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A new exponential generalization of the Hardy—Hilbert
integral inequality

CHRISTOPHE CHESNEAU

Abstract. The Hardy—Hilbert integral inequality has been the subject of extensive
study in recent decades. In this article, we present a two-parameter exponential general-
ization of this inequality. The associated constant factor involves the upper incomplete
gamma function. Interestingly, it can also be expressed in terms of the classical error func-
tion. Through precise analysis, we prove the optimality of this constant. We then derive
several integral inequalities of various types, some involving primitive functions, while
others incorporating auxiliary functions.

1. Introduction. We begin by recalling the classical Hardy—Hilbert in-
tegral inequality, originally established by G. H. Hardy in [HLP67]. Let p > 1,
gq=p/(p—1),and f,g:[0,00) = [0,00) be two measurable functions such
that

S fP(x) dx < oo, S 92 (y) dy < .
0 0
Then
[e'e] 1 . 0 ) 1/p o] . 1/q
gy /@t dedy < e [§ @ aa] T[] gt an]

where SSSO denotes SSO Sgo

The constant factor 7/sin(7/p) is optimal in the sense that replacing
it with a smaller constant would invalidate the inequality for certain ad-
missible functions f and g. The Hardy—Hilbert integral inequality has nu-
merous applications in mathematical analysis, particularly in the theory
of function spaces and integral operators and in harmonic analysis. See
[HLP67, MPKO1]. Over the past few decades, significant progress has been
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made in generalizing or modifying it in various ways. This includes refin-
ing the upper bound, incorporating weight functions, modifying the inte-
grand structure, and establishing entirely new classes of related inequalities.
These developments have expanded the scope and application of integral
inequalities in both theoretical and practical contexts. A selection of rele-
vant contributions is [BBPV17, [Ch24al [Ch24bl, [Ch25, IGY17, [GRO7, [HC23,
HH23, HWY22, [KPPV12] [Ku99, [KL08, [Pa98, [RY14 RY15 Xu07, [Ya96,
Ya98, [Ya04l, [Ya09, [Yal7, [Ya21l YR19].
For the purposes of this article, we highlight two important results.

REsuLT 1. The inequality below is a well-known generalization of the
Hardy—Hilbert integral inequality involving one parameter. Let p > 1, ¢ =
p/(p—1), >0, and f,g:[0,00) — [0,00) be such that

| 2?27 P (2)de < oo, | ytP g (y) dy < o.
0 0

Then

(1.1) SOS ar 1y W) dwdy

< 1 P/2=1 §p (1) d VI et 9(y) d e
\/a[éx x 33] [(S)y 9g\y 3/]

Setting @ = 1, we get the following known variant of the Hardy-Hilbert
integral inequality:
o0

| f@aly) dedy

< [OSO P12 P () dx] 1/p [OSO Y121 g () dy] l/q'
0 0

RESULT 2. The inequality below is a famous exponential modification of
the Hardy—Hilbert integral inequality established in [Yall| for p = 2. Let
fyg:1]0,00) — [0,00) be such that

S f2(z)dx < oo, S ¢ (y) dy < .
Then ' '
\exp(—2y) f(2)9(y) dudy < V7, | | f2(2)d,| | g%(y) dy.
0 0 0

The interest of this inequality lies in its elegant use of the exponential term
exp(—xy), which naturally arises in various contexts such as Laplace trans-
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forms, heat kernel estimates, and problems in harmonic analysis. This result
has inspired numerous exponential generalizations and modifications of the
Hardy—Hilbert-type integral inequality [HL15l [Liul5l Liul4l Liu25l LIL13al,
LIL13bl [LS13, L.S14].

In this article, we investigate an exponential generalization of the Hardy—
Hilbert integral inequality, centered on the following double integral:

i exp (=52 ) Fly) oy

SOS ar +y

where o > 0 and 8 > 0 are two adjustable parameters. When o = 1 and
B =0, it clearly reduces to the double integral of the classical Hardy—Hilbert
integral inequality. Although this generalization has an intuitive expression,
it appears to have received little or no attention in the literature. Therefore,
our main objective is to determine a sharp constant factor, say &, such that

[e.e]

exp( =B ) f(2)g(y) dad
Sogaaery p< y) g(y) dz dy

<¢[§artpr@yda] U § v gty ay]
0 0
Our candidate for this constant will be expressed using the upper incomplete

gamma function, that is,
(0.0

I'(a,b) = S 2% L™ dz,
b
with a,b > 0. This can also be expressed in terms of the classical error
function, which will be described in more detail later. Based on this re-
sult, we will derive several complementary integral inequalities of different
forms, including variants involving primitives and variants incorporating
auxiliary functions. This work supplements past research on exponential-
type generalizations of the Hardy—Hilbert integral inequality, as discussed in
[HL15) [Liulbl Liul4l Liu25 [LL13al [LL13bl [LS13) LS14].

The remainder of this article is organized as follows. In Section [2| we
present our main integral inequality and examine the optimality of the con-
stant factor. Section [3] contains the complementary results. A conclusion is
given in Section [} with some perspectives for future research.

2. Main contributions

2.1. A key theorem. The main exponential generalization of the Hardy—
Hilbert integral inequality is presented in the theorem below. The proof relies
primarily on a suitable decomposition of the integrand, the Holder integral
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inequality, changes of variables and several integral results presented in the
form of lemmas.

THEOREM 2.1. Letp > 1, ¢ = p/(p—1), « > 0, B > 0, and f,g
[0,00) — [0,00) be two functions such that

o0

Sl’p/2 Lep(x) dr < oo, S 9/2=1 40 (y) dy < .
0 0
Then
o0 T
oy (<62 ) r(arato) oy

(2 (3 2) [ rare] s

Proof. Making a judicious decomposition of the integrand via the identity
1/p+1/q =1, and using the Holder integral inequality, we obtain

[e.o]

21) ||

azt+y P <—5§> f(x)g(y) dz dy

[e.9]

_ SOS {xl/@q)yl/(?“W exp [—ﬁ (9;)] f (w)}
8
q

-1/29),1/(2p) _____~ _
X{x Y <ax+y>1/qe"p[

g.Al/pBl/q,
where o
A= xp/@q)exp(_gﬂg) P(x) d dy,
SOS Vy(az +y) Yy (@) Y

oo

({en_ Y T
B=hyr Valaz +y)© p< By)‘qq(y)d‘rdy'

0

In order to examine A and B, we present a key integral formula, extracted
from [GROT].

LEMMA 2.2 (JGROT7], a particular case of Entry 3.471.13). Let vy > 0 and
0 > 0. Then

eyl o) Eon()r(2)

For A, using the Fubini-Tonelli theorem, performing the change of vari-
ables u = y/x, applying Lemma with v = o and 6 = (3, and using the
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identity p/(2¢) = (p — 1)/2, we obtain

(2.2) A= | 22/C9) pr(a) [Ogo W exp<—ﬁ‘:> dy} do

(e}

= | e () s ]

mp/(QQ)—l/pr(;p) 7Texp<6>F(1 ﬁ) dx
) V o Q@ 2" «
T (BN (L BT e
_\/;exp<a>1“<2,a> (S)xp fP(x) dx.

For B, we need the lemma below.

LEMMA 2.3. Let v >0 and 8 > 0. Then

e R ORED]

Proof. Performing the change of variables u = 1/ and using Lemma
we get

o0

S;
) Vil + 1)
0

-} <1/u>hl<1/u> 1] eXp(‘QD (‘ul d“)

o
1 1 s 0 10
=\ —=———exp —0> du = \/>exp<>1”<,>. n
(S) Vu(u+7) ( u gl v) \2'v
Using the Fubini-Tonelli theorem, performing the change of variables

v = z/y, applying Lemma 2.3 with 7 = « and 6 = 8, and using the identity
q/(2p) = (¢ — 1)/2, we obtain

exp(—0z) dx

o0 o0

(23)  B=|y"®Pg(y) [(S) M eXP(-BZ;) dw] dy

0

— C:S)oyq/(2z>)—1/2gq(y) Bj \/W(;x/y ey exp (ﬁ;j) ; dx} dy
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(o.o]

(y) D) gy (-0 do) dy

ool ) ()
el

Combining (2.1)—(2.3)), and simplifying via 1/p+ 1/q = 1, we get

_ OSqu/ 1/2
0
S

o0

1 x
Woaiy o (=62 ) 1(ehato) oy

[Em i) o
X[\/Zexp< ) < §>§ 1, dy] ]
:\/Ze"p( )r(5 )H 2 ey aa] [ 1) )

0
This ends the proof of Theorem [2.1] =

Setting 5 = 0 and noting that I'(1/2,0) = I'(1/2) = /7, we obtain
equation (1.1]). Theorem can thus be viewed as a generalization of this
variant of the Hardy—Hilbert integral inequality.

Furthermore, performing the change of variables = 22 and using the
2
Gauss integral {°e™* dz = (1/2)y/7, we obtain

Ly) = o 2evdn—2 | e de—2[{ e+ T 4
F<2,>—Sm e m—QSe Z—Z[Se Z—Se z}
b N 0 0
1 Vb
_Q[Qﬁ— S e dz] = ﬁ{l—erf[\/g]},
0

where erf(c) denotes the error function defined by

2 ¢ 2
— \e " dux.
v
This well-known special function quantifies the probability of a value in a
normal distribution falling within a certain range of the mean. It is widely
used in statistics and probability theory, as well as in solving differential
equations involving heat and diffusion.

erf(c) =
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By expressing the constant factor in terms of the error function, the
inequality in Theorem [2.1] takes the more explicit form

exp<ﬁ;”>f<x>g<y> dz dy

< la eXp(i) {1 - erf[ i] } [Og e dx] Vp

x [(S] Yy gl (y) dy} v

In this formulation, the appearance of the constant m agrees naturally with
the structure seen in equation (|1.1). This also provides a clearer insight into
the relationship between the parameters and the special functions involved.

2.2. Optimality of the constant. The proposition below discusses the
optimality of the constant factor exhibited in Theorem

PROPOSITION 2.4. In Theorem [2.], the constant factor

fem(3)r ()

s optimal. This means that replacing this constant with a smaller one would
invalidate the inequality in Theorem for certain admissible functions f
and g.

Proof. Suppose that the constant

o3 (2

is not optimal. We will demonstrate that this leads to a contradiction. If this
assumption were true, then there would exist a constant

e (o aoe(2)r(32)

satisfying, for any f, g : [0,00) — [0, 00),

e I e (=62 ) s@rat doay

< ﬁo 2P 2P () dx] v [OSO yi/2 1 gi(y) dy] Uq.
0 0

To reach a contradiction, we construct appropriate test functions depending
on a parameter € > 0, and analyze the behavior of both sides of (2.4) as
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e — 0T Specifically, for any € > 0, we set

0 ifx €[0,1),
fe(w):{$—1/2—s/p 'x {1 )

if z € [1,00),
_Jo ify €[0,1),
9:(y) = {y—l/Q—f/q if y € [1,00).
Some classical integral developments give
2?27 () do = | 2?2 (@7 V2P de = | a7 de = 1/e,
0 1 1
and similarly
Vy2 iy dy = 1/e.
0
This, with the identity 1/p+ 1/¢ =1 and (2.4)), gives
1 1
(25) 19:19€><617Xm
1o VP g Ha
- 6{19“ 2P/ 21 P () dac} H Yy i (y) dy} }
0 0
> —BE) £ (2)ge(y) da: dy.
> ] oty (80 ) folato) dedy

Now, let us focus on the double integral. Performing the change of variables
x = uy, applying the Fubini-Tonelli theorem and the identity 1/p+1/q = 1,
we obtain

oe x
2.6 —B— | fe (y)dxd
20 gy er( 4 )@ dedy
= S S 1 exp(_ﬂx> $71/276/py71/276/q df]f dy
1] ety Y
- S S 1 exp <_ﬁx> p1/2=¢/p d:v] y /2=l gy
Ly arty y
00 - 00 1 u g i
=4\ eXP(-By)(uy) 2 /”ydU]y HEela gy
1 Ly, owy +y Y
[e ol Ne o] 1
= exp(—Bu)u~/P du] y~ (059 dy.
§ _1§y Vu(au + 1) ( )
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Now, let us decompose this double integral. Applying the Chasles integral
relation, the Fubini-Tonelli theorem and the identity 1/p + 1/ = 1, we get

(2.7) § { § WeprﬁWu‘dp du} y~ 1+ gy
1/y
ocor 1 1
= —— exp(— —e¢/ —(1+¢)
§ Uy Vilau £ 1) SPAw pdu]y dy

o0 o0

+ S H \/ﬂ(atm—l) exp(—Bu)u~/P du] y~ 19 dy

B R
y} \/ﬂ(au—l—l)eXp( Bu)u” P du

o0

exp(—Bu)u"/? du} [S y~(+e) dy]
1

T 1
i [5 Valau+ 1)

I T R
<6u)\/a(au+1)exp( pu)u” P du

(o.o]

O e

_l’_

1 1
il I — —€/p
- H Jalau D) exp(—pPu)u du]
1
1 1
=\ — €/q
; LS) Jataut 1) exp(—pu)u’?du
G
) Vo + 1)
Combining 7, we find that
1

1
19Z(S)\/ﬁ(om—i—l)

exp(—Bu)u"/P du] .

exp(—Bu)u/? du

o0
1 —€/p
_ - du.

+ § Vu(au + 1) exp(—fuju “
Now, let us work with the inferior limit at ¢ — 07, denoted by lim. It follows
from the Fatou integral lemma, lim u¢/9 = 1 for v € (0,1), limu~¢/? = 1 for

€ [1,00), the Chasles integral relation and Lemma with v = a and
6 = [ that

lim exp(—Bu)u/? du

: 1
vzl (S)f(au—i—l)
S

- - _ —€/p
Jalout1) exp(—pu)u”“? du
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exp(—u)lim u/] du

OL,;H

exp(—Bu) lim u~/7) du

1
f(au—kl)
v

Vu(au + 1)

T 1
exp(—pu)du + \ —=——— exp(—pu) du
) e R

1
:(S)\/ﬁ(au—i—l u(au + 1

g Fen()r(32).
Consequently,
e (/a2 (3)
« o 2"«

This contradiction ends the proof of Proposition 2.4 =

We complete the analysis with some additional integral inequality results
presented in the section below.

3. Complementary results. Three complementary results based on
Theorem [2.1] are now proposed. These are a primitive variant, a one-function
variant, and a multiple-function variant.

3.1. Primitive variant. The result below offers a primitive variant of
Theorem [2.1] The proof uses the Hardy integral inequality, explaining the
expression of the derived constant factor.

PROPOSITION 3.1. Letp >1,q=p/(p—1),a>0,5>0, f,g:[0,00) —
[0,00) be such that

Sfp dx < oo, qu(y)dy<oo
0 0
and F,G : [0,00) — [0,00) be the primitives defined by
x Yy
F(z) =\ f(t)dt, G(y)={g(t)dt.
0 0
Then
O (pay-3/2 1L (o
[y matingts Lo o(~62 ) F)G() dody
1 2T ppT 1/
<\Zeo(2)r(5.8)75 [ rew] " [ ewm] ™

0 0
This inequality is sharp.
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Proof. The double integral can be expressed as

o

P TE I Vo VI By B x x
(31) SOS( ) ey p( ﬁy)F( )G(y) da dy

o0

Naryew (=62 w10 o,

where 1 1

felz) = WF(CU% 9+(y) = WG@)-
Applying Theorem [2.1] to f, and g., we get

o0

32) || xp(—ﬁz”) Fo(@)gily) da dy

< \Fen(2)r (5 2) [T ] v st )

Now, let us majorize the two integrals of this upper bound. Using the defi-
nitions of f, and g, and the Hardy integral inequality, we obtain

e
axr +y

T b _ T pe 1 |
(3.3) (S) P2 P (2) do = (S) P/ [x?’/?—l/PF(m)} dx = (S) EFP($) dx

p o0

< (pfl) [ () da.

0
In a similar way, using the identity 1/p + 1/q = 1, we get

oo B o 3 1 q
(3.4) (S)yq/ *lgl(y) dy = (S)yq/ ? l[ys/zl/qG(y)] dy

T
= S T]Gq(y) dy
0 Y
q q oo o0
< <1> | 9(y)dy =p? | g%(y) dy.
4= 0 0
Combining (3.1)—(3.4), and using 1/p + 1/q = 1, we establish that

i.oos (zy) 3/ 221 /Pyl/a Py exp (—B;j) F(z)G(y) dz dy
< Fen(D)r(3)[(2) T rwe l/p[quSOg%y)dyT/q
\/; <Oé> (2 « p—1 5 ;
N \/ieXp@)F(;’ g) pp—2 1 [OS: (=) df”} v [iﬂ)ogq(y) dy} )
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The sharpness of the upper bound is demonstrated by considering the func-
tions

0 if x €0,1), 0 if y € 10,1),
€Tr) = =
fe() {:L‘l/ze/p if x € [1,00), 9¢(9) {yl/QE/q if y € [1,00),
and carrying out a similar limiting argument to the proof of Proposition [2.4]
We leave the details to the reader. m

We emphasize the unweighted norms of f and g. We also note the mod-
ification of the constant factor, which is now defined as follows:

T (B\(1 B\ P
Jame(2)r(30)i

The extra term p?/(p — 1) is a consequence of the application of the Hardy
integral inequality.

3.2. One-function variant. In the result below, a one-function integral
inequality is derived from Theorem

PROPOSITION 3.2. Let p > 1, ¢ = p/(p—1), a >0, >0, and f :
[0,00) — [0,00) be such that

S aP?7L P (2) da < oo.
0
Then
OSO @20y L x "
y | P A | f@)de | dy
0 o ¥rTY )
/2 Bp 1B\ T
< 2PV pe( 2 2 p/2=1 rp )
S exp<a>F <2’a> (S)x fP(x) dx

This inequality is sharp.
Proof. We set
T-a2-e-n[f 1 z ’
C= S y p S exp| —f— | f(z)dx| dy.
0 o T +y Y
Then we can decompose C as

(3.5) C:OSO[OSO ! exp(—ﬁg) f(x)dx]

o Lo ar+vy

T T p-1
X [y(Q/21) S exp(—,@’)f(x) dx] dy
0 ar+vy Y

o0

=y e (-8 ) st de
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where
oo

1 T p-1
)= e T L <_ ) . d:c] |
9o (y) [y §a$+y p( 87 ) f(@)
Applying Theorem [2.1] to to the functions f and g,, we find that

[e.e]

3.6) ||
0
<yTeo(2)r(57) [ogw—lfp<x> ] " @Oy‘“—lgz(y) ay]""

Now, let us determine the last integral in this upper bound. Using the defi-
nition of g, and the identity 1/p+ 1/¢ = 1, we get

ax +y exp <_ﬁ§> f(®)go(y) dx dy

o0

37 |y giy) dy

o0

y~(a/2-D(-1) [S

0
Combining (3.5)—(3.7) gives

C < \/Zexp<§)F<;, g) [(S) aP/271 P () dx} l/pcl/q.

By the identity 1 — 1/q = 1/p, we obtain

o2 Zeal2)r(32) e

This implies that

o0 (S.9]

[ y~a2-0-D [S
0 0

L exp (—ﬁi) f(@) dw] ’ dy

e
oar + vy

o2 ) T

/ oo
_ exp(?) Fp<1 B) S 2P 2L P (1) di.
0

 ap/? 2
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To see that the upper bound is sharp, we consider the function

Je(z) = {x—1/2—e/p if x € [1,0),

and let ¢ — 07, arguing as in the proof of Proposition .

Based on this result, we can establish the continuity of the following
integral operator under the indicated weighted L, norms:

I =\

0 ar + vy

exp (-5“;)]?(3;) dz.

The presence of the adjustable parameters o and 8 adds a certain dimension
to the applicability of this operator. We can consider J(f) as a generalized
smoothing operator that interpolates between different types of decay and
singularity behaviors depending on the chosen parameters. This makes it
particularly relevant to the study of weighted inequalities, kernel methods
and integral equations, in which controlling regularity and decay is essential.

3.3. Multiple-function variant. A multiple-function variant of The-
orem [2.1] is proposed below.

PROPOSITION 3.3. Letp > 1,q=1p/(p—1),a >0, 8> 0, a € RU{—o0},
be RU{oo} withb > a, c € RU{—o0}, d € RU{oo} withd > ¢, f : [a,b] —
[0,00) and g : [¢,d] — [0,00) be any two functions, and h : [a,b] — [0,00)
and k : [¢,d] — [0,00) be two differentiable strictly increasing functions such
that limy_,q h(t) = 0, limy_ h(t) = oo, limy,.k(t) = 0, limy_,qk(t) = oo,
and

b

| £7(2)

d

hP/2=1(
]Ezdx<oo, qu()

[ ()]

1 h(x
}) ah(z) + k() P [—%Ey)} f(@)g(y) dx dy

k(y)
<\aeo(2)r(5 ) [Sf ) de v
foutta]”

This inequality is sharp.
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Proof. Performing the change of variables s = h(z) and t = k(y), which
implies that 2 = h~=!(s) and y = k~1(¢), and dz = {1/[h/(h~1(s))]} ds and
dy = {1/[K' (k™ (t))]} dt, we get

ab 1 h(z)
(3.8) §§ ah(@) i) &P [—Bk(y)} f(@)g(y) dz dy
RS | s N B 1 1
i exp (=% ) F0 Dl O gy T
=§§a81+t p<—5j)f+() (t) ds dt
where
Fi() = FON) o g() = gk (1)
f Wih-1(sy) =9 K (k-1(t)

Applying Theorem [2.1]to f; and g4, we obtain

o

(3.9) SOS P (—ﬂt) fi(5)gi () ds dt

< \/zexp<§>F<;,§> [Ogspﬂ—lff(s) ds]l/”[og w2tgsyar]

Let us now determine the expression of the two integrals in the upper bound.
Using the definition of f; and performing the change of variables s = h(u),
we get

oosp/271 . e Oosp/Z—l 71 . 1 p
(3.10) (g) fF(s)d é [f(h (8)) 57 (I 1(5»} ds
b - 1 b hp/2 '(u)
:§hp/2 l(u)fp(u) [h/(u)]p §fp ( )]p ldu

In a similar way, using the definition of g+ and performing the change of
variables t = k(v), we have

[e.e] o

q/2—-1,4 q/2—1 -1 1 7
(3.11) §)t gi(t)dt = §)t [g(k (t))k’(k—l(t))] dt
d d q/2—-1 v
= R 0l (0) b ) do = § ) e
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Combining (3.8)—(3.10) and (3.11)), and standardizing the notation, we get

db 1 hz)
§§ ah(@) + k(y) =P [— k(y)} f(2)g(y) da dy

<faen(2)r(s 5)[&#( ) ]

d 1/q

)

q
<[l gt

To see the sharpness, simply note that the above change of variables, ex-

pressed in terms of h and k, transforms the inequality into the upper bound
of Theorem 2.1 =

The variety of possible choices for the functions h and k makes this result
applicable to many mathematical scenarios involving integral inequalities of
this form. Therefore, it is particularly useful in harmonic analysis, weighted
norm inequalities and the theory of integral operators.

4. Conclusion. Several perspectives for future research can be explored.
One promising direction is to extend our results to weighted integral in-
equalities and multidimensional domains. Furthermore, their applications to
partial differential equations, particularly in diffusion theory, warrant fur-
ther investigation. Finally, the numerical analysis of the constants and their
asymptotic behavior could provide valuable insights in both theoretical and
applied contexts.

Acknowledgements. The author would like to thank the anonymous
reviewer for the constructive and thorough feedback on the article.
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