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Abstract. Anderson t-modules are analogs of abelian varieties in positive character-
istic. Associated to such a t-module, there are its t-motive and its dual t-motive. When
dealing with these objects, several questions arise which one would like to solve algorith-
mically. For example, for a given t-module one would like to decide whether its t-motive
is indeed finitely generated free, and determine a basis. Conversely, for a given object in
the category of t-motives one would like to decide whether it is the t-motive associated to
a t-module, and determine that t-module.

In this article, we positively answer such questions by providing the corresponding
algorithms.

As it turned out, the main part of all these algorithms stems from a single algorithm in
non-commutative algebra, and hence the first part of this article does not deal with Ander-
son’s objects at all, but with results on finitely generated modules over skew polynomial
rings.

Introduction. In function field arithmetic, key objects to study are An-
derson t-modules, t-motives, and dual t-motives – the function field analogs
in positive characteristic of abelian varieties and motives. When dealing with
these objects, several questions arise which one would like to solve algorithmi-
cally. For explaining these questions, we have to introduce some terminology.

LetK be a field containing the finite field Fq of q elements. Roughly speak-
ing, an Anderson t-module over K of dimension d is a certain pair (E, ϕ),
where E is an algebraic group over K which is isomorphic to Gd

a, the d-fold
product of the additive group, equipped with a compatible Fq-action, and

ϕ : Fq[t] → Endgrp,Fq(E), a 7→ ϕa,

is a certain Fq-algebra homomorphism into Fq-linear endomorphisms of E (1).
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(1) See Section 4 for the precise definition.
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There are two kinds of motives associated to Anderson t-modules. The
first one – called the t-motive – was defined by Anderson in his seminal
paper [1]. It was used there, e.g., to provide a new criterion for uniformiz-
ability of t-modules. The other kind – usually called the dual t-motive – was
defined later in [2], and is the base for the ABP-criterion [2, Thm. 3.1.1] and
Papanikolas’ theorem [11, Thm. 5.2.2] which opened a new way to study
transcendence questions in positive characteristic.

As “dual t-motive” might be confused with “dual of a t-motive”, we will
rather use the term t-comotive as in [3].

Both t-motives and t-comotives are K[t]-modules, and a t-module E is
said to be abelian if its t-motive M(E) is a finitely generated K[t]-module,
and a t-module E is said to be t-finite (or for consistency coabelian) if its
t-comotive M(E) is a finitely generated K[t]-module.

In [8, Theorem A], we showed that these two notions are indeed equiva-
lent.

Anderson already showed that for an abelian (resp. coabelian) t-module,
its t-motive (resp. its t-comotive) is even a free K[t]-module. So for computa-
tional purposes one is also interested in obtaining a K[t]-basis of the t-motive
(resp. the t-comotive), as well as a description of the Frobenius twist action
induced by the Frobenius action on the additive group Ga.

Although [8, Theorem A] provides a computable criterion to check
whether a t-module is abelian/coabelian, it does not solve these two tasks.

From a different direction, one can start with an object from the category
of t-motives which is defined to consist of finitely generated freeK[t]-modules
with a semilinear action of the Frobenius twist operator

τ : K[t] → K[t],
∑

xit
i 7→

∑
xqi t

i,

and one is faced with the question of whether this t-motive is the t-motive of
some Anderson t-module, and if it is, how can the t-action of the Anderson
t-module be described.

The same questions arise for the t-comotive. Here, one has a semilinear
action of the inverse Frobenius twist operator σ = τ−1 and has the extra
assumption that K is perfect for guaranteeing the well-definedness of σ.

When considering tensor products of Anderson t-modules, one is even
forced to walk both directions, since the tensor product of Anderson t-
modules is defined via the K[t]-tensor product of the associated t-motives
or of the associated t-comotives (2).

(2) We remind the reader that for more general Anderson A-modules, one would have
to take care about which of these two constructions of the tensor product is used, since
the results are only isogeneous, and not neccessarily isomorphic (see e.g. [3, Cor. 6.4]). For
Anderson t-modules, however, these two constructions give indeed isomorphic t-modules.
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We summarize the above-mentioned tasks in the following list:

Questions.

1. Given explicitly (3) an Anderson t-module (E, ϕ), how can we

(a) check whether E is abelian,
(b) compute a K[t]-basis of M(E) (in the case that E is abelian), and
(c) describe the Frobenius twist action with respect to this K[t]-basis?

2. Given explicitly an effective Anderson t-motive M, how can we

(a) decide whether M is (isomorphic to) the t-motive associated to some
Anderson t-module (E, ϕ),

(b) compute an isomorphism E → Gd
a (if such an E exists), and

(c) describe ϕ with respect to this isomorphism?

3. Given explicitly an Anderson t-module (E, ϕ) over a perfect field K, how
can we

(a) check whether E is coabelian,
(b) compute a K[t]-basis of M(E) (in the case that E is coabelian), and
(c) describe the inverse Frobenius twist action with respect to this K[t]-

basis?

4. Given explicitly an effective Anderson t-comotive M, how can we

(a) decide whether M is (isomorphic to) the t-comotive associated to
some Anderson t-module (E, ϕ),

(b) compute an isomorphism E → Gd
a (if such an E exists), and

(c) describe ϕ with respect to this isomorphism?

In this article, we positively answer all these questions (see Theorems
5.1, 7.1, 8.1 and 8.3).

We roughly sketch the main ideas.
The t-motive M can be considered as a module over the skew polynomial

ring in two variables K{τ, t}. By hypothesis it is free of finite rank over the
skew polynomial ring K{τ} in Question 1, and free of finite rank over the
polynomial ring K[t] in Question 2, in both cases with given basis and given
action on the basis of the other variable.

The answers to the questions are then closely related to finding out
whether the t-motive M is free and finitely generated over the other one-
variable polynomial ring (K[t] in the first case, and K{τ} in the second),
and if it is, to computing a basis over that polynomial ring, and giving the
τ -action (resp. the t-action) with respect to that basis.

The same holds for the questions on the t-comotive with τ replaced by σ.

(3) What we mean by “given explicitly” in these questions will become clear in the
later sections.
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These considerations motivated the setting in Section 1, where we con-
sider finitely generated (left) modules M over a skew polynomial ring D =
K{π, ρ} in two variables π and ρ. As D is left-Noetherian, such an M can be
given by finitely many generators and finitely many relations, i.e., we have
an isomorphism

M ∼= F/D⟨p1, . . . , pd⟩

giving M as the quotient of a free D-module F of finite rank by the sub-
module generated by the elements p1, . . . , pd.

The key to the answers is to use an adaption of Janet’s algorithm to
linear difference equations as given in [12], which we recall in Section 2.
Janet’s algorithm turns the set {p1, . . . , pd} of generators for the relations
into a new set of generators {b1, . . . , br}, a so-called Janet basis, such that
unique normal forms for the representatives of each residue class in M can
be computed.

The output of Janet’s algorithm and the normal forms depend on a cho-
sen monomial order on K{π, ρ} and on F . For our application, the lexi-
cographical order on K{π, ρ} with ρ ≺ π, and its extension to F via a
position-over-term order, is exactly what we need. Namely, with this chosen
monomial order, one can readily read off from the output of the algorithm
(see Theorems 3.3 and 3.6)

• whether M is finitely generated free as a K{ρ}-module, and what its rank
is, and in that case

• a finite K{ρ}-generating set, and the π-action on this set, as well as
• the K{ρ}-relations among elements of this generating set.

The final step to obtain a K{ρ}-basis, and the π-action on that basis,
is obtained by applying (the non-commutative version of) the elementary
divisor algorithm on that data (see Remark 3.8).

For answering the questions stated above, we apply this procedure to
the various settings, and only have to do small extra computations in order
to rewrite data for the Anderson t-module to corresponding data for the
t-motive or the t-comotive, and vice versa.

The article is structured as follows. In Section 1, we introduce the ba-
sic algebraic notation of our setting. The definition of Janet bases and the
description of the Janet algorithm simplified to our situation are given in
Section 2. Section 3 is dedicated to the main theorems on extracting the
relevant data from a Janet basis. These first three sections provide results in
non-commutative algebra, and do not deal with Anderson’s objects at all.

In Section 4, we recall the objects of Anderson’s theory and their interre-
lation. Then we answer Questions 1 and 2 in Sections 5 and 7, respectively.
Finally, Questions 3 and 4 on the t-comotives are answered in Section 8.
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The answer to the first question is illustrated by several examples in
Section 6.

1. Notation and basics. Throughout this article, K is a field, and
K{π, ρ} is the skew polynomial ring in two variables π and ρ such that, for
all x ∈ K,

π · ρ = ρ · π, π · x = γπ(x) · π, ρ · x = γρ(x) · ρ,
where γπ, γρ : K → K are two commuting endomorphisms of fields.

Every element in K{π, ρ} can therefore be uniquely written as a sum of
monomial terms xπkρj , where x ∈ K, k, j ≥ 0.

Occasionally, we will additionally assume that γρ is an automorphism,
but γπ is always allowed not to be surjective.

The skew polynomial ring K{π, ρ} is left-Noetherian, and so are its sub-
rings K{π} and K{ρ}. These two subrings are even left principal ideal do-
mains, i.e., every left ideal is generated by one element. This is due to the
fact that one can always perform right division with remainder in these two
subrings, and use the right Euclidean algorithm to obtain a greatest common
right-hand divisor of two elements (see [10, Section 2]).

Throughout this article, we will consider left modules, but will usually
omit “left”.

We start with an observation:

Proposition 1.1. Let M be a K{π, ρ}-module, and denote by Mπ-tor
and Mρ-tor the K{π}-torsion subspace and the K{ρ}-torsion subspace, re-
spectively, i.e., the K-vector spaces

Mπ-tor := {f ∈M | ∃0 ̸= p ∈ K{π} : p · f = 0},
Mρ-tor := {f ∈M | ∃0 ̸= p ∈ K{ρ} : p · f = 0}.

Then the following hold:

(1) Mπ-tor and Mρ-tor are K{π, ρ}-submodules.
(2) If M is finitely generated as a K{ρ}-module, then Mρ-tor ⊆Mπ-tor.
(3) If M is finitely generated as a K{ρ}-module, torsion-free as a K{π}-

module, and γρ is an automorphism, then M is a free K{ρ}-module.

Remark 1.2. Part (3) of the proposition is what we will need in the
later considerations. Special cases of that statement are already given in [1,
Lemma 1.4.5] and [2, Proposition 4.3.2]. Actually, for the applications to
t-motives and t-comotives these special cases are sufficient.

Proof of Proposition 1.1. (1) For f ∈ Mπ-tor, let 0 ̸= p ∈ K{π} be such
that p · f = 0. Then

0 = π · p · f = γπ(p) · (π · f) and 0 = ρ · p · f = γρ(p) · (ρ · f),
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where by abuse of notation, γπ(p) and γρ(p) denote the polynomials ob-
tained by applying γπ and γρ, respectively, to the coefficients of p. Since
0 ̸= γπ(p) ∈ K{π} and 0 ̸= γρ(p) ∈ K{π}, this shows that π ·f, ρ·f ∈Mπ-tor.
Hence Mπ-tor is a K{π, ρ}-module. The proof for Mρ-tor is the same.

(2) Assume that M is finitely generated as a K{ρ}-module. Since K{ρ}
is left-Noetherian, all K{ρ}-submodules of M are also finitely generated, and
in particular so is Mρ-tor.

As for f ∈Mρ-tor, one has dimK(K{ρ}f) <∞, finite generation of Mρ-tor
implies that dimK(Mρ-tor) <∞.

For any 0 ̸= f ∈ Mρ-tor, we have K{π, ρ}f ⊆ Mρ-tor by part (1), and
in particular, K{π}f ⊆Mρ-tor. Hence dimK(K{π}f) ≤ dimK(Mρ-tor) <∞,
which implies that f ∈Mπ-tor.

(3) By part (2), we readily see that Mρ-tor = 0, i.e., that M is torsion-free
as a K{ρ}-module. When γρ is an automorphism, the ring K{ρ} is also a
right principal ideal domain, and the structure theorem on finitely generated
modules over (non-commutative) principal ideal domains (see [6, Chapter 3,
Theorem 18]) ensures that M is free.

2. Janet basis and algorithm. This section is mainly an excerpt of
[12, Section 2.1], adapted to our situation. We denote by D := K{π, ρ} the
skew polynomial ring defined in Section 1.

We first sketch the rough idea of Janet bases and of Janet’s algorithm in
algebraic terms.

The starting point is a finitely generated (left) module M over the ring D.
As D is left-Noetherian, M is given by a finite set of generators and a finite
set of relations. Hence, we have an isomorphism

(2.1) F/D⟨g1, . . . , gs⟩
∼=−→M

of D-modules, where F =
⊕d

i=1Dκi is a free D-module with some basis
{κ1, . . . , κd}, and D⟨g1, . . . , gs⟩ denotes the submodule generated by certain
elements g1, . . . , gs ∈ F .

We usually write κ̄i for the image of κi in M .
Janet’s algorithm turns this set {g1, . . . , gs} of generators for the relations

into a new set of generators {b1, . . . , br}, a so-called Janet basis, such that

• a (unique) normal form for the representatives of each residue class in M
is defined, and

• these normal forms can be computed effectively.

Originally, Janet formulated this algorithm in the case that D is a ring
of differential operators (see [7]), but it was generalized to rings of difference
operators by Robertz (see [12, Section 2.1.3]). For simplicity, in our presen-
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tation here, we restrict to the special case of D = K{π, ρ}, and we fix a
monomial order on D as well as a specific order on monomials in F (4).

2.1. Monomial orders and normal forms. We use the following no-
tation:

• Mon({π, ρ}) = {πkρj | k, j ≥ 0} is the set of monomials in D = K{π, ρ},
i.e., monomials in the variables π and ρ, and accordingly,

Mon({π}) = {πk | k ≥ 0}, Mon({ρ}) = {ρj | j ≥ 0}, Mon(∅) = {1}.
• In K{π, ρ}, we use the lexicographical order on monomials πkρj where
ρ ≺ π, i.e.,

πk1ρj1 ≺ πk2ρj2 ⇐⇒ k1 < k2 or (k1 = k2 and j1 < j2),

e.g. ρ ≺ π ≺ π2 ≺ π2ρ ≺ π3 ≺ π3ρ.
• F is a free left D-module of dimension d with a fixed basis {κ1, . . . , κd}.
• Monomials in F are m · κi with m a monomial in K{π, ρ} and κi one of

the basis elements.
• On monomials in F , we use the position-over-term order defined by

m1κi1 ≺ m2κi2 ⇐⇒ i1 > i2 or (i1 = i2 and m1 ≺ m2)

• For f ∈ F \ {0}, its leading monomial, denoted by lm(f), is the
greatest monomial that occurs in the standard representation f =∑

k,j,i ck,j,iπ
kρjκi of f with non-zero coefficient. The corresponding co-

efficient ck,j,i will be called the leading coefficient of f and denoted by
lc(f).

• For a monomial mκi in F and a subset µ ⊂ {π, ρ}, we call the set of
monomials Mon(µ)mκi = {m̃mκi | m̃ ∈ Mon(µ)} the µ-cone of mκi.

• For {g1, . . . , gs} ⊆ F , we denote by D⟨g1, . . . , gs⟩ the D-submodule of F
generated by g1, . . . , gs.

To define a Janet basis for the submodule D⟨g1, . . . , gs⟩, we have to con-
sider finite sets T = {(b1, µ1), . . . , (br, µr)} ⊆ F×P({π, ρ}), where P({π, ρ})
denotes the power set of {π, ρ}, i.e., the set of subsets of {π, ρ}.

Definition 2.1. For T = {(b1, µ1), . . . , (br, µr)} ⊆ F × P({π, ρ}), and
g ∈ F , we define the reduction of g modulo T (or the normal form of g with
respect to T ), denoted NF(g, T ), as the result of the following process:

Start by setting h = g. If there is a monomial mκi in h and (b, µ) ∈ T
such that mκi ∈ Mon(µ) lm(b), find the largest such monomial mκi, and a
corresponding (b, µ) ∈ T . Let m̃ ∈ Mon(µ) be such that mκi = m̃ · lm(b),
and c ∈ K such that c · lc(m̃ · b) equals the coefficient of mκi in h. Then
replace h by h− c · m̃ · b.

(4) Robertz uses automorphisms, but everything works for any endomorphisms, since
only right division with remainders is used.
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Repeat this process until no such monomial m in h exists anymore.
The resulting h is the normal form of g with respect to T : h = NF(g, T ).

Remark 2.2. Be aware that, in general, for a given monomial mκi there
might be several corresponding pairs (b, µ) ∈ T , and the result of the reduc-
tion process might depend on the choice of the pair. However, this ambiguity
will not cause any problems, as it does not occur for Janet bases.

Remark 2.3. We will also use the normal form NF(g,H) for some
set H = {b1, . . . , br} ⊆ F . Here, we mean the reduction with respect to
{(b1, µ1), . . . , (br, µr)} where µi = {π, ρ} for i = 1, . . . , r.

Remark 2.4. For the reduction process, the important information on
such a set T are the µ-cones of lm(b) for elements (b, µ) ∈ T . Namely, an
element h ∈ F can be reduced if it has a monomial that lies in the µ-cone of
lm(b) for some (b, µ) ∈ T . We now explain how we depict this information
(see Figure 1):

π

ρ

1 2 3

1

2

3

κ1

p2

p1

p3

π

ρ

1 2 3

1

2

3

κ2

p4

Fig. 1. Graphical visualization for T = {(p1, {ρ}), (p2, {π, ρ}), (p3, {ρ}), (p4, {π, ρ})},
where

p1 = −πρκ1 + πκ1 + πκ2 + ρκ2, p3 = −(ρ2 − 2ρ+ 1)κ1 + (π2 − ρ)κ2,
p2 = π2κ1 + ρκ1 − πκ2 − κ2, p4 = π3κ2 + π2ρκ2 − ρ2κ2.

(The underlined terms are the leading monomials.)

For each basis vector κi, we draw a two-dimensional coordinate system
with axes labeled by π and ρ, which we call the κi-sheet in the following.
Each monomial πlρjκi ∈ Mon(F) is then identified with the point (l, j) in
the κi-sheet.

Now, for (b, µ) ∈ T , the µ-cone of lm(b) is depicted as follows: We
color the point corresponding to lm(b), and label it by b. Further, if ρ ∈ µ
(resp. π ∈ µ), we add a colored half-line parallel to the ρ-axis (resp. the
π-axis) starting at this point. If µ = {π, ρ}, we additionally fill with the
same color the area bounded on the bottom and on the left by these two
half-lines.
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Then exactly those monomials πlρjκi ∈ Mon(F) for which the corre-
sponding point (l, j) in the κi-sheet is colored lie in the µ-cone of b.

2.2. Janet basis

Definition 2.5. A Janet basis for a submodule D⟨g1, . . . , gs⟩ ⊆ F is a
finite set

T = {(b1, µ1), . . . , (br, µr)} ⊆ F × P({π, ρ})
satisfying the following conditions:
(1) D⟨b1, . . . , br⟩ = D⟨g1, . . . , gs⟩,
(2) we have

{lm(f) | f ∈ D⟨b1, . . . , br⟩} =

r⊎
i=1

Mon(µi) lm(bi),

where
⊎

means disjoint union.
Remark 2.6. The definition of a Janet basis is given differently in [12],

namely by means of the result of Algorithm 2.12 below. However, the defini-
tion here reflects the properties needed for the following theorem. When we
will need the stronger form of the Janet basis obtained from the algorithm,
we will explicitly state it.

Theorem 2.7 ([12, Theorem 2.1.43(d)&(c)]). Let T = {(b1, µ1), . . . ,
(br, µr)} be a Janet basis for D⟨g1, . . . , gs⟩ ⊆ F . Then the following hold:

(1) Two elements f1, f2 ∈ F represent the same element in F/D⟨g1, . . . , gs⟩
if and only if NF(f1, T ) = NF(f2, T ). In particular, f ∈ F is in
D⟨g1, . . . , gs⟩ if and only if NF(f, T ) = 0.

(2) The residue classes of the elements of

S := Mon(F) \
r⋃

i=1

Mon(µi) lm(bi)

are a K-basis for the factor module F/D⟨g1, . . . , gs⟩.
An immediate consequence of this theorem is the following corollary.
Corollary 2.8. Assume that T = {(b1, µ1), . . . , (br, µr)} is a Janet basis

for D⟨g1, . . . , gs⟩ ⊆ F . Let

S := Mon(F) \
r⋃

i=1

Mon(µi) lm(bi),

and let
N := {f ∈ F | f = NF(f, T )}

be the K-subspace of F of normal forms. Denote by pr : F → F/D⟨g1, . . . , gs⟩
the canonical projection. Then the following hold:
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(1) S is a K-basis of N.
(2) The restriction pr|N : N → F/D⟨g1, . . . , gs⟩ is a K-linear isomorphism.

2.3. Janet algorithm. To construct a Janet basis, we need the notion
of Janet decomposition. The general definition is given in [12, Algorithm
2.1.6]. In our setting, this definition simplifies to the following.

Definition 2.9. Assume that G ⊆ F \{0} is a finite set such that for all
g1, g2 ∈ G, g1 ̸= g2, the leading monomial lm(g1) is not divisible by lm(g2),
i.e., lm(g1) ̸∈ Mon({π, ρ}) lm(g2). The Janet decomposition of G is the finite
set J ⊆ F × P({π, ρ}) obtained by the following process:

1. Order the elements in G as {g1, . . . , gs} with descending leading mono-
mials (i.e., lm(gj+1) ≺ lm(gj)).

2. For each j = 1, . . . , s do the following: If for some i ∈ {1, . . . , d}, gj is the
first element in G with lm(gj) ∈ Mon({π, ρ})κi, add the pair (gj , {π, ρ})
to J . If this is not the case, add the pairs (πkgj , {ρ}) to J for all 0 ≤ k <
degπ(gj−1)− degπ(gj).

Remark 2.10. The Janet decomposition J of G is a special cone decom-
position, that is, it satisfies⊎

(b,µ)∈J

Mon(µ) lm(b) =
⋃
g∈G

Mon({π, ρ}) lm(g).

The following example illustrates the idea.

Example 2.11. Let θ ∈ K be such that π · θ = θq · π and ρ · θ = θ · ρ.
Consider F = Dκ1 ⊕Dκ2, and

g1 = π2κ1 + (−ρ2 + θ)κ2, g2 = (−ρ2 + θ)κ1 + κ2,

g3 = (π2 − (ρ2 − θ)(ρ2 − θq
2
))κ2.

The generated cones are depicted in the following figure:

π

ρ

1 2 3

1

2

3

κ1

g2

g1
π

ρ

1 2 3

1

2

3

κ2

g3

We have already ordered the elements by descending leading monomials,
since π2κ1 ≻ ρ2κ1 ≻ π2κ2. To obtain the Janet decomposition, we start
with g1, and add the pair (g1, {π, ρ}) to J . Next, the leading monomial of g2
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is also a multiple of κ1, and degπ(g1) − degπ(g2) = 2 − 0 = 2. Hence, we
add the pairs (g2, {ρ}) and (πg2, {ρ}) to J . Finally, g3 is the first element
for which lm(g3) is a multiple of κ2, hence we add (g3, {π, ρ}) to J .

Therefore

J = {(g1, {π, ρ}), (πg2, {ρ}), (g2, {ρ}), (g3, {π, ρ})}
is the Janet decomposition of {g1, g2, g3}.

The cones for J look as follows:

π

ρ

1 2 3

1

2

3

κ1

g2 πg2

g1
π

ρ

1 2 3

1

2

3

κ2

g3

We can now state an algorithm to compute a Janet basis which is a
simplified version of [12, Algorithm 2.1.42], and we refer to [12, Theorem
2.1.43] for a proof that the result is indeed a Janet basis.

Algorithm 2.12 (Janet algorithm).

Input : A finite set {g1, . . . , gs} ⊆ F \ {0}.
Output : A Janet basis T = {(b1, µ1), . . . , (br, µr)} for D⟨g1, . . . , gs⟩.
Algorithm: Set G := {g1, . . . , gs}, and repeat the following (1)–(4):

(1) auto-reduction: as long as there is g ∈ G with h := NF(g,G \ {g}) ̸= g,
replace g by h,

(2) compute the Janet decomposition J of G,
(3) set P := {NF(ν · b, J)

∣∣ (b, µ) ∈ J , ν ∈ {π, ρ} \ µ} \ {0},
(4) replace G by {b | (b, µ) ∈ J} ∪ P ,

until P = ∅.
Return J .

Example 2.13. Let us continue with the example above: we take G =
{g1, g2, g3}, and compute a Janet basis for it.

Since the leading monomials of the elements in G do not divide any
other monomial, the normal forms in step (1) are all equal to the elements
themselves. Hence nothing changes there. As stated in the example, the
computed Janet decomposition of G is

J = {(g1, {π, ρ}), (πg2, {ρ}), (g2, {ρ}), (g3, {π, ρ})},
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so in step (3), we have to consider only the normal forms NF(π ·πg2, J) and
NF(π ·g2, J). The second one is trivially 0, since (πg2, {ρ}) ∈ J . For the first
one, we compute

π2g2 = −ρ2g1 + θq
2
g1 + g3.

Hence, also NF(π2g2, J) = 0. This means that P = ∅, and J is indeed a
Janet basis for G.

3. Finite generation and relations. In this section, we prove our
main theorems, which will be applied to the questions concerning Anderson
t-modules, their t-motives, and t-comotives.

In addition to the notation in the previous sections, we assume that M is
finitely generated free as a K{π}-module, and (κ̄1, . . . , κ̄d) is a K{π}-basis
ofM . So if the ρ-action is given in this basis by a matrixD ∈ Matd×d(K{π}),
i.e., in matrix notation

(3.1) ρ ·


κ̄1
...
κ̄d

 = D ·


κ̄1
...
κ̄d

 ,

the obvious generators in the presentation 2.1 are {p1, . . . , pd}, where for
i = 1, . . . , d,

pi := ρκi −
d∑

j=1

Dijκj ∈ F .

As in the previous section, we use the lexicographical monomial order on
D = K{π, ρ} with ρ ≺ π, and extend this order to F via the position-over-
term order. Further, we let J = {(b1, µ1), . . . , (bs, µs)} be a Janet basis for
D⟨p1, . . . , pd⟩ with respect to this order.

We also let pr : F → M be the canonical projection, i.e., the K{π, ρ}-
linear map sending κi to κ̄i, and let

N := {f ∈ F | f = NF(f, J)}

be the K-subspace of normal forms. We recall from Corollary 2.8 that the
set

S := Mon(F) \
r⋃

i=1

Mon(µi) lm(bi)

is a K-basis of N, and that the restriction pr|N : N → M is a K-linear
isomorphism. In formulas, we sometimes emphasize this fact by writing f̄

instead of pr(f) for a normal form f ∈ N.
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Definition 3.1. Depending on J , we define the following quantities
(with the convention that the infimum of an empty set is ∞). For each
i = 1, . . . , d,

ni := inf {n ∈ N | ∃(b, µ) ∈ J : lm(b) = πnκi} ∈ N ∪ {∞},
mi := inf {n ∈ N | ∃(b, µ) ∈ J, l ≥ 0 : lm(b) = πnρlκi} ∈ N ∪ {∞},

as well as

Wgen := {πjκi | i = 1, . . . , d, 0 ≤ j < ni} ⊆ F ,
Wind := {πjκi | i = 1, . . . , d, 0 ≤ j < mi} ⊆ F .

Obviously, mi ≤ ni for all i = 1, . . . , d, and hence also Wind ⊆Wgen.

Proposition 3.2.

(1) The restriction of pr to Wgen is injective.
(2) W̄gen := pr(Wgen) generates M as a K{ρ}-module.
(3) For all i = 1, . . . , d, we have mi <∞.
(4) W̄ind := pr(Wind) is a maximally K{ρ}-linearly independent subset of M .

Proof. (1) By definition of ni, we have Wgen ⊆ S, and by Corollary 2.8,
the restriction of pr to S is injective.

(2) By definition of ni and Wgen, we have

S ⊆ {πjρlκi | i = 1, . . . , d, 0 ≤ j < ni, l ≥ 0} = Mon({ρ}) ·Wgen.

Since pr(S) is a K-basis of M , M is generated as a K{ρ}-module by W̄gen.
(3) Suppose to the contrary that mi = ∞ for some i. Then

S ⊇ {πkρlκi | k, l ≥ 0}.

Hence, the elements πkρlκ̄i, k, l ≥ 0, are K-linearly independent in M , and
therefore the elements ρlκ̄i, l ≥ 0, are K{π}-linearly independent. This,
however, is not possible, since by assumption, M is finitely generated over
the left principal ideal domain K{π}.

(4) By definition of mi and Wind, we have

S ⊇ {πjρlκi | i = 1, . . . , d, 0 ≤ j < mi, l ≥ 0} = Mon({ρ}) ·Wind.

Since pr(S) is a K-basis of M , the set Mon({ρ}) · W̄ind is K-linearly inde-
pendent, and hence W̄ind is a K{ρ}-linearly independent set.

For showing maximality, suppose to the contrary that there is g ∈ F such
that pr(g) is K{ρ}-linearly independent from W̄ind. Of all those elements, we
choose one with lm(g) minimal. Now let i, j, l be such that lm(g) = πjρlκi.

If we had j < mi, then we could subtract a K{ρ}-multiple of some
element of Wind, and obtain another such g with smaller leading monomial.
Hence, j ≥ mi.
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By definition of mi, there are k ≥ 0 and (b, µ) ∈ J such that πjρl+kκi lies
in the {π, ρ}-cone generated by b, and even more, we can choose (b, µ) ∈ J
such that

ρk lm(g) = πjρl+kκi ∈ Mon(µ) lm(b).

Hence, the leading monomial of NF(ρkg, J) is strictly smaller than ρk lm(g)
which means that f = ρkg − NF(ρkg, J) ∈ F is a non-zero element with
lm(f) = ρk lm(g). Further, by Theorem 2.7(1), we have pr(f) = 0.

Due to our chosen monomial order, we can write

f = f1(ρ)g + r,

with a non-trivial polynomial f1(ρ) ∈ K{ρ} (5), and r ∈ F with lm(r) <
lm(g).

Since pr(g) was K{ρ}-linearly independent from W̄ind, also pr(f1(ρ)g) =
f1(ρ)pr(g) is K{ρ}-linearly independent from W̄ind, and so is

pr(r) = pr(f − f1(ρ)g) = −f1(ρ)pr(g).
This, however, contradicts our assumption that g was such an element with
minimal leading monomial.

We can now prove our first main theorem.

Theorem 3.3. With the definitions and notation above, we have the
following:

(1) M is finitely generated over K{ρ} ⇔ ∀i = 1, . . . , d, we have ni <∞.
(2) Let K(ρ) denote the skew field of fractions of K{ρ}. The space

K(ρ)⊗K{ρ} M is a finite-dimensional K(ρ)-vector space of dimension

dimK(ρ)(K(ρ)⊗K{ρ} M) =

d∑
i=1

mi.

(3) If M is K{ρ}-finitely generated, and γρ : K → K is bijective, then M is
a free K{ρ}-module of rank

rkK{ρ}(M) =

d∑
i=1

mi.

Proof. (1) If ni < ∞ for all i = 1, . . . , d, then Wgen is finite. Hence by
Proposition 3.2(2), M is finitely generated as a K{ρ}-module.

On the other hand, assume that for some i = 1, . . . , d, we have ni = ∞.
By definition of ni, this implies that for all n ≥ 0, πnκi ∈ S, and hence
NF(πnκi, J) = πnκi.

(5) Obviously, f1(ρ) is even monic and of degree k, but that is not important for the
proof.
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Further, due to our chosen monomial order, we have πjρlκi ≺ πnκi for
all j < n and l ≥ 0. In particular, for any element f =

∑n−1
j=0

∑Lj

l=0 xjlπ
jρlκi

in the subspace K{ρ}⟨πjκi | j < n⟩ ⊂ F , we have
lm (NF(f, J)) ⪯ lm(f) ≺ πnκi = NF(πnκi, J),

which implies NF(f, J) ̸= NF(πnκi, J). Hence, by Theorem 2.7(1), pr(f) ̸=
pr(πnκi) = πnκ̄i.

This shows that for all n ≥ 0, πnκ̄i /∈ K{ρ}⟨πj κ̄i | j < n⟩ ⊆M . Hence, the
K{ρ}-submodules K{ρ}⟨πj κ̄i | j < n⟩, n ≥ 0, form an infinitely ascending
chain of submodules ofM , which is impossible ifM is finitely generated, since
K{ρ} is Noetherian. Hence, M is not finitely generated as a K{ρ}-module.

(2) By Proposition 3.2(4), the set W̄ind = pr(Wind) is a maximally K{ρ}-
linearly independent subset of M . Therefore, it is a maximally K(ρ)-linearly
independent subset of K(ρ)⊗K{ρ} M , hence a basis. By Proposition 3.2(3),
the set Wind is finite, and its cardinality is

∑d
i=1mi, which proves the claim.

(3) If M is finitely generated, and γρ is an isomorphism, then by Propo-
sition 1.1(3), it is not only finitely generated, but even a free K{ρ}-module.
Hence,

rkK{ρ}(M) = dimK(ρ)(K(ρ)⊗K{ρ} M) =

d∑
i=1

mi

by part (2).
We are next going to describe the π-action on the K{ρ}-generators W̄gen

of M , as well as the K{ρ}-relations among elements of W̄gen. To obtain this
nice description, we need a Janet basis from Algorithm 2.12.

Lemma 3.4. Assume that ni < ∞ for all i = 1, . . . , d, and that J is
obtained as the result of Algorithm 2.12. For all i = 1, . . . , d, let (bi, µi) ∈ J
be the pair such that lm(bi) = πniκi, and set

Jtop := {(bi, µi) | i = 1, . . . , d} and Jlow := J \ Jtop.
Then the following hold:
(1) For all i = 1, . . . , d, we have µi = {π, ρ}.
(2) For all i = 1, . . . , d, for all mi ≤ j < ni, there exist unique l > 0 and

(b, µ) ∈ Jlow such that lm(b) = πjρlκi. For those (b, µ), one has µ = {ρ}.
(3) Jlow consists exactly of the pairs (b, µ) given in (2).

Proof. Assume that G is the auto-reduced set obtained after step (1)
in the last run of the loop in Algorithm 2.12, so that J equals the Janet
decomposition of G. We start by showing (1). Let i ∈ {1, . . . , d}.

If there were not any b ∈ G with lm(b) ∈ Mon({π})κi, then also J would
not contain such an element, contradicting our assumption ni < ∞. So let
b ∈ G with lm(b) = πnκi be the one with least n. Since G is auto-reduced,
all other elements b̃ ∈ G with lm(b̃) ∈ Mon({π, ρ})κi have degπ(lm(b̃)) < n.
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In particular, b is the only element in G whose leading monomial lies in
Mon({π})κi. By the construction of the Janet decomposition, it remains the
only such element, and the corresponding µ equals {π, ρ}. So b = bi and
µi = {π, ρ}, showing (1).

Parts (2) and (3) are then also directly obtained by the construction of
the Janet decomposition of G, again taking into account that G is auto-
reduced.

Remark 3.5. As the Janet basis in the previous lemma is obtained as
the Janet decomposition of the auto-reduced set G, and all bi were already
elements of G, we also see that for all i = 1, . . . , d, apart from the leading
monomial lm(bi), all other monomials that occur in bi are in S.

The same holds for (b, µ) ∈ Jlow, if b ∈ G. However, elements that were
added in the process of the Janet decomposition, i.e., those of the form πkg
with g ∈ G, might not have this property. For those (b, µ), we instead use
b̃ = NF(b, J \ {(b, µ)}) in the next theorem. Then, apart from the leading
monomial lm(b̃), which equals lm(b), all other monomials that occur in b̃ are
in S.

Theorem 3.6. Assume that ni < ∞ for all i = 1, . . . , d, and that J is
obtained as the result of Algorithm 2.12. Let (6)

Btop := {b | (b, µ) ∈ Jtop} = {b1, . . . , bd},
Blow := {NF(b, J \ {(b, µ)})

∣∣ (b, µ) ∈ Jlow}

with Jtop, Jlow, and b1, . . . , bd as in Lemma 3.4. Then the following hold:

(1) For w ∈ Wgen, i.e., w = πjκi for some i = 1, . . . , d and 0 ≤ j < ni, one
has

NF(πw, J) =

{
πw if j < ni − 1,

πw − 1
lc(bi)

bi if j = ni − 1.

(2) A generating set for the K{ρ}-relations among elements in W̄gen is given
by writing the elements in Blow as K{ρ}-linear combinations of the ele-
ments in Wgen.

Proof. (1) Let w = πjκi ∈ Wgen. If j < ni − 1, then j + 1 < ni, and
πw = πj+1κi ∈ S. Hence, it equals its normal form. If j = ni − 1, then
πj+1κi = πniκi = lm(bi). Hence, the first step in the reduction process is
to subtract 1

lc(bi)
bi. Further, from Remark 3.5, we see that all monomials of

πw − 1
lc(bi)

bi are elements of S. Therefore, πw − 1
lc(bi)

bi is the normal form
of πw.

(6) See Remark 3.5 for the choice of Blow.



Determining t-motives 17

(2) By the main property of the Janet basis, all K{ρ}-relations among
elements in K{ρ}W̄gen are given by the set {f −NF(f, J) | f ∈ K{ρ}Wgen}.
By the definition of the normal forms and of Btop and Blow, one has

(3.2) f −NF(f, J) =
∑

(b,µ)∈J

c̃bb =
∑

b∈Btop∪Blow

cbb

for appropriate c̃b, cb ∈ K{π, ρ}, where c̃b ∈ K{ρ} if (b, µ) ∈ Jlow and cb ∈
K{ρ} if b ∈ Blow. The latter form is obtained from the former by replacing
the b’s from Jlow by the linear combination obtained when computing their
normal forms.

Since we only consider f ∈ K{ρ}Wgen, each monomial πjρlκi occurring
in f satisfies j < ni. The same is true for all normal forms, hence for NF(f, J).
For given i = 1, . . . , d, the only monomials πjρlκi in

∑
b∈Btop∪Blow

cbb which
satisfy j ≥ ni stem from the term cbibi, and hence cbi = 0 for all i = 1, . . . , d,
i.e., cb = 0 for all b ∈ Btop.

This shows that all differences f−NF(f, J) areK{ρ}-linear combinations
of elements in Blow, proving the claim.

Remark 3.7. In the previous theorem, we focused on the case ni <∞ for
all i = 1, . . . , d, i.e., M is a finitely generated K{ρ}-module, because this is
the interesting case for our applications. However, a variation of Lemma 3.4
and Theorem 3.6 will also lead to an explicit description of the relations and
the π-action on W̄gen. We will give an example thereof in Example 6.2.

Remark 3.8. If we assume that M is finitely generated and γρ is an
isomorphism, we see from Proposition 1.1(3) that M is a free K{ρ}-module.
From the finite generating set W̄gen and the finite relations obtained from
all b ∈ Blow, one can obtain a basis for M . In order to achieve this, one
applies the elementary divisor algorithm to this setting, which also works in
this non-commutative case, as K{ρ} is both left and right principal (cf. [6,
Sections 3.1 & 3.7]) (7).

For the convenience of the reader, we give more details. Let Wgen =
{w1, . . . , ws}, write all b ∈ Blow as K{ρ}-linear combinations of the ele-
ments in Wgen, and build the matrix B ∈ Matr×s(K{ρ}) whose rows are the
coefficient vectors of these linear combinations. Here, we denote r = #Blow.
Diagonalize the matrix via row and column operations with a bookkeeping
of the column operations. The diagonalizing amounts to finding matrices
U ∈ GLr(K{ρ}) and V ∈ GLs(K{ρ}) such that (in block matrix form)

UBV =

(
H 0

0 0

)
,

(7) This is exactly the point where one needs the assumtion that γρ is an isomorphism.
Otherwise, K{ρ} would not be right principal.
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where H is a square diagonal matrix of some size s0 ≤ min {r, s} with
non-zero entries on the diagonal, and the 0’s denote zero matrices of the
appropriate sizes.

As M is torsion-free, it turns out that the diagonal entries of H are units,
i.e., we can achieve that H = 1s0 is the identity matrix.

Then the set {e1, . . . , es−s0} where

ei :=
s∑

j=1

(V −1)s0+i,jw̄j

forms a K{ρ}-basis of M .
Using the transformation matrix V , one also easily computes the π-action

on {e1, . . . , es−s0} from that on W̄gen. Namely, let in matrix notation

π


w̄1

...
w̄s

 = C


w̄1

...
w̄s


with C ∈ Mats×s(K{ρ}). Then, with s1 = s− s0,

π


e1
...
es1

 = C̃


e1
...
es1

 ,

where C̃ is the lower right s1 × s1-submatrix of γπ(V −1)CV (8).
We leave the verification of this computation as an exercise to the reader.

Remark 3.9. The key point in the results of this section is the chosen
monomial order inK{π, ρ}, and that we use a position-over-term order for F .
However, we are free to change the basis {κ1, . . . , κd}, as it suits best. As
such a change does also change the order on F , it can affect the run-time of
the algorithm in special cases (see Example 6.2).

We end this section by illustrating it with our running Example 2.11.

Example 3.10. In Example 2.13, we computed the Janet basis

J =
{
(g1, {π, ρ}), (πg2, {ρ}), (g2, {ρ}), (g3, {π, ρ})

}
,

where

g1 = π2κ1 + (−ρ2 + θ)κ2, g2 = (−ρ2 + θ)κ1 + κ2,

πg2 = (−πρ2 + θqπ)κ1 + πκ2, g3 = (π2 − (ρ2 − θ)(ρ2 − θq
2
))κ2.

(8) Here, γπ(V −1) means the entrywise application of γπ : K{ρ} → K{ρ} (the ρ-linear
extension of the original γπ).
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We readily see that in this example, we have

n1 = 2, m1 = 0, n2 = m2 = 2,

Wgen = {κ1, πκ1, κ2, πκ2}, Wind = {κ2, πκ2}.

So by Theorem 3.3, and Proposition 3.2, M is a finitely generated K{ρ}-
module, and W̄gen = {κ̄1, πκ̄1, κ̄2, πκ̄2} is a generating set for M .

Further, we have

Btop = {g1, g3} and Blow = {πg2, g2}.

The K{ρ}-relations are hence given by

0 = pr(πg2) = (−ρ2+θq)πκ̄1+πκ̄2 and 0 = pr(g2) = (−ρ2+θq)κ̄1+ κ̄2.

So πκ̄2 and κ̄2 are K{ρ}-multiples of πκ̄1 and κ̄1, respectively. Therefore,
{κ̄1, πκ̄1} is a K{ρ}-basis for M , in accordance with Theorem 3.3(3), stating
that the rank is m1 +m2 = 2.

Finally, we compute the π-action with respect to the basis {e1 := κ̄1,
e2 := πκ̄1} using Theorem 3.6:

πe1 = πκ̄1 = e2, πe2 = pr(π2κ̄1 − g1) = (ρ2 − θ)κ̄2 = (ρ2 − θ)(ρ2 − θq)κ̄1

= (ρ2 − θ)(ρ2 − θq)e1.

4. Anderson modules, motives, and comotives

4.1. Basic setting. From now on, let Fq be the finite field with q ele-
ments, and let K be a field containing Fq. Further, let Fq[t] be the polynomial
ring over Fq in an indeterminate t which is linearly independent to K, and
let ℓ : Fq[t] → K be a homomorphism of Fq-algebras. We set θ := ℓ(t).

We denote by K{τ} the skew polynomial ring

K{τ} :=
{ n∑

i=0

xiτ
i
∣∣∣n ≥ 0, xi ∈ K

}
with multiplication uniquely given by additivity and the rule

τ · x = xq · τ

for all x ∈ K, i.e.,( n∑
i=0

xiτ
i
)
·
( m∑
j=0

yjτ
j
)
=

n+m∑
k=0

( k∑
i=0

xi · (yk−i)
qi
)
· τk.

This ring equals the ring Endgrp,Fq(Ga) of Fq-linear group endomorphisms
of Ga by identifying τ with the qth power Frobenius map, and x ∈ K with
scalar multiplication by x.
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If K is perfect, i.e., the qth power map is an isomorphism, we denote by
K{σ} the skew polynomial ring in a variable σ subject to the rule

σ · x = x1/q · σ
for all x ∈ K.

This ring equals the opposite ring of K{τ}.
The qth power Frobenius map will be extended to K[t] = K ⊗Fq Fq[t]

as the Frobenius twist, denoted f 7→ f (1), by applying the qth power to the
coefficients in K, and leaving t invariant. In the same way, if K is perfect,
the inverse Frobenius map will be extended to K[t] as the inverse Frobenius
twist, denoted f 7→ f (−1), by applying the (1/q)th power to the coefficients
in K, and leaving t invariant.

In the following, we will encounter the tensor product K{τ} ⊗Fq Fq[t],
which is nothing other than the skew polynomial ring K{τ, t} in two vari-
ables τ and t, subject to τt = tτ , τx = γτ (x)τ , and tx = γt(x)t, for all
x ∈ K, where γτ (x) = xq (x ∈ K) is the Frobenius map, and γt = idK is the
identity.

Similarly, if K is perfect, then K{σ} ⊗Fq Fq[t] = K{σ, t} with the auto-
morphisms γσ(x) = x1/q for all x ∈ K and γt = idK .

4.2. Anderson’s objects. In Anderson’s theory, there are three main
types of objects. The definitions slightly differ from source to source. We
follow [5] here, and adapt it to our setting.

An effective Anderson t-motive (M, τM) over K is a free K[t]-module of
some finite rank r together with a homomorphism τM : M → M that is semi-
linear with respect to the Frobenius twist (9) and such that the “cokernel”
M/(K[t] · τM(M)) is annihilated by some power of t− θ.

The existence of the semilinear operator τM can equivalently be described
by saying that M is a left module over the skew polynomial ring K{τ, t}.

Similarly, for K perfect, an effective Anderson t-comotive (10) (M, σM)
over K is a free K[t]-module of some finite rank r together with a homomor-
phism σM : M → M that is semilinear with respect to the inverse Frobenius
twist (11) and such that the “cokernel” M/σM(M) is annihilated by some
power of t− θ.

Parallel to Anderson t-motives, the existence of the semilinear operator
σM can equivalently be described by saying that M is a left module over the
skew polynomial ring K{σ, t}.

(9) Frobenius twist semilinearity means that the map τM is additive and also satisfies
τM(f ·m) = f (1)τM(m) for all f ∈ K[t] and m ∈ M.

(10) As mentioned earlier, we avoid the confusing terminology dual t-motive for this
object.

(11) Semilinearity for the inverse Frobenius twist means that the map σM is additive
and also satisfies σM(f ·m) = f (−1)σM(m) for all f ∈ K[t] and m ∈ M.
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An Anderson t-module (E, ϕ) over K of dimension d is an Fq-vector
space scheme E over K isomorphic to Gd

a together with a homomorphism of
Fq-algebras ϕ : Fq[t] → Endgrp,Fq(E) into the ring of Fq-linear group scheme
endomorphisms of E, such that for all a ∈ Fq[t], the endomorphism dϕa
on Lie(E) induced by ϕa := ϕ(a) satisfies the condition that dϕa − ℓ(a) is
nilpotent.

Remark 4.1. The definition of an effective Anderson t-motive in
[5, Definition 2.3.1(a)&(c)] looks different from what we stated here. Hartl
and Juschka required that the linearization τ̃M : K[t] ⊗K[t],τ M → M,
x ⊗ m 7→ x · τM(m), of τM becomes an isomorphism after inverting t − θ.
Here the tensor product is via the Frobenius twist on the left-hand factor,
i.e., x⊗ ym = xy(1) ⊗m for x, y ∈ K[t], m ∈ M.

The cokernel of τ̃M is M/(K[t] · τM(M)), i.e., what we called “cokernel”
above. So the cokernel is annihilated by a power of t − θ if and only if τ̃M
becomes surjective after inverting t−θ. Furthermore, τ̃M is a homomorphism
of free K[t]-modules of the same rank r. So if its cokernel is torsion, then the
image of τ̃M also has rank r, and this implies that τ̃M is injective. Therefore,
in our setting, the definition given here is indeed equivalent to the one in [5].

A similar argument shows that in our setting the given definition of an
effective Anderson t-comotive is equivalent to [5, Definition 2.4.1(a)&(c)].

4.3. Relation between these objects. For an Anderson t-module
(E, ϕ), the t-motive associated to (E, ϕ) is the K{τ, t} = K{τ} ⊗Fq Fq[t]-
module

M(E) := Homgrp,Fq(E,Ga)

of Fq-linear homomorphisms of group schemes with leftK{τ}-action given by
composition with elements in Endgrp,Fq(Ga) = K{τ}, and Fq[t]-action given
by composition with the elements ϕa for a ∈ Fq[t].

In general, however, M(E) might not be finitely generated free as a
K[t]-module. The Anderson t-module (E, ϕ) and its motive M(E) are called
abelian if M(E) is finitely generated free as a K[t]-module. In this case,
the nilpotence of the endomorphism dϕa − ℓ(a) implies that the “cokernel”
M(E)/(K[t] · τ(M(E))) is annihilated by some power of t− θ. Hence, in this
case, M(E) is indeed an effective Anderson t-motive.

In parallel, the t-comotive associated to (E, ϕ) is the right K{τ}⊗Fq Fq[t]-
module

M(E) := Homgrp,Fq(Ga, E)

with right K{τ}-action given by composition with elements in Endgrp,Fq(Ga)
= K{τ}, and Fq[t]-action given by composition with ϕa for a ∈ Fq[t]. Using
the opposite ring K{σ} of K{τ} (in the case that K is perfect), M(E) is
turned into a left module over K{σ, t} = K{σ} ⊗Fq Fq[t]. As above, M(E)
might not be finitely generated free as a K[t]-module in general, and the
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Anderson t-module (E, ϕ) and its comotive M(E) are called coabelian (or
t-finite) if M(E) is finitely generated free as a K[t]-module. In this case, the
nilpotence of the endomorphism dϕa−ℓ(a) implies that M(E)/σM(E)(M(E))

is annihilated by some power of t − θ. Hence, in this case, M(E) is indeed
an effective Anderson t-comotive.

Remark 4.2. We showed in [8] that for perfect fields K the conditions
of being abelian and being coabelian are indeed equivalent. This result was
extended in [3] to more general base rings R instead of the perfect field K.

Conversely, assume we are given an effective Anderson t-motive M, and
moreover that it is also finitely generated free as a K{τ}-module with some
K{τ}-basis (κ̄1, . . . , κ̄d), and the t-action on M can be described as

t ·


κ̄1
...
κ̄d

 = D ·


κ̄1
...
κ̄d

 .

Then this t-motive is isomorphic to the t-motive associated to the Anderson
t-module (E, ϕ) with E = Gd

a, and

ϕt = D ∈ Matd×d(K{τ}) ∼= Endgrp,Fq(Gd
a).

Here the condition that M(E)/(K[t] ·τ(M(E))) is annihilated by some power
of t− θ ensures that dϕa − ℓ(a) is nilpotent for all a ∈ Fq[t].

Similarly (but it is computationally a bit more technical), assume we
are given an effective Anderson t-comotive M over a perfect field K that
is also finitely generated free as a K{σ}-module. If we have computed a
K{σ}-basis and the t-action on that basis, it is straightforward to obtain (up
to isomorphism) the Anderson t-module which this t-comotive is associated
to.

In order to do so, one just has to reverse the steps given at the beginning
of Section 8.

5. Bases of abelian t-motives. In this section, we answer Question 1
of the introduction.

Throughout this section, we fix a t-module (E, ϕ) over K of dimension d,
as well as a coordinate system κ̄, i.e., an Fq-linear isomorphism of group
schemes κ̄ : E ∼= Gd

a defined over K, and we just write M for M(E).
Let κ̄i : E → Ga be the ith component of κ̄, i.e., the composition of κ̄

with the projection pri : Gd
a → Ga to the ith component of Gd

a. Then the set
{κ̄1, . . . , κ̄d} is a K{τ}-basis of the t-motive M.
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Furthermore, with respect to this coordinate system, we can represent ϕt
by a matrix D = (Dij) ∈ Matd×d(K{τ}), and the t-action on M is given in
matrix notation by (12)

(5.1) t ·


κ̄1
...
κ̄d

 = D ·


κ̄1
...
κ̄d

 .

So we are exactly in the situation of Section 3 with π = τ and ρ = t, as
well as γτ (x) = xq for all x ∈ K, and γt = idK . We therefore view M as the
quotient F/D⟨p1, . . . , pd⟩ with

D = K{τ, t}, F =
d⊕

i=1

Dκi,

and for i = 1, . . . , d,

pi = tκi −
d∑

j=1

Dijκj ∈ F .

From Theorem 3.3 we obtain

Theorem 5.1. Let K{τ, t} be equipped with the lexicographical order with
t ≺ τ , and extend this monomial order to F via a position-over-term order.
Let J be a Janet basis of D⟨p1, . . . , pd⟩ obtained by applying Algorithm 2.12.
Let the quantities ni,mi (i = 1, . . . , d), Wgen, W̄gen, Btop and Blow be given
as in Definition 3.1, Proposition 3.2 and Theorem 3.6 for π = τ and ρ = t.

Then the following hold:

(1) M is abelian ⇔ ∀i = 1, . . . , d, we have ni <∞.
(2) The rational t-motive K(t) ⊗K[t] M is a finite-dimensional K(t)-vector

space of dimension

dimK(t)(K(t)⊗K[t] M) =
d∑

i=1

mi.

If M is abelian, we further have the following:

(3) The rank of M as a K[t]-module is given by (13)

rkK[t](M) =

d∑
i=1

mi.

(12) See also [8, Section 5] for more details.
(13) In [9, Definition 7.2], we also defined the notion of rank for non-abelian t-motives,

namely as the dimension of the rational t-motive K(t) ⊗K[t] M. We nevertheless decided
to add the condition “abelian” here, as the more general notion is not so common.
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(4) W̄gen is a (finite) generating set for M as a K[t]-module, and their K[t]-
relations are generated by the elements in Blow (written as K[t]-linear
combinations of the elements in Wgen).

(5) The τ -action is given as follows: For w ∈Wgen, i.e., w = τ jκi for some
i = 1, . . . , d and 0 ≤ j < ni, one has

τ(τ j κ̄i) =

{
τ j+1κ̄i if j < ni − 1,

τni κ̄i − 1
lc(bi)

bi if j = ni − 1,

where bi ∈ Btop is the element with leading monomial lm(bi) = τniκi,
and bi is obtained from it by replacing κi with κ̄i.

Proof. Part (1) follows directly from Theorem 3.3(1)&(3) upon taking
into account that γt = idK is an isomorphism.

Parts (2) and (3) are nothing other than (2) and (3) of Theorem 3.3.
Finally, parts (4) and (5) are rephrasings of Theorem 3.6.

Remark 5.2. In [8], we also provided an algorithm to check whether a
t-module is abelian which we briefly recall here. Assume that K is perfect,
and consider the entries of the matrix t · 1d −D as elements of polynomials
in t over the skew Laurent series ring in σ = τ−1,

K({σ}) =
{ ∞∑

i=i0

xiσ
i
∣∣∣ i0 ∈ Z, xi ∈ K

}
,

using the embedding

K{τ} → K({σ}),
n∑

j=0

xjτ
j 7→

n∑
j=0

xjσ
−j .

Diagonalize the matrix t · 1d −D via row and column operations in such a
way that the diagonal entries successively divide each other. Then consider
the last entry λd of the resulting diagonal matrix diag(λ1, . . . , λd), which by
assumption is divisible by all other λi (i = 1, . . . , d − 1). The t-module is
abelian if and only if the Newton polygon of that polynomial λd ∈ K({σ})[t]
has positive slopes only.

An interesting question is how that algorithm is related to the Janet
algorithm. The starting elements p1, . . . , pd for the Janet algorithm are the
rows of the matrix t · 1d − D. As multiplication with τ is an isomorphism
when considered in K({σ})[t], computing the normal forms of τ -multiples
of some pi looks like computing the result of an elementary row operation.
However, as other multiples of pi could occur in the reduction process, in
general it is not. Furthermore, there are no transformations equivalent to
column operations in the Janet algorithm.

So at first sight, there are similarities, but also differences, and it would
require a thorough investigation to clarify the situation.
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6. Examples. We illustrate the algorithm and the results by the ex-
amples that were also considered in [8, Section 9].

Example 6.1. Let ψ be a Drinfeld module over K of rank r and char-
acteristic ℓ : Fq[t] → K, i.e.,

ψt = θ + a1τ + · · ·+ arτ
r

with θ := ℓ(t) ∈ K and a1, . . . , ar ∈ K, ar ̸= 0. We will see that in this case,
everything becomes quite simple and fits perfectly to what is well-known.

We have d = 1, and
F = Dκ1/D⟨p1⟩,

where p1 = tκ1−ψt·κ1. As we only have one generator p1, the Janet algorithm
terminates directly producing J = {(p1, µ1)} with µ1 = Mon({τ, t}). The
leading monomial of p1 is τ rκ1, hence

n1 = m1 = r, Wgen =Wind = {τ jκ1 | 0 ≤ j < r}.
So, we have r different K[t]-generators and no relations, i.e., {τ j κ̄1 | 0 ≤ j
< r} is a K[t]-basis for the t-motive M(E), and the τ -action is given by

τ(τ j κ̄1) =


τ j+1κ̄1, j < r − 1,

pr
(
τ rκ1 − 1

ar
p1
)

= t−θ
ar
κ̄1 − a1

ar
τ κ̄1 − · · · − ar−1

ar
τ r−1κ̄1, j = r − 1.

Example 6.2 (Quasi-periodic extensions of Drinfeld modules by Ga).
Let ψ be a Drinfeld module over K of rank r and characteristic ℓ : Fq[t] → K,
and let δ : Fq[t] → τK{τ}, a 7→ δa be an ℓ-ψ-bi-derivation, i.e., an Fq-linear
map satisfying

δab = ℓ(a) · δb + δa · ψb

for all a, b ∈ Fq[t]. We consider the t-module (G2
a, ϕ) of dimension 2 given by

ϕt =

(
ψt 0

δt θ

)
,

where θ := ℓ(t).
Here, d = 2, p1 = tκ1 − ψtκ1 and p2 = tκ2 − δtκ1 − θκ2. The leading

monomials are lm(p1) = lm(ψt)κ1 = τ rκ1 and lm(p2) = lm(δt)κ1 = τ sκ1
where s = degτ (δt). So if r > s, in the auto-reduction step, we would have
to replace p1 by its reduction with respect to p2, and afterwards replace p2
by its reduction with respect to the reduction of p1 and so on, until we get
a reduced system. Similarly, if r ≤ s, we would start by replacing p2 by its
reduction with respect to p1, and proceed from there.

It is much more efficient here to change the coordinate system by swap-
ping κ1 and κ2 (cf. Remark 3.9). For easier reading, we will not change the
indices, but do the computation with κ2 ≻ κ1. Namely, in this ordering, we
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still have lm(p1) = τ rκ1, but lm(p2) = tκ2. So, if degτ (δt) < r, we already
have reduced polynomials, and if degτ (δt) ≥ r, we have to reduce p2 by p1
once to obtain reduced polynomials. In both cases the leading monomials do
not change, and we directly obtain a Janet basis

J = {(p2, {τ, t}), (p1, {τ, t})}
(depicted below) from which we can read off that n2 = ∞ (the n correspond-
ing to κ2), i.e., this t-module is not abelian.

τ

t

1 2 3

1

2

3

κ2

p2

τ

t

1 2 3

1

2

3

κ1

p1

Although the t-module is not abelian, the Janet basis gives us a de-
scription of the t-motive by generators and relations. Namely, from Propo-
sition 3.2, we know that M is generated by

W̄gen = {τ jκ2 | j ≥ 0} ∪ {τ jκ1 | 0 ≤ j < r = n1}.
The K[t]-relations are not only generated by p2, but here also by all τ -shifts
of p2. Hence,

(t− θ)κ̄2 = δtκ̄1,

and for all j ≥ 1,

(t− θq
j
)τ j κ̄2 = τ jδtκ̄1 = NF(τ jδtκ̄1, {p1}) ∈ K[t]⟨κ̄1, . . . , τ r−1κ̄1⟩.

This verifies Theorem 5.1(2), that K(t) ⊗K[t] M is finitely generated of di-
mension r.

Example 6.3. The second Carlitz tensor power C⊗2 is given by

D =

(
θ 1

τ θ

)
.

So we have d = 2, and
p1 = tκ1 − θκ1 − κ2, p2 = −τκ1 + tκ2 − θκ2.

• First loop in Janet’s algorithm:
– G1 = {p1, p2} already reduced,
– Janet decomposition J1 = {(p2, {τ, t}), (p1, {t})},
– P1 = {NF(τp1, J1)} = {−τκ2 + (t− θ)(t− θq)κ2}.

• Second loop in Janet’s algorithm:
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– G2 = {p1, p2, p3} with p3 = −τκ2 + (t− θ)(t− θq)κ2,
– J2 = {(p2, {τ, t}), (p1, {t}), (p3, {τ, t})},
– P2 = {NF(τp1, J2)} \ {0} = ∅.

Hence, J = {(p2, {τ, t}), (p1, {t}), (p3, {τ, t})} is a Janet basis.

τ

t

1 2 3

1

2

3

κ1

p2
p1

τ

t

1 2 3

1

2

3

κ2

p3

We obtain n1 = n2 = 1, and m1 = 0, m2 = 1. Hence, M = M(C⊗2) is abelian
of rank m1 +m2 = 1.
• B := {κ̄1, κ̄2} generates M as a K[t]-module,
• the relation is given by 0 = p1 = (t − θ)κ̄1 − κ̄2, i.e., κ̄2 = (t − θ)κ̄1, and

hence {κ̄1} is a basis,
• the τ -action is given by

τ(κ̄1) = τ κ̄1 + p2 = (t− θ)κ̄2 = (t− θ)2κ̄1.

A similar calculation works for the dth Carlitz tensor power C⊗d, which
is given by

D =



θ 1 0 · · · 0

0
. . . . . . . . .

...
...

. . . . . . . . . 0

0
. . . . . . 1

τ 0 · · · 0 θ


∈ Matd×d(K{τ}).

Of course, the calculation reveals the well-known result that its t-motive
has κ1 as its K[t]-basis, and τ(κ1) = (t − θ)dκ1. We leave the detailed
calculation to the reader.

Example 6.4. We consider [8, Example 6.3], i.e., the t-module (E, ϕ)
over the rational function field K = Fq(θ) with

D =

(
θ + τ2 τ3

1 + τ θ + τ2

)
with respect to a coordinate system {κ̄1, κ̄2}. In this case,
p1 = tκ1 − τ2κ1 − θκ1 − τ3κ2 and p2 = tκ2 − τκ1 − κ1 − τ2κ2 − θκ2.
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As in the previous examples, the calculations become easier when we
change the order of the basis to κ1 ≺ κ2 (14).

• First loop in Janet’s algorithm:

– lm(p2) = τ2κ2 divides lm(p1) = τ3κ2, so we must reduce p1, and obtain

p′1 = p1 − τp2 = −τtκ2 + θqτκ2 + τκ1 + tκ1 − θκ1,

and G1 = {p2, p′1},
– Janet decomposition J1 = {(p2, {τ, t}), (p′1, {t})},
– we have

p3 := NF(τp′1, J1) = −(t−θ)(t−θq2)κ2+(τ2+2τt−θqτ−θq2τ+t−θq2)κ1,

hence P1 = {p3}.

• Second loop in Janet’s algorithm:

– G2 = {p2, p′1, p3} is already auto-reduced,
– J2 = {(p2, {τ, t}), (p′1, {t}), (p3, {t})},
– NF(τp′1, J2) = 0, and

p4 := NF(τp3, J2) = (τ3 + (2t− θq
2 − θq

3
)τ2 − (t− θ)(t− θq

3
))κ1,

hence P2 = {p4}.

• Third loop in Janet’s algorithm:

– G3 = {p2, p′1, p3, p4} is already auto-reduced,
– J3 = {(p2, {τ, t}), (p′1, {t}), (p3, {t}), (p4, {τ, t})},
– NF(τp′1, J3) = 0, and NF(τp3, J3) = 0, hence P3 = ∅.

Therefore, J = {(p2, {τ, t}), (p′1, {t}), (p3, {t}), (p4, {τ, t})} is a Janet basis.

τ

t

1 2 3

1

2

3

κ2

p2

p′1

p3

τ

t

1 2 3

1

2

3

κ1

p4

(14) We leave it to the reader to run the algorithm with the order κ1 ≻ κ2.
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The result shows that the t-motive is abelian of rank 3, and the set
{τ κ̄2, κ̄2, τ2κ̄1, τ κ̄1, κ̄1} generates the t-motive. The relations are provided
by p′1 and p3, i.e.,

τ κ̄1 = (t− θq)τ κ̄2 − (t− θ)κ̄1,

τ2κ̄1 = (t− θ)(t− θq
2
)κ̄2 − (2t− θq − θq

2
)τ κ̄1 − (t− θq

2
)κ̄1

= (t− θ)(t− θq
2
)κ̄2

− (2t− θq − θq
2
)((t− θq)τ κ̄2 − (t− θ)κ̄1)− (t− θq

2
)κ̄1

= (t− θ)(t− θq
2
)κ̄2 − (2t− θq − θq

2
)(t− θq)τ κ̄2

+ ((t− θ)(2t− θq − θq
2
)− (t− θq

2
))κ̄1.

So, ē1 = τ κ̄2, ē2 = κ̄2, ē3 = κ̄1 is a K[t]-basis. We compute the τ -action
using Theorem 5.1(5) and eliminating τ κ̄1 and τ2κ̄1 afterwards, and obtain

τ(ē1) = τ2κ̄2 = −(t− θq)ē1 + (t− θ)ē2 + (t− θ − 1)ē3,

τ(ē2) = ē1, τ(ē3) = (t− θq)ē1 − (t− θ)ē3.

7. Computing the Anderson t-module to a t-motive. In Section 5,
we started with an Anderson t-module from which we readily had the t-
motive M as a K{τ}-module with a t-action, and computed a presentation
of M as a K[t]-module with a τ -action.

In this section, we go in reverse direction, and answer Question 2 of the
introduction.

Let (M, τM) be an effective Anderson t-motive of rank r as defined in
Section 4. Let {ē1, . . . , ēr} be a K[t]-basis of M, and (written in matrix
form)

τM


ē1
...
ēr

 = Θ


ē1
...
ēr


for some Θ ∈ Matr×r(K[t]).

So we are exactly in the situation of Section 3, this time, however, with
π = t and ρ = τ , as well as ē1, . . . , ēr in place of κ̄1, . . . , κ̄d.

We therefore view M as the quotient F/D⟨p1, . . . , pr⟩ with

D = K{t, τ}, F =

r⊕
i=1

Dei,

and for i = 1, . . . , r

pi = τei −
r∑

j=1

Θijej ∈ F .



30 A. Maurischat

Theorem 7.1. Let K{t, τ} be equipped with the lexicographical order with
τ ≺ t, and extend this monomial order to F via a position-over-term order.
Let J be a Janet basis of D⟨p1, . . . , pr⟩ obtained by applying Algorithm 2.12.
Let the quantities ni,mi (i = 1, . . . , r), Wgen, W̄gen, Btop and Blow be given
as in Definition 3.1, Proposition 3.2 and Theorem 3.6 for π = t and ρ = τ ,
as well as ē1, . . . , ēr in place of κ̄1, . . . , κ̄d. Then the following holds:
(1) M is finitely generated as a K{τ}-module ⇔ ∀i = 1, . . . , r, we have

ni <∞.
If M is finitely generated as a K{τ}-module, we further have the following:
(2) W̄gen is a (finite) generating set for M as a K{τ}-module, and the K{τ}-

relations are generated by the elements in Blow (written as K{τ}-linear
combinations of the elements in Wgen).

(3) The t-action is given as follows: For w ∈ Wgen, i.e., w = tjei for some
i = 1, . . . , r and 0 ≤ j < ni, one has

t(tj ēi) =

{
tj+1ēi if j < ni − 1,

tni ēi − 1
lc(bi)

bi if j = ni − 1,

where bi ∈ Btop is the element with leading monomial lm(bi) = tniei,
and bi is obtained from it by replacing ei with ēi.

(4) If K is perfect, then M is free as a K{τ}-module.
If M is finitely generated free as a K{τ}-module, then we have the following:
(5) M is the t-motive associated to some (abelian) Anderson t-module (E, ϕ).
(6) The dimension of E is given as

dim(E) =
r∑

i=1

mi.

Proof. Parts (1)–(4) directly follow from Theorems 3.3 and 3.6. That (5)
holds was explained in Section 4.3, and (6) is the rank formula in Theo-
rem 3.3(3) taking into account that dim(E) = rkK{τ}(M).

As explained in Section 4.3, we can easily describe an Anderson t-module
if we have found a K{τ}-basis of M and the t-action on it. Further, in
Remark 3.8, we have explained that obtaining a basis from a finite generating
set is just the non-commutative version of the algorithm for the elementary
divisor theorem.

Remark 7.2. In [4], a more general definition of an Anderson t-module E
is used, namely that E does not have to be isomorphic to Gd

a itself, but has
to become isomorphic after base change to some finite extension L ⊃ K.

If one uses that definition, then parts (5) and (6) of Theorem 7.1 hold
without the freeness assumption. Namely, Part (4) ensures that M becomes
free over the perfection of K, and since M is finitely generated, this already
holds over some finite inseparable extension L of K. So from the data, we
obtain some E that becomes isomorphic to Gd

a over L.
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8. Anderson comotives. In this section, we answer Questions 3 and 4
regarding the t-comotives.

The story runs parallel to the one for t-motives with small technicalities
due to turning the right-K{τ}-action on M to a left-K{σ}-action.

8.1. Answer to Question 3. Throughout this section, K is perfect,
and we fix an Anderson t-module (E, ϕ) over K of dimension d, as well
as a coordinate system κ̄, i.e., an Fq-linear isomorphism of group schemes
κ̄ : E ∼= Gd

a defined over K, and we just write M for M(E).
Let ¯̌κj : Ga → E be the composition of the injection inj : Ga → Gd

a into
the jth component with κ̄−1 for all j = 1, . . . , d. Then the tuple (¯̌κ1, . . . , ¯̌κd)
is a K{σ}-basis of the t-comotive of M.

Furthermore, with respect to this coordinate system, we can represent ϕt
by a matrix D = (Dij) ∈ Matd×d(K{τ}), and the t-action on M is described
by

(8.1) t · (¯̌κ1 · · · ¯̌κd) = (¯̌κ1 · · · ¯̌κd) ·D

in terms of the right-K{τ}-action, and hence in terms of the left-K{σ}-action
as

(8.2) t ·


¯̌κ1
...
¯̌κd

 = D∗


¯̌κ1
...
¯̌κd

 .

Here, D∗ is obtained from D by transposing and by transforming the entries
f =

∑
i aiτ

i ∈ K{τ} to f∗ =
∑

i σ
iai =

∑
i(ai)

1/qiσi ∈ K{σ}.
Again, we are exactly in the situation of Section 3, this time with π = σ

and ρ = t, as well as γσ(x) = x1/q for all x ∈ K, and γt = idK . We therefore
view M as the quotient F/D⟨p1, . . . , pd⟩ with

D = K{σ, t}, F =

d⊕
i=1

Dκ̌i,

and for i = 1, . . . , d,

pi = tκ̌i −
d∑

j=1

D∗
ij κ̌j ∈ F .

Theorem 8.1. Let K{σ, t} be equipped with the lexicographical order with
t ≺ σ, and extend this monomial order to F via a position-over-term order.
Let J be a Janet basis of D⟨p1, . . . , pd⟩ obtained by applying Algorithm 2.12.
Let the quantities ni,mi (i = 1, . . . , d), Wgen, W̄gen, Btop and Blow be given
as in Definition 3.1, Propostion 3.2 and Theorem 3.6 for π = σ, ρ = t, and
κ̌1, . . . , κ̌d in place of κ1, . . . , κd. Then the following hold:

(1) M is coabelian ⇔ ∀i = 1, . . . , d, we have ni <∞.
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(2) The rational t-comotive K(t)⊗K[t]M is a finite-dimensional K(t)-vector
space of dimension

dimK(t)(K(t)⊗K[t] M) =
d∑

i=1

mi.

If M is coabelian, we further have the following:
(3) The rank of M as a K[t]-module is given by (15)

rkK[t](M) =
d∑

i=1

mi.

(4) W̄gen is a (finite) generating set for M as a K[t]-module, and the K[t]-
relations are generated by the elements in Blow (written as K[t]-linear
combinations of the elements in Wgen).

(5) The σ-action is given as follows: For w ∈Wgen, i.e., w = σj κ̌i for some
i = 1, . . . , d and 0 ≤ j < ni, one has

σ(σj ¯̌κi) =

{
σj+1 ¯̌κi if j < ni − 1,

σni ¯̌κi − 1
lc(bi)

bi if j = ni − 1,

where bi ∈ Btop is the element with leading monomial lm(bi) = σni κ̌i,
and bi is obtained from it by replacing κ̌i with ¯̌κi.
Proof. The proof is the same as for Theorem 5.1.
Example 8.2. We compute a K[t]-basis of the t-comotive associated to

the Anderson t-module E of Example 6.4, i.e., where

D =

(
θ + τ2 τ3

1 + τ θ + τ2

)
,

with respect to a coordinate system κ. So with respect to the corresponding
basis {κ̌1, κ̌2}, the t-action is

t ·
(
κ̌1

κ̌2

)
= D∗ ·

(
κ̌1

κ̌2

)
=

(
θ + σ2 1 + σ

σ3 θ + σ2

)(
κ̌1

κ̌2

)
.

Therefore,
p1 = tκ̌1 − σ2κ̌1 − θκ̌1 − σκ̌2 − κ̌2 and p2 = tκ̌2 − σ3κ̌1 − σ2κ̌2 − θκ̌2.

Comparing this with the situation in Example 6.4, we see that the dic-
tionary

κ1 ↔ κ̌2, κ2 ↔ κ̌1, τ ↔ σ

(15) In [9, Definition 7.2], we also defined the notion of rank for non-coabelian t-
comotives, namely as the dimension of the rational t-comotive K(t) ⊗K[t] M. We never-
theless decided to add the condition “coabelian” here, as the more general notion is not
so common.
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maps the relation p1 here to the relation p2 there, and the relation p2 here
to p1 there.

Hence, by choosing the order κ̌1 ≻ κ̌2, we obtain the very same com-
putations in the Janet algorithm, only with q-power roots of θ instead of
q-powers of θ. So we end up with the Janet basis

J = {(p1, {σ, t}), (p′2, {t}), (p3, {t}), (p4, {σ, t})},
where
p1 = −σ2κ̌1 + (t− θ)κ̌1 − (1 + σ)κ̌2,

p′2 = −σtκ̌1 + θ1/qσκ̌1 + σκ̌2 + (t− θ)κ̌2,

p3 = −(t− θ)(t− θ1/q
2
)κ̌1 + (σ2 + 2σt− θ1/qσ − θ1/q

2
σ + t− θ1/q

2
)κ̌2,

p4 = (σ3 + (2t− θ1/q
2 − θ1/q

3
)σ2 − (t− θ)(t− θ1/q

3
))κ̌2.

So M is coabelian of rank 3, and the set {σκ̌1, κ̌1, σ2κ̌2, σκ̌2, κ̌2} generates
the t-comotive as a K[t]-module. The relations are provided by p′2 and p3,
showing that ě1 = σκ̌1, ě2 = κ̌1, ě3 = κ̌2 is a K[t]-basis. The σ-action is
given by

σ(ě1) = σ2κ̌1 = −(t− θ1/q)ě1 + (t− θ)ě2 + (t− θ − 1)ě3,

σ(ě2) = ě1, σ(ě3) = (t− θ1/q)ě1 − (t− θ)ě3.

8.2. Answer to Question 4. Let (M, σM) be an effective Anderson
t-comotive of rank r as defined in Section 4. Let {ē1, . . . , ēr} be a K[t]-basis
of M, and (written in matrix form)

σM


ē1
...
ēr

 = Θ


ē1
...
ēr


for some Θ ∈ Matr×r(K[t]).

So we are exactly in the situation of Section 3, this time, however, with
π = t and ρ = σ, as well as ē1, . . . , ēr in place of κ̄1, . . . , κ̄d.

We therefore view M as the quotient F/D⟨p1, . . . , pr⟩ with

D = K{t, σ}, F =
r⊕

i=1

Dei,

and for i = 1, . . . , r,

pi = σei −
r∑

j=1

Θijej ∈ F .

Theorem 8.3. Let K{t, σ} be equipped with the lexicographical order with
σ ≺ t, and extend this monomial order to F via a position-over-term order.
Let J be a Janet basis of D⟨p1, . . . , pr⟩ obtained by applying Algorithm 2.12.
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Let ni,mi (i = 1, . . . , r), Wgen, W̄gen, Btop and Blow be as in Definition 3.1,
Proposition 3.2 and Theorem 3.6 for π = t and ρ = σ, as well as ē1, . . . , ēr
in place of κ̄1, . . . , κ̄d. Then the following holds:

(1) M is finitely generated as a K{σ}-module ⇔ ∀i = 1, . . . , r, we have
ni <∞.

If M is finitely generated as a K{σ}-module, we further have the following:

(2) W̄gen is a (finite) generating set for M as a K{σ}-module, and the K{σ}-
relations are generated by the elements in Blow (written as K{σ}-linear
combinations of the elements in Wgen).

(3) The t-action is given as follows: For w ∈ Wgen, i.e., w = tjei for some
i = 1, . . . , r and 0 ≤ j < ni, one has

t(tj ēi) =

{
tj+1ēi if j < ni − 1,

tni ēi − 1
lc(bi)

bi if j = ni − 1,

where bi ∈ Btop is the element with leading monomial lm(bi) = tniei,
and bi is obtained from it by replacing ei with ēi.

(4) M is free as a K{σ}-module.
(5) M is the t-comotive associated to some (coabelian) Anderson t-module

(E, ϕ).
(6) The dimension of E is

dim(E) =

r∑
i=1

mi.

Proof. The proof is the same as the one for Theorem 7.1. The only dif-
ference is that γσ is an isomorphism from the beginning, so Proposition 1.1
already ensures that M is free as a K{σ}-module if it is finitely generated.

As mentioned in Section 4.3, we can easily describe an Anderson t-module
if we have found a K{σ}-basis of M and the t-action on it. This is done by
reversing the steps at the beginning of this section where the t-comotive
associated to the Anderson t-module was computed.

Further, in Remark 3.8, we have explained that obtaining a basis from
a finite generating set is just the non-commutative version of the algorithm
for the elementary divisor theorem.
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