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ON LOCAL CONVEXITIES OF ORLICZ SPACES
ENDOWED WITH s-NORMS

BY

ESRA BASAR and SERAP OZTOP

Abstract. Let @ be an Orlicz function and L* (X, X, 1) be the corresponding Orlicz
space on a non-atomic, o-finite, complete measure space (X, X, u). We describe the local
uniform convexity of Orlicz spaces endowed with the s-norm and discuss the weak and
compact variants of this property. Also, we derive some results in approximation theory,
concerning best approximations and farthest points. Thus, our study provides a compre-
hensive generalization of several results that have been obtained for Orlicz spaces with
the Orlicz norm and the Luxemburg norm.

1. Introduction. The notions of strict convexity and uniform convex-
ity were introduced by J. A. Clarkson in his pivotal paper [9] on geometric
aspects of Banach spaces. Between these two notions, a number of intermedi-
ate geometric properties have been investigated. Among them, local uniform
convexity, introduced by A. R. Lovaglia [16], is one of the most significant.
Also, some variants of local uniform convexity such as weak local uniform
convexity and compact local uniform convexity have been subject of research
[16, 23]. Applications of local convexities are found in various branches of
mathematics such as approximation theory and probability theory. On the
other hand, Orlicz spaces are an important class of Banach spaces that are
a kind of generalization of Lebesgue spaces which have a richer geometric
structure due to the variety of norms they admit. Local convexities of Orlicz
function spaces endowed with the Orlicz norm and the Luxemburg norm
have been investigated in various papers [6l, 8 13 24].

In [25], using the concept of an outer function, M. Wisla introduced
s-norms which are a general and universal method of introducing norms
in Orlicz spaces and which cover the classical Orlicz, Luxemburg, and p-
Amemiya norms (1 < p < 00). Several geometric properties of Orlicz spaces
endowed with the s-norm have been studied |2} [3], [4, 11} 22]. Our aim in this

2020 Mathematics Subject Classification: Primary 46E30; Secondary 46B20.

Key words and phrases: local uniform convexity, weak local uniform convexity, compact
local uniform convexity, Orlicz space, s-norm, Fréchet differentiability, best approximation.
Received 30 August 2025.

Published online 1 April 2026.

DOI: 10.4064/cm9702-10-2025 [1] © Instytut Matematyczny PAN, 2026



2 E. BASAR AND S. OZTOP

work is to describe the local uniform convexity of Orlicz spaces endowed with
the s-norm along with its generalizations in the weak and compact senses.

Furthermore, local convexities of Banach spaces lead to notable conse-
quences in norm differentiability as well as approximation theory. One sig-
nificant difference between Hilbert spaces and Banach spaces is that, in the
latter, best approximations may fail to exist. In this connection, we provide
some results on the existence and uniqueness of best approximations in Or-
licz spaces endowed with s-norms in Section [5} Further, the continuity of
the metric projection operator have found applications in various branches
such as fixed point theory and optimization, so we shall give a result on
the continuity of the metric projection on an Orlicz space endowed with the
s-norm. Moreover, in [2], an extremal problem in Orlicz spaces was exam-
ined and we consider another such problem related to farthest points. As
for norm-differentiability, the Géateaux differentiability of the s-norm was
discussed in [2]. In this paper, we deduce a stronger result thanks to local
uniform convexity.

The structure of this is paper as follows. In Section [2| we provide the
necessary definitions. In Section [3| we provide a sufficient condition for a
sequence to be equi-continuous with respect to the s-norm (Theorem ,
and we provide a relation between convergence in measure and convergence
in s-norm (Theorem . In Section {4} we describe local uniform convexity,
weak local uniform convexity, and compact local uniform convexity of Orlicz
spaces endowed with s-norms (Theorems , and respectively). We
also provide a diagrammatic summary of the results obtained. Finally, in
Section [p| we derive some results on best approximation and an extremal
problem in approximation theory as well as norm differentiability by applying
the results of Section [l

We extend and synthesize the results on local convexities obtained for the
Orlicz and Luxemburg norms. But also, using the s-norm, we present new
results for p-Amemiya norms such as equi-continuity and a relation between
norm and measure in addition to local convexities.

2. Preliminaries. A function @ : R — [0,00] is an Orlicz function if
&(0) = 0, @ is not identically equal to zero, @ is even and convex on the
interval (—bg,bg), and @ is left continuous at bg, where bg = sup {u > 0 :
&(u) < oco}. From these properties it follows that an Orlicz function @ is con-
tinuous on (—bg, bg), increasing on [0, bg), and satisfies lim,_,oo P(u) = oco.
Let also ag = sup{u > 0 : &(u) = 0}. Then ag = 0 means that & vanishes
only at 0, while by = oo means that @ takes only finite values.

For an Orlicz function @, we define its complementary function ¥ by the
formula

¥(v) = sup {ufv| — &(u)}.

u>0
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It is well-known that the complementary function is also an Orlicz func-
tion [19]. Let p4 and p_ denote the right and left derivatives of an Orlicz
function @ respectively, and let g1 denote the right derivative of the comple-
mentary function ¥, with the conventions that lim, o p+(u) = p4(c0) and
p4(u) = oo for all u > by. We know that the pair (&, V) satisfies Young’s
inequality, that is,

vy < P(x) +¥(y) (v,y €R),

where equality holds when y = py(x) or = ¢4 (y) for z,y € R [19).

We say that an Orlicz function @ satisfies the Ay condition and write
& € Ay if there exists a constant K > 0 such that &(2u) < K®(u) for
all u > 0 (respectively for all u > wug and with ®(up) < oo) provided the
measure space is infinite (respectively finite).

We say that an Orlicz function @ satisfies the Vs condition and write
® € V, if there exists a constant [ > 0 such that &(u) < 5P(lu) for all
u > 0 (respectively for all u > wuy with ®(up) < oo) provided the measure
space is infinite (respectively finite). It is known that @ € V3 is equivalent
to ¥ € As.

Throughout the paper, we will assume that (X, X, ) is a measure space
with a o-finite, non-atomic and complete measure y and denote by L°(X, X, 1)
the space of all g-equivalence classes of real-valued and X-measurable func-
tions defined on X . For 1 < p < oo, we will also denote by LP(X, X, i) or just
by LP the space of Lebesgue p-integrable functions with respect to (X, X, u).
In addition, we use the conventions 0 - co = 0, é =0 and % = 00.

For a given Orlicz function @, we define on L°(X, X, 1) a convex func-
tional Ig by

The Orlicz space L¥(X, X, 1) generated by an Orlicz function @ is a linear
space of measurable functions [17] defined by

LY(X, %, pu) = {f € LY%X, X, u) : Io(\f) < oo for some A > 0}.
We denote L?(X, X, 1) briefly by L®. Also, the subspace E® of L? is defined
by
E? ={f e L%X, 2, pn) : Ip(\f) < oo for all X > 0}.

It is well-known that E® = L? if and only if & € A, [19].
The Orlicz space L? is usually equipped with the Orlicz norm [17]

1715 = sup { | 1f (gl dpe: g € LY, Iu(g) <1},
X

where ¥ is the complementary function to @, or with the equivalent Luzem-
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LW@zhﬁ{A>O:b<§>§1}.

Further, for all 1 < p < oo the p-Amemiya norm is defined on L? by

infrao TN+ Is(kf)P)HPif 1 < p < oo,
Illen = infr~o k! max {1, Is(kf)} if p= co.
The family of p-Amemiya norms includes the Orlicz and the Luxemburg
norms |10, [14].
The notion of the s-norm was introduced by M. Wista and the following
definitions can be found in [25].

burg norm

DEFINITION 2.1. A function s : [0, 00] — [1, 00] is called an outer function
if it is convex and satisfies the inequality
max {u, 1} <s(u) <u+1
for all u > 0.
Let us note that an outer function s is continuous and increasing on
[0,00). Evidently s(0) = 1 and we set s(c0) = oco.
Since it is convex, an outer function s has both right and left derivatives.

Let ', be the right derivative of s so that s, : [0,00) — [0,1] is an increasing

function. Let sg__l :[0,1] — [0,00] be a general inverse of s/, as defined in

[25, p. 11]. Then 5’+_1 is also an increasing function.
Let us give some examples of families of outer functions.

EXAMPLE 2.2.
(i) For 1 <p < oo,

(2.1) p(u) = {

(ii) For 0 <c¢ <1,

(1+uP)'/? if 1 <p < oo,

max {1l,u} if p=ooc.

(2.2) Se(u) = max {1,u + c}.
(iif) For 0 < a < 1,
(2.3) So(u) = amax{1,u} + (1 — a)(1 + u).

DEFINITION 2.3. Let s be an outer function and @ be an Orlicz function.
Then the s-norm of f € L? is defined by

1
172, = inf 1 s(Ta (k)

We denote the Orlicz space equipped with the s-norm by Lf and its closed
unit ball (respectively the unit sphere) by B(L?) (respectively S(L%)).
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Observe that each of the families given in Example [2.2] generates both
the Orlicz norm and the Luxemburg norm. In , if we take s = s1 then
| flle,s = || fI|$; if s = Soo, then || f|le.s = || fl|la; if s =sp for 1 < p < co then
| flle.s = || f|lep; see [10, 14]. Similarly, in (2.2), ¢ = 0 gives the Luxemburg
norm and ¢ = 1 the Orlicz norm. Finally, in , a = 0 gives rise to the
Orlicz norm and o« = 1 to the Luxemburg norm.

It is known that the s-norm || - ||¢ s is equivalent to the Luxemburg norm

I llo with [|flle < [flle.s <2 flle for any f € L.

DEFINITION 2.4. Two outer functions s,o are called conjugate to each
other in the Hélder sense if

u+v < s(u)o(v)
for all u,v > 0.

Note that for any outer function s the function s* defined by s*(v) =
SUp,>0 g(—ﬂ)’ is the minimal outer function conjugate to s in the Holder sense.

DEFINITION 2.5. Let s be an outer function. For all 0 < v < 1, we define
(2.4) w(v) = | s, 71 (t) dt.

It is clear that w is a non-negative, increasing and continuous function
on [0,1].

DEFINITION 2.6. Let s be an outer function. For all 0 < u < oo and
0<v< oo, set

Bs(u,v) =1 —w(s (u) —vs',(u).
Denote also B4(kf) = By(Io(kf), Ly (ps (k| f])) for all f € L?.
Note that the function k — Bs(kf) is decreasing on [0, c0).

DEFINITION 2.7. Let s be an outer function and @ be an Orlicz function.
For f € LT\ {0} and 0 < k < 0o, we define the following functions:

E*: L? - [0,00), E*(f) =inf{k>0:Bs(kf) <0},
K L? = (0,00],  E**(f) =sup{k >0: Bs(kf) > 0}.
It is easy to see that 0 < k*(f) < k**(f) < oco. Let us also define
K(f) = {0 <k < oc: k*(f) < k < k™(f)}.

Obviously, K (f) # 0 if and only if k*(f) < oo. If k*(f) < oo for any f € L2,
then the s-norm is called k*-finite; if k**(f) < oo for any f € L?, then the
s-norm is called k**-finite. Further, if k*(f) = k**(f) < oo for any f € L2,
then the s-norm is called k-unique.
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3. Convergence and equi-continuity of s-norms on unit balls.
In this section, by using s-norms, we extend some results that have been
obtained for Luxemburg and Orlicz norms [6], but have not yet been con-
sidered for the p-Amemiya norm. More specifically, we investigate a relation
between convergence in measure and in s-norm. Then we formulate a suffi-
cient condition for equi-continuity of a sequence under the s-norm. We shall
use these results later.

LEMMA 3.1. Let @ be a strictly convexr Orlicz function and s an outer
function such that the s-norm is k*-finite. Suppose fn,gn € B(L?), k, €
K(fn), ln € K(gn) and b := sup,, max {kp,l,} < co. Then ||fr, + gnlles — 2

implies ky fr, — lngn 0.

Proof. Assume that || f, + gnlle,s — 2 and ky, f, — l,gn does not converge
to 0 in measure. Thus there exists eg > 0 such that E,, = {t € X : |k, fn(t) —
lngn(t)] > €0} is of positive measure for n € N. Let u(E,) > 2y > 0 and
mo = B 1(2/7).

Let A, ={t € X : |fn(t)| > mo} and B, = {t € X : |gn(t)| > mo}. Since
[fnlle,s = || fnlle, we have [|fnlle < 1, leading to

12 Do) 2 Tolfuxa) = § U = | Blmoddu(®) = Z(Ay).
An An
Therefore u(A,) < /2 and similarly u(By) < v/2.
Let X,, = E, \ (4, U B,). Then

:U'(Xn) > M(En> - U(An) - M(Bn) > 2y — 7/2 - 7/2 =7

In view of |6, Proposition 1.4|, there exists § > 0 such that

P(akn fo(t) + (1 = a)lngn(t)) < (1= 0)(a@(knfu(t)) + (1 — A)@(lngn(t))

for any o € [135,1%] € (0,1) and all u,v € R with |ul,|v] < bmy and

T+ T+b
|lu —v| > ep.
Moreover, since ky, € K(f,) and l,, € K(g,) we have

1 1
L2 Ifnlles = ?S(I¢(knfn)) > —.

n n

kn ln 1 b
i wa € o 1)

Hence k,, > 1 and similarly {,, > 1 for n € N, so
It follows that for any t € X,

knln

& (104000 ) < (1) 0o 0) 2001 )

Thus using the definitions of the outer function s and the Orlicz function @,
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we obtain

I anlloe = 2000 (1 (2 +gn<>>))

<2—()§ (ko8 d + - ngn<t>>du)

con 2§ gl o))

b
Xn

<2—2b5(l5( ) < 2.

However, this contradicts || f, + gnl|®,s — 2. Therefore, ky, fr, — lngn 0
under the assumptions of the lemma. =

8
du

LEMMA 3.2. Assume that @ € Ag N Vs, the corresponding s-norm is
k*-finite, fn,gn € B(LL) and || fn + gnlle.s — 2. Then for any e > 0 there
exist n' € N and 6 > 0 such that for anyn >n' and E € X, ||gnxE|los < 9
implies || s <E.

Proof. Let ¢ > 0 and E € . Since @ € As, convergence in the s-norm is
equivalent to that in Ig [25]. Thus there exists az > 0 such that Ip(f) < ae
implies || f||¢.s < € for f € L2.

Let k, € K(f,) and l,, € K(gnxg). Hence ky,l,, > 1 since fpn,gnXE €
B(L?). Moreover, ¢ € V3 leads to b := sup max {ky, l,} < oo by [Z, Propo-
sition 4.6].

Now let [,, > 1 for n € N. Since (I,,) is bounded and Is(f,xg) < Is(fn) <1,
we take v > 0 such that Is(fnxg)/7y < 1—1/l, for n € N. Without loss of
generality, let § < g‘—; and suppose that |[g,xE|l®,s < 6.

Since u < s(u) < 1+w and ||fn + gnlle,s — 2, there exists n’ € N such
that for any n > n’,

—>2- an +9n”¢,s >2- ||fn

> 2.~ lgnllos

> 2= sl (kafu) — -s(Tallugn)

n n

> 1= s(Ua(lagn)

n

1 1
> 1-— r - TLP(lngn>

n n

> I@(lnXE) Idﬁ(lnanE)

Y In
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®,s < 0, we have

MZ";MXE) < lls(qu(lnanE)) <0

Since ||gnXE|

It follows that

I 1
2y gl gl 2y
and so Is(fuxE) < Qe.
Now let I, = 1 for n € N. Hence 1 > ||gnXEll6,s = s(Ia(gnXxE)) > 1, so

| falle,s < llgnlle,s = 1. Therefore,

o > 2 — ||fn +gnH¢,s >2— ”fn”@,s - ||gn||d5,s >2— 2||anEH¢,s
> 2l (fuxE) — 20.

Assuming 6 < «a,/2 yields Is(fnxE) < ae. In both cases, we have Is(f,xE)
< @, and thus || foxEelles < € holds for any n > n'. =

A sequence (f,,) is said to be norm equi-continuous if for any € > 0 there
exists § > 0 such that if u(E) < d then || fuxe| <e.

The next theorem provides a sufficient condition for equi-continuity of a
sequence with respect to s-norm.

THEOREM 3.3. Assume ® € Ay NVa and || fn + fllos = 2 for f, fn €
B(L®). Then (f,) is norm equi-continuous.

Proof. Let € > 0 be given. By Lemma there exist § > 0 and n’ € N
such that for all n > n/ and E € X if || fxg|los <, then || fuxelles < €.

Since p is o-finite, we can take an increasing sequence (X,) C X with
w(Xp) < oo such that | X,, = X. Due to the Beppo Levi theorem, Is(fxx,)
— Is(f), 50 Is(fxx\x,) — 0. Moreover, since & € Ag, we have || fxx\ x,, [|4,s
— 0. Accordingly, there exists n” € N such that ||fxx\x,|le,s < ¢ for all
n > n". Hence, || fuxx\x,lle,s <€ for any n > ng := max {n’, n"}.

Further, since @ € Ag, we have E? = L? which implies that fyx, is
norm absolutely continuous. Take a measurable subset S C X,, for n € N.
Thus there exists o > 0 such that if x(S) < a, then ||fxs|lss < € and it
follows from Lemma that || foxs|les < € for any n > ng; this shows that
(fn) is norm equi-continuous. m

The following lemma reveals a relation between convergence in measure
and convergence in s-norm.

THEOREM 3.4. Assume ® € AgNVa, ||fu+ fllos — 2 for f, fn € B(L?),
and fo &5 f. Then || fn — fllo.s — 0.

Proof. Take an increasing sequence (X,) C X such that u(X,) < oo

and JX, = X. Let ¢ > 0 be given. By Lemma there exist 6 > 0
and n’ € N such that for any n > n’ and E € X, if ||fxg|las < 0, then
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| faxelle,s < €/5. Assume that 6 < /5. Also, since ¢ € Ay, there exists
n € N such that || fxx\x, [le,s <d. Then || foxx\x,|lo,s < ¢ for any n >n'.

From Theorem (fn) is norm equi-continuous, so there exist n; € N
and « > 0 such that for any £ € X, if u(F) < «, then || foxelle,s < €/5 for
any n > nj.

Moreover, fxg has absolutely continuous norm since @ € As, so there
exists v > 0 such that for any measurable E C X, if u(E) < =, then
||fXE| o5 < J.

On the other hand, we have pointwise convergence of f,(t) — f(t) for

u-a.e. t € X since fy LN f- Due to the Egorov theorem, there exists a
measurable A C X,, with u(A) < min{«,~} such that f,, — f uniformly on
X, \ A. Then for some a < bg, there exists ng € N such that |f,(t)— f(¢)| < a
for any t € X, \ A.

Using the Lebesgue dominated convergence theorem, we deduce that
Io((fn — f)Xx\4) = 0, equivalently |[(fn — f)xx,\alle,s — 0 since @ € As.
This implies there exists ng > max {n1,n2} such that ||(fn — f)xx,\alle.s
< /5 for any n > ng. Consequently, for any n > ng, we have

[ fn— [l

P,s < ||anX\XnH¢,S + HfXX\XnHQs + H(fn - f)XXn\AHGP,S
+ [ faxalles + [ fxalles <e,
which shows || f, — f|les = 0. =

COROLLARY 3.5.

(i) If ® € AoNVy and || fr + fllop — 2 for f, fn € B(LY) with 1 < p < oo,
then (fy) is norm equi-continuous.
(i) If o € Ao N Vo, |[fn + fllop = 2 for £, fn € B(Lf) with 1 < p < oo,

and fo = f, then || fu — fllap — 0.

4. Main results. This section is devoted to presenting criteria for some
local convexities in Orlicz spaces endowed with the s-norm. In Theorems
[4:3] 4] and [£.6], we characterize local uniform convexity, weak local uni-
form convexity and compact local uniform convexity of the Orlicz space L?
respectively. Moreover, we deduce criteria for local convexities of the Orlicz
space endowed with the p-Amemiya norm, which is denoted by Lf, in Corol-
lary [£.7] Furthermore, we briefly illustrate the interrelations between some
convexity notions in the Orlicz space L.

Let us recall the definitions of the convexity notions to be used.

DEFINITION 4.1. A function f € S(L?) is called an extreme point of
B(L?) if for any g,h € B(L?), 2f = g + h implies g = h. The set of all
extreme points of B(L?) is denoted by Ext B(L?). The Orlicz space LY is
called strictly conver or rotund (abbreviated as SC) if Ext B(L?) = S(L?).
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DEFINITION 4.2.

(i) If for any f € S(L?), the convergence || f,, + f|lo.s — 2 for (fn) C S(L?)
implies || fn, — fllo.s — 0, i.e., fn — f, then the Orlicz space L? is called
locally uniformly conver (LUC).

(ii) If for any f € S(L?), the convergence || fo,+ f|lo.s — 2 for (f,,) C S(L?)
implies f,, — f, i.e., (fu) converges to f weakly, then the Orlicz space
L? is called weakly locally uniformly convex (WLUC).

(iii) If for any f € S(L?), the convergence || f,, + flo.s — 2 for (fn) € S(L?)
implies that the sequence (f,) is relatively compact, then the Orlicz
space L? is called compactly locally uniformly convex (CLUC).

THEOREM 4.3. The Orlicz space LY is locally uniformly conver if and
only if
(i) the s-norm is k-unique,

(ii) @ is strictly conver,

(if]) & € Ay N Va.

Proof. Necessity. Assume the Orlicz space L? is locally uniformly con-
vex. Then L? is strictly convex, so the s-norm is k-unique and @ is strictly
convex by [2, Theorems 5.2 and 5.3].

Now we show that & € Ay is a necessary condition for locally uniform
convexity of the Orlicz space L?. Assume @ ¢ Ay. Then E? # L? and we
can take f € LT\ E?.

Since p is o-finite, we can take an increasing sequence of measurable sets
of finite measures such that |J X;,, = X. Define

[ rOxx. ) i@ <n
o= {0 it [ £(t)] > n

This yields (f,) C E?. By the semi-Fatou property of the s-norm [25], we
have || fnlle,s = [|f||®,s- Therefore,

f < 1 1 )
> + Il .fr
Hllfnllqss [ flle,s | s [ falles 11 flle,s
This leads to
H i
||fn||¢s I fllo.s

On the other hand, by the Hahn—Banach theorem, there is a functional
F: L? — R such that F(E?) = {0} and F(f) # 0, and so

o S )Z_Fu) .
F<an\|qs,s £ 5.5 HfH%?éO or any n € N.

s — 2.

— 2.
Ds
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It follows that f,/|| fn|l®,s does not converge to f/| f|ls,s weakly. Evidently,
Fo/llfallos = f/Iflles- We conclude that if the Orlicz space L? is locally
uniformly convex, then @ € As.

Now we show that if L? is locally uniformly convex, then @ € V3. Assume
that, on the contrary, @ ¢ Vs, equivalently ¥ ¢ Ay. Then there exists a
sequence (vy,) such that

Iy(va) = 00, sgn(va(t)) = sgn(f(¢)) for any t € supp £(¢),

Un
for n € N.

On the other hand, since ® € Ay, we have E? = L?. Thus, (L?)* :Lf*,
where (L?)* denotes the Koéthe dual of L? and s* is the minimal Hélder con-
jugate of s [25]. If f € S(Lf), we can find g € S(Lf*) such that SX g(t)f(t)du
= <guf> = HfH‘P,s =1

Since  is non-atomic and o-finite, we can find a sequence (F,) C X such
that ¥ (vp)u(E,) = 1/nand E, C {t € X : |f(t)| < a} for some a > 0. Note

also that u(E,) — 0 since ¥(v,) — co. We have Iy(vy,xE,) = 1/n and so

UnXE
I ) > 2n0 (v, ) w(Ey,) = 2
(125 ) > 2000, )0
for n € N. This shows that

1
1> [loxs, o = inf{)\ ~0: Lp("’"’;b") < 1} S

and

Hence, we find that [[v,x g, |lv,s+ > 1—1/n by using [[vax g, lv < |[vaXE, [lw,s+-
Moreover,

1
L+ = =1+ Io(vaxe,) 2 lonxe. i 2 [lvaxe, le,s-

This leads to ) .
1 + - Z HUTLXEHHW%S* 2 1 T
n n

and so v, g, € EY. Moreover, since (E%)* = L?, there exists a sequence

(fn) € S(L?) such that

1
S Ja@vnxe, () dp = (fn, vnxe,) = llonxe, v, 21— n
X

Without loss of generality, we assume that f, = f,xg,. Now let
ha(t)

and so h, € B(L%).

= Hll/n(gXX\En (t) + vnXE, (t))v
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Using the Holder inequality and absolute continuity of the s-norm [25],
we obtain

I £ > (s fo+ £) = | fa(®hn(t) dp+ | f(0) () dps
X X
27 +11 Tn <0+ Snf ()onxs, (1) du+)§( F(£)g(t) dp
— | rwg®)du—| | FOvaxe, (0 dMD
En E,
> o (1- - o e — los, ) 2

Since || fr, + flla,s < 2, we obtain || fn, + flle.s — 2.
Now, take v € E% with [y f(t)u(t) du > 0. Then by the Hélder inequal-
ity,

V() = fa@)u() dp > | F(@)u(t) di— || falloslluxe, |v,s

X
HSf t)du >0,

which yields f, —» f. However, this contradicts the assumption that the
Orlicz space LY is locally uniformly convex. We conclude that if L? is locally
uniformly convex, then @ € V5.

Sufficiency. Let f,, f € S(L?) with || f, + fllo.s — 2.

By (i), the s-norm is k*-finite so we can take k € K(f), k, € K(f,) for
all n € N. Since p is o-finite, we can find an increasing sequence (X,) C X
such that X = [J X,,, and u(X,) < .

On the other hand, b := sup {ky, k} < oo since @ € Vg and || f, + f|los

— 2. Then we have k, fnxx, Ny fxx, in view of Lemma Further, by
Lemma for any € > 0, there are n’ € N and § > 0 such that

(4.1) 10 x| o

Let 6 < 5. By Theorem the sequence (fy,) is norm equi-continuous.
It follows that the sequence (k,f,) is also norm equi-continuous since
|knfrxEllos = knllfuxelles < bllfuxelles for any E € X. Also, we have
1(Xy) < oo and so by using the analogous method in Theorem we ob-
tain ||(knfn — kf)Xxx, ||#,s — 0 when n — oo, i.e., there exists n” € N such

that

s <0 implies || fuxx\x, e, <

€
| (knfr —kf)xx., e < 3 for any n > n".
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Let N = max {n’,n"}. Using f,, f € S(L?), we obtain

|kn - k’ = ‘Hknan@,s - Hkﬂ Ps| < Hknfn - kf”@,s
< N[(Bnfn = kf)xxnllos + Enfaxxox, los + 1k xx x, le,s
< |[(Bnfn = kf)xxallos + 0 faxx\x, lo.s + | fxx\x,los) <e
for any n > N. This shows that k, — k — 0 as n — oo. Therefore,

E(fn — fxx, £ 0, equivalently, (fn — fxx, £ 0. It follows from The-

oremthat I(fn = f)xx,lle,s = 0. Moreover, |[(fn — f)xx\x,ll¢,s = 0 in
virtue of (4.1)). Therefore, using the inequality

[fn = flles < (fn = Hxxxalles + (= Fxxlles,

we obtain || f, — f|le,s — 0.
Consequently, f, — f whenever || f, + f|lo.s — 2 for f,, f € S(L?), and
so the Orlicz space LY is locally uniformly convex if (i)-(iii) hold. m

THEOREM 4.4. The Orlicz space LT is weakly locally uniformly conver if
and only if

(i) s-norm is k-unique,
(ii) @ is strictly conver,

(iii) @ € Ay N Vs

Proof. Since sufficiency is straightforward from the definitions of LUC
and WLUC spaces, we only prove the necessity part. Assume that the Orlicz
space L? is weakly locally uniformly convex and one of the conditions (i),
(ii) or (iii) does not hold. Failure to satisfy (i) or (ii) implies that L% is not
strictly convex, so it cannot be weakly locally uniformly convex. Suppose
that (iii) does not hold.

If & ¢ Ay, as established in the proof of Theorem L? is not WLUC.

If & ¢ V3, then following the proof of Theorem there exist f,, f €
S(L?) with || fn + flle.s — 2 and

Tim §(f(8) = fa(8)) u(t) du > 0
X

for some u € EY. This shows that f,, does not converge to f in the weak*
sense, so f,, does not converge to f weakly. Therefore, if L? is WLUC, then
PecVym

The following remark emphasizes that local uniform convexity and weak
local uniform convexity are not always equivalent.

REMARK 4.5. From Theorems [£.3] and [£.4] it follows that for the Or-
licz space L? local uniform convexity and weak local uniform convexity are
equivalent. The key point for this equivalence is the relation between con-
vergence in measure and convergence in s-norm established in Theorem
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On the other hand, these two notions are not necessarily equivalent in every
Banach space. For instance, the space ¢y endowed with

e Lo 2\ 1/2
llall = llzlloe + (- 27" leal?)
n=1

is WLUC but not LUC [12].

THEOREM 4.6. The Orlicz space L? is compactly locally uniformly convex
if and only if

(i) the s-norm is k*-finite,
(ii) @ is strictly conve,

(i) @ € Ay N Vs.

Proof. Necessity. Assume that L? is compactly locally uniformly convex.
Then it satisfies the Kadec—Klee property [18]. This implies that @ is strictly
convex and ¢ € Ay [I1].

Assume that (i) does not hold, i.e., the s-norm is not k*-finite. Hence @
admits an oblique asymptote, that is,

D (u)

lim pi(u) = lim — =c<
U—$00 u—o00 U

by [25, Theorem 7.3|. Using the definition of the outer function s, we obtain

I5(kf) 1 Is(kf)

" S e < lim o4 ——— =
Thus, Lf includes a linearly isometric copy of L'. Since L' is not compactly
locally uniformly convex, this contradicts our assumption [5].

Now assume that ¢ ¢ Vs and f € S(L?). Let g € S(L%) be such
that §, g(t)f(t)dp = (g, f) = ||flle,s = 1. Take the sequence (v,) from
Theorem and take (A,) C X, such that ¥(v,)u(X \ A,) = 1/n and
X\ A, C{te X :|f(t)| < a} for some a > 0. We have pu(X \ 4,) — 0 as
above.

cl[fl-

cllflx = lim
k—o00

Similarly,

1 1
14+ = > [lunxx\a, loss > 1 — =
n n

for n € N, so vnxx\4, € E¥.. For n; € N, we have [vn Xx\A,, @5+ =
1 —1/n;. Since the measure p is non-atomic, we can find a measurable set
A, such that HUmXAnQ\AnI |lws+ = 1 —1/n;. Continuing, we construct a
sequence (A, ) of measurable sets such that

1 ne — 1
o X Vo e = 1= = =
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and a sequence (f) C S(L?) such that

V@0 X Ay \Ang (8 A= (Frs v X an,  \Ang) = 100X, VA s
X

for k € N. We also have supp(fx) = SuPp(UnkXAnkH\Ank)- Letting

1

hi(t) = 1+ii(QXX\(AH,M\AH,C)(t) + Un XAy, \Any ()5

ng
we obtain
lim ||fx + fllo,s > lim (hy, fo + f) > 2
k—oo k—o00

much as in the proof of Theorem It follows that limy_oc || f& + flla,s = 2.
However, for any k # m we have ||fx — fmlle.s > ||felle,s = 1 since the
supports of fi and f,, are disjoint. This shows that (fz) has no convergent
subsequence, i.e., (fi) is not relatively compact. As a result, if L? is CLUC,
then @ € V.

Sufficiency. Suppose (i)—(iii) hold. Let f € S(L?) and || f,,+ f||o.s — 2 for
fn € S(L%). The s-norm is k*-finite by (i). Hence there are k € K(f) and
ky € K(fy) for any n € N. Therefore f, — f as in the proof of Theorem [£.3]
The sequence (f,) is relatively compact since it is convergent and this shows
that the Orlicz space L? is compactly locally uniformly convex. m

We summarize the relevant connections between the above-mentioned
convexity notions of the Orlicz space L? in the following diagram.

LUC ——= WLUC BeVyifseS,

k-uniqueness N \\%v2 M Az ifs €5

CLUC SC

In addition to the diagram above, we know that L? is SC and CLUC if
and only if it is LUC.

In the following corollary, we provide criteria for the local convexities of
Orlicz function spaces endowed with the p-Amemiya norm. Note also that
the criteria for Luxemburg and Orlicz norms have already been given in

[7, [15].
COROLLARY 4.7.

(a) The Orlicz space (L%, || - ||lop) for 1 < p < oo is LUC (equivalently
WLUC) if and only if

(i) @ is strictly conver,
(i) @ € Ay N Va.



16 E. BASAR AND S. OZTOP

(b) The Orlicz space (L%, - ||gp) for 1 < p < oo is CLUC if and only if

(i) @ is strictly conver,

(ii) ®c Ay NVs.

5. Some consequences of local convexities in Orlicz spaces. In
this section, we provide several results concerning aspects of approximation
theory in the Orlicz spaces L? and Fréchet differentiability of the s-norms
via the results obtained in Section [4l

Let us recall some basic concepts from approximation theory.

DEFINITION 5.1.
(i) Let C C L? and f € L?. If there exists h € C such that
If = hlles = nf{[[f = gllos : g € C} = dist(f,C)

then h is called a best approximation of f in C.
(ii) Let Po(f) denote the set of best approximations to f in C, i.e.,

PC’(f) = {g €C: Hf _gH@,s = dlSt(f7C)}

Then the set C is called proziminal if Po(f) # 0 for any f € L?.

(iii) The operator Po : L? — P(C) which maps f — Po(f) is called the
metric projection, where P(C) denotes the power set of C'.

(iv) The set C is said to be approzimatively compact if for each f € L?
every sequence (g,) in C satisfying lim,_,o || f — gn|| = dist(f, C) has
a convergent subsequence.

Now we give some results on best approximation in Orlicz spaces endowed
with s-norms through local convexities. By combining Theorems (4.3 and
with the results from [20] 21], we derive the following conclusions.

THEOREM 5.2. Suppose the s-norm is k*-finite. If ® is strictly convex
and & € Ay N Vy, then every closed convex subset of L? is approzimatively
compact. Hence any closed convex subset C C Lf s proximinal.

THEOREM 5.3. Let Q(C) = {f € L? : card(Po(f)) < 1} for C C L2.
If the s-norm is k-unique, and @ is strictly convex and ® € Ay N Vo, then
the set Q(C) is of second Baire category for any C C L?. Therefore, for any
proziminal subset C, the set Po(f) is a singleton.

The following corollary provides a sufficient condition for the continuity
of the metric projection on the Orlicz space L?.

COROLLARY 5.4. If the s-norm is k-unique, and @ is strictly convex and
® € Ay N Vo, then the metric projection Pgo is continuous for any closed
conver C C L?.
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Recall that for any ¢ > 0, if ®(u) = c|u|? for all u € R, then the Orlicz
space L? is a Hilbert space with the inner product (f, Nd,s = C% SX |fg|dpu,

where ¢ = infy0 25(cu?) [3]. It is well-known that in a closed convex subset
of a Hilbert space, there is a unique best approximation. Therefore, we obtain
the following.

COROLLARY 5.5. If @(u) = c|ul? for all u € R, and (-,")¢ s is as above,
then any closed convex subset C C L® is proziminal and Pc(f) is a singleton
for f € C. In addition, the metric projection Po is continuous.

In the following theorem, we give a result regarding the category of the
set of farthest points which is a contrast to best approximation, by using
Theorem and Asplund’s result in [I].

THEOREM 5.6. Let E C L? be a closed bounded subset. If the s-norm is
k-unique, and @ is strictly convex and ® € AsNVsq, then the set of all points
which have farthest points in E, that is, F(E) = {f € L? : there evists h € E
such that || f — hlles > ||f — glle,s for all g € E} is residual, i.e., has a

complement of the first Baire category.

DEFINITION 5.7. Let @ be a Orlicz function. Then the norm | - ||¢ 5 is
said to be Fréchet or strongly differentiable at a point f € L% if the limit

t —
t—0 t
exists uniformly in g € S(L%). If the norm || - [|¢ s is Fréchet differentiable
at every point of S(L?), then the norm || - ||¢ s is Fréchet differentiable on
S(LY).

By using Theorem and [16, Theorem 2.3], we give a sufficient condi-
tion for Fréchet differentiability of the s-norm below.

THEOREM 5.8. Let s be an outer function with Holder conjugate s* and
(,¥) be a complementary pair of Orlicz functions with &, € Aq. If the
s*-norm is k-unique and ¥ is strictly convez, then | - ||¢.s is Fréchet differ-
entiable.

Funding. This study was partially funded by the Scientific and Techno-
logical Research Council of Turkey (TUBITAK), project number 123F368.
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