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On the second Hardy–Littlewood conjecture
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Abstract. The second Hardy–Littlewood conjecture asserts that the prime counting
function π(x) satisfies the subadditive inequality

π(x+ y) ⩽ π(x) + π(y)

for all integers x, y ⩾ 2. By linking the subadditivity of π(x) to the error term in the
Prime Number Theorem, we obtain unconditional improvements on the range of y for
which π(x) is known to be subadditive. Moreover, assuming the Riemann Hypothesis, we
show that for all ϵ > 0, there exists xϵ ⩾ 2 such that for all x ⩾ xϵ and y in the range

(2 + ϵ)
√
x log2 x

8π
⩽ y ⩽ x,

the inequality π(x+ y) ⩽ π(x) + π(y) holds.

1. Introduction. Let y ⩾ 2 be an integer. Consider the number of
primes in the first interval (0, y] of length y and compare it with the number
of primes in another interval (x, x + y] (of length y again) for some integer
x ⩾ 2. Which one has more primes? In 1923, Hardy and Littlewood [6]
conjectured that the other intervals (x, x+ y] contain no more primes than
the first one (0, y], that is,

(1.1) π(x+ y)− π(x) ⩽ π(y)

for all integers x, y ⩾ 2. This is called the second Hardy–Littlewood conjec-
ture.

The first Hardy–Littlewood conjecture, on the other hand, is reserved
for the well-known prime k-tuple conjecture whose special case is the twin
prime conjecture. In 1973, Hensley and Richards [7] established a striking
connection between the k-tuple conjecture and the second Hardy–Littlewood
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conjecture. In particular, they showed that the two conjectures are incom-
patible, i.e., at most one of the conjectures is true. Moreover, assuming that
the k-tuple conjecture is true, they showed that for sufficiently large values
of x, there are infinitely many y ⩾ 2 for which the inequality (1.1) does not
hold. Since the k-tuple conjecture is widely believed to be true [5, p. 124],
one expects that the inequality above is false for some integers x, y ⩾ 2 but
no such counterexamples are known.

On the other hand, (1.1) is indeed true in several cases especially when
the length y of the interval is sufficiently large relative to the starting point x
of the other intervals being compared. Note that the subadditivity inequality
π(x + y) ⩽ π(x) + π(y) is symmetric in x and y and thus one can restrict
attention to the case when y ⩽ x without loss of generality. Landau [11]
proved that

π(2x) ⩽ 2π(x)

for sufficiently large x, and Rosser and Schoenfeld [17] showed that this is
true for all x ⩾ 2. By using the large sieve, Montgomery and Vaughan [13]
proved that

π(x+ y) ⩽ π(x) + 2π(y)

for all integers x ⩾ 1, y ⩾ 2. It is difficult to improve on the constant 2 on
the right-hand side above since replacing 2 by 2 − δ for some δ > 0 would
have important implications for the location of exceptional zeros of Dirichlet
L-functions attached to quadratic characters [5, p. 123]. Udrescu [20] proved
that if ϵ > 0, x, y ⩾ 17 and x+ y ⩾ 1 + exp(4 + 4/ϵ), then

π(x+ y) ⩽ (1 + ϵ)(π(x) + π(y)),

which indicates that the second Hardy–Littlewood conjecture could only
be ϵ-away from the truth. Moreover, Udrescu [20] showed that the original
inequality

(1.2) π(x+ y) ⩽ π(x) + π(y)

holds as long as ϵx ⩽ y ⩽ x for fixed ϵ ∈ (0, 1] and sufficiently large x.
Dusart [3] improved on the range of y for the validity of (1.2) to

(1.3)
5x

7 log x log log x
⩽ y ⩽ x

for x ⩾ 5. Here we note that in [3], Dusart stated this range in a different
form, but as pointed out in Alkan’s work [1], Dusart’s range can be writ-
ten as above by using the symmetry in the subadditivity inequality under
consideration.

In this work we enlarge Dusart’s range qualitatively depending on the
shape of the error term in the Prime Number Theorem. Let
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li(x) :=

x�

2

1

log u
du (x ⩾ 2)

be the logarithmic integral. The Prime Number Theorem is the assertion
that

π(x) ∼ li(x)

as x → ∞. Let R(x) be a function such that there exist an absolute constant
C > 0 and a threshold x0 ⩾ 2 such that for all x ⩾ x0, R(x) is positive,
nondecreasing and

(1.4) |π(x)− li(x)| ⩽ CR(x).

By a classical result of Littlewood [12], [8, Theorem 35, p. 103], we know
that

π(x)− li(x) = Ω±

(
x1/2 log log log x

log x

)
as x → ∞ where the notation Ω± has the meaning that the limit superior
(the limit inferior resp.) of the ratio of both sides is positive (negative resp.).
Also the classical error term O(x exp(−c

√
log x)) for some positive constant

c > 0 in the Prime Number Theorem saves an arbitrary power of log x and
thus we may assume that the threshold x0 is sufficiently large so that the
function R(x) in (1.4) satisfies

x1/2 log log log x

log x
⩽ R(x) ⩽

x

log3 x

for x ⩾ x0.

Theorem 1.1. Let x ⩾ x0 where x0, C and R(x) satisfy (1.4). If

3CR(2x) log2 x

log log x
⩽ y ⩽ x,

then the inequality π(x+ y) ⩽ π(x) + π(y) holds.

The range for y above improves on Dusart’s range (1.3) significantly for
sufficiently large x. In order to see some explicit choices for the function R(x),
we note some recent results. Fiori, Kadiri and Swidinsky [4] proved that

|π(x)− li(x)| ⩽ 9.2211x(log x)1/2 exp(−0.84768363
√

log x)

for x ⩾ 2. Johnston and Yang [10] proved that

|π(x)− li(x)| ⩽ 0.028x(log x)0.801 exp(−0.1853(log x)3/5(log log x)−1/5)

for x ⩾ 23. In [15], Mossinghoff, Trudgian and Yang found that

(1.5) |π(x)− li(x)| ≪ x exp(−0.2123(log x)3/5(log log x)−1/5)

without specifying the implied constant. These results are unconditional and
they produce improvements on Dusart’s range for all sufficiently large x but
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unfortunately such thresholds are at least 10511 and this is beyond our com-
putational capacity up to which we could check the subadditivity inequality.
On the other hand, if the Riemann Hypothesis holds, then

(1.6) |π(x)− li(x)| < 1

8π

√
x log x

for x ⩾ 2657 as shown by Schoenfeld [18]. By (1.6) and Theorem 1.1, the
lower bound for y becomes ≍ x1/2 log3 x/log log x under the Riemann Hy-
pothesis. By the proof of Theorem 1.1 below, we observe that if R(x) ≪ xΘ

for some Θ < 1, then one can save a factor of log x/log log x in the lower
bound for y. We reveal this fact under the Riemann Hypothesis in our next
result.

Corollary 1.2. Assume the Riemann Hypothesis. Then for all ϵ > 0,
there exists xϵ ⩾ 2 such that for all x ⩾ xϵ and

(2 + ϵ)x1/2 log2 x

8π
⩽ y ⩽ x,

the inequality π(x+ y) ⩽ π(x) + π(y) holds.

Remark 1.3. The expression 2 + ϵ above can indeed be replaced by
(1 + r1(x))(2 + r2(x)) where

r1(x) :=
2 log(0.08 log3 x)

log x1/2
+

35 log2(0.08 log3 x)

log2 x1/2
= ox→∞(1),

r2(x) := −1 +

(
1 +

0.08 log3 x

x1/2

)1/2(
1 +

1

log x
log

(
1 +

0.08 log3 x

x1/2

))
+

(0.08 log3 x)1/2

x1/4

(
1

2
+

log(0.08 log3 x)

log x

)
= ox→∞(1)

for x ⩾ x′0 := 4 · 105, which is a threshold up to where we verified the
subadditivity inequality for all integers x and y with 2 ⩽ y ⩽ x ⩽ x′0.

In the spirit of Corollary 1.2, one may also ask whether the partial ver-
ification of the Riemann Hypothesis up to some height could help to verify
the subadditivity inequality (1.2). More precisely, if T0 is the largest known
value such that the Riemann Hypothesis is true for all nontrivial zeros ρ of
ζ(s) with Im(ρ) ∈ (0, T0], then it was recently shown by Johnston [9] that
the bound (1.6) holds provided that

(1.7) x ⩾ 2657 and
9.06

log log x

√
x

log x
⩽ T0,

which is an improvement on an earlier work of Büthe [2]. By using this result,
we obtain the following corollary.
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Corollary 1.4. Let x ⩾ 4 · 105 and r1(x) and r2(x) be the functions in
Remark 1.3. Suppose that the Riemann Hypothesis is true for all nontrivial
zeros ρ of ζ(s) with Im(ρ) ∈ (0, T0]. If

(1 + r1(x))(2 + r2(x))x
1/2 log2 x

8π
⩽ y ⩽ x

and
9.06

log log(x+ y)

√
(x+ y)

log(x+ y)
⩽ T0,

then the inequality π(x+ y) ⩽ π(x) + π(y) holds.

We remark here that the recent work by Platt and Trudgian [16] allows
one to take T0 = 3 · 1012.

As the inequality (1.2) holds for many pairs x, y, one may want to know
an upper bound for the size of the exceptional set. Dusart [3] and in a more
general set-up Alkan [1] considered this problem and proved that the size of
the exceptional set is small by having a logarithmic saving. By Theorem 1.1,
we improve on these results.

Corollary 1.5. We have

#{2 ⩽ y ⩽ x ⩽ X : π(x+ y) > π(x) + π(y)} ≪ XR(2X) log2X

log logX
.

In particular, the right-hand side above is

≪ X2 exp(−0.2123(log 2X)3/5(log log 2X)−1/5) log2X

log logX

unconditionally, and is
≪ X3/2 log2X

conditionally on the Riemann Hypothesis.

Remark 1.6. Let Θ = supρℜ(ρ), where the supremum is taken over the
nontrivial zeros of the Riemann zeta function. By [14, Ex. 1, p. 430], we have
π(x)− li(x) ≪ xΘ log x. Assume that Θ < 1. As can be seen from the proof
of Corollary 1.2 below (especially (2.7)), the conclusion of the subadditivity
inequality can be obtained for the range xΘ log2 x ≪ y ⩽ x for sufficiently
large x, where the implied constant depends on Θ. Thus, by the proof of
Corollary 1.5, we see that the second inner sum over y in (2.10) can be
restricted to y ≪ xΘ log2 x. Hence, under the assumption that Θ < 1, the
size of the exceptional set considered in Corollary 1.5 is ≪ X1+Θ log2X.

Remark 1.7. Analogous results to Theorem 1.1 and Corollaries 1.2
and 1.5 can be obtained in a more general setting. Let P be a set of prime
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numbers and πP (x) be the number of primes ⩽ x lying in P . In [1, Theo-
rem 1], Alkan proved that if

πP (x) = cπ(x) +O

(
x

log3 x

)
for some constant 0 < c ⩽ 1, then for sufficiently large x and y satisfying

x

log x
≪ y ⩽ x,

the inequality πP (x+ y) ⩽ πP (x)+πP (y) holds. A special case of this result
gives the subadditivity inequality for the number of primes in a reduced
residue class [1, (3.4)]. Let q ⩾ 2 and (a, q) = 1 and π(x; q, a) be the number
of prime numbers p ⩽ x such that p ≡ a (mod q). By the Prime Number
Theorem for arithmetic progressions [14, Corollary 11.21], we know that
there exists a positive constant c satisfying the following: For all A > 0,
there exist x0 ⩾ 2 and CA > 0 such that for all x ⩾ x0, q ⩽ (log x)A and
(a, q) = 1, we have

(1.8)
∣∣∣∣π(x; q, a)− li(x)

φ(q)

∣∣∣∣ ⩽ CAx exp(−c
√

log x)

where φ is the Euler totient function. By following the proof of Theorem 1.1,
one can unconditionally prove that the inequality

(1.9) π(x+ y; q, a) ⩽ π(x; q, a) + π(y; q, a) (q ⩽ (log x)A, (a, q) = 1)

holds for sufficiently large x and y satisfying

(1.10) φ(q)x exp(−c
√
log x)

log2 x

log log x
≪ y ⩽ x

where the implied constant depends only on A. Moreover, conditionally on
the Generalized Riemann Hypothesis for all Dirichlet L-functions, the shape
of the error term in (1.8) becomes ≪ x1/2 log x for q ⩽ x1/2−ϵ for arbitrarily
small but fixed ϵ > 0 and thus the range for y in (1.10) for the validity of
the inequality (1.9) becomes

φ(q)x1/2 log2 x ≪ y ⩽ x

by following the proof of Corollary 1.2.

2. Proofs of Theorem 1.1 and Corollaries 1.2, 1.4 and 1.5

2.1. Proof of Theorem 1.1. Define

∆(x, y) := π(x) + π(y)− π(x+ y)

for x, y ⩾ 2. Thus, for the validity of (1.2), we need to show that ∆(x, y) ⩾ 0.
We can make two simplifications to the ranges of x and y considered.

First, using Segal’s criterion [19] for the validity of (1.2), we have verified
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(1.2) for all pairs x and y satisfying x+ y < 106. Therefore, we may assume
with no loss of generality that x0 > 4 · 105, which is the same threshold of
verification mentioned in Remark 1.3. Secondly, by Dusart’s result stated in
(1.3), we may assume, for x ⩾ x0, that

(2.1) x1/2 ⩽ y ⩽
x

log x
,

since the remaining range x
log x < y ⩽ x is already covered in (1.3).

By the definition of the error term R(x) in the approximation for π(x)
by li(x), we have

∆(x, y) = li(x) + li(y)− li(x+ y)(2.2)
+ (π(x)− li(x)) + (π(y)− li(y))− (π(x+ y)− li(x+ y))

⩾ li(x) + li(y)− li(x+ y)− 3CR(2x)

since y ⩽ x and R(x) is nondecreasing for x ⩾ x0. We further have

(2.3) li(x) + li(y)− li(x+ y)

=

y�

2

1

log u
du−

x+y�

x

1

log u
du =

y�

2

1

log u
du−

y�

0

1

log(x+ u)
du

=

y�

2

1

log u
du−

y�

2

1

log(x+ u)
du−

2�

0

1

log(x+ u)
du

⩾
y�

2

1

log u

(
1− log u

log(x+ u)

)
du− 2

log x
.

For 2 ⩽ u ⩽ y ⩽ x/log x, we have

1− log u

log(x+ u)
⩾ 1− log(x/log x)

log(x+ 2)
⩾

log log x

log x
.

Thus,

li(x) + li(y)− li(x+ y) ⩾
log log x

log x

y�

2

1

log u
du− 2

log x
.

On integration by parts, we have
y�

2

1

log u
du =

y

log y
− 2

log 2
+

y�

2

1

log2 u
du(2.4)

⩾
y

log x
− 2

log 2
+

x1/2 − 2

log2 x
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since x1/2 ⩽ y ⩽ x. Thus,

(2.5) li(x) + li(y)− li(x+ y)

⩾
log log x

log x

(
y

log x
− 2

log 2
+

x1/2 − 2

log2 x

)
− 2

log x
⩾

y log log x

log2 x

since
log log x

log x

(
− 2

log 2
+

x1/2 − 2

log2 x

)
− 2

log x
> 0

for x ⩾ 4 · 105. By (2.2) and (2.5), we have

∆(x, y) ⩾
y log log x

log2 x
− 3CR(2x),

which is nonnegative if

y ⩾
3CR(2x) log2 x

log log x

where x ⩾ x0. This finishes the proof of Theorem 1.1.

2.2. Proof of Corollaries 1.2 and 1.4. We first consider the condi-
tional result, Corollary 1.2. We apply the argument in the proof of Theo-
rem 1.1 above by modifying the range (2.1) of y and using the Riemann
Hypothesis. Let c1 = 3

√
2

8π and x′0 = 4 · 105. On the Riemann Hypothesis, we
already know that the subadditivity inequality (1.2) holds if

c1x
1/2 log(2x) log2 x

log log x
⩽ y ⩽ x (x ⩾ x′0)

by using the conditional bound (1.6) and Theorem 1.1. Thus, going over the
proof of Theorem 1.1 again, we may restrict y to the range

(2.6) x1/2 ⩽ y ⩽
c1x

1/2 log(2x) log2 x

log log x
⩽ c2x

1/2 log3 x (x ⩾ x′0)

where c2 = 0.08. By (2.3), we have

li(x) + li(y)− li(x+ y) ⩾
y�

2

1

log u

(
1− log u

log(x+ u)

)
du− 2

log x
.

For 2 ⩽ u ⩽ y ⩽ c2x
1/2 log3 x, we have

(2.7) 1− log u

log(x+ u)
⩾ 1− log(c2x

1/2 log3 x)

log x
=

1

2
− log(c2 log

3 x)

log x
> 0
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for x > x′0. Thus, similar to (2.4) and (2.5), we have

li(x) + li(y)− li(x+ y)

⩾

(
1

2
− log(c2 log

3 x)

log x

)(
y

log(c2x1/2 log
3 x)

− 2

log 2
+

x1/2 − 2

log2(c2x1/2 log
3 x)

)
− 2

log x

⩾

(
1

2
− log(c2 log

3 x)

log x

)
y

log(c2x1/2 log
3 x)

for x ⩾ x′0 and y in the range (2.6). We have

1

log(c2x1/2 log
3 x)

=
2

log x

(
1− log(c2 log

3 x)

log(c2x1/2 log
3 x)

)
⩾

2

log x

(
1− log(c2 log

3 x)

log x1/2

)
.

Thus,

li(x) + li(y)− li(x+ y) ⩾

(
1

2
− log(c2 log

3 x)

log x

)
2y

log x

(
1− log(c2 log

3 x)

log x1/2

)
=

y

log x

(
1− log(c2 log

3 x)

log x1/2

)2

for x ⩾ x′0 and y in the range (2.6). Note that

log(c2 log
3 x)

log x1/2
< 0.8

for x ⩾ x′0, and (1− z)2 ⩾ (1 + 2z + 35z2)−1 for 0 < z < 0.8. Thus,

(2.8) li(x) + li(y)− li(x+ y) ⩾
y

log x
(1 + r1(x))

−1,

where

r1(x) =
2 log(c2 log

3 x)

log x1/2
+

35 log2(c2 log
3 x)

log2 x1/2
= ox→∞(1).

Since y satisfies (2.6), one can also improve on the constant 3 in (2.2).
Instead of −3CR(2x) in (2.2), the error we obtain is

⩾ − 1

8π
x1/2 log x− 1

8π
y1/2 log y − 1

8π
(x+ y)1/2 log(x+ y)(2.9)

⩾ −2 + r2(x)

8π
x1/2 log x
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for y in (2.6), where

r2(x) = −1 +

(
1 +

c2 log
3 x

x1/2

)1/2(
1 +

1

log x
log

(
1 +

c2 log
3 x

x1/2

))
+

(c2 log
3 x)1/2

x1/4

(
1

2
+

log(c2 log
3 x)

log x

)
= ox→∞(1).

By (2.8) and (2.9), we have

∆(x, y) ⩾
y

log x
(1 + r1(x))

−1 − 2 + r2(x)

8π
x1/2 log x,

which is nonnegative if

y ⩾
(1 + r1(x))(2 + r2(x))

8π
x1/2 log2 x.

This completes the proof of Corollary 1.2.
The proof of Corollary 1.4 is completely identical, since the condition

9.06

log log(x+ y)

√
x+ y

log(x+ y)
⩽ T0

in the hypothesis of this corollary allows us to invoke Johnston’s result (see
(1.7)) and use the bound |π(t)− li(t)| < 1

8π

√
t log t for t = x, y, x+ y.

2.3. Proof of Corollary 1.5. We follow Alkan’s argument [1] and ob-
serve that the number of exceptions to (1.2) with 2 ⩽ y ⩽ x ⩽ X is at
most

(2.10)
∑

x⩽X1/2

∑
y⩽x

1 +
∑

X1/2⩽x⩽X

∑
y⩽ 3CR(2x) log2 x

log log x

1

by Theorem 1.1. The first term above is ≪ X and the second term is

≪
∑

X1/2⩽x⩽X

R(2x) log2 x

log log x
≪ XR(2X) log2X

log logX
,

which gives the first result in Corollary 1.5. By using the unconditional bound
(1.5), the second assertion in Corollary 1.5 follows. For the third result in
Corollary 1.5, we replace the upper bound for y in the second term in (2.10)
by ≪ x1/2 log2 x and the desired conclusion follows.
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