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THE THERMODYNAMIC APPROACH TO MULTIFRACTAL
ANALYSIS FOR WEIGHTED TOPOLOGICAL ENTROPY

BY

YUCHEN DAI, CAO ZHAO and LEI LIU

Abstract. We give a general framework incorporating the most important multifrac-
tal spectra using the thermodynamic approach to establish the multifractal formalism for
weighted topological entropy.

1. Introduction. Multifractal theory, situated at the interface between
dynamical systems and fractal geometry, provides tools to describe non-
uniform scaling behaviors of measures and sets by means of their dimension
spectra. Since the seminal work of [HJ"86|, where the pointwise dimension
spectrum Dp was introduced, it has been observed that for many systems
this spectrum can be expressed as the Legendre transform of a function 7'(q)
related to the Hentschel-Procaccia spectrum

(L1) Dp(a) = T(a) := inf (T(g) + ga).

General properties of Legendre transforms [Roc70] imply that Dp(«) is con-
cave. In numerous situations, the function 7' is analytic and strictly convex
in ¢, which ensures that Dp(«) is analytic and strictly concave in «. The
link between this spectrum and the Hentschel-Procaccia spectrum via Leg-
endre transform was clarified in [HJT86|. A fundamental task in multifractal
analysis is to determine when such a formalism is valid for natural fractal
measures. For further background and rigorous treatments of multifractal
theory, see [Fal03, [Ols95] [Pes97].

Within the thermodynamic approach to multifractal analysis, Climen-
haga [Clil10a) [Clil1] established a framework that relates dimension spec-
tra to topological pressure. He derived Bowen’s equation for the classical
topological pressure, thereby connecting the dimension of a set with the
pressure of an associated potential. In addition, he proved a partial multi-
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fractal formalism, showing that the multifractal spectrum observed in the
dynamics is bounded above by a spectrum predicted from thermodynamic
principles.

A significant development for self-affine systems was achieved by Feng
and Huang [FHI6|, who introduced the concept of weighted topological
pressure. Their construction extends the classical notion by incorporating a
weight vector a = (a1,...,a;) € R¥ with a; > 0 and a; > 0 for i > 2. They
defined a-weighted Bowen balls, where the iteration length of the dynamical
system is adjusted according to the weight parameters so as to reflect non-
uniform scaling priorities. Furthermore, they proved a variational principle
for weighted pressure, providing a theoretical foundation for analyzing hier-
archical or non-uniform dynamical systems. This extension greatly broadens
the applicability of pressure-based methods to multifractal problems. More
recently, Meson and Vericat [MV22] obtained a variational formula for the
weighted multifractal spectrum of V-statistics.

Against this background, the purpose of the present paper is to develop
a general multifractal framework that combines Feng and Huang’s weighted
topological pressure with Climenhaga’s thermodynamic approach. Our goal
is to establish a multifractal formalism adapted to systems where dynam-
ical complexity is described by weighted pressure, thereby providing tools
suitable for non-uniform scaling scenarios.

Main contributions. The principal results of this paper can be sum-
marized as follows.

(1) Weighted Bowen’s equation. We introduce the notion of weighted u-
dimension, where v : X7 — R is a continuous weight function satisfying con-
dition (P). We then prove a weighted analogue of Bowen’s equation (Propo-
sition , which links the weighted u-dimension of a set Z C X; with the
weighted topological pressure of the potential —tu. This result generalizes
the classical relation obtained in [CIi11].

(2) Partial multifractal formalism. We study mixed multifractal spectra
describing the joint distribution of two dynamical quantities, typically given
by the ratio of Birkhoff averages of continuous functions ¢ and ¥. For o € R,
we consider the level set

K, = {a: € Xy : lim S:zgg — a},

and define the corresponding weighted spectrum F%(«) = dim{ K,. Fol-
lowing the thermodynamic prediction method of [Clil0al], we introduce a
spectrum S%(«) derived from weighted pressure . We then establish an
upper bound result (Proposition , showing that the observed spectrum
F(a) (restricted to a physically relevant subset X1) does not exceed S%(c).
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(3) Ezactness of the formalism. Under additional assumptions, the ob-
served and predicted spectra coincide. By employing Ruelle’s derivative for-
mula for weighted pressure (Proposition, we prove that if the equilibrium
state associated with §%(«) has positive integrals of ¢ and w, and if the pres-
sure function is differentiable at the relevant parameter, then this equilibrium
state yields equality of spectra (Theorem [3.5)). This extends Climenhaga’s
multifractal results [Clil0a] to the weighted setting.

(4) Conditional variational principle. We provide a conditional varia-
tional principle (Theorem [4.3), which states that for most values of a (those
in I where 0 lies in the interior of the set of integrals of ¢ — atp with respect
to invariant measures), the predicted spectrum S%(«) equals the supremum
of weighted u-dimensions of ergodic invariant measures supported on K,.
This establishes a probabilistic interpretation of the weighted multifractal
spectrum.

(5) Legendre transform connection. Finally, we investigate the link be-
tween weighted spectra and Legendre transforms. In the special case ¥ = u,
the predicted spectrum S%(«) is shown to reduce to the Legendre trans-
form of a convex pressure function lb Moreover, we prove that 3‘1] 7 is
the concave hull of F' |7 (Theorem , a structural property inherited from
convexity of the underlying pressure function.

In summary, this paper extends the classical thermodynamic framework
of [Clil0al [CIi11] by incorporating the weighted pressure of Feng and Huang
[FH16], thereby developing a multifractal formalism suitable for non-uniform
dynamical systems. The results not only preserve key thermodynamic prin-
ciples but also enlarge the scope of multifractal analysis to systems with
hierarchical structures or non-uniform scaling, offering new perspectives for
the study of complex dynamical phenomena.

2. Definitions and results. We begin by recalling the setting of our
study. Let & > 2, and suppose that for each 1 < ¢ < k we are given a
topological dynamical system (X;, d;, T;), where (X;, d;) is a compact metric
space. Assume further that (X;y1,7;41) is a factor of (X;,7T;) for 1 < i <
k — 1, with a factor map m; : X; — X;41. In other words, 71,...,m,_1 are
continuous maps making the following diagram commute:

Xl T X2 i) . Tk—1 Xk.
Tll TQL Tkl
Xl T X2 T Tk—1 Xk.

For convenience, let my denote the identity map on X7, and define

Ti:TFZ'OTFZ',lO-'-OTFO1X1—>Xi+1, ’iZO,l,...,k—l.
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We write M(X;,T;) for the space of all T;-invariant Borel probability mea-
sures on X;, endowed with the weak* topology. Fix a weight vector a =
(a,...,ax) € R¥ with a; > 0 and a; > 0 for i > 2.

DEeFINITION 2.1 ([FHI6]). For z,y € X1, n € N, and € > 0, set
da(z,y) := sup {di(T) 712, T/ 7 1y) :
0<y< [(a1++az)n—| _Li:la"'vk}a
and define the a-weighted Bowen ball
Bi(z,€) :={y € X1 :dy(z,y) < e}
Given Z C X1,8>0,e>0, ¢ € C(X1) and N € N, define
1
N (Z,¢,s,e,N) = ianexp(—snj sup S[alnj]qﬁ(a:)),
: ai

xEBa (zjv )

where the infimum is taken over all countable collections I = {B} (z;,€)}
withn; > N and UJ; BY (zj,€) D Z. Since A*(Z, ¢,s,¢,N) is non—decreasmg
in N, the limit

N(Z,p,s,€) = lim A*(Z, ¢, s,€,N)
N—o0
exists. There is a critical value of s, denoted P&B(Ty, Z, ¢, ¢), such that

A7, 5.6) = 0, s>PaB(Ty,Z ¢,¢),
T oo, s < PRB(TY, Z,¢e).

Since P2B (T}, Z, ¢, €) does not decrease with e, the following limit exists:
P11, 2,6) = lim P2B(T4, Z, ¢, ).
€E—r
Following [FH16], this is called the a-weighted Bowen topological pressure of
T restricted to Z. When Z = X1, we write simply P®?(Ty, ¢).

In the case ¢ = 0, this reduces to the weighted topological entropy
h*B(Z) = P¥B(Ty, Z,0) introduced in [FH16]|.

REMARK 2.2. When Z = X, one may also compute the pressure via
spanning sets [Ji25]. For n € N and € > 0, define

Z2(op,€) mf{z exp( sup S[am]¢( )) B(E,n,e) = Xl},
z€E EBg(x,e)
where B(E,n,€) := |J,cp Bi(z,€). Then

PB(Ty, Xy, 6) = lim T~ log 22(6, ).

e—0 n—oo

In what follows we assume htop (X1) < o0, otherwise the pressure function
is identically infinite and uninformative.
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DEFINITION 2.3. For ¢ > 0 and N € N, let P2(Z, N, ¢€) be the collection
of countable sets {(x;,n;)} C Z x {N,N +1,...} with Z C |, By, (i, €).

DEFINITION 2.4. Let u : X7 — R be continuous. We require the following
condition:

(P) For every € > 0 there exist covers Ex € P?(X7, N, €) such that

Z\}gnoo (x,rnglEfEN S[am] ulw) = oo

In [BSO0] it is assumed that w > 0, which guarantees property (P).
However, (P) may hold even if u is not strictly positive.

PROPOSITION 2.5. If u € C(X1) satisfies (P), then {y udu > 0 for
every i € M(Xq,Ty).

Proof. 1t suffices to prove the claim for ergodic measures. Suppose p €
M(X4,Ty) is ergodic with {udu < 0. Let z be p-generic. Then

1
[axn]
Choose £ > 0 such that Sp, ,ju(z) < —Jain]e for large n. By continuity
of u, there exists 0 > 0 with |u(z) — u(y)| < € whenever d2(y, z) < ¢. Then
for any y € X1 and large n with € B2(y,d), one has
S(alnlu(y) < S[aln]u<$) + ’Valnwg <0,

contradicting property (P). =

Sraimu(r) — Sud,u < 0.

DEFINITION 2.6. For Z C X7, define

a . S
(2,8, N, €) = Pa(lg,gV,e) ( Z.) o <a:eBS;E%e) _ails(amﬂ U(x)> ’

ma(Z,s,€) = A}gnoo ma(Z,s,N,e€).

(2.1)

This function is non-increasing in s and takes only the values co and 0 except
at a critical threshold. Define

dim$(Z,e) =inf {s € R : m§(Z,s,e) = 0}.

Thus m2(Z,s,€) equals co when s < dim$(Z,¢€), and equals 0 when s >
dim%(Z, €). The weighted u-dimension of Z is then

dim? Z = lim dim%(Z, €),
e—0
and the limit exists as in the pressure case.
REMARK 2.7. When u = 1, this recovers the entropy h®?(Z).

Both weighted pressure and weighted u-dimension are examples of Cara-
théodory dimension characteristics, hence they satisfy countable stability:
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for any countable family {Z;} C X,
(2.2) parB <T1, Uz, <Z>> = sup PP (T, Z;, ),
(2.3) dim? (U Zi> = sup dimy(Z;).
A central tool for computing u-dimension is the following weighted ver-

sion of Bowen’s equation.

PROPOSITION 2.8. Let X1 be compact, T : X1 — X1 continuous, and u €
C(X1) satisfy (P). Suppose Z C X is such that limy, Wl,ﬂs(amw(x) >0
forallx € Z. Then

(2.4) dim® Z = inf {t ¢ R : P*B(T, Z, —tu) < 0}.
To prove Proposition 2.8 we will repeatedly use the following lemma.

LEMMA 2.9. Let Ty : X1 — Xj be continuous, ¢ € C(Xy), and Z C X;.
Assume there exist a, 8 € R such that for every x € Z,

1 — 1
a< lim —S,¢(x) < lim —S,¢(x) < S.
n—oo N

n—oo 1

Then for allt € R and h > 0,
(2.5) P*P(T1,Z,t9) + ha < PP(T, Z, (t + h)¢) < P2P(T1, Z,t¢) + hi3.

Proof. The argument follows the idea of [Clilll, Proposition 4.2]. Fix
n > 0 and for m > 1 set

1
Zm:{xGZ: no(x) € (e —m, B+ 1) foralanm}.
n

Clearly Z =,y Zm.
Take t € R, h > 0, and N > m/a; + 1/ay. By the definition of Z,,, for
any € > 0 and s € R,

A (Zp, (t+ h)o, s, N, €)

1
:infzeXp<—8nj+ sup as(alnj1(t+h)¢(9«"))
- 1
J

x€BR (x),€)

> infz exp <—nj <3 — sup (t : afns[alnj]¢(xj) + h(a — 77)>>>
; j

= A*(Zn,td,s — h(a—n), N,e).
Passing to the limits N — oo and € — 0, we get
Pa7B(T1a va (t + h)¢) > PaVB(Tla Zma t¢) + h(Oé - 77)
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Since weighted pressure is countably stable, that is, P&B(Ty,Z,¢) =
sup,,, P#B(Ty, Z,,, ¢), it follows that

PB(Ty, Z, (t + h)p) > P¥B(T1, Z,t¢) + h(a — 7).

Letting n — 0 gives the left inequality of (2.5)). The right inequality follows
in the same way, using 5 + 7 instead of « — 7. =

Proof of Proposition[2.8 For Z C Xi, note that

t
A?(Z, —tu,0,¢, N) = inf ) .
(Z,—tu,0,¢e, N) = in ;exp< sup - (alnj]u(x))

x€BY (x),€)
=m2(Z,t,N,e),

hence A?(Z, —tu,0,¢) = m2(Z,t,¢).

Define

t* =inf {t € R : P*P(Ty, Z, —tu) < 0}.

If t < t*, then P&B(T1,Z, —tu,e) > 0 for small € > 0, so m3(Z,t,¢) = oo
and dim? Z > ¢. Thus dim? Z > ¢*.

For the reverse inequality, define

1 1
I = {x € Z: lim —Syu(z) > }
n—soo 1 m

By assumption lim, #S[aﬂﬂu(x) > 0 for all x € Z, hence Z =

Us>1 Zm- By countable s[g;@ility , it suffices to show dim? Z,, < t*.
Fix m and take t > t*. By Lemma [2.9
t—t*
m
t—t*

P>B(Ty, Z,,, —tu) < P&B(Ty, Z,,,, —t*u)

< PB(Ty, Z, —t*u) — <0.

Thus for small € > 0, m2(Z,,,t,¢) = 0, implying dim?, Z,,, < ¢. Since t > t*
was arbitrary, we conclude dim% Z,,, < t*, hence dim? Z < ¢*. This completes
the proof. =

REMARK 2.10. If Z = (), then P*B(Ty,Z, —tu) = —oco for all ¢, which
is consistent with dim? Z = —oo. If Z # (), then there exists © € Z with
liimﬁs[am]u(:v) =« > 0. In this case, for t < 0,

P*B(Ty, Z, —tu) > P*P(Ty, {x}, —tu) > |tja > 0,
so only t > 0 are relevant in Bowen’s equation.

The next step is to introduce weighted u-dimension for measures, which
provides an effective tool to estimate dim? Z from below.

DEFINITION 2.11. For p € M(X1), the weighted u-dimension of p is
(2.6) dim? p := inf {dim% Z : pu(Z) = 1}.
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PROPOSITION 2.12. Let p € Mpg(X1,T1) be ergodic with Sud,u > 0.
Then
hi(Th)
2.7 dimf p = F—=.
(2.7 = o
Proof. Let G, be the set of generic points for y. Then %Snu(x) — fudp
for all z € G, and h®B(G,) = hi(Th) by [ZCZ18|. Applying Lemma
we obtain

P&B(Ty, G, —tu) = ho(Ty) — tSudu.

This vanishes exactly at ¢ = hi,(T1)/ {u dp. By Proposition dim$ G, =
ha(T1)/ §udp, hence dimj, p < dimf G ..
Conversely, if Z C X5 satisfies u(Z) =1, set

7' = {x €Z: % () —>Sud,u,}.

Then u(Z') = 1 and h®B(Z') > h3(T1). Lemma gives
PB(Ty, Z' —tu) > h3(Ty) — t\udp,
so by Proposition dim§ Z > dim§ Z' > h3(T1)/ fudp. =

REMARK 2.13. Formula (2.7) does not extend to non-ergodic measures.
Indeed, pu +— hi(T1) and p +— [udp are affine, while from (2.6) one checks
easily that for convex combinations,

dim? (tur + (1 — t)pe) = max {dim? p1, dimd po}, 0<t < 1.

3. Mixed multifractal spectra. Let ¢, ¢, u € C(X;) with u satisfying
condition (P). For « € R, define the level set

(31) Ka = Ka(% ¢) = {-T S X1 : nh—>nc?>lo S::ZEE; = a}'

The weighted multifractal spectrum associated with (¢, 1, u) is
FA (@) = F29¥(a) := dim? Ko (¢, ),

with the convention dim? () = —o0, so that F?(«a) = —oco whenever K, = 0.
Next, consider the subset

. 1
(3.2) Xp:= {x € Xp: lim Sp¥(z) >0and lim —log Spu(x) > 0},
n—00 n—oo N
and the restricted level sets R’a = K, N Xl. We then study the modified
spectrum X X
Fa) :==dim? K4 (p, ).
In the applications of interest, one typically finds F2 = F2 on the relevant
domain, so the results obtained apply directly to F2.
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For each a € R, define

(33) Réolc(q’ t) = Pa?B(Tb le Q(SO - O”v/}) - tu)v
and the function
(3.4) T2(q) :=inf{t €e R: R%(q,t) < 0}.
The thermodynamic prediction for the spectrum is then
(3.5) S*(a) := inf T2(q),

geR
and its natural domain is
(3.6) I:={aeR:5%a)> —oo}.

PROPOSITION 3.1. For every a € I, one has S*(«) > 0.
LEMMA 3.2. If ¢ € C(X1) satisfies P#B(T1,¢) < 0, then P&B(T1, \¢)
<0 for all A > 1.
Proof. For p € M(Xy,Ty), the condition P2B (T}, ¢) < 0 implies
R + | edu<o.
X1
Thus SXl ¢du <0, and for A > 1,

PA(T) + § Addp = (W) + [od) + (A = 1) [ odu < 0.
X1
Taking the supremum over p yields the claim.

Proof of Proposition . Suppose §?(«) < 0. Then there exist ¢,t € R

with t < 0 and
P2B(Ty, q(p — arp) — tu) < 0.

By Lemma[3.2] R2(Ag, At) < 0 for all A > 1, hence T2(A\g) < At. Since ¢ < 0,

this forces §#(a) = —oo, contradicting o € I. Thus S?(a)) > 0. =
Our first main theorem establishes one side of the multifractal formalism.
Levma 3.3 ([CHI0a]). If 525 — o, then 18, (¢ — av) = 0.
THEOREM 3.4. Let p, 9, u € C(X1) with u satisfying (P). Then

(3.7) F2a) < S*a), VYacR.

In particular, Ko = () whenever o ¢ 1.

Proof. Fix a € R and t < F2(a). If F2(a) = —o0, the claim is trivial.
We assert that

(3.8) R3(q,t) = P*B(T1,q(¢ — ayp) —tu) >0, VgqeR.
This implies T2(q) > t and hence
S*a) =inf T2 (q) > t.
q

Since t < ]:'a(oz) was arbitrary, the inequality (3.7]) follows.
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To prove (B.8), note that ¢+ < dim® K, and lim
ze K, imply

LS, u(x) > 0 for

n—00 n

P2B(Ty Ky, —tu) >0
via Bowen’s equation (Proposition . Moreover, Lemmas and yield
PaB(T, Ky, q(p — avp) — tu) = PB(Ty, Ko, —tu) > 0,
proving . "

In all our examples, Fa = F?, so Theorem applies directly to the
spectrum F?2. Note also that extends to o € 91, but not to a = oo.

A measure v is called a full measure for Faat o if vis ergodic and
invariant, v(K,) = 1, and dim® v = §2(«).

THEOREM 3.5. Let ¢, ¢, u be as in Theorem 3.4 Fiz o € R and assume
q = q() realizes the infimum in (B.5), so that S*(a) = T2(q). Suppose
further that

(1) the potential q(a)(p — ) — S*(a)u admits an equilibrium state v, with
Swdua > 0 and Sudva > 0;
(2) R2 is differentiable at (gq(a), S?(v)).

Then vq is a full measure for F2 at o, and in particular F2(a) = S2(c).

REMARK 3.6. The equivalence between the two characterizations of S?(«)
is classical in cases where the multifractal formalism holds (see e.g. [BS01] in
the non-weighted setting). Theoremextends this equivalence even beyond
those situations.

The proof relies on Ruelle’s formula for derivatives of weighted pressure.

PROPOSITION 3.7. Let n,¢ € C(X1). If ¢ — P*B(Ty, X1,n + q¢) is
differentiable at ¢ = 0 and v is an equilibrium state for n, then

d
—P*B(Ty, X1,n + q9)

(3.9) i

= S o dv.

=0 x;
Proof. Let g(q) = P&B(T1, X1,n + q¢). Then
9(g) = sup {ha(u) +\ndp+ qS(ﬁdu}-
In particular,
9(q) = h2*(w) + \ndv + q\ ¢ dv = g(0) + | pdv.

Thus M > {¢pdv for ¢ > 0, yielding ¢’(0) > {¢dv, and the reverse
inequality follows similarly for ¢ < 0. Hence equality holds. =
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Proof of Theorem[3.5 Since R2(q,T2(q)) = 0 for all ¢, we have
d
0= P (T X1 e = av) — T2()u).

At ¢ = g(a), the fact that d%Tg(q) = 0 (as ¢ realizes the infimum in (3.5))
implies via Proposition [3.7] that
S(SO_ a¢)dya = 07

hence o = §$ZZ“ with {9 dv, > 0. Ergodicity gives vq(Kq) =1, so

F ) > dimd v,.
Since v, is an equilibrium state for ¢(¢ — ar)) — S?(a)u, we also have
0= P*P(T1, X1,q(p — avp) — §*(a)u) = ki, (T1) — §%(a) {udva,
whence
h#(va)

S§*a) = T dv = dim? v, < F?().

Thus v is a full measure for F2 at o, and F2(a) = S2(c). =

4. Conditional variational principle. As mentioned earlier, the pre-
dicted spectrum can be given in terms of a conditional variational principle
for nearly every value of «.

Given a € R, let

K(a):={ § (p—av)du: pe M(X1, T .

X1
I[:={a:0cintK(a)},

My (X1, Th) = {,u e M(Xy,Th) : S (¢ —ayp)du =0, S wdp > 0}.
X1 X1

PROPOSITION 4.1. If there exists v > 0 such that le Ydu > 'yhi(Tl) for
all p € M(X1,Ty), then I =int 1.

Proof. First, we show that I C int I without any hypotheses regarding
§x, ¥ du or hiy(T1). To this end, fix a € I, 50 0 € int K(c). Thus there exist
n > 0and u* € M(X1,Ty) such that le(go—ozw) dp* = 4. Choosing € > 0
sufﬁciently small, we have |y (¢ —ay)du® > 0and [y (¢ — ') dp™ <0
for all o’ € (@ —¢,a +¢). It follows that 0 € int IC( ") for each such o/, so
I is open. Furthermore, given a € I and n >0, ut e M(X1,Th) as before
we have
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R2(q,0) = P*B(T1, X1, q(p — ay))

> maX(hZi (1) + | a(p — o) dui) > lgln >0
X1
for all ¢ # 0, whence T2(q) > 0. It follows that S®(«) > 0, and so « € I.
Now, since I is open and contained in I, we have I cintl.

It remains to show that int I < I. To this end, let ~ > 0 be such that
Vx, ¥ du > yhi(Th) for all p € M(X1,T1), and fix a ¢ I. Then 0 ¢ int K(a),
and since IC(«) is an interval, we have either K(a) C [0, +00) or K(a) C
(—00,0].

First, consider the case K(a) C [0,400). Then {y (¢ — ay))du > 0 for
all p € M(X1,T1), and so for every € < 0 and ¢ < 0, we have

Rg-i—a(q?t) - Pa7B(T17X17Q((p - (a + 5)¢) - tu)
= sup (hZ(T1)+q | (p—av)du—qe | pdu—t | udu)

,LLEM(Xl,Tl) X, X, X,
< sup (AR(T1)(1 = gev) + [t supu).
peEM(X1,Ty)

For sufficiently small ¢ and for ¢ < 0 with |¢| sufficiently small, this gives
R3_ .(q,t) <0, whence S?(a+¢) < T2, .(¢) <t <0,andso a+e ¢ I. Since
£ < 0 was arbitrary, we have a ¢ int I. The proof in the case K(«) C (—o0, 0]
is similar, and we see that int/ = /.

REMARK 4.2. The hypothesis of Proposition holds if %) is uniformly
positive and h3(T1) < oo; thus in this case Theorem applies to all
a €int 1.

THEOREM 4.3. Let p, ¥, u be as in Theorem . Then for every a € I,
the infimum in (3.5 is achieved at a finite value of q, and the weighted
predicted spectrum S2(«) satisfies

aly) — ha(Th)
(4.1) S*a) = sup .
HEM o (X1,T1) le udp

Proof. We write
- h2(Ty)
a — _ B
Sa(a) : sup{SXludM.,uE,/\/la(Xl,ll)}.

We begin by showing that S%(a) > S2(a) for every a. To this end, fix
t < 8*(a). Then there exists p € Mq(X1,T1) such that h(T7) > tSXl udp,
and therefore for every g € R we have

PB(Ty, X1, q(p — o) — tu) > h2(T1) +q | (0 — o) dp—t | wdp > 0.
X1 Xl
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So T2(q) > t. This implies that S?() > t, and since t < S2(a) was arbitrary,
one direction is done.

It remains only to show that S2(a) > S2() when v € I. Fix a € I, and
for all ¢,t € R, write ¢q+ := q(¢ — atp) — tu. Consider the collections

Mt = {u € My(X1,Ty) : S (p—arp)du > 0},
X1

M= {u € My (X1, Ty) : S (¢ —ap)du < 0}
X1

of measures and define two functions g* : R> — R by

g% (0, 0) = sup {hA(T) + | yedp pe MF.

X1
Observe that P&B(Ty, X1, ¢q+) = max(g*(g,t), 97 (g,t)), and so letting
(4.2) E* = {(q,t) e R? : P*P(T}, X1, ¢q4) = g7 (q,1)}

={(q,t) eR*: g™ (q. 1) > g7 (q, 1)},

we have E* U E~ = R2 (The sets ET and E~ need not be disjoint.) It
follows from the definitions that g~ (g,t) is non-increasing in ¢ and g*(q, t)
is non-decreasing in ¢g. Using the second characterization in , this implies
that given any (¢,t) € E~, we have (¢,t) € E~ and P*P(Ty, X1, ¢y 1) >
P2B(Ty, Xy, ¢g1) for all ¢ < q. Similarly, given any (¢,t) € ET, we have
(¢',t) € ET and P¥B(Ty, X1, ¢y 1) < P2B(T1, X1, ¢gy) for all ¢ > q.

Now fix ¢t < S*(a) and let E£(t) := {¢ € R : (¢,t) € E*}. Because
0 € intK(a) (which follows from o € I ), there exists u € M(Xy,T})
with §y (¢ —ay)du > 0, whence PP (T1, X1, ¢q) > P>P(Th, X1, ¢oz) for
sufficiently large values of ¢; for such g we have ¢ € E*(t), and so E*(t) # 0.
A similar argument shows that E~(t) # 0.

Because both E~(t) and E™(t) are non-empty, there exists go € E—(t) N
E*(t). If go € E~(t), then we have go +v € ET(¢) for all v > 0, while if
qo € ET(t), then qo —y € E~(t) for all v > 0. Without loss of generality, we
assume the former case; the proof in the latter case is similar.

Now we have ¢~ := qo € E~(t) such that ¢ € ET(¢) for all ¢* > ¢~
Let § := inf {P&B(T1, X1,641) : |¢ — ¢~ :< 1}, and observe that § > 0.
Choose ¢ > g~ so that ¢t — ¢~ < g||<p—oz¢||_1. Then there exist p* € M*
such that

hox(Th) + S Gy A > 5/2.
X1

Choose s € [0, 1] such that p := sp™ +(1—s)u™ satisfies | (¢ —a1p) du = 0.
Then we have
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W) —t | wdp

X1

=h2(T) + | bg-sdu
X1
=sh® (T1)+ (1= s)h2 (T1) +5 | ¢ pdu™ + (1 —5) | oy pdp?
X1 Xl

§

> ) +(1—3) S ((qu*,t - ¢q+,t) d/fr
X1

) L

> 5—(q —q )lle —ayp| >0,

where the final inequality follows from the choice of ¢*. Let ¢ = ¢(a) be such
that T2(q) = S*(«) such a ¢ exists because 0 € int () and observe that

Wa(Ty) — 8*(e) udp = h3(Th) + | g.5a) dit
X3

S PayB(T17 X17 ¢q,8(a))

=0<ha(Ty) —t | udp.
X1

Hence SXl wudp >0, so p € My (X1,T1). Finally, the inequality

W) —t | wdp >0
X1

k3 (Th)

implies that t < wdi

Sa(a) > S2(a). =

and since ¢ < S?(a) was arbitrary, this yields
X1

REMARK 4.4. The infimum in (3.5) may not be achieved by any finite
value of ¢; Theorem gives conditions under which it is achieved. Even if
it is achieved, however, the minimizing value of ¢ may not be unique.

The measures in the conditional variational principle (4.1) need not be
supported on K, unless they are ergodic. Thus, in general, we have the
following extended version of (3.7)):

(4.3) sup {dim? 1 : p € Mp(Kq, T1)} < Fa(a) < §%(a).

It is of interest to know when all three quantities in are equal. By The-
orem [3.5] this is the case when R is differentiable at (¢(c), S?(av)), provided
an equilibrium state v exists with { x, ¥dv >0 and §x. wdv > 0; further-
more, in this case the supremum is achieved. Corollary gives equality in
under weaker conditions, but in this case the supremum may not be
achieved.
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COROLLARY 4.5. Let p,v,u be as in Theorem [3.4. Fiz o € R, and sup-

pose that there exist compact invariant sets X' C Xy such that the hypothe-
ses of Theorem hold at a for the restriction of the system to X{'. Then
(43

equality holds in (4.3). In particular, F2(a) = S?(a).

5. Legendre transform. When ¢ = u, we obtain
R3(q,t) = P*P(T1, X1, qp — (agq + t)u),
so that
T2(q) = inf {t € R : PB(Ty, X1, qp — (aq + t)u) < 0}.
In particular, the case @ = 0 gives
(5.1) T2(q) = inf {t e R : PP (T}, X1, qp — tu) < 0},
and hence
Ta(q) = T (q) — aq.
Therefore,

(5.2) §%(a) = it {T§(q) - aq},

which shows that S* is the Legendre transform of T§. Geometrically, for
each o, §?(«) is the y-intercept of the subtangent line to the graph of T
with slope a. Convexity ensures the subtangent is unique, although it need
not touch the graph at a single point.

PROPOSITION 5.1. Let Q := {q € R: T{(q) < oo}. Then exactly one of
the following holds:

(1) Q=R;
(2) Q = (qo,00) or [go,00) for some qo > 0;
(3) Q = (—00,q0) or (—o0, qo] for some qp < 0.

Proof. This is an immediate consequence of the lemma below, valid even
when u # ). »

LEMMA 5.2. For allA>1 and a,q € R,
T3(Aq) < AT3(q)-

In particular, if T2(q) < oo, then T2(Aq) < oo for all X > 1.

Proof. The condition T2(q) < oo means that some ¢ < oo satisfies

P2B(Ty, X1, q(p — arp) — tu) < 0.
By Lemma [3.2] this implies
P2B(Ty, X1, M\q(p — arp) — Mtu) <0 for all A > 1,

hence T2(Aq) < AXT2(q). =
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By convexity of T, the one-sided derivatives

D—Tgl(q) — lim Téi(q) — T()a(q B 6) T(?(q —+ 5) — T(?(Q)
e—0+t € €

exist for each ¢ € int Q. Define J(q) := [D™T&(q), D"T&(q)]. Then T{ is
differentiable at ¢ if and only if int J(q) = (). Moreover, convexity implies
the intervals int J(q) are disjoint for distinct ¢, so at most countably many ¢
admit a non-trivial interval. On each such J(g), S? is affine in «, while on
intervals disjoint from every int J(q) it is strictly concave.

For each ¢, the graph of T§' admits subtangents at slope « for all & € J(q).

Define
= J J,
g€int Q
the set of slopes corresponding to finite subtangents. If @ is open, then
I = I. Otherwise, e.g. when Q = [gp, o0) or = (—0o0, qo], this inclusion can
be strict.

THEOREM 5.3. Let p, ¥, u be as in Theore(n with w = 1. Then on I
the predicted spectrum is the concave hull of F2:

S§%(a) = inf {ga(oa) 1 Sa > Fa  S§a concave on 1:} for all a € 1.
Proof. It suffices to show that for ¢ € int Q,
T§(g) = sup {F2() + qa},
a€eR

DTT2(q) = 1i
, 0(q) = lim

since then &2 is the double Legendre transform of F2 on I, i.e. its concave
hull. We check the inequalities:
(i) By Theorem [3.4
Fa(a) < 8*a) < T(g) - qa,
so T (q) > Fa(a) 4 qa for all a.
(ii) Conversely, if t < T§'(q), then the variational principle for gy —tu can
be restricted to ergodic v with {udv > 0. For such v, let a satisfy v(K,) = 1.

Then
(dim? v + qa — t)gudu > 0,
implying t < F?(a) + qo. As t < T§(q) was arbitrary, we obtain
T2(q) < sup {F2(a) +qa}. =
a€cR

REMARK 5.4. If u # 9, the spectrum S need not be concave. Counterex-
amples in the unweighted case appear in [BS01), TK09].

Finally, the Legendre transform characterization of S aligns with the
conditional variational principle in many cases, since Proposition [4.1] ensures
that Theorem [£.3] applies throughout int I.
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PROPOSITION 5.5. Let X1 be compact metric, T1 : X1 — X1 continuous,
and @, 1, u € C(X1) with ¥ = u satisfying (P). Assume every ergodic p with
h(T1) > 0 also satisfies fudp > 0, and dim§ X < oo. Then

hi(Th)
dp > £
Judp > dim® X’
Consequently, Pmposz'tion and Theorem yield (4.1)) for all o € int I.
Proof. For ergodic u, the assumption implies hZ(T 1) = 0 whenever {udpu

= 0. For {udp > 0, Proposition and ([2.6)) give
e (Th)
Sudp’

V,u € M(Xl,Tl).

dim? X > dim? p =

which proves the claim. =

6. Multifractal spectrum and localized entropy. We temporarily
restrict our attention to the case where v = u = 1. In this case the predicted
spectrum takes on a particularly simple form: indeed, we compute

T&(q) = inf {t € R : P*B(T1, X1, qp — t) < 0}
= inf {t e R : P*B(T1, X1,qp) —t <0}
= PP(T, X1, q9),

so that &% is the Legendre transform of the convex function ¢
PaB(Ty, X1, qp). The corresponding level sets are

n—oo n

(6.1) KZ = {x € X : lim lSngp(a:) = oz},

and the multifractal spectrum coincides with the entropy spectrum for Birk-
hoff averages:

Fa) = BE:(«) :== ha’B(Kgf).

Kucherenko and Wolf [KW15] introduced the notion of localized topo-
logical pressure, restricting the pressure to orbits whose Birkhoff averages
satisfy prescribed constraints. Motivated by this, we introduce the localized
weighted entropy.

Given a neighborhood U C R of «, define the approximate level set

(6.2) Co(U) = {:c €X: mllﬂsww(x) € U},
and let
(6.3) A2S(U) = min {#E : B*(E,n,e) D G,(U)},

where B2(E,n,€) ==, g Ba(z,€).

zeE
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We then define the localized weighted entropy by
1
F?(a) := inf lim lim —log A2(U),

Usae=0p 500

Fa(a) := inf lim lim 1log A2E(U).

Usae—0n—oon

In this framework, we obtain the following strengthening of Theorem [3.4]
THEOREM 6.1. Let ¢ € C(X1). Then, for all « € R,
(6.4) F2(a) < F(a) < Fa(a) < §*(a).

Proof. The proof splits into two parts. First, we compare the fine spec-
trum with the localized entropy, establishing 72 < F2. Second, we compare
the localized entropy with the predicted spectrum, proving F2 < S2. (The
middle inequality in (6.4) is immediate.)

STEP 1: F?(a) < F2(«a). We first rewrite the exact level sets (6.1]) in
terms of the approximate sets (6.2)):

Kz () U NG,
Usa NeNn>N
For each neighborhood U > «, define
~ 1
Gy(U) = m Gn(U) = {l’ € X: 75[@”}90(1’) eUVn > N},

RN [ain]
GU) = Gn ).
NeN
Thus K¢ C (Nyse G(U). In particular,
6.5) h*P(K,) < h®B(G(U)) = sup h*B(Gn(U)) < sup Ch*(Gn(U)),
N N
where Ch? denotes the lower capacity entropy (see [WHI19]).
Mimicking the definition of A3“(U), set
A2S(U,N) := inf {#E : B(E,n,¢) D Gy(U)}.
Since Gn(U) D Gn(U) for n > N, it follows that AY(U) > AY(U, N).
Consequently,

1 N
lim lim —log A%(U) > sup Ch*(Gn(U)) > h*B(K,).
e=0p 00 N N

Taking the infimum over all neighborhoods U 3 « yields F2(a) > F?(a).

STEP 2: Fa(a) < 8?(a). Fix a € R and let U be a neighborhood of c.
For t < F2(«) and € > 0, there exist 6 > 0 and a sequence ny — oo such
that A%}{J(U) > e for all k, and |o(z) — ¢(y)| < € whenever d(z,y) < 4.
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Let E be an (a,ng,d)-spanning set for X;, and define
E' ={x e E:Bj (z,0) NGy, (U) #0}.
By construction, #E’ > e+, Hence,
Z eﬁs[alnﬁ(q“p)(@ > Z eﬁs[alnk] (qp)(z) > ekt . eé[alnﬂ‘I(infU_a).
el zel’

Therefore P28 (T, X1, qp) >t + q(inf U — ¢). Since t < Fa(a), and U > «,
€ > 0 were arbitrary, we deduce

PB(Ty, X1, qp) > F2(a) + qa,
which proves the claim. =

For clarity, we state the following corollary summarizing our main con-
clusions in the case ¥ = u = 1 and when the entropy map is upper semicon-
tinuous (ensuring existence of equilibrium states).

COROLLARY 6.2 (Entropy spectrum for Birkhoff averages). Let X be a
compact metric space, Ty : X1 — X1 continuous, and ¢ € C(X7). Assume
the entropy map M(X1,T1) — R is upper semicontinuous. Define

T§(q) = P*5(T1, X1,q9),  J(q) = [DTT§(q), DT T§(q)].
Then the predicted spectrum is
S?(a) = inf {T8(q) —
() = inf {T'(q) — qo},
and the domain I = {a : S*(a) > 0} satisfies

(6.6) I= [ lim D’TS(Q),qlggoDW(?(Q)}

q——00
= { S odu: € M(Xl,Tl)}.
X1
For a ¢ I, the level set K§ = (. For a € int I\ e int J(q), we have

6.7  hW*P(KE) = F(a) = F2()
= ;gﬂg {18 (q) — qa}

= sup {hM(Tl) s € M(X,Th), S pdu = a}
X1

=sup {h,(Th) : p € Mg(KE,Th)}.

Proof. We first establish . The initial equality is direct: recall that
a € I if and only if T2(q) > 0 for all ¢, which here is equivalent to requiring

PB(Ty X1, qp) > qa for all ¢ € R.
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By convexity properties, this holds precisely when

o€ [qgr}loo D™T5(q), lim D+T§‘(Q)] = 7.
geR

For the second equality in , assume p € M(X1,T) with SXI pdp=a.

Then
PP (gp) > h2(T) + | qpdu > qo, Vg eR.
X1

Conversely, fix ¢ € R and let a™ = DTTy(g). For v > 0, let p, be an
equilibrium state for (¢ + v)p, and take a weak* limit p of 1y as v — 0.
Upper semicontinuity of the entropy ensures that p is an equilibrium state
for gy, and moreover

—1; — -t
élwdu = ygg)él pdpy = at,
since le odp, € J(g+ ) for all 4. Because a™ € 9.J(q), there exists an
ergodic component v of y with § pdv™ = a™. A symmetric argument
yields an ergodic v~ with § X pdv~ = «a~. Taking convex combinations of
v+ shows that

{ \ odu:pe M(Xle)} D J(q), VgeR
X1
Hence holds. (Note also that the set {§ o dp : p € M(Xy,T1)} is closed,
being the continuous image of a compact set.)

The emptiness result K& = () for a ¢ I follows from Theorem If
is such that J(q) = {a} for some g, the first two lines of are obtained
from Theorems and . If a € 0J(q) for some ¢, they follow from Theo-
rem together with the construction above of an ergodic equilibrium state
v satisfying [y @dv = a.

The third identity in is a consequence of Theorem while the
fourth comes from the fact that we proved the first two by explicitly con-
structing a full measure. Finally, the last statement of Corollary [6.2] follows
directly from Corollary [4.5 =
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