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The Pell sequence and cyclotomic matrices
involving squares over finite fields

by

Har-LianGg Wu, L1I-YuAN WANG and HE-X1A NI

Abstract. By using some arithmetic properties of the Pell sequence and some p-adic
tools, we study certain cyclotomic matrices involving squares over finite fields. For ex-
ample, let 1 = s1,52,...,5(,-1)/2 be all the nonzero squares over F,, where q = p’ is an
odd prime power with ¢ > 7. We prove that the matrix

By((g—3)/2) = [(si + 5,) " laci j<(g-1)/2
is singular whenever f > 2. Also, for ¢ = p, we show that
det B,((p—3)/2) =0 <= Q, =2 (mod p°Z),

where @) is the pth term of the companion Pell sequence {Q; }§2 defined by Qo = Q1 = 2
and Qit1 = 2Q; + Qi—1.

1. Introduction

1.1. Notation. In this paper, the symbol p always denotes an odd prime.
We let Q, be the p-adic number field and let Z, be the ring of all p-adic
integers. As usual, we use C, to denote the completion of the algebraic
closure of Q,. In addition, we let

ord, : C, = R
be the p-adic order function over C,,.
Let ¢ = p/ be an odd prime power with f € Z*. The symbol F, denotes

the finite field with ¢ elements and ¥ = F, \ {0} is the multiplicative
cyclic group of all nonzero elements of IF,. The group of all multiplicative

characters of F, is denoted by Fy', and the trivial character is indicated by ¢.
Throughout this paper, for any multiplicative character ¢ : F;* — C (or C,),
we extend 9 to F, by letting ¢(0) = 0.
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Let ¢, be a primitive pth root of unity over C (or C,). Then for any
¥ € FJ, the Gauss sum of ¢ is defined by

- > v

zel,

where Trg, /g, : Fy — Ty is the trace map. Also, for any ¢, x € Fg, the
Jacobi sum of 9 and y is defined by

Zl/) x(1—x).

z€lFy

1.2. Background and motivation. The investigations of cyclotomic
matrices involving elements over finite fields were initiated by Lehmer [§]
and Carlitz [I]. For instance, for any nontrivial multiplicative character 1
modulo p, Carlitz [I] first studied the cyclotomic matrices

(1.1) Cp () = [¥(J — Dhi<ij<p-1,
(1.2) Cy () := [Y(J + D)]i<ij<p1-
In [I, Theorems 4 and 5| he proved that

det C; (1) = (—1)@=D/m. Gp(y)!

)

p
det C;W’) _ {%(—l)ﬁGp(w)pl if m=1 (mod 2),
5(_1)75(¢)p71Gp(¢)p71 if m =0 (mod 2),

where m = min {k € Z* : ¥ = £} is the order of ¢ and
1 ify(—1)=1
RS S
—i ify(—1)=-1.

Following Carlitz’s work, Chapman [2] further studied some variants of
the matrix C’;‘(¢) Let (5) denote the Legendre symbol, i.e., the unique
quadratic multiplicative character of IF,. Chapman considered the matrices

147 147
(0 N (5
p 0<4,5<(p—1)/2 p 1<i,j<(p—1)/2

Although Chapman only changed the sizes of the matrices, the calculations

of det C’,(,O) and det C’,()l) became extremely complicated. In fact, for p =
1 (mod 4), let ¢, > 1 and h;, denote the fundamental unit and class number
of Q(,/p) respectively, and write

62;; = ap + bp\/D
with ap, b, € Q. Chapman [2] showed that
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det 00 _ (—1)PE3)/42(=1/2¢  if p =1 (mod 4),
P 22 if p=3 (mod 4),

det o) — (—1)(p=1/42=1)/2p  if p =1 (mod 4),
b if p =3 (mod 4).
Chapman also investigated some variants of C, (1); the most well-known
among them is Chapman’s “evil determinant”
)]
P Jhicig<orne

det G, = detK]

Let

_1)(p+3)/4
VT _ 1 Ly

with aj,, b}, € Q. Chapman conjectured that

—a;, ifp=1 d4
e = [~ p=1 o
1 if p=3 (mod 4).

Vsemirnov [16, [17] later confirmed this conjecture by using ingenious and
sophisticated matrix decompositions.

Sun [13] studied variants of the above matrices from another perspective.
For example, he considered the matrix

-2 -2
(1.3) S, = [(2 *J )]
p 1<i,j<(p—1)/2

which involves the nonzero squares over Fy,. In [I3, Theorem 1.2] he proved
that —det S, mod pZ is a nonzero square over Z/pZ = F,. Moreover, Sun
conjectured that —det S, is indeed the square of some integer whenever p =
3 (mod 4). This conjecture was later confirmed by Alekseyev and Krachun.
For p =1 (mod 4), if we write p = a? + 4b* with a,b € Z and a = 1 (mod 4),
then Cohen, Sun and Vsemirnov conjectured that Sy/a is also the square of
an integer. This conjecture was later confirmed by the first author [18].

Recently, for any positive integer m, Sun [14] considered the matrix

(1.4) Sp(m) = [(i* + jQ)mhgz‘,jg(p—l)/Qa
and obtained several interesting results concerning det S,(m). For example,
when p = 3 (mod 4), in [I4, Theorem 1.2(ii)| he proved that

b=3)/4, 2
—_ r+- ) (mod pZ,).
G +‘72)2L§@j§(p1)/2 1131 < 4> '

Having recalled the above results, we now state our research motivations.
Inspired by Sun’s matrix Sp(m) defined by (1.4), in this paper, we mainly

det Sp(p—3) = det [

>~ =
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consider a variant of Sp(m). Let ¢ = 2n + 1 and let
{s1=1,80,...,8.) = {2?: 2 cF;}

be the set of all nonzero squares in F,;. Then we define the matrix

(15) By(m) := [(s: + )< j<n.

Before studying the properties of B,(m), let us first have a brief discus-
sion. Let

h(t) = apm1t™ 4+ - 4 art + ag

be a polynomial over a commutative ring with deg(h(t)) < m — 1. Then it
is known (see |7, Lemma 9]|) that

m—1 m—1
(10) det ot yplicisen = ot TL ("7 ) TT Gvma)og—m),
r=0

1<i<j<m

From this we immediately see that B,(m) is singular whenever m < n — 3.
Hence it is meaningful to consider the cases of n —2 < m < ¢ — 1. In this
paper, we focus on the cases of m = n — 2,n — 1,n; we will see that the
methods used in each case are very different.

1.3. The Pell sequence. Before stating our main results, we introduce
the Pell sequence. The Pell sequence is an infinite sequence of integers that
comprises the denominators of the closest rational approximations to the
square root of 2. Specifically, the Pell sequence {P;}°, is defined by

Py =0, P =1, Piy1=2P+ P,
and its companion sequence {Q;}2, is defined by
Qo=0Q1=2, Qiy1 =2Qi+ Qi1
For any integer ¢ > 0, it is known that
1 ' . [(i-1)/2] ;
P=—(14+vV2)—(1-+v2)) = ( )2’“,
i= 55 (L VD) = (1= v2)) kg 2%+ 1
Qi=(1+v2)'+(1-V2)"
From this, it is easy to see that
2
P, = 2(P=1)/2 = <) (mod pZ), @Qp =2 (mod pZ).
p
1.4. Main results. Now we state our first result, which concerns the
cases m=n—1,n—2.

THEOREM 1.1. Let ¢ = pf = 2n+1 > 7 be an odd prime power with p
prime and f € Z*. Then the following results hold:
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(i) Bg(n—1) is a singular matriz whenever f > 2. Moreover, if f =1, then
2-((n—1)Hh"

det By(n —1) = GHr = 112

~ap € Fp,
where

9 _
ap = ]f)p mod pZ € Z/pZ = F),.

(ii) Bg(n —2) is singular if and only if f > 2 and ¢ # 9. When f =1, we

have
N (et
det By(n —2) = <—2> . 0111 (n —2)12 eF,.

By Theorem we obtain the following result.

COROLLARY 1.2. Let p =2n+1 > 7 be an odd prime. Then the following
results hold:

(i) Bp(n —1) is singular if and only if
Qp =2 (mod p°7).
Moreover, if p=1 (mod 4), then

(mniee). ()

If p=3 (mod 4), then

(E=0) - te(3)

where h(—p) is the class number of the imaginary quadratic field Q(v/—p).
(ii) Suppose p =1 (mod 4). Then

() -0)

Suppose p =3 (mod 4). Then

(det By(n — 2)) B <—2>
p p)
REMARK 1.3. With the help of a computer, one can verify that
(1.7)  {paprime:7<p<10%and Q, =2 (mod p°Z)} = {13,31}.

Motivated by this, we make the following conjecture.

CONJECTURE 1.4. Let p > 7 be an odd prime. Then By(n—1) is singular
if and only if p € {13,31}.

We next turn to the case m = n.
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THEOREM 1.5. Let ¢ = pf = 2n+1 > 7 be an odd prime power with p
prime and f € ZT. Then By(n) is singular whenever f > 2. Moreover, if
f=1, then

1>"2 . (nl)nt1

det ) = (1" ;b €F,,

0!~ nl)

where
2(%) —2P,—p

b, =
b p

mod pZ € Z/pZ = F),.

Similar to Corollary [I.2] we have the following result.

COROLLARY 1.6. Let p=2n+12> 7 be a prime. Then

() - ()

and hence By(n) is singular if and only if
2
2P, = 2<p> — p (mod p*7).

REMARK 1.7. Asin (|1.7)), it is natural to consider the odd primes p which
satisfy the congruence

2
2P, = 2<p) — p (mod p*Z).

With the help of a computer, one can verify that
(1.8)

2
{p a prime : 7 < p < 10° and 2P, = 2<> — p (mod p2Z)} = {29}.
p

Using essentially the same method as in the proof of Theorem [I.5] we
can obtain some results on certain variants of Carlitz’s matrices C}, () and

C,f (1) defined by (1.1)) and (1.2) respectively.

In fact, let FY = {1 = 1,22,...,24-1}. For any nontrivial character

NS ﬁq;, we define
D () = [(z5 — zi)la<ij<q-1, Di (@) = [(x; 4 z)]a<ij<q-1-
We have the following result.

THEOREM 1.8. Let ¢ = p/ > 3 be an odd prime power. Then for any

nontrivial character b € Fy, we have
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() det D () = LGy,
—1\g+1)/2 .
(i) det D () = =1 +q2 2D (3 - 5@)Gy()r .

Let 1 = ¢ be the unique quadratic character of F, i.e.,
1 ifx € {81,...,5(q_1)/2},
d(x) =<0 if z =0,
—1 otherwise.
Then D, (¢) is an integer matrix. Note that (see [3, Corollary 3.7.6])
(-1t ifp=1 (mod 4),
Gq(¢) = f*l‘f . _
(1)l /q if p=3 (mod 4).
From this and Theorem we can directly obtain the following corollary.

COROLLARY 1.9. Let g = pf > 3 be an odd prime power. Then Dy (¢) is
singular if and only if ¢ =3 (mod 4). For ¢ =1 (mod 4), we have
det D (¢) = —2¢175)/2,
1.5. Outline of the paper. We will prove Theorem|[I.I]and its corollary
in Section 2. In Section 3, we shall introduce some necessary results on almost

circulant matrices and some p-adic tools. The proofs of Theorems[T.5and
will be given in Sections 4 and 5 respectively.

2. Proofs of Theorem and its corollary. Recall that n =

(g —1)/2 and 57 = 1,s9,...,5, are all the nonzero squares over F,. Also,
for any integers a,b with a < b, we use the symbol [a, ] to denote the set
{a,a+1,...,b}.

We begin with the following result.
LEMMA 2.1. Let g =pf =2n+1>5 with f € Z+. Then

n—2
(C)ee22 ] <5j_si)2:<_;> cF,

2<i<j<n
Proof. Let
" -1 n—1 n—2
F(t)=—— =t"" 41"+t +1

be a polynomial over IF,. Note that = is a nonzero square over I, if and only
if ™ = 1. Hence it is easy to verify that

(2.1) Fity=J] ¢—sp)-

2<j<n
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By (2.1) we see that (—1)""! . 8; is the constant term of F(t), i.e.
Y 2<j<n 5j » 1€
(2.2) II si=(1.
2<j<n
Also, clearly (—1)"1 [lo<;j<n(sj — 1) is the constant term of F'(¢ + 1), that
s, o
(2.3) IIG-0=0""mn
2<j<n
Next we consider the product
(_1)(n—1)(n—2)/2 H (Sj _ 87;)2.
2<i<j<n
Let F'(t) be the formal derivative of F'(¢). Then one can verify that

(24) (=)0 VED2 T (s5—s)> = [ (55—

2<i<j<n 2<i#j<n
=11 II Gi—s)= ] F's))
2<j<ni€[2,n]\{j} 2<j<n
As (t—1)F(t) =t" — 1, we have F(t) + (t — 1)F'(t) = nt" !, and hence
ns"!
F'(s;) = -

Sj—l - Sj(Sj—l)
for any j € [2,n]. By the above results,
— 1) (n— n
@5) (e T (g -s?= [ =g
11 L osi(s5—1)
2<i<j<n 2<j<n "IN

Combining (2.5)) with (2.2) and ([2.3)), we obtain
1 n—2
(_1)(n_1)(n_2)/2 H (S] — Si)2 —_ ’)’Ln_Q = <—> & Fp. | |

L1 2
2<i<j<n

Before the statement of the next lemma, we introduce the following nota-
tions. Let [ be a positive integer and let ¢y, ..., ¢ be variables. Then for any
k € [1,1], the kth elementary symmetric polynomial of ¢,...,¢; is defined

by
op(ti,. )= Y I -

1<in << <L 1<5<k
In addition, we let
Uo(tl, e ,tl) = 1.

In 2022, Grinberg, Sun and Zhao [5, Theorem 3.1] obtained the following
result.
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LEMMA 2.2. Let | be a positive integer. Then

l
(2.6) det [(z; +y;) h<ija = (D)2 T (@5 —2) (@ —wi)- Y Us,
1<i<j<l k=0

where
r
re[0,]\{k}

We need the following results related to some congruences involving
the Pell sequence, which were obtained by Z.-H. Sun [I0, Theorem 4.1],
Z.-W. Sun [11} Final Remark| and Z.-W. Sun [12, Remark 3.1] respectively.

LEMMA 2.3. Letp > 7 be a prime and let By,_3 be the (p—3)th Bernoulli
number. Then

Up = o1, z)o (- u) - [] <l>

Plok  9_op 7

(2.7) Z & = Y - EPQBp—?) (mod PBZp),

(2.8) e = 2T T (mnod i),
k=1

(2.9) 4(2) P, =2+ Q, (mod p°7Z).

Proof of Theorem[1.1 (i) By Lemmas and

n—1
(210)  det By(n —1) = (=) VOBE T (55 -5 Y Wi
k=0

2<i<j<n
1 n—2 n—1
-(3)
k=0
where

n—1
(2.11) Wi = 0k(52, ...y 8n)0n—1-k(S2, ..., 8n) - H ( . )
ref0,n—1\{k}
for any k € [0,n — 1].
We next consider Wy. By (2.1]) we see that

Fity=t""+t"2 4 +t+1= [] (t-s)
2<;j<n

3
—

D (=D)fok(sa, ..., st

k=0
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and hence for any k € [0,n — 1] we have
(2.12) op(s2, ..., 8n) = (—1)F.
By (2.11)) and (2.12]) we obtain

(2.13) W=t ] (";1>

re0,n—1]\{k}
Suppose that f > 2. As g = pf > 9, we have
1= S C—— Pr-
n S = 5 + 2 p+---+ 5 P > B

By the Lucas congruence, for j € {(p —1)/2,(p + 1)/2} we have

<n ; 1) _ ((p —j3)/2> <(p —01)/2> N <(p —01)/2> _ 0 (mod pZ).

Thus,
{re 0,n — 1] ("T1> =0 (mode)} > 2

This, together with (2.13), implies that W), = 0 (as an element of F,) if
2.10)

f > 2. Hence by (2.10) we see that B,(n — 1) is singular whenever f > 2.
Suppose now f = 1. Then for any r € [0,n — 1] we have

<” . 1> £ 0 (mod pZ).

Hence by ([2.13)) we obtain
i, m-1\! n—1
_ (_1\n—1 - . -
w0 S omE00)) 0
k=0 k=0 rel0,n—1]

o (2 (e
=(-1) I'Tz(;k)'(om--'(n—l)!)w

where the last equality follows from Sury’s identity [15]

n—1 —1 n
(215) > (") —eet
k=1

k=0
and
H <n — 1> B ((n—=1)H)"
TN . (0 — 127
rel0m-1] T omt---(n—1)"
We next consider
> = mod pZ.

k=1
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One can verify that

p—1 2k B 2k n prk
k=1 k k=1 k k:lp_k
= Z? —22 ok (mod pZy).
k=1 k=1

Combining this with and ([2.8)), we obtain
n ok p—1
b _2-% P, -2
el e
pt kT p p

-1
2— 2 2\ P, — 2"z
= —4()1172 (mod pZy).
p p p

From this and (2.9)), we obtain
n o 5k —0. — 9P 2\ 95"
2 Qp—2P+(5)22  2-
(2.16) s =7 (p) = @ (mod pZy,),
k=1 p

where the last congruence follows from

2 <—2p+ <;>2’f’> - 2(2”21 - (;))2 =0 (mod p*Z).

Now combining (2.16)) with (2.14) and (2.10), one can verify that
2-(n—=1)Hh"
(01! (n =12

det Bp(n —1) = ~ap € Fp,

where

9 _
ap = pr mod pZ € Z/pZ = Fy,

(ii) Let h(t) = t"~2. Then by (1.6) and Lemmawe obtain
n—2
n—2
(2.17)  det By(n —2) = H < > : H (—(s; — 5:)?)

r -
2<i<j<n

2<i<j<n

1\"? " (n-2
)
r=0
Suppose first that f > 2. Noting that ¢ > 9, we obtain

q—>5 _p—5 ) p—1

1 1
n—2=21"2 S P Y A iy

2 2 2 2 2

n—2
n—2 n—1)(n—
_ < ) ).(1)( VD2 T (s )
=0

2

11



12 H.-L. Wu, L.-Y. Wang and H.-X. Ni

By the Lucas congruence again, we clearly have

((pn—_1)2/2> = <E§ _ ?;Z) <(p _01)/2> <(p —01)/2> T

From this and (2.17)), we see that det By(n — 2) = 0 whenever f > 2.
Suppose now f = 1. Then (" 2) # 0 (mod pZ) for any r € [0,n — 2].
Hence by (2.17)) again we obtain

1\"? n—2))n! y
det By(n —2) = <_2> ' (0!(1(!...(2)_2)!)2 el =

Proof of Corollary|1.2 - ) If p=1 (mod 4), then n is even. Thus,

ot e

Suppose now p = 3 (mod 4) and p > 3. Then n is odd and hence
(=) -G 55 - G0 6)
p p p p
h(= P) 1/a
_ (i p)
(s

The last equality follows from the Mordell congruence [9]

1 _
nl="L 5 = (—l)h( e (mod pZ),

where h(—p) is the class number of the imaginary quadratic field Q(/—p).

(ii) Suppose p = 1 (mod 4). Then by the Wilson congruence, one can

verify that

~1=(p-D'=(=D"(n)?=(n)? (mod pZ).
This implies n! = v/—1 over F,,. Thus,

(Z’) = ()" = (-1)"* = (;) (mod pZ),

() -()

Now from this and Theorem [L.1ii), and noting that n is even in this
case, we obtain

(52) - (552 (3) (52 ()

where the last equality follows from n(n — 1) = 3/4 over F),.

that is,
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Suppose now p = 3 (mod 4). Then n is odd. By Theorem [1.1fii) we

clearly have
(deth(n—2)> (—2)
— | = — |. n
p p

3. Preparations for the proof of Theorem

3.1. A lemma on almost circulant matrices. Let n > 2 be an integer
and let v = (ag,ai,...,a,—1) € C". The circulant matriz of v is the n x n
matrix defined by

Cn(v) = [aj-io<ij<n-1,

where a5 = a; whenever s =t (mod n), that is,

ag ap -+ Ap-2 0ap-1
Gp—1 ag -+ (ap-3 0ap-2
Cn(v) =
a ag - aq ai
| a1 a2 - Ap-1 40 |

Recently, the first two of the present authors [I9, Theorem 4.1] defined
the almost circulant matriz Wy (v) of v by

Wn(v) = [aj-ili<ij<n-1,
and obtained the following result.

LEMMA 3.1. Let Ao, A1,..., A\p—1 be all the eigenvalues of Cp(v). Then

n—1
deth(v):%Z I

1=0 ke[0,n—1)\{1}

3.2. Some p-adic preparations. Let 7 € C, with 7”1 +p =0 and
let ¢x € C, be a primitive pth root of unity with (; =1+ 7 (mod 7?).

Recall that ¢ = p/. Let (,_1 € C, be a primitive (¢ — 1)th root of
unity. Then it is known that Q,(¢;—1)/Q) is an unramified extension and

[Qp(¢g—1) : Qp] = f. Hence
Zp|Cq—1]/p = Fy,

where p = pZ,[(;-1] is a prime ideal of Z[(;—1]. From now on, we identify F,
with Zp[(4—1]/p. The Teichmiiller character wy : Fy — C, is the multiplica-
tive character of I, defined by

(3.1) wq(z mod p) = z (mod p)
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for any x € Z,[(;—1]. Also, it is easy to verify that w, is a generator of Fy' .
For any integer r € [0, ¢ — 2], letting

T:T01+r1p++rf71pf_l

be the decomposition of r in base p, we define

(3.2) s(r) = Zrl

For s(r), we have the following result (see [3, Lemma 3.6.7]).

LEMMA 3.2. For any r € [0,q — 2], we have

where {x} denotes the fractional part of a real number x.

Recall that n = (¢ —1)/2 = (p/ —1)/2. Using Lemma we obtain the
following result.

LEMMA 3.3. Suppose r € [0,n — 1]. Then
s(n) 4+ s(n+r) > s(r).

Proof. For any i € [0, f — 1], we set

{2}

Then it is easy to verify that

1 1 i 1 if0<u 1/2,
(3.3) +{+xi(r>}: z;(r) + : <a(r) <1/
2 2 i(r) if 1/2 < a(r) < 1.
As 0 <r <n-—1, we have zo(r) < 1/2. Hence by (3.3 we obtain
1 1
5T {2 + xo(?")} > zo(r).

From this, Lemma and (3.3)), one can verify that

s(n) + s(n+7) = (p—l)fi(;* {W})

i=0 q—1

o-nSe (5 )
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:(p1)§<;+{pi;1+;+ ' })

=0 ¢-1
=(p— 1)::(; + {; +%‘(7‘)})
> (p— 1)::xi(r) =s(r). m

Recall that p is an odd prime. We next introduce the p-adic Gamma
function I, : Z, — Z,, where Z,; denotes the group of all p-adic units. For
any n € ZT, we define

rm=c-n" [ &
ke[l,n—1]NZy

Since Z* is dense in Z, and Z, is a closed multiplicative group, the p-adic
Gamma function I, : Z, — 7, is defined by

Fp(l’) = hm Fp(xi)7
1—00
where {z;}5°, is a sequence of positive integers z; with lim; ,o, z; = .
In this paper, we need the following result on I,.

LEMMA 3.4. Suppose that p > 5 is a prime. Let n € Z. Then for any
x,y € Zyp we have

z =y (mod p"Z,) = I,(x)=Ip(y) (mod p"Z,).

We conclude this section with the following result, which is known as the
Gross—Koblitz formula [6l, Theorem 1.7].

LEMMA 3.5. Let notations be as above. For any r € [0,q — 2|, consider
the Gauss sum

—r —r Tr (z)
Gq(wq )= Z Wq (z)Cr falfe i

zel,

()

1=0

Then

where I, is the p-adic Gamma function and {x} is the fractional part of x.

4. Proof of Theorem [1.5l Let notations be as in Section 3. In this
section, we fix a generator g of the cyclic group F. Recall that n = (¢—1)/2.
For any i € [0,n — 1], we let

a; = w;"(1+g%),
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and let
v = (ag,a1,...,an_1).
We begin with the following result.
LEMMA 4.1. For any r € [0,n — 1], let

(_1)T -n ,,—r (_1)n+r -n , ,—(n+r
(4.1) Ar 1= 5 Jy(wg ™ w ") + TJq(wq 7wq( 1)),
Then \g = —1,A1,..., Ap—1 are all the eigenvalues of the circulant matriz

Chr(v).
Proof. For any r € [0,n — 1], one can verify that
Do w1+ e (g%)
0<j<n—1 A Lo .
— Z wq—n(l + gZJ—Qz)wq—r(gZJ—QZ)wq—r(ng)
0<j<n—1
= Y w0+ g w6 )wy (97,
0<j<n—1
This implies that for any r € [0,n — 1],
Cn('v)ur = Yry
with the column vector

Uy = (w;T(gO)7w;T(g2)7 S ﬂw;T(QQ(nil)))T7

and
yr= > w1+ g7 )w;"(g7).
0<j<n—1
As ug,u1,...,u,—1 are clearly linearly independent over C, the numbers

Yo, Y1, - - -, Yn—1 are all the eigenvalues of C),(v). Note that

1 ~ 1 ifz € {s1,82,--.,8n},
—(e(z) +w,;™(2)) =
2( (@) ¢ (7)) {O otherwise.

Thus, for each r € [0,n — 1], we have

Yr = Z Wq_n(l“‘gzj)wq_r(gzj) = Z (1+31) "(55)

0<j<n 1 1<j<n
= Z ) + wy(@)wy (1 + 2w (z)
mG]Fq
(_1)7’ n+7"
= Zw;”(l—i—az)w;T( Zw (1+2)w (””)( )
z€F, z€F,

=\
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For Ay, one can verify that

1 -n (_1)n
)\0 = §Jq(wq ,5) + B

1 -n -1)" -n ,n
= §Jq(wq ,E) + (2)Jq(wq W)
1 (=1)"

= —Swy(1) + 5 (e, " (1) = L.

In view of the above, we have completed the proof. =

Proof of Theorem . Recall that g is a generator of F . Then it is clear
that

det By(n) = det [(1+ s7/5:)"|2<ij<n = det [(1+ ¢ 7*)"1<ij<n1.
By the definition ({3.1)) of the Teichmiiller character w, of Iy, we see that
(4.2) det By(n) = det [w, " (1 4+ ¢” *")]1<i,j<n—1 mod p
= det W,,(v) mod p,
where
v = (" (14 ¢%) 0" (14 g%, wg (1 + g7 Y)),

and p = pZp[(4—1] is a prime ideal. Hence we focus on the determinant of
the almost circulant matrix W, (v). By Lemmas and [3.1] we have

n—1
(43)  det By(n) = det Wa(v) mod p=—35" [ A modp,
120 refon1\1)

where A, is defined by (4.1). We next consider A, mod p. Suppose r €
[1,n — 1]. Then

-n —(n+r)
Jq (wq—n7 wq—(n-l-'r“)) — GQ(wq )Gq(j:'q ) .
Gqlwg")
By Lemmas [3.5] and [3.3] we obtain
1

ord,, (Jy(w;™, wy (1)) =

g % ——(s(n) +s(n+7) —s(r)) > 0.

p—1
This implies that

Jg(wg ™, w;("+r)) =0 (mod p)

for any r € [1,n — 1]. Hence by (4.1)) we have

(4.4) Ar = (_zl)r,]q(wq_”,wq_r) (mod p)

whenever r € [1,n — 1].
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CASE I: f > 2. Suppose r € [1,n — 1]. Then

n o Galwg")Ge(w, ")
‘]‘I(wq Wy ): o *(nir)q '
Gq(wq )

By Lemma [3.5| we obtain
1
p—1

(4.5) ord, (Jy(w, ™" w, ")) =

" » (s(n) + s(r) —s(n+r)).

As g =p/ >9, we have n — 1 > (p + 3)/2. From this, for r € {(p+1)/2,
(p+3)/2} C[1,n — 1], we have
s(n) +s(r) > s(n+r).
This, together with , implies that
H{1<r<n-—-1:Jy(w;" w,") =0 (mod p)}|
={1<r<n—-1:X\=0 (modp)} >2.
From this, and , we see that By(n) is singular if f > 2.

Casge II: f = 1. Note first that, in this case, Qp({4—1) = Qp and p = pZ,,.
By (4.5), for any r € [1,n — 1], we see that

-n ,,—r 1
ordy(Jp(w, " w, ")) = p— (s(n) + s(r) —s(n +r))
1
= ﬁ(n—l—r— (n+7))=0.
Thus, for any r € [1,n — 1],
= T S e W) # 0 (mod pz,)
r = 9 g\Wp 5 Wp DPiup ),
that is, A\, is a p-adic unit. From this and (4.3]), we obtain
1 1
(4.6) det Bq(n) =2 M A1 —+—+ -+ mod pr.
Ao A1 An—1

We next consider A\, mod pZ,. Suppose r € [1,n—1]. Then by Lemmas
and [3.5] one can verify that

)\r = (_1)r Jp(w—n w—r) = (_1)r X Gp(w;;n)Gp(wp_r)

2 20 Gylwy ™)
_ ot LEELGE) 0t L - mLp-r)
2 L (3) 2 Lplp=n=r)
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(1) (p=n—Dl(p-r—1!_ ()" (n+)!

2 (p—1—n—r)! 2 nlorl
(=) 1/n
=-"— . 51, (mod pZ,)

The last congruence follows from

Cre (") = (7)) od

for any r € [1,n — 1].
By the above results and Sury’s identity (2.15)), we obtain

1 1 1
— 2N A [ — 4+ —
0A1 1<A0<+-A1-+ +_An—1>

(30 (-5 (0)
(—1)n1< " (! '<3_n+1”+1 2k)

N =

1
2> (011! --n!)2 2"~k
1 n—2 (n!)n+1 1 n+1 2k
= (— n—1 — [ S A— — -
= (1) (2) (0112 (3 2n+1; k)
(I ()t 1 2k
— n—1
=1 <2> o2 (1 gl k:) (mod pZ,)
=1

From this and using (2.16)) and ([2.9), we finally obtain

1 1 1
—2>\0>\1---)\n1<++---+ )

Ao M An—1
1N\"2  (@)tt 2(3)-2P,—p
=(-D)" = : . Lp).
(=1) <2> (011 - n!)2 D (mod pZp)

In view of the above, we have completed the proof. m

5. Proof of Theorem We begin with the following lemma.

LEMMA 5.1. Let x4 be a generator of Fy. Then for any nontrivial char-
acter ¢ € By, the following results hold:
Gq(¥)*!

q—2
(5.1) Aq= H quaxg) = T’
r=0
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(5.2) Sy = o 190y ¥(-1))
! r=0 JQ(wax’g) q ’
q—2 r B
(53) =Y -U 129 g

0 JQ(vaXq) q

o~

Proof. Since x, is a generator of Fg and 1 # ¢, there is a unique integer
J € [1,q — 2] such that x;7 = 1. One can verify that

q—2 q—
T 7@ xg) =TT 7007 %) = 07 ) - T Jab? x5)
r=0 r=0

r€[0,q—2\{j}

r=

. Seba)Gebd)
- el
gy Caba”)

Gy(e) ] Gq(X;j)Gq(X?])
Gy(xa”)Gq(xh) TEEQ} Galxa™™)
_ Gyl )" [ Gt Gyt

q r€[0,q—2] Gylxg”™) q
This completes the proof of .

Now we prove 1) As |Jq(X;j,xf1)| = /q whenever r € [1,q — 2] \ {j},
one can verify that

— (-1

M

q—

> T

1 1 1 q

Jo(xq’ RV Joxa” Xt
a(Xq”€) a(Xq”s Xq) rella—2)\{4} a(xa”s X3)

R LT S AR

4 re[l,q 20\

—(1+(—1 Z Ja(xq ,xq>—fJ (¥,e) — Jq(w,wl)

q ref0,q—2]
1 _
— Tqu + (1)),

where the last equality follows from

> Joxg?xg) =0.

rel0,qg—2]
This completes the proof of (5.2]).

q—2
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Finally, we prove (j5.3]). We first claim that

(5.4 S s =10

TE[O,(q—?))/Q}

In fact, it is easy to verify that

SN L= > D vl - (@)

r€[0,(¢—3)/2] r€[0,(q—3)/2] 2€Fq
—1
=Y w2 Y x@ =15
z€ly rel0,(g—3)/2]

where the last equality follows from

T ) — {(q— 1)/2 if o= +1,

rel0,(g—3)/2] 0 otherwise.
By (5.4) we obtain

1
Sqg+Ty=2 Z W
r€[0,(¢—3)/2) ~ 1 Xa
2 14+9(=1) 2 q
- + T
Jo(,e)  Jg(, o7l g re[l,(zq:«?)/2
xar#Y !

9 -
=-@B+y(-1))+= D Jq (9, x2)
rell,(g—3)/2]
X2 At

2 -
=—@B+v=))+= Y TN
L rep0,a-3)/2)

Ehll Gy e

T3

2
— 2T, e) —
q (¥, ¢)
1— _
=~ 301 -9
Combining this with , we have
1 _
Ty=(Sq+Ty) =Sy == (2= (). =

REMARK 5.2. In 1987, Greene [4, Definition 2.4] used Jacobi sums to
obtain a finite field analogue of binomial coefficients. In fact, for any

A, B¢ I@g, Green defined
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By (5.3) for any nontrivial character v, we obtain
ST T S en
(5.5) ( ) =q) ——= =4I, = (1-q)(2 —¥(2)).
2 W) e T
The identity (5.5)) can be viewed as a finite field analogue of Sury’s identity
S(n—1>_l_ n o 2
r=0 " " k=1 k
From now on, we fix a generator g of ;. For any nontrivial character
¢ € Fy, define the circulant matrices
(5.6) My(¢) = [(¢" " = Dlo<ij<q—2,
(5.7) Nq(¥) := [¢(¢" " + D]o<ij<g—2-

We need the following lemma.

LEMMA 5.3. Let x4 be a generator ofﬁg, Then the numbers
OZTZT/)(—l)Jq(@Z’»XZ) (TZO,I,...,(]—Q)
are all the eigenvalues of My(1)). Also, the numbers
Br = (=1)"Jy(¥,xy) (r=0,1,...,q—2)
are all the eigenvalues of Ny(1)).

Proof. For any r € [0,q — 2], it is easy to see that
-2
V(g™ = Dxg(9’ " Ixqlg’)

2
(g’ = 1)x5 (%)

Q
Q

A
I
o

I
Q.
Lol
N O

(9! — X497 Xi(g")

<.
I
o

P(z — 1)x5(x)x5(g")

q

= (=1)Jg (v, X5) X5 (")

8
=

S

This implies that
Mq(w)fr = &,
where
& = 06 (9°), x5 (g, X5 (g )T
As the &, are linearly independent over C, the numbers ag, a1, ..., ag—2 are

all the eigenvalues of M,(1). Using essentially the same method, one can see
that all the eigenvalues of Ny(v) are fo,B1,...,04—2. =
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Proof of Theorem[1.§ (i) It is clear that

=11 , I
=14t4- 4172 =[]t - )
=2

over [F,. This implies

q—2
(5.8) [[zi=-1
=2

Recall that g is a generator of F . By 1j we obtain

(5.9) det D, H Y (x;) - det [ ( - 1)]
2<i,j<q—1

- 1/}(— ) - det [1h(g' " — 1)]19’,35;2_-

Note that [1)(g7~" — 1)]1<ij<q—2 is an almost circulant matrix. By Lem-

mas [b.1] and [5.3] we obtain
det[w(jfi—l)] y _L.aa...a . i+i+...+ 1
g 1<i,j<q—2 = -1 001 q—2 a0 o g2
—2 q—2
Y(=1) 3 ( 1 >
= — J ’¢7 X/r . e —
qg—1 EO (¥ x3) ; Jo(¥, x5)
1+9(—1) _
= —ewr
Combining this with ([5.9), we obtain
_ 1+y(=1) -
det D (1) = —Taq(w)q L
(ii) Similar to (5.9)), we have
(5.10) det Dy (1) = ¢(=1) - det [¥(¢" " + 1)]1<ij<q—o2-

Since [9(¢7 7" 4 1)]1<ij<q—2 is an almost circulant matrix, by Lemmas

and [5.3] one can verify that

det [¥(g"~ + 1)]1<ijcqn = qi BoBr - By (ﬁl N 611 N ﬁql_z)
B —-1) (¢-1)/2 922 q—2 (1)
= HJ (1, xz) - (ZM>
R p—

= T(Q —(2)Gq ()1
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From this and ([5.10]), we finally obtain

_1\(@+1)/2 .
det D () = =Y +q2 YD o TG )
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