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Abstract. Anderson t-modules are analogs of abelian varieties in positive character-
istic. Associated to such a t-module, there are its t-motive and its dual t-motive. When
dealing with these objects, several questions arise which one would like to solve algorith-
mically. For example, for a given t-module one would like to decide whether its ¢t-motive
is indeed finitely generated free, and determine a basis. Conversely, for a given object in
the category of t-motives one would like to decide whether it is the t-motive associated to
a t-module, and determine that ¢-module.

In this article, we positively answer such questions by providing the corresponding
algorithms.

As it turned out, the main part of all these algorithms stems from a single algorithm in
non-commutative algebra, and hence the first part of this article does not deal with Ander-
son’s objects at all, but with results on finitely generated modules over skew polynomial
rings.

Introduction. In function field arithmetic, key objects to study are An-
derson t-modules, t-motives, and dual t-motives — the function field analogs
in positive characteristic of abelian varieties and motives. When dealing with
these objects, several questions arise which one would like to solve algorithmi-
cally. For explaining these questions, we have to introduce some terminology.

Let K be a field containing the finite field IF; of ¢ elements. Roughly speak-
ing, an Anderson t-module over K of dimension d is a certain pair (E, ¢),
where E is an algebraic group over K which is isomorphic to G¢, the d-fold
product of the additive group, equipped with a compatible F;-action, and

¢ : Fy[t] = Endgrpr, (E), a+ ¢q,
is a certain [f;-algebra homomorphism into F,-linear endomorphisms of &/
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There are two kinds of motives associated to Anderson t-modules. The
first one — called the t-motive — was defined by Anderson in his seminal
paper [I]. It was used there, e.g., to provide a new criterion for uniformiz-
ability of t-modules. The other kind — usually called the dual t-motive — was
defined later in [2], and is the base for the ABP-criterion |2, Thm. 3.1.1] and
Papanikolas’ theorem [IT, Thm. 5.2.2] which opened a new way to study
transcendence questions in positive characteristic.

As “dual t-motive” might be confused with “dual of a ¢-motive”, we will
rather use the term ¢-comotive as in [3].

Both ¢-motives and t-comotives are K[t]-modules, and a t-module F is
said to be abelian if its t-motive M(FE) is a finitely generated K[t]-module,
and a t-module E is said to be t-finite (or for consistency coabelian) if its
t-comotive M(F) is a finitely generated K [t]-module.

In [8, Theorem A], we showed that these two notions are indeed equiva-
lent.

Anderson already showed that for an abelian (resp. coabelian) t-module,
its t-motive (resp. its t-comotive) is even a free K [t]-module. So for computa-
tional purposes one is also interested in obtaining a K [t]-basis of the ¢-motive
(resp. the t-comotive), as well as a description of the Frobenius twist action
induced by the Frobenius action on the additive group G,.

Although [8, Theorem A] provides a computable criterion to check
whether a t-module is abelian/coabelian, it does not solve these two tasks.

From a different direction, one can start with an object from the category
of t-motives which is defined to consist of finitely generated free K [t]-modules
with a semilinear action of the Frobenius twist operator

TIK[H] - K[, Y mitt = Y alt,
and one is faced with the question of whether this t-motive is the ¢-motive of
some Anderson t-module, and if it is, how can the t-action of the Anderson
t-module be described.

The same questions arise for the t-comotive. Here, one has a semilinear
action of the inverse Frobenius twist operator ¢ = 7! and has the extra
assumption that K is perfect for guaranteeing the well-definedness of o.

When considering tensor products of Anderson ¢-modules, one is even
forced to walk both directions, since the tensor product of Anderson t-
modules is defined via the K[t]-tensor product of the associated t-motives
or of the associated t-comotives

(%) We remind the reader that for more general Anderson A-modules, one would have
to take care about which of these two constructions of the tensor product is used, since
the results are only isogeneous, and not neccessarily isomorphic (see e.g. [3, Cor. 6.4]). For
Anderson t-modules, however, these two constructions give indeed isomorphic t-modules.
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We summarize the above-mentioned tasks in the following list:
(QUESTIONS.
1. Given explicitly @ an Anderson ¢t-module (E, ¢), how can we

(a) check whether F is abelian,
(b) compute a K|[t]-basis of M(E) (in the case that E is abelian), and
(c) describe the Frobenius twist action with respect to this K[t]-basis?

2. Given explicitly an effective Anderson t-motive M, how can we

(a) decide whether M is (isomorphic to) the t-motive associated to some
Anderson t-module (E, ¢),

(b) compute an isomorphism E — G (if such an E exists), and

(c) describe ¢ with respect to this isomorphism?

3. Given explicitly an Anderson t-module (E, ¢) over a perfect field K, how
can we

(a) check whether E is coabelian,

(b) compute a K|[t]-basis of M(E) (in the case that E is coabelian), and

(c) describe the inverse Frobenius twist action with respect to this K[t]-
basis?

4. Given explicitly an effective Anderson t-comotive 9, how can we

(a) decide whether 9 is (isomorphic to) the t-comotive associated to
some Anderson t-module (F, ¢),

(b) compute an isomorphism E — G¢ (if such an E exists), and

(¢) describe ¢ with respect to this isomorphism?

In this article, we positively answer all these questions (see Theorems
5, 7 B and 53,

We roughly sketch the main ideas.

The t-motive M can be considered as a module over the skew polynomial
ring in two variables K{,t}. By hypothesis it is free of finite rank over the
skew polynomial ring K{7} in Question [} and free of finite rank over the
polynomial ring K[t] in Question [2] in both cases with given basis and given
action on the basis of the other variable.

The answers to the questions are then closely related to finding out
whether the t-motive M is free and finitely generated over the other one-
variable polynomial ring (K[t] in the first case, and K{7} in the second),
and if it is, to computing a basis over that polynomial ring, and giving the
T-action (resp. the t-action) with respect to that basis.

The same holds for the questions on the ¢-comotive with 7 replaced by o.

(3) What we mean by “given explicitly” in these questions will become clear in the
later sections.
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These considerations motivated the setting in Section [I} where we con-
sider finitely generated (left) modules M over a skew polynomial ring D =
K{m,p} in two variables 7w and p. As D is left-Noetherian, such an M can be
given by finitely many generators and finitely many relations, i.e., we have
an isomorphism

M = F/p(p1,---,pa)

giving M as the quotient of a free D-module F of finite rank by the sub-
module generated by the elements p1, ..., pq4.

The key to the answers is to use an adaption of Janet’s algorithm to
linear difference equations as given in [12], which we recall in Section .
Janet’s algorithm turns the set {pi,...,pq} of generators for the relations
into a new set of generators {b1,...,b,}, a so-called Janet basis, such that
unique normal forms for the representatives of each residue class in M can
be computed.

The output of Janet’s algorithm and the normal forms depend on a cho-
sen monomial order on K{m,p} and on F. For our application, the lexi-
cographical order on K{m,p} with p < 7, and its extension to F via a
position-over-term order, is exactly what we need. Namely, with this chosen
monomial order, one can readily read off from the output of the algorithm

(see Theorems [3.3| and |3.6])

e whether M is finitely generated free as a K{p}-module, and what its rank
is, and in that case

e a finite K {p}-generating set, and the m-action on this set, as well as

e the K{p}-relations among elements of this generating set.

The final step to obtain a K{p}-basis, and the m-action on that basis,
is obtained by applying (the non-commutative version of) the elementary
divisor algorithm on that data (see Remark .

For answering the questions stated above, we apply this procedure to
the various settings, and only have to do small extra computations in order
to rewrite data for the Anderson t-module to corresponding data for the
t-motive or the t-comotive, and vice versa.

The article is structured as follows. In Section [I] we introduce the ba-
sic algebraic notation of our setting. The definition of Janet bases and the
description of the Janet algorithm simplified to our situation are given in
Section [2} Section [3| is dedicated to the main theorems on extracting the
relevant data from a Janet basis. These first three sections provide results in
non-commutative algebra, and do not deal with Anderson’s objects at all.

In Section[4 we recall the objects of Anderson’s theory and their interre-
lation. Then we answer Questions [I] and [2] in Sections [§| and [7] respectively.
Finally, Questions [3] and [ on the ¢-comotives are answered in Section
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The answer to the first question is illustrated by several examples in
Section [6l

1. Notation and basics. Throughout this article, K is a field, and
K{m,p} is the skew polynomial ring in two variables 7 and p such that, for
all z € K,

Top=pom, Tox=(T)-m, pex=7,(T) - p,
where 7,7, : K — K are two commuting endomorphisms of fields.

Every element in K{7, p} can therefore be uniquely written as a sum of
monomial terms z7*p/, where x € K, k,j > 0.

Occasionally, we will additionally assume that 7, is an automorphism,
but v, is always allowed not to be surjective.

The skew polynomial ring K{m, p} is left-Noetherian, and so are its sub-
rings K{n} and K{p}. These two subrings are even left principal ideal do-
mains, i.e., every left ideal is generated by one element. This is due to the
fact that one can always perform right division with remainder in these two
subrings, and use the right Euclidean algorithm to obtain a greatest common
right-hand divisor of two elements (see [10, Section 2|).

Throughout this article, we will consider left modules, but will usually
omit “left”.

We start with an observation:

PROPOSITION 1.1. Let M be a K{m,p}-module, and denote by My tor
and M,or the K{m}-torsion subspace and the K{p}-torsion subspace, re-
spectively, i.e., the K-vector spaces

Mzsor :={f €M |0 #pe K{r}:p-f=0},
Mpior :={f € M |30 #p € K{p}:p- f=0}
Then the following hold:
(1) Mrior and Myor are K{m, p}-submodules.
(2) If M s finitely generated as a K{p}-module, then M, or C My tor.

(3) If M is finitely generated as a K{p}-module, torsion-free as a K{m}-
module, and v, is an automorphism, then M is a free K{p}-module.

REMARK 1.2. Part of the proposition is what we will need in the
later considerations. Special cases of that statement are already given in [,
Lemma 1.4.5] and [2| Proposition 4.3.2]. Actually, for the applications to
t-motives and t-comotives these special cases are sufficient.

Proof of Proposition . (1) For f € Mytor, let 0 # p € K{7} be such
that p- f = 0. Then

O=m-p-f=vp) (- f) and O0=p-p-f=(p) (p-f),
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where by abuse of notation, v,(p) and ~,(p) denote the polynomials ob-
tained by applying v, and 7,, respectively, to the coefficients of p. Since
0 # vx(p) € K{n} and 0 # 7,(p) € K{w}, this shows that 7- f, p- f € Mr_tor.
Hence My_tor is a K{m, p}-module. The proof for M, o, is the same.

(2) Assume that M is finitely generated as a K{p}-module. Since K{p}
is left-Noetherian, all K{p}-submodules of M are also finitely generated, and
in particular so is M.tor.

As for f € M tor, one has dimg (K{p}f) < oo, finite generation of Mo
implies that dimg (Mp-tor) < 00.

For any 0 # f € Mo, we have K{m,p}f C M, by part and
in particular, K{7}f C M, or. Hence dimg (K{r}f) < dimg (Mptor) < 00,
which implies that f € M _or.

(3) By part we readily see that M, ior = 0, i.e., that M is torsion-free
as a K{p}-module. When ~, is an automorphism, the ring K{p} is also a
right principal ideal domain, and the structure theorem on finitely generated
modules over (non-commutative) principal ideal domains (see [6, Chapter 3,
Theorem 18|) ensures that M is free. m

2. Janet basis and algorithm. This section is mainly an excerpt of
[12, Section 2.1|, adapted to our situation. We denote by D := K{m, p} the
skew polynomial ring defined in Section [I}

We first sketch the rough idea of Janet bases and of Janet’s algorithm in
algebraic terms.

The starting point is a finitely generated (left) module M over the ring D.
As D is left-Noetherian, M is given by a finite set of generators and a finite
set of relations. Hence, we have an isomorphism

(2.1) F/plg,---19s) = M
of D-modules, where F = @?:1 Dk; is a free D-module with some basis
{K1,...,Ka}, and p{g1,...,gs) denotes the submodule generated by certain

elements g¢1,...,g9s € F.

We usually write &; for the image of x; in M.

Janet’s algorithm turns this set {g1, ..., gs} of generators for the relations
into a new set of generators {bi,...,b,}, a so-called Janet basis, such that

e a (unique) normal form for the representatives of each residue class in M
is defined, and
e these normal forms can be computed effectively.

Originally, Janet formulated this algorithm in the case that D is a ring
of differential operators (see [7]), but it was generalized to rings of difference
operators by Robertz (see [12 Section 2.1.3]). For simplicity, in our presen-
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tation here, we restrict to the special case of D = K{m,p}, and we fix a
monomial order on D as well as a specific order on monomials in F

2.1. Monomial orders and normal forms. We use the following no-
tation:

e Mon({m, p}) = {7*p’ | k,j > 0} is the set of monomials in D = K{r, p},
i.e., monomials in the variables m and p, and accordingly,

Mon({r}) = {z" | k> 0}, Mon({p}) = {p’ |j >0}, Mon(0)={1}.
e In K{m,p}, we use the lexicographical order on monomials 7*p/ where
p=<m,le.,

Tt < gk pl2 =k < kg or (ki = kg and j; < ja),

eg. p=m =1 <mp =<7 <7p.
e F is a free left D-module of dimension d with a fixed basis {k1,...,kq}.
e Monomials in F are m - k; with m a monomial in K{r, p} and ; one of
the basis elements.
e On monomials in F, we use the position-over-term order defined by

mik;; < MoK, < i1 > 19 OT (il =49 and m; < mg)

e For f € F \ {0}, its leading monomial, denoted by lm(f), is the
greatest monomial that occurs in the standard representation f =
Zk‘,j,i ck,j,m’kpim of f with non-zero coefficient. The corresponding co-
efficient ¢, ;; will be called the leading coefficient of f and denoted by
le().

e For a monomial mk; in F and a subset u C {m, p}, we call the set of
monomials Mon(u)mk; = {mmk; | m € Mon(u)} the p-cone of mk;.

e For {g1,...,9s} C F, we denote by p{gi,...,9gs) the D-submodule of F
generated by g1, ..., gs.

To define a Janet basis for the submodule p(g1,...,gs), we have to con-
sider finite sets T' = {(b1, 1), .-, (by, r)} € F xP({m, p}), where P({m, p})
denotes the power set of {m, p}, i.e., the set of subsets of {7, p}.

DEFINITION 2.1. For T' = {(b1, 1), .-, (br, r)} € F x P({m, p}), and
g € F, we define the reduction of g modulo T' (or the normal form of g with
respect to T'), denoted NF(g,T'), as the result of the following process:

Start by setting h = g. If there is a monomial mk; in h and (b,u) € T
such that mk; € Mon(u)lm(b), find the largest such monomial mek;, and a
corresponding (b, ) € T. Let m € Mon(u) be such that mk; = m - lm(b),
and ¢ € K such that c-lc(m - b) equals the coefficient of mk; in h. Then
replace h by h —c-m - b.

(*) Robertz uses automorphisms, but everything works for any endomorphisms, since
only right division with remainders is used.
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Repeat this process until no such monomial m in h exists anymore.
The resulting h is the normal form of g with respect to T: h = NF(g,T).

REMARK 2.2. Be aware that, in general, for a given monomial mk; there
might be several corresponding pairs (b, u) € T, and the result of the reduc-
tion process might depend on the choice of the pair. However, this ambiguity
will not cause any problems, as it does not occur for Janet bases.

REMARK 2.3. We will also use the normal form NF(g, H) for some
set H = {b1,...,b,} C F. Here, we mean the reduction with respect to

{(b1,p1)s- -, (br, por)} where p; = {m,p} fori=1,...,r.

REMARK 2.4. For the reduction process, the important information on
such a set T are the p-cones of lm(b) for elements (b, ) € T. Namely, an
element h € F can be reduced if it has a monomial that lies in the p-cone of
Im(b) for some (b, ) € T. We now explain how we depict this information
(see Figure [1)):

P i P 2
3 31
p3
2 2+
P1

1 1+

p2 ) 2

1 2 3 ™ 1 2 3 &

Fig. 1. Graphical visualization for T = {(p1,{p}), (p2, {7, p}), (p3,{p}), (pa, {m, p}},
where

p1 = —TPK1 + TK1 + Th2 + pR2, pP3 = —(é— 20+ 1)k1 + (7% — p)ka,

P2 = 7r2m + pK1 — TK2 — K2, pa = 773,‘-@2 + 7T2pH2 — pgng.

(The underlined terms are the leading monomials.)

For each basis vector x;, we draw a two-dimensional coordinate system
with axes labeled by 7w and p, which we call the x;-sheet in the following.
Each monomial 7/p/k; € Mon(F) is then identified with the point (I,7) in
the x;-sheet.

Now, for (b,p) € T, the p-cone of lm(b) is depicted as follows: We
color the point corresponding to lm(b), and label it by b. Further, if p € p
(resp. 7 € p), we add a colored half-line parallel to the p-axis (resp. the
m-axis) starting at this point. If u = {m, p}, we additionally fill with the
same color the area bounded on the bottom and on the left by these two
half-lines.
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Then exactly those monomials 7'p/s; € Mon(F) for which the corre-
sponding point (I, ) in the k;-sheet is colored lie in the p-cone of b.

2.2. Janet basis

DEFINITION 2.5. A Janet basis for a submodule p(gi,...,gs) C F is a
finite set

T= {(blwul)a SR (bTv /’LT)} CF X P({ﬂ',p})
satisfying the following conditions:

(1) pib1,...,by) =p(g1,---,9s),
(2) we have

T
{Im(f) | f € p{br,---,br)} = (4 Mon(p;) Im(bs),
=1

where [+ means disjoint union.

REMARK 2.6. The definition of a Janet basis is given differently in [12],
namely by means of the result of Algorithm below. However, the defini-
tion here reflects the properties needed for the following theorem. When we
will need the stronger form of the Janet basis obtained from the algorithm,
we will explicitly state it.

THEOREM 2.7 ([12, Theorem 2.1.43(d)&(c)|). Let T" = {(b1, 1), .-,
(br, pr)} be a Janet basis for p{gi,...,gs) C F. Then the following hold:
(1) Two elements f1, fo € F represent the same element in F/p(gi, ..., gs)

if and only if NF(f1,T) = NF(f2,T). In particular, f € F 1is in

pg1,- - 9s) if and only if NF(f,T) = 0.

(2) The residue classes of the elements of

,
S := Mon(F) \ | Mon(u;) Im(b;)
i=1
are a K-basis for the factor module F/p{(g1,--.,9s)-
An immediate consequence of this theorem is the following corollary.

COROLLARY 2.8. Assume thatT = {(b1, 1), ..., (br, pr)} is a Janet basis
for plg1,....gs) © F. Let

S := Mon(F) \ | Mon(y;) Im(by),
i=1
and let
N:={feF|[f=NF(fT)}
be the K -subspace of F of normal forms. Denote by pr : F — F/p{g1,...,3s)
the canonical projection. Then the following hold:



10 A. Maurischat

(1) S is a K-basis of N.
(2) The restriction pr|n : N = F/p(g1, ..., 9s) is a K-linear isomorphism.

2.3. Janet algorithm. To construct a Janet basis, we need the notion
of Janet decomposition. The general definition is given in [12, Algorithm
2.1.6]. In our setting, this definition simplifies to the following.

DEFINITION 2.9. Assume that G C F\ {0} is a finite set such that for all
91,92 € G, g1 # g2, the leading monomial Im(g;) is not divisible by lm(g2),
ie., Im(g1) € Mon({m, p})Im(g2). The Janet decomposition of G is the finite
set J C F x P({m, p}) obtained by the following process:

1. Order the elements in G as {g1,...,9s} with descending leading mono-
mials (i.e., Im(gj4+1) < Im(g;)).

2. For each j =1,...,s do the following: If for some i € {1,...,d}, g; is the
first element in G' with Im(g;) € Mon({7, p})k;, add the pair (g;, {7, p})
to J. If this is not the case, add the pairs (7%g;, {p}) to J for all 0 < k <
deg,(gj—1) — degr(g;)-

REMARK 2.10. The Janet decomposition J of GG is a special cone decom-
position, that is, it satisfies

) Mon(u)m(b) = | J Mon({r, p}) Im(g).
(b,u)GJ gEG
The following example illustrates the idea.

ExXAMPLE 2.11. Let 6 € K be such that 7-0 =607 - 7 and p-0 =0 - p.
Consider F = Dk1 @ Dko, and

g1 =7k + (—p° + 0)ka, g2 = (—p° +0)k1 + ko,

g3 = (m* = (0 = 0)(s" — )z
The generated cones are depicted in the following figure:

p 1 p r2
3 3
2 21
g2
1 1
) g1 ) ) g3
1 2 3 0 1 2 3 ™

We have already ordered the elements by descending leading monomials,
since m2k1 = p’k1 = m2ko. To obtain the Janet decomposition, we start
with g1, and add the pair (g1, {m, p}) to J. Next, the leading monomial of go
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is also a multiple of k1, and deg,(g1) — deg,(g2) = 2 — 0 = 2. Hence, we

add the pairs (g2, {p}) and (7g2,{p}) to J. Finally, g3 is the first element

for which lm(gs) is a multiple of k2, hence we add (g3, {m, p}) to J.
Therefore

J = {(glv {ﬂ-a p})7 (7792a {p})v (92a {P}), (937 {7Tv P})}

is the Janet decomposition of {g1, g2, g3}
The cones for J look as follows:

P i P 2
3 3
2¢ 2
42 TGg2
1 17t
g1 ) g3
1 2 3 ™ 1 2 3 &

We can now state an algorithm to compute a Janet basis which is a
simplified version of |12, Algorithm 2.1.42], and we refer to [I2 Theorem
2.1.43] for a proof that the result is indeed a Janet basis.

ALGORITHM 2.12 (Janet algorithm).

Input: A finite set {g1,...,9s} C F \ {0}.
Output: A Janet basis T' = {(b1, 1), .- -, (by, pir)} for p(g1,...,9s)-
Algorithm: Set G :={g1,...,9s}, and repeat the following (1)-(4):

(1) auto-reduction: as long as there is g € G with h := NF(g,G \ {g}) # g,
replace g by h,

(2) compute the Janet decomposition J of G,

(3) set Pi= {NF(v-b,J)| (b.p) € J, v € {m,p} \ i} \ {0},

(4) replace G by {b| (b,u) € J} U P,

until P = 0.

Return J.

EXAMPLE 2.13. Let us continue with the example above: we take G =
{91, 92,93}, and compute a Janet basis for it.

Since the leading monomials of the elements in G do not divide any
other monomial, the normal forms in step (1) are all equal to the elements
themselves. Hence nothing changes there. As stated in the example, the
computed Janet decomposition of G is

J = {(917 {ﬂ-a p})v (77927 {,0}), (923 {p})v (937 {77’ ,0})},
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so in step (3), we have to consider only the normal forms NF (7 - 7gs, J) and
NF(7- g2, J). The second one is trivially 0, since (wg2, {p}) € J. For the first
one, we compute

2
g2 = —p*q1 + 07 g1 + gs.

Hence, also NF(72g2,.J) = 0. This means that P = ), and J is indeed a
Janet basis for G.

3. Finite generation and relations. In this section, we prove our
main theorems, which will be applied to the questions concerning Anderson
t-modules, their t-motives, and t-comotives.

In addition to the notation in the previous sections, we assume that M is
finitely generated free as a K{w}-module, and (K1, ...,Rq) is a K{r}-basis
of M. So if the p-action is given in this basis by a matrix D € Matgxq(K{7}),
i.e., in matrix notation

(3.1) p| i |=0| |

the obvious generators in the presentation are {pi1,...,pqa}, where for
i=1,....d,
d
Di = PpK; — ZDij/ij e F.
j=1

As in the previous section, we use the lexicographical monomial order on
D = K{m,p} with p < 7, and extend this order to F via the position-over-
term order. Further, we let J = {(b1, 1), .., (bs, ts)} be a Janet basis for
p(p1, ..., pa) With respect to this order.

We also let pr : F — M be the canonical projection, i.e., the K{m, p}-
linear map sending k; to k;, and let

N:={feF|f=NF(fJ)}

be the K-subspace of normal forms. We recall from Corollary that the
set

,
S := Mon(F) \ | Mon(y;) Im(b;)
i=1
is a K-basis of N, and that the restriction pr|y : N — M is a K-linear

isomorphism. In formulas, we sometimes emphasize this fact by writing f
instead of pr(f) for a normal form f € N.
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DEFINITION 3.1. Depending on J, we define the following quantities
(with the convention that the infimum of an empty set is oo). For each
i=1,...,d,

n;:=inf{n € N|3(b,u) € J : Im(b) = 7"k;} € NU {00},
m; :=inf {n e N | 3(b,u) € J, 1> 0:1m(b) = 7"p'k;} € NU {oo},
as well as
Ween := {m’k; |i=1,...,d,0<j<n} CF,
Wind := {m’k; | i=1,...,d,0<j <m} CF.
Obviously, m; < n; for all i = 1,...,d, and hence also Winq € Wien.
PROPOSITION 3.2.

(1) The restriction of pr to Ween is injective.

(2) Ween := pr(Wgen) generates M as a K{p}-module.
(3) Foralli=1,...,d, we have m; < 0.

(4)

Wind := pr(Wina) ts a mazimally K{p}-linearly independent subset of M.

Proof. By definition of n;, we have Wgen, € S, and by Corollary
the restriction of pr to S is injective.
By definition of n; and Wen, we have

SC{mpki|i=1,...,d,0<j<n; >0} =Mon({p}) Ween.

Since pr(S) is a K-basis of M, M is generated as a K{p}-module by Wyen.
Suppose to the contrary that m; = oo for some ¢. Then

S D {r*p'k; | k1> 0}.

Hence, the elements 7% p!R;, k,1 > 0, are K-linearly independent in M, and
therefore the elements p'R;, | > 0, are K{r}-linearly independent. This,
however, is not possible, since by assumption, M is finitely generated over
the left principal ideal domain K{r}.

By definition of m; and Wj,q, we have

So{rlp'ki[i=1,...,d,0<j<mi >0} =Mon({p}) - Wina-

Since pr(S) is a K-basis of M, the set Mon({p}) - Winq is K-linearly inde-
pendent, and hence Wiy,q is a K {p}-linearly independent set.

For showing maximality, suppose to the contrary that there is g € F such
that pr(g) is K{p}-linearly independent from W;,q. Of all those elements, we
choose one with Im(g) minimal. Now let 4, ,1 be such that Im(g) = 77 p'x;.

If we had j < m;, then we could subtract a K{p}-multiple of some
element of Wi,q, and obtain another such g with smaller leading monomial.
Hence, 7 > m;.
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By definition of m;, there are k > 0 and (b, 1) € J such that 7 p"**x; lies
in the {m, p}-cone generated by b, and even more, we can choose (b, u) € J
such that
p"1m(g) = 77 p* ks € Mon () Im(b).
Hence, the leading monomial of NF(pFg, .J) is strictly smaller than p¥ lm(g)
which means that f = pFg — NF(p*g,J) € F is a non-zero element with
Im(f) = p¥1m(g). Further, by Theorem we have pr(f) = 0.

Due to our chosen monomial order, we can write

f=filp)g+r,

with a non-trivial polynomial fi(p) € K{p} @ and r € F with lm(r) <
Im(g).

Since pr(g) was K{p}-linearly independent from Wi,g, also pr(fi(p)g) =
fi(p)pr(g) is K{p}-linearly independent from Wi,q, and so is

pr(r) = pr(f — fi(p)g) = —f1(p)pr(9).
This, however, contradicts our assumption that g was such an element with
minimal leading monomial. =
We can now prove our first main theorem.
THEOREM 3.3. With the definitions and notation above, we have the
following:

(1) M is finitely generated over K{p} < Vi =1,...,d, we have n; < co.
(2) Let K(p) denote the skew field of fractions of K{p}. The space
K(p) ®kqpy M is a finite-dimensional K (p)-vector space of dimension

d
dimp () (K (p) @y M) = my.
=1

(3) If M is K{p}-finitely generated, and y, : K — K is bijective, then M is
a free K{p}-module of rank

d
I‘kK{p}(M) = Z m;.
=1

Proof. If n; <ooforalli=1,...,d, then Wge, is finite. Hence by
Proposition [3.24(2)] M is finitely generated as a K{p}-module.

On the other hand, assume that for some ¢ = 1,...,d, we have n; = oco.
By definition of n;, this implies that for all n > 0, n"k; € S, and hence
NF(n"k;, J) = 7" K;.

(%) Obviously, f1(p) is even monic and of degree k, but that is not important for the
proof.
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Further, due to our chosen monomial order, we have 77 p! p /4;, -< n"k; for
all j <n and ! > 0. In particular, for any element f = Z Zl 0 leﬂ']p Kq
in the subspace g, (m/k; | j <n) C F, we have

Im (NF(f,J)) 2 Im(f) < 7"r; = NF(x"rq, J),
which implies NF(f, J) # NF(n"k;, J). Hence, by Theorem [2.7(1), pr(f) #

pr(n"k;) = 7"R;.

This shows that for all n. > 0, 7"R; ¢ g,y (m/R; | j < n) C M. Hence, the
K{p}-submodules g, (m/%; | j < n), n > 0, form an infinitely ascending
chain of submodules of M, which is impossible if M is finitely generated, since
K{p} is Noetherian. Hence, M is not finitely generated as a K{p}-module.

By Proposition , the set Wing = pr(Winq) is a maximally K {p}-
linearly independent subset of M. Therefore, it is a maximally K (p)- linearly
independent subset of K(p) ® K{p} M, hence a basis. By Proposition
the set Wiyg is finite, and its cardmahty is Zl 1 m;, which proves the claim.

(3)| If M 1is ﬁmtely generated, and vy, is an isomorphism, then by Propo-
sition [.] it is not only finitely generated, but even a free K{p}-module.

Hence,
d

rk e (py (M) = dim () (K (p) @y M) = m;

=1
by part "

We are next going to describe the m-action on the K{p}-generators Wgen
of M, as well as the K{p}-relations among elements of We,. To obtain this
nice description, we need a Janet basis from Algorithm [2.12]

LEMMA 3.4. Assume that n; < oo for all i = 1,...,d, and that J is
obtained as the result of Algorithm [2.12| For alli=1,...,d, let (b, u;) € J
be the pair such that lm(b;) = 7"ik;, and set

Jrop :={(bi, i) |1 =1,...,d} and Jiow = J \ Jiop-
Then the following hold:

(1) Foralli=1,...,d, we have p; = {m, p}.
(2) Foralli=1,...,d, for all m; < j < n;, there exist unique | > 0 and

(b, 1) € Jiow such that lm(b) = 7 p'k;. For those (b, ), one has = {p}.
(3) Jiow consists ezactly of the pairs (b, i) given in[(2)]

Proof. Assume that G is the auto-reduced set obtained after step (1)
in the last run of the loop in Algorithm 2:12] so that J equals the Janet
decomposition of G. We start by showing[(1)| Let i € {1,...,d}.

If there were not any b € G with lm(b) € Mon({7});, then also J would
not contain such an element, contradicting our assumption n; < co. So let
b € G with lm(b) = 7"k; be the one with least n. Since G is auto-reduced,
all other elements b € G with Im(b) € Mon({r, p})&; have deg, (Im(b)) < n.
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In particular, b is the only element in G whose leading monomial lies in
Mon({7})k;. By the construction of the Janet decomposition, it remains the
only such element, and the corresponding p equals {m, p}. So b = b; and
i = {m, p}, showing [(1)]

Parts and are then also directly obtained by the construction of
the Janet decomposition of G, again taking into account that G is auto-
reduced. m

REMARK 3.5. As the Janet basis in the previous lemma is obtained as
the Janet decomposition of the auto-reduced set GG, and all b; were already
elements of G, we also see that for all ¢ = 1,...,d, apart from the leading
monomial lm(b;), all other monomials that occur in b; are in S.

The same holds for (b, u) € Jiow, if b € G. However, elements that were
added in the process of the Janet decomposition, i.e., those of the form 7*g
with ¢ € G, might not have this property. For those (b, 1), we instead use
b = NF(b,J \ {(b,)}) in the next theorem. Then, apart from the leading
monomial Im(b), which equals Im(b), all other monomials that occur in b are

in S.

THEOREM 3.6. Assume that n; < oo for all i = 1,...,d, and that J is
obtained as the result of Algorithm [2.12] Let@

Btop = {b | (b7 /’L) € Jtop} = {b17 c '7bd}7
Biow := {NF(b, J\ {(b, 1)}) ‘ (0, 1) € Jiow}
with Jiop, Jiow, and by, ..., bq as in Lemma 3.4 Then the following hold:

(1) For w € Ween, i.e., w=m’r; for somei=1,...,d and 0 < j < n;, one
has
TWw if 7<n;—1,
NF(rw, J) = 1 f] '
ﬂw—mbi if j=n;—1.
(2) A generating set for the K{p}-relations among elements in Wgen 18 given
by writing the elements in Bioy as K{p}-linear combinations of the ele-
ments in Ween.

Proof. (1) Let w = 7/r; € Ween- If 5 < nj — 1, then j 4+ 1 < n;, and
7w = g, € S. Hence, it equals its normal form. If j = n; — 1, then
it = ik, = Im(b;). Hence, the first step in the reduction process is

to subtract %bi. Further, from Remark we see that all monomials of

Tw — ﬁbi are elements of S. Therefore, mw — ﬁbi is the normal form

of Tw.

() See Remark for the choice of Biow.
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(2) By the main property of the Janet basis, all K{p}-relations among
elements in K{p}Ween are given by the set {f —NF(f,J) | f € K{p}Wgen}-
By the definition of the normal forms and of Biop, and Bioy, one has

(3.2) f=NF(f,0)= > ab= > b

(b,u) eJ b€ BtopUBiow

for appropriate ¢, ¢, € K{m, p}, where & € K{p} if (b, ) € Jiow and ¢, €
K{p} if b € Bjow. The latter form is obtained from the former by replacing
the b’s from Joy by the linear combination obtained when computing their
normal forms.

Since we only consider f € K{p}Wgen, each monomial 7/ p's; occurring
in f satisfies j < n;. The same is true for all normal forms, hence for NF(f, J).
For given i = 1,...,d, the only monomials 7/ p'x; in ZbgBmpUBlow cpb which
satisfy j > n; stem from the term c¢p,b;, and hence ¢, =0 for alli =1,...,d,
ie., cp =0 for all b € Bygp.

This shows that all differences f —NF(f, J) are K {p}-linear combinations
of elements in By, proving the claim. =

REMARK 3.7. In the previous theorem, we focused on the case n; < oo for
alli=1,...,d, i.e., M is a finitely generated K{p}-module, because this is
the interesting case for our applications. However, a variation of Lemma [3.4]
and Theorem will also lead to an explicit description of the relations and
the m-action on Wgen. We will give an example thereof in Example

REMARK 3.8. If we assume that M is finitely generated and -, is an
isomorphism, we see from Proposition that M is a free K{p}-module.
From the finite generating set Wgen and the finite relations obtained from
all b € Bjow, one can obtain a basis for M. In order to achieve this, one
applies the elementary divisor algorithm to this setting, which also works in
this non-commutative case, as K{p} is both left and right principal (cf. [0,
Sections 3.1 & 3.7]) m

For the convenience of the reader, we give more details. Let Wyen, =
{wi,...,ws}, write all b € By, as K{p}-linear combinations of the ele-
ments in Ween, and build the matrix B € Mat,«s(K{p}) whose rows are the
coefficient vectors of these linear combinations. Here, we denote r = # Bjoy .
Diagonalize the matrix via row and column operations with a bookkeeping
of the column operations. The diagonalizing amounts to finding matrices
U € GL,(K{p}) and V € GLs(K{p}) such that (in block matrix form)

UBV = (H 0),
0 0

(") This is exactly the point where one needs the assumtion that =, is an isomorphism.
Otherwise, K{p} would not be right principal.
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where H is a square diagonal matrix of some size sy < min{r, s} with
non-zero entries on the diagonal, and the 0’s denote zero matrices of the
appropriate sizes.

As M is torsion-free, it turns out that the diagonal entries of H are units,
i.e., we can achieve that H = 1, is the identity matrix.

Then the set {e1,...,es_s,} where

S
eii= ) (V7 )i j )
j=1

forms a K{p}-basis of M.
Using the transformation matrix V', one also easily computes the m-action

on {ey,...,es_s,} from that on Wgen. Namely, let in matrix notation
w1 W1
T =C
Wy W

with C' € Matgxs(K{p}). Then, with s = s — sq,
el e1
Tl =C| |
€s, €s,
where C is the lower right s1 X sj-submatrix of 4, (V1 CV .
We leave the verification of this computation as an exercise to the reader.

REMARK 3.9. The key point in the results of this section is the chosen
monomial order in K{7, p}, and that we use a position-over-term order for F.
However, we are free to change the basis {k1,...,kq}, as it suits best. As
such a change does also change the order on F, it can affect the run-time of
the algorithm in special cases (see Example .

We end this section by illustrating it with our running Example
ExXAMPLE 3.10. In Example [2.13] we computed the Janet basis

J = {(917 {ﬂ-a p})v (77927 {p})? (923 {p})v (g?n {77’ ,0})},

where
g1 = k1 + (—p* + 0)ka, g2 = (—p* + 0)k1 + Ko,
2
mga = (—mp® + 09m)k1 + Th2, gs = (7° = (p* = 0)(p* — 67 )) k2.

(%) Here, v-(V™') means the entrywise application of v : K{p} — K{p} (the p-linear
extension of the original 7).
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We readily see that in this example, we have
n=2 m=0np=my=2,
Ween = {K1, K1, k2, Tk},  Wing = {ka2, Tk2}.
So by Theorem , and Proposition M is a finitely generated K{p}-
module, and Wgen = {R1,TR1, k2, TRy} is a generating set for M.
Further, we have
Btop = {91793} and Blow = {7’[‘92,92}.
The K{p}-relations are hence given by
0=pr(rgs) = (—p* +09) 7R +7kzs  and 0= pr(gz) = (—p*+0%)F1 +Fo.
So 7Ry and Ry are K{p}-multiples of mk; and ki, respectively. Therefore,
{R1,mR1} is a K{p}-basis for M, in accordance with Theorem [3.3(3)| stating
that the rank is m; + my = 2.
Finally, we compute the m-action with respect to the basis {e; := F1,
€9 := k1 } using Theorem
Tey = TRy = ey, ey = pr(miRy — g1) = (p* — 0)Ra = (p* — 0)(p* — 69)R,

= (p* = 0)(p* — 0V)ey.

4. Anderson modules, motives, and comotives

4.1. Basic setting. From now on, let I, be the finite field with ¢ ele-
ments, and let K be a field containing F,. Further, let F,[¢] be the polynomial
ring over I, in an indeterminate ¢ which is linearly independent to K, and
let ¢ : F,[t] = K be a homomorphism of [F,-algebras. We set 6 := ((t).

We denote by K{7} the skew polynomial ring

K{r}:= {i:pﬂ'z
=0

with multiplication uniquely given by additivity and the rule

nZO,miGK}

T-x=x%-1

forall x € K, ie.,

i m ntm  k .
(Z acwi) . (Z ijj) — Z ( z; - (ykﬂ,)qz) ok
=0 j=0 k=0 i=0

This ring equals the ring Endg, x, (Ga) of Fy-linear group endomorphisms
of G, by identifying 7 with the ¢th power Frobenius map, and z € K with
scalar multiplication by x.
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If K is perfect, i.e., the gth power map is an isomorphism, we denote by
K{o} the skew polynomial ring in a variable o subject to the rule

U.x:xl/q.o'

for all x € K.

This ring equals the opposite ring of K{r}.

The gth power Frobenius map will be extended to K[t] = K ®p, F,[t]
as the Frobenius twist, denoted f — f @, by applying the ¢th power to the
coefficients in K, and leaving ¢ invariant. In the same way, if K is perfect,
the inverse Frobenius map will be extended to K[t] as the inverse Frobenius
twist, denoted f — f(=1_ by applying the (1/¢)th power to the coefficients
in K, and leaving t invariant.

In the following, we will encounter the tensor product K{7} ®r, F[t],
which is nothing other than the skew polynomial ring K{, ¢} in two vari-
ables 7 and t, subject to 7t = t1, Tx = v,(2)7, and tx = y(z)t, for all
x € K, where 7.(z) = 27 (x € K) is the Frobenius map, and v = idx is the
identity.

Similarly, if K is perfect, then K{o} ®r, Fy[t] = K{o,t} with the auto-
morphisms v, (z) = 21/ for all z € K and v = idg.

4.2. Anderson’s objects. In Anderson’s theory, there are three main
types of objects. The definitions slightly differ from source to source. We
follow [5] here, and adapt it to our setting.

An effective Anderson t-motive (M, 1y) over K is a free K[t]-module of
some finite rank r together with a homomorphism 7 : M — M that is semi-
linear with respect to the Frobenius twist @ and such that the “cokernel”
M/(K[t] - T7m(M)) is annihilated by some power of ¢t — 6.

The existence of the semilinear operator 7y can equivalently be described
by saying that M is a left module over the skew polynomial ring K{7,t}.

Similarly, for K perfect, an effective Anderson t-comotive m (M, o)
over K is a free K[t]-module of some finite rank r together with a homomor-
phism ogy : 99T — 9N that is semilinear with respect to the inverse Frobenius
twist [(T1)] and such that the “cokernel” 9t/ogn (M) is annihilated by some
power of t — 6.

Parallel to Anderson t-motives, the existence of the semilinear operator
oon can equivalently be described by saying that 9 is a left module over the
skew polynomial ring K{o,t}.

(°) Frobenius twist semilinearity means that the map 7y is additive and also satisfies
m(f-m) = fOru(m) for all f € K[t] and m € M.

(10) As mentioned earlier, we avoid the confusing terminology dual t-motive for this
object.

(*') Semilinearity for the inverse Frobenius twist means that the map o9 is additive
and also satisfies oo (f - m) = f Yoo (m) for all f € K[t] and m € M.
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An Anderson t-module (E,¢) over K of dimension d is an [F,-vector
space scheme E over K isomorphic to G¢ together with a homomorphism of
[F,-algebras ¢ : [ [t] — Endgpr,(E) into the ring of Fy-linear group scheme
endomorphisms of E, such that for all a € F[t], the endomorphism d¢,
on Lie(E) induced by ¢, := ¢(a) satisfies the condition that d¢, — £(a) is
nilpotent.

REMARK 4.1. The definition of an effective Anderson ¢-motive in
[5, Definition 2.3.1(a)&(c)| looks different from what we stated here. Hartl
and Juschka required that the linearization 7y : K][t] Ok M — M,
x®@m — - 1vm(m), of 7y becomes an isomorphism after inverting ¢ — 6.
Here the tensor product is via the Frobenius twist on the left-hand factor,
ie., z®ym=zy) @m for z,y € K[t], m € M.

The cokernel of Ty is M/(K[t] - T7m(M)), i.e., what we called “cokernel”
above. So the cokernel is annihilated by a power of ¢ — 8 if and only if 7y
becomes surjective after inverting ¢ — 6. Furthermore, 7 is a homomorphism
of free K[t]-modules of the same rank r. So if its cokernel is torsion, then the
image of Ty also has rank r, and this implies that 7T\ is injective. Therefore,
in our setting, the definition given here is indeed equivalent to the one in [5].

A similar argument shows that in our setting the given definition of an
effective Anderson ¢-comotive is equivalent to [B, Definition 2.4.1(a)&(c)].

4.3. Relation between these objects. For an Anderson ¢-module
(E, ¢), the t-motive associated to (E,¢) is the K{r,t} = K{1} ®r, F,[t]-
module

M(E) := Homgp, , (E, Ga)

of F,-linear homomorphisms of group schemes with left K {7 }-action given by
composition with elements in Endg,, r, (Ga) = K{7}, and F,[t]-action given
by composition with the elements ¢, for a € F[t].

In general, however, M(FE) might not be finitely generated free as a
K[t]-module. The Anderson ¢t-module (E, ¢) and its motive M(E) are called
abelian if M(E) is finitely generated free as a K[t]-module. In this case,
the nilpotence of the endomorphism d¢, — ¢(a) implies that the “cokernel”
M(E)/(K][t]- 7(M(E))) is annihilated by some power of ¢ — . Hence, in this
case, M(F) is indeed an effective Anderson t-motive.

In parallel, the t-comotive associated to (E, ¢) is the right K{7}®p, F,[t]-
module

M(E) := Homg,p, 7, (Ga, )

with right K {7 }-action given by composition with elements in Endg, 7, (Ga)
= K{r}, and F,[t]-action given by composition with ¢, for a € F,[t]. Using
the opposite ring K{c} of K{7} (in the case that K is perfect), IM(E) is
turned into a left module over K{o,t} = K{o} ®, ;[t]. As above, M(F)
might not be finitely generated free as a K[t]-module in general, and the
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Anderson t-module (E, ¢) and its comotive IMM(E) are called coabelian (or
t-finite) if M(E) is finitely generated free as a K[t]-module. In this case, the
nilpotence of the endomorphism d¢, —£(a) implies that M(E) /oo ) (M(E))
is annihilated by some power of t — . Hence, in this case, M(E) is indeed
an effective Anderson t-comotive.

REMARK 4.2. We showed in [§] that for perfect fields K the conditions
of being abelian and being coabelian are indeed equivalent. This result was
extended in [3] to more general base rings R instead of the perfect field K.

Conversely, assume we are given an effective Anderson t-motive M, and
moreover that it is also finitely generated free as a K{7}-module with some

K{r}-basis (R1,...,Rq), and the t-action on M can be described as
K1 K1
t =D
Kd Kd

Then this t-motive is isomorphic to the t-motive associated to the Anderson
t-module (E,$) with E = G, and

¢t = D € Matgyq(K{7}) = Endg,p 5, (G2).

Here the condition that M(E)/(K[t]- 7(M(E))) is annihilated by some power
of t — 0 ensures that d¢, — £(a) is nilpotent for all a € F[t].

Similarly (but it is computationally a bit more technical), assume we
are given an effective Anderson t-comotive 9 over a perfect field K that
is also finitely generated free as a K{o}-module. If we have computed a
K{o}-basis and the t-action on that basis, it is straightforward to obtain (up
to isomorphism) the Anderson ¢t-module which this ¢-comotive is associated
to.

In order to do so, one just has to reverse the steps given at the beginning
of Section [

5. Bases of abelian t-motives. In this section, we answer Question [I]
of the introduction.

Throughout this section, we fix a t-module (F, ¢) over K of dimension d,
as well as a coordinate system &, i.e., an [F,-linear isomorphism of group
schemes % : E = G defined over K, and we just write M for M(E).

Let R; : E — G, be the ith component of &, i.e., the composition of &
with the projection pr; : Gg — G, to the ith component of (Gg. Then the set
{R1,...,Rq} is a K{7}-basis of the t-motive M.
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Furthermore, with respect to this coordinate system, we can represent ¢;
by a matrix D = (D;;) € Matgxq(K{7}), and the t-action on M is given in
matrix notation by

(5.1) t-|:|=bD-

So we are exactly in the situation of Section 3] with 7 = 7 and p = ¢, as
well as v, (z) = 29 for all x € K, and vy, = idx. We therefore view M as the
quotient F/p(p1,...,pq) with

d
D=K{rt}, F=PDs,
=1

and fori=1,...,d,
d
Di = tK; —ZDiinj e F.
j=1
From Theorem [3.3] we obtain

THEOREM 5.1. Let K{r,t} be equipped with the lexicographical order with
t < 7, and extend this monomial order to F via a position-over-term order.
Let J be a Janet basis of p(p1,...,pq) obtained by applying Algorithm .
Let the quantities nj,m; (i =1,...,d), Ween, Ween, Btop and Bioy be given
as in Definition[3.1, Proposition [3.2] and Theorem[3.6| for m = 7 and p = t.
Then the following hold:

(1) M is abelian < Vi =1,...,d, we have n; < cc.
(2) The rational t-motive K(t) @ M is a finite-dimensional K (t)-vector
space of dimension
d
dimy () (K (t) @k M) = > m;.
i=1
If M is abelian, we further have the following:

(3) The rank of M as a K|t]-module is given byl@

d
I‘kK[t](M) = Z m;.
=1

(*?) See also [8], Section 5] for more details.

(**) In [9, Definition 7.2|, we also defined the notion of rank for non-abelian t-motives,
namely as the dimension of the rational t-motive K (t) ® k) M. We nevertheless decided
to add the condition “abelian” here, as the more general notion is not so common.
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(4) Ween is a (finite) generating set for M as a K|[t]-module, and their K|[t]-
relations are generated by the elements in By (written as K[t]-linear
combinations of the elements in Weyey).

(5) The T-action is given as follows: For w € Ween, i.e., w = 7/ Kr; for some
t=1,...,d and 0 < j < n;, one has

- AR if j<n; —1,
T(T]’{"i) = n: = 1 7 .p -
TR — lc(bi)bi ij =n; — 1,
where b; € Byop is the element with leading monomial Im(b;) = 7" Ky,
and b; is obtained from it by replacing k; with K;.

Proof. Part follows directly from Theorem [3.3(1)&4(3)[ upon taking

into account that v, = idg is an isomorphism.

Parts and are nothing other than and of Theorem
Finally, parts and are rephrasings of Theorem ]

REMARK 5.2. In [§], we also provided an algorithm to check whether a
t-module is abelian which we briefly recall here. Assume that K is perfect,
and consider the entries of the matrix t- 14 — D as elements of polynomials

in t over the skew Laurent series ring in o = 771,

K({o}) = {Zmz ‘iOEZ,xiGK},

i=ig

using the embedding
K{r} - K{o}), Zxﬂj — ijafj.
=0 =0

Diagonalize the matrix ¢t - 15 — D via row and column operations in such a
way that the diagonal entries successively divide each other. Then consider
the last entry Ay of the resulting diagonal matrix diag(A, ..., Ag), which by
assumption is divisible by all other A\; (i = 1,...,d — 1). The t-module is
abelian if and only if the Newton polygon of that polynomial \; € K ({c})[t]
has positive slopes only.

An interesting question is how that algorithm is related to the Janet
algorithm. The starting elements pq, ..., pg for the Janet algorithm are the
rows of the matrix ¢ - 14 — D. As multiplication with 7 is an isomorphism
when considered in K({c})[t], computing the normal forms of 7-multiples
of some p; looks like computing the result of an elementary row operation.
However, as other multiples of p; could occur in the reduction process, in
general it is not. Furthermore, there are no transformations equivalent to
column operations in the Janet algorithm.

So at first sight, there are similarities, but also differences, and it would
require a thorough investigation to clarify the situation.
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6. Examples. We illustrate the algorithm and the results by the ex-
amples that were also considered in [8, Section 9.

ExaMPLE 6.1. Let 9 be a Drinfeld module over K of rank r and char-

acteristic £ : F[t] — K, i.e.,
e =0+a17+ -+ a,7"

with 0 :=/¢(t) € K and ay,...,a, € K, a, # 0. We will see that in this case,
everything becomes quite simple and fits perfectly to what is well-known.

We have d = 1, and

F= D’%l/D<p1>7
where p; = tk1—¢-k1. As we only have one generator p1, the Janet algorithm
terminates directly producing J = {(p1,p1)} with g1 = Mon({7,t}). The
leading monomial of py is 7"k1, hence
ng=mp=r, Wgen:vvind:{Tjﬁl‘OSj<r}'

So, we have r different K[t]-generators and no relations, i.e., {7/f; | 0 < j
< r} is a K|[t]-basis for the t-motive M(E), and the T-action is given by

7']—"—1/?&1, jg<r—1,
Jgq) = T L
T(t7R1) = pr(7"k1 — ;-p1)
S el S Oy S s W S ¥ SN
= o R1— TRl o T ki, j=r—L

EXAMPLE 6.2 (Quasi-periodic extensions of Drinfeld modules by G,).
Let ¢ be a Drinfeld module over K of rank r and characteristic ¢ : [F,[t] = K,
and let ¢ : F,[t] - 7K{7}, a — &, be an (-i)-bi-derivation, i.e., an F-linear
map satisfying

dap = £(a) - 0y + 64 - Yy

for all a,b € F,[t]. We consider the t-module (G2, $) of dimension 2 given by

_ (¥ O
(Z)t - <5t 9> )
where 0 := ((t).

Here, d = 2, p1 = tk1 — Y1k and py = tke — §tk1 — Oks. The leading
monomials are Im(p;) = Im(¢)k1 = 7"k1 and Im(p2) = Im(6:)rk1 = T°k1
where s = deg_(d;). So if r > s, in the auto-reduction step, we would have
to replace p; by its reduction with respect to po, and afterwards replace ps
by its reduction with respect to the reduction of p; and so on, until we get
a reduced system. Similarly, if » < s, we would start by replacing ps by its
reduction with respect to p;, and proceed from there.

It is much more efficient here to change the coordinate system by swap-
ping k1 and kg (cf. Remark . For easier reading, we will not change the
indices, but do the computation with ks > k1. Namely, in this ordering, we
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still have Im(p;) = 7"k1, but lm(ps) = tka. So, if deg, (:) < r, we already
have reduced polynomials, and if deg.(d;) > r, we have to reduce ps by p;
once to obtain reduced polynomials. In both cases the leading monomials do
not change, and we directly obtain a Janet basis

J = {(p27 {Ta t})a (p1, {Tv t})}

(depicted below) from which we can read off that ng = oo (the n correspond-
ing to k2), i.e., this t~-module is not abelian.

t w2 t 1
3 3
2 24
1t 14
12 5 7 1 2 g7

Although the t-module is not abelian, the Janet basis gives us a de-
scription of the t-motive by generators and relations. Namely, from Propo-
sition [3.2] we know that M is generated by

Ween = {T7k2 | § >0} U{r7k1 |0 < j <7 =n}.
The K |[t]-relations are not only generated by pa, but here also by all 7-shifts

of po. Hence,
(t — 9)/%2 = 5,5/7&1,

and for all j > 1,
(t — eqj)TjRQ = Tj5tR1 = NF(Tj(Stl_il, {pl}) € K[t]<"_{17 - ,TT_II_{1>.
This verifies Theorem [5.1(2)} that K(t) ® gy M is finitely generated of di-

mension r.

EXAMPLE 6.3. The second Carlitz tensor power C®? is given by
0 1
D= ( )
T 0

p1 =tk — Ork1 — K2, P2 = —TK1 + tko — Oks.

So we have d = 2, and

e First loop in Janet’s algorithm:

— Gy = {p1,p2} already reduced,
— Janet decomposition Jy = {(p2, {7, t}), (p1,{t})},
- P = {NF(Tpl, Jl)} = {—THZQ + (t — 9)(t — (9(1)/432}.

e Second loop in Janet’s algorithm:
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— Go = {p1,p2,p3} With p3 = —Tra + (t — 0)(t — 09) k2,
—Jo= {(pQ’ {T’ t})’ (ph {t})’ (p37 {T’ t})}v
— P2 = {NF(Tpl,JQ }\{0} = @

)
Hence, J = {(p2, {7, t}), (p1,{t}), (p3, {7, t})} is a Janet basis.

t 1 t 2
3 3
2 21
1 1
P1
P2 . . . .
1 2 3 T Psy 2 3 T

We obtain n; = ny = 1, and m; = 0, my = 1. Hence, M = M(C®2) is abelian
of rank my + mo = 1.
o B :={R1,k2} generates M as a K|[t]-module,
e the relation is given by 0 = p; = (t — 0)k1 — Re, i.e., Ry = (t — 0)R1, and
hence {1} is a basis,
e the 7-action is given by
7(R1) = TR1 + P2 = (t — 0)Rg = (t — 0)*R1.

A similar calculation works for the dth Carlitz tensor power C®¢, which

is given by

6 1 0 0
0
D=1: . - - o] €Matgqs(K{7}).
0 RPN |
T 0 -~ 0 0

Of course, the calculation reveals the well-known result that its t-motive
has w1 as its K[t]-basis, and 7(k1) = (t — 0)%k1. We leave the detailed
calculation to the reader.

EXAMPLE 6.4. We consider [8, Example 6.3|, i.e., the t-module (E, ¢)
over the rational function field K = F,(#) with

0+ 72 73
D= ( 2
1+7 6+71
with respect to a coordinate system {&1, ko}. In this case,

p1r =tk — 2Kk — 0Kk — T2ke  and pg =tk — TK1 — K1 — ke — Oka.
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As in the previous examples, the calculations become easier when we
change the order of the basis to k1 < k2 @

e First loop in Janet’s algorithm:
— Im(p2) = 7%k2 divides Im(py) = T3k2, so we must reduce p;, and obtain
Py =p1 — Tp2 = —Ttka + 09TKe + TRy + tk1 — Ok,

and Gy = {p27p,1}7
— Janet decomposition Ji = {(p27 {T) t})) (pllv {t})}a

— we have
p3 i= NF(rp, J1) = —(t—0) (t—07 ) o+ (72427t =097 —07 74t —07 )11,
hence P, = {ps}.
e Second loop in Janet’s algorithm:

— Go = {p2, P}, ps} is already auto-reduced,

- J2 = {(pQ, {Tv t})v (p/h {t})a (p3> {t})}v
— NF(7pl, J2) = 0, and

pa i= NF(rps, J) = (° + (2t — 67 — 09)7% — (¢t — 0)(t — 07 ))ria,
hence P» = {p4}.
e Third loop in Janet’s algorithm:

— G3 = {p2, D}, p3,pa} is already auto-reduced,

- J3 = {(p2a {7—? t})a (p/17 {t})a (p?n {t})7 (p47 {T7 t})},
— NF(rp}, J3) = 0, and NF(7ps, J3) = 0, hence Py = {).

Therefore, J = {(p2, {7, t}), (9}, {t}), (p3, {t}), (pa, {7, t})} is a Janet basis.

t 2 t 1
3 3+
p3
2e 2+
Pl
1+ 1T
P2 .
1 2 3 T 1 2 3P 7T

(14) We leave it to the reader to run the algorithm with the order k1 > k2.
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The result shows that the t-motive is abelian of rank 3, and the set
{TRo, Ko, T2K1,TK1, R1} generates the t-motive. The relations are provided
by p} and ps, i.e.,
TR1 = (t — 0%) TRy — (t — )R,
2Ry = (t — 0)(t — 07 )Ry — (2t — 67 — 09 )Ry — (t — 07 )y
= (t = 0)(t =07 )R>
— (2t — 07 — 0T )((t — 0T)TRo — (£ — O)R1) — (t — 09 )Ry
= (t—0)(t— 07 )Ry — (2t — 07 — 07 )(t — 09) 7Ry
+((t—0)(2t — 07 — 07°) — (t — 67))R,.

So, €1 = TRy, €3 = Rg, €3 = K1 is a K|[t]-basis. We compute the 7-action
using Theorem and eliminating 77 and 72&; afterwards, and obtain
(1) = T2Re = —(t — 09)&; + (t — O)ea + (t — 0 — 1)ez,

T(€2) = €1, T(€3)=(t—07)e; — (t—0)es.

7. Computing the Anderson t-module to a t-motive. In Section [f]
we started with an Anderson t-module from which we readily had the t¢-
motive M as a K{7}-module with a t-action, and computed a presentation
of M as a K[t]-module with a 7-action.

In this section, we go in reverse direction, and answer Question [2] of the
introduction.

Let (M, 7y) be an effective Anderson ¢t-motive of rank r as defined in
Section {4 Let {é1,...,&} be a KJt|]-basis of M, and (written in matrix
form)

for some © € Mat, ., (K]t]).

So we are exactly in the situation of Section [3] this time, however, with
m=tand p=T, as well as €1,...,¢&, in place of kK1, ..., Kq.

We therefore view M as the quotient F/p(p1,...,p,) with

,
D=K{tT1}, F= @Dei,
i=1

and fori=1,...,r

.
pi=r7ei— » Oijej € F.

j=1
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THEOREM 7.1. Let K{t, T} be equipped with the lexicographical order with
T < t, and extend this monomial order to F via a position-over-term order.
Let J be a Janet basis of p(p1,...,pr) obtained by applying Algorithm .
Let the quantities nj,m; (i =1,...,7), Wgen, Wgen, Biop and Bioy be given
as in Definition [3.1], Proposition[3.2] and Theorem [3.0] for 1 =t and p = T,
as well as e1,...,e, in place of K1, ...,Kq. Then the following holds:

(1) M is finitely generated as a K{7}-module < Vi = 1,...,r, we have
n; < oo.
If M is finitely generated as a K{7}-module, we further have the following:

(2) Ween is a (finite) generating set for M as a K{t}-module, and the K{t}-
relations are generated by the elements in By (written as K{t}-linear
combinations of the elements in Weyey). ‘

(3) The t-action is given as follows: For w € Wegen, i.e., w = tle; for some

t1=1,...,7r and 0 < j < n;, one has
, title; if 7<n;—1,
tte)=q | — f‘j !
t Zei_lc(bi)bi ij:ni—l,

where by € Byop is the element with leading monomial lm(b;) = t"e;,
and b; is obtained from it by replacing e; with €;.
(4) If K is perfect, then M is free as a K{7}-module.

If M is finitely generated free as a K{7}-module, then we have the following:

(5) M is the t-motive associated to some (abelian) Anderson t-module (E, @).
(6) The dimension of E is given as

=1

Proof. Parts|(1)H(4)directly follow from Theorems [3.3|and That
holds was explained in Section , and @ is the rank formula in Theo-

rem taking into account that dim(F) = rkg(,3(M). =

As explained in Section [£.3] we can easily describe an Anderson t-module
if we have found a K{r}-basis of M and the t-action on it. Further, in
Remark [3:8] we have explained that obtaining a basis from a finite generating
set is just the non-commutative version of the algorithm for the elementary
divisor theorem.

REMARK 7.2. In [4], a more general definition of an Anderson t-module £
is used, namely that £ does not have to be isomorphic to Gg itself, but has
to become isomorphic after base change to some finite extension L D K.

If one uses that definition, then parts a of Theorem hold
without the freeness assumption. Namely, Part |(4)| ensures that M becomes
free over the perfection of K, and since M is finitely generated, this already
holds over some finite inseparable extension L of K. So from the data, we
obtain some E that becomes isomorphic to G¢ over L.
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8. Anderson comotives. In this section, we answer Questions [3] and [4]
regarding the ¢t-comotives.

The story runs parallel to the one for t-motives with small technicalities
due to turning the right- K {7 }-action on 9 to a left- K{o }-action.

8.1. Answer to Question Throughout this section, K is perfect,
and we fix an Anderson t-module (E,¢) over K of dimension d, as well
as a coordinate system &, i.e., an [ -linear isomorphism of group schemes
: E = GY defined over K, and we just write 9 for M(E).

Let i : Gy — E be the composition of the injection in; : G, — G into
the jth component with #~! for all j = 1,...,d. Then the tuple (i1, ..., &q)
is a K{o}-basis of the t-comotive of 9.

Furthermore, with respect to this coordinate system, we can represent ¢;
by a matrix D = (D;;) € Matgxq(K{7}), and the t-action on 9 is described
by
(8.1) t-(fr - Rg)=(R1 -+ Fa)-D
in terms of the right- K {7 }-action, and hence in terms of the left- K'{o }-action
as

1 F1
(8.2) t-| | =D
Rq Fq
Here, D* is obtained from D by transposing and by transforming the entries
f=art € K{r} to f*=3,0%; =Y ;(a;)"/ 0" € K{o}.
Again, we are exactly in the situation of Section [3} this time with 7 = &

and p = t, as well as v, (x) = 21/ for all € K, and ~; = idx. We therefore
view I as the quotient F/p(p1,...,pq) with

d
D =K{o,t}, F=@PDk,
=1
and fori=1,...,d,
d
pi = tR; — ZD;}/%]' e F.
j=1

THEOREM 8.1. Let K{o,t} be equipped with the lexicographical order with
t < o, and extend this monomial order to F via a position-over-term order.
Let J be a Janet basis of p(p1,-..,pq) obtained by applying Algorithm .
Let the quantities nj,m; (i =1,...,d), Ween, Ween, Btop and Bioy be given
as in Definition Propostion [3.2] and Theorem [3.0] for 7 = o, p = t, and
R1,.-.,Rkq in place of K1, ...,kq. Then the following hold:

(1) M is coabelian < Vi =1,...,d, we have n; < oo.



32 A. Maurischat

(2) The rational t-comotive K (t) ® M is a finite-dimensional K (t)-vector
space of dimension
d

dim () (K (1) @y M) = > my.
i=1
If M is coabelian, we further have the following:

(3) The rank of M as a K|[t]-module is given by@

d
rkK[t] (m) = Z m;.
=1

(4) Ween is a (finite) generating set for M as a K[t]-module, and the K|t]-
relations are generated by the elements in By, (written as K[t]-linear
combinations of the elements in Weyey).

(5) The o-action is given as follows: For w € Wyen, i.e., w = ok for some
1=1,....d and 0 < j < n;, one has

_ oI, if j<n;—1,
O-(O—j K‘Z) = n; = 1 7 . .
U”ii—mbi if j=n;—1,
where b; € Biop is the element with leading monomial lm(b;) = o"iF;,
and b; is obtained from it by replacing k; with F;.
Proof. The proof is the same as for Theorem .

EXAMPLE 8.2. We compute a K|[t]-basis of the t-comotive associated to
the Anderson t-module E of Example i.e., where

0+ 72 73
o < ).
147 0+71
with respect to a coordinate system x. So with respect to the corresponding
basis {1, k2 }, the t-action is

. . 2 .
t-<H1>:D*-<H1>:<0+,U 1+0><n1>.
Ko Ko o3 0+ o2/ \ ks

3

Therefore,
p1 = th1 — 02k — Ok — 0fa — e and  po = tike — 05K — 02ke — Ofs.
Comparing this with the situation in Example [6.4] we see that the dic-
tionary
1‘61(—)7{2, KQ(-)I%l, T <> 0O

(**) In [9, Definition 7.2], we also defined the notion of rank for non-coabelian t-
comotives, namely as the dimension of the rational t-comotive K(t) ® [y 9. We never-
theless decided to add the condition “coabelian” here, as the more general notion is not
SO common.
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maps the relation p; here to the relation po there, and the relation ps here
to p1 there.

Hence, by choosing the order %1 = K2, we obtain the very same com-
putations in the Janet algorithm, only with g-power roots of 6 instead of
g-powers of 6. So we end up with the Janet basis

J={(p1,{o,t}), 02, {t}), (p3, {t}), (pa, {0, t})},
where
p1=—0%k1 + (t — 0)i1 — (1 + 0)Fa,
ph = —ctii + 0907 + oke + (t — 0) ks,
p3 = —(t—0)(t — 0V Vg + (0% + 20t — 0115 — 1T 5 4t — 91T )z,
pa= (0% + (2t — OV — 9V )02 — (¢ — 0)(t — 0/ 7))o

So M is coabelian of rank 3, and the set {o&1, i1, 02ka, ok, k2 } generates
the t-comotive as a K[t]-module. The relations are provided by p, and ps,
showing that é; = ok, éa = k1, €3 = Ko is a K[t|-basis. The o-action is
given by

o(&1) = %R = —(t — 0Y9)ey + (t — 0)é + (t — 0 — 1)és,
o(éy) = ¢1, o(e3) = (t—0Y9)e; — (t — 0)és.
8.2. Answer to Question [4. Let (90, 09p) be an effective Anderson

t-comotive of rank r as defined in Section 4| Let {é1,...,&,} be a K[t]-basis
of M, and (written in matrix form)

for some © € Mat, ., (K[t]).

So we are exactly in the situation of Section [3] this time, however, with
m=tand p=o0, as well as €1, ...,¢€, in place of Ry, ...,Rq.

We therefore view 9 as the quotient F/p(p1,...,p,) with

T
D = K{t, o}, F:@Deiﬂ
=1
and fori=1,...,r,
T
Di :aei—ZQijej e F.
j=1

THEOREM 8.3. Let K{t,c} be equipped with the lexicographical order with

o < t, and extend this monomial order to F via a position-over-term order.
Let J be a Janet basis of p(p1,...,pr) obtained by applying Algorithm [2.12]
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Letnjm; (i=1,...,7), Wgen, V_Vgen, Biop and Bioy be as in Deﬁm’tion
Proposition [3.2] and Theorem [B.0] for m =t and p = o, as well as é1,..., &
in place of R, ...,Rq. Then the following holds:

(1) O is finitely generated as a K{o}-module & Vi = 1,...,r, we have
n; < oo.

If M is finitely generated as a K{o}-module, we further have the following:

(2) Ween s a (finite) generating set for M as a K{o}-module, and the K{o}-
relations are generated by the elements in Bioy (written as K{o}-linear
combinations of the elements in Wgen).

(3) The t-action is given as follows: For w € Wyen, i.€., w = tie; for some

t=1,...,7r and 0 < j < n;, one has
, title, if g <n;—1,
ttle)=q | — fj !
tzei_lc(bi)bi ij:ni—l,

where b; € Byop is the element with leading monomial Im(b;) = t"e;,
and b; is obtained from it by replacing e; with &;.

(4) M is free as a K{o}-module.

(5) M is the t-comotive associated to some (coabelian) Anderson t-module
(E,9).

(6) The dimension of E is

1=1

Proof. The proof is the same as the one for Theorem The only dif-
ference is that ~, is an isomorphism from the beginning, so Proposition [I.1
already ensures that 9 is free as a K{o}-module if it is finitely generated. m

As mentioned in Section[d.3] we can easily describe an Anderson t-module
if we have found a K{o}-basis of 9 and the t-action on it. This is done by
reversing the steps at the beginning of this section where the t-comotive
associated to the Anderson t-module was computed.

Further, in Remark 3.8 we have explained that obtaining a basis from
a finite generating set is just the non-commutative version of the algorithm
for the elementary divisor theorem.

Acknowledgements. The author would like to thank the referee for his
suggestions for improving the presentation of this article.

Funding. The author has received support from the SFB-TRR 195
“Symbolic Tools in Mathematics and their Application” of the German Re-
search Foundation (DFG).



Determining t-motives 35

References

[1] G. W. Anderson, t-Motives, Duke Math. J. 53 (1986), 457-502.

[2]] G. W. Anderson, W. D. Brownawell, and M. A. Papanikolas, Determination of the
algebraic relations among special I'-values in positive characteristic, Ann. of Math.
(2) 160 (2004), 237-313.

[3] Q. Gazda and A. Maurischat, Pairing Anderson motives via formal residues in the
Frobenius endomorphism, arXiv:2504.01926v2 (2025).

|[4] U. Hartl, Isogenies of Abelian Anderson A-modules and A-motives, Ann. Scuola
Norm. Sup. Pisa Cl. Sci. (5) 19 (2019), 1429-1470.

[5]] U. Hartl and A.-K. Juschka, Pink’s theory of Hodge structures and the Hodge conjec-
ture over function fields, in: t-Motives: Hodge Structures, Transcendence and Other
Motivic Aspects, EMS Ser. Congr. Rep., Eur. Math. Soc., 2020, 31-182.

[6]] N. Jacobson, The Theory of Rings, Math. Surveys 2, Amer. Math. Soc., New York,
1943.

[7] M. Janet, Legons sur les systémes d’équations aux dérivées partielles, Gauthier-
Villars, Paris, 1929.

[8] A. Maurischat, Abelian equals A-finite for Anderson A-modules, Ann. Inst. Fourier
(Grenoble) (online, 2026).

[9] A.Maurischat, Non-abelian Anderson A-modules: Comparison isomorphisms and Ga-
lois representations. arXiv:2408.07328v1| (2024).

[10] O. Ore, Theory of non-commutative polynomials, Ann. of Math. (2) 34 (1934),
480-508.

[11]| M. A. Papanikolas, Tannakian duality for Anderson—Drinfeld motives and algebraic
independence of Carlitz logarithms, Invent. Math. 171 (2008), 123-174.

[12]| D. Robertz, Formal Algorithmic Elimination for PDEs, Lecture Notes in Math. 2121,
Springer, Cham, 2014.

Andreas Maurischat

Faculty of Computer Science

RWTH Aachen University

52072 Aachen, Germany

E-mail: maurischat@combi.rwth-aachen.de


http://dx.doi.org/10.1215/S0012-7094-86-05328-7
http://dx.doi.org/10.4007/annals.2004.160.237
http://arxiv.org/abs/2504.01926v2
http://dx.doi.org/10.2422/2036-2145.201612_003
http://dx.doi.org/10.4171/198-1/2
http://dx.doi.org/10.1090/surv/002
http://dx.doi.org/10.5802/aif.3754
http://arxiv.org/abs/2408.07328v1
http://dx.doi.org/10.1007/s00222-007-0073-y
http://dx.doi.org/10.1007/978-3-319-11445-3

	Introduction
	1. Notation and basics
	2. Janet basis and algorithm
	2.1. Monomial orders and normal forms
	2.2. Janet basis
	2.3. Janet algorithm

	3. Finite generation and relations
	4. Anderson modules, motives, and comotives
	4.1. Basic setting
	4.2. Anderson's objects
	4.3. Relation between these objects

	5. Bases of abelian t-motives
	6. Examples
	7. Computing the Anderson t-module to a t-motive
	8. Anderson comotives
	8.1. Answer to Question 3
	8.2. Answer to Question 4

	Acknowledgements
	Funding
	References

