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Symmetries of equivariant Khovanov homology
by

Mikhail Khovanov and Taketo Sano

Abstract. We study symmetries in equivariant versions of Khovanov homology,
which include (i) the construction of an involution & for the U(2)-equivariant theory, (ii)
an integral lifting 7 of the Shumakovitch operation v, and (iii) splitting of the U(1)- and
U(1) x U(1)-equivariant theories generalizing earlier work over Fa. Finally, we relate these
structures to the Rasmussen s-invariant over an arbitrary field F'.

Introduction. Deformations and modifications of Khovanov homol-
ogy [KhoO0] by E. S. Lee |Lee05] and D. Bar-Natan [BNO5| can be rethought
in the framework of equivariant versions of Khovanov homology. The univer-
sal theory of that kind is the U(2)-equivariant theory, originally introduced
by Bar-Natan [BN05| via a skein-theoretic construction, and then reformu-
lated in the context of Frobenius extensions in [KhoO6]. The specific Frobe-
nius extension is given by the ground ring R = Zh,t] and the Frobenius
algebra A = R[X]/(X? —hX —t), from which some of the previously known
theories are recovered by the following specializations:

e the original construction in [Kho00] by (h,t) = (0,0),

e Lee’s deformation [Lee05| by (h,t) = (0,1) over R = Q,

e Bar-Natan’s deformation in characteristic 2 [BNO5| by (h,t) = (H,0) over
R =TF9[H].

Relations between various equivariant theories are summarized in [KR22].
Furthermore, when considered over the field o of two elements, these theo-
ries exhibit additional symmetries:

(i) the U(2)-equivariant theory over Fy admits an involution o induced
from a Frobenius algebra involution o: X — X + h,
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(ii) Fo-Khovanov homology admits the Shumakovitch operation v [Shuld],
which is an acyclic differential on the homology group, i.e. > = 0 and
the complex with respect to the differential v is acyclic, and

(iii) Fo-Khovanov homology and Fy-Bar-Natan homology each split into two
copies of the respective reduced theory [Shul4l [Wigl6].

In the first two sections of this paper, we show that the symmetries
described above extend to various equivariant theories when the ground ring
contains Z. Specifically,

(i) the U(2)-equivariant Khovanov homology admits an integral lift & of
the involution o (Section [1),
(ii) the U(2)-equivariant Khovanov homology admits an integral lift 7 of
the Shumakovitch operation v, which is again an acyclic differential on
the homology group (Section ,
(iii) the U(1)- and U(1) x U(1)-equivariant Khovanov homologies each split
into two copies of the respective reduced homology ( Sections and.

The involution ¢ and the operation ¥ are not endomorphisms over the
ground ring R = Z[h,t] but rather over its subring Z[h?,t]. Consequently,
the splitting results hold over suitable subrings of the corresponding ground
rings.

Finally, in Section [3| we connect these structures to the Rasmussen s-
invariant [Rasl0], considered over an arbitrary field F.

Preliminaries. We assume that the reader is familiar with the con-
struction of Khovanov homology and its equivariant versions [Kho00, [Lee05,
BNO05| [KhoO6, KR22|. Here, we briefly review the setting of the U(2)-equiv-
ariant Khovanov homology, originally defined in [BNO5].

Let Rjp; denote the graded ring Z[h,t] with degh = 2,degt = 4,
and Ap; the graded Frobenius Ry, -algebra Ry [X]/(X 2 hX —t) with
deg X = 2, equipped with the algebra structure (multiplication m and unit ¢)
inherited from Ry ([X] and the coalgebra structure (comultiplication A and
counit €) determined by the counit

e(1)=0, eX)=1.
The comultiplication A is given by
AN =10 X+X®1-hr(1l®]l), AX)=XX+t(l®1).

For any oriented link diagram D, let CKhy, (D) denote the Khovanov com-
plex of D obtained from the Frobenius algebra Ay, and Khyp (D) its ho-
mology.

(*) The grading defined here is the opposite of [Kho00] and the same as [Kho06].
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In Bar-Natan’s reformulation and generalization of Khovanov homology
via dotted cobordisms [BNO5|, the local relations for the U(2)-equivariant
theory are given by

~ Q)= 0® OO d-080

Let Cob,;(B) denote the category of dotted cobordisms modulo local rela-
tions, defined for each finite subset B C dD? of boundary points of planar
tangles. Here we only consider B = @ and write Cob,/; := Cob, ;(&). The
TQFT Fj,+ obtained from the Frobenius algebra Aj; is recovered by the
tautological functor
Fht = Homcob./l(g, —): Cob,/; — Rp¢-Mod,

where Ry, ;-Mod stands for the category of graded Ry ;-modules. In partic-
ular, the base ring Ry, ; is given by evaluations of closed dotted surfaces

HomCob./l (9,0) = Ry 4

where elements h,t € Ry ; correspond to
&R
T
\_/
N

The Frobenius algebra Ay, ; is given by the state space of a circle
Homcob, , (2, O) = At

where the two generators correspond to

Qe Qe x

and the operations of Ay, ; correspond to

O Q0
X - m A

I

Here, cobordisms are drawn so that the time axis I runs from left to right.
From the local relations, two dots on the component can be reduced to

oo = hie it
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corresponding to the identity X? = hX +t in Apt. We alsolet Y = X — h,
and denote the corresponding element by a hollow dot @

Using the hollow dot, (NC) can be rewritten as

- OO+
CAGK

The following relations are also useful:

We also let U := X +Y = 2X — h, and denote the corresponding element
by a star as in [KR22| (16)]:

From (NC), one can see that a star corresponds to attaching a handle to the
surface. Also note that U? = h? + 4t is the discriminant of the quadratic
polynomial X? — hX —t.

1. Involutions

1.1. Involution o. Consider the Rj, ;-algebra involution
o Rp4[X] — Rp[X], X—h-X,
which induces an Ry, ;-algebra involution
o: Apt — Apg.
Note that o is not a Frobenius algebra isomorphism, since it adds the minus

sign to €. Namely, we have

(*) Our definition of the hollow dot o differs by an overall sign from the one defined
in [BH"23a] and in [Kho06].
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PROPOSITION 1.1.
mo(oc®o)=0com, (=001,
Aoog=—(0®0)oA, eco0=—c.

With the diagrammatic description, the isomorphism ¢ can be expressed

as a cobordism
= (=20 -

or as a dotted cobordism

O O-0d

With the notation of [KR22], ¢ is given by the cylinder with a defect circle

(or a seam):
7= ()

The short line segment indicates the preferred coorientation of the defect
line. The TQFT Fj,; together with the involution o coincides with those
obtained from the evaluation (-) of seamed surfaces given in [KR22l, Section
3.1]; see Lemma 3.5 and equations (69)—(75) therein.

Since ¢ is not a Frobenius algebra isomorphism, it does not induce an
involution on the Khovanov complex. Nonetheless, this can be handled by
introducing a twisting of the Frobenius algebra. For any invertible element
0 € Apy, the 0-twisting of Ay, is the Frobenius algebra Ay, 1.9 whose algebra
structure is the same as Ay ; but the comultiplication and counit maps are
twisted as

Ag(z) == A(071z), eg(x) == e(62).
If we consider the (—1)-twisting of Ay, +, the equations of Proposition [I.1|can
be rewritten as mo(c®o)=com, t=coL
A_poo=(c®0a)od, g_poo=c¢,
which implies that o defines a Frobenius algebra isomorphism
o Ah,t — Ah,t;—l'

For any oriented link diagram D, let CKhy, 1.9(D) denote the Khovanov
complex obtained from Ay, +.¢. Proposition@ implies that ¢ induces a chain
isomorphism

0: CKhy, (D) — CKhy s 1(D), =+ o®(z), x& A C CKhy (D).

Furthermore, ¢ acts naturally with respect to link cobordisms.
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PROPOSITION 1.2. Let S: D — D' be a link cobordism represented as a
movie of link diagrams, and let ¢pg denote the corresponding cobordism map
on CKh. Then the following diagram commutes:

CKhpy(D) —25— CKhy (D)

O'\L \LO'
CKh’h,t;—l(D) L) CKhh,t;—l(D/)
Proof. This is immediate from Proposition @, since the cobordism map

¢g is defined by decomposing S into elementary cobordisms and composing
the corresponding operations of the Frobenius algebra. =

REMARK 1.3. For an invertible element 6 € Ry, ;, from [KhoO6, Proposi-
tion 3] @ there is a chain isomorphism, for any link diagram D,

79(D): CKhyp, (D) — CKhp 1.9(D)

corresponding to the f-twisting of Ay ;. The above isomorphism o can be
composed with the twisting isomorphism

CKhpy(D) % CKhigr (D) T22% 0Ky (D)

so that the composition is an involution on CKhy, (D). However, the twisting
isomorphism 7y(D) is not natural with respect to the Reidemeister moves
(at least if we take the same maps as in [BN05]), as the following example
shows.

ExXAMPLE 1.4. Consider diagrams D, D’ that are related by a single R2

move, as follows:
/
N — Z

D D'

The chain homotopy equivalence F' on the corresponding chain complexes is
given by

(®) As Tto, Nakagane and Yoshida pointed out in [INY25], when 6 is an invertible
element in Ap, ¢, then a very subtle treatment is required for the construction of a twisting
chain isomorphism.
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O id

K {OC’Q ey

CKhg)(D') = { < }
U id
Here, to save space, the untwisted complex CKhy,; and the twisted complex
CKhp, 1.9 are drawn together, and the action of the twisting isomorphism 7y
on each vertex is indicated by the blue loop. By focusing on the 01-component
of CKhyp, (D), one can see that the following diagram does not commute:

CKhp (D) 2 CKhy (D)

D
CKh (D) P24 Oy 40(D')

QUESTION 1.5. Is it possible to adjust the cobordism maps for the 6-
twisted complex CKhyj, 1.9 so that the twisting isomorphisms can be collec-
tively regarded as a natural transformation? In other words, can we make
the following diagram commute up to chain homotopy?

7o(D)
—

CKhp (D) CKhp, 1.0(D)

CKhh,z(S)l lCKhh,z;e(S)

/) T@(D/)

CKh}m(D _— CKh}m;g (D/)

REMARK 1.6. If we work over Fo by tensoring it with the ground ring
Ry, s, then o becomes a Frobenius algebra involution and the induced o
gives an involution on CKhy,+(—;F2). In [CY25], Chen and Yang study the
(intrinsic) involutive Khovanov homology, defined to be the homology of the
mapping cone of id + o over FFs.

1.2. Graded involution &. The sign inconsistency of o with respect to
the operations of Ay ; can be fixed by modifying the definition of o. Define
a pair of ring involutions, oy on Rj; and o1 on A, by

Bo(r) = (=)0 2 G (a) = (1) 0 (a),
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for r € Rp+ and x € Ap ;. Now, we have
o1(rx) = oo(r)oi(z)
and in particular
oo(l) =1, oo(h) =—h, oo(t)=t, o1(X)=X—-h=Y.
Note that &7 is not an Rj, ;-module homomorphism on Ay, ; unlike our original
involution o. Although this might look unnatural, we have the following:
PROPOSITION 1.7. The pair of involutions (0o, 01) satisfies
mo (61 ®01) =010m, L00y=010L,
Aocgy=(01®01)0A, €001 =0p0¢.
Proof. This is immediate from Proposition and the degrees of the
operations
deg(m) = deg(t) =0, deg(A) =2, deg(c)=—-2.n

Consider the subring R;L’t := Z[h?,t] of Ry, which is supported in de-
grees 0 mod 4. Note that Ry, ; is a free graded R;L,t—module of rank 2, gener-
ated by 1 and h. The involution oy on Ry is an R;m—module endomorphism,
represented by the matrix

1
< —1>'

Similarly, Ay, is a rank 4 free R} ,-module, generated by 1,h, X, hX, and
the involution &, on Ay, is an R} ,-module endomorphism represented by

1 h?
-1 -1
1
—1
With U := 2X — h, one can see that ¢ restricts to id on the R} ,-submodule
niell,U) € Apy and to —id on R} ((h,hU) C Ap;. Multiplication by h
is a non-invertible map between these two submodules. If we adjoin 27! to
the rings (while denoting them by the same symbols), then {1,U, h,hU}
forms a basis for Ay over R;m, giving it THE eigendecomposition into the
(+1)-eigenspace Rj, ,(1,U) and the (—1)-eigenspace R}, ,(h, hU).
Hereafter, we omit the subscripts from gy and 1 when there is no con-

fusion. Moreover, we extend the involution over an arbitrary r-fold tensor
product of Ay, (r > 0), and denote it by the same symbol:

~ . SQr, AQr R
o:=0, : Ah,t — Ah’t.



Equivariant Khovanov homology 9

The involution & can be interpreted as inserting a defect plane II in
R? x I perpendicular to the time axis I. Suppose S is a cobordism in R? x I
that intersects IT transversely. The equation o(X) = Y can be interpreted
as follows: if a dot e on S passes II, then it turns into o:

R N

In particular, if a sphere with a single dot passes II, it turns into a sphere
with a hollow dot, which recovers (1) = 1. If a sphere with two dots passes
IT, it turns into a sphere with two hollow dots, which recovers (h) = —h.
The equation 7 (t) =t can be given a similar interpretation:

All equations of Proposition can be given pictorial descriptions:

E ‘Cc—;

U

Y

= :DD‘

where boundary circles of cobordism surfaces are shown by dashed intervals.
Thus, instead of isotoping .S, we may freely move II along the time axis
without making any change to the underlying surface of S, while swapping
the dots @ and o on S as II passes by. If two such parallel defect planes meet,
they can be canceled, since 2 = 1.
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DN

Using (NC), any intersecting circle of IT and S can be resolved as follows:

I )= 00 +

= 0 +

More generally, one may consider a defect surface X, which is an oriented
(possibly disconnected) surface embedded in the interior of R? x I. A closed
component of X' can be shrunk to a point and removed.

Formally, we define an involutive Frobenius extension to be a Frobenius
extension (R, A) equipped with a pair of ring involutions oy on R and &
on A satisfying the equations of Proposition Homomorphisms and iso-
morphisms of involutive Frobenius extensions are those Frobenius extensions
that also commute with the involutions.

REMARK 1.8. More generally, given a commutative Frobenius extension
(R, A) and an automorphism 1 of the pair (R, A) preserving Frobenius struc-
ture, one can introduce -hyperplanes into 2D cobordisms. It is then con-
venient to assume that 1-manifolds live in R™ for n > 4 and 2-cobordisms
live in R™ x [0,1], to avoid possible knottedness of 1-manifolds and their
cobordisms and represent hyperplanes as R” x {y} for 0 < y < 1. Alterna-
tively, one can consider the case n = 1 and work with 1-manifolds embedded
in the plane and cobordisms between them in R? x [0, 1]. In the latter case,
however, there should exist more complicated TQFTs for this cobordism cat-
egory, where one takes into account how circles are nested in the plane, and
likewise for cobordisms.
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Now, define an involution o on CKhy, (D) by
0: CKhpt(D) = CKhpy (D), x— (01®---®01)(x),
for z € A?’; C CKhp (D). Again, note that & of the complex CKhy, (D) is

not an Ry, ;-module involution, but an R} ,-module involution.

PROPOSITION 1.9. Let S: D — D' be a link cobordism represented as a
movie of link diagrams, and let ¢g denote the corresponding cobordism map
on CKhp . Then the following diagram commutes:

CKhpy(D) —255 CKhy, (D)

a |7
CKhpy(D) —25+ CKhy,y(D')
Proof. As described in [BNO5|, the Reidemeister-move maps (Figures
5, 6, 9 therein) and Morse-move maps (in Section 8.1) are all described
by undotted cobordisms. Thus the commutativity is immediate from the

fact that a defect plane can pass through any undotted cobordisms without
changing them. =

The following proposition is also immediate from the definition of 7.

PROPOSITION 1.10. For link diagrams D,D’, let D L1 D' denote their
disjoint union. The involution & commutes with the canonical isomorphism
computing the chain complex for the disjoint union:

CKhy, (D) ® CKhp (D) —— CKhyo(D U D')

al la

CKhy,y(D) ® CKhpy(D') —— CKhy(D U D')

1.3. Duality. Consider the non-degenerate pairing on Ay, 4,
Bi=ecom:Ap; @ Apy — Rpy.
Let D denote the associated isomorphism
D: Apy — Ajy

where Aj , := Homg, , (Ant, Rp ) is the dual Rj-module of Ap . We call
{D(1),D(X)} the standard basis of Aj ,. Its elements have the following
cobordism description:

Do UV o6



12 M. Khovanov and T. Sano

With Y = X — h, one can see that {1, X} and {Y, 1} are mutually dual with
respect to the non-degenerate pairing 3. Thus the standard basis {D(1),D(X)}
for Aj , is precisely the (algebraic) dual basis of {Y, 1} for Ap ;.
From Proposition we have
Bo(o1®01) =000 p,
which gives, for any = € Ay,
D(c1(x)) ooy = 0p o D(x).

This can be visualized as follows:

We define an involution op on Aj , by
op: Apy — Apy,  frr0go foan.
Then we have the following commutative diagram:

D
Ah,t ’ Ai,t

D
Ah,t ’ AZ,t

Explicitly, the standard bases of A and A* correspond to each other as
follows:
1) r— Dow x¢)+— (P ox

I+ 1 b
L= Do vE)— (P o

Recall that A?Lt admits a dual Frobenius algebra structure with multipli-
cation A*, unit £*, comultiplication m*, and counit ¢*. One can see that the
behavior of the operations of A , with respect to the basis {D(1),D(X)} is
exactly that of Ay, with respect to the basis {1, X} turned around. Thus D
is an isomorphism of Frobenius algebras. Furthermore, the following propo-
sition states that the pair (0o, dp) makes (Rp ¢, 4j ;) an involutive Frobenius
extension, and that D is an isomorphism of involutive Frobenius extensions.
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PROPOSITION 1.11. The involution op on Aj, , satisfies
A*O(8D®8D):3DOA*, 6*0(/7\0:6DO€*,
m*oop = (6p®op)om”*, 1Ffoogp=0poL".
Proof. For the first equation, consider the following cubical diagram,
where A := Ay, for short:

A*® A*

~ ‘

opR0p

The commutativity of the right face follows from the commutativity of the
other faces. The proofs for the other cases are similar. m

For a link diagram D, let CKhyp(D)* denote the algebraic dual of
CKhp+(D). The involution op is extended to an involution on CKhy,(D)*
by

op: CKhpy(D)" = CKhpy(D)*, (0D @+ ®0p)(x),
for x € (z‘l}"m)@)]C C CKhp(D)*.

PROPOSITION 1.12. For a link diagram D, let D* denote the mirror of D.
There is a canonical chain isomorphism

D: CKhh’t(D*) = CKhhﬂg(D)*

which commutes with the respective involutions:

CKhp, 4 (D*) —2— CKhy, (D)

o] =

CKhp4(D*) —2— CKhy,,(D)*

Proof. The cube of resolutions for D* can be obtained from that for D
by replacing each vertex v with v where v; = 1 — v;, which gives identical
resolutions D, = D}, and reversing each edge ey,: D, — D,, which gives
éuw: D} < D}. From this observation, one can see that the correspondence

D:x1® - -®uz, € A%Z — D(x1) ®--- ®D(z,) € (4} ,)%"

gives a chain isomorphism CKhy,(D*) = CKhp4(D)*. That D commutes
with the involutions is immediate from the definition of op. =
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1.4. Various Frobenius extensions. Various Frobenius extensions are

considered in [KhoO6, [KR22]. These extensions can be endowed with invo-
lutive structures that extend the one defined in Section [[.2] as follows:

The U(1) x U(1)-equivariant theory is given by the Frobenius extension
Ry = Zlog,as) and A, = Ry[X]/(X — a1)(X — a2)) with degay =
deg ap = 2. The inclusion Ry, ; C R, is given by h = a1 + a2, t = —aqan.
One can see that ¢ naturally extends over R, and A, with

8(0&1) = —Qq, 3(0&2) = —Q9
and
X —a)=X—a, (X —-—ay)=X—a.
There is an additional symmetry o, that transposes the roots ay, as and

fixes X,
Ua(al) = (9, Ua(ag) = a1, Ua(X) = X.

The U(1)-equivariant theory is given by
Ry, :=7Z[h] and A := Ry[X]/(X?—hX) with deg(h) = 2.

There is an obvious mapping (Rp, ¢, An ) — (Rp, Ap) by setting t = 0. This
theory was originally introduced by Bar-Natan [BNO5| over Fo, where H
is used instead of h.

The SU(2)-equivariant theory is given by

Ry :=1Z[t] and A;:= Ry[X]/(X% —t) with deg(t) = 4.

Here, the gradings are 0 mod 4, so we define o, = idg, and 74, = id4,.
It is also called Lee’s theory [Lee05|, together with its version given by
localizing R; to Z[t,t!] and likewise for A;. One can also consider a
rank 2 extension R j; 1= Z[Vt] and A s := R\/;[X]/(X2 —t) of (R, Ayr),
which will be revisited in Section

The original (non-equivariant) theory of [Kho00] (with ¢ = 0) is given by
Ry =7 and Ay = Ry[X]/(X?). The involutions are given by the identity
maps.

The diagram of Figure [1| depicts the relationships between these involu-

tive Frobenius extensions, where arrows are involutive homomorphisms given
by base changes indicated by the labels.

2. Shumakovitch operation and reduced theories

2.1. Shumakovitch operation v. In [Shul4], Shumakovitch introduced

an operation v on the Fo-Khovanov homology Kho(—;F2), and proved that
the unreduced Fa-Khovanov homology Kho(—;F2) splits as the direct sum

of two copies of the reduced Fa-Khovanov homology [?77,0(—; Fy). In [Wigl6],
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(Ras Aa)
T
etk =V,
0 J QQZ\/E
a1=Y,
ag=h
’ (Rh,taAh,t)

t:O/ \hO
.

(Rt,At) — (R\/{,A\/{)

o~ 7 iso

(Ro, Ag) «——
Fig. 1. Involutive Frobenius extensions

Wigderson extended the operation to the Fa-Bar-Natan homology (U(1)-
equivariant homology over F3) and proved that the unreduced homology
splits into the direct sum of two copies of the reduced homology. Here, we
briefly review the definition of v and its extended version.

The Shumakovitch operation v is defined as follows: for any » > 1 and
any element z = 71 ® - @ 7, € AY" ® Fo with x; € {1, X}, the element
v(z) is defined as the sum of all elements obtained by choosing one factor z;
labeled X and replacing it with 1,

v(z) = Z T1®-- Q1 Q.
;=X
The operation v can be given a visual description as follows:

e 3
)
T _
=X
=1

r
-

N/
&

J

One can prove that v commutes with the operations of A%@T ® Fa, so that it
is a Frobenius algebra endomorphism. This will be re-proved later in a more
generalized setting.
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Furthermore, the operation v can be extended as a Frobenius algebra
endomorphism to the U(1)-equivariant setting as follows: for each 1 <k <r
and for any element t =21 ® -+ - Q@ x € A%T ® Fo with z; € {1, X'}, vi(z) is
defined as the sum of all elements obtained by choosing k factors labeled X
and replacing them with 1. The map v has degree —2k, and can be given
a similar cobordism description as above by a sum of (2) cobordisms, each
with &k cups and k opposite caps (instead of a single cup and cap in position ¢
in the above formula for v). Define a degree —2 endomorphism # on 45" ®F,
by

r

V= Z hk_lyk.

k=1
By definition, setting h = 0 recovers the original Shumakovitch operation v.
For convenience, we let vy = id and v = 0 for £ > r. The operation v and
the involution o = ¢®" are related as follows:

PROPOSITION 2.1.
id+ h = o.
Proof. The proof proceeds by induction on r. When r = 1, we have
1+ hv(l) =1=0(1),
X+h(X)=X+h=0(X).
Next, suppose r > 1 and the result holds for » — 1. We may write
v=> oY eV +id el Y)
k
7N @idTY 4 (id® + hotY) @ 20D,

Here, each superscript (k) indicates that it is an endomorphism on A®F,
With this equation, we have
id + ho = idD @id" D + A @id"Y 4 ([dD + hM) @ 201
= (|d(1) + hlj(l)) ® (id(rfl) + hlj(rfl))
and the proof is immediate. m

From Proposition the operation 7 can be alternatively defined by
id+o

V= .

h

This description allows us to extend ¥ to the signed setting, using the signed
involution &.

2.2. Signed Shumakovitch operation 7. Here, we consider the U(2)-
equivariant Frobenius extension (Rp ¢, Apt).
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LEMMA 2.2. For any r > 0, the endomorphism id — & on A?’; is divisible
by h.

Proof. When r = 0, we have
1-0(1)=0, h—o(h)=2h, t—o(t)=0,
and when r =1,
X—-0(X)=h, hX —0(hX)=h(2X —h).
For r > 1, we have
(id=0) (1@ ®@z,) =(d—0)(21) Qa2 ® - - - ® Ty
+0(z1) ®(id—0)(x2) @+ ®
+0(x1) ®0o(r2) ® - ® (id — 7)(z)
so the claim follows by induction. m

The above proof can be given a diagrammatic description. For example,
when r = 1,

= -®»C+Da@ Hec
-3|c -Dle

From Lemma [2.2] we may define the signed Shumakovitch operation U to
be the (Z[h?%,t]-module) endomorphism of A} given by

. id—o
T Th
Obviously, 7 has degree —2. Explicitly, we have
v(1)=0, vh)=2, v(t)=0, vX)=1, vY)=-1,
v(hX)=v(hY)=2X-h=U.

Again, observe that ¥ is not an Rj;-module involution, but an R} ,-

module involution, where R;z,t = Z[h%,t]. Also note that we need h # 0
to define V. By setting ¢ = 0 and tensoring the ground ring with Fo, it is
immediate from Proposition [2.1] that ¥ recovers the extended Shumakovitch
operation o.

REMARK 2.3. The operation 7 does not extend to the U(1) x U(1)-
equivariant theory, since

(id — 8)(0[1) = 20&1'
is not divisible by h = a1 + a2. This problem will be revisited in Section
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The following propositions generalize the properties of v proved in [Shul4l,
Section 3|.

PROPOSITION 2.4.
(1) vy =v(r)@y+o(z)@v(y).
(2) ov=—-vo=".
(3) ¥ =0.
Proof. Parts (1), (2) are immediate from the definitions of 7 and &. Part
(3) follows from (2). =
From Proposition [2.4(1), one can easily compute, for instance,
VXX) =1 X4Y®I1I=1X+X®1-h(1l®1),
7 X®Y)=10Y - Y®e1=1 X -X®1.
PROPOSITION 2.5. U commutes with the Frobenius algebra operations
on Ap.

Q)

Proof. Since id, m, ¢, A, e are Ry, ;-module homomorphisms and the factor
1/h can be treated as a scalar, the result is immediate from Proposition[L.7 =

Let X denote the degree 2 endomorphism on Af’; for r > 1 defined by

Xr1®22® @) :=(X -21) Q22 - Q.
Similarly define an endomorphism Y.
PROPOSITION 2.6.
7oX —-Yov=id, —-DoY+Xov=id.
Proof. Put x =21 ®@y € Ap; ® Af?([_l). We compute
(X () = 9((X21) @ y) = #(Xa1) @y + 6(Xa1) © 0 (y)
= (1 +Y0(11)) @y +Yo(r1) @ 0(y) =2+ Y ((x)).
The second equation can be proved similarly. =
Now, let D be a link diagram. Regarding CKhyp,+(D) as an (infinitely
generated) bigraded Z-chain complex and Khy, (D) as a bigraded Z-module,
Propositions2.4]and [2.5/imply that 7 induces an endomorphism on Khy, (D)
that squares to 0. If D is non-empty, we may fix a basepoint p on D so that

endomorphisms X, Y are well defined on CKhy, +(D) and on Khy, +(D). For
each homological grading 7, consider the sequence

& KWW (D) == Kh" (D) = Kht2(D) +—— ...

-Y X -Y X

Proposition [2.6] implies that id is null-homotopic with respect to the differ-
ential 7. Thus we obtain a generalization of [Shul4, Theorem 3.2.A].

PROPOSITION 2.7. If D # @, the complex (Khy(D),V) is acyclic.
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7| Fa[h]/(h)
5 | Ealnl/(0) | e
X F2lh] 2| .
- - (b) Khn(31;F2)
(a) Khi(31;F2)
Q) .. 6 | Q[h]/(h)
Q[h] 4
Q[h] 2. Q[h]
= 1 0 | -2 -1 0
(©) Khn(31;Q) (d) Khn(31;Q)

Fig. 2. The unreduced and reduced U(1)-equivariant homology for the trefoil 31 over Fa
and Q

2.3. Reduced homology and splitting. Here, we consider the U(1)-
equivariant theory over the ground ring Rj, = Z[h]. Let D be a pointed link
diagram with marked point p. Here, for notational simplicity, we write C' =
CKhp(D), and let C'x denote the subcomplex of C' generated by enhanced
states of the form

r=XQ®x28® - Qxy,

where the underline indicates the factor corresponding to the circle con-
taining p. The subcomplex Cy is defined similarly. The two complexes are
isomorphic, and either one may well be called the reduced U(1)-equivariant
Khovanov complex of D, denoted Eﬁlh(D). (Later, in Section we choose
the one that contains the Lee cycle a(D) of D.) Its homology is called the
reduced U (1)-equivariant Khovanov homology and denoted ﬁbh(D). It is
conventional to shift the quantum grading of the reduced complex by —1 so
that we have

CEhiy(O) = Khi(O) = Ry,

Figure [2[ shows the unreduced and reduced U(1)-Khovanov homologies
for the trefoil over Fy and Q @ Over o, one can see that the unreduced
homology splits into two copies of the reduced homology, as generally proved
by Wigderson on the complex level [Wigl6]. On the other hand, over Q, there
is a single torsion summand Q[h]/(h?) in the unreduced homology, which is

(*) The computation is performed using the program YUI developed by the second
author [San25].
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not isomorphic to the direct sum of two copies of Q[h]/(h) in the reduced
homology. Thus, the splitting property does not hold over Q[h]. However, if
we consider the splitting over the subring Q[h?], then we have

Q[n)/(h*) = Q[A]/(h) ® ¢*Q[A]/(h) (over Q[h?)).
The following theorem states that this holds in general.
THEOREM 2.8. Over the subring R = Z[h?*] of Ry, the unreduced U(1)-
equivariant Khovanov complex CKhy (D) splits into the direct sum of two
copies of the reduced complex 6’?(71;1(]_7).

Theorem [2.§] follows from the following proposition.

PROPOSITION 2.9. The two rows of the following diagram are short exact
sequences of Ryp-complexes, and the involution & gives an R} -isomorphism
between them. Moreover, for each row, the restriction of the endomorphism
U gwes a splitting as R}, -chain complezes.

0 Cx » O ——— Cy > 0
l& s l&
0 » Cy >CF X Cx > 0

Proof. The first two statements are straightforward. From Proposition[2.6
we have
7oX-Yov=id
on C, but X restricts to 0 on Oy, proving that —7 gives a section of Y. m
REMARK 2.10. In characteristic 2, the endomorphisms appearing in
Proposition are already over the ground ring Fa[h], so a similar argu-
ment shows that the Fo-Bar-Natan homology splits ([Wigl6, Theorem 4]),

and further setting h = 0 shows that the Fs-Khovanov homology splits
([Shul4, Corollary 3.2.CJ).

REMARK 2.11. The explicit splitting of Theorem and that of [Wigl6,
Theorem 4| are related as follows. Here, we work in characteristic 2. First,
as an Fo[h]-module, the quotient complex C'/Cx can be identified with the
submodule C] of C, which is generated by enhanced states of the form

T=1012Q - Q@,.
We have C = C1 @ Cx as modules, and the differential d of C can be written

= 4)
[odx
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where dy,dx are differentials of C,Cx respectively, and f is a chain map
f: Cy — Cx,

so that C'is the mapping cone of f. With Cy = C/Cx = C1, the short exact
sequence of Proposition [2.9] can be rewritten as

0 Cx‘ >CF Cl 0

S

where the section s maps
s(ley) =vYey) =1y +X o v(y).
Let K denote the map
K:Ci—Cx, 1y—X®v(y).
Then the isomorphism Cy & C'x — C'is given by

<; id)'

This K is exactly the null-homotopy of f constructed in [Wigl6]. Indeed,

f=dxK+ Kd,.
Furthermore, Wigderson gives an explicit isomorphism
X +hK:C, = Cx,
which can be rewritten, by Proposition [2.1] as
X +hK = X(id + hv)|c, = X0l
This is an alternative description of the isomorphism
= oy S Cy.

REMARK 2.12. Figure[2Jshows that, over Q[h?], the torsion part Q[h]/(h?)
in the unreduced setting indeed splits into two copies of Q[Ah] /() in the reduced
homology. This pattern arises very often in other examples, but is not always
the case. A counterexample is given by the 38-crossing knot K found by
Manolescu and Marengon in [MM20, Figure 1|, for which the Knight Move
Conjecture [BNO2, Conjecture 1] does not hold. The unreduced homology of
this knot K, computed over Q[h], has

¢~"Qh)/(h*) ® ¢~°QIh]/(h*) ® ¢~ Q[R]/(h*)

gives
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in homological grading 2, whereas the reduced homology has

¢ °Q[h)/(h*) © ¢~*QIh]/(h)

in the same homological grading. Generators of the unreduced and reduced
homologies correspond as follows:

h3a h2a'
K IS
\ \
\ \\
\
\ \
h2a | hc h2z ha' |
~o 7 /
// / // //
f )/ f // .
' ha hb c ' hx T Y
\\ \\
\ \
\ \
\\ \\
a b T Y

Here, a,b,c and x,y, z are the corresponding generators in the unreduced
and the reduced homologies, and ', v/, 2’ are copies of z,y, z. Dashed arrows
indicate multiplication by hZ.

2.4. Splitting of U(1) x U(1)-equivariant theory. As mentioned in
Remark 2.3] the operation  does not extend over the U(1) x U (1)-equivariant
theory (Ra, Aq), if we regard (Ry, A, ) as an involutive Frobenius extension
via 7. Nonetheless, recall that there is an additional symmetry o, of (Ry, Aa)
that transposes the roots aq, g and fixes X. This involution o, on (Ry, Aa)
is an endomorphism over Z, and can be regarded as an extension of & on
(Rp, Ap) under the following inclusion:

S: (Rh,Ah)‘%(Ra,Aa); h0—>042—041, X'—)X—Oél.

Indeed, we have

h%ag—al X?%X—Oél
EI JV/O'DC 81 Io'a
—hr%oq—OéQ X—h?L)X—OéQ

Note that s is a section of the projection
(Ra,Aa) —» (Rh,Ah), a; — 0, ag — h.

This projection breaks the symmetry between oy and as. Similarly, define
an involution o ;7 on (R 4, A4 ;) by

0\/2;(\/{5) = —\/E.
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These involutions fit into the following commutative diagram of involutive
Frobenius extensions:

O

;l(:aiv_ai’ (Ra) Aa)

'/—> —Qaq / \

/ a1=0, ar=—Vt,

(’/ az=h az=vt
| / h=2t \

(R@h) S (R Ay)

o 9./t

Note that o, is incompatible with the involution & on (Rp ¢, Ap+) under
the inclusion
(Rut, Ang) = (Ra, Aa),  h= o1+ g, t= —ajas,

since 7(h) = —h, but o, fixes a1 + as. Instead, if we regard (Rpy, Any)
as an involutive Frobenius extension with the trivial involution, the above
inclusion becomes an involutive homomorphism.

Now, with o, we can define the operation v, on (R4, A,) that extends

v on (Rp, Ap).

PROPOSITION 2.13. id — 0, is divisible by ¢ = ag — .

Thus, we may define an operation on A" by
id — o,
Vg i= —————.
a9 — 1
In particular, we have

va(1) =0, volar) =—-1, ve(az) =1, vu(X)=0.
With X; := X — o (1 =1,2), we have
Ua(X1> = Xo, Ua(XQ) = Xi, Va<X1) =1, Va(XQ) = -1

Let X; (i = 1,2) denote the endomorphism on A" for r > 1 defined by

Xi(z1®ra® - @a,) = (X; 1) Q22 @ -+ - @ Xy,

The following propositions are analogous to those proved in Section 2.2} and
are easy to verify.

PROPOSITION 2.14.
(1) va(z ®@Y) = val(r) @ Y + 0a(z) @ va(y).

(2) OqVa = —Vo0q = Va-

(3) v2 =0.



24 M. Khovanov and T. Sano

(a) (b) (c)

Fig. 3. The Lee cycle a(D) of a diagram D

ProrosiTION 2.15. v, commutes with the Frobenius algebra operations
on Ag.

PROPOSITION 2.16. v40X] — Xgovy = —vg0 Xg+ X101, =id.
PROPOSITION 2.17. If D # @, the complex (Kho (D), V) is acyclic.

For a pointed link diagram D, we may define the reduced complex
%Q(D) as either one of the subcomplexes C; (i = 1,2) of the unreduced
complex C' = CKhq (D) defined in the obvious way. From Proposition 2.16} a
proposition analogous to Proposition holds, and we obtain the following:

THEOREM 2.18. The unreduced U (1) x U(1)-equivariant Khovanov com-
plex CKho (D) splits into the direct sum of two copies of the reduced complex

CKha(D) over Z.

3. Rasmussen invariant and homological generators

3.1. Lee classes. Hereafter, we consider the U(1)-equivariant theory,
for the Frobenius extension (Ry, Ay). (An analogous argument holds for the
U(1) x U(1)-equivariant theory, using oq, v, defined in Section [2.4]in place
of 7,7, and X1, Xs in place of X,Y.) Recall that the Lee cycle a(D) of a
link diagram D is a cycle in CKhy (D) obtained from a specific coloring of
the Seifert circles of D by X or Y = X — h. For instance, Figure b) depicts
the Lee cycle for the diagram of Figure [[(a) (see [San20, Definition 2.8| for a
precise definition). The cycle can be interpreted as a dotted cobordism from
& to the Seifert resolution Dy of D, consisting of a cup for each Seifert circle
decorated with e or o (Figure [3(c)). Let 3(D) denote the Lee cycle for the
orientation reversed diagram —D of D. Observe that 5(D) can be obtained
from a(D) by swapping the labels XY, so we have

B(D) =a(a(D)).
The Lee classes were originally defined by Lee [Lee05] for Q-Lee homol-
ogy. For an ¢-component link diagram D, there are 2¢ Lee classes, one defined

for each orientation o on D, and the Q-Lee homology of D is freely gener-
ated by them. This result was extended to [Fo-Bar-Natan homology by Turner
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[Tur06], and in general by Mackaay, Turner and Vaz [MTV0T7] for any link
homology obtained from a rank 2 Frobenius algebra A = R[X]/(X?—hX —t)
over a commutative ring R whose defining quadratic polynomial X2 —hX —t
factors as (X —a1)(X —ag) over R and the difference as —a; of the two roots
is invertible in R (see [MTV0T7, Proposition 2.3] or [Tur20, Theorem 1|). In
general, the Lee classes can be defined whenever X? — hX — ¢t factors as
(X — a1)(X — ag), but does not necessarily generate the homology unless
az—ay is invertible. In particular, Plamenevskaya'’s invariant ¢)(L) of a trans-
verse link L (with the natural orientation induced by the contact structure)
is the Lee class in Kho(L) for the special case a; = ay = 0, which may be
trivial in the homology group [Pla06].

In [San21], it is proved that Lee classes can be used to fix the sign in-
determinacy of Khovanov homology and its equivariant versions @ With
the signs adjusted accordingly, we have the following propositions. Here, for
a link diagram D, w(D) denotes the writhe, 7(D) is the number of Seifert
circles of D. For a unary function f, 0f denotes the difference ¢ f(z,y) :=

fy) = f(z).

PRrROPOSITION 3.1 ([San21l, Proposition 3.1|). Let D, D" be link diagrams
related by a Reidemeister move. Then the corresponding isomorphism be-
tween the homology groups

qb: Khh(D) — Khh(D/)
maps the Lee class of D to that of D' multiplied by some power of h,
[a(D)] = W [a(D)],
where the exponent j € {0,+1} is given by the following formula:
_ ow(D,D") —ér(D,D’)
= 5 .

ProPOSITION 3.2 (|[San2ll Proposition 3.4]). Let S be a link cobordism

represented as a sequence of movies between two non-empty link diagrams

D, D'. Further suppose that every component of S has boundary in D. The
corresponding cobordism map

¢s: Khp(D)/ Tor — Khy(D')/ Tor

between the homology groups (modulo torsion) maps the Lee class of D to
that of D' multiplied by some power of h,

[o(D)] = W [a(D")],

(°) Up to sign, functoriality of Khovanov homology was first proved by Jacobs-
son [Jac04] and subsequently by Bar-Natan [BNO5| in a more general framework. The
sign indeterminacy was fixed in [Cap07, [CMW09, Blal0, [BH"23b, [Vog20] under various
extensions of the theory.
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where the exponent j € Z is given by
dw(D, D"y — ér(D,D") — x(S)
5 .

In each of the above two formulas describing the exponent j, whenever
J <0, it is understood that [«a(D")] is divisible by h~7. Combining Proposi-
tions [I.9 and we have

¢: [B(D)] = (=Y [B(D)],

recovering the second equation proved in [San21l, Proposition 3.1|. The fol-
lowing commutative diagram describes the above equations:

j=

hia(D")

Ry Py Knp(D) —°—— Khp(D')

ﬂ la l?f

Ry —2PL . K (D) —— Khy(D')

(=h)IB(D")
A similar equation also holds for the cobordism map ¢g of Proposition [3.2

3.2. Rasmussen invariant. Let F' be a field of any characteristic,
and consider the U(1)-equivariant theory (Bar-Natan’s theory) over F'. The
Frobenius extension is given by R, ® F = F[h] and A} = A, @ F =
F[h, X]/(X? — hX). Rasmussen’s s-invariant over F' can be defined in two
ways: (i) using the unreduced Bar-Natan homology over F, or (ii) the reduced
Bar-Natan homology over F' (see [Rasl0l [LS14, KWZ19]). Here, we re-prove
that the two definitions coincide by relating the homological generators of
the unreduced and reduced homologies.

For a knot K, its unreduced Bar-Natan homology over F' is known to be
of the form

Kh,(K; F) = ¢ 'F[h) © ¢ 5T F[h] © (Tor).
It has rank 2 over the ring F'[h]; the two generators are concentrated in ho-
mological grading 0, and their quantum gradings differ by 2. Define —s"(K)
= —s to be the average of the quantum gradings of the two generators. (The

negative sign is due to the convention of quantum grading.) The reduced
Bar-Natan homology over F' is of the form

Khi (K3 F) 2 ¢~ F[h] & (Tor).

It has rank 1 over the ring F'[h]; the unique generator has homological grad-
ing 0. Define —37(K) = —5 to be the quantum grading of the generator.
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PROPOSITION 3.3. Let D be a diagram of K and z a cycle that represents
a generator of
Khp(D; F)/ Tor = F[h].
Then the two cycles z,V(z) give a basis of
Khy,(D; F)/Tor = F[h]?.
In particular, this shows s (K) = 5 (K).

Proof. When char F' = 2, the result is obvious from the splitting over
F[h]. Hereafter, we assume char F' # 2. Take any point on D and regard it
as a pointed diagram. As in Section let C' denote the unreduced complex
CKhp(D) and Cx and Cy the corresponding subcomplexes. Take a cycle
z=X®uz in Cx with gr,(z) = § + 1 that gives a generator of H(Cx)/Tor.
Elements z and hz give a basis of H(Cx)/Tor over F[h?]. From Theorem
the four cycles

z, hz, v(z), v(hz)
give a basis of H(C)/Tor over F[h?]. From
v(hz) = 2z — hv(z),
we can instead choose
z, hz, V(z), hv(2)
as a basis of H(C')/Tor. Therefore, over F[h], the two cycles
z, V(z)

give a basis of H(C)/Tor. In particular,

gry(z) = =5+1, gr,(¥(z))=-5-1

shows that sf' = 5.

REMARK 3.4. It is known that s!” depends on the field F; in fact, direct
computation shows that s@, s, s are linearly independent (see [LS14] Re-
mark 6.1], [Sch25l Section 6] and |[LZ21]). Whether the infinite set {sr} of
the Rasmussen invariants is linearly independent as F' runs over all prime
fields remains open |[LS14, Question 6.1]. For an arbitrary field F, it is proved
in [SS24, Proposition 4.36] that s depends only on the characteristic of F.

ExAMPLE 3.5. Consider the simplest case D = (). The reduced homol-
ogy H(Cx) = Cx = FIh] is generated by X. Proposition implies that
the unreduced homology H(C) = C = AL is generated by X and 7(X) =1,
which is obviously true.

Proposition [3:3] can be easily generalized to links.

PROPOSITION 3.6. Let D be an {-component link diagram whose reduced
homology Khy(D; F) has at most rank 1 in each homological grading. Let
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21, .., z9e-1 be 2071 cycles that give a basis of
Khy(D; F)/Tor = R
Then the 2 cycles z1,0(21), .. ., 2901, U(29¢-1) give a basis of

Khy,(D; F)/Tor = F[h]%.

PN

@ \ / 11
00
P QD
01
Fig. 4. A Hopf link diagram D and its cube of resolutions

EXAMPLE 3.7. Let D be a positive Hopf link diagram. Choose a basepoint
on one of its components, and regard it as a pointed diagram, as in Figure [l
A basis of the reduced homology Khy,(D; F) = F[h]? is given by the cycles

21=XQY, 2=X®Il1
in homological grading 0 and 2 respectively. Here, the underline indicates the
label on the pointed circle. From Proposition a basis of the unreduced
homology Khy(D; F) = F[h]* is given by the four cycles
n=X®Y, v(zn)=10X-Xol,
220=X®1, V(xn)=1®l
3.3. Describing the homological generators. Next, we show that for
a knot diagram D, the generators of the unreduced and reduced homologies

can be described using the Lee classes. First, choose a base point on D, and
choose either one of the subcomplexes Cx, Cy of CKhp(D) that contains

the Lee cycle a(D) to be the reduced complex %h(D). Take a cycle z
that represents a generator of Khy(D;F)/Tor = F[h], such that the Lee
class (modulo torsion) can be written as

[(D)] = h'[2]

for some integer d > 0. This integer d is called the h-divisibility of the
Lee class [a(D)] over F', and is denoted dp (D). Passing to the unreduced
homology, we have

v[a(D)] = {

he[D(2)] if d is even,
h?=1(2[z] — h[D(2)]) if d is odd.
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On the other hand, the definition of U gives

a(D) - B(D)

P(a(D)) = S

Thus we have

ooy = D)+ CHHED)]
hd+1 ’

Proposition states that [2] and [7(z)] generates Khy(D; F)/Tor = F[h]2.
Moreover, the following proposition states that these classes are in fact knot
invariants.

PROPOSITION 3.8. The following classes in Khy,(D; F')/Tor:

a _1\d+1
(DA, [3D))/(-hyt ana LI CDTPD)

are invariant under the Reidemeister moves.

Proof. Let D' be another diagram representing the same knot, and ¢ be
the isomorphism between the two homology groups. From Proposition (3.1
we have

¢(la(D)]) = W [a(D")],  #([B(D)]) = (—h)’[B(D")]

where

dw(D, D"y —ér(D,D")
5 )
From [San25, Theorem 1], the quantity
2d, (D) +w(D) — r(D)

is invariant under the Reidemeister moves. This shows that

a(D a(D’ D D'
¢<[ 201 )]) _ | l(zd’ i qs(%ff_‘(h)zl]) _ [(B_(h);]

where d' = dj(a(D’)) denotes the h-divisibility of the Lee class of D’. The
latter statement is immediate from the former. m

Proposition [3.8 justifies writing

~ o a _1\d+1
L P ) R b il )

for a knot K with diagram D. In summary, we have the following:

PROPOSITION 3.9. Let F be a field and K a knot. Let s = s (K) be the
Rasmussen invariant of K over F.
(1) ﬂh(K)/Tor =~ q=5F[h] is freely generated by ((K).
(2) Khp(K)/Tor = q *IF[h] @ q 5t F[h] is freely generated by ((K) and
C(K).

j=




30 M. Khovanov and T. Sano

REMARK 3.10. As in Proposition[3.6] a similar description for a link L can
be given using the Lee classes, provided that reduced homology Khj(L; F')
has at most rank 1 in each homological grading.

It is easy to see that gr,(a(D)) = —w(D) + r(D), and with deg(h) = 2,
we have
s"(K) = —gr (¢(D)) — 1
= 2dy(D) +w(D) —r(D) + 1,
recovering the formulas of [San20, Theorem 3| for the unreduced case, and
[SS24, Theorem 2| for the reduced case.

We show that the classes ((K),((K) behave well with respect to cobor-
disms. Consider the element U := X +Y = 2X — h. From X? = hX,
Y2 = —hY and XY = 0, we have

UX =hX, UY =-hY.

Let D be a knot diagram with base point p, and C' the Seifert circle of
D that contains p. Recall that C is labeled either X or Y with respect to
the XY-labeling that defines the Lee cycle. Define an endomorphism u on
CKh(D) by

Uri Qa9 --- if C' is labeled X,

® ®... =
u(z1 ® o ) {—U:m@wz ® -+ if C is labeled Y.

Then we have
ua(D) = ha(D), up(D)=—hp(D).

By [SS24], Proposition 3.2|, u is independent of the choice of the base point,
up to chain homotopy. From u? = h?, it follows that Khj,(K) admits an
F[u]/(u? — h?)-module structure. With Proposition we immediately ob-
tain the following statements.

PROPOSITION 3.11. Let S be an oriented, connected cobordism between
knots K, K'. The corresponding cobordism map

¢s: Khy(K; F)/Tor — Khy(K'; F)/Tor
sends
C(K) = WK, ((K) = w/((K),
where j > 0 is given by
§st (K, K') — x(S)
2

j=

COROLLARY 3.12. ((K),((K) are knot concordance invariants.
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3.4. Characteristic # 2 and SU(2)-equivariant theory. Assume
throughout this section that char F' # 2. In this case, we can alternatively

e e a(D)] + (<1 5(D)]
a(D)] + (-1D)B(D
¢(D) = uc(D) = -

as generators of Khy(D; F)/Tor over F[h]. Since u? = h%, we can equiv-
alently state that Khy(D; F')/Tor is freely generated by ((D) and h((D)
over F[u]. This decomposition shows the o-symmetry of Khy(D; F')/Tor
more clearly: (D) generates the (41)-eigenspace and h((D) generates the
(—1)-eigenspace of & over F[u]. The following diagram depicts how the two
decompositions of Khy(D; F)/Tor are related:

h(\. Fu/ ‘,>h
h*¢(D) h¢' (D)

A
h< ’\/u/ ,>h
TN

Next we prove an analogous result for the SU(2)-equivariant theory (bi-
graded Lee theory) over F. A similar argument is given in [San20) Section
3.3], but we restate it here for completeness. The Frobenius extension is
given by Ry ® F = F[t] and Al = F[t, X]/(X?—t). Also consider the rank 2
extension F[v/t] of F[t] and A% := Al ® F[\/1]. For a knot diagram D, let
CKhy(D; F) and CKh \/Z(D3 F) denote the corresponding chain complexes,
regarded over F'[t] and F[v/t] respectively. We have

CKh j;(D; F) = CKhy(D; F) & vVt CKhy(D; F)
over F[t]. Moreover, since degt = 4, CKhy(D; F') splits into

CKhy(D; F) = CKhY(D; F) & ckpl ™ (D; F)

where C’thﬂ}(D; F) denotes the quantum grading +1 mod 4 subcomplex

of CKh(D; F).
Let a 4(D), B (D) denote the two Lee cycles in CKh 4(D; F), given
by tensor products of elements

Xy ::Xi\/ieAﬂz.

Although these cycles do not belong to CKhy(D; F'), we have the following:
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LEMMA 3.13. a (D) — B,4(D) is divisible by Vt, and the two elements
o 4(D) = Bu(D)

2Vt
belong to CKhy(D; F). Moreover, one is contained in CKhEl] (D; F) and the
other in CKhE_I](D; F).

Proof. Take an element z =21 ® -+ Q@ z, € (Asf)

% (D) = a4 (D) + B 4(D), 4 (D)=

®r with x; € {Xi} It
suffices to prove that

r+5(x) e (AN®, & —5(x) e VIH(AD®"
For r = 1, we have
X, +X_=2X, X,-X_=2/L
Forr > 1,put 2’ =29 ® -+ ® x,. Assuming 1 = X + Vt, we have
r+5(z) = (X +Vt) @2’ £ (X — Vi) 25(2)
=X @ (¢ +5(z') + Vi@ (@' Fo(2))
and the proof follows by induction. =
Identify the rings F[h] and F[v/t] by the correspondence
F[h] = FVt], R~ 2V4,
and consider the ring isomorphism
Flh,X] = FIVt,X], X~ X+t
This induces an involutive Frobenius algebra isomorphism
AR = Flh, X]/(X? = hX) — AT = FI[Vt, X]/(X? = 1)
and a chain isomorphism
CKhyp(D; F') — CKh ;(D; F).
Consider the two homology classes

Jag (DD BAD)]
Ct(D) T (2\[)d+1 ) t

in Kh ;(D; F)/Tor.

LEMMA 3.14. The homology classes ((D), (D) are in Khy(D; F)/Tor,
where we regard

Khy(D; F) C Kh ;(D; F) = Khy(D; F) & ViKhy(D; F)

o7 (D)) +(=1)’[B.4(D)]
(2vt)

(D) :=

over F[t]. Moreover, one is contained in KhEl](D;F) and the other in
Kn\(D; F).
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Proof. If d is even then

[y (D)] ) [ (D)]
G(D) = Z4t)d/2 and (D) = W;

and if d is odd then
v (D)] [ (D)]

Ct( ) = W and Ct/(D) = W | ]

It is immediate from Proposition [3.§ that both ¢;(D), {{(D) are invariant
under the Reidemeister moves. Thus, for a knot K, Khy(K; F)/Tor = F[t]?
is generated by the two classes (;(K), (;(K) over F[t]. The endomorphism u
of CKhy(K; F) is given by

u=+(X; +X_)=+2X.
Since u? = 4t, Khy(K; F)/Tor can be regarded as a free F[u]-module gen-
erated by (;(K). The following diagram depicts how the two generators of
F[t]? and the single generator of F[u] are related:

4t 4t({(K)
4t€t(K) 4t
” 1K)

G(K)

In summary, we recover [San20, Corollary 3.41|, generalizing [Kho06, Propo-
sition 8|.

PROPOSITION 3.15. If char F # 2, Khy(K; F)/Tor = ¢=*~'F[u] is freely
generated by (;(K).

REMARK 3.16. In |QR 23|, Qi, Robert, Sussan and Wagner construct
an slp-action on the equivariant gly-Khovanov-Rozansky homology, and in
particular characterize the Rasmussen invariant as the highest weight of a
certain quotient representation |[QR™23| Section 6.3]. It would be interesting
to describe the sly-action on equivariant Khovanov homology, and relate it
to the descriptions obtained above. One can ask whether the h-divisibility
d(D) is related to the maximum d such that f?[a(D)] # 0.
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REMARK 3.17. The torsion part of equivariant Khovanov homology has
also significant topological applications, as shown in [Ali19, [AD19, [Sar20,
Guj20, ICGT21), [Zhu22| [Hay23), [LMZ24, TLM25]. It is of interest whether the
generators of the torsion part can also be given explicit descriptions, and
whether there is a canonical splitting of the homology group into the torsion
part and the free part.
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