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The non-unit conjecture for Misiurewicz parameters
by

ROBERT L. BENEDETTO and VEFA GOKSEL

Abstract. A Misiurewicz parameter is a complex number ¢ for which the critical
point z = 0 under 2% + ¢ is strictly preperiodic. Such parameters play the same role as
special points in dynamical moduli spaces that is played by singular moduli (corresponding
to CM elliptic curves) as special points on modular curves. Building on our earlier work, we
investigate whether the difference of two Misiurewicz parameters can be an algebraic unit.
(The corresponding question for singular moduli was recently answered in the negative
by Li.) We answer this dynamical question in many new cases under a widely believed
irreducibility assumption.

Introduction. Let f € C[z] be a polynomial of degree d > 2. We denote
by f" the n-th iterate of f, which is defined recursively by f* = fo f*~!
for n > 2. We say that f is post-critically finite (PCF) if each of its critical
points v has finite orbit Of(y) := {f™(y)|n > 1} under iteration of f. In
this work, we will focus on the PCF parameters c¢ in the family of quadratic
polynomials

fo:=22+ceClz,
which has been of particular interest in the study of both complex and arith-
metic dynamics. Any quadratic polynomial over C is linearly conjugate to a
unique such f., so that the family {f.|c € C} is the appropriate dynamical
parameter space of quadratic polynomials.

Since 0 is the only (finite) critical point of f., the post-critical orbit of f.
is given by

04.(0) = {£:(0), £2(0),...}.

If € C satisfies f'(z) = z for some minimal positive integer n, we say x is
periodic (of exact period n). If x is not periodic but f(z) = f+"(z) for
some minimal positive integers m and n, we say x is (strictly) preperiodic
of type (m,n). Note that for any PCF quadratic polynomial f., the point 0
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must be either periodic or strictly preperiodic; and in the strictly preperiodic
case, we must have m > 2. For ease of notation, we write

a; = a;(c) == fi(0) foralli>1

throughout this paper. For m > 2, n > 1, the parameters ¢ such that 0 is a
preperiodic point of type (m,n) for f. are called the Misiurewicz parameters
of type (m,n). They are the roots of a monic polynomial Gy, € Z[c] with
integer coefficients, defined by

(0.1)
Gm,n(c) = H(am—l-k—l + am—1

k|n
See [2, Theorem 2.1] and [10, Theorem 1.1] for proofs that Gy, , is indeed a
monic polynomial. See also 2], 3, 4], [5] [7, 8 10, 13] for further background
on the Misiurewicz polynomials G, p.

In [I], Baker and DeMarco proposed a dynamical version of the André-
Oort Conjecture by relating PCF parameters (including Misiurewicz param-
eters) in dynamical moduli spaces to special André-Oort points found on
Shimura varieties. In this framework, PCF parameters in these moduli spaces
play a role similar to that of CM (complex multiplication) points on modular
curves, and they are believed to share similar arithmetic characteristics. For
additional information on the dynamical André-Oort Conjecture, see [6].

It has been conjectured that G, , is irreducible over Q for all m > 2,
n > 1; see, for example, [12, Remark 3.5] and [14, Exercise 4.17]. Goksel [7,§],
and Buff, Epstein, and Koch [5] have proven this conjecture in some special
cases. Although this irreducibility conjecture remains open, our interest in
the current paper is in the following related dynamical question.

ifnfm—1.

QUESTION 0.1. Let ¢y and ¢1 be Misiurewicz parameters of type (m,n)
and (k,£), where (m,n) # (k,£). Under what conditions is the difference

co — c1 an algebraic unit?

If Gy is irreducible not only over Q, but also over Q(cp), as computa-
tional evidence has suggested, then Question [0.1] would be equivalent to the
following question.

QUESTION 0.2. Let m,k > 2, and n,£ > 1. Let ¢y be a Misiurewicz
parameter of type (m,n), and suppose that (m,n) # (k,£). Under what con-
ditions is Gy (co) an algebraic unit?

We answered Question in many cases in |2, [3]; the only remaining
case is when m = k and £ is a proper divisor of n. In [3, Conjecture 1.3],
we conjectured that Gy, ¢(cp) is never an algebraic unit in this case, and in
[3, Theorem 1.7|, we proved this conjecture in the cases ¢ = 1,2, under the
assumption that Gy, , is irreducible over Q.
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Our main result in the present paper generalizes [3, Theorem 1.7] to many
new periods £, under the same irreducibility assumption.

THEOREM 0.3. Let m > 2, and p be a prime not exceeding 1021. Let
n # p be a positive integer divisible by p. Let co be a root of Gy . Suppose
that Gy, p and G, 5, are irreducible over Q. Then Gy, p(co) is not an algebraic
unit.

Theorem [0.3|may be considered a dynamical analogue of a recent result of
Li [I1] on singular moduli, which are j-invariants of elliptic curves with CM.
In their seminal work [9], Gross and Zagier found an explicit factorization
of the algebraic norm of differences of singular moduli, showing that these
have many small prime divisors in many cases. The question of whether those
differences can be algebraic units or not has been a long-standing conjecture
in arithmetic geometry. In a recent breakthrough, Li [II] proved that such
differences can never be algebraic units, and he used this result to generalize
the effective results of André—Oort type. In the notation of Theorem [0.3] if
Gm,p s irreducible not only over Q, but even over Q(cp), then by the resultlng
equivalence of Questions [0.1] and [0.2] mentioned above, Theorem [0.3 would
yield the corresponding result for such Misiurewicz parameters: that the
difference of a root of Gy, and a root of Gy, cannot be an algebraic unit.

The outline of the paper is as follows. We introduce key terminology in-
cluding multiplier polynomials and p-specialness in Section [} where we also
prove several results about sums of roots of certain polynomials. (We intro-
duced p-specialness in [3] to study Question but in this paper we push
the concept further, making heavy use of the elementary complex analysis
result of Proposition[1.8]) Section [2]is devoted to the statement and proof of
Theorem relating the coefficients of certain multiplier polynomials. The
proof requires several technical lemmas, for which we make repeated use of
Proposition [I.8 In Section [3] we combine these ingredients to prove Theo-
rem by inductively showing that the relevant multiplier polynomials are
2-special. Finally, Section [] is an appendix exhibiting some computational
data needed to verify the base cases of Section

1. Preliminaries. If f € C[z] is a polynomial, and if z € C is periodic
of exact period n > 1, the multiplier A € C of x is defined by

(1.1) A= () H f(fi(a
The multiplier A is the same for each point x, f(z), f2(x),..., f**(z) of the

forward orbit of x, and hence we may refer to the multiplier of the periodic
cycle.
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Let m > 2 and n > 1. Now consider a root o of Gy, . Since fo(2) = 22+«

has f!(z) = 2z, and since ap4n—1(a) + am—1(c) = 0, equation (1.1} shows
that the multiplier of the periodic cycle {am(a), ..., amin—1()} is

n—1 n—1
(1.2) Am (@) = 2" ] amyi(e) = =2" [ amri-1(a).
=0 =0

We are thus led to define the following multiplier polynomial, which has the
multipliers Ay, ,,(«) as roots, where « runs through the roots of G, .

DEFINITION 1.1. Let m > 2 and n > 1 be integers. Let aq, ..., ax be all
the roots of Gy, . The multiplier polynomial Py, , associated with G, , is
k
Prn(z) = H(x — Amn(ey)) € Z[z],
j=1

where A\, ,(+) is defined as in (L.2)).

We will make use of the following two results and one definition from [3].
Throughout the present paper, for any prime p, we write v, for the p-adic
valuation on Z, normalized so that v,(p) = 1. We also denote by @; the i-th
cyclotomic polynomial.

PRrROPOSITION 1.2 ([3, Proposition 5.3]). Let m,n > 2 be integers. Let
a be a root of Gy . Let £ > 1 be a proper divisor of n, and suppose that
Res(Prg, Ppye) # £1. If G and Gy g are irreducible over Q, then Gy, ()
s mot an algebraic unit.

DEFINITION 1.3 ([3| Definition 6.1]). Let P(z) = 2° + A;_12~ 1 + -+ +
A1z + Ap € Z[x] be a monic polynomial with integer coefficients. Let p be a
prime number. We say that P(z) is p-special if it satisfies the following two
conditions:

(a) vp(Ai—1) > vp(2),
(b) ’Up(Aj) > ’Up(Aifl) forj=0,1,...,7—2.

THEOREM 1.4 (|3 Theorem 6.2]). Let P(x) € Z[z] be a p-special polyno-
mial for some prime p. Then for every integer £ > 1, we have |Res(P, )|
> 1, where ®y(x) € Zlx] is the L-th cyclotomic polynomial.

Our next result will be useful for proving that multiplier polynomials are
2-special. In particular, it shows that for p = 2, point (a) of Definition
holds for multiplier polynomials, and it provides a useful lower bound for
the valuations that arise in point (b).

PROPOSITION 1.5. Let m > 2 and n > 1 be integers, and let Py, ,(x)
zF + E;:Ol bix® be the associated multiplier polynomial. Then for each £
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1,...,k, we have
vo(bg—g) > nl + 1.

Proof. Let a, ..., oy be the roots of Gy, . Since Gy, 1, (¢) € Z]c] is monic,
each ¢ is an algebraic integer. Because a;(c) € Z[c] for each j > 1, it follows
that each a;(q;) is also an algebraic integer, so that va(a;(a;)) > 0 for any
extension of the valuation va to Q(«y;).

Furthermore, for any j divisible by n, we have va(a;(a;)) > 0, by [7,
Theorem 1.3] (or by [2, Theorem 3.3]). Thus, the multiplier \; = A, n(cv)
satisfies

n—1
va( i) = v (2” H am+j_1(ai)> > nwg(2)
=0

by , together with the fact that n|(m + j — 1) for some 0 < j <n — 1.
By the definition of P, j, it follows that va(bg_¢) > nlva(2), since by_g is a
homogeneous polynomial in Ay, ..., A\r of degree £. Finally, because by_, € Z,
its 2-adic valuation is an integer, and therefore vy(bg_¢) >nl+ 1. m

The following definition will be handy in the computations throughout
the paper.

DEFINITION 1.6. Let K be a field, and let f,g € K[z] with g # 0.
Define T'(f, g) € K to be the sum of f(c;) over all the roots ¢; of g, repeated
according to multiplicity.

The following lemma establishes some basic properties of T'(f, g).
LEMMA 1.7. Let K be a field. Then:
(a) T is linear in the first coordinate, i.e.,
T(af,h) =aT(f,h) and T(f+g,h)=T(f,h)+T(g,h)

for any a € K and f,g,h € K|x] with h # 0.
(b) T(f,gh) =T(f,9) +T(f,h) for any f,g,h € K[z] with g,h # 0.

Proof. Immediate from the definition. m

Our next result, an elementary fact from complex analysis, will be essen-
tial in many proofs in this section.

PROPOSITION 1.8. Let f, g€ C[x] be polynomials such that f(0)=g(0)=0.
Let 0 = ¢1,ca,...,c be the roots of g, and assume that none are multiple
roots. Let h € Clz]| be the remainder when fq' is divided by the polynomial
g(x)/x, i.e., degh < degg—1 and h = fg’ (mod g/z). Then

T(f,9) = —Z,((%))-
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Proof. For any large enough radius R > 0, we know from complex anal-
ysis that

(1.3) 2%@ § h(z)dzzzk:resid@,ci),

sir 90 o

where resid(F, ¢) denotes the residue of F(z) at z = c. Since g has only
simple roots, we have resid(h/g,¢;) = h(c;)/g'(¢;). On the other hand, for
sufficiently large |z|, we have |h(z)/g(2)| = O(]z|~2), because degg — degh
> 2. Thus, taking the limit of equation as R — oo, we obtain

- h(ci)
(1.4) S = 0.
;g(ci)

By our choice of h, we have h(c¢;)/g'(¢;) = f(¢;) for i = 2,... k. Hence,
we obtain

k k
h(ci)
=) fla).
ZZ:; g'(ci) ;
From f(c1) = f(0) = 0 and (|1.4), the desired identity follows immediately. =

Recall that the trace tr(P) of a monic polynomial P(z) of degree n > 11is
the sum of its roots, or equivalently, the negative of the 2" -coefficient of P.
Our next result provides an explicit formula for the trace of the multiplier
polynomial Py, ;.

LEMMA 1.9. Let m > 2 andn > 1. Then
m+d—2
n n/d
6 (Prn) =273 (—1)”/dﬂ<d>T(( I1 ai)  Gmd—1 + am_l).
d|n i=m—1

Proof. First assume that n{m — 1. Then we have

m+n—1
tr(Ppn) = T<2” I a Gm,n)
m+n—1
= Q"T( H i H(am-‘rd—l + am—l)“(n/d)>
i=m din
n m+n—1
=" Z M<d>T( H iy Qptd—1 + am_1>
dn i=m
n m+d—2 n/d
- 2nZ(_1)n/dru‘<d>T<< H ai) y Am+d—1 +(1m_1>,
dn i=m—1
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where we used Lemma [I.7(a) in the second equality and Lemma [1.7(b) in
the third. The fourth equality also holds by periodicity and the fact that for
any root ¢ of ayyd—1+ am—1, we have a,,14-1(¢c) = —am—1(c). Thus, we are
done in this case.

We now assume n|m — 1. By the first part of the proof and using
Lemma [1.7|(b), we have

m+n—1
tr(Pmm):T(Z" H ai,Gm,n)
m+n— 1i:m m+n—1
( ( H asz Am+d—1+tam— 1) n/d) T( H awHadn/d)))
dln dln

=2" Z#<Z> (T(mﬁ_lai, Apptd—1 +am71) —T(mﬁ_lai, ad))

dn i=m i=m
T ) )

din

=m-—

Note that the fourth equality holds because for any root ¢ of ag, by peri-
odicity, agqx(c) = 0 for any k£ > 1, thus a;(c) = 0 for some i € {m,m + 1,
om+n—1} =

Since the case that n = p is a prime is of particular interest for our main
result, we now use Lemma to describe tr(P,, ;) for any odd prime p.

THEOREM 1.10. Let m > 3, and let p > 3 be an odd prime number. Then
tr(Pop) = 2P (T(al,_, am + am—1) + 27772 — 2772,
Proof. By Lemma we have

(15)  t2(Pyp)

).

-2 S b () ((TL ) s )

dlp i 1
m—+p—2
— 2p<T( Gy 15 Gm T Qm— 1) ( H A5y Am+p—1 +am—1>>-
i=m—1

In the rest of the proof, for any polynomial g € Z[c|, we denote by g € Z|c]
the remainder of g when divided by (am+4p—1 + a@m—1)/c. In particular, if
degg < deg((am+p71 + am—1)/c), then g =g.
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By Proposition we have
m+p—2

T( H A, Amtp—1 + amfl) = _F(O)/Z
i=m—1
where H = (H?;;f:f ai)(@p s p—1 + @y, —q). Write H = A+ B, where
m+p—2 m+p—2

A=apy ., H a; and B=a, , H a;.

i=m—1 i=m—1
To compute H, we will now separately calculate the remainders A and B of
A and B when divided by (am4p—1 + am—1)/c.

Remainder of A. Since apmip—1 = a?n+p_2 + ¢, we deduce that a"lm—l—p—l =
2 1p—20,,, o + 1, and hence

m+p—2 m+p—2
A=A;+ Ay, where A= 2am+p,2a;n+p_2 H a;, Ag= H a;.
i=m—1 i=m—1
We first consider As. Note that
m+p—2
(1.6) deg Ay = Y 271 =omtrm2_gm=2,
i=m—1

Since m > 3, we have deg Az < 2m+r=2 1 = deg((am+p—1 + am-1)/c), and
hence Ay = Ay, which vanishes at 0.
We now consider A;. Noting that

2 _
Umtp—2 = Omip-1 — C= —Qp—1 — C (mod (@m4p—1 + am—-1)/c),
we obtain
m+p—3
J— /
A1 =245, o(—am-—1—c) H a; = —C1 — Cy (mod (am4p—1+am-1)/c),
i=m—1
where
m—+p—3 m—+p—3
/ /
Cr = 2ay, 4, 2m—1 H ai,  C2=2cap, 1, - H a;.
1=m—1 i=m—1

By direct computation, we obtain
m—+p—3

degCy = 2mTP=8 — 1 pom=2 4 N 9!
i=m—1
=272 1 = deg((amsp-1 + am-1)/c).
Thus, by comparing the leading coefficients, we have
61 =C — gm-+p—2 mtp—1 + Gm-1
c

I

which evaluates to —2™+P~1 at 0.
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We also have
m+p—3
(1.7) degCy=1+27P73 — 14 Y~ 2t =gmir=2_gm=2,
i=m—1
As with Ay above, we have deg Cy < deg((@m+p—1 + @m—1)/c), since m > 3.
Thus, Cy = Cy, which vanishes at 0.
Combining the foregoing computations, we conclude that

(1.8) A(0) = —=C1(0) — Co(0) + Ay(0) = 2m+P~1,
Remainder of B. We have
m—+p—2 '
deg B=2""2—1+4 > 271 =2"""2 1 = deg((amip-1+ am-1)/c).
i=m—1

Therefore, by comparing the leading coefficients, we obtain

B=p—gn2dmip-i T dml
C

9

which evaluates to —2™~! at 0. Thus, we conclude that
(1.9) B(0) = —2m 1,
Applying Proposition to H = A+ B, together with (1.8) and ((1.9)),
yields
m+p—2

T< I e+ am,l) = —H(0)/2 = —1(A(0) + B(0))
i=m—l _ 2m72 o 2m+p72‘

Plugging this value into (|1.5)) completes the proof. =

REMARK 1.11. We assumed m > 3 in Theorem [I.10] but the computa-
tions are only modestly more involved when m = 2. In particular, in that

case, equations (1.6 and ((1.7)) yield
deg Ay = deg Oy = deg((ap+1 + a1)/c).
Therefore, comparing the leading coefficients, we obtain
y P T s e N R _2p<az7+1+al)
c c

Because (apt1 + a1)/c evaluates to 2 at ¢ = 0, it follows that

A3(0) = =2 and Co(0) = —2°FL,
We still have C'1(0) = —2P*! and B(0) = —2 from the proof of Theoremm
and therefore

p
1
T(Hlai,apH + al) = (@ 42— —2) =22+
1=
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We also have ag + a1 = ¢? + 2¢, and hence the roots of as + a; are simply
c1 = 0 and ¢co = —2. Thus,

T(allj7 az + al) = T(Cpa az + CLI) = 02 + (_2)}7 = _2]77
by direct computation. Equation ((1.5)) then gives us
tr(Pyy) = 2P(—2P — (2 — 2PT1)) = 2P(2P — 2) = 227 — 2P+,

REMARK 1.12. In the proof of Theorem and in Remark [1.11], we
never used the fact that p is prime when calculating the expression

m+p—2
T( H iy Qppp—1 + amf1)-
i=m—1
In particular, then, we have the formula
m+n—2 .

2 —2ntt if m=2
T( ai, a —1+ am— > = ’
i:];;[_l 1y bm+n—1 + m—1 {2777,—2 . 2m+n_2 if m Z 3

for any integers m > 2 and n > 1.

2. A trace relation for multiplier polynomials. The following re-
sult relates the coefficients of the multiplier polynomials P, , under certain
conditions on m and n. Combined with |3, Lemma 6.3|, it will allow us to
establish the 2-specialness of the polynomials P, , when p is a prime less
than 1024.

THEOREM 2.1. Let m > 3 and n > 1. Write
k—1 . r—1 .
(P (2))? = 2* + Z bix' and Ppiin(z) = 2"+ Z cixt,
=0 i=0

where k = 2deg P, , = 2deg Gy n and ¢ = deg Pry1,, = deg Grg1,n. For
each integer i > 1 such that |ni/2| < 2™ — 2, we have by_; = co_;.

COROLLARY 2.2. Let m > 3 and n > 1. Suppose that |n/2| < 2m~2 - 2.
Then tr(Ppt1m) = 2tr(Pyp).

Proof. Since we have tr(P2 ) = 2tr(Pp,y), Corollary immediately
follows from Theorem 2.3l with ¢ = 1. =

The rest of this section is devoted to the proof of Theorem We need
several lemmas, some of which we discovered through empirical observations
in Magma.

NOTATION 2.3. In this section, whenever we have integers m > 2 and
n > 1, and a polynomial f € Z[c]|, we denote by f € Z[c] the remainder of f
when divided by (@m4n—1 + am—1)/c.
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LEMMA 2.4. Fix positive integers £,s > 1 with £ < s+ 1. Then

s s+1 s
wlla=am—c Y Lo
= i=0+1 j=1

where we understand an empty sum to be 0, and an empty product to be 1.

Proof. Fix s, and proceed by decreasing induction on ¢.
For £ = s+1, both sides are simply as41, verifying the equality. Assuming
the claim for ¢ + 1, we have

S S S S S
2
agHaj:ag H a; = (ag41 — ) H aj = a4 H a; —c H aj
j=¢

Jj=0+1 j=0{+1 j=l+1 j=0+1
s+1 s s s+1 s
=dag41 — C E Haj—c H aj:asﬂ—c E Haj,
1=0+2 j=1 Jj=0+1 i=0+1 j=i

where the second equality is because agy1 = a? + ¢, and the fourth is by our
inductive assumption. =
LEMMA 2.5. Fiz an integer 1 <{ <m+mn —1, and let R € Z|c|. Define

m+n—2
H = Ray H a; € Zld].
j=¢

If deg R < min {2m+72 —2m=2 _ 2 2t — 3} then H(0) = 0.
Proof. Since apmin—1 = —am—1 (mod (amin—1+am—1)/c), it follows from
Lemma [2.4] that H is congruent to
m4+n—1m+n—2

(2.1) —R(apm—1 +cQ), where Q= Z H aj.

i=0+1  j=i
If £ =m+mn—1, then QQ = 0; otherwise, the highest degree term in the sum
defining @ is the ¢ = £+ 1 term, and hence

m-+n—2 .
deg(cQ) =1+ > 271 =142min 22
j=0+1

Thus,
deg(—R(am_1 + ¢Q)) < deg R + max {2™72 1 4 2m+n=2 _ 25}
S 2m+n—2 — < deg((aernfl + amfl)/c),

and hence H = —R(am-1 + Q). Since both a,,—1 and c are zero at ¢ = 0,
it follows that H(0) =0. =
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LEMMA 2.6. Let {i1,...,it} be a non-empty, proper subset of {m — 1,
my...,m+n—2% withiy < ---<ip. I[f0<k <22 -2 then

¢
T(ck H Qjj, Omtn—1 + am_1> = 0.

j=1
Proof. By Proposition we have

t
T<Ck H Qi;y Am+n—1 + amfl) = —F(O)/Z
j=1

where H = c*(al,, ., _1+al, 1) [\, ai,. We will prove the lemma by showing
that the polynomials H; and Hs both vanish at ¢ = 0, where
¢

=cF a H a;, and Hy= cka'ern_l H aj, -

s=1
We have
m—+n—2
deg Hy = k + (2™ 2 — +Z2Zs P<k-14 ) 27!
j=m—1
<2min?_3 < 2m+”—2 — 1= deg((am+n—1+ am-1)/c),
where in the first inequality we have invoked the fact that {i1,...,%} is a

proper subset of {m — 1,...,m +n — 2} to absorb the 2~2 into the sum,
and in the second we have used the fact that k < 2m~2 — 2. Tt follows that
H{ = H,, which vanishes at ¢ = 0 because ¢t > 1.

We now consider Hs. Note that for any r > 2, we have a, = ¢ + a2_,
and hence
(2.2) a, =1+ 2a,_1a,._;.

Applying this formula inductively, starting from a} = 1, we obtain

a, —222 H aj,

j=r—i

where we understand the empty product in the i = 0 term to be 1. Therefore,

t m4n—2 t m+4n—2
e3)  m=ddu, o Jla = Y (@¢([Ja) I w)
s=1 1=0 s=1 j=m+4n—i—1

For each 0 < i < m +n — 2, the i-th term of the sum in (2.3)) is
m+n—2

t
Hgﬂ‘ :2ick<Hais) H Qaj.
s=1

j=m4n—i—1
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It suffices to show that for each such i, we have Hs;(0) = 0. We consider
two cases.

First, suppose that iy < m+n —¢—1. Then because m —1 <4 < --- <
it <m-+n—1i—1, we have

t ‘ m+n—2 . m+n—2 ‘
deg H2,i = k‘ _|_ 22’55—1 + Z 2j—1 S 277’1—2 _ 2 + Z 2]_1
s=1 j=m+n—i—1 j=m—1

= 2mH2 9 < 9m 2 ] = deg((amin—1 + am-1)/c),

and as before it follows that ﬁg,i = Hy ;, which vanishes at 0.
Second, suppose that iy > m+n—7¢—1. Let f =4, sothat m —1 </ <
m + n — 2. Then we have

m+n—2 ' t—1 -1
Hy; = Ray H a;j, where R =2 < H ais) H aj.
j=t s=1 j=m+n—i—1
We will show that
(2.4) deg R < min {2m+"2 —9m=2 _9 of _ 31

from which it follows, by Lemma that Ho;(0) = 0.
Observe that

t—1 -1
(2.5) degR=Fk+» 2+ 14 > 271
s=1 j=m4n—i—1

t—1
< (Qm—Q _ 2) + (2 2is—1> + (26—1 _ 2m+n—i—2)
s=1

/—1
S (2[71 _ 2m+n7i72 _ 2) + 2m72 + Z 2]'71
j=m—1
— (2[71 _ 2m+n7i72 _ 2) + 2@71 < 2[ _ 3
where the second inequality is because 41 > m — 1, and the third is because
i < m+n—2, and hence 2"1t"~=2 > 1 If ¢ < m + n — 3, then because
n > 1, we have

2Z _ 3 S 2m+n—3 _ 3 < 2m+n—2 _ 2m—2 _ 2’

so that inequality (2.5 proves the bound ({2.4)) in that case.
Otherwise, we have £ = m +n — 2. Recalling that {i,...,4} is a proper
subset of {m —1,m,...,m+n — 2}, we deduce that

t—1 /-1

221‘5—1 < ( Z 2j—1) _gm=2 _ =1 _ gm—1_

s=1 j=m—1
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Thus, gives us
deg R < (2™72 —2) 4 (2071 —2m 1) 4 (2071 — gminin?)
=2l _gm=2 _gmin=i=2_ 9 o gmin=2_ gm=2_ 9
completing the proof of and hence of Lemma . "
LEMMA 2.7. Let 1 <k <2™ 2 —2. Then
m—+n—2
T(ck H aj, Amtn—1 + am_1) = <21n — 1>T(ck, Amtn—1 + Gm—1).

j=m—1

Proof. By Proposition [I.8] we have

m+n—2
T(ck H aj, min—1 + am_l) =—H(0)/2
j=m—1
and
T(Ck7 Umtn—1 + amfl) = —G(O)/2,
where
m+n—2
k k
H=c"(a, 1 +an,_1) H aj and G =c"(a, 1 +an, 1)
j=m—1
Write H = A + B where
m+n—2 m+n—2
A=ckd, | H aj and B=ca, ., H aj.
j=m—1 j=m—1

By (2.2), we have a,_1a,_; = %(a’r —1) for any r > 2. Applying this formula
inductively, we have

m+n—2 k m+n—2 k. m+tn—2
k ’ c c
A=cfamad, ) ] aj=Fa, -5 1l
j=m j=m j=m

For each ¢ = 1,...,n, the i¢-th term in the sum above has degree
m+n—2 m+n—2
deg (ck 11 aj) =k+ Y 27l<om?ogqpomint2_gmibi2
j=m+i-1 j=m+i—1

<21~ deg((ancs + a0

and since k& > 1, has value 0 at ¢ = 0. Thus, A(0) = 27"4,(0), where



The non-unit conjecture for Misiurewicz parameters 15

Next, we turn to B. Writing
a;n—i-n—laern*Q = (2am+nf2a/m+n_2 + Damin—2
= 2a72n+n—2alm+n—2 + amtn—2
= 2(amtn—1 — c)a;n+n,2 + Gmtn—2,
we have B = By — By + B3, where

m+n—3 m+n—3
_ 9.k / _ k+1 /
B =2c Am+n—1Cy4n—2 H as, By =2c¢ Amtn—2 H aj,
j=m—1 Jj=m—1
and
m+n—2
_ .k .
B3 =c H aj
j=m—1

Since 1 < k < 2™~2 — 2, it is straightforward to check that
deg By,deg B3 < 272 — 1 = deg((amin_1 + @m_1)/c),

and that Bo(0) = B3(0) = 0. Therefore, because Gy 1n—1 = —am—1 (mod
(@mtn—1 + am—1)/c), we have B(0) = B1(0) = —C1(0), with
m+n—3
Ch = 2ckalm+n72am_1 H a;
j=m—1
m+4n—2m+n—3

__ 9.k / k+1 /
=2c Am4n—20m4p—2 — 2c Am4n—2 E : H aj,
i=m

where the second equality is by Lemma [2.4]

For each ¢ =m,...,m+n—2, the i-th term in the sum above has degree
m+n—3
deg< fH U n—d H aj)
B 3 "2 1 2 i—1
=k 4 omtn— 9i=1 _ | 4 gmitn=2 _ gi-
- + ; -

< <2m72 o 2) + 2m+n72 o 2m71
< 2m+n—2 _ 1
= deg((@m+n—1+ am-1)/c),
and in addition, each such term has value 0 at ¢ = 0. Therefore, C1(0) =
C5(0), where
Cy = 2Ckam+n—2alm+n—2 = ck(a;n—&—n—l -1)= Cka/m+n—1 - ¢
Note that degc® = k < deg((am+n—1+ am-1)/c) and that c* has value 0 at
¢ = 0, because k > 1. Therefore, C2(0) = Ay(0), where Ay = cfal, ., ; as
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above. Combining the above computations, we have H(0) = H(0), where
Hy=2""Ayg— Ay = (2111 — 1) cka’m+n_1.
On the other hand, we may write G = G1 + G2 where
Gy =ckal, | and Go=c"a, ., 1 = Ao.
We have
degGr=k+2" 2 1<2m 2 _142m2_1=9m1_29
< deg((@m+n—1 + am-1)/c)
and G1(0) = 0. Therefore,

1 — 1 _ — _
(35~ 1)50) = (55 1) A(0) = Fo(0) = H0)
completing the proof of Lemma n
LEMMA 2.8. Let n > 1, and for eachi=0,...,n—1, let k; > 0. Define
K = |ko/2| + -+ |kn-1/2].

Let £ > 0. Then there are integers Ay, ..., Aprx and By, ..., Byrx with the
following property. For any m > 2 such that £ + K < 22 — 2, we have

n—1

T(cﬁ H af”éﬂfl, Am+4n—1+ am_1> =R+ S,
=0

where

(+K A

R= Z AJT(CJ7 Am+tn—1 + am—1)7
=0
(+K 'm+n72

S = Z BjT(CJ H Qs Amgn—1 +am—1>-
j=0 i=m—1

Proof. Let k = ko + --- 4+ kp—1; note that 2K < k < 2K + n. Order
the set of pairs (K, k) of non-negative integers with 2K < k < 2K + n as
follows: (K', k') < (K, k) either if K’ < K, or if K’ = K and k¥’ < k. (Note
that for any such pair (K, k), there are only finitely many smaller such pairs
(K',k").) We proceed by induction on (K, k), subject to this ordering.

If k; = 0 for every 4, then choose Ay = 1 and all other A;, B; to be 0; the
desired equality is immediate. Similarly, if k; = 1 for every ¢, then choose
B, = 1 and all other A;, B; to be 0. On the other hand, if k; = 0 for
some i, and k; = 1 for other 7, then by Lemma [2.6] the desired quantity
is 0; setting A; = B; = 0 for all j then, we are done. The foregoing cases
cover all possibilities when K = 0. In addition, the values of A; and B; are
independent of m, subject to the condition £ + K < 2m~2 — 2,
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Now consider ky, ..., ky—1 for which K > 1. Suppose that we already
know the result for all pairs (K', k") < (K, k). Since K > 1, there is some
0 <j <n —1such that k; > 2; consider the largest such j. We have

kej—2 .
. _amijalamyj—c)  ifj<n-2,
A j1 = { ks . . (mod amin—1 + am—1).
amﬂ.fl(—am_l —c¢) ifj=n-—

Thus, ¢ H?:_ol af,iﬂ._l =+f1 — fo (mod amin—1+ am_1), with

n—1 y n—1 W
=t ' _ A+l ;
fi=c H Ay i1 and fo=c H A i1
=0 =0

where the + sign is + if j <n —2, or — if j = n — 1, and where
kj—2 ifi=jandn > 2,
ki+1 ifi=j+1(mod n) and n > 2, W kj—2 ifi=j,
ki—1 ifi=0andn =1, ’

k; otherwise,

Define K' = [K4/2] + - + [K,_,/2] and K" = [k§/2] + - + [kI_,/2].
Similarly define k" = k{, +--- + k/,_, and k" = kj +--- + k/!_,. We have
K'<K,and ¥ =k—1<k,and K” = K — 1 < K. Therefore, (K', k') <
(K, k) and (K", k") < (K, k). If we also define ¢/ = ¢ and ¢’ = ¢ + 1, then
O+ K' <272 2 and ¢ + K” < 22 — 2. Hence, by our inductive
assumption, the desired statement holds for both f; and f2. In addition,

the resulting integer coefficients A; and Bj, as linear combinations of the
coefficients for fi; and fo, are independent of m, as desired. =

Proof of Theorem [2.1] Recall from Newton’s identities for symmetric
polynomials that, in characteristic zero, the coefficients ¢; of a monic poly-
nomial f(z) = ¥ + cy_12V "1 4 -+ 4+ ¢o can be written in terms of the

k=
P = .
k; otherwise.

power sums p; = Zfil o of the roots a1, . .., an. Moreover, these identities
are independent of the degree IV, with c¢y_; depending only on p1,...,p;;
for example, cy_1 = —p1, and cy_o = %(p% — p2). Thus, to show that the
two polynomials (Pmm)2 and P41, have matching coefficients by_; = ¢—;
for all 7 > 0 up to some bound B, it suffices to show that the power sums of
roots of the two polynomials coincide up to the same power B.

Recall from (|1.2]) that the roots of Py, ,, are —2" H;z::f a;(a) for each
root a of Gy, 3 similarly for P, 11 5. Since (Pmm)2 has each root of P, ,, ap-

pearing twice, we see that after cancelling (—2")% when equating the relevant
power sums, it suffices to show the equality
m+n—2 m+n—1

(2.6) 2T( I1 a;l,Gm,n):T( I1 a;'-,GmH,n)
| i

j=m—1



18 R. L. Benedetto and V. Goksel

for any i > 1 such that |ni/2| < 2™~2 — 2. For the remainder of the proof,
fix such an 1.

By Lemma [L.7(b) and the definition of Gy, for ntm — 1, we have

m+n—2 m+n—2

T( I1 aé,Gmm):Zu(Z)T( I1 a§,am+d_1+am_1).

In fact, by the same reasoning as in the proof of Lemmal[l.9] the same equality
also holds if n|m — 1. Observe that for each ¢ > 0 and ¢ > 1, we have

Umtdi—1 = —@m—1 and  Gmyipdt = Gt (MOd Grpgd—1 + am-1),

and hence by Lemma [1.7)(a), we have

m—+n—2 )
(2.7) T( I1 a;,Gm,n)
j=m—1
m-+d—2
—ZM< > i/~ 1>T< 1 « am+d_1+am71)
Jj=m—1

—ZM( > 1)/ D=V(Ry + Sy),

where Ry and S; are the quantities R and S from Lemma for which

m+d—2 )
T( H a?”d, Om+d—1 T am—1> = Rq+ S4.
j=m—1

(That is, in the notation of Lemma use d in place of n, set kg =
- = kg—1 = ni/d, and use £ = 0. That lemma does indeed apply, because
d|ni/2d) < |ni/2] <2m72 - 2)
Let K4 = dLg—éJ < 2m=2 _ 9 and let Agj, Bgqj € Z be the integers in the
sums defining Ry and Sg. Then Sy is

Kd m+d—2

ZBd,jT<Cj H a57am+d—1+(lmfl)

7=0 s=m—1
Ky 1
= Z Bd,j <2d - 1> T(C]7 Amtd—1 + amfl)v
j=0

by using Remark for j = 0 (recalling that m > 3), and by using
Lemma for j > 1. Hence, setting Cy; = Aq; + (2% — 1)Bd7j, equa-
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tion (2.7) and the formulas defining R4 and Sy from Lemma yield

m4+n—2 Kq
(1 a;:,am,n):ZM@)(_ly«n/w1>ch,jT<cf,am+d1+am_l>.
7=0

j=m—1 dn

Applying Lemmas [2.7| and to T(H"H" ! ’ ,Gm41,) In the same

fashion, we obtain

m+n—1

, n

T(T1 5 Goorn) = (5 ) -1 chj TS tmsa + ),
j=m dln

using the same coefficients Cy ;, since the integer coefficients Ay ; and By ;

in the sums defining R4 and Sy in Lemma are independent of m.
Thus, to prove ([2.6)), it suffices to prove the equalities

2T(, amgd—1 + am-1) = T(&, amaq + am) for each j =0,1,..., Kq.
Equivalently, we must prove

(28) |
T, (aerdfl + am—1)2) =T(d, amya + am) for each j =0,1,..., Kq.

However, for every d > 1, observe that the coefficients of the 272 highest-
power terms of the degree-2m4=1 polynomials (@, 141 +am_1)? € Z[c] and
Um+d + am € Z[c] coincide. Indeed, since as = a2_; + ¢, their difference is

(agn—&—d—l+2am+d—1am—1+a$n71)_(a3n+d_1+a$n,1+20) = 2am+d_1am_1—20,
which has degree 2942 1+ 2m=2 {00 small to affect those highest-power

terms. Therefore, because Kg < 22 —2, Newton’s identities for symmetric
polynomials immediately imply ( -, and hence (2.6|) follows. =

3. Proving that multiplier polynomials are 2-special. Theorem[2.1]
makes possible the following result, which will be an essential tool in the
proof of Theorem [0.3

THEOREM 3.1. Let m > 2, and n > 1. Suppose that
UQ(’EI"(PerLn)) <m+1+ 3n/2.

If Py, p is 2-special, then Py,11p is also 2-special.

Proof. Write (Pp,n(z))? = ;rk+2§;é bja?, Pri1n(z) = SUK—{—ZE;%) cjat.
By Proposition we have va(c/—j) > nj for all j > 1. In particular,
va(cg—1) > 1, satistying the first condition for Py, 41, to be 2-special.

By [3, Lemma 6.3] and the hypothesis that P, ,, is 2-special, we deduce
that ann is 2-special as well. In addition, for any index j > 1 such that

nj < 2™~ — 2 we have |nj/2] < 2™ 2 — 2, and hence by_; = c¢—;, by
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Theorem n Therefore, if 2 < j < (2™~1 — 2)/n, then
v2(cp—5) = v2(br—jz) > v2(bp—1) = va(co—1).

It remains to prove va(co—j) > vo(cp—1) for j > max {2, (2™ —2)/n}.
By hypothesis, we have vy(cy—1) < m + 1 + 3n/2; and as noted above, we
also have va(c,—;) > nj. Thus, the desired result follows immediately if m
and n satisfy

(3.1) m 41+ 3n/2 < max {2n, 2™~ — 2}.
Inequality holds if and only if
m+4+1<n/2 or 3n/2<2™!_—m—3,
and hence it fails if and only if
(3.2) 2 —m—3) <n<2m+2.
Observe that
2™ —m—3)— (2m+2) = 22" —4m —6),

which is positive for m > 6. Thus, holds for all pairs (m,n) with
m > 6. Hence, the only pairs (m,n) for which fails are those for which
m=2,3,4,5 and holds. That is, it remains to consider P41, for the
finitely many cases

m=2and1<n<b5 m=3and1<n<7,
m=4and1<n<9, m=5and6<n<I11.
Direct computation with Magma shows that P41, is 2-special in all 27 of

these cases. (Incidentally, [3, Theorem 7.2] also says that P, ; and P, 2 are
2-special for all m > 2, covering the six cases above with n =1,2.) =

Proof of Theorem[0.3 The statement holds for p = 2 by [3, Theorem 7.2],
so we can assume 3 < p < 1021. By Proposition [I.2] and Theorem [I.4] it suf-
fices to show that P, , is 2-special for any m > 2. According to Corollary|[2.2]
we have

(3.3) va(tr(Prt1p)) = v2(tr(Pnyp)) + 1

for any m > 11. Let a be aroot of Gp, 1 = (am~+am—1)/c¢, which is irreducible
over Q by [7, Corollary 1.1|. Setting K = Q(«), Theorem [1.10| gives us

(3.4) tr(Ppp) = 2P (Trg/glam—1(a)?) + omIP—2 _ 2m_2).
Magma computations of Trg /g (am—1()P), together with (3.4), show that
(3.5) V2 (tr(Ppp)) < m+ 3p/2

for all primes 3 < p < 1021 and all integers 2 < m < 10. (See Section 4| for
some of these trace valuations.) Therefore, applying equation (3.3 induc-
tively, we find that the bound (3.5) holds for all primes 3 < p < 1021 and



The non-unit conjecture for Misiurewicz parameters 21

all integers m > 2. By applying Theorem inductively, it then suffices to
show that P ), is 2-special for every prime 3 < p < 1021.
By Remark [1.11] we have

tr(Pyy) = 2% — 2P,

and hence vp(tr(P2p)) = p + 1. On the other hand, by Proposition [1.5
writing Py ,(7) = 2* + Zi‘:ol b;z', we have
Ug(bk_j) >pj>2p>p+1= Ug(tl"(ngp)) forall 2 <j <k,

showing that P, is 2-special. =

Table 1. Trace valuations of multiplier polynomials P, , relative to m + p

(m,p) | va(tr(Pmyp)) | m+p | (myp) | v2(tr(Pmp)) | m+p
(10,509) 512 519 || (10,503) 511 513
(10,499) 509 509 || (10,491) 496 501
(10, 487) 500 497 || (10,479) 486 489
(10,467) 473 477 || (10, 463) 470 473
(10,461) 470 471 || (10,457) 465 467
(9,251) 256 260 || (9,241) 249 250
(9, 239) 245 248 || (9,233) 240 242
(9,229) 237 238 || (9,227) 236 236
(9,223) 230 232 || (9,211) 219 220
(9,199) 206 208 || (9,197) 202 206
(8,113) 120 121 || (8,109) 112 117
(8,107) 112 115 || (8,103) 109 111
(8,101) 105 109 (8,97) 102 105
(8,89) 96 97 (8,83) 91 91
(8,79) 86 87 (8,73) 78 81
(7,61) 64 68 (7,59) 65 66
(7,53) 56 60 (7,47) 54 54
(7,43) 50 50 (7,41) 45 48
(7,37) 43 44 (7,31) 32 38
(7,29) 33 36 (7,23) 31 30
(6, 29) 32 35 (6,23) 30 29
(6, 19) 24 25 (6,17) 21 23
(6,13) 19 19 (6,11) 16 17
(6,7) 9 13 (6,5) 9 11
(6,3) 6 9 (6,2) 6 8
(5,13) 18 18 (5,11) 15 16
(5,7) 8 12 (5,5) 8 10
(5,3) 5 8 (5,2) 5 7
(4,5) 7 9 (4,3) 4 7
(4,2) 1 6 (3,2) 3 5
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4. Appendix: Some trace data for multiplier polynomials. In the
proof of Theorem [0.3] in Section [3|, we had to rely on Magma computations
of va(tr(Pp,p)), the 2-adic valuation of the second-from-top coefficient of the
multiplier polynomial P, ,. The full set of those valuations, for all primes
3 < p <1021 and all integers 2 < m < 10, would take up too much space
here, but we include some of them in Table [I} We also include the values of
m+p, since we found that va(tr(Pp, »)) < m+p in almost all instances, thus
certainly satisfying inequality . (But not always! As Table [1| shows, this
sharper bound fails when (m,p) is (6,23), (7,23) or (10,487), for example.
We have marked all such instances in the table in boldface.)
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