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Multiplicative subgroups of Z;
that are generalized arithmetic progressions

by

ALBERT COCHRANE

Abstract. We prove that a multiplicative subgroup A of Zj, is a generalized arith-
metic progression if and only if |Ax| = 2, 4, or p — 1. Much of the argument builds upon
recent work studying additive decompositions of subgroups, and we generalize a result of
Hanson and Petridis to show that any additive n-decomposition of a subgroup must be a
direct sum. We also show how this classification quickly follows from Kalmynin’s recent
work resolving Sark6zy’s conjecture for quadratic residues.

1. Introduction. Our primary goal in this paper is to completely an-
swer the question of when multiplicative subgroups can have the additive
structure of a generalized arithmetic progression (GAP) in the finite field
of p elements. Let p be a prime number, Z, be the finite field of integers
modulo p, and Z; denote its multiplicative group of units. For a divisor k of

p—1landt= %, we denote the multiplicative subgroup of Z;, with order ¢
as Ay = {2¥ : @ € Z%}. A GAP of dimension n in Z, is a set of the form

S:{a+x1d1+"‘+$ndn:a}i€[O,Li—l],lgiﬁn},

where d; € Z;; and L; > 2 for all 1 < ¢ < n. We say that S is a proper
generalized arithmetic progression if |S| =[], L;.

For n = 1, Chowla, Mann, and Straus [2] proved that a subgroup Ay
is an arithmetic progression if and only if ¢t = 1,2 or p — 1. Moving on to
the case of n = 2, it is easy to see that any subgroup of order 4 is a proper
two-dimensional GAP. Let p be a prime congruent to 1 (mod 4) and set
k= %. Then for a generator w, the subgroup Ay equals {£1, +w}, which
can be written as

A = {—1 —i—l‘l(l — w) —i—.%'g(l —i—w) 1 T1,T2 € [0, 1]}
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We claim that over all prime numbers p, there are no other cases where a
subgroup of Z;, can be a GAP.

THEOREM 1.1. Let Ay be a multiplicative subgroup of Zy with |Ag| = t.
Then Ay is a generalized arithmetic progression if and only if t = 2,4, or

p— 1.

2. Definitions and notation. We use several standard definitions from
additive combinatorics. Letting A, B C Zj,, we define the sumset A 4+ B =
{a+0b:a€ A be B}. For a positive integer [ > 2, we denote the [-fold
sumset as [A = A+ ---+A={a;+---+a;:a; € A}. We note here that
GAPs of dimension 1 will simply be referred to as arithmetic progressions,
with an occasional reminder that we are speaking of the n = 1 case depend-
ing on context. The definition of GAP in the introduction follows [15] and
other papers on the topic, for example [4]. We equivalently use the short-
hand notation found in [I8], presenting the GAP structure as a sumset of
arithmetic progressions:

S:CL—Fdl[O,Ll—1]—|—---+dn[0,Ln—1].

This notation is particularly useful when considering GAPs as a special type
of additive decomposition, and we may informally refer to L; as being the
size of the ¢th component of the progression.

A subset B of Z, admits a non-trivial additive decomposition if B =
S1 + S for some Sy, S2 C Z, with |S1],|S2| > 2. More generally, we say B
admits an n-decomposition if there exist S; C Z,, with |S;| > 2 such that

B=5 4+ S

Any n-decomposition with n > 2 can also be expressed as a 2-decomposition,
B = S1+(S2+- - -+S,,). Following Shkredov [13], we say that a decomposition
B = Si+---+Sy is a direct sumif |B| =[]}, |Si|. Notice that for both GAPs
and n-decompositions, we include the standard conditions for non-triviality
in the definition statement. That is, in this paper we are only interested in
the cases where for each i, L; > 2 for GAPs and |S;| > 2 for decompositions.

3. Background. The question of whether a multiplicative subgroup can
be a generalized arithmetic progression directly points at the sum-product
phenomenon in Z,. Indeed, the results in this paper illustrate that in nearly
all cases the additive structure of progressions is incompatible with the mul-
tiplicative structure found in subgroups of kth powers.

A closely related question which has received much attention in recent
years is whether a subgroup can be expressed as a sumset, that is, admit an
additive decomposition. Sarkozy [11] conjectured that for p sufficiently large,
the subgroup of quadratic residues R cannot be expressed as a non-trivial
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2-decomposition. Many investigations into the additive irreducibility of mul-
tiplicative subgroups have followed; see for example, [5l, 12} [14] [16] [17]. A re-
cent preprint of Kalmynin [9] resolves this conjecture for quadratic residues,
and provides new insights on decompositions of arbitrary subgroups of kth
powers which we consider in Section 6.

Specifically relevant to our main argument, Chen and Yan [I] refined
bounds on decompositions of R, proving that any additive decomposition of
the form R = U+ V must satisfy |V| > |U| > 5, a result we use in Section 5.
Hanson and Petridis [8] showed that any 2-decomposition of a multiplicative
subgroup must be a direct sum. This result in particular proved instrumental
in allowing us to consider generalized progressions of arbitrarily large dimen-
sion. In the next section we extend this result to cover n-decompositions with
n > 2, and ultimately are able to restrict our attention to proper GAPs such
that L; = 2 uniformly.

4. GAPs and additive decompositions. By definition, any GAP ad-
mits an additive decomposition where each component is a (1-dimensional)
arithmetic progression of size at least 2. A nice feature of arithmetic pro-
gressions is that they can always be written as a decomposition of sets with
size exactly 2. Suppose S is an arithmetic progression with L terms. Then
for some a € Z, and d € Zj,, we can express S as the sum of {a,a + d} and
{0,d} added to itself L — 2 times:

S={a,a+d,...,a+(L—-1)d } ={a,a+d} + (L —2){0, d}.

Plainly, any sumset of additive decompositions will itself be a decompo-
sition, so this proves the following lemma. For now we use m instead of n to
avoid conflating dimension with the number of components in the decompo-
sition.

LEMMA 4.1. Suppose S C Z, is a generalized arithmetic progression.
Then, for some positive integer m, there exist subsets S; C Z,, with |S;| = 2
for 1 <i<m such that Sy +---+ Sy, = S.

That is, any GAP admits an additive decomposition where each compo-
nent is of size exactly 2.

We now shift our attention to the condition of a decomposition being a di-
rect sum. Hanson and Petridis [8] proved the following for 2-decompositions.

LEMMA 4.2 (|8, Corollary 1.3|). Let p be a prime and Ay be the mul-
tiplicative subgroup of kth powers for some k| (p — 1) with k # 1. Suppose
S, T C Zy satisfy S +T = Ay. Then |S||T| = |Ag|.

We also need the following theorem of Gyarmati, Matolcsi, and Ruzsa [7].
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THEOREM 4.3 (|7, Theorem 1.2]). Letn > 3 be an integer and Sh,. .., Sy
be non-empty subsets of Z,. Let S = S+ ---+ Sy, and for 1 <i < n, set
gi:51+"'+Si_1+si+1+"'+5n-
Then

n 1
s1< (TT18)" "
i=1
Applying this to Lemma [4.2] we obtain the following generalization.

COROLLARY 4.4. Let k # 1 be a divisor of p — 1, and Ay be the group

of kth powers in Z,. If Ay = S1 + -+ + Sy for some non-empty subsets S;
of Ly, then |Ag| =11, |Si].

Proof. Lemma [4.2] proves this for n = 2. Suppose now that n > 3 and
that Ay = S1+---+5, = 5;+5;. Applying Lemmato the decomposition
A = S; + S;, we obtain |Ag| = |S;||Si| for 1 <4 < n. Then by Theorem

we have

B n R n ’Ak’ ‘Ak‘n
A"t < T8 = = ‘
z];[l 11;[1 |Sil [Tz |Si]

This yields []}; |Si] < |Ag|, and it is trivial that [Ax| < [;; S| =

Combining this with Lemma [£.1] we arrive at the following corollary,
which sets up the proof of Theorem [L.1]

COROLLARY 4.5. Let p be a prime and Ay, be the subgroup of kth powers
in Z,, for some k | (p—1). Suppose Ay, is a generalized arithmetic progression
and k > 1. Then, |Ag| = 2" for some positive integer n, and Ay, is a proper
generalized arithmetic progression of dimension n with L; = 2 uniformly.

Proof. Suppose Ag is a GAP. Lemma tells us that for some positive
integer n, Ay = S1 + --- + S, for subsets S; C Z, with |S;| = 2. It follows
from Corollary [£.4] that such a decomposition must be a direct sum; that
is, |Ag| = [1i=; |Si| = 2". By definition, this means Ay is a proper GAP of
dimension n. =

Note that this recovers the result of Chowla, Mann, and Straus [2] on
arithmetic progressions stated in the introduction. For k = 1, Ay = Z;, is
trivially an arithmetic progression. For k£ > 1, it follows from Corollary
that only subgroups of order 2 can form a GAP of dimension 1.

5. Proof of Theorem 1.1. We begin by considering k = 2, where A
is the group of quadratic residues.

LEMMA 5.1 ([, Lemma 2.6]). If k =2 and A, = U + V with |V| > |U]|
> 2, then |U| > 5.
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Then by Corollary it follows that for ¢t > 2, no subgroup of quadratic
residues can be expressed as a generalized arithmetic progression.

For k > 2, we consider subgroups in two primary cases, t < 64 and t > 64,
or equivalently, n < 6 and n > 6. For the first case, we look at the doubling
properties of subgroups. For the second, we employ classical estimates on
the number of solutions to the equation z* 4+ y* = ¢z*. Lemma 5.2 below is
used in both cases.

For any ¢ € Z,, let r(c) denote the representation function which counts
the number of ways ¢ can be written as a sum of two elements of Ag:

r(c) := #{(z,y) € Ax X Az +y = c}.

LEMMA 5.2. Suppose that A, = S1 + --- + Sy for subsets S; each of
cardinality 2. Then, r(c) > t/2 for some ¢ # 0.

Proof. Suppose that Ay = S; + --- + S, for subsets S;, each of cardi-
nality 2. By translation we can assume 0 € 5; for the first n — 1 sets, say
S; ={0,d;} and S,, = {a,a + d,} for some d; € Z3, 1 <i <n, and a € Z,.
Let ¢ = 2a + Y15 di. We claim ¢ = —d,, # 0. Indeed, the sum of the

elements in Ay, is zero, so
1
0= Z o
1=0

1
(dizy 4+ -+ dpxy + @)
r1= n=0
=2""Y2a+di + - +dy) =2"" e+ dy).

T

For ¢ = a+ Y./ aid; with z; € {0,1}, 1 < i < n—1, and y =
a+ Z?:_ll(l —x;)d;, we have z +y = c¢. Moreover, the pairs x, y are uniquely
determined by the choice of the z;, because by Corollary [£.4] the decompo-
sition of A must be a direct sum. Thus 7(c) > 2" 1 =¢/2. =

Now we examine subgroups with k£ > 2 and ¢ < 64. In the introduction,
we showed that subgroups of order 2 and 4 will always be GAPs, and by
Corollary we know that no subgroup with & > 1 and ¢ ¢ {2,4,8, 16,32}
can be a GAP. We restrict our attention here to ¢ € {8, 16,32}, and use ¢(t)
to denote the Euler totient function. For p < %3‘1’“)*1, a direct computation
confirms that r(c) < t/2 holds for all such subgroups and ¢ € Zy. For p >

1390+1 we have the following lemma.

LEMMA 5.3 ([3, Lemma 4|). For a prime number p and k| (p—1), let Ay
denote the multiplicative subgroup of kth powers in Z, with order t. If t is

even and p > %3‘””1, then

’Ak—i-Ak’ B t

1
A 2
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It follows that for t = 2" and p > %3‘1’(”“,

Now suppose that S is a GAP of dimension n with |S| = 2", that is,
S =a-+di[0,1] 4 ---+d,[0,1].
The sumset S + S is of the form
S+ 8 =2a+di[0,2] + -+ d,]0,2],
so plainly |S + S| < 3™. Then for n € {3,4,5} we have

S48 3\
< — 2 .
s = \2) ©

Thus, if £ > 2 and t < 64, A cannot be a GAP unless t = 2 or 4.

Finally, we examine the case with k£ > 2 and ¢ > 64. Consider the pro-
jective Fermat curve defined by z* + ¥ = c2*F with ¢ # 0, which has genus
g = 3(k—1)(k—2). The Hasse-Weil estimate [6] for the number N(c) of pro-
jective points over Zj, on such a curve is |N(c) — (p+1)| < 2g,/p, which gives
N(c) < (k—1)(k—2)/p+p+1. Then, because the map (z,y,1) — (z¥, y")
from points on the curve with xzyz # 0 to solutions of v + v = ¢ with
(u,v) € A x Ay, is k%-to-1, we find that for all non-zero c,

(5.1) r(c)SN(C)<p+l+(k_1)(k_2)

k2 = k2 k2 VP
For small subgroups, we use the following refinement obtained by Mattarei [10].

LEMMA 5.4 ([10, Corollary]). If k > 4 and t < k3, then for any non-
zero ¢ we have

r(c) < 3.272/3¢2/3,

LEMMA 5.5. Ifk > 2 and t = 2™ with n > 6, then Ay, cannot be expressed
as a sum of sets each of cardinality 2. That is, if A, = S1 + -+ Sy for
some subsets S; of Zy, then |S;| > 3 for some i.

Proof. Suppose that Ay = S; + --- + S, for subsets S; with |S;| = 2. If
t > k3 we deduce from Lemma 5.2/ and (5.1 that for some ¢ € Zy,

(5.2) ;<r(c)<£+lj2+<1—;><l—z>\/m,

from which we get
1 1 2 1 2
)< = N N
t<2 k)_k2+<1 k)<1 k>\/7kt+1,

4 1
L — )V .
t_k:(k:—2)+2<1 k:> kt+1

that is,
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For k > 3 and t > 26, the last quantity is less than 2v/kt. Thus t < 2\/@, and
so t < 4k. Combining this with the assumption ¢ > ik?’, we get ik?’ < 4k,
implying that k < 4. For k = 3, implies £ < 8, contrary to assumption.

Suppose now that t < %kzs. In particular, k > 41/3¢1/3 > 41/3641/3 > 4. Tt
follows from Lemmas and that for some ¢ # 0, we have 3t < r(c) <
3.272/342/3 and so t < 54, contrary to assumption. m

Thus, no subgroup with £ > 2 and ¢t > 64 can be a GAP, completing the
proof of Theorem

6. Another proof of Theorem 1.1. Upon completion of this manu-
script, it was brought to our attention that a recent preprint of Kalmynin [9]
provides an alternative direct path to proving Theorem Of particular
relevance is the following result.

LEMMA 6.1 (]9, Corollary 1|). For all primes p, no proper subgroup Ay
of Zy, can satisfy Ay, = S1 + S2 + Sz with |S1],[S2|,[Ss] > 1.

For a prime p, suppose that a proper subgroup Ay of Z, is a general-
ized arithmetic progression. Then by Lemma this means that for some
positive integer m and subsets S; C Z, with |S;| = 2,

A =514+ +Sn=5S1+5+(Ss+ -+ Sn).

From Lemma [6.1], we immediately deduce that such a decomposition is
possible only if m < 2. Together with Lemma [£.2] it follows that if a proper
subgroup Ay of Z; forms a GAP, then |Ay| = 2 or 4.

Acknowledgements. We thank anonymous referees for their valuable
suggestions, and for bringing Kalmynin’s work to our attention. We also
thank Craig Spencer for many helpful conversations.
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