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Rational points on K3 surfaces of degree 2

by

Júlia Martínez-Marín

Abstract. A K3 surface over a number field has infinitely many rational points over
a finite field extension. For K3 surfaces of degree 2, arising as double covers of P2 branched
along a smooth sextic curve, we give a bound for the degree of such an extension. Moreover,
using ideas of van Luijk and a surface constructed by Elsenhans and Jahnel, we give an
explicit family of K3 surfaces of degree 2 defined over Q with geometric Picard number 1
and infinitely many Q-rational points that is Zariski dense in the moduli space of K3
surfaces of degree 2.

1. Introduction. A K3 surface over an algebraically closed field con-
tains a rational (possibly singular) curve [16, Appendix]. Therefore a K3
surface over a number field K has infinitely many rational points over a fi-
nite field extension of K over which the rational curve is defined and has
a rational point. For a K3 surface X of degree 2, i.e. a double cover of P2

branched along a smooth sextic curve, we find a bound (independent of X
and K) for the degree of an extension L of K such that X has infinitely
many L-rational points. It remains open whether the bound is sharp or not.

Theorem 1.1. Let X be a K3 surface of degree 2 over a number field K.
Then there is a field extension L/K with [L : K] ≤ 12 such that X(L) is
infinite.

We may then wonder whether the set of rational points over a finite field
extension of K is Zariski dense in X. If so, we say that the rational points on
X are potentially dense. Apart from K3 surfaces, all other surfaces of Kodaira
dimension κ = 0 have potentially dense rational points [9, Proposition 4.2],
[2, Theorem 3.1]. For K3 surfaces, it is conjectured that the rational points
are also potentially dense. In [3], Bogomolov and Tschinkel show that any
double cover of P2 branched along a sextic curve with a singular point has
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potentially dense rational points. The blow-up in the preimage of the sin-
gular point under the double cover is an elliptic K3 surface. More generally,
Bogomolov and Tschinkel proved potential density of rational points for all
elliptic K3 surfaces [4]. Such surfaces have geometric Picard number ρ ≥ 2.

In [12], van Luijk gave the first explicit example of a K3 surface over Q
with geometric Picard number ρ = 1. With this K3 surface, which is of
degree 4, he also gave a positive answer to the question of whether there
exists a K3 surface over a number field with infinitely many rational points
and geometric Picard number 1, asked by Swinnerton-Dyer and Poonen at
a workshop in 2002. Using this, he proved the following theorem.

Theorem 1.2 (van Luijk, 2007 [12]). In the moduli space of K3 surfaces
of degree 4, the set of surfaces defined over Q with geometric Picard number 1
and infinitely many Q-rational points is Zariski dense.

Using van Luijk’s method, Elsenhans and Jahnel [7] constructed many
examples of K3 surfaces of degree 2 with geometric Picard number 1. Mod-
ifying slightly one of their examples and using the method developed in the
proof of Theorem 1.1 to find infinitely many rational points, we prove the
analogue of van Luijk’s theorem for K3 surfaces of degree 2.

Theorem 1.3. In the (coarse) moduli space of K3 surfaces of degree 2, the
set of surfaces defined over Q with geometric Picard number 1 and infinitely
many Q-rational points is Zariski dense.

The proof of Theorem 1.1 is divided into two steps. The first consists of
finding a curve of geometric genus 1 lying on the K3 surface. This can always
be done up to enlarging the base field by an extension of degree at most 6,
as we prove in Lemma 4.1. The proof of this lemma is constructive, so given
an explicit K3 surface X of degree 2 over a number field, one can find an
explicit extension over which X contains a curve of geometric genus 1. In
fact, in most cases it will suffice to take the smallest extension L of K over
which the branch curve B of X → P2 has B(L) ̸= ∅. This gives a way of
finding examples of K3 surfaces (of degree 2) with infinitely many rational
points over their base field, and this is the key to proving Theorem 1.3. See
Remark 4.4 for more details.

The second ingredient to prove Theorem 1.1 involves showing that there
is a degree 2 extension L of a number field K over which a smooth curve C
of genus 1 given by y2 = h(x) for a polynomial h ∈ K[x] of degree 4 has
infinitely many L-rational points. It is not hard to see that this happens if
we allow an extension of degree 4 since we can find a quadratic extension K ′

of K such that C(K ′) ̸= ∅, so C becomes an elliptic curve over K ′. Then we
can use Merel’s theorem [17, p. 242] to see that CK′ must have a non-torsion
point over some quadratic extension K ′′ of K ′, i.e. an extension of K of
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degree 4. In Proposition 4.2 we do both steps at once and show that we only
require a degree 2 extension.

Outline. We begin in Section 2 with a brief review on K3 surfaces and
relevant invariants of algebraic surfaces. In Section 3, we discuss an ex-
ample of a K3 surface of degree 2 with no rational points over Q but Zariski
dense rational points over a quadratic field extension. In Section 4, we prove
Lemma 4.1, which says that a K3 surface of degree 2 over a number field K
contains a singular curve of geometric genus 1 over an extension K ′ of K of
degree at most 6. We show that the normalisation C of this curve is given
by y2 = h(x) for a separable polynomial h ∈ K ′[x] of degree 4. Proposi-
tion 4.2 now says that C becomes an elliptic curve with a non-torsion point
over infinitely many quadratic extensions. These two results are combined
to prove Theorem 1.1. In Section 5, we give an explicit family of K3 surfaces
of degree 2 defined over Q with geometric Picard number 1 and infinitely
many rational points. Theorem 1.3 follows once we show that this family is
Zariski dense in the moduli space of K3 surfaces of degree 2.

2. Preliminaries. Let X be a smooth, projective surface over a field k.
The Néron–Severi group of X is the quotient NSX := PicX/Pic0X, where
Pic0X denotes the connected component of the Picard variety PicX con-
taining the identity element. We observe that NSX is a finitely generated
abelian group [10, p. 7]. The Picard number of X is rk(NSX) and its geo-
metric Picard number is rk(NSXk), where Xk = X×k k. A genus 1 fibration
is a morphism φ : X → C onto a smooth, projective, irreducible curve C
with generic fibre a smooth curve of genus 1. When φ has a section, we call
it an elliptic fibration.

A K3 surface is a smooth, projective, geometrically integral surface X
with trivial canonical bundle and

H1(X,OX) = 0.

If X is a K3 surface, then Pic0X is trivial, NSX ∼= PicX is torsion free [1,
Proposition VIII.3.2], and its geometric Picard number is at most 22 (in char-
acteristic 0, it is at most 20) [10, p. 13]. A polarised K3 surface of degree d > 0
consists of a K3 surfaceX together with an ample line bundle L such that L is
primitive, i.e. indivisible in PicX, with L2 = d [10, p. 31]. By the Riemann–
Roch formula the degree of a K3 surface is always even. For any even number
d > 0 there exists a K3 surface of degree d [10, p. 32]. K3 surfaces of degree 2
arise as double covers of P2 branched along a smooth sextic curve, so they
are given in the weighted projective space P(1, 1, 1, 3) = ProjQ[x, y, z, w] by
equations of the form w2 = f(x, y, z), where f is a homogeneous polynomial
of degree 6 such that the curve V (f) ⊂ P2 given by the vanishing of f is
smooth.
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3. An example. Consider the hypersurface X in P(1, 1, 1, 3) given by

w2 = −x6 − y6 − z6.

This is a double cover of P2
Q branched along the curve B = V (−x6−y6−z6).

Using the Jacobian criterion, one can check that B is smooth, so X is a K3
surface of degree 2. Notice that X has no rational points over Q. However,
when base-changing to the quadratic extension Q(i), the surface X already
attains at least three points: [1 : 0 : 0 : i], [0 : 1 : 0 : i] and [0 : 0 : 1 : i].
In fact, X(Q(i)) is infinite, since XQ(i) contains, for example, the line
V (w− ix3, y− iz). It turns out that the set of Q(i)-rational points X(Q(i))
is Zariski dense in X. This follows from Proposition 3.1 below, since X is
isomorphic over Q(i) to the surface Y in the proposition.

Proposition 3.1. Let Y be the hypersurface in P(1, 1, 1, 3) given by

w2 = x6 + y6 − z6.

Then the set of rational points Y (Q) is Zariski dense in Y .

Proof. We use [13, Proposition 3.8], which states that if a smooth projec-
tive surface Y admits two different genus 1 fibrations f1 and f2, then there
exists an explicit Zariski closed subset Z ⊂ Y such that if Y (Q) \ Z(Q) ̸= ∅
then Y (Q) is Zariski dense in Y . In our case, it is enough to take Z to be
the union of the singular fibres of f1 and f2 and the sets T1 and T2 which we
now define. First, for i = 1, 2 suppose we have a rational map αi : Y 99K Y
respecting fi such that its restriction to the generic fibre Yi is not merely
a translation by an element of the Jacobian J(Yi). We define Ti to be the
union of all points P lying on smooth fibres of fi such that αi(P ) is a torsion
point on the smooth fibre f−1

i (fi(P )) with distinguished point P . For more
details, see [13, Section 2].

Let us therefore consider the following maps:

f1 : Y → P1, [x : y : z : w] 7→ [w + x3 : y3 − z3],

f2 : Y → P1, [x : y : z : w] 7→ [w + x3 : y3 + z3].

Both maps are morphisms outside pure codimension 1 subschemes of Y ,
and since rational maps extend along codimension 1 [11, Proposition 4.1.16],
both f1 and f2 extend to morphisms from Y to P1. One can check that f1
and f2 are genus 1 fibrations by using a similar argument to that in [6, proof
of Theorem 2.1].

Consider the lines M1 = V (w − x3, y + z) and M2 = V (w − x3, y − z)
contained in Y . For each i = 1, 2, note that Mi is a multisection of fi of
degree 3, i.e., Mi.f

−1
i (P ) = 3 for general P ∈ P1. Following [13, Remark 2.4],

we consider the rational map αi : Y 99K Y defined on smooth fibres of fi
by αi(P ) = R, where R is the unique point on the fibre F = f−1

i (fi(P )) for
which OF (R) is isomorphic to the degree 1 line bundle OF (Mi)⊗OF (−2P ).
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Consider the point P = [2 : 3/2 : 1 : 69/8] ∈ Y (Q). Then P is contained
in the fibre F1 = f−1

1 ([7 : 1]), given by

7(w − x3) = y3 + z3,

and in the fibre F2 := f−1
2 ([19/5 : 1]), given by

19(w − x3) = 5(y3 − z3),

as subschemes of Y . Both F1 and F2 are smooth curves of genus 1 with a
rational point P , so they are elliptic curves over Q. One can check computa-
tionally that both F1 and F2 have trivial torsion subgroups over Q. Since P
and the divisor corresponding to OFi(Mi) are defined over Q, the point αi(P )
is also rational and, by construction, it is contained in Fi. Therefore, αi(P )
is a non-torsion point on Fi for both i = 1, 2, so P ∈ Y (Q) \ Z(Q), where
Z is the closed subset described above. It follows from [13, Proposition 3.8]
that Y (Q) is Zariski dense in Y .

4. Proof of Theorem 1.1

Lemma 4.1. Let X be a K3 surface of degree 2 over a number field K.
Then there is an extension K ′/K with [K ′ : K] ≤ 6 such that XK′ contains
a singular curve C with geometric genus pg(C) = 1.

Proof. Since X is a K3 surface of degree 2, it is given by w2 = f(x, y, z)
for some homogeneous polynomial f ∈ K[x, y, z] of degree 6. Consider the
double covering

X
π−→ P2

K , [x : y : z : w] 7→ [x : y : z],

and denote the branch curve by B = V (f) ⊂ P2
K . Recall that B is smooth

since X is smooth by assumption.
Let y0 be an arbitrary integer. After potentially changing y0 at most five

times, we can assume that f(x, y0, 1) is not constant. Thus, f(x, y0, 1) is a
polynomial in one variable of degree at most 6. If x0 is a root of f(x, y0, 1),
then K ′ = K(x0) has degree [K ′ : K] ≤ 6. By Bézout’s theorem, the tangent
line ℓ to B at P = [x0 : y0 : 1] intersects B in six points (counting multiplic-
ity). Since ℓ is tangent to B at P , the intersection of ℓ and B at P has mul-
tiplicity at least 2. Therefore #(B ∩ ℓ)(Q) ≤ 5. Generically, the tangent line
to a plane curve at a point is not tangent at any other points of intersection
and has multiplicity 2 at the point of tangency. This guarantees that we can
choose y0 ∈ Z such that the corresponding point P = [x0 : y0 : 1] ∈ B(K ′)
has tangent line ℓ satisfying #(B ∩ ℓ)(Q) = 5, where x0, P and K ′ are de-
fined as above for our fixed y0. This means that ℓ and B intersect at P with
multiplicity 2 and at four other distinct points with multiplicity 1. Note that
ℓ = V (ax+ by + cz) ⊂ P2

K′ for some a, b, c ∈ K ′ by construction of K ′.
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We next prove that the (scheme-theoretic) preimage C := π−1(ℓ) ⊂ XK′

is a singular curve with geometric genus 1 defined over K ′. First note that we
can assume after potentially re-choosing y0 that the intersection (B ∩ ℓ)(Q)
does not contain any points with z-coordinate zero. Indeed, B only contains
finitely many such points, since #(B ∩ V (z))(Q) ≤ 6 by Bézout’s theorem.
Then, on the set of lines in P2, imposing the conditions that the lines must
contain one of the points in (B ∩ V (z))(Q) and that they intersect B at
a point with multiplicity greater than 1 gives only finitely many lines, but
we had infinitely many choices for y0 and thus for ℓ. Therefore we can now
restrict to the affine chart where z ̸= 0.

Suppose b ̸= 0. Then C = π−1(ℓ) ⊂ XK′ is given by

w2 = f(x, (−ax− c)/b, 1) = α(x− x0)
2(x− x1)(x− x2)(x− x3)(x− x4)

for some α ∈ K ′, and where x0 ∈ K ′ is as above and x1, x2, x3, x4 are the
(pairwise different) x-coordinates of the four points in (B∩ℓ)(Q)\{P}. Since
f(x, (−ax−c)/b, 1) ∈ K ′[x], we see that C is defined over K ′. One can check
that C has a singularity at [x0 : (−ax0 − c)/b : 1 : 0].

If b = 0, then a ̸= 0 since otherwise ℓ = V (ax + cz) ⊂ P2
K′ would not

contain the point P = [x0 : y0 : 1]. Then, similarly to the above, the preimage
C = π−1(ℓ) ⊂ XK′ is given by

w2 = f(−c/a, y, 1) = (y − y0)
2h(y),

where y0 ∈ K ′ is as above and h ∈ K ′[y] is a separable polynomial of
degree 4. In this case, C is singular at [−c/a : y0 : 1 : 0].

In either case, the curve C is of the form w2 = (x − x0)
2h(x) for a

separable polynomial h ∈ K ′[x] of degree 4. Setting w′ = w/(x − x0), we
find that C is birationally equivalent to the curve C̃ given by (w′)2 = h(x),
which has genus 1. Thus pg(C) = pg(C̃) = 1.

Proposition 4.2. Let C be a genus 1 curve over a number field K given
by y2 = h(x), where h ∈ K[x] is a separable polynomial of degree 4. Then
there are infinitely many quadratic extensions L/K for which CL is an elliptic
curve with an L-rational non-torsion point.

Proof. Let α ∈ K and consider the field extension Kα = K(
√
h(α)).

Unless h(α) = 0, the curve C has at least two rational points over Kα

corresponding to w = ±
√
h(α). Let J denote the Jacobian of C over K.

Since C is smooth and has genus 1, we see that C(Kα) ̸= ∅ implies CKα
∼=

JKα and therefore C(Kα) ∼= J(Kα). Letting α vary in K, we get infinitely
many quadratic extensions Kα of K over which J attains a non-identity
point. Assume these are all torsion points. Then Merel’s theorem (see [17,
p. 242] for the statement, and [15] for the proof) tells us they all have orders
bounded above by a fixed integer N . But since J is an elliptic curve, we
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know that its m-torsion points J [m] := {P ∈ J(Q) : [m]P = O} satisfy
J [m] ∼= Z/mZ × Z/mZ for any m ≥ 1. Therefore J cannot have infinitely
many distinct points of order at most N . This implies that, for infinitely
many α ∈ K, the curve CKα is an elliptic curve with a non-torsion point.

Proof of Theorem 1.1. By Lemma 4.1 there is an extension K ′/K satisfy-
ing [K ′ : K] ≤ 6 such that XK′ contains a singular curve C/K ′ of geometric
genus 1. By construction of C in the proof of the lemma, we may assume it
is given by

w2 = α(x− x0)
2(x− x1)(x− x2)(x− x3)(x− x4),

where α, x0 ∈ K ′ and x1, x2, x3, x4 ∈ Q̄ are pairwise distinct and also differ-
ent from x0. Then the normalisation C̃ of C is given by

w2 = α(x− x1)(x− x2)(x− x3)(x− x4) =: h(x),

where h(x) ∈ K ′[x].
By Proposition 4.2 there is a quadratic extension L of K ′ over which

C̃L is an elliptic curve with a non-torsion point Q. Taking the subgroup
generated by Q yields infinitely many points in C̃ over L, and since we have
the morphisms

C̃
ν−→ C ↪→ XK′ → X,

we also get infinitely many L-rational points in X. By construction, L is an
extension of K of degree [L : K] = [L : K ′][K ′ : K] ≤ 2 · 6 = 12.

Remark 4.3. In the proof of Lemma 4.1, we take the preimage under the
double cover X → P2 of a tangent line to the branch curve and this allows
us to get infinitely many rational points on X over a finite field extension. If
instead we had taken a transversal line, intersecting the branch curve at six
distinct points, this method would not have worked: the preimage of such a
line would be a curve C of genus 2 by the Riemann–Hurwitz formula, and
by Faltings’s theorem [8], C(K) is finite for any number field K.

Remark 4.4. The proof of Lemma 4.1 is constructive and gives a way to
find examples of K3 surfaces with infinitely many rational points over their
base field, as we now explain. Start with a K3 surface X of degree 2 over
a number field K given by w2 = f(x, y, z) such that the branch curve B =
V (f) has a rational point. Let C be the smooth curve of genus 1 obtained
by normalising the singular curve arising from Lemma 4.1. By construction,
C is given by w2 = h(x), where h ∈ K[x]. If s := h(0) ̸= 0, consider the
surface X ′ given by w2 = f(x, y, z)/s. Then, repeating the process for X ′,
we get a smooth genus 1 curve C ′ of the form w2 = h(x)/s =: h′(x), so
h′ ∈ K[x] satisfies h′(0) = 1. This means that C ′ has at least two rational
points corresponding to x = 0, w = ±1. Therefore, C ′ is an elliptic curve
and we can easily determine if one of these points in C ′ is non-torsion, in
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which case X ′ has infinitely many K-rational points. This is precisely how
the surface X0 used in the proof of Theorem 5.3 was found.

5. K3 surfaces of degree 2 with Picard number 1 and infinitely
many rational points. In this section we show that there exists a family of
K3 surfaces of degree 2 with geometric Picard number 1 and infinitely many
rational points over Q and we use this to prove Theorem 1.3. We follow
closely the ideas of van Luijk in [12], where he solved the same problem for
quartic K3 surfaces, and we adapt them to K3 surfaces of degree 2.

Let h ∈ Z[x, y, z] be a (possibly zero) homogeneous polynomial of de-
gree 6, and let Xh be the projective scheme over SpecZ given by

(5.1) 73w2 = 7(11x5y + 7x5z + x4y2 + 5x4yz + 7x4z2 + 7x3y3

+ 10x3y2z + 5x3yz2 + 4x3z3 + 6x2y4 + 5x2y3z

+ 10x2y2z2 + 5x2yz3 + 5x2z4 + 11xy5 + 5xy3z2

+ 12xz5 + 9y6 + 5y4z2 + 10y2z4 + 4z6 + 15h(x, y, z)).

We denote its base change to Q and Q by Xh and Xh, respectively. Note
that when h(x, y, z) = 0, this surface is isomorphic over Q to the one in [7,
Corollary 30].

We will first show that the surfaces Xh are smooth, so they are indeed K3
surfaces. We show this in the same way as van Luijk did in [12, Theorem 3.1]
for a family of quartic K3 surfaces.

Proposition 5.1. Let h ∈ Z[x, y, z] be a homogeneous polynomial of
degree 6. Then Xh is a K3 surface over Q of degree 2.

Proof. Let XF3/F3 denote the fibre of Xh → SpecZ over (3) ∈ SpecZ,
i.e. XF3 arises by reduction modulo 3 of Xh. Since the factor 15h(x, y, z)
vanishes when reducing modulo 3, we can directly check that XF3 is smooth
over F3. Consider the base change of Xh to the 3-adic integers Z3, which
is projective and flat over Z3. Since Z3 is a discrete valuation ring and the
special fibre XF3 → SpecF3 is smooth, the generic fibre Xh → SpecQ3

is also smooth. By the Jacobian criterion, this implies that Xh → SpecQ
is also smooth. Since Xh is a double cover of P2 branched along a sex-
tic and we have shown that it is smooth, it is indeed a K3 surface of
degree 2.

5.1. Computing the geometric Picard number

Theorem 5.2. Let h ∈ Z[x, y, z] be a homogeneous polynomial of de-
gree 6. Then the K3 surface Xh has geometric Picard number 1.
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Proof. Let Yh be the projective scheme over SpecZ given by

w2 = 11x5y + 7x5z + x4y2 + 5x4yz + 7x4z2 + 7x3y3 + 10x3y2z + 5x3yz2

+ 4x3z3 + 6x2y4 + 5x2y3z + 10x2y2z2 + 5x2yz3 + 5x2z4 + 11xy5

+ 5xy3z2 + 12xz5 + 9y6 + 5y4z2 + 10y2z4 + 4z6 + 15h(x, y, z),

with Yh and Y h denoting its base changes to Q and Q, respectively. Note that
over Q we can change coordinates (w′ =

√
73/7w) to get an isomorphism

between Xh and Y h. Therefore it suffices to show that Yh has geometric
Picard number 1. This is proved in [7, Theorem 29 and Corollary 30].

5.2. Finding infinitely many rational points. We now find infinitely
many Q-rational points on a large set of surfaces (this is made precise in
Theorem 5.3) containing the surface X0, defined as in (5.1) and setting
h(x, y, z) = 0. To find infinitely many rational points, we follow the tech-
niques described in the proofs of Lemma 4.1 and Theorem 1.1. Some re-
strictions on the coefficients of the defining equations for the K3 surfaces of
degree 2 will guarantee that everything takes place over Q, so we will not
need to enlarge the base field.

There are
(
6+3−1
3−1

)
= 28 monomials of degree 6 in three variables and,

over Q, a choice of a degree 6 polynomial f ∈ Q[x, y, z] gives a double cover
of P2 branched along the curve V (f). Therefore the double covers of P2

branched along a sextic curve given by w2 = f(x, y, z) are parametrised by
M := A28

Q . Let X ∈M and let f denote the polynomial defining the branch
locus; we define the following properties for X:

(sm) X is smooth;
(coeff) f has the coefficients of x6, x5y, x5z, x4y2, x4yz, x4z2 equal to 0, 7773 ,

49
73 ,

7
73 ,

35
73 ,

49
73 , respectively;

(inf) X has infinitely many rational points;
(eqn) X is defined by an equation as in (5.1);
(pic1) X is smooth and has geometric Picard number 1.

Let M ′ ∼= A22
Q ⊂M be the subset of double covers of P2 satisfying (coeff).

Let V ⊂ M denote the subset satisfying (sm), i.e. V parametrises the K3
surfaces of degree 2 defined over Q. Let W ⊂ M be the subset satisfying
(sm) and (coeff), so that W = V ∩M ′.

Theorem 5.3. There is a non-empty Zariski open subset U ⊂ M ′ such
that every surface X ∈ U defined over Q is a K3 surface of degree 2 with
infinitely many Q-rational points.

Proof. The singular surfaces in M ′ form a Zariski closed subset of M ′, so
taking its complement we get an open subset W ⊂M ′. By the description of
M ′ above, the surfaces parametrised by W are K3 surfaces of degree 2 and,
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since the coefficient of the monomial x6 vanishes in their defining polynomial
equation, we have [1 : 0 : 0 : 0] ∈ X(Q) for every X ∈ W . Let X ∈ W , with
a double cover of P2 given by π : X → P2 branched along a smooth curve
BX = V (f) ⊂ P2, where f ∈ Q[x, y, z] is a homogeneous polynomial of
degree 6. Then X is given by w2 = f(x, y, z). Since X ∈ W ⊂ M ′, the
coefficients of x5y and x5z in f are fixed to be 77

73 and 49
73 , respectively.

Therefore the tangent line to the branch curve at [1 : 0 : 0] is given by

ℓ : 11y + 7z = 0.

The equation of this tangent line is the same for every surface in W . The
curve CX := π−1(ℓ) = V (w2 − f, 11y + 7z) ⊂ P(1, 1, 1, 3) is contained in X
and given in the affine chart where x ̸= 0 by

w2 = f

(
1, y,−11

7
y

)
.

In this equation, the constant term and the coefficient of y are zero (by our
previous choice of the coefficients of x6, x5y, x5z), and since the coefficients
of x4y2, x4z2, x4yz in f are also fixed to be 7

73 ,
49
73 ,

35
73 , respectively, y2 has

coefficient 1. This means that the point (y, z, w) = (0, 0, 0), or in projective
coordinates the point P := [1 : 0 : 0 : 0], is a double point in CX . Generically,
BX and ℓ intersect in exactly five points over Q. To see this, recall that a
polynomial has repeated roots if and only if its discriminant is zero, and this
is a closed condition. Since the intersection of ℓ with the BX yields a degree 6
polynomial with a double root at P , dividing by the factor corresponding to
the double root yields a degree 4 polynomial g. The open condition of the
polynomial g having no repeated roots is equivalent to ℓ intersecting the BX

at P and four other distinct points.
Let W ′ be the open subset of W corresponding to the surfaces X with

branch curve BX satisfying #(BX ∩ ℓ)(Q) = 5. Then the normalisation C̃X

of CX is a smooth curve of genus 1, as shown in the proof of Theorem 1.1,
and it is given by

w2 = f

(
1, y,−11

7
y

)
/y2,

where the right-hand side is a degree 4 polynomial in the variable y with
constant term 1. Therefore P1 := [1 : 0 : 0 : 1] and P2 := [1 : 0 : 0 : −1]

are rational points in C̃X . Specifying a Q-rational point, say P1, endows C̃X

with the structure of an elliptic curve over Q with origin O = P1.
By Mazur’s theorem [14, Theorem III.5.1], the point P2 has finite order

if and only if mP2 = O for some m ∈ {1, 2, . . . , 9, 10, 12}. Since we have
lcm(1, 2, . . . , 9, 10, 12) = 2520, consider the subset of W ′ of the surfaces X
such that C̃X is a genus 1 curve (and therefore an elliptic curve as seen
above) satisfying 2520P2 = O. This is a closed subset, since the equality
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2520P2 = O is given in coordinates by polynomial equations depending on
the coefficients of the Weierstrass equation for C̃X . Let U be the complement
in W ′ of this closed subset. Then, for each X ∈ U , C̃X is an elliptic curve
with a non-torsion point P2, so C̃X and henceX have infinitely many rational
points over Q.

Finally, we show that U is non-empty. The surface S = X0 defined as in
(5.1) with h(x, y, z) = 0 is contained in M ′ as previously observed. It can be
checked that it is smooth and that C̃S is a genus 1 curve given by

C̃S : w2 =
16771780

1226911
y4 − 1540220

175273
y3 +

81451

25039
y2 − 4078

3577
y + 1.

This is an elliptic curve with a non-identity point over Q, since it has at
least the two rational points P1 and P2 described above. It can be checked
computationally (e.g. using Magma [5]) that the torsion subgroup of C̃S is
trivial, so the non-identity point we found is a non-torsion point and hence
S ∈ U .

5.3. Proof of Theorem 1.3. As we saw in Section 5.2, the double
covers of P2

Q branched along a sextic curve are parametrised by M = A28
Q .

Recall that W ⊂M is defined by the properties (sm) and (coeff) defined in
that section. Let H ⊂ M be defined by (coeff) and (eqn). Proposition 5.1
shows that (eqn) implies (sm), so H ⊂W .

Lemma 5.4. The subset H is Zariski dense in W .

Proof. Let h ∈ Z[x, y, z] be a homogeneous polynomial of degree 6. Note
that a surface X = Xh satisfying (eqn) is in W if and only if the coefficients
of x6, x5y, x5z, x4y2, x4yz, x4z2 vanish in h ∈ Z[x, y, z]. Therefore H ∼= Z22

as sets. We may view H as a subset of Q22 ∼= A22(Q) ∼= M ′(Q) via the
injective map φ : Z22 ↪→ Q22 sending the coefficients of the monomials in
h to the coefficients of the monomials in Xh, in both cases excluding the
coefficients of the monomials x6, x5y, x5z, x4y2, x4yz, x4z2, which are zero
in h, and in Xh as in the surfaces parametrised by M ′. We claim that H is
Zariski dense in M ′. Suppose for a contradiction that φ(Z22) ̸= M ′ ∼= A22

Q .
Then φ(Z22) = V (g) ⊂ A22

Q for some non-zero polynomial g ∈ Q[x1, . . . , x22].
This implies that if (α1, . . . , α22) ∈ Z22, then

g(φ(α1, . . . , α22)) = g(α1 + c1, . . . , α22 + c22) = 0,

where ci ∈ Q are the coefficients of the corresponding monomials in the
equation defining X0. We may assume without loss of generality that the
polynomial g̃(x) = g(φ(x, 1, . . . , 1)) is non-constant, so it is a non-zero poly-
nomial in one variable. By our observation above, g̃(α) = 0 for every α ∈ Z,
which is not possible. This proves the claim that H ⊂ W ⊂ M ′ is Zariski
dense in M ′, so in particular, H is Zariski dense in W .
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Since M = A28
Q parametrises polynomials of degree 6 in the variables

x, y, z, we see that GL(3,Q) induces an action on M by acting linearly on
x, y, z. If there exists A ∈ GL(3,Q) sending a K3 surface X ∈ M(Q) to
Y ∈ M(Q), which we denote by A(X) = Y , then X and Y are isomorphic.
Over the algebraic closure Q, the double covers of P2

Q branched along a sextic
are parametrised, up to isomorphism, by P27

Q , endowed with the action of
PGL(3,Q) (or by A28

Q with the action of GL(3,Q)).
Let M2 denote the (coarse) moduli space of K3 surfaces of degree 2 and

consider the projection map

ψ : V → M2.

Then M2 contains an open dense U ⊂ M2 such that, for all X,Y ∈ ψ−1(U),
we have ψ(X) = ψ(Y ) if and only if there exists A ∈ PGL(3,Q) such that
X = A(Y ) [10, §5.2].

Lemma 5.5. The restriction map ψ|W is dominant.

Proof. It suffices to check this over the algebraic closure Q. Let U ⊂ M2

be the open dense subset with the property above. Let X ∈ ψ−1(U) be a
K3 surface of degree 2 and let X → P2 be a double cover branched along a
smooth sextic curve B. Let P ∈ B(Q) and let ℓ denote the tangent line to
B at P . Then there exists a linear transformation A1 sending P to the point
[1 : 0 : 0] and ℓ to the line V (y) ⊂ P2, so [1 : 0 : 0 : 0] ∈ A1(X)(Q) and V (y)
is tangent to the branch curve of A1(X) at [1 : 0 : 0]. This implies that, in the
equation defining the K3 surface A1(X), the coefficients of x6 and x5z vanish
and we can assume that the coefficient of x5y is 1. Denote by β1, β2, β3 ∈ Q
the coefficients of x4y2, x4yz, x4z2 in the equation defining A1(X), respec-
tively. We claim that there exists a linear transformation A2 sending A1(X)
to a surface such that its defining equation has 0, 11, 7, 1, 5, 7 as the co-
efficients of x6, x5y, x5z, x4y2, x4yz, x4z2, respectively. Once we prove this
claim, we are done: we can take the linear transformation A3 sending the
variables x, y, z to 6

√
7/73x, 6

√
7/73 y, 6

√
7/73 z, respectively, and we have

Y := A3(A2(A1(X))) ∈ V (Q) ∩M ′(Q) =W (Q), so ψ|W (Y ) = ψ(X) ∈ U .
To prove the claim, consider a transformation A2 given by

x 7→ x+ ay + bz, y 7→ 11y + 7z, z 7→ cy + dz,

for some a, b, c, d ∈ Q. We want to find the a, b, c, d such that A2 is as claimed.
Note that, to look at the coefficients of x6, x5y, x5z, x4y2, x4yz, x4z2 in the
equation defining the surface A2(A1(X)), we only need to check how A2

acts on the coefficients of those same six monomials in the equation defining
A1(X), by our choice of transformation A2. Since the coefficient of x6 in the
equation of A1(X) is zero, the coefficient of x6 in the equation of A2(A1(X))
also vanishes. Looking at how the other coefficients transform under the
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action of A2, we deduce that A2(A1(X)) is as claimed if the following three
equations hold:

1 = 121β1 + 11β2c+ β3c
2 + 55a,(5.2)

5 = 154β1 + 7β2c+ 11β2d+ 2β3cd+ 35a+ 55b,(5.3)

7 = 49β1 + 7β2d+ β3d
2 + 35b.(5.4)

Isolating a and b in equations (5.2) and (5.4) and substituting them in (5.3)
yields a polynomial equation in the two variables c, d. Set, for example,
c = 1 and choose d ∈ Q to be a root of the resulting polynomial in one
variable. This gives a transformation A2 ∈ GL(3,Q) such that A2(A1(X))
is as claimed.

Let us recall the definitions of the subsets of M = A28
Q involved in the

next proof. The subset M ′ is defined by the property (coeff), V is defined by
(sm), W is defined by (sm) and (coeff), H is defined by (coeff) and by (eqn)
(which implies (sm) by Proposition 5.1). Let U denote the non-empty open
subset arising from Theorem 5.3, which satisfies (sm), (coeff) and (inf). Let
T be the subset of U also satisfying (eqn), so T = U ∩H ⊂ W . Let S ⊂ V
denote the subset satisfying (inf) and (pic1). Then proving Theorem 1.3
corresponds to showing that S is Zariski dense in the (coarse) moduli space
of K3 surfaces of degree 2, denoted by M2.

Proof of Theorem 1.3. Recall that ψ : V → M2 denotes the projection
map and W =M ′∩V . By Lemma 5.5 we deduce that ψ(W ) is dense in M2.
Therefore, to show that ψ(S) is Zariski dense in M2, it suffices to show that
S∩W is dense inW . LetH, U and T be defined as above. By Lemma 5.4,H is
Zariski dense in W . As T ⊂ U , we see that T satisfies (inf). Proposition 5.1
and Theorem 5.2 imply that T also satisfies (pic1), so T ⊂ S ∩W ⊂ W .
Since M ′ is irreducible, U is dense in M ′. The intersection of two dense sets
is dense whenever one of them is open, so T = U ∩H is dense in W . This
implies that S ∩W is also dense in W .
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