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Lacunary sequences whose reciprocal sums
represent all rational numbers in an interval

by

Wouter van Doorn and Vjekoslav Kovač

Abstract. Disproving a conjecture of Bleicher and Erdős, we show that there ex-
ists a lacunary sequence of positive integers such that finite sums of reciprocals of its
terms attain all rational numbers from a non-empty open interval. We also study several
stronger variants of their original problem: determining the value of the optimal lacunar-
ity parameter, representing rational numbers infinitely many times, finding such lacunary
sequences with arbitrarily large jumps, and relating the maximal length of a filled interval
to a prescribed lacunarity parameter.

1. Introduction. In [2] and the follow-up work [3], Bleicher and Erdős
studied various properties of representations of rational numbers as Egyptian
fractions, which are finite sums of the form

1

n1
+ · · ·+ 1

nt

for some positive integers n1 < · · · < nt. In [2, Conjecture 4] they asked the
following.

Let n1 < n2 < · · · be an infinite sequence of positive integers
such that ni+1/ni > c > 1. Can the set of rational numbers a/b
for which

(1.1)
a

b
=

1

ni1

+ · · ·+ 1

nit

is solvable for some t contain all the rational numbers in some
interval (α, β) (1)? We conjecture not.
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(1) It is understood from the context that the indices i1, . . . , it are distinct.
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This question also appeared in Erdős and Graham’s problem book [7, p. 58]
and, more recently, as Problem #355 on Bloom’s website Erdős Problems [4].

Erdős and Graham [7] suggested that a potential motivation to ask the
above question comes from the notion of a reciprocal basis for the rational
numbers (introduced by Wilf in [19]), which is a set of positive integers for
which every positive rational number can be written as a finite sum of recip-
rocals of its elements. For example, Graham in [10] and [11, §4] showed that
any set containing all sufficiently large primes and squares is such a recipro-
cal basis, while Erdős and Stein [8, Theorem 4] showed that for any positive
sequence (si)

∞
i=1 such that

∑
i 1/si diverges, a reciprocal basis (ni)

∞
i=1 exists

satisfying ni ⩾ si for all i.

Definition 1. A sequence (ni)
∞
i=1 satisfying ni+1/ni ⩾ λ for some pa-

rameter λ > 1 and every index i ∈ N is said to be λ-lacunary. It is simply
said to be lacunary if it is λ-lacunary for some λ > 1.

An argument that seems to support the conjecture of Bleicher and Erdős
is that, even if one only wants to represent fractions whose denominators
are powers of 2, one cannot do better than a 2-lacunary sequence, i.e., one
cannot use a λ-lacunary sequence with λ > 2. This is similarly true for
powers of any prime, and it is not obvious whether all these sequences can be
efficiently combined into a single sequence which is still lacunary. Moreover,
the aforementioned results from [8, 10] are about sequences (ni)

∞
i=1 that

grow relatively slowly. This may have strengthened the belief of Bleicher
and Erdős that exponential growth is not possible. Somewhat cryptically,
they commented:

If this conjecture is true then according to Graham [11] this is
best possible [2, p. 167].

We will come back to Graham’s results from [11] shortly. In any case, per-
haps rather surprisingly, we show that lacunary sequences whose reciprocal
sums represent all rational numbers in an interval in fact do exist. For any
sequence of positive reals (xi)

∞
i=1, Erdős and Graham [7, p. 53] denoted (2)

(1.2) P ((xi)
∞
i=1) :=

{∑
i∈T

xi : T ⊂ N finite
}
,

so that the set of all finite sums in (1.1) can be written as P ((1/ni)
∞
i=1).

Theorem 1.

(a) For every λ ∈ (1, 2) there exists a λ-lacunary sequence of positive inte-
gers n1, n2, . . . such that P ((1/ni)

∞
i=1) ⊇ [0, 2] ∩Q.

(2) The letter P probably stands for the parallelotope spanned by infinitely many
“edges” x1, x2, . . ..
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(b) The sequence from part (a) can be constructed in such a way that it also
satisfies limi→∞ ni+1/ni = 2 and that every rational number in (0, 2] is
equal to the sum

∑
i∈T 1/ni for infinitely many finite sets T ⊂ N.

(c) There is no 2-lacunary sequence of positive integers n1, n2, . . . such that
P ((1/ni)

∞
i=1) contains all rational numbers from a non-empty open in-

terval.

The proof of parts (a) and (b) of Theorem 1 is more or less constructive,
and even provides such a sequence for which the equality ni+1/ni = 2 holds
for infinitely many indices i. We will present it in Section 4 after describing,
in Section 3, a more general sufficient condition for a sequence of positive
integers to have reciprocal sums that contain an interval; see Proposition 8.
Already part (a) answers (a strong version of) the question of Bleicher and
Erdős, while part (b) achieves further strengthenings. Part (c) shows that the
assumption λ < 2 in part (a) is optimal. It will be the content of Corollary 5
in Section 2.

The presence of the explicit interval [0, 2] in Theorem 1 motivates the
following definition.

Definition 2. For every λ ∈ (1,∞) let R(λ) be the least upper bound
on the length β − α of an interval (α, β) for which there exists a λ-lacunary
sequence of positive integers n1, n2, . . . such that P ((1/ni)

∞
i=1) contains all

rational numbers from (α, β).

We can give a formula for R(λ), which, in particular, allows one to de-
termine its numerical value to arbitrary precision.

Theorem 2. For each λ ∈ (1, 2) the quantity R(λ) is given by
∑∞

i=1 1/ai,
where the sequence (ai)

∞
i=1 is recursively defined as

a1 := 1, ai+1 := ⌈λai⌉ for i ⩾ 1.

Moreover,
lim

λ→1+
R(λ) = +∞, lim

λ→2−
R(λ) = 2,

and R(λ) = 0 when λ ⩾ 2.

A graph of the function λ 7→ R(λ) on the interval (1, 2) is depicted in
Figure 1. The proof of Theorem 2 will be presented in Section 5, but it
will again be a consequence of general observations from Section 3. Both
Sections 4 and 5 will end with some explicit examples.

As it turns out, the proof of Theorem 2 gives, for every ε > 0, a λ-
lacunary sequence (ni)

∞
i=1 such that P ((1/ni)

∞
i=1) ⊇ (0, R(λ) − ε) ∩ Q. In

other words, it is more economical to fill in (0, R(λ) − ε) ∩ Q rather than
(α, α+R(λ)− ε) ∩Q for some α > 0.
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Fig. 1. Graph of the function R on (1, 2)

The approach we take in order to prove the above results is rather flexible,
and one may even require the sequence n1, n2, . . . to have infinitely many
large ratios ni+1/ni in the following precise sense.

Theorem 3. For every Λ ⩾ 2 and 1 < λ < Λ/(Λ − 1) there exists a
λ-lacunary sequence (ni)

∞
i=1 of positive integers such that

(1.3) ni+1 > Λni for infinitely many indices i ∈ N,

and for which the set P ((1/ni)
∞
i=1) contains all rational numbers from the

interval [0,
∑∞

i=1 1/ni).

Even though property (1.3) might appear to collide with part (c) of
Theorem 1, we can make up for “large jumps” by following them up with
a large number of small ones, while still maintaining λ-lacunarity, as long
as λ < Λ/(Λ − 1). After the proof of Theorem 3, which can be found in
Section 6, we will explain why this latter inequality is optimal; no such
λ-lacunary sequence exists with λ ⩾ Λ/(Λ− 1).

Let us mention that we were not able to fully characterize all sequences
n1 < n2 < · · · of positive integers such that P ((1/ni)

∞
i=1) consists of all ra-

tional numbers contained in [0,
∑∞

i=1 1/ni). Such a characterization seems to
be out of reach of the ideas employed here. However, inequality (2.4) below
is a necessary requirement, while Proposition 8 will provide us with suffi-
cient conditions. For sequences of a special form defined below, Graham [11]
actually did achieve one representability characterization, while Eppstein [6]
recently proved a result of a similar nature. As these results relate to the
approach we take in this paper, let us take a more detailed look at them.

In [6, Theorem 1] Eppstein showed that, if a subset S of positive integers

• is closed under multiplication by 2 (i.e., 2S ⊆ S), and
• contains a multiple of each (odd) integer,



Lacunary sequences representing rational numbers 5

then P ((1/n)n∈S) is precisely [0,
∑

n∈S 1/n) ∩ Q (3). He then applied this
result to resolve a conjecture of Sun [17], which states that every positive
rational number can be written as a finite sum of unit fractions whose de-
nominators are distinct practical numbers. Recall that a practical number is
a positive integer N such that every positive integer smaller than N can be
written as a sum of distinct divisors of N .

Even though it seems that Eppstein’s theorem cannot be directly applied
to answer the aforementioned question of Bleicher and Erdős, in its proof we
do recognize similarity to some of the techniques employed here. In partic-
ular, using these techniques we are able to present a short alternative proof
of Eppstein’s theorem (see Theorem 12 in the appendix).

As for Graham’s theorem, for a set S ⊆ N enumerated by an increasing
sequence (si)

∞
i=1, consider the set of all finite products of distinct elements

of S,
{si1 · · · siℓ : ℓ ∈ N, i1 < · · · < iℓ},

thus removing repeated values, and let M(S) denote the sequence obtained
by sorting its elements in ascending order. Assuming that

• the sequence of ratios (si+1/si)
∞
i=1 is bounded,

• P (M(S)) contains all sufficiently large positive integers,

Graham showed [11, Theorem 5] that a rational number is in P (1/M(S)) if
and only if (4)

• it is a decreasing limit of a sequence in P (1/M(S)),
• its denominator (in least terms) divides some term of M(S).

Graham wondered if the condition on the boundedness of consecutive ratios
si+1/si

(. . . ) could be weakened or even removed [11, p. 205]

and he similarly mentioned the following some 50 years later:

It is not known whether the condition that sn+1/sn be bounded is
needed for the conclusion of the theorem to hold [12, p. 295].

Let us record a simple observation that Eppstein’s theorem already answers
Graham’s question in a certain sense, by giving an example of a set S with
lim supi→∞ si+1/si = ∞ for which the same conclusion nevertheless holds.
Namely, if one takes

S =
{
22

k
: k ∈ N

}
∪
{
k! : k ∈ N \ {1}

}
,

(3) Here we are slightly abusing the notation and writing P ((xn)n∈S) in place of
P ((xni)

∞
i=1), where (ni)

∞
i=1 is the strictly increasing sequence enumerating a set S ⊆ N.

(4) Here we write 1/(ni)
∞
i=1 to denote (1/ni)

∞
i=1.
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then one readily verifies that 2M(S) ⊆ M(S), so Eppstein’s theorem applies
to the set M(S). Thus, the above S provides an example where the conclusion
of Graham’s theorem holds, even though neither of its two conditions is
satisfied. Indeed, the ratio of consecutive values in S is unbounded, while S,
and therefore P (M(S)), only contains even integers.

As a final note before we dive in, it will be useful to relate the set defined
in (1.2) to the infinitary (and uncountable) notion of the so-called achieve-
ment set, where we allow subsets S ⊆ N to range over infinite sets as well.
An overview of the classical research on achievement sets of series can be
found in the expository paper [1]. Variations of this concept have proved
instrumental in recent solutions to some other problems on unit fractions
posed by Erdős; see for example [5] and [16]. These latter papers are con-
cerned with infinite sums of unit fractions however, which can no longer be
viewed as Egyptian fractions. Therefore, these connections are useful mainly
to motivate subsequent formulations and proofs; no results from [5] or [16]
will be needed here.

2. General necessary conditions. Let us begin by investigating nec-
essary conditions for the set defined in (1.2) to contain all rational numbers
from a non-degenerate open interval. Keeping in mind the intended substi-
tution xi = 1/ni for a lacunary sequence of positive integers (ni)

∞
i=1, let us

first treat (xi)
∞
i=1 as just any decreasing sequence of positive real numbers

for which
∑

i xi converges. Consider the set of both finite and infinite sums
of its terms:

A((xi)
∞
i=1) :=

{∑
i∈T

xi : T ⊆ N
}
.

This set is often called the achievement set of the series
∑

i xi. Already
Kakeya [14, 15] observed that the condition

xi >
∞∑

j=i+1

xj for every i ∈ N

implies that A((xi)
∞
i=1) is a Cantor set in the topological sense. In particular,

it is a compact set with empty interior. This is not too hard to see and we
can, in fact, reach the same conclusion from a slightly weaker hypothesis.

Lemma 4. If x1 > x2 > · · · are positive real numbers such that
∑

i xi
converges and that also satisfy

xi ⩾
∞∑

j=i+1

xj for every i ∈ N,(2.1)
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xi >

∞∑
j=i+1

xj for infinitely many i ∈ N,(2.2)

then the set A((xi)∞i=1) is compact and has empty interior.

Proof. For compactness of A((xi)
∞
i=1) one only needs the (absolute) con-

vergence of the series
∑

i xi; see [14, 15] or the more recent references men-
tioned after [1, Theorem 21.4]. Let us turn to the claim about the interior.
If i1 < i2 < · · · are precisely the indices i for which (2.2) holds, then, for
every k ∈ N, the set A((xi)

∞
i=1) is contained in the union of closed intervals

U :=
⋃

ϵ1,...,ϵik∈{0,1}

[ ik∑
j=1

ϵjxj ,

ik∑
j=1

ϵjxj + rk

]
,

each of which has length rk :=
∑∞

j=ik+1 xj . These intervals have disjoint
interiors and appear on the real line in increasing order with respect to
the lexicographical order on the tuples (ϵ1, . . . , ϵik) from {0, 1}ik . Namely,
if (ϵ1, . . . , ϵik) precedes (ϵ′1, . . . , ϵ

′
ik
) and 1 ⩽ ℓ ⩽ ik is the smallest index at

which these tuples differ (so that 0 = ϵℓ < ϵ′ℓ = 1), then the intervals

I :=
[ ik∑
j=1

ϵjxj ,

ik∑
j=1

ϵjxj + rk

]
, I ′ :=

[ ik∑
j=1

ϵ′jxj ,

ik∑
j=1

ϵ′jxj + rk

]
satisfy

max I =

ik∑
j=1

ϵjxj + rk ⩽
ℓ−1∑
j=1

ϵjxj +

ik∑
j=ℓ+1

xj + rk =

ℓ−1∑
j=1

ϵjxj +

∞∑
j=ℓ+1

xj

(2.1)

⩽
ℓ−1∑
j=1

ϵjxj + xℓ =

ℓ−1∑
j=1

ϵ′jxj + xℓ =

ℓ∑
j=1

ϵ′jxj ⩽
ik∑
j=1

ϵ′jxj = min I ′,

so I is to the left of I ′ and they can only touch at the endpoints. The
inequality is strict when ℓ = ik, since we can then apply (2.2) instead of (2.1).
When ℓ < ik, the inequality is also strict unless the two tuples determining
I and I ′ respectively read

(ϵ1, . . . , ϵℓ−1, 0, 1, . . . , 1),

(ϵ1, . . . , ϵℓ−1, 1, 0, . . . , 0︸ ︷︷ ︸
ik−ℓ

).

Consequently, each interval from the union U can touch at most one other
interval. We conclude that A((xi)

∞
i=1) is, in fact, contained in the union of

disjoint closed intervals of length at most 2rk. Since rk tends to 0 as k → ∞
(due to the convergence of

∑
j xj), we see that the achievement set cannot

contain a non-degenerate interval.
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We point out that condition (2.2) by itself is not sufficient for the achieve-
ment set to have empty interior, as the so-called Cantorval does have non-
empty interior; see the examples constructed in [18, 13], noting that this
suggestive name was invented later. The Guthrie–Nymann Cantorval [13] is
defined as the achievement set A((xi)

∞
i=1) for

xi :=


3

2i+1
for i odd,

1

2i−1
for i even,

while a general Cantorval is then defined as every set homeomorphic to it.
The previous lemma applies in particular to the reciprocals of 2-lacunary

sequences.

Corollary 5. Finite sums of reciprocal terms of a 2-lacunary sequence
n1, n2, . . . cannot attain all rational numbers from a non-empty open interval.

Proof. Let us specialize Lemma 4 to xi = 1/ni. Then the 2-lacunarity of
(ni)

∞
i=1 gives

xj =
1

nj
⩽

1

2j−ini
= 2i−jxi

for all j > i, so that

(2.3)
∞∑

j=i+1

xj ⩽
∞∑

j=i+1

2i−jxi = xi

for every index i, proving (2.1). If (2.2) is satisfied as well, then we claim that
the corresponding set of finite sums P ((xi)

∞
i=1) cannot contain all rational

numbers from a non-degenerate open interval (α, β). Indeed, by the density
of the rational numbers, the closed set A((xi)

∞
i=1) ⊃ P ((xi)

∞
i=1) would then

contain [α, β], contradicting Lemma 4. Thus, suppose that (2.2) fails. This
implies that we must actually have equality in (2.3) for all sufficiently large
i, say all i ⩾ i0. This in turn implies that nj is exactly equal to 2j−i0ni0

for all j ⩾ i0. In particular, no prime p > ni0 divides any element ni of
the sequence. We therefore see that P ((xi)

∞
i=1) contains no fraction whose

denominator is divisible by a prime larger than ni0 , so that it certainly does
not contain all rational numbers from a non-empty open interval.

We remark that Corollary 5 already confirms part (c) of Theorem 1,
which turned out to be the easiest part of our main result.

Let us return to a general sequence x1 > x2 > · · · > 0 such that∑∞
i=1 xi < ∞. Kakeya [14, 15] furthermore observed that A((xi)

∞
i=1) con-
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sists of a single real-line segment if and only if

xi ⩽
∞∑

j=i+1

xj for every i ∈ N;

see [1]. Moreover, when the latter condition is satisfied, the achievement set
is precisely the “largest possible” interval, i.e., [0,

∑∞
i=1 xi]. The necessity is,

this time, especially simple: if xk >
∑∞

j=k+1 xj for some k, then A((xi)
∞
i=1)

has a “gap” (
∑∞

j=k+1 xj , xk) and it definitely cannot be an interval. Special-
izing this to xi = 1/ni and recalling that the rational numbers are dense
immediately yields the following corollary.

Corollary 6. If (ni)
∞
i=1 is a strictly increasing sequence of positive

integers such that
∑∞

i=1 1/ni < ∞ and the associated set P ((1/ni)
∞
i=1) fills

in all rational points from the interval [0,
∑∞

i=1 1/ni), then

(2.4)
1

ni
⩽

∞∑
j=i+1

1

nj
for every i ∈ N.

3. General sufficient conditions. Inequality (2.4) can also motivate
the formulation of sufficient conditions on (ni)

∞
i=1 such that the sums from

(1.2) attain all rational values from some non-empty open interval. Just as
in the previous section, we begin with an observation which is valid for all
real numbers (not just rational ones); we point out the resemblance to some
of Graham’s results, in particular [9, Lemma 1] and [11, Lemma 1].

Lemma 7. Suppose that x1 > · · · > xm > 0 are real numbers satisfying

xi ⩽
m∑

j=i+1

xj + xm

for all i with 1 ≤ i ≤ m− 1. Then the set{∑
i∈T

xi : T ⊆ {1, . . . ,m}
}

xm-densely fills in the segment [0,
∑m

i=1 xi], i.e., it divides this segment into
subintervals of length at most xm.

Proof. We use induction on m ∈ N. The base case m = 1 is trivial
because the segment is just [0, x1] in that case. So assume m ⩾ 2, and let
us apply the induction hypothesis to the sequence x2 > · · · > xm. We then
conclude that

• the sums
∑

i∈T xi, T ⊆ {2, . . . ,m}, xm-densely fill in [0,
∑m

i=2 xi],
• the sums x1+

∑
i∈T xi, T ⊆ {2, . . . ,m}, xm-densely fill in [x1, x1+

∑m
i=2 xi].
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These two intervals either overlap or are separated by at most xm, as we
assumed x1 ⩽

∑m
i=2 xi + xm. This completes the induction step.

We are now in a position to formulate rather general sufficient condi-
tions enabling the set P ((1/ni)

∞
i=1) to contain all rational numbers from

[0,
∑∞

i=1 1/ni).

Proposition 8. Suppose that n1 < n2 < · · · is a sequence of positive
integers such that

(1) every positive integer is a divisor of ni for some i ∈ N.

Also let m1 < m2 < · · · be an infinite sequence of distinguished indices such
that

(2) for every k ∈ N the integer nmk
is divisible by all nj, 1 ⩽ j < mk,

(3) one has the inequality (5)

(3.1)
1

ni
⩽

mk∑
j=i+1

1

nj
+

1

nmk

for all k ∈ N and mk−1 ⩽ i < mk.

Then P ((1/ni)
∞
i=1) = [0,

∑∞
i=1 1/ni) ∩Q. If, additionally,

(3.2)
1

nmk

<

∞∑
j=mk+1

1

nj
for infinitely many k ∈ N,

then every rational number from the open interval (0,
∑∞

i=1 1/ni) equals∑
i∈T 1/ni for infinitely many finite sets T ⊂ N.

Let us remark that we allow the series
∑

i 1/ni to diverge, in which case
its sum and the sum that appears in (3.2) need to be interpreted as ∞.

Proof of Proposition 8. Assume that (1)–(3) hold and let us prove the
first claim. Take a rational number 0 ⩽ q <

∑∞
i=1 1/ni. By (1) and (2), there

exists a sufficiently large K ∈ N such that the denominator of q (in its least
terms) divides nmK , while q ⩽

∑mK
i=1 1/ni. The idea is to apply Lemma 7 to

m := mK and the unit fractions xi := 1/ni, i = 1, . . . ,m. To see that the
inequality from Lemma 7 is satisfied, take any 1 ⩽ i < m and let k ⩽ K be
such that mk−1 ⩽ i < mk. Condition (3.1) then gives

xi ⩽
mk∑

j=i+1

xj + xmk
,

and

xmℓ
⩽

mℓ+1∑
j=mℓ+1

xj + xmℓ+1

(5) Here m0 ⩽ i should be interpreted as a void condition.
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for ℓ = k, k + 1, . . . ,K − 1. Summing all these inequalities yields

xi ⩽
m∑

j=i+1

xj + xm,

which is the desired inequality. On the one hand, Lemma 7 now asserts that
the finite sums ∑

i∈T

1

ni
, T ⊆ {1, . . . ,m},

(1/nm)-densely fill in the segment [0,
∑m

i=1 1/ni]. On the other hand, by (2),
all these sums are integer multiples of 1/nm. We conclude that the sums
actually fill in the whole set [0,

∑m
i=1 1/ni] ∩ (1/nm)Z and, in particular, at

least one of them is equal to q.
Now we additionally assume (3.2) and turn to the second claim. Take a

rational number 0 < q <
∑∞

i=1 1/ni and note that it suffices to represent it
as

∑
i∈T 1/ni, where maxT is larger than any prescribed N ∈ N. Afterwards

we obtain infinitely many representations of q by increasing N . Take an index
k ∈ N satisfying (3.2) which is sufficiently large such that mk ⩾ N ,

1

nmk

⩽ q ⩽
mk∑
i=1

1

ni
,

and for which the denominator of q divides nmk
. Denote m = mk. Precisely

the same reasoning as in the previous part of the proof, but applied to the
rational number q − 1/nm, gives

q − 1

nm
=

∑
i∈T ′

1

ni

for some T ′ ⊆ {1, . . . ,m}. Now, (3.2) and our choice of k guarantee 1/nm <∑∞
i=1 1/nm+i, so applying the first claim to the sequence

nm+1 < nm+2 < · · ·
and the distinguished indices

mk+1 < mk+2 < · · ·
yields the representation

1

nm
=

∑
i∈T ′′

1

ni

for some finite T ′′ ⊆ {m+1,m+2, . . .}. Adding the last two representations
we obtain

q =
∑

i∈T ′∪T ′′

1

ni

and it remains to note that max(T ′ ∪ T ′′) > m ⩾ N .
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Remark 9. For the purpose of the proof of Theorem 1 that will be given
in the next section, observe that condition (3.1) is automatically satisfied for
sequences n1 < n2 < · · · such that

(3.3) ni+1 ⩽ 2ni for every i ∈ N.
Indeed,

mk∑
j=i+1

1

nj
+

1

nmk

⩾
1

ni

( mk∑
j=i+1

1

2j−i
+

1

2mk−i

)
=

1

ni
.

If furthermore

(3.4) ni+1 < 2ni for infinitely many i ∈ N,
then (3.2) is satisfied too, since

∞∑
j=mk+1

1

nj
>

1

nmk

∞∑
j=mk+1

1

2j−mk
=

1

nmk

will be a strict inequality as well, due to the fact that nj < 2j−mknmk
then

holds for all sufficiently large j.

4. Proof of Theorem 1. In order to apply Proposition 8, we need to
construct appropriate sequences n1, n2, . . . and m1,m2, . . . . As we need nmk

to be divisible by nj for all j < mk, while the inequality ni+1/ni ⩾ λ must
hold for all i ∈ N, the following lemma will come in handy.

Lemma 10. For every λ ∈ (1, 2) and every Q ∈ N, there exists a positive
integer N divisible by Q and for which some subsequence of its divisors

1 = d0 < d1 < · · · < dM = N

satisfies the inequality

λ ⩽
dj+1

dj
⩽ 2

for all j with 0 ⩽ j ⩽ M − 1.

Proof. If Q is a power of 2, i.e., Q = 2a for some a ∈ N ∪ {0}, then we
can simply take N := Q together with all its divisors dj = 2j , 0 ⩽ j ⩽ a.
Otherwise, log2Q is an irrational number, which implies that the set

{a− b log2Q : a, b ∈ N}
is dense in R, so that {

Qb

2a
: a, b ∈ N

}
is dense in (0,∞). In particular, for a given 1 < λ < 2, positive integers a
and b exist such that λ ⩽ Qb/2a ⩽ 2. Now we take N := 2aQb and list its
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desired divisors as

1, 21, 22, . . . , 2a, Qb, 21Qb, 22Qb, . . . , 2aQb,

proving the lemma.

Now we are ready to prove our first main result by constructing the
desired lacunary sequence. Let p1, p2, . . . be the sequence of all primes listed
in increasing order.

Proof of Theorem 1. We simultaneously prove parts (a) and (b). Fix λ ∈
(1, 2). For each k ∈ N, applying Lemma 10 to Q = p1 · · · pk provides us with
a positive integer Nk divisible by p1 · · · pk, and divisors dk,j , 0 ⩽ j ⩽ Mk,
with the property

max

{
λ, 2− 1

k

}
⩽

dk,j+1

dk,j
⩽ 2 for 0 ⩽ j ⩽ Mk − 1

and such that dk,0 = 1, dk,Mk
= Nk. The sequence n1, n2, . . . and the se-

quence of indices m1,m2, . . . are then constructed as follows. We start off
with n1 = 1 and n2 = 2, m1 = 2. Now assume that, for an integer k ⩾ 2, we
have already defined m1, . . . ,mk−1 and n1, . . . , nmk−1

in the previous k − 1
steps, with nmk−1

equal to N1 · · ·Nk−1 and divisible by nj for all j with
1 ⩽ j < mk−1. We then define mk = mk−1+Mk and, for 1 ⩽ j ⩽ Mk, define
nmk−1+j = dk,jnmk−1

. Note that

nmk
= nmk−1+Mk

= dk,Mk
nmk−1

= Nknmk−1
= N1 · · ·Nk.

More explicitly, the constructed sequence (ni)
∞
i=1 should then look like this:

1 = n1,

2 = nm1 = N1,

d2,1nm1 , d2,2nm1 , . . . , d2,M2nm1 = nm2 = N1N2,

d3,1nm2 , d3,2nm2 , . . . , d3,M3nm2 = nm3 = N1N2N3,

d4,1nm3 , d4,2nm3 , . . . , d4,M4nm3 = nm4 = N1N2N3N4, . . . .

We would like to apply Proposition 8 to this sequence, so we should verify
that all conditions are satisfied. By construction, nmk

= nmk−1
Nk is divisible

by nj for all indices j < mk, proving (2). Moreover, as nmk
= N1 · · ·Nk is

divisible by pk1p
k−1
2 · · · p2k−1pk, condition (1) also follows. Again by construc-

tion, we have

(4.1) max
{
λ, 2− 1

k

}
⩽

ni+1

ni
⩽ 2

for every i ∈ N, where k is the smallest positive integer such that i < mk.
In particular, from (4.1) we deduce that (ni)

∞
i=1 is λ-lacunary and satisfies

limi→∞ ni+1/ni = 2. Also, (3.3) holds and Remark 9 then confirms (3). Note
that (1) and (3.3) together clearly imply (3.4) and thus (3.2) as well, once
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again by Remark 9. Moreover, note that (4.1) and n1 = 1 also give ni ⩽ 2i−1,
so that

∞∑
i=1

1

ni
>

∞∑
i=1

2−i+1 = 2.

The inequality is strict as some of the ni are clearly not powers of 2. Propo-
sition 8 may therefore be applied, and we conclude that for every rational
q ∈ (0, 2] there are infinitely many finite sets S ⊂ N with

∑
i∈S 1/ni = q.

Finally, part (c) is precisely the content of Corollary 5.

With the use of integers for which the conclusion of Lemma 10 holds,
one can turn the above proof into an explicit procedure to create one such
infinite sequence n1, n2, . . . . To give an example of what such a procedure
looks like, let us take λ = 3/2, and work out what the first four steps could
be, although there are many options for Nk one may choose. In particular,
we do not exactly follow the proof of Lemma 10, but we just take Nk and
its divisors to be as simple as possible.

Step 1. We start off with n1 = 1 and n2 = N1 = 2.

Step 2. We set N2 to 2 · 3 = 6 and take its divisors 2 < 3 < 6. We
multiply these divisors by N1, and append 4, 6, 12 to the sequence.

Step 3. Now it is convenient to take N3 = 22 · 3 · 5 = 60 with divisors
2 < 4 < 6 < 10 < 15 < 30 < 60. We append to the sequence these numbers
multiplied by N1N2 = 12, which are 24, 48, 72, 120, 180, 360, 720.

Step 4. This time we can take N4 = 25 · 32 · 5 · 7 = 10080 with divisors
2 < 4 < 8 < 16 < 32 < 48 < 72 < 140 < 210 < 315 < 630 < 1260 <
2520 < 5040 < 10080. We append to the sequence these numbers multiplied
by N1N2N3 = 720.

After these four steps we arrive at 27 terms of one possible (3/2)-lacunary
sequence:

1, 2, 4, 6, 12, 24, 48, 72, 120, 180, 360, 720,

1440, 2880, 5760, 11520, 23040, 34560, 51840, 100800,

151200, 226800, 453600, 907200, 1814400, 3628800, 7257600, . . . .

By our construction:

• sums of reciprocals of the first 2 terms represent all fractions in [0, 2) with
denominators dividing 2;

• sums of reciprocals of the first 5 terms represent all fractions in [0, 2] with
denominators dividing 22 · 3;

• sums of reciprocals of the first 12 terms represent all fractions in [0, 2] with
denominators dividing 24 · 32 · 5;
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• sums of reciprocals of the first 27 terms represent all fractions in [0, 2] with
denominators dividing 29 · 34 · 52 · 7.

These properties of the first 27 terms are also easy to verify using rational
arithmetic software.

5. Proof of Theorem 2. In order to prove Theorem 2, the following
generalization of Lemma 10 will be useful for us.

Lemma 11. For λ ∈ (1, 2) and Q ∈ N, every given list of positive integers
1 = n1 < n2 < · · · < nK can be extended with positive integers nK+1, . . . , nM

(for some M ∈ N, M ⩾ K) such that Q and

1 = n1 < · · · < nM

all divide N := nM , and such that the inequality

λ ⩽
nj+1

nj
⩽ 2

is satisfied for all j with K ⩽ j ⩽ M − 1.

Proof. The claim is contained in Lemma 10 for K = 1, so assume K ⩾ 2
and denote V := n1 · · ·nK−1Q. If V = 2a for some a ∈ N, then take N =
n1 · · ·nKQ and append to the list n1, . . . , nK the divisors

21nK , 22nK , . . . , 2anK = N.

Otherwise, log2 V is irrational, so choose a, b ∈ N such that λ ⩽ V b/2a ⩽ 2.
Then we can take N := 2aV bnK and append to n1, . . . , nK the divisors

21nK , 22nK , . . . , 2anK , V bnK , 21V bnK , 22V bnK , . . . , 2aV bnK = N.

Having established Lemma 11, we are now ready to prove Theorem 2.

Proof of Theorem 2. We first work with some fixed 1 < λ < 2. Recall
the sequence (ai)

∞
i=1 defined in the theorem formulation and denote r :=∑∞

i=1 1/ai. Take a λ-lacunary sequence of positive integers n1 < n2 < · · · and
suppose that P ((1/ni)

∞
i=1) contains all rational numbers from a non-empty

interval (α, β). Since P ((1/ni)
∞
i=1) is clearly contained in [0,

∑∞
i=1 1/ni], we

have

β − α ⩽
∞∑
i=1

1

ni
.

Inductively, we immediately conclude ni ⩾ ai for every i ∈ N, so

β − α ⩽
∞∑
i=1

1

ai
= r.

Thus, r is an upper bound on the lengths of rational intervals filled by
λ-lacunary sequences, i.e., R(λ) ⩽ r.
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Now take ε > 0, let K ∈ N be such that
∑K

i=1 1/ai > r − ε, and simply
set ni := ai for 1 ⩽ i ⩽ K. From

λai ⩽ ⌈λai⌉ = ai+1 ⩽ ⌈2ai⌉ = 2ai

we see that

(5.1) λ ⩽
ni+1

ni
⩽ 2

for 1 ⩽ i ⩽ K−1. Now we apply Lemma 11 to n1, . . . , nK (and with Q = 1),
to obtain the integers nK+1, . . . , nM = N . We deduce that (5.1) is satisfied
for K ⩽ i ⩽ M−1 as well, while N is divisible by ni for all i with 1 ⩽ i < M .
Then we continue the construction just as in the proof of Theorem 1: in the
kth step we append to the existing terms n1, . . . , nmk−1

(where m0 := M)
the nmk−1

-multiples of the divisors dk,1, . . . , dk,Mk
= Nk of some Nk obtained

from Lemma 10 applied to Q = p1 · · · pk. This produces an enlarged list of
terms n1, . . . , nmk

and completes the kth step. Inequality (5.1) continues
to hold for all indices, and conditions (1)–(3) of Proposition 8 are verified
exactly as before, so we can conclude that P ((1/ni)

∞
i=1) contains all rational

numbers in [0,
∑∞

i=1 1/ni). Thus,

R(λ) ⩾
∞∑
i=1

1

ni
>

K∑
i=1

1

ni
=

K∑
i=1

1

ai
> r − ε.

Since ε > 0 was arbitrary, we conclude that R(λ) = r, finishing the proof of
the first claim.

As for the second part of the theorem on certain (limiting) values of R(λ),
if 1 < λ < K/(K − 1) for some integer K ⩾ 2, then the previously defined
sequence (ai)

∞
i=1 starts off with 1, . . . ,K, so

R(λ) ⩾
K∑
i=1

1

i
,

proving that R(λ) → +∞ as λ → 1+. Moreover, using the formula for R(λ)
for λ ∈ (1, 2), the trivial inequality

(5.2) ai ⩾ λi−1

gives

R(λ) ⩽
∞∑
i=1

1

λi−1
=

λ

λ− 1
.

On the other hand, Theorem 1 implies R(λ) ⩾ 2 for all such λ. These
estimates together imply that R(λ) → 2 as λ → 2−. Finally, the claim about
R(λ) being 0 for λ ⩾ 2 is precisely Corollary 5.
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Simply because of (5.2), the tail of the series representing R(λ) can be
upper bounded by

∞∑
i=K+1

1

ai
⩽

∞∑
i=K+1

1

λi−1
=

1

λK−1(λ− 1)
.

Thus, for λ ∈ (1, 2), ε ∈ (0, 1), and

K = 2 +

⌊
logλ

1

ε(λ− 1)

⌋
,

we know that the partial sum
∑K

i=1 1/ai approximates the true value of R(λ)
to an error smaller than ε. This allows us to take, say, λ = 3/2 and compute
R(3/2) reliably to 50 decimal digits as

2.40694938638836442986564472688463596121152697197900 . . .

using 287 terms of the sequence (ai)
∞
i=1.

6. Proof of Theorem 3. Take ε ∈ (0, 1) such that

(6.1) λ+ ε < 2 and
1

λ+ ε
+

1

Λ+ ε
> 1,

which is possible due to the assumptions λ < Λ/(Λ − 1) ⩽ 2, where one
can check that the first of these latter two inequalities is equivalent to
1/λ+ 1/Λ > 1. Take U ∈ N large enough such that

(6.2) (λ+ ε)−U−1 < (Λ+ ε)

(
1

λ+ ε
+

1

Λ+ ε
− 1

)
and denote

(6.3) m0 := 2 +

⌊
log2

1

ε

⌋
.

Start defining the sequence (ni)
∞
i=1 by simply putting ni := 2i−1 for

1 ⩽ i ⩽ m0. This completes the 0th step of the algorithm, so let us pro-
ceed with steps 1, 2, 3, . . . . Suppose that, after k − 1 steps, we have al-
ready defined the terms n1, . . . , nmk−1

. First, append to the list the term
nmk−1+1 := ⌊Λnmk−1

⌋+ 1, which satisfies

(6.4) Λ <
nmk−1+1

nmk−1

⩽ Λ+
1

nmk−1

⩽ Λ+
1

2m0−1

(6.3)
< Λ+ ε.

Then proceed by adding terms nmk−1+2, . . . , nmk−1+U+1 defined by the re-
currence

ni+1 := ⌈λni⌉,
so that

(6.5) λ ⩽
ni+1

ni
< λ+

1

ni
⩽ λ+

1

2m0

(6.3)
< λ+ ε
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for mk−1+1 ⩽ i ⩽ mk−1+U . Finally, apply Lemma 11 to the existing terms
(i.e., with K = mk−1+U +1) and with Q = p1 · · · pk the product of the first
k primes. This produces terms nmk−1+U+2, . . . , nmk

such that

(6.6) λ ⩽
ni+1

ni
⩽ 2

is valid for mk−1 + U + 1 ⩽ i ⩽ mk − 1, and such that nmk
is a multiple of

all preceding numbers, completing the kth step.
To summarize (6.4)–(6.6), by the construction above we observe that the

ratio ni+1/ni for i = 1, 2, 3, . . . takes values

• 2 for the initial m0 − 1 indices,
• ∈ (Λ,Λ+ ε) for the next index,
• ∈ [λ, λ+ ε) for the next U indices,
• ∈ [λ, 2] for the next block of indices up to m1 − 1,
• ∈ (Λ,Λ+ ε) for the next index,
• ∈ [λ, λ+ ε) for the next U indices,
• ∈ [λ, 2] for the next block of indices up to m2 − 1, etc.

We aim to verify
1

ni
<

mk∑
j=i+1

1

nj
+

1

nmk

for k ∈ N∪{0} and mk−1 ⩽ i < mk (the condition m−1 ⩽ i being a void one).
However, the only values of i for which this inequality is not an immediate
consequence of Remark 9 are those with i = mk−1, k ∈ N. In that case, the
inequality follows from

U+1∑
j=1

1

ni+j

(6.5),(6.4)

⩾
1

ni

1

Λ+ ε

U∑
j=0

1

(λ+ ε)j

=
1

ni

1

Λ+ ε

1− (λ+ ε)−U−1

1− (λ+ ε)−1

(6.1),(6.2)
>

1

ni
.

Therefore, (ni)
∞
i=1 satisfies condition (3) of Proposition 8. By construction

it also satisfies conditions (1)–(2) of the same proposition, while it is clearly
λ-lacunary. Applying Proposition 8 then concludes the theorem.

Let us comment on the optimality of the lacunarity parameter in Theo-
rem 3. If (ni)

∞
i=1 is a λ-lacunary sequence with λ ⩾ Λ/(Λ− 1) and if i is an

index such that ni+1 > Λni, then nj > Λλj−i−1ni for j > i, so that
∞∑

j=i+1

1

nj
<

1

niΛ

∞∑
k=0

1

λk
=

1

niΛ

1

1− 1/λ
⩽

1

ni
,
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contradicting (2.4). Corollary 6 then prevents P ((1/ni)
∞
i=1) from containing

all rational numbers in [0,
∑∞

i=1 1/ni).
Finally, from the proofs of Theorems 1–3 one can see that all requirements

imposed on the sequence (ni)
∞
i=1 can be combined, if one so desires. Thus,

it is possible to formulate one big theorem on the existence of a λ-lacunary
sequence with lim supi→∞ ni+1/ni = λ/(λ − 1) that represents all rational
numbers in the interval (0, R(λ)− ε) infinitely many times for a fixed ε > 0.
We did not think such a formulation would necessarily be productive in order
to comprehend these results, however.

Appendix A. Alternative proof of Eppstein’s theorem. Here is a
reformulation of [6, Theorem 1].

Theorem 12. If S ⊆ N is a set satisfying 2S ⊆ S which contains a
multiple of each odd number, then P ((1/n)n∈S) = [0,

∑
n∈S 1/n) ∩Q.

Even though the set S in the theorem statement does not fulfill the
conditions of Proposition 8, we can nevertheless use a very similar proof
technique to re-prove this result.

Proof of Theorem 12. Let (ni)
∞
i=1 be the strictly increasing sequence enu-

merating S. Also, let

q =
a

b
<

∞∑
i=1

1

ni

be a positive rational number and let K ∈ N be sufficiently large such that
q ⩽ r :=

∑K
i=1 1/ni. Define L as the least common multiple of the integers

n1, . . . , nK , b and write L = 2kℓ, with k ∈ N ∪ {0} and ℓ an odd posi-
tive integer. Moreover, let J,m ∈ N be such that nJ is divisible by ℓ and
2m−1nK < nJ ⩽ 2mnK . Such an index J exists by the assumption that S
contains multiples of all odd integers. Denote M := K + k + 2m − 1 and
define the sequence n′

1, . . . , n
′
M as

n1, . . . , nK , 21nK , . . . , 2m−1nK , nJ , 2
1nJ , . . . , 2

k+m−1nJ .

First of all, by the assumption 2S ⊆ S we see that all integers n′
i we have

defined thus far are elements of S, with n′
i+1 ⩽ 2n′

i for all i ≥ 1. Secondly,
n′
M is divisible by 2kℓ = L, so that n′

i divides n′
M for all 1 ⩽ i ⩽ K. Similarly,

one can check that n′
M is divisible by all n′

i with 1 ⩽ i < M , while it is also
divisible by b. Just as in Remark 9, the property n′

i+1 ⩽ 2n′
i implies that the

real numbers xi := 1/n′
i satisfy the condition of Lemma 7. As a consequence,

the sums ∑
i∈T

1

n′
i

, T ⊆ {1, . . . ,M},
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(1/n′
M )-densely fill in the segment [0, r]. Now we reason similarly to the proof

of Proposition 8: all of these sums are multiples of 1/n′
M , so they attain all

values from [0, r] ∩ (1/n′
M )Z. Since q can be rewritten as a fraction with

denominator equal to n′
M , it can therefore be represented as a finite sum

1

n′
i1

+ · · ·+ 1

n′
it

for some indices i1 < · · · < it.
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