear that
F, C F and F,,41 C F, for n € N. Fix n € N. We will show that F,, € Fps.
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Let A := N(y,B(y,¢/(2n))) and B :={g € G : d(gz,gy) < €/(2n)}. Since
y is an almost periodic point, A is a syndetic set. Since (z,y) is proximal,
B is a thick set. For any g € AN B, d(gz,y) < d(gz,9y) + d(gy,y) < €/n,
then gz € B(y,e/n). Thus AN B C N((z,y), B(y,e/n) x B(y,e/n)) = F,
and F), € Fp.

Now fix F,, and f € F),. Note that f(x,y) € B(y,¢/n) x B(y,¢/n) and
y € f'B(y,e/n). It is clear that f~'B(y, ¢/n) is a neighborhood of y, thus
there exists m € N such that B(y,e/m) C f~1B(y,¢/n). Then

IN((z,y), By,e/m) x B(y,e/m)) C N((z,y), B(y,€/n) x B(y,¢/n)),
ie. fF, CF, nu

In [8], Dong, Shao and Ye further studied product recurrent properties
via Furstenberg families. Let F be a Furstenberg family and (X, G) be a
G-system. We say that a point x € X is F-product recurrent if for any
given F-recurrent point y in any G-system (Y, G), (z,y) is recurrent in the
product system (X x Y, G). Dong, Shao and Ye [8] asked a question that if
is Fps-product recurrent, is « necessarily a distal point? In [2I] Oprocha and
Zhang gave an affirmative answer to this question for topological dynamical
systems. In the following result we will answer this question for G-systems.

THEOREM 4.13. Let (X, G) be a G-system and x € X. Then the following
assertions are equivalent:
(1) z is distal;
(2) = is Fps-product recurrent;
(3) for every Fps-recurrent point y in the Bernoulli shift (Xo,G), (z,y) is
recurrent in the product system (X x Xy, G).

Proof. (1)=-(2). This follows from Theorem

(2)=-(3). This is clear.

(3)=(1). By Theorem it is sufficient to show that = is an FJ, -
recurrent point. For any neighborhood U of z and any central subset A

of G, by Lemma there exists a G-system (Y, ), an Fps-recurrent point
y € Y and a neighborhood V' of y such that N(y,V) C AU {e}. Then by
Proposition there exists an Fpg-recurrent point z € Xy with z € [1] such
that N(z,[1]) € AU{e}. By (3), (x, z) is recurrent. Thus

N(z,U) N N(z,[1]) = N((x, 2), U x [1])
is an infinite set. Then we have N(z,U) N A # (), which implies that
N(SU,U) S "rc*en‘ [

5. Return time sets for G-systems on compact Hausdorff spaces.
In this section, by virtue of the algebraic properties of the Stone—Cech com-
pactification SG of G, we investigate return time sets for general G-systems
on compact Hausdorff spaces.
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First, we briefly introduce the concept of a compact right topological
semigroup and its basic properties. By a compact right topological semigroup,
we mean a triple (F,-,T), where (F,-) is a semigroup and (E,7T) is a com-
pact Hausdorff space, and for every p € E, the right translation p,: S — 9,
q — q - p, is continuous. If there is no ambiguity, we will say that F, instead
of the triple (E,-,T), is a compact right topological semigroup. A nonempty
subset L of E is called a left ideal of E if E- L C L, and a right ideal of E
if L-E C L. A minimal left ideal is the left ideal that does not contain any
proper left ideal. A subset I of E is called an ideal of F if I is both a left
ideal and a right ideal of E. It is well known that E has a smallest ideal,
denoted by K (E), which is the union of all minimal left ideals of E; see e.g.
[I7, Theorem 2.8]. An element p € E is called idempotent if p-p = p. An
idempotent p € E is called a minimal idempotent if there exists a minimal
left ideal L of E such that p € L. The following celebrated Ellis—-Numakura
theorem states that every compact right topological semigroup must contain
an idempotent; see e.g. [I7, Theorem 2.5].

THEOREM 5.1. Let E be a compact right topological semigroup. Then
there exists p € E such that p-p = p.

Now we recall the definition and algebraic structure of Stone—Cech com-
pactification of a countable infinite discrete group. For further details on
this topic, we refer the reader to [I7]. Let G be a countable infinite dis-
crete group and SG the collection of ultrafilters on G. By [17, Theorem 3.6],
we know that each ultrafilter has the Ramsey property. Given A C G, let
A:={pepfG:Aecp}. If g€ G, then e(g) := {A € P(G) : g € A} is easily
seen to be an ultrafilter on G, which is called the principal ultrafilter defined
by g. Once we have identified g € G with ¢(g) € SG, we shall suppose that
G C BG. In fact, the set {A\ A C G} forms a basis of a topology 7 on G
(see [17, Section 3.2]). Then (8G, T) is the Stone-Cech compactification of G
(see [I7), Section 3.3|), that is, for any compact Hausdorff space Y and any
function ¢: G — Y there exists a continuous function ¢: SG — Y such that
©|le = ¢. The operation - on G can be uniquely extended to an operation -
on BG such that for any p,q € G,

pgq={ACG:{zcG:27'Acq}cp}

Then (BG,-,T) is a compact Hausdorff right topological semigroup.

Recall that we introduced the definition of central set in Section 4. In [4]
Bergelson and Hindman obtained the following characterization of central
sets via the algebra properties of 5G.

THEOREM 5.2. Let G be a countable infinite discrete group. A subset F
of G is central if and only if there exists a minimal idempotent p € BG such
that F € p.
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The extension of the operation - on G can be expressed by p-limits. We
refer to [17, Section 3.5] for more about p-limits.

DEFINITION 5.3. Let p € SG, {z4}4eq be an indexed family in a compact
Hausdorff space X, and y € X. If for every neighborhood U of y, {g € G :
xg € U} is in p, then we say that the p-limit of {x4}4ec is y and denote it
by p-limgeq xg = y. As X is a compact Hausdorff space, p-limgeq 4 exists
and is unique.

If we view {g}gec as an indexed family in SG, then p-limgeq g = p.

For a Furstenberg family F C P(G), the hull of F is defined by
h(F)={p € BG:pC F}.

If F has the Ramsey property, then h(F) is a nonempty closed subset of 5G.
For further details on this notion, we refer to [12], which in fact establishes a
one-to-one correspondence between the set of Furstenberg families with the
Ramsey property and the set of nonempty closed subsets of 8G.

A Furstenberg family F C P(G) is called left shift-invariant if for any
A € F and g € G, we have gA € F. We have the following equivalent
condition for h(F) to be a nonempty closed left ideal; see |20, Lemma 3.4]
for the case N and [0, Theorem 5.1.2| for a general discrete group.

LEMMA 5.4. Let G be a countable infinite discrete group and F C P(G)
be a Furstenberg family with the Ramsey property. Then h(F) is a nonempty
closed left ideal of BG if and only if F is left shift-invariant.

The following lemma is folklore; see e.g. [20, Theorem 4.4] or [6, Lemma
5.2.2|.

LEMMA 5.5. Let G be a countable infinite discrete group and F C P(Q)
be a Furstenberg family with the Ramsey property. If h(F) is a nonempty
closed subsemigroup of BG, then for any G-system (X,G) on a compact
Hausdorff space X, a point x € X is F-recurrent if and only if there exists
an idempotent p € h(F) such that p-limgeq gr = .

We say a subset F' of GG is an essential F-set if there exists an idempotent
p € h(F) such that F' € p. We present the following combinatorial charac-
terization of essential F-sets, which was proved in [20, Proposition 4.13] for
the case of N; however, it is routine to verify the proof extends to a general
countably infinite discrete group G.

PROPOSITION 5.6. Let G be a countable infinite discrete group and F be
a Furstenberg family with the Ramsey property. If h(F) is a nonempty closed
subsemigroup of BG, then a subset F' of G is an essential F-set if and only
if there exists a decreasing sequence {F,} of subsets of F' in F such that for
any n € N and f € F,, there exists m € N such that fF,, C F,.
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Now we have the following main result of this section, which characterizes
the recurrent time sets of F-recurrent points in a G-system on a compact
Hausdorff space.

THEOREM 5.7. Let G be a countable infinite discrete group with identity e
and F C P(QG) be a Furstenberg family with the Ramsey property. If F
satisfies (P1) and (P2) and h(F) is a nonempty closed subsemigroup of fG,
then

(1) for any G-system (X,G) on a compact Hausdorff space X, if a point
x € X is F-recurrent, then for every neighborhood U of x, N(x,U) is
an essential F-set;

(2) for any essential F-subset F of G, there exists a G-system (X,G), an
F-recurrent point x € X and a neighborhood U of x such that N (z,U) C
FuU{e}.

Proof. (1) Let (X,G) be a G-system and x € X be an F-recurrent
point. As h(F) is a nonempty closed subsemigroup of G, by Lemma
there exists an idempotent p € h(F) such that p-limyeq gr = x. For every
neighborhood U of , N(z,U) = {g € G: gx € U} € p. So N(z,U) is an
essential F-set.

(2) Let F' C G be an essential F-set. As h(F) is a nonempty closed sub-
semigroup of G, by Proposition |5.6|there exists a decreasing sequence { F),}
of subsets of F' in F such that for any n € N and f € F, there exists m € N
such that fF,, C F,. As F satisfies (P1) and (P2), by Theorem there
exists a G-system (X, G), an F-recurrent point € X and a neighborhood
U of = such that N(z,U) C FU{e}. n

The following examples show that some Furstenberg families introduced
in Section 3 satisfy the conditions of Theorem [5.7]

ExXAMPLE 5.8. Recall that Fi,¢ is the collection of all infinite subsets
of G. It is easy to verify that Fi,s satisfies the properties (P1) and (P2) and
has the Ramsey property. Note that h(Finr) = BG \ G. Then h(Fiy) is a
closed ideal of BG. Therefore, all the conditions of Theorem are satisfied
for Fing. By [17, Theorem 5.12] a subset F' of G is an essential Fipe-set if
and only if it is an IP-set. Notice that the IP-set defined in this paper must
be an infinite subset of G. So Theorem for the Furstenberg family Fi.¢
characterizes the recurrent time sets of recurrent points via IP-sets.

EXAMPLE 5.9. Recall that Fps is the collection of all piecewise syndetic
subsets of G. Then Fps has the Ramsey property and by Lemma @ Fps
satisfies (P1) and (P2). We know that h(Fps) = clgg K(BG) (see e.g. [17,
Corollary 4.41]) and clgg K(BG) is a closed ideal of G, see e.g. [IT, Theo-
erem 4.44]. Therefore, all conditions of Theorem are satisfied for Fps.
Following [16], we say that a subset A of G is quasi-central if there exists an
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idempotent p € clgg K(BG) such that A € p. So Theoremfor the Fursten-
berg family Fps characterizes the recurrent time sets of Fps-recurrent points
via quasi-central sets, which is similar to Theorem in the introduction.

ExaMpPLE 5.10. Let G be a countable infinite discrete amenable group
and {F,} be a Fglner sequence in G. Recall that fgfg} and Fpubq are the
collection of all subset of G with positive upper density with respect to {F}, },
and the collection of all subsets of G with positive upper Banach density,

respectively. By Lemma féfg Y and Fpubd satisfy (P1) and (P2). By

Lemma h(féﬁ }) and h(Fpuba) are closed left ideals of SG. Therefore,

all conditions of Theorem are satisfied for fgfg } and Fpubd-

Following [3]|, we say that a subset A of G is a D-set if there exists
an idempotent p € h(Fpupa) such that A € p. So Theorem for the
Furstenberg family Fp,unq characterizes the recurrent time sets of Fpupa-
recurrent points via D-sets.

6. fG-actions and product recurrence. In [2] Auslander and Fursten-
berg initiated the study of the action of a compact right topological semigroup
on a compact Hausdorff space. In this section, we will focus on the SG-action
and give a sufficient condition for the closed semigroups S of SG for which
an S-product recurrent point is a distal point.

DEFINITION 6.1. Let G be a countable infinite discrete group and GG
be the Stone-Cech compactification of G. By an action of G on a compact
Hausdorff space X, we mean a map ¢: G x X — X, (p, z) — pz, such that
p(qz) = (pq)z, for all p,q € G and x € X, and such that for each z € X
the map &, : G — X, p — px, is continuous. For convenience, we denote
such an action of G on X by (X, SG). Notice that it is not assumed that
for each p € G, the map X — X, z — px, is continuous.

For two actions (X, 8G) and (Y, fG), define a map ¥: G x (X xY) —
X xY, (p,(z,y)) — (px,py). Then it is an action on X x Y, which we denote
by (X x Y, BG).

REMARK 6.2. Let (X, BG) be a fG-action. By definition, for each z € X,
@, : p— px is a continuous map from SG to X. For every neighborhood V

-~

of px, there exists some A € p such that @,(A) C V. Since p-limgec g = p,
we have {g € G : g € A} € p. Note that

{9eG:geAc{geG:gzeV},
so we have {g € G : g € V} € p. By the uniqueness of p-limit,

-lim gz = px.
pgeGg V%
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REMARK 6.3. When (X, G) is a G-system with X being a compact Haus-
dorff space, there is a naturally induced action of 5G on X. For every g € G,
we view g as a continuous map from X to X. Define 6 : G — XX by 0(g) = g.
As G is the Stone-Cech compactification of G, 6 has a continuous extension
9: BG — XX. By the map 6, 3G acts on X.

Now we recall some basic dynamical concepts in the context of /G-
actions.

DEFINITION 6.4. Let (X, 8G) be a SG-action. We say that a pair (z,y)
of points in X is proximal if there exists some p € G such that px = py. If
(z,y) is not proximal, then (z,y) is said to be distal. A point x € X is called
distal if for any y € fGx with y # x, (x,y) is distal.

DEFINITION 6.5. Let (X, SG) be a fG-action. We say that a point x € X
is recurrent if there exists some p € G \ G such that pz = x, and almost
periodic if there exists some minimal idempotent p in G such that pxr = x.

REMARK 6.6. It should be noticed that the notation (X,5G) denotes
the action of G on X as in Definition In general, (X, 5G) is not a
dynamical system since it is not assumed that the map @: G x X — X is
continuous in Definition [6.1] Here we define the notions “proximal”, “distal”,
“recurrent” and “almost periodic” for (X, 8G). It is not hard to see that if the
BG-action is induced by a G-system (see Remark then the notions of
“proximal”; “distal”, “recurrent” and “almost periodic” introduced here agree
with the corresponding notions for G-systems.

Let S be a nonempty closed subsemigroup of SG \ G. A point =z € X is
said to be S-recurrent if there exists some p € S such that pxr = x.

It is easy to see that a point x is recurrent in (X, SG) if and only if there
exists an idempotent p € G \ G such that pr = x, and a point is almost
periodic in (X, 8G) if and only if it is L-recurrent for some minimal left
ideal L of fG. If x € X and u is a minimal idempotent in SG, then (z,uz) is
proximal in (X, 8G) as u(uzx) = uzx. It follows that a distal point of (X, SG)
is almost periodic in (X, G).

In [2] Auslander and Furstenberg generalized the characterization of dis-
tal points to general compact right topological semigroup actions.

THEOREM 6.7 (|2, Theorem 1|). Let (X, 5G) be a fG-action and x € X.
Then the following are equivalent:

(1) x is a distal point;
(2) for any almost periodic point y € X, (x,y) is almost periodic in (X x X,
BG);
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(3) for any BG-action (Y, G) and any almost periodic point y € Y, (x,y)
is an almost periodic point in (X x Y, B5G);

(4) for any idempotent p € BG, px = x;

(5) for any minimal idempotent p € G, px = x;

(6) there is a minimal left ideal L in G such that for any idempotent p
m L, pr = .

DEFINITION 6.8. Let (X, BG) be a fG-action and S be a nonempty closed
subsemigroup of G \ G. A point z € X is said to be S-product recurrent
if for any SG-action (Y, 8G) and any S-recurrent point y € Y, (x,y) is an
S-recurrent point in (X x Y, 8G), and weakly S-product recurrent if for any
BG-action (Y, SG) and any S-recurrent point y € Y, (z,y) is a recurrent
point in (X x Y, 8G).

By Theorem if L is a minimal left ideal in BG, then L-product
recurrence coincides with distality.

In [2], Auslander and Furstenberg studied the general compact right topo-
logical semigroup F actions on a compact Hausdorff space X. They intro-
duced the cancellation semigroup condition and showed that if a nonempty
closed subsemigroup S C FE satisfies the cancellation semigroup condition
and contains a minimal left ideal of E, then S-product recurrence coincides
with distality; see |2, Corollary 4 and Theorem 4|. This inspired Auslander
and Furstenberg to ask Question [1.4

We obtain the following sufficient conditions on the closed subsemigroup
S of BG for which S-product recurrence coincides with distality, which partly
answers Question for SG-actions. Note that Theorem is a direct
consequence of the following result.

THEOREM 6.9. Let (X,8G) be a pG-action and x € X. If S be a
nonempty closed subsemigroup of G \ G with K(BG) C S, then the fol-
lowing assertions are equivalent:

(1) x is distal;
(2) x is S-product recurrent;
(3) x is weakly S-product recurrent.

Proof. (1)=-(2). Assume that z is a distal point. Given any S-recurrent
point y in any action (Y,3G), there exists p € S such that py = y. Let
L:={q€ S :qy=uy}. Then L is anonempty closed subsemigroup of SG. By
Ellis-Numakura Theorem (Theorem there exists an idempotent v € L.
That is, there exists an idempotent u € S such that uy = y. Since z is a
distal point, by Theorem ur = x, and then u(z,y) = (z,y), so that
(x,y) is S-recurrent in (X x Y, 5G).

(2)=-(3). This is clear.
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(3)=-(1). Assume for contradiction that = is not distal. Then by The-
orem there exists a minimal idempotent p € SG such that pr # =x.
By Remark and the Ramsey property of the ultrafilter, there exists a
neighborhood U of x such that {g € G: gr € X \ U} € p. By Theorem [5.2

{geG:gr e X\U}
is a central set. Now by Lemma and Proposition there exists an
Fps-recurrent point y with y € [1] in the Bernoulli shift (X5, G) such that
N(y,[1]) C{g € G: gr € X\ U} U {e}.

Let (X, BG) be the action of G on Xy induced by (Yo, G). Since h(Fps) =
clge K(BG), by Lemma Remark and clgs K(BG) C S, y is S-

recurrent in (X, 8G). As x is weakly S-product recurrent, (x,y) is recurrent

in (X x Xy, fG). But

{9 €G: (g, gy) €U x [1]}
C{geG:gzeUtN({geG:gre X\U}U{e})
= {e},

which is a contradiction. =
Applying Theorem [6.9, we prove Theorem [I.7] as follows.

Proof of Theorem[1.7 For a Furstenberg family F C P(G), if F has the
Ramsey property, then the hull A(F) of F is a nonempty closed subset of
BG\ G. If F D Fps, then h(F) D h(Fps) = clgg K(BG). Let (X,G) be a
G-system. Consider the action G of G induced by (X,G). By Lemma
and Remark the result is an immediate consequence of Theorem "

REMARK 6.10. Notice that Theorem [I.7 holds for the Furstenberg fam-
ilies Fps and Finp, and if in addition G is amenable, then it holds for the
Furstenberg family Fpupd-

Let G be a countable infinite discrete amenable group and {F,} be a
Fglner sequence in GG. Recall that féfg } is the collection of all subsets of G

with positive upper density with respect to {F,,}. We know that h(fgﬁ })

is a nonempty closed left ideal of BG. As Fps & féfg }, we cannot apply
Theorem [I.7] So we have the following natural question:

QUESTION 6.11. Is féﬁ}—pmduct recurrence equivalent to distality?
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