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Matrix-weighted inequalities
for fractional type integrals
associated to operators with new classes of weights

by
YONGMING WEN and HUOXIONG WU
Abstract. Let e ' be the analytic semigroup generated by —L, where L is a non-
negative self-adjoint operator on L*(R%). Assume that the kernels of e**, denoted by

pe(z,y), only satisfy the upper bound: for all N > 0, there are constants ¢,C > 0 such
that

O -tz (1 LV \/5>N

pe(z, y)l < S5me p(z)  ply)

holds for all z,5 € R? and t > 0. We first establish the quantitative matrix-weighted
inequalities for fractional type integrals associated to L with new classes of matrix weights,
which are a nontrivial extension of the results established by Li, Rahm and Wick (2019).
Next, we give new two-weight bump conditions with Young functions satisfying wider
conditions for fractional type integrals associated to L, which cover the result obtained
by Cruz-Uribe, Isralowitz and Moen (2018). The new classes of matrix weights and bump
conditions are larger and weaker than the classical ones. Our results can be applied to the
settings of the magnetic Schrodinger operator, Laguerre operators, etc.

1. Introduction and main results

1.1. Background. In recent years, the problem of quantitative weighted
estimates for singular integrals and related operators has attracted the at-
tention of many mathematicians. Buckley [10] first studied sharp weighted
inequalities

1 —
1M o) S WILE P @), 1<p<oo,
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for the Hardy-Littlewood maximal function M, where the A, constant [w]
is defined by

(L) el = (,Q‘ [ wi )dm) <|Q’ [ iy dw)p_l < 0.

Later, Petermichl [40], “4I] considered the sharp A, estimates for the
Hilbert and Riesz transforms. For general Calderén—Zygmund operators T,
Hytonen [24] proved the dyadic representation theorem for 7', which leads
to the full picture of the sharp A, bounds for T". Subsequently, Lacey, Moen,
Pérez and Torres [29] established the following sharp weighted estimates
for the classical fractional integral operator I, and the fractional maximal
operator M, in terms of the A, , constant.

p

THEOREM 1.1 (|29]). Suppose that 0 < o < d, 1 < p < d/a and q
satisfies 1/q = 1/p — a/d. Then

1—a/d) max {1,
1o fllzaq) S Lol @O DY £ oy

and

1—a/d)p’
1Mo fllza@y S Bty PP F o ray-
Furthermore, both the results above are sharp, where

Iof(@) = | ‘m_f(j‘)dy Maf(s) = sup o 5 ()] dy,
Rd

e
and the Ay, constant [w]a, , is defined by

Wl ::sgp(m <>dw)(|Q,§ <>p’/qu)q/p/<oo.

In the Schrédinger setting, Bongioanni, Harboure and Salinas [8] intro-
duced a new class Af;e of weights, which is defined as follows:

= su sz‘ X ;wx_// :cp/pl 00
wlage = Qp<we<@>|c2§9 @ ><¢e<cz>|@|§2 @ ia) <o

where 5(Q) = (1 + lg/p(zq))?, & > 0, p is the critical radius function
(see Section 2 for a precise definition), and zq, lg are the center of the
cube @ and the side-length of @, respectively. In [8], the authors established
weighted estimates for this class of weights of the semigroup maximal func-
tion, Riesz transforms, fractional integrals and the g-function associated to
the Schrédinger operator. For more works on the weighted theory of Ag’e in
the Schrodinger setting, we refer the readers to |1 [3], 4}, 51 6} 7], 18 [ 1], 14}, [44]
and the references therein. In 2019, Li, Rahm and Wick [33] first investigated
the quantitative weighted estimates of the fractional integral L~®/2 and the
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fractional maximal operator MS’H in the Schrodinger setting, where L—/2
and M2? are defined by

o0

(1.2) L™ f(z) = S e f@)e? 7 dt, 0<a<d,
0

MPY = L dy, 6>0.
)= s gy VWl 0>

The main results of Li, Rahm and Wick [33] are as follows.

THEOREM 1.2 (|33]). Suppose that 0 < o < d. Let 1 < p < d/a and q
satisfy 1/q=1/p—«/d. Let 0 >0, v =0/(1+p'/q) and let K be defined by
the equation (1/K + q/(Kp'))(1 — a/d) max {1,p'/q} = 1/2. Then

—a 1—a/d) max {1,p’
127 fllzay < g™ P ey, w € AR,

and
M2 fll gy S 10 AP N fl o uory, w € ALY3,

~ Wl ags
where Ag:g is the class of weights w such that

w = su 1 w(x) dx 1 w(z) P9 dx " 00
[]%ﬁ"$%@anmé()d><w«mwﬁ?() i) <o

Recall that a matriz weight W : RY — C™ " is a self-adjoint matrix
function with locally integrable entries such that W (z) is positive definite
almost everywhere. In the setting of matrix weights, Bickel, Petermichl and
Wick [2] proved the following quantitative weighted estimates for the Hilbert
transform H:

/

3/2
1H | 2wy 2wy S VT Tog (W] a,),

where LP(W) is the collection of measurable vector-valued functions f :
RY — C" with

. . 1
17 Nzowy = ( § 1W (@) fla) P do) <,
R4
and W” for any r € R is defined by setting W := OD(\})O? for some
measurable orthogonal matrix function O (here D(J;) is the diagonal matrix
and A; (i = 1,...,n) are the positive eigenvalues of W). The result above
was improved by Nazarov et al. [36] and Culiuc et al. [20] by extending it to
all Calderéon—Zygmund operators T and eliminating log([W]4,). It was also
extended to all p € (1, 00) by Cruz-Uribe, Isralowitz and Moen [16]. However,
only a few sharp quantitative matrix-weighted estimates have been known
until now [25, 27, 28] [32]. Let W be a matrix weight and 1 < p,q < oo.
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Isralowitz and Moen [27] introduced matrix A, , weights: we write W € A, 4
if

_ 1 1 . e qa/p
[W]Apyq = Sgp@ S ( S ’W(w) /qw(y) /q‘gp dy> dr < o0,

Q)
where
(W (2)]op := sup [W(z)e]
e

Isralowitz and Moen [27] proved the following quantitative matrix-weighted
estimates for I, and the matrix-weighted fractional maximal function My ,.

THEOREM 1.3 ([27]). Suppose 0 < a < d, 1 < p < d/a and 1/q =
1/p—a/d. IfW e Ay, then

1—a/d
I:W:I»Aiq /)/q

1—a/d 1/q"
||ICYHLP(WP/¢1)4>L(1(W) S [W]Ag(o,q /d)/a+1/q 7

[1Mw,allLo—re S

where

—

My of(x) = SUD o7 SIW(fE)I/qW(y)‘l/qf(y)ldy-

g

For more historical works on matrix-weighted estimates and quantita-
tive matrix-weighted estimates for harmonic analysis operators, we refer the
readers to [211, 22], 23] 26, [35] [45] [406], [47], and the references therein.

On the other hand, it is well-known that an A, weight w can be char-
acterized in terms of the LP(w)-boundedness of the Hardy-Littlewood max-
imal operator M or the Hilbert transform H. Muckenhoupt [34] raised the
question of what type of a condition can be used to characterize M or H:
LP(v) — LP(u). Analogously to the one-weight case, it is very natural to
consider the condition

S“p<|c2|5 ”d”[”><|@rS (”C)lp/d“”yl“o‘

Unfortunately, this condition is not sufficient for singular integral operators
to be bounded from LP(v) to LP(u) (see [17]). To solve this problem, Sawyer
[43] first introduced the testing condition, which is sufficient and necessary
for M to be bounded from LP(v) to LP(u). However, due to the operator
M itself being involved in the testing condition, researchers attempted to
find some sufficient conditions that are easy to verify and close to in
some sense. Neugebauer [37] first introduced the “power bump” condition for
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M: LP(v) — LP(u) as follows:

. r s S (p=1)/r )
sup<’Q|S p(zx) x) <m§21/(x) x) <oo, r>1.

Pérez 38| improved the “power bump” condition to the “Orlicz bump” con-
dition

sup P lpally ™ Pllag < oo, 1<p < oo,
where @ is a Young function and ¢ € B,,. Here, we recall some standard
notions. A Young function @ : [0,00) — [0,00) is a continuous, increas-

ing, convex function that satisfies #(0) = 0 and lim; . @(t)/t = co. The
corresponding complementary function of @, denoted by @, is given by

@(t) = sup {st — D(s)}.
5>0
We say that @ € B, if

o0
dt
S—)— <oo, 1<p<oo.
Pt

Let @ be a Young functlon. The localized Orlicz norm || f||s,q is defined by

| £lle.q := inf {)\ ok qu(rf(;n) dr < 1}.

Cruz-Uribe and Pérez [19] conjectured that if a pair (u, v) of weights satisfies

sup Pl gl Plleq < 0o, 1< p< oo,

with @ € By, and IS By, then every Calderén-Zygmund operator is bounded
from LP(v) to LP(u). This conjecture was finally solved by Lerner [30]. For
fractional integrals, Pérez [39] proved that the Orlicz bump condition

sup Q| VIR u ||y gl P|lgq < 00, ¥ € By, &€ By
Q

is sufficient for I, : LP(v) — L%(u). Cruz-Uribe and Moen [18] improved
the conditions in [39] to weaker B, 4 conditions: ¥ € B, & € By s, where
¥ € By, if

OSO W(t)a/P dt

1 t4 t
In 2018, Cruz-Uribe, Isralowitz and Moen [16] extended the theory of two-
weight, Orlicz bump conditions to the setting of matrix weights. For the
purposes of this paper, we only state their results concerning fractional type
integrals.
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THEOREM 1.4 ([16]). Let 0 < a <d, 1 <p < ¢ < oo with 1/p—1/q
< a/d. Assume that ¢ is a Young function satisfying ¢ € Bp 4. If a pair
(U, V) of matriz weights satisfies

1/q
sup Qe t a= e (§ U () av e, o da) T < oo,
Q

then My v, : LP(RY,C") — Lq(Rd, C™), where

—

Myyef(z) = P (a7 S U (2)Y9V (y) "4 ()| dy.

g

THEOREM 1.5 ([16]). Let 0 < a < d, 1 < p < ¢ < oo with 1/p—1/q
< a/d. Assume that @, ¥ are Young functions satisfying & € By, and
VU € By. If a pair (U, V) of matriz weights satisfies

up QT VPINU ()Y 1V ()"0, 0Ly, o < o0

then I, : LP(VP/1) — LI(U).

REMARK 1.6. In the scalar case, since Theorem [I.5 does not capture
the weaker hypothesis ¥ € By, [18], the authors in [I6] conjectured that
Theorem (1.5 remains true if ¥ € By is replaced by ¥ € By .

1.2. Aims and questions. Inspired by the works [16] 27, [33], this paper
is devoted to studying the quantitative matrix-weighted estimates and two-
weight matrix bounds for fractional type integrals associated with general
differential operators.

To be more precise, let L be a non-negative self-adjoint operator defined
on L?(R%). Thus, L generates an analytic heat semigroup e~**. Denote the
kernel of e=** by p;(x, ), which merely satisfies the estimate in the abstract.
Let 8 > 0, U, V be matrix weights and L{qq be a positive definite matrix,
usually called a reducing operator of U4, such that

UGTE| ~ UV 9E]|qq, 1< g< o0

(see |16} 23] for more details).

We will consider the fractional integrals L~=®/2 defined as in , the
matrix-weighted fractional maximal function My, « associated with a
critical radius function, the auxiliary matrix-weighted fractional maximal
function My vy, associated with a critical radius function, the averaging

operator A f associated with a critical radius function, and the auxiliary

averaging operator AQ associated with a critical radius function, which are
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defined by

o 1
M, a =
e A Tite A

)
Q
M of(@) = ugv (y)~ dy,

Agﬁf(l‘)::( (@) ’Q|1a/d(§? (y) dy xq(z),
Agﬂf(m—( o) ,Q|1a/d§ UV (y)""f(y)| dy xq(x),

respectively. If U =V = W, we simply write My, o for My vy, a-

To obtain the quantitative matrix-weighted estimates for fractional type
integrals associated with L, it is natural to adopt the idea of [12} [13] to dom-
inate the local part by a sparse operator, and dominate the global part by
a maximal operator. However, compared to the scalar case, matrix products
of self-adjoint matrices do not commute. Moreover, the technique of com-
paring objects and dominating one by another is lost in the vector case; this
prevents us from utilizing the technique of [12 [I3]. Further, there is an ad-
ditional critical radius function factor in the operator. Hence, the following
question is natural.

QUESTION 1. So far, there have never been quantitative matrix-weighted
estimates for harmonic analysis operators associated to L, even when L is
the Schrédinger operator. Is it possible to extend Theorem to quanti-
tative matrix-weighted estimates in the more general setting of differential
operators?

Recently, Bongioanni, Harboure, and Quijano [7] proved that the bump
condition

sgpwe(Q)_lllu WPgg <o, PEB,1<p< o,

is sufficient for the two-weight estimate of M} Y In light of the classes of
Welghts in Theorem|[I.2]and the bump condltlon for the two-weight inequality
of Mp 7 it is likely that new classes of matrix weights and a new bump
condltlon adapted to matrix weights will be needed.

QUESTION 2. In the setting of L, what types of matrix weights and
bump conditions are appropriate for quantitative matrix-weighted estimates
and two-weight inequalities for fractional type integrals, respectively? If new
classes of weights exist, how to deal with those classes of matrix weights to
achieve the desired conclusions? Can we find any characterizations of these
classes of matrix weights?
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Finally, concerning Remark [I.6], we also conjecture this conclusion is still
true for fractional integrals associated with L. However, we believe that there
is still a long way to go to prove this conjecture.

QUESTION 3. In our new setting, can we take a step forward on the path
of proving this conjecture?

1.3. Main results. Our first results concern quantitative matrix-
weighted estimates for fractional type integrals. The definitions of new classes
of matrix weights are given in Section 2.

THEOREM 1.7. Let0 > 0,0 < a<d, 1 < p<d/aandl/q=1/p—a/d.
Let K satisfy (% + ) [(1 - %)p—, + i] ]fW € .Ap’e/ 3K) , then

P g " d

||L_a/2‘|LP(WP/q)—>Lq(W) S [W]Ap,e/(m
P,q
THEOREM 1.8. Let0 >0,0<a<d, 1 <p<d/aandl/q=1/p—a/d.

(1) If M,y o is bounded from LP to L9, then W € _AI/;,Z
(2) Let K be defined by the equationp’ /(Kq)+1/K =1/2. If W € Ag,e/ 3K);
then
‘|MW,¢0,O¢’|LP—>LQ < [W]p (l—a/d)/q.

~ ,0/(3K
_Ag’q/( )

Next, we present the two-weight inequalities for fractional type integrals
associated to L. Notice that the conditions on Young functions in Theorem
cover the ones in Theorem [L.5]since By o = By when s = q.

THEOREM 1.9. Let 0 < a <d, p<gq, 1 <p<s<q<oo. Assume that
& and ¥ are Young functions such that ® € B, s and Ve By . If a pair
(U, V) of weights satisfies

‘Q|a/d+1/q71/p

[U7 V]p,q,a,d)g,@,? ‘= sup ”||U(x)1/qv(y)_1/q”¢u»QH![/x,Q < 00,

Q  Yos(Q)
where || - [|a,,o means the Orlicz norm is taken with respect to the y variable
and ||U]| , then

1L~ FllLaw) S U Vpganosw |l F lliooray.
THEOREM 1.10. Let > 0,0 <a<d, 1 <p<g<ooandl/p—1/q
< a/d. Assume that @ € By, 4. If a pair (U, V') of matriz weights satisfies

[U> V]p,q,a Yo ,P

’Q|o¢/d+1/q 1/p
= sup

Q Yo 3(Q)i—o/d

then | Muyy.seaf Iz S U V]pgawy ol f o

v
(§ U (@) ey a2, d:c) oo, 0<0 <,
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REMARK 1.11. It is obvious that the classes A}, of matrix weights are
larger than A, ;. Moreover, the bump conditions are weaker than the ones in
Theorems and Hence, our results give better quantitative constants
for fractional type integrals.

THEOREM 1.12. Let 0 >0, 0 < a<d, 1 <p<qg< oo withl/p—1/q
= «/d. Let (U,V) be a pair of matriz weights.

(1) If (U, V) € ALY then
— a, — 1 —
max {|| My,vasp.af oo, A Fllzoc} < [U, V] /fe/sl\f e,

where the implicit constant is independent of Q).
(2) If My vpy,a OT A%’e is bounded from LP to LT with norm independent

of Q, then (U, V) € ALY

REMARK 1.13. The orlglnal purpose of Theorems [I.8) and [1.12] was to
give a characterization of Ag’q in terms of the boundedness of My, o and
My vapg.a, Tespectively, as in [16, 27]. However, we do not expect that we
can do it due to the annoying critical radius function in the operators.

The last theorem is related to the characterization of matrix weights.

THEOREM 1.14. Let 0 >0, 0 < a<d, 1 <p<qg< oo with1/p—1/q
= «/d. Let (U,V) be a pair of matriz weights. The following statements are
equivalent:

(1) (U, V) € Apg;
(2) HAg’ef ey S f lpo(vrray with norm independent of Q.

Moreover, we have the estimate

145" Fllzow) S 0.VIENF ooy

REMARK 1.15. Our results have applications to the settings of the mag-
netic Schrédinger operator, Laguerre operators, etc.; see [12].

The structure of the paper is as follows. In Section 2, we introduce some
new classes of matrix weights and some of their properties. In Section 3, we
prove Theorems [I.7] and [I.8] The proofs of Theorems [1.9] [1.10] and [T.12] will
be given in Section 4. Finally, we give the proof of Theorem [I.14]in Section 5.

Throughout the rest of the paper, we write f < g, f ~ g if f < Cg and
f S g S f, respectively. For any cube @ = Q(zg,rq) C R?, denote the
side-length of @ by lg; z¢ represents the center of Q; and rg = lg/2. By
X¢@ we denote the characteristic function of @, and 0@ = Q(zq, orq).

2. New classes of matrix weights associated to critical radius
functions. In this section, we introduce some new classes of matrix weights
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associated to critical radius functions. Recall that a function p : R? — (0, 00)
is called a critical radius function if there are positive constants Cy and Ny
such that for arbitrary z,y € R?,

B =y & — |\ T
en o1+ 22 <o) < conto (14 22

DEFINITION 2.1. Let 8 > 0, 1 < p < ¢ < oo and p be a critical radius
function. We say that a pair (U V) of matrix weights is in .AZ’q with 1 <
p<q<ooif

[U. V] 4 00 =

a/v’
sup S |U(:L‘)1/‘1V(y)_1/q|3‘)’p dy> dr < co.

1 S ( 1
Yo(Q)IQI ;5 \ve(Q)IQI
When p =1 and 1 < ¢ < oo, we write (U,V) € A’f:g if

U, V]Ape = supesssup ————— S \U(x)l/qV(y)_I/ﬂgp dx < 0.

Q ye@ Yo(@Q )IQI

In particular, if U = V = W, we write W € A% for (U, V) € ALY
To give some properties of this new class of matrix welghts, we recall two
important lemmas related to reducing operators.

LEMMA 2.2 (|23]). Given a matriz weight A, a Young function ¥, and a
cube Q, there exists a matriz A%, called a reducing operator of A, such that
for all ee C",

- o
[AQE | ~ [|A€]lw.q-

LEMMA 2.3 ([16]). Consider matriz weights A and B, Young functions
@ and ¥, a cube Q, and reducing operators Ag and Bg. Then

LB oy ~ 1A@)BE v, 0 ~ [1A@BWa,.0lly,
Let ngq and )/N\/gjp " be the reducing operators such that

(Wg'e| ~ IWe | ,.q, WG el ~ [W=Y9E ]|,y -
From Lemma [2.3] we have

L 1/q -1/qp al
(2.2) <‘Q|§2(|Q,§|W<> Wiy) ropdy)

and

e il ()

/

P'/q N
dac) ~ IWETRE

?'/q
W ()W () )2, dy) i ~ (WP WP,
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THEOREM 2.4. Let 0 > 0,1 <p < ¢ < oo and Apg" = Upy Agf,. Then
p
-Ap,q g Ap,q-
Proof. It is easy to see that [W]Az;g < W4, s0 Apq C AP, In the

scalar case, the classes Aﬁjg and A, , reduce to Agjg and A, 4, respectively.
It is known that A, , C Ap;°. This proves the assertion. m

THEOREM 2.5. Let 8 > 0 and 1 <p < q < oo. Then

[Wfp’/q}Ap’e ~ [W]p’/q

ap' AZ:Z
Proof. According to (2.2) and ([2.3)), we get

[W]p'/q

0,0
AP:Q

1 1 l/q

Y (w@n@r ! (%(Q)IQ!
~ sup ¥(Q) T WEIWEP |1,
Q

, q/p p
W ()W (y)~ V9P dy dx
op
Q

and

[Wfp’/q]Apﬂ

q,p’

~ 1 S ( 1
@Il )\ @l

= sup(Q)” [ WET WEE,

P'/a
W () YW (y)Y9)2_ dy dx
op
Q

The conclusion follows immediately by using |AB|o, = |BAlop for any two
positive definite matrices A and B. u

THEOREM 2.6. Let § > 0, 1 < p < q < oo with 1/p —1/q = a/d. If
W e ALY then for any unit vector & we have |WY9€|1 € ALY and

IWHEN g0 S V] g

Proof. The case § = 0 is proved in [27]. Now we consider § > 0. Let ¢ be

an arbitrary scalar function and f = ¢&. Note that Ag’ewé’) = A%’zmar((f))a
where

! a7 ) 9 dy xo()

a,l ) =
AGscatar()@) = Lo p
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is a scalar function. Then

24)  AS ) Lay = | W (@) /1AL (6€) ()| da
R‘i

= | IW(2)9487 10 (0)(2)E] d

R’i
= | 1458
R’i
= | A5 (@) (@) || W (2) 98 |7 d
]Rd

On the other hand, by Theorem and W € Aﬁjz, we have
qr
(2'5) HAg ( )H [W]Ape“¢€ HLp(Wp/q)

(§ 1w oyl az)”
Rd

(&) (@)W (2)"/98]" da

Q,scalar

= [W]Ap,e

P,q

= 7]y (ool ) Ve )"
Rd

Combining ([2.4) and (2.5), we deduce that
/
[ 1AG o @ @IIW (@) V9217 d S (W] g (] I @ IW () /927 dr)
sq Rd

Q,scalar
R4
That is, Ag . calay 15 bounded from the scalar-weighted LP(|W'/9¢P) to the

scalar-weighted L?(|W1/9¢|7), which shows that |[W/9€|9 ¢ Ag:g by using
(2)=-(1) of Theorem in the scalar setting. Moreover, from the proof of
Theorem we get

(W],

0~ sup
q

o H Qscalar( )||Lq(\W1/qe|q)’

191 o (/0 oy =
which yields [|W/9¢€]4] g0 S W] ypo by 25). =

We also need the following class of matrix weights, which is an extension
of that in [33] to the setting of matrix weights.

DEFINITION 2.7. Let 6 > 0,1 <p<q< oo and p be a critical radius
function. We write W € A pig With 1 <p < ¢ < oo if
Wy = smp— L (L g a)
100 1= SUp = = x y Lo dy x
a0 (@RI ) \ ()R '
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When p=1and 1 < g < oo, we write W € A’f’g if

1
0 1= SuUpesssup =———— S |W(m)1/qW(y)_1/q|gp dx < oo,

(W]
Q@ wve@ %(Q)Ql

_AP

where

0 = su x 0 = lo '
Q) = sup (o) W(Q)-—( m)).

Denote .Zp’oo = U9>0 .Zgjg. The following lemma exhibits the relation-
ship between A5¢° and Abo°.

LEMMA 2.8. Let 6 > 0 and 1 < p < q < co. Then [W]

ags = Wz,

Proof. Observe that 15(Q) < 19(Q), so [W]
hand, it was proved in [33] that

(2.6) LN

Ua0(Q) ~ Yo(Q)

which implies that [W]J‘Tﬁige S [W]AZ:Z. Thus, A0y = AP =

gt > [W]AZZ? On the other

3. Quantitative weighted estimates for fractional type integrals
associated with operators. This section is devoted to proving Theorems
and The following upper bound for the kernel of L=/ is known
when L is the Schrodinger operator (see [44]), but no proof is given. For
the readers’ convenience, we provide the proof in the setting of more general
differential operators.

LEMMA 3.1. Let 0 < o < d, Ky(x,y) be the kernel of L=%/% and p be
critical radius function. Then for all x,y € R* and N > 0, there is a positive
constant C' such that

C 1
[ Koz, y)| <

N |y — gld—a
(—Hx—y|(% @)) |z — ylie

Proof. It is immediate that
(3.1) | K (z,y)| < S Ipe(z, ) [t/2 L dt
0
lz—y|? o
= S Ipe(z, ) [t*/2 L dt + S i, ) [£9/21 .
0 la—yl?
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Applying the upper estimate of p;(z,y) and e=* < s~M/2 for any M > 0,
we have

lz—y|?

32 | Ip(a oy dt
0

|lz—yl? -N
S (R Ry
5 p(x) — p(y)

- Y .
< Sy ta/?—d/?—l tN/2Hd/[2=a/2+1 < \/Z \/E \/{f) th

+ =+
5 z —y[NFe2 o —y| - p(x)  p(y)
B 1 1
- N _ yld—a”
(1—|—|$—y|(ﬁ+@)) |z -yl

In addition, using the upper bound of p;(x,y) again, we get

[e.e] 0o _N
| e ta s | ta/Q—d/2—1(1+ﬁ+ﬁ> "

oy oy p(z)  py)
< 1 _ OSO ja/2-d/2-1 g,
(1 + |z =yl (ﬁ + @)) |z—y|?
1 1
~ N _ yld—a”
(1+\m—y\(ﬁ+@)) [z —yl

Combining this with (3.1) and (3.2)), we get the conclusion. =

We will prove Theoremthrough approximating L~%/2 by a dyadic op-
erator, so let us recall some facts about dyadic grids. We say that a collection
of cubes D in R? is a dyadic grid if it satisfies:

(1) for any Q € D, I(Q) = 2¥ for some k € Z;

(2) for any Q1,Q2 € D, Q1N Q2 € {Q1,Q2,0};
(3) for any k € Z, the family Dy, = {Q € D : 1(Q) = 2*} forms a partition
of R%.

An important subcollection of dyadic grids is formed by sparse families.

DEFINITION 3.2 ([31]). Let n € (0,1). A subset S C D is said to be
an n-sparse family if for any cube @ € S, there exists a measurable subset
Eg C Q such that 1|Q| < |Eg|, and the sets { Eg }ges are mutually disjoint.

The following lemma shows that any cube in R? can be approximated by
cubes from a finite collection of dyadic grids.
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LEMMA 3.3 ([30]). Fort e {0,1/3}¢, let
= 2770, )¢ +m + (=1)*) : k € Z,m € 2}.

Then each Dt is a dyadic grid, and given any cube Q C R, there exist t and
Q! € D! such that

QC Q' and lgr < 6lg.

Based on Lemma we show that L™%/2 can be approximated by a
dyadic operator.

PROPOSITION 3.4. Let 0 > 0,0 < a < d, 1 < q < oo and let U,V be
matrix weights. Then

(UVap=—e/2y-taf §>Lz|

SEDIRD O

ref0.1/3p4 gept ¥ ‘Q’I Up(Q)|Q[1o/

S S [V (y)" 9 f(y), U(2)9G(x))cn| da dy.

Proof. Taking into account that U is a self-adjoint matrix, and by
Lemma [3.1], we have

(UVaL=2y=Yaf gy o

V)~V ), U () Y 5(a)) |
s> @+ Tz~ l/pl)fla — gl @

R4 K€Z Q(2,2K)\Q(z,2F 1)

For y € Q(z,2")\Q(z, 2% 1), note that |x—y| > 2¥~1 and p(y) < p(Q(z,2%)),
and so
1 < 1
(L+ [z —yl/p()|lz =y ™ 2k=Dd=a) gy (Q(z, 2%))

Now for each k € Z, Lemma shows that there are ¢t € {0,1/3}% and
Q: € D! such that Q(z,2%) C Q' and

2 = lguar) < lgr < Glgan =12+ 2%,
which implies that

2-5(d-a) 1 _ !
9(k—1)(d—a) 2(k+4)(d o) — ‘Qt|1—f

and

1 < 1

Do(Q(w,28)) ™ 1y(Q1)
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Then
(UYap=el2y=Yaf gy |
1 — Y —
SI> = | 1V Ve f(y), U@)Vig(a))en | dy de

gakez Yo (Qx, 20))20- V=) ) o

DD > Vv Y (), U)g(a))en| dy

Rd k€Zte{0,1/3}¢  QeD!  Q(z,2%)

Po(Q)|Q| /4
S D Z 1a/dSS!<V(y)*”qf(y),U(a:)l/qg(x»cnydxdy..
refo1ypa gen Yo(@)Q)

In order to prove Theorem [1.7] -, we define the following class of weights.
Let @ be a collection of dyadic cubes. We say that W € qu if

, a/v’
[W}qu = S <\Q| S W ( )1/qW(y)1/q|£pdy> de < co.

QEQ |Q |
Proof of Theorem | Given a matrix weight W, observe that L=%/2 :
LP(WP/1) — LIY(W) if and only if
wlap=e/2yw=a . [p(RY, C") — LP(RY, C™).
Hence, it suffices to show that

o /g F = 2 (1-9)+
(WAL= PW =4 g) | S W ]Ape/@m v IIfHLpHgHLq

By Proposition [3.4] fixing a dyadic grid D, it is enough to prove

1 .
—————— | [ |(W(y) V4 (y), W(2)/9G(z))cn| da dy
2 S éé |
Z‘L( a)+1
S W] Lo NF e G o
p,q
For r >0, here and in the following, we denote Q, :={Q €D: JQ(Q) ~2r0Y,
Then

2 W § 100 @)~/ Fl), W (@) /G) o e dy
QeD
Rap W § § W ()~ ), W (@) /95 o] drdy

SOIEEEDY an a7 SS (W ()~ Y1), W () /95() o | d dy.

r>0 QEQ,
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The operator

> e V107770, @)t

QEQr
is very similar to the operator

—

> g LS @70 ), W @)V e dy

QeD

given in [27] (except that Q, = D), where the authors use it to obtain the
quantitative matrix-weighted estimates in Theorem . Now for W € APQ{I,
by carefully following a similar scheme to the proof of Theorem [I.3] we obtain

Z ‘le 1O1—a/d S S (W ()Y (y), W (2)9g(2))cn| da dy
QeQr /
=9+

SWiie, = "I e llgllipa-
P,q
Note that for Q € O,

/

]. 1 / q/p Q/K 0 0 /
S < S |W(x)1/qW(y)’1/q|§p dy) dx < W) or(0/K+0q/(Kp'))

QI \IRI
Thus, [W] 4o, < [W] AZ,Z/KT(H/KHq/(Kp')). It follows that
1 g7 q
> =————— W) (), W (2)G(x))cn | du dy

QeD wa(Q)!Q\l“‘/d QQ

—r r / L’ 1—<a L/ — .
<32 9([W]APQ/K2 (0/K+0a/ (K =D | 7|1 o |7 o

r>0
p, @ 1
_ La-9+d =0 1
SY 2R e T e G e
Aplq
r>0
/
2(-2)+2
~ [W]jpeum Nz Gl e m

PROPOSITION 3.5. Let 0 >0, 0< a<d, 1 <qg<ooand U,V be matrix
weights. Then for any x € RY,

Myvyyaf(@) < Z vag’ fla),

te{0,1/3}4

D Flg) = 1 Vay (o)-1/9 7]
My gy af (%) : ng <Je<Q>|Q|>1a/d§2'U(x) V(y)~Vf(y)| dy.
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Proof. We keep the notations given in the proof of Proposition [3.4] For
any cube Q:=Q(zq,rq), by Lemma there exist t€{0,1/3}¢ and Q* € D!
such that Q C Q" with lg: <12rg. Observe that p(zq) < p(Q"); then

1
—— U@V ()" 9 f ()| dy
(o(Q)|Q)! /dé

1 -
5 ~ U 1/‘1V -1/q d
@i VWl
S M5;7J97a _‘(x)

Thus,
Ry t
Mu,v,g,of () S § M7 fla). w

Proof of Theorem. ) For z € R?, fix a cube @ 3 . It is immediate
that

< XUty ) dy
’ I RRER

< MW¢97G(W1/qf)'

XQ(J:) 9% 1/q 7
—a (x)79f(y) dy
ey 7

By the assumption, we have

X —
‘ (%(Q)\Sbl—a/d éf(y) dy

Thus, (1) follows by Theorem which will be proved in Section 5.
(2) By Proposition fixing a dyadic grid D, it suffices to prove that

'(1—a/d e
S WP f oo,
P,q

5 H]FHLP(Wp/q)'
La(W)

sup

=
IMD - Flls

D R D
where MWW’ = MWW$97Q. Note that
D _ < —rf(1—a/d) 1/q 1/q £}
M3y (@) € 35277007010 sup oo VW (@)W () F ) dy.
r>0 r Q

Following a similar scheme to the proof of Theorem we have

V(W (@) aw ()= f(y)| dy
Q

sup [i—a/d

QEQT ’Q La

S WS £

A5
< ([W]A" Q/KQT(G/KJqu/(Kp’)))p’(l—a/d)/qHfHLp

A

[W]A,(Jle/g@/qu(p /(Kq)+1/K)(1—a/d) IIfIILP-
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Hence,

e 1 (03 d r o
1My 0 xS VY gl Pl Do 2000/
r>0
'(1—a/d 7
< WP ) 1 o m
P9

4. Two-weight estimates for fractional type integrals associated
with operators. The goal of this section is to prove Theorems [I.9] [I.10]
and [L.12

Proof of Theorem[I.9. By Fatou’s lemma, we only need to prove that

|<U1/qL_a/2V_1/qJ?a 92l S U Vipgoe.s, i o[l oy

where f_; g are bounded functions of compact support. Applying Proposition

[3-4] we have
(UHaL=ePv=laf, gyl

a/d—1 o
<Y ¥ 'Q‘ [ {10 @)V ()~ ), )| de dy.

t€{0,1/3}4 QeDt bo(Q) QQ

Now, fix a dyadic grid D. By the generalized Holder inequality and ({2.6)), we
deduce that

>y ‘Q [ 1 U@V ()0 ), )| da dy
QeD Q) QA

19 o
RC)
= > = QU @)V ) e, o

QeD ¢9(Q) .
< QI Flig olldlla o

S UV pgawesw D 1QM N Flg olldlle.q-
QeD

|a/d 1

2)YV (y) s, q|

v ol 130lldz.

Let
Q" ={QeD:d" < |flgg <},

where a is to be determined later. Let also S* be the maximal disjoint
collection of cubes @ € D such that a* < || f |- Then
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> Q) <Y d Y PPVl g p

QeD kEZ PeQk
<y dt Ny Z |PIYP |G ps
keZ QEeSk PeD(Q

where D(Q) is the set of all dyadic cubes with respect to Q. By making use
of the equivalence between the Orlicz average norm and the Amemiya norm
(see |42, p. 69]),

1F 15 < 17150 < 217 140

1l = 1nf{/\+@‘8 ('fg>'> ),

for Q € S*, we have

Yo PP gl p

where

PeD(Q)
-y ,PW1/q+1<A+|;|w(\§<;)r>dx>
PeD(Q)
r=0 PeD(Q 2
Ip=2~ '"lQ Jr2_(1/;3—1/11)7~d|Q‘1/10—1/11 S w(’g(f)» dx}
P

Fixing > 0, note that

Z 1 =2,

PeD(Q)
p=2""lg
Then
(4.1) )\Z Z —(1/p=1/q+1) Td|Q|1/p 1/q+1
r=0 PeD(Q
lp= 2_TZQ [e'e}
= )\|Q|1/p_1/(1+122—(1/p—1/q+1)rd Z 1
r=0 PeD(Q)
lp=2_TlQ

= A|Q|Y/P~V/att Z o—(1/p—1/q)rd
r=0

On the other hand, since the collection { P} pepy is mutually dis-

Q), lp=2_TlQ
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joint and UPED (@) lp=2-7ly = Q, we infer that

(4.2) )\Z S o Wemvardgpi/e=i/a | (|§§U)|>dx

r=0 PeD(Q) P
lp= 2_TZQ

oo R
:)\|Q]1/p_1/q22_(1/1’_1/‘1)”1 Z Sﬂp(’g(jn”)dm

r=0 PeD(Q) P
lp=2_TlQ

_ 1/p—1 aricl - —(1/p—1/q)rd
= \Q|"/P /QS¢< X )dx§2 (1/p—1/q)

Q
Hence, and (4.2) imply that

)\Z Z [2(1/p1/q+1)rd|Q‘1/p1/q+1

r=0 PeD(Q)
lp=2""lg _|_2—(1/p—1/q)rdQ|1/p—1/qS@<|g(m)|> d$:|
I
_ = —(1/p—1/q)rd 1/p—1/q+1 1/p—1/q \ @ ‘g(.’ﬂ)‘
=AY 2 Q| +1Q| 14 ) dr ).
r=0 Q
Therefore,
> PPV gl p
PeD(Q)

< AZ2—(1/P—1/q)rd<|Q|l/p—1/q+1 +|Q|V/r1/a | ¢<‘~‘7(;)‘) dx)
r=0

Q
~ 1OI1/p—1/q+1 A |§(x)\> >
Q| /p—t/at (A—I—]Q\SW( 3 dzx ).

Choose A such that

A gl )|>
A — W( de < 2 <4
Q| S \ HgHth HQHKPQ

We arrive at

‘Q|a/d : 1/q =1/q4 £, G
> o |\ @)YV ()Y fly), d@)en| de dy
QeD QQ

k — -
S WU Vhgawesw D a7 Q1P |4z o
keZ QeSk
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Now we temporarily stop the proof of the conclusion, and turn to showing
that S = |J,, S* is sparse. We adapt the idea of [I7]. Denote

U e
QeSk

We are done if
(4.3) QN 2] < |Q/2.
To prove ([4.3]) note that
QN 2| = D P, QesSh,

Pe241
PcQ

and

—

ki1 |f ()]
a <>\+’P|S¢< ) v PE

Choose A\g such that

Ao+“§@<‘f( M) do < 417z

@]
5)e)

Hence

IDNLEDY a“H(Aoeroé@(‘

PEQk+1 PEQk+1
PcQ PcQ
>\0
Q
2412|Q)

S T 1 g0 < 1Q1/2,

where Q is the dyadic parent of Q and a = 293, This proves (14.3).
We return to the proof of the desired conclusion. Let

v/d=1/q —1/s".
Define

Mﬁf(m) =

where A is a Young function. It is known (see [I8]) that

MY IP(RY) = L°(RY), A€ B,..
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Since S is sparse, we have

a/d—1 .
S QP @) v () Ve Fly), de) e dedy
QeD 77/10 Q) QQ

alU Vipgameaw > Q2 F g ol@1 s o

QEeS
N V]nq,aﬂﬂe, )
QES
< [U, V]p,q,a,wg,éy S Mg( _’) (:L‘)M%(ﬁ) ({L‘) dx
Rd

< U Vipagamoaa | Mgl LI

S U Vpgayeewlflleelglpe.
To prove Theorem [1.10, we first show that the case 1/p — 1/q > «a/d is
trivial.

PROPOSITION 4.1. Let 0 > 0,0 < a<d, 1 <p<g<ooand1l/p—1/q
> af/d. Assume that My y.p,.q @ LP — L9 and vi/a ¢ LY .. Then U(x) =
for a.e. x € R,

Proof. Fix a cube @) and a vector €. Set f(y) = V(y)l/qé'XQ(y). From
the definition of My y.y o, for z € Q,

Q[
o (Q)1 /4

MUVW@@R”J‘) 2 U (z)9€| dy = U (2)" €.

1
@y )
Then the LP — L7 boundedness of My, o yields

|Q’aq/d S 1/qe )1/4
 a(—a/d) |7 dx
<1/19(Q) 1—a/d) o
/
< IMuvpaflloe SIF e = (S |V(x)1/q€]pdx>1 g
Q
That is,
1/q
a1 (W)
Q 1/p

S 191ty @)= 1 V(o

Let z¢ be any Lebesgue point of |U(z)Y/9€|¢ and ]V(m)l/qé']p. Let Qk be
a sequence of cubes that are centered at xy and shrink to xp. Combining
1/p—1/¢—a/d>0,1—a/d >0 and the Lebesgue differentiation theorem
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shows that the right-hand side of (#.4) tends to 0. So |U(z0)'/9€|? = 0 for
any €. Therefore U(zg) =0. =

Proof of Theorem[1.10. Fix a dyadic grid D. In the proof of Theorem [T.4]
it was essentially proved that

||M(?Va||LpHLq ~ [U V]pq@

provided that [U, V]P . < oo, where

p,q,
S 1 S
MPy . f(z) == sup U () 7V (y) " ()| dy
oY Qs Q1074 S
QeD

and

D a/d+1/q—1/p 1/qy,—1/q)149 1/a %
(U V]Eya = sup [Q) (§lu@av=riayg pde) ™, @€ By,

bh &) QED Q 9
Denote

’Q‘a/d—i-l/q—l/p
]pvq,aﬂ#eu@ T sgp JG/(Q)I—a/d
For any @ € Q,, one can check that
1 /
|Q|a/d+1/q—1/p<% ||U(l’)1/qv_1/p||g§Qd$) /4 < 2r6 (1—a/d) [U, V]

Q
which implies that

[U V] Or 27"9’(1701/(1) [U, V]

p,q,P

U,V (% HU(:L‘)l/qV_l/qH%Q da;>l/q.

p’q7a112;0’7¢,

p7q7a7’¢}9/7¢7

where

[e% - _ 1/‘1
U, V]pggq5 := sup |Q)| /d+1/q 1/p(%HU($)1/qV 1/pHgS7de> _
QeQ, )

Mimicking the scheme of the proof of Theorem and using 6 > 0, we have

D -
||MU,V,'(Z9,04f ”Lq

1
< 2—7‘9(1—a/d) sup
g QeQ, |Q‘1_a/d

S D 2D VIR L F e
r>0
SJ [U’ V]p,q,a7w9/7¢||f‘|LP‘ u

Finally, we prove Theorem We first establish the following necessary
lemma.

V@) e (y) =1 fly)| dy

La
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LEMMA 4.2. Let 1/p —1/q = a/d and (U,V) € .»45’0/3 Then for each

A > 0, there is a disjoint collection {Q;} of mazimal dyadic cubes such that
_ d . 1D _ .
={zeR": M), o (:c)>)\}_UQ]
and for each 7,

1 —
< = Z/{q7qv 71/‘1.](' du.
Toaaya ) M@ Wl

J

Proof. Assume that Ey # (), otherwise there is nothing to prove. Let Ey
be the family of dyadic cubes such that

1 S
= USIV (y) "Y1 (y)| dy.
< (¢9(Q)Q|)1a/d§9| GV (y) "M f(y)| dy

It is easy to see that the set E) is non-empty. For any Q C E), by our
assumption, Holder’s inequality, ao/d — 1/p = —1/¢, Lemma and (22.6)),
one can check that

1 -
o Uq’qV —1/q d
(¢9(Q)|Q|)1a/d(§2‘ o V() f(y)ldy

a/d / 1/p' ) \p
S%(gl_w(@ RECREY (@3' )

< 1QI Y1 (Q) /T UG |opl| Il e < Q1T V]”fe/gnf Iz

It follows that

1 -
<= UGV ()~ () dy — 0
m@mm—wé ¢
as |Q| — oo. Now denote the family of such maximal cubes by {Q;} (the
subset of E}). It is clear that these cubes are pairwise disjoint.
Finally, let us prove E) = Uj Q;. Let x € E). There is a dyadic cube
(@ > x such that

1 S
= USIV (y)~ Y1 (y)| dy.
< (we(Q)Ql)la/d§3| @ VW) ()l dy

So Ey\ C @ for some j.
On the other hand, let z € @);. Since

1 .
A _ qu 1/q d ’
< T QT V STV () fly)l dy

we have MDW uvf(a:) > A That is, J; @; C E». Hence, Exy =J; Q. =

J
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Proof of Theorem (1) By Aa f < Mvaaf, it suffices to prove
the result for MU,V,z/J,a~ mllarly to the proof of Proposition @, it suffices

to prove M Dw is bounded from LP to L?°°, where

— 1 .
MD~ = — UGty —1/q d.
omﬁevU,Vf(x) %%% (¥(Q)|Q])1—o/d é)| Q (y) fy)ldy

By Lemmas 2.3 and [4.2] and since 1/p — 1/q = a/d,

{z e RY: M5V¢ flz) > 2}

<3310 ( 1 5 gy ) d )

(90(@1)|Qs )=/
<A qzw yoori=a(§ gy o) (] 1w )
Qj

J
TR @ g | Fwray)”
J

S )\—Q[U’ V]AZ’Z/?’”f ||%Pa

where we use p < ¢ and the cubes {Q;}; are disjoint in the last inequality.

(2) We only prove the conclusion in the case p > 1, since the case p =1
is almost the same, except that we take the operator norm of the matrix and

use Lemma instead of using duality to obtain the LP norm. Note that
for any € € C",

Ix@ Lo = 1Q[Y4I].
This, together with duality, yields

L3:°°

sup sup||xo(vo(@IQN* [ UV (1)1 fly) dy]
@ |If =1 Q

=sup sup{|QI/ iy Q) UGV (1) fly) dy
@ Nfle=1 Q

—

=sup sup sup |Q|* T 9y(Q) T N UGV ()" f(y), €)en dy

Q | fllp=1l€1=1 Q
=supsup  sup QI (@) | (Fly). xaV (4) "V UEE ) cn dy
Q 1E=1 | f =1 R

= sup |§1|1p1!Qla/d+l/q_lwe(Q)"‘/d_1HXQV( y) UG
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1/p
= sup sup Yy(Q O‘/d_l( V( Vagydag e’ dy)
up Sup (Q) ’Q|S! y)~ UG e

~ sup Yo (@)Y VE UL op ~ [U, V]V

Apg
Then (2) follows immediately by the assumption .Ag’ : LP — L% and
AS T < Myvgyaf. =
5. A characterization of matrix weights. In this section, we prove
Theorem The idea originates from [I6], however, due to the additional

critical radius function factor in the definitions of the average operator as-
sociated with the critical radius function, we get narrow ranges of p, q.

Proof of Theorem- ): CASE 1: p > 1. By Holder’s inequality,
(U, V) e Aﬁ’q and 1+ q/p' = q — qa/d, we have
a,l 7
1AG" F I e
1 - . q
- S (¢9(Q)‘Q’)1_a/d S XQ(x)U(x)l/qV(y) 1/qv(y)1/q (y) dy| dzx
R4 Q

’Q| eq/d / a/p’
- CSQ Po(Q)a-a0/d ( % U@V W) dy)

< (§vw' iy >|de)”” da
Q

/

1 1 )4 —1/qp’ v 2z
e >|@\é<%<@>|@|é'”” Vo ) d

(v fray)"”
Q

[U V]APGHf ”Lp Vp/q

CASE 2: p = 1. With the aid of Minkowski’s inequality and 1 — a/d
= 1/q, we obtain

IIA%’QfIIqu)

< (1 {10 (2) Y2V ()~ ape dw> 1/q|V(y)1/qf(y)ldy
) \e(@lel, "

< UV N V@)Y Sl dy < 0.VILo s ey
»d Q
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(2)=>(1): Case 1: p > 1. Lemma 2.3 and 1/g + 1/p' = 1 — a/d show
that
1 a/d—117,9:P'7 44,
(U, V] 1y~ Sup 0(Q) I VE UG op.

P.q

Hence, we only need to prove that

up Yo(Q)* I VE UG op < 0.

Now we fix a cube @ and let € € C" with |¢| = 1. By duality, there exists
geE Lp(Vp/q) with ||§||Lp(\/p/4) = 1 such that

/p, _ / .
Ul ~ (§Ve)ugrer ay)” = QY Iy el -
Q

Cn

= QI [ ge, gla)en dw = Q1P (&,US" § 5(w) de)
Q Q

<1QM7|ug" | (a) da
Q

uqq

= QP dypy(Q) /4 g(z) dz

? W@ >|@\>1 a/dS
~ QL@ (U ) 1A ()17 dy) < (@)
Q

Therefore, the desired result follows by rearranging the above terms.

CASE 2: p = 1. Fix a cube Q. Given any S C @, where |S| > 0. Let
f = xs(z)V(z)"Y4€ with & € C" and |¢| = 1. By (2) and ¢(1 — a/d) = 1,
we have

191 2 11457 F Nl o

- <§2 v (e §V<y>‘”q€dy) )

= I10(@ (U)o § i) eeay|"ar) "
Q S

Thus,
Uo (@ ug (§ vy izdy)| $1
S

Applying the Lebesgue differentiation theorem, we arrive at
esssup p(Q)/ UGV (1) op < 1.
yea
Hence, the desired conclusion follows by Lemma "
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