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Summary. Let A be a Boolean algebra and let µ be a nonatomic probability quasi-
measure on A. Then there exists an infinite sequence (an) in A such that µ(ai △ aj) >

1
2

for all i ̸= j. The constant 1
2

is best possible. A similar problem concerning finite sequences
in A is also considered and its connection with the theory of binary codes is established.

1. Introduction. Let X be a nonempty set and let d be a pseudometric
in X. (By definition, a pseudometric differs from a metric by the absence
of the condition: d(x, y) = 0 implies x = y for all x, y ∈ X.) Among the
measures of noncompactness or rather nontotal boundedness of (X, d) at
least three are well known. One of them goes back to F. Hausdorff (1914),
another one was introduced by K. Kuratowski (1930). We shall deal below
with the third one in the special case indicated in the title of the paper.

Let (X, d) be a pseudometric space. Given x1, . . . , xn ∈ X, where n ⩾ 2,
we set

β(x1, . . . , xn) = min
1⩽i<j⩽n

d(xi, xj).

Moreover, we set
βn = sup {β(x1, . . . , xn) : x1, . . . , xn ∈ X}, n ⩾ 2.

As easily seen, β2 ⩾ β3 ⩾ · · · , and βn → 0 if and only if (X, d) is totally
bounded. In the opposite case there exists s > 0 and an infinite sequence
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(xn) in X such that d(xi, xj) > s for all i ̸= j. Thus, the supremum of
such s, call it β0, is a measure of nontotal boundedness of (X, d). In the case
where d is a metric, β0 is considered, with different notation, in [14] and [6].
In the case where X is the unit sphere of an infinite-dimensional Banach
space the condition above holds with s = 1. This is a classical result due to
C. A. Kottman (1975). It was improved by J. Elton and E. Odell (1981) to
the effect that “1” can be replaced by “1 + ε”, where ε > 0 depends on the
Banach space in question. See [7, pp. 7 and 241, respectively]; see also [10,
Section 10.1] and [12, Section 40.2], where more recent relevant results are
discussed.

The author does not know whether the coefficients βn introduced above
have already been investigated in the literature either in general or in some
special cases. Similarly, he does not know of any results of the Kottman–
Elton–Odell type concerning pseudometric spaces other than the unit sphere
of a Banach space. On the other hand, the dual sphere-packing problem is
a classical subject in geometry.

The pseudometric space studied in this paper is a Boolean algebra A
equipped with the Fréchet–Nikodym pseudometric dµ, which is defined by
means of a probability quasi-measure µ on A (see the beginning of Section 2).
Not much seems to be known about this space from the geometric point of
view even in the special case where A is σ-complete and µ is σ-additive.
According to classical results, (A, dµ) is then complete, and convex provided
µ is nonatomic (see, e.g., [13, p. 169, (8)]). Otherwise some geometric prop-
erties of the ring of Lebesgue measurable subsets of R of finite Lebesgue
measure equipped with the corresponding pseudometric were established by
Engelking [8], [9].

The main results of the paper are obtained under the assumption that
µ be nonatomic. In this connection recall that (A, dµ) is totally bounded if
and only if µ does not dominate a non-zero nonatomic quasi-measure on A
([22, (4.7)]; cf. also [4, Corollary 7.23]). We prove a Kottman type result with
s = 1

2 (Theorem 1 in Section 4). This result is, in some sense, best possible,
due to a theorem of G. Plebanek (Theorem 3 in Section 6). We also estimate
βn from below for all n ⩾ 2 (Proposition 5 in Section 4). Those estimates are
improved for small n by using appropriate binary codes (Proposition 6(a) in
Section 5).

We also show that the latter estimates are precise for n = 3, 4. (That
β2 = 1 is obvious.) Moreover, we define, in terms of binary codes composed
of n words, a coefficient γn and prove that βn = γn for all n ⩾ 2 (Theorem 2
in Section 5). This allows us to get the improved estimates of βn from below
by using Hadamard matrices of order n.

We note that the main results of the paper seem new already in the case
where µ is the Lebesgue or Peano–Jordan measure on the unit interval.
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The measure-theoretic notation and terminology used below are explained
at the beginning of Sections 2–4. Sections 2 and 3 also contain some auxiliary
results. The main results are presented in Sections 4 and 5. The penultimate
Section 6 is independent of the rest of the paper as far as the proofs are con-
cerned. It discusses the theorem of Plebanek mentioned above (Theorem 3)
and a finitely additive version of it (Theorem 4).

Thanks are due to Grzegorz Plebanek for answering a question of the
author, which resulted in the material presented in Section 6.

The author is much indebted to the referee for his/her contribution to
the paper which is a part of the final Section 7. Theorem B thereof gives an
estimate of βn from above for all n ⩾ 2 and an arbitrary quasi-measure µ.
Theorem C shows, in turn, that that estimate cannot be improved, in general.
As a consequence of Theorem B, we infer that βn → 1/2 in the case where
µ is nonatomic (Corollary F).

2. Preliminaries. Throughout the paper A stands for a Boolean algebra,
with the operations of join, meet, difference and symmetric difference de-
noted by ∨, ∧, \ and △, respectively. The natural ordering of A is denoted
by ⩽ and its minimal and maximal elements by 0 and 1, respectively. For
every a ∈ A we denote by ac the complement of a and by [0, a] the set
{b ∈ A : b ⩽ a}.

We call a function µ : A → R a quasi-measure if it is additive and positive.
In an alternative terminology, µ is a (positive) finitely additive measure or a
charge. Throughout the paper we assume that µ(1) = 1, i.e., µ is a probability
quasi-measure.

We call µ : A → R a measure if A is a Boolean σ-algebra and µ is positive
and σ-additive.

We denote by dµ the Fréchet–Nikodym pseudometric on A generated by
a quasi-measure µ on A. It is defined by the formula

dµ(a, b) = µ(a △ b), a, b ∈ A.

Clearly, dµ is a metric if and only if µ is strictly positive, i.e., µ(a) > 0
whenever a ∈ A and a ̸= 0.

The following proposition will be applied in the proofs of Lemma 5 and
Theorem 1 in Section 4.

Proposition 1. Let µ be a strictly positive quasi-measure on A. Then
there exists a Boolean algebra Ã, an injective homomorphism h : A → Ã and
a strictly positive quasi-measure µ̃ on Ã such that

(1) µ̃(h(a)) = µ(a) for all a ∈ A;
(2) (Ã, dµ̃) is complete;
(3) h(A) is dense in (Ã, dµ̃).
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This is Theorem 2.1 in [15]. The proof is an adaptation of the stan-
dard construction of the completion of a metric space. Proposition 1 is also
a direct consequence of [4, Lemma 1.1], which is proved by another method.
Conversely, in view of Remark 1 below, Lemma 1.1 of [4] follows from Propo-
sition 1.

Remark 1. In connection with Proposition 1 we note that if µ is strictly
positive and (A, dµ) is complete, then A is σ-complete and µ is a measure (see
[15, Theorems 2.3 and 2.2]; see also [4, Theorem 3.3] or [3, Proposition 2].
The converse implication is, of course, a standard result.

3. Four lemmas on quasi-measures. Throughout this section µ de-
notes an arbitrary quasi-measure on A.

Given a1, . . . , an ∈ A, where n ⩾ 2, we set

β(µ)(a1, . . . , an) = min
1⩽i<j⩽n

µ(ai △ aj).

Moreover, we set

βn(µ) = sup {β(µ)(a1, . . . , an) : a1, . . . , an ∈ A}, n ⩾ 2.

In fact, we shall simplify this notation and write β(a1, . . . , an) and βn when
a single quasi-measure µ is under consideration.

Clearly, β2 = 1 and β2 ⩾ β3 ⩾ · · · As easily seen, βn → 0 if and only if
(A, dµ) is totally bounded.

We note that when evaluating βn we may always assume that a1 is a fixed
element of A, e.g., a1 = 0 or 1. This is because (A,△) is an Abelian group
whose every nonzero element is of order 2, Moreover, we may confine our-
selves to considering sequences a1, . . . , an with a1 ∨ · · · ∨ an = 1.

The following simple lemma will be applied in the proofs of Lemma 5 in
Section 4 and Lemma 8 in Section 5.

Lemma 1. For all a1, . . . , an and b1, . . . , bn in A we have

|β(a1, . . . , an)− β(b1, . . . , bn)| ⩽ 2 max
1⩽1⩽n

µ(ai △ bi).

Proof. We first show that the assertion holds for n = 2. This is seen
because we have

µ(a1 △ a2)− µ(b1 △ b2) ⩽ µ(a1 △ a2 △ b1 △ b2)

⩽ µ(a1 △ b1) + µ(a2 △ b2) ⩽ 2max
i=1,2

µ(ai △ bi)

Applying the assertion for n = 2, we get

β(a1, . . . , an)− µ(bj △ bk) ⩽ µ(aj △ ak)− µ(bj △ bk) ⩽ 2 max
1⩽i⩽n

µ(ai △ bi)

for all 1 ⩽ j, k ⩽ n.
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With the purpose of estimating β3 and β5 from above we shall establish
the following three lemmas.

Lemma 2. Let a, b ∈ A and s ∈ R be such that µ(a), µ(b), µ(a △ b) ⩾ s.
Then

(a) 2s− 1 ⩽ µ(a ∧ b) ⩽ 1− s;
(b) µ(a ∨ b) ⩾ 3s− 1;
(c) µ(ac ∧ bc) ⩽ 2− 3s.

Proof. (a): Since a ∧ b ⩽ (a △ b)c, we have µ(a ∧ b) ⩽ 1− s. Since

µ(a ∧ b) = µ(a) + µ(b)− µ(a △ b),

it follows that µ(a ∧ b) ⩾ 2s− 1.
(b): Since µ(a ∨ b) = µ(a △ b) + µ(a ∧ b), the assertion follows from (a).
(c): We have µ(ac ∧ bc) = 1 − µ(a ∨ b), and so the assertion follows

from (b).

Lemma 3. Let a, b and s be as in Lemma 2 and let c ∈ A be such that
µ(c), µ(a △ c), µ(b △ c) ⩾ s. Then

µ((a △ b) \ c) ⩽ 4− 6s.

Proof. By Lemma 2(c), we have

µ(ac ∧ cc), µ(bc ∧ cc) ⩽ 2− 3s.

Since (a △ b) \ c ⩽ (ac ∧ cc) ∨ (bc ∧ cc), the assertion follows.

Lemma 4. Let a, b, c and s be as in Lemma 3 and let d ∈ A be such that

µ(d), µ(a △ d), µ(b △ d), µ(c △ d) ⩾ s.

Then s ⩽ 9
14 .

Proof. By Lemma 3,

µ((a △ b) \ c), µ((a △ b) \ d) ⩽ 4− 6s.

Hence
µ((a △ b) \ (c ∧ d)) ⩽ 8− 12s.

Since
c △ d ⩽ [(a △ b) \ (c ∧ d)] ∨ (a △ b)c,

it follows that
µ(c △ d) ⩽ (8− 12s) + (1− s).

This implies the assertion.

Proposition 2. We have

(a) β3 ⩽ 2
3 ;

(b) β5 ⩽ 9
14 .
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Part (a) follows from Lemma 2(a), while part (b) is a direct consequence
of Lemma 4.

Part (a) of Proposition 2 is optimal (see Proposition 6(b) in Section 4).
For an improvement of part (b) see Theorem B in Section 7.

4. Quasi-measures with Darboux type properties. Let again µ be
a quasi-measure on A. We say that µ has the Darboux θ-property, where
0 < θ < 1, if, for every a ∈ A, there exists b ∈ [0, a] with µ(b) = θµ(a). In
the case where µ has this property for every 0 < θ < 1 we say that it has the
Darboux property. The latter terminology coincides with that of [20], while
in [5, Definition 5.1.5] µ is then called strongly nonatomic and in [18, p. 45]
the term full valued is used.

We say that µ is nonatomic if, for every ε > 0, there exist a1, . . . , an ∈ A
such that

a1 ∨ · · · ∨ an = 1 and µ(ai) ⩽ ε for all i.

In [5, Definition 5.1.4] such quasi-measures are called strongly continuous,
while in [21, p. 841] they are called continuous.

The implications between conditions (i), (iii) and (iv) of the next propo-
sition have been studied by many authors. See [21, Theorem 5.1], [18, Theo-
rem 2], [4, Theorem 5.10], [20, Theorem 5 and Corollary], [2, Lemma 2–1], [11,
(2.5) and (2.6)], [23, Theorem 1 and Example 1]. The implication (iii)⇒(i) of
this proposition in the case where (A, dµ) is assumed complete will be used
in the proofs of Theorem 1 and Lemma 5 below.

Proposition 3. Let µ be a quasi-measure on A. Then each of the fol-
lowing conditions implies the next one:

(i) µ has the Darboux property;
(ii) µ has the Darboux θ-property for some θ with 0 < θ < 1;
(iii) µ is nonatomic;
(iv) µ([0, a]) is dense in [0, µ(a)] for every a ∈ A.

Moreover, (iv) implies (iii), and if (A, dµ) is complete, then conditions
(i)–(iv) are all equivalent.

Proof. The implication (i)⇒(ii) is obvious, while the implication (iii)⇒(iv)
is straightforward. We shall show that (ii) implies (iii) and so does (iv). Next,
to complete the proof, we shall establish the final assertion.

Suppose (ii) holds. Fix 0 < ε < θ, and then m ∈ N with θm < ε. Define,
by induction, a sequence (an) in A with the following properties:

µ(a1) = θm, an+1 ∈ [0, (a1∨ · · · ∨an)
c] and µ(an+1) = θmµ((a1∨ · · · ∨an)

c).

Since an are pairwise disjoint, we have µ(an0+1) < θ2m for some n0, and so
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µ((a1 ∨ · · · ∨ an)
c) < θm. It follows that

a1, . . . , an0 , (a1 ∨ · · · ∨ an0)
c

form a partition of 1 into elements of µ-quasi-measure < ε. Thus, (iii) holds.
Suppose (iv) holds, and fix 0 < ε < 1. Then there exists a1 ∈ A with

ε/2 < µ(a1) < ε. If µ(ac1) < ε, we are done. Otherwise there exists a2 ∈ [0, ac1]
with ε/2 < µ(a2) < ε. Continuing this way, we get a sequence a1, . . . , an of
pairwise disjoint elements of A such that

ε

2
< µ(ai) < ε for all i and µ((a1 ∨ · · · ∨ an)

c) < ε,

where n < 2/ε. This shows that (iii) holds.
To establish the final assertion, suppose again that (iv) holds. Fix θ with

0 < θ < 1, and then 0 < θ1 < θ2 < · · · < θ with θn → θ. We shall
define an increasing sequence (an) in A such that θn ⩽ µ(an) < θ for all n.
The existence of a1 is a direct consequence of (iv). Suppose a1, . . . , an with
the desired property have already been defined. If µ(an) ⩾ θn+1, we set
an+1 = an. Otherwise we have

0 < θn+1 − µ(an) < θ − µ(an) < µ(acn).

By (iv) again, there exists

b ∈ [0, acn] with θn+1 − µ(an) < µ(b) < θ − µ(an).

Set an+1 = an ∨ b to complete the induction procedure. Clearly, (an) is
a Cauchy sequence in (A, dµ). Let a be a dµ-limit of (an). We then have
µ(a) = θ.

Remark 2. In connection with the final part of Proposition 3 we note
that a quasi-measure µ on A can have the Darboux property even if neither
is (A, dµ) complete nor is A σ-complete. Indeed, let A be the algebra of
subsets of [0, 1) generated by the intervals [0, t), where 0 < t < 1, and let µ
be the restriction of the Lebesgue measure to A.

Remark 3 (cf. [5, Remark 5.1.7(ii)]). The implication (i)⇒(ii) of Propo-
sition 3 cannot be reversed, in general. Indeed, let A0 be the algebra of sub-
sets of [0, 1) generated by the intervals [0, t), where 0 < t < 1 and t ∈ Q,
and let µ0 be the restriction of the Lebesgue measure to A0. Clearly, µ0

is nonatomic. On the other hand, µ0 has the Darboux θ-property, where
0 < θ < 1, if and only if θ ∈ Q.

Remark 4. The implication (ii)⇒(iii) of Proposition 3 cannot be re-
versed in the following strong sense. There exists a Boolean algebra A and
a nonatomic quasi-measure µ on A such that µ does not have the Darboux
θ-property for any 0 < θ < 1. To see this, consider first a fixed θ ∈ Q
with 0 < θ < 1. Let p, q ∈ N be such that θ = p/q and (p, q) = 1. Let q1
be a prime number with q1 | q. Choose r ∈ N with r ⩾ 2 and q1 ∤ r. We
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then have θ ̸= m/rn for all m,n ∈ N. Let Aθ be the algebra of subsets
of [0, 1) generated by the intervals [(m− 1)/rn,m/rn), where n ∈ N and
m = 1, . . . , rn. Denote by µθ the restriction of the Lebesgue measure to Aθ.
Clearly, µθ is nonatomic. Moreover, θ /∈ µ(Aθ), and so µθ does not have the
Darboux θ-property. Putting together (A0, µ0) of Remark 3 and (Aθ, µθ),
where θ ∈ Q and 0 < θ < 1, just defined, we can easily construct the desired
example.

The following lemma will be instrumental in establishing Propositions 5
and 6, and Theorem 2 below.

Lemma 5. Let µ be a nonatomic quasi-measure on A. Then there exists
a Boolean algebra Ã and a quasi-measure µ̃ on Ã such that µ̃ has the Darboux
property and βn(µ̃) = βn(µ) for n ⩾ 2.

Proof. We may assume that µ is strictly positive. Indeed, let B be the
quotient Boolean algebra of A modulo the ideal of µ-null elements and let ν
be the corresponding quasi-measure on B. Clearly, ν is also nonatomic and
βn(ν) = βn(µ) for n ⩾ 2.

Let then µ be strictly positive and let Ã and µ̃ be given by Proposition 1.
It follows from Lemma 1 that βn(µ̃) = βn(µ) for n ⩾ 2. An application of the
final assertion of Proposition 3 shows that µ̃ has the Darboux property.

The following proposition will be used in the proofs of Theorem 1 and
Lemma 6 below. Its proof applies a well-known argument (see, e.g., [19,
p. 119] or [4, proof of Lemma 2.3]).

Proposition 4. Let µ be a quasi-measure on A with the Darboux
1
2 -property and let a1, . . . , an be in A. Then, for θ = 1

2 or 3
4 , there exists

an+1 ∈ A such that

(1) µ(a1 ∨ · · · ∨ an+1) = µ(a1 ∨ · · · ∨ an) + θµ(ac1 ∧ · · · ∧ acn);
(2) µ(a1 △ an+1) =

1
2µ(a1 ∨ · · · ∨ an) + θµ(ac1 ∧ · · · ∧ acn) for 1 ⩽ i ⩽ n.

In particular,

(3) if µ(ac1∧· · ·∧acn) =
1
2n , then there exists an+1 ∈ A with µ(ac1∧· · ·∧acn+1)

= 1
2n+1 and µ(ai △ an+1) =

1
2 for 1 ⩽ i ⩽ n;

(4) if µ(ac1∧ · · ·∧acn) > 0, then there exists an+1 ∈ A with µ(ac1∧ · · ·∧acn+1)

> 0 and µ(ai △ an+1) >
1
2 for 1 ⩽ i ⩽ n.

Proof. For a ∈ A we set aε = a or ac according as ε = 0 or 1. By
assumption, there exists bε1...εn ∈ [0, aε11 ∧ · · · ∧ aεnn ] such that µ(bε1...εn) =
1
2µ(a

ε1
1 ∧ · · · ∧ aεnn ) for (ε1 . . . εn) ∈ {0, 1}n with

(ε1 . . . εn) ̸= (1 . . . 1).
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Similarly, there exists b1...1 ∈ [0, a11∧· · ·∧a1n] with µ(b1...1) = θµ(a11∧· · ·∧a1n).
Set

an+1 =
∨

(ε1...εn)∈{0,1}n
bε1...εn .

As easily seen, an+1 satisfies (1) and (2). By a joint application of (1) and
(2) with θ = 1

2 and θ = 3
4 , we get (3) and (4), respectively.

Remark 5. The assumption µ(ac1∧. . .∧acn) > 0 in (4) of Proposition 4 is,
clearly, necessary for the validity of its first assertion. On the other hand, this
assumption is not necessary for the validity of its second assertion. Indeed,
let A and µ be as in Remark 2. Set

a1 = [0, 2/3), a2 = [1/3, 1) and a3 = [0, 1/3) ∪ [2/3, 1).

We then have a1 ∨ a2 = [0, 1) and µ(a1 △ a3) = µ(a2 △ a3) =
2
3 .

Theorem 1. If µ is a nonatomic quasi-measure on A, then there exists
a sequence (an) in A with µ(ai △ aj) >

1
2 for all i ̸= j.

Proof. Without loss of generality, we assume that µ is strictly positive.
We then consider a Boolean algebra Ã and a quasi-measure µ̃ on it such that
µ̃ extends µ, (Ã, dµ̃) is complete and A is dense in (Ã, dµ̃) (see Proposition 1).
By Proposition 3, µ̃ has the Darboux property.

We construct the sequence (an) by induction. We choose a1 ∈ A arbi-
trarily with µ(a1) < 1. Suppose a1, . . . , an in A such that

µ(ai △ aj) >
1

2
for 1 < i < j ⩽ n and µ(a1 ∨ · · · ∨ an) < 1

have already been constructed. By Proposition 4(4), there exists ã ∈ Ã such
that

µ̃(ai △ ã) >
1

2
for 1 ⩽ i ⩽ n and µ̃(a1 ∨ · · · ∨ an ∨ ã) < 1.

Let an+1 ∈ A be such that

µ̃(ã △ an+1) < min
1⩽i⩽n

µ̃(ai △ ã)− 1

2
, 1− µ̃(a1 ∨ · · · ∨ an ∨ ã).

Then, as easily seen, a1, . . . , an+1 have the desired properties.

The constant 1
2 in Theorem 1 is optimal (see Theorem 4 in Section 6 or

Theorem B in Section 7).

Lemma 6. If µ is a quasi-measure on A with the Darboux 1
2 -property,

then, for every n ⩾ 2 and k = 1, 2, . . . , there exist a1k, . . . , ank in A such
that
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µ(aik △ ajk) =
1

2

k∑
l=1

1

2n(l−1)
for all i ̸= j,

µ(ac1k ∧ · · · ∧ acnk) =
1

2nk
.

Proof. We argue by induction on k. The existence of a11, . . . , an1 is a
direct consequence of (3) of Proposition 4. To pass from k to k + 1, we
consider the Boolean algebra B = [0, ac1k∧· · ·∧acnk] and the quasi-measure ν
on B defined by the formula ν(b) = 2nkµ(b) for b ∈ B. Applying (3) of
Proposition 4 again, this time to ν, we find b1, . . . , bn in B with

µ(bi △ bj) =
1

2nk+1
for i ̸= j and µ(bc1 ∧ · · · ∧ bcn) =

1

2n(k+1)
.

Setting ai,k+1 = aik ∨ bi, i = 1, . . . , n, we are done.

Remark 6. If A is σ-complete and µ is a nonatomic measure on A, then,
for every n ⩾ 2, there exist a1, . . . , an in A such that

µ(ai △ aj) =
2n−1

2n − 1
for all i ̸= j.

Indeed, let aik be as in the proof of Lemma 6 and set

ai =
∞∨
k=1

aik, i = 1, . . . , n.

Proposition 5. If µ is a nonatomic quasi-measure on A, then

βn ⩾
2n−1

2n − 1
for all n ⩾ 2.

In the special case where µ has the Darboux 1
2 -property the assertion

is an immediate consequence of Lemma 6. The general case follows by an
application of Lemma 5.

The estimate of Proposition 5 is far from optimal, at least for n = 2, 3
and 4 and for those n for which a Hadamard matrix of order n exists (see
Proposition 6 in Section 5). The precise value of βn in the nonatomic case is
given in Theorem E in Section 7.

The author does not know whether βn → 1
2 if µ is a nonatomic quasi-

measure. Proposition 5 above and Theorem 4 in Section 6 suggest that this
might be the case. As shown subsequently by the referee, this is, indeed, the
case (see Corollary F in Section 7).

5. βn and binary codes. Let E1, . . . , En, where n ⩾ 2, be finite sets
not all empty. We set

E =

n⋃
i=1

Ei and γ(E1, . . . , En) =
1

|E|
min {|Ei △ Ej | : 1 ⩽ i < j ⩽ n}.
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Moreover, we set

γn = sup {γ(E1, . . . , En) : E1, . . . , En are finite sets}.
Clearly, in the definition of γn it is enough to take into account only sequences
E1, . . . , En with Ei ̸= Ej for all i ̸= j. In this case 1E1 , . . . , 1En , where
the characteristic functions 1Ei are defined on E, form a binary code. The
cardinal |E| is called its length, while the cardinal |Ei △ Ej | is called the
(Hamming) distance between Ei and Ej . The minimal distance of the code
1E1 , . . . , 1En is

d := min {|Ei △ Ej | : 1 ⩽ i < j ⩽ n}.
In the notation of [17, p. 38] this is a (|E|, n, d) code.

Lemma 7. Let µ is a quasi-measure on A with the Darboux property and
let E1, . . . , En, where n ⩾ 2, be finite sets, not all empty, with union E. Then
there exist a1, . . . , an in A such that

µ(ai △ aj) =
1

|E|
|Ei △ Ej | for all i, j.

In particular, β(a1, . . . , an) = γ(E1, . . . , En).

Proof. Let r = |E|. By assumption, there exist pairwise disjoint b1, . . . , br
in A with µ(bk) = 1/r for all k ∈ E. Setting

ai =
∨
k∈Ei

bk,

we are done.

In connection with the next proposition, recall that a necessary condition
for the existence of a Hadamard matrix of order n > 2 is that n be a multiple
of 4 (see [17, Chapter 2, Theorem 5]).

Proposition 6. Let µ be a nonatomic quasi-measure on A. Then

(a) βn ⩾ n
2n−2 , where n ⩾ 2 is such that a Hadamard matrix of order n

exists;
(b) β3 = β4 =

2
3 .

Proof. We assume that µ has the Darboux property. The general case
follows by Lemma 5.

For n as in (a), there exists a binary code
(
n− 1, n, 12n

)
(see [17, p. 49]).

Therefore, γn ⩾ n
2n−2 , and so (a) holds by Lemma 7.

As for (b), we have β4 ⩽ β3 ⩽ 2
3 by Proposition 2(a). On the other hand,

β4 ⩾ 2
3 by (a) (see [17, p. 44]). More explicitly, setting Ei = {i}, where

i = 1, 2, 3, and E4 = {1, 2, 3}, we have |Ei △ Ej | = 2 for i ̸= j, and so
γ(E1, E2, E3, E4) =

2
3 . (The corresponding standard binary code appears in

[17, p. 40].) This yields the desired estimate by Lemma 7.



12 Z. Lipecki

As in the proof of Proposition 6, we get, for µ nonatomic, β8 ⩾ 4
7 and

β12 ⩾ 6
11 . For the corresponding binary codes see [17, Figures 2.7 and 2.1,

respectively]. In fact, these inequalities turn out to be equalities (see Theo-
rem E in Section 7).

Lemma 8. Let µ is a quasi-measure on A with the Darboux property, let
a1, . . . , an, where n ⩾ 2, be in A, and let ε > 0. Then there exist finite sets
E1, . . . , En such that

β(a1, . . . , an) ⩽ γ(E1, . . . , En) + ε.

Proof. Without loss of generality, we assume that a1 ∨ · · · ∨ an = 1. We
first show the assertion under the additional assumption that there exist
b1, . . . , bm in A and E1, . . . , En ⊂ [1,m] such that

bi ∧ bj = 0 for all i ̸= j, µ(bi) =
1

m
and ai =

∨
j∈Ei

bj for all i.

Indeed, we then have
n⋃

i=1

Ei = [1,m] and µ(ai △ aj) =
1

m
|Ei △ Ej | for all i, j,

and so
β(a1, . . . , an) = γ(E1, . . . , En).

In the general case, let nonzero c1, . . . , cp in A with ci ∧ cj = 0 for all
i ̸= j and F1, . . . , Fn ⊂ [1, p] be such that

ai =
∨
j∈Fi

cj for all i.

We then have
⋃n

i=1 Fi=[1, p]. By a standard argument, we can find b′1, . . . , b
′
m

in A and G1, . . . , Gp ⊂ [1,m] such that

b′i ∧ b′j = 0 for all i ̸= j, µ(b′i) =
1

m
for all i,

p⋃
r=1

Gr = [1,m]

and p∑
r=1

µ
(
cr △

∨
s∈Gr

b′s

)
<

ε

2
.

Set
a′i =

∨
j∈Fi

∨
s∈Gj

b′s for all i.

We then have µ(ai △ a′i) <
ε
2 . An application of the assertion established in

the first part of the proof to

a′1, . . . , a
′
n, b

′
1, . . . , b

′
m and

⋃
j∈F1

Gj , . . . ,
⋃
j∈Fn

Gj

and Lemma 1 completes the proof.
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Theorem 2. If µ is nonatomic, then βn = γn for n ⩾ 2.

In the case where µ has the Darboux property this is a direct consequence
of Lemmas 7 and 8. The general case follows by Lemma 5.

Theorem 2 shows that the coefficients βn are the same for all nonatomic
(probability) quasi-measures. Therefore, when trying to calculate or estimate
them it is worth while to consider quasi-measures as simple as possible, for
example that of Remark 3.

6. Appendix. The following result was obtained by Grzegorz Plebanek
in answer to a question of the author.

Theorem 3. Let (Ω,M, λ) be a probability measure space and let s > 0.
If (fn) is a sequence in L1(λ) with 0 ⩽ fn ⩽ 1, n = 1, 2, . . . , and ∥fi−fj∥ ⩾ s
whenever i ̸= j, then s ⩽ 1

2 .

Proof. We shall use the following elementary inequalities:

t+ s− 2ts ⩾ |t− s| for all t, s ∈ [ 0, 1];

t(1− t) ⩽
1

4
for all t ∈ R.

The order interval [0, 1Ω] in L2(λ) is weakly compact, by the Banach–
Alaoglu theorem (see, e.g., [1, Theorem 9.20]). Therefore, a subsequence of
(fn) is weakly convergent, since the weak topology of the unit ball of L2(λ)
is metrizable provided L2(λ) is separable (see, e.g., [1, Theorem 10.7]), which
we may assume.

Without loss of generality, we then assume that fn → f weakly in L2(λ).
By the first inequality above,

s ⩽
�
(fi + fj − 2fifj) dλ whenever i ̸= j.

Passing to the limit when i → ∞ and then when j → ∞, we get, taking into
account the second inequality above,

s ⩽
�
(2f − 2f2) dλ ⩽

1

2
.

Theorem 4. Let µ be a probability quasi-measure on a Boolean algebra
A and let s > 0. If (an) is a sequence in A such that µ(ai △ aj) ⩾ s whenever
i ̸= j, then s ⩽ 1

2 .

This can be derived from Theorem 3 by a standard technique (Stone
representation theorem for Boolean algebras combined with the basic mea-
sure extension theorem). Indeed, we may assume that A is a subalgebra of
a σ-algebra M of sets and µ extends to a measure λ on M. Then it is enough
to apply Theorem 3 with fn = 1an to get the assertion.

It would be desirable to find a more direct proof of Theorem 3, which
might result in a version of it for finite sequences of functions.
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As for Theorem 4, this has been done subsequently by the referee (see
Theorem B in Section 7 and its proof).

7. Postscript. Theorems B and C below and their proofs are due to the
referee.

Lemma A. Let a1, . . . , ap, where p ⩾ 2, be subsets of a set X and let
x ∈ X. Set

E = {{i, j} : 1 ⩽ i, j ⩽ p and x ∈ ai △ aj}.
We have |E| ⩽ n2 or |E| ⩽ n(n+ 1) according as p = 2n or p = 2n+ 1.

Proof. Set
k = |{i : 1 ⩽ i ⩽ p and x ∈ ai}|.

We have |E| = k(p− k) and the assertion follows.

Theorem B. For every quasi-measure µ on A we have

β2n(µ) ⩽
n

2n− 1
and β2n+1(µ) ⩽

n+ 1

2n+ 1
, n = 1, 2, . . .

Proof. Without loss of generality, we assume that A is finite, and so it
is (isomorphic to) an algebra of subsets of a set X. Given a1, . . . , ap in A,
where p ⩾ 2, we have, by Lemma A,∑

1⩽i<j⩽p

1ai△aj ⩽ n2 or n(n+ 1)

according as p = 2n or p = 2n+1. Integration of both sides of this inequality
with respect to µ yields

p(p− 1)

2
min

1⩽i<j⩽p
µ(ai △ aj) ⩽ n2 or n(n+ 1)

for p as above (cf. [16, proof of Proposition 1]). This yields the assertion.

Theorem 4 is an obvious consequence of Theorem B.

Theorem C. For every p ⩾ 2 there exists a (strictly positive) quasi-
measure µ on a finite Boolean algebra A such that

βp(µ) =
n

2n− 1
or

n+ 1

2n+ 1

according as p = 2n or p = 2n+ 1.

Proof. We consider the case where p = 2n. The other case can be estab-
lished analogously. Set

X =
{
x ∈ {0, 1}p :

p∑
i=1

x(i) = n
}
,

ai = {x ∈ X : x(i) = 1}, i = 1, . . . , p.
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We then have
|ai \ aj | =

(
2n− 2

n− 1

)
whenever i ̸= j.

Let the quasi-measure µ on A = 2X be defined by the condition µ({x}) =
|X|−1 for all x ∈ X. It follows that

µ(ai △ aj) =
n

2n− 1
whenever i ̸= j.

Combined with Theorem B, this yields the assertion for p = 2n.

Remark D. The functions 1a1 , . . . , 1ap of the proof of Theorem C, which
are defined on X, form a binary code((

2n

n

)
, 2n, 2

(
2n− 2

n− 1

))
.

In the case where p = 2n+ 1 the corresponding binary code is((
2n+ 1

n

)
, 2n+ 1, 2

(
2n− 1

n− 1

))
.

The author does not know whether those codes have already been considered
in the literature.

Theorem E. For a nonatomic quasi-measure µ on A we have

β2n(µ) =
n

2n− 1
and β2n+1(µ) =

n+ 1

2n+ 1
, n = 1, 2, . . .

Proof. Without loss of generality, we assume that µ has the Darboux
property (see Lemma 5). Let ν be a strictly positive quasi-measure on a
finite Boolean algebra B. Then there exists an isomorphic embedding φ of
B into A such that ν(b) = µ(φ(b)) for all b ∈ B. Therefore, it follows from
Theorem C that in the asserted equalities the inequalities “⩾” hold. The
converse inequalities follow from Theorem B.

Corollary F. If µ is a nonatomic quasi-measure on A, then βn(µ) → 1
2 .

This is a direct consequance of Theorem E. It also follows from Theorem 1
and Theorem B.
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