FUNDAMENTA
MATHEMATICAE

Online First version

Minimal Banach—Tarski decompositions
by

Cesare Straffelini and Kilian Zambanini

Abstract. We investigate the problem of finding the minimum number of pieces
necessary for dividing a three-dimensional sphere or a ball and reassembling it to form n
congruent copies of the original object, generalising a known result by Raphael Robinson.

1. Introduction. A century ago, Polish mathematicians Stefan Banach
and Alfred Tarski managed to prove a result that, in some way, changed our
view of mathematics forever. Their renowned theorem, published in [BT24],
shows that it is possible to divide the closed unit ball D3 C R? into finitely
many pieces and reassemble them to form two balls of the same size, hence
duplicating the total volume, something that in “real life” looks impossible.

Banach and Tarski’s proof made use of the axiom of choice (AC), whose
content is not constructive. The original goal of the two mathematicians was
to provide supporting arguments for their aversion to AC, showing a para-
doxical behaviour in its consequences. Indeed, there are alternative settings
where mathematics can be developed, like the Solovay model introduced later
in [Sol70], where the axiom of choice fails and every set of reals is Lebesgue
measurable, hence the ball duplication result also fails.

However, Banach and Tarski’s result did not have the consequences they
expected. Indeed, today the vast majority of the mathematical community
accepts the axiom of choice and its consequences, considering them simply
to be counterintuitive but not paradoxical.

Returning to [BT24], no estimate on the number of pieces necessary for
the decomposition was given therein. In the following years many mathemati-
cians tried to find an upper bound: John von Neumann claimed in [Neu29|
that nine pieces suffice. Later, Wactaw Sierpinski [Sie45] proved that eight are
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enough. Eventually, Raphael Robinson [Rob47| settled the question showing
that five pieces are the minimal number.

In his proof, Robinson showed that the same construction for the unit
sphere S? (the boundary of D?) requires four pieces. Starting from such a
minimal decomposition he was able to construct one for D? with only five
elements, one of which is a singleton, and he also showed that with less than
five pieces it is impossible to reach the same result.

It is clear that, iterating this construction, one can start with a unit ball,
divide it into finitely many pieces, and reassemble them into n balls of the
same size, for all natural numbers n. A question that now naturally arises
is the following: what is the minimal quantity of pieces needed to produce n
unit balls starting with one?

This work is motivated by the authors’ aim to answer the latter question.
We started by looking whether it had already been discussed somewhere, and
we only found a Mathematics StackFExchange post from twelve years ago in
which an anonymous user posed the same problem.

A tentative answer was suggested by Andrés Caicedo [Cail3], who claims
that 5n — 2 pieces are surely sufficient and states that “it would be tempting
to say that” the answer is 2n + 1, probably based on the idea that for the
sphere 2n pieces are the correct value, and then one more piece is needed to
pass from S? to D3, as done by Robinson in the n = 2 case.

In this work we show that, indeed, the necessary number of pieces for
dividing S? and reassembling it into n copies is 2n, while, for D3, we prove
that the value of the optimal decomposition is 3n — 1 pieces, n — 1 of which
can be taken as singletons.

We begin our proof with a group-theoretic result (Theorem that
builds upon the classical proof for the n = 2 case (Theorem . In this
connection see, for instance, the monograph [Wag85| or its updated edition
[TW16].

We point out that each proof of Theorem makes use of a suitable
partition of o into four subsets. Each such partition is a slight variant of
that formed by the sets of “words beginning with ¢”, “words beginning with
77, “words beginning with ¢~!” and “words beginning with 7=, where o
and 7 are the generators of F.

In the n > 2 case, the main issue is to partition Fo into 2n subsets. As
[Fy is two-generated, finding a decomposition into 2n sets that is suitable for
our later purposes is not completely trivial.

Another significant complication in the n > 2 case arises in the proof of
Theorem [.4] below. There we need to single out a word w in a very careful
manner. Notice that, in the n = 2 case, this is not needed because of the
high symmetry of the four sets forming the Fo partition whose existence is
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claimed in Theorem [2.2] Such symmetry is then used throughout the whole
proof.

2. Group theory prerequisites. For our results, we need basic in-
formation about the free group on two generators. We refer the reader to
Chapter II, Section 5 of Paolo Aluffi’s amazing algebra book [Alu09] for a
detailed introduction and presentation of the topic. In the rest of this sec-
tion we recall only the results needed in the following, in order to have a
self-contained article.

DEFINITION 2.1. Let S be any set (of letters). We define the alphabet
on S to be the set
Su{sct:0e8},

where 0! is just a formal notation, and LI denotes disjoint union. Let W be
the set of all finite juxtapositions of elements of the alphabet on S, that is,

Wi={o o' meN, o, €8 (i<m), e €{l,—-1} (i <m)},

m—1
where clearly o' := o for o € S. The elements of W are called words of the
alphabet on S, and the set W also contains the empty word (for m = 0),
which we denote by e.

We introduce an equivalence relation on W, saying that two words are
equivalent if we can reach one from the other by introducing and/or deleting
a finite number of expressions of the form oo~! or 0~ 1o, for ¢ € S. A word
is said to be reduced if it contains no substring of the form oco~! or o~ 1o,
for any o0 € S.

Every word is equivalent to a unique reduced word, so the quotient of W
with respect to this equivalence relation can be identified with the set of
reduced words. This set, denoted by Fg, has a group structure with respect
to the juxtaposition operation (up to equivalence), where the word ¢ is the
neutral element and

eo Em—1\—1 ., _—€m—-1 —eo
(00 T O0m—1 ) | 0 -

This group is called the free group on the set S of generators. If two sets S
and S’ are equipotent, then their corresponding free groups Fg and Fg/ are
isomorphic. Usually, i denotes “the” free group on k generators, for some

k € N.

From now onwards, we will only deal with the free group Fo on two
generators, which we will call 0 and 7. If v € Fo and E C Fo, we let

VE) = {y-w:we E},

where 7 - w (sometimes just yw) denotes the juxtaposition of v and w.
In the classical proof of the Banach—Tarski decomposition theorem, with
n = 2, the crucial group-theoretic result used is the following:
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THEOREM 2.2. For each w € Fy, there is a partition of Fo into four
subsets
Fo = Ao U Byl Ay U By

such that € and w belong to the same element of the partition, and
O'(B()) :FQ—AO, T(Bl) :FQ—Al.

We will not prove Theorem [2.2] because it follows from our Theorem [2.5]
below. From now on, we fix a natural n > 2. This is the number of objects
congruent to the original one we are building with our decompositions. If
n = 2 we get a proof of the classical Banach—Tarski result.

Let a € Fy be a reduced word. We denote by I(«) the set of all reduced
words in Fs that begin with a. Then we define

Ay :=1I(0), Bj:=I(c""), Yo := 0",
A;:=1(r), B} :=I(c""2r7Y), ~:=70"2
and, for 2 < i < n (notice that in the n = 2 case there is no such i),
A =I(c7"7), Bf :=I(c""2rY), =0 T2
LEMMA 2.3. For all i < n, v;(B}) = Fy — A} and v; ' (A}) = F2 — B}.

Proof. We start by showing that ~;(B;) = Fy — A} for all i« < n. We
distinguish three cases: i =0,i=1and 2 <i <n.

Ifi =0, let @ € By, namely o = o~ ""!3, for some 3 € F3 whose reduced
form does not begin with ¢. Then

Yoo =oc"leTm g = .

Since B & I(0), we have yp-a = 8 € Fo — A}, as desired. As for the converse
inclusion, let o € Fo — Aj. This means that o does not begin with 0. We
write

o = O.n—la.—n-i—la — O_n—l . B

for some 8 := 0 "o € B, hence o € vo(Bg), as desired. The other cases,
i =1and 2 < i < n, are similar, so we provide only brief sketches of their
proofs.
If a € Bf, then a = 027713 for some 8 € Fy not beginning with 7.
Then
y-a=T10" 2072 lg = g,

and 3 € Fo — A]. Conversely, if a € F; — A}, we can write

n—20_—n+2

a=T10 T la=r10""2. 8

with 8 := 0727 ~1q, and the latter is in B} since o € I(7). So, a € v1(B}).
Lastly, if @ € B} for some 2 < i < n, then a = o~ ""27713, where 3 is
a reduced word that does not begin with 7. Hence it is straightforward to
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notice that

vi o =0 Tlrgi=2em 271l g — gt
Since 3 does not begin with 7, we get ;- € Fa — A}, as desired. Regarding
the reverse inclusion, let o € Fo — AY. Then

o = g itlrgim2pmit2 " lginly =il 2 g
with 8 = 0727710 1a, which belongs to B} if o' la does not start
with 7. But this is the case by the assumption o € Fo — A7.
Since y;(B}) = Fy — A, it is straightforward that v; '(A}) = F2 — B}. =

LEMMA 24. Leti<n, k>1and 0 <m<n—1. Then
vEoTm e AY and ~;7FoT™ € BY.

Proof. Once again, we divide the proof into three cases: i = 0,¢ =1 or
2<3<n.
Starting with the case A{j, we notice that

m nfl)k —-m nk—k—m

Yo™™ = (o o M=o ,
and the fact that m <n —1 and k > 1 implies that the latter starts with o,
so we find that vga_m € Aj. As for B, we see that

,yo—ko_fm — (O_nfl)fko_fm — O_fnk%»kfm

begins with =" "1, hence it belongs to B.
Concerning A7, observe that

”)/{CU_m _ (Tan—Z)kU—m

is in A}. Regarding B}, we notice that

,}/l—k‘o_fm — (To_an)fko_fm — (O_fn+27_fl)ko_fm

starts with 0~""27~1 and belongs to Bj}.
If instead 2 < i < n, we get

m —i+17_0_i—2)k0—m’

Yo" = (o

which starts with o =17 and therefore lies in A?. To conclude, if 2 < i < n,
then

,yi—ko_fm — (0_71+17_0_172)7k0_7m — (0_72+27_710_271)k0_7m‘
This word begins with o= "27~1 therefore it is in B}. =

We are ready to prove Theorem [2.5] generalising the classical Theo-
rem

Notice that in the case n = 2 the coeflicients vy and ~; are just o and 7.
Hence the proof of Theorem [2.2]is easier because it is more “symmetric”, in
the sense that there are simply definable automorphisms of Fy with o — 7,
with o = 0! or with o +— 771 that preserve the family { A}, BS, A}, Bi} =
{I(e), 1(7), I(e~1), I(r~1)}.
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By this symmetry property, in the proof of Theorem [2.2] it is enough to
assume, for example, w € (o). Here instead we consider all cases of w € A7
orw € B

THEOREM 2.5. For each w € Fo, there is a partition of Fo into 2n subsets
Fo=AgUBoU---UA,_1UB,_1
with € and w in the same element of the partition, and such that for alli < n,
vi(B;) = Fa — A,.
Proof. First of all, we notice that, with the notation of Lemma [2.3] we
have
ASUBEU---UAY JUB: | =Fy—{c,07!,..., 07"}

Ifwe{e,o7,...,07"2} we will just proceed as in the case w = o~ "1

Let w & {e,071,...,07""2}. Then w belongs to A} or B} for exactly one
i < n. Let C* denote this set, hence C* := A} if w € A} and C* := B} if
w € B

Denote by D* the other one, so D* := B if C* = A} and D* := A} if
C* = B;. Let also 6 € Fa denote the element of the form ~y; or v, ! such that
§(D*) = Fy — C*, whose existence is ensured by Lemma [2.3]

We define A; := A} and B; := B for j # 4, while
C::C*I_I{é_ka_m:0§m<n—1,kZO},
D:=D"—{6F ™. 0<m<n-1,k>1}.

Finally, let A; :=C, B;:= D ifw e A}, and A; := D, B; :=C if w € B}.

Notice that, by Lemma {67kFcm . 0<m <n—1,k>1} C D*.

Hence,
AoU Byl ---UA,1UB,_1 =Ty

and w and e are in the same element of the partition. From Lemma [2:3]
it follows that ~;(B;) = Fa — A; for j # i. So it remains to prove that
(D) =Fy —C.

Since we know that §(D*) = [Fo — C*, the desired conclusion follows from
the definitions of C' and D, Lemma [2.4] and the trivial observation that

S0 o™ 0<m<n—1,k>1})={6F o ™:0<m<n—1,k>0}. =

We anticipate that in the proof of our generalisation we also need a
refinement of Theorem [2.5] in which we slightly change the definition of the
subsets A; when the word w begins with the letter 7, again showcasing the
asymmetry between the two generators o and 7 that was absent in the n = 2
case.

LEMMA 2.6. If w € Fy begins with 7, there is a partition (A;,B; : 0 <
i < n) of Fo into 2n sets such that =1 € A; for alli < n, w € Ay and,
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for alli <mn,
vi(B;) = Fa — A;.
Proof. With the notation of Lemma [2.3] as in Theorem [2.5] we have
ASUBSU---UAY (UB: | =Fy—{e,07t,...,07 "2}
We let Ag := A (notice that ol = o € Ay, as desired), By := B, and
A=A u{y " k>0}, By :=DBf —{y " k>1}.

We also notice that 0% = ¢ = 'yfo € A1, as desired.
Also, by Lemma we have

A1 UB; =AU By U{e}.
Finally, by Lemma [2.3| and by the trivial observation that
71({71'“%21}):{7{]“!%20}

we see that v (B1) = Fa — A;.

In a very similar way, for all 2 < ¢ < n we define

A=A U {7*’“ ~l.k >0}, B;:=B - {V*k “Hl g > 1),
Thus ¢~ ! = 'yoa_’“ € A;, as required, and by Lemma [2.4 H we have
A;UB; = A UBr U {o Y,
Finally, by Lemma [2.3] and by the equality
(e k> 1)) = {3 e k2 0)

we get v;(B;) = Fy — A;. Putting everything together completes the proof. =

3. Paradoxality under group actions. In the next results, we deal
with group actions. We refer to Chapter II, Section 9 of [Alu09] for a thorough
presentation. We just recall some of the basic definitions.

If there is no ambiguity, we identify a group (G, -, ) with its support G.

DEFINITION 3.1. Let G be a group and {2 be a nonempty set. A group
action of G on (2 is a map from G x 2 to {2, denoted by (y,z) > v ez,
such that

cex=x and (y-d)ex=~ye(dex)

for all v and § in G. Given a group action of G on {2, we say that G acts on
{2 and we write G ~ {2. Every group G acts on itself by

Yo :i=y-90.
We call this the natural action of G on itself, and we denote it by G ~ G.
If G ~ {2 is a group action, v € G and E C {2, we let

Y(E):={yex:x € FE}.
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The latter is consistent with the notation introduced after Definition [2.1]
when we consider the natural action G ~ G.

DEFINITION 3.2. Let G ~ {2, E and F subsets of {2 and r € N. We say
that E and F' are G-equidecomposable with r pieces, and we write
E ~r Fa
if there are a partition
E=FEyU---UFE,._4
and a sequence (vy; : j < r) of elements of G with
F = ’YO(E(]) - ’}/Tfl(Erfl).

DEFINITION 3.3. Let G ~ 2 and let E C 2. We say E is (n,r)-
paradoxical with respect to the action G ~ 2 if there is a partition £ =
PyU---UP,_1 such that

Pjr~p, Eforall j<n and 79+ +7r-1=r

If the support of a group G is (n,r)-paradoxical with respect to the
natural action G ~ G, then we will just say that the group G is (n,r)-
paradoxical.

THEOREM 3.4. If 2 is (n,r)-paradozical with respect to G ~ (2, then
r > 2n.

Proof. For contradiction, we assume that r < 2n. Let (P; : j < n) be a
partition of 2 and (r; : j < n) be a sequence of positive natural numbers
such that

Pjr~p, Qforall j<n and 19+ + 101 =71

Since r < 2n and r; > 1 for all 7 < n, there is at least one jo < n such that
Tjo = 1.
Hence Pj, ~1 {2, that is, there is some 7y € G such that
2= VO(PJ'O)-

This implies v, '(22) = Pj,, but we also know that ~;'(£2) = §2. Hence
P; = @ for all j # jo, contradicting P; ~,, {2 by the assumption that
n>2 n

As a corollary to Theorems [2.5] and we now get the following result:

COROLLARY 3.5. Fa is (n,2n)-paradozical and not (n,r)-paradozical for
any r < 2n.

Proof. By Theorem we know that Fy is not (n,r)-paradoxical for
r < 2n. Using the notation of Theorem let P; := A; U B;j for j < n.
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Then (Pj : j < n) is a partition of Fy. Moreover, P; ~o Fy for all j < n,
since

Fo = Aj U (F2 — Aj) = 2(A;) Uy;(Bj). =

Now we are ready to start proving paradoxicality results for S* and 3.
The idea is to transfer the paradoxical behaviour of Fy to other sets on which
Iy acts.

DEFINITION 3.6. Let G ~ 2 and let x € §2. The stabiliser of x is
Stab(z) :={ye G:y ez =2z}

We say that = has trivial stabiliser if Stab(z) = {e}. Instead, the orbit of x
is

O(z) :={0ex:0€G}.
Notice that if y € O(x), that is, y = § » x for some § € G, then
Stab(y) = {y € G : 6143 € Stab(x)}.
In particular, the property of “having a trivial stabiliser” is constant on orbits.
An action G ~ {2 is said to be free if Stab(x) is trivial for all z € (2.

THEOREM 3.7. Let G ~ 2, with a free action. Suppose that G is (n,r)-
paradozical. Then 2 is (n,r)-paradozical with respect to the action G ~ (2.

Proof. Using AC, we pick an element from each orbit of the action of G
on {2 and collect them into a set M. If S C G, welet 8" :={yem:vy€ S,
m e M}.

Since G is (n,r)-paradoxical, there exist subsets (P; : j < n) such that

G=PU---UP,_4
and with the property that
P; ~r; Gforj<n and rg+---+rp_1 =1

We claim that 2 = Py U --- U P;_; and that P ~,, (2 for all j <n.

First of all, notice that (PJ’ : J < n) is a partition of 2. Indeed, if y € £2,
then y =+ ¢ m for some y € G, m € M. Since G=FyU---U P,_1, we get
N=PU---UP_,.

Moreover, if y € P; N P}, then there exist v; € P;, v; € Pj, m; € M, mj € M
with «v; e m; = y = 7, ¢« m;. This implies (fyi_lfyj) e m; = m; and, by the
definition of M, m; = m;. Since the action of G' on {2 is free, we conclude
that v; = 7;. Since (P; : j < n) is a partition of G, it follows that i = j.
Hence P/ NP/ =@ if i # j.

Next we fix j < n; our goal is to prove that PJ{ ~y; 2. Since Pj ~;., G,
there exists a partition P; = Eg U---U E,, 1 and some (7 : k <rj) in G
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such that
G = y0(Eo) U -+ Uy —1(Er—1).
By repeating the argument above, we obtain P} = EgU--- U E} ;.

It remains to show that 2 = 4o(Ep) U -+ U yp,—1(E; ;). To do so,
we fix y € 2. Then y = v e« m for some v € G and m € M. But G =
Yo(Eo) U+ U —1(Er,—1), 50 y = (7i0;) ® m = 7; ¢ (6; « m) for some i < r;
and 0; € E;. To conclude, we notice that if y € v;(E]) N 7;(£7) there are
0; € E;, (5]‘ € Ej, m; € M, m; € M with

Vi o (0 0 myi) =y =1y ¢ (05 « mj).

By the axioms of group action and by the triviality of the stabilisers, we get
¥i6; = 7305, implying i = j since G = yo(Eo) U -+ Uyp;—1(Ep;—1). =

Note that in the proof of Theorem as in the proof of Theorem [4.4]
below, we make use of AC to pick one element from each orbit of the action
G S

However, exactly as proven by Pawlikowski [Paw91], it is enough to as-
sume the Hahn—Banach theorem, a strictly weaker version of AC.

As we already mentioned in the introduction, it is impossible to prove
this kind of results without appealing to any fragment of the axiom of choice.

We recall a well-known notation in group theory: given two groups G
and H, we write H < G if H is a subgroup of G, and G ~ H if G and H
are isomorphic.

COROLLARY 3.8. If H < G is such that H ~ Fq, then G is (n,2n)-
paradoxical.

Proof. By Corollary[3.5] H is (n, 2n)-paradoxical. Since the action H ~ G
by left multiplication is free, by Theoremthe group G is (n, 2n)-paradoxical
with respect to this action. Since H < G, we deduce that G is itself (n,2n)-
paradoxical. m

4. The result for the sphere. In this section we would like to apply
the results from Section 3 to the case of the special orthogonal group SO(3)
acting on the sphere S? C R3.

We quote the following, a proof of which can be found in [Swi94|:

Fact 4.1. The group SO(3) has a subgroup isomorphic to Fs.

If the action of SO(3) on S? were free, by the previous results we would
get the paradoxicality of the sphere. Unfortunately, every rotation in SO(3)
different from the identity has two fixed points on S?, hence there are non-
trivial stabilisers.

Nevertheless, such an action has the following property:
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DEFINITION 4.2. A group action G ~ §2 is locally abelian if the subgroup
Stab(z) < G is abelian for all elements = € (2.

LEMMA 4.3. The action of SO(3) on S? is locally abelian.

Proof. If two elements of SO(3) fix a common point in R which is dif-
ferent from the origin, then they have the same rotation axis, hence they
commute. m

The following result is crucial:

THEOREM 4.4. If the action Fo ~ §2 is locally abelian, then §2 is (n,2n)-
paradoxical with respect to this action.

Proof. Let o and 7 be generators of Fa. We prove the existence of a
partition of 2 witnessing its (n,2n)-paradoxicality. Since the orbits of the
action Fy ~ 2 form a partition of {2, we work on each orbit. Let +; € Fy be
defined, as in Section 2, by

Y =0t 4 i=70"2, =0 e for 2 < i < m.

For each orbit O, we prove that we can write
O=A8 u---uA? ,uBSU---uB?

for some Alo and BZ-O for ¢ < n with the property *yi(BZ-O) =0- AS) for every
i < n. We then let 4} := J, AP, B} := Jp BE to get the conclusion for the
entire set (2.

As remarked before, given an orbit O, the stabilisers of elements of O
are either all trivial or all nontrivial. First we consider the case of an orbit O
whose elements have trivial stabilisers. We pick « € O. Since the stabiliser of
x is trivial, each element y € O can be written in a unique way asy = a o x
for some a € Fs.

By Theorem 2.5 we can write Fo = Ag LI BoU -+ L Ap—1 U By, with

Yi(Bi) = F2 — A;
for all 1 < n. We define AZO and BZ-O in the following way: we stipulate that
y € A9 if and only if a € A;, and y € BY if and only if a € B;.
By construction, it is clear that

O=A9 Uu---uA? ,uB§u.---uBY .

Moreover, if z = 7; o y for some y € B, then z = ; » (@ o ) = (y;0) » x
for some « € B;, which implies z € O — A? because ;(B;) = Fo — A;.
Conversely, if z € O — A?, then z = a  x for some a € Fy — A; = ~;(B;).
Hence z = 7; ¢ (8 » ) for some 3 € B;. Hence z € v;(BY), ending the proof
of the first case.

Next, let O be an orbit whose elements have nontrivial stabilisers. Let
w € Fa, w # ¢, be of minimal length among the words in Fy that fix at least
one element of @. We also pick an element x € O such that w ¢ x = z. Let
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a be the initial letter of the word w. Notice that w does not end with a1,
otherwise from

(@ lwa)e (atez)=(atw)ez=atlex

we would infer that the word o wa, which has length strictly smaller than
the length of w, fixes a~! o x, violating the minimality of w.

Notice that if w ¢ = x and « is as above, then ' := o~ lwa has the
same length as w and fixes a~! o z, as we have already pointed out. A similar
argument holds for w™!: it has the same length as w and fixes x. Therefore,
if w contains the letter 7, up to replacing w with w’ and possibly repeating
the previous argument, we can assume that w begins with 7 (so a = 7).
Similarly, if w contains the letter 77!, then we can replace w with w™! and
then make use of the previous argument.

Eventually, if w contains neither 7 nor 7!, then it is a power of o. Up
to replacing w with w™!, we can assume that w = o¢—* for some k > 0.

To finish the proof, we distinguish the two cases & = 7 and w = o~ *.
This is the content of Lemmata and below. =

Before proving Lemmata and [£.7, we show a preliminary result,
Lemma concerning locally abelian actions. The proof is the same as
that of the case n = 2; see, for instance, [Wag85]. We present it in detail for
completeness.

LEMMA 4.5. Let Fo ~ §2 be locally abelian, O an orbit with nontrivial
stabilisers, and let w # € be of minimal length fixing at least one element
x € O. Let o be the first letter of w. Then for each y € O, there is a
unique reduced word ¢ € Fy that ends neither in o=t nor in w and such that
y=_Cex.

Proof. We first prove existence and then uniqueness.

Ezistence. Let y € O. Then there is some p € Fy such that y = g » x.
If o does not end in w or a~ !, we are done. If p ends in w, we consider gw™!,
which still has the property that y = (ow™!) » z, since w fixes z, and we can
repeat the process until pw™" does not end in w. Notice that in this case
ow ™" does not end in a1, because otherwise o would have a substring o ‘o
in its reduced form.

If o ends in o', we consider gw. Hence y = (ow) » x, and we can repeat
the argument until pw”* does not end in a~! (recall that w does not end
in a~1). Notice also that, by construction, this new word does not end in w.

Uniqueness. First we prove that the only elements of Fy that fix « are
the powers of w. Indeed, if 9 also fixes z, then ¥w = w by the local abelian
property of the action of Fo on {2. However, if two elements of a free group
commute, then they are powers of a common element. This means that there
exist ¢ € Fy and 7,k € Z such that w = ¢7, ¢» = ¢¥. By minimality of w it
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follows that |k| > |j|. Let k = j¢ 4+ r with £ € Z and 0 < r < |j|. Then
r=per=¢"ex=¢"(¢) cx=¢ W er=9"ou

So ¢" fixes z and, by minimality of w, we get r = 0, forcing ¢ to be a power

of w.

Let us now assume that y =7 ¢ x = ( » x for some 7, ( € Fy not ending
in a=! or w. Then (n~1¢) » 2 = 2, so n~!( is a power of w.

If n71¢ is a positive power of w and n~! begins with «, then 7 ends
with o~ !: a contradiction. If instead n~ ¢ is a positive power of w and 1!
does not start with o, notice that n~!¢ starts with .. Therefore =1 cancels
with the first letters of ¢ and so ¢ does end with w: again a contradiction.
If n~1¢ is a negative power of w, then (~! is a positive power of w and we
reach a contradiction by the same argument.

Hence the only possibility is that 77'¢ = . So uniqueness is proved. =

LEMMA 4.6. Let Fo ~ §2 be locally abelian, O an orbit with nontrivial
stabilisers, and let w # € be of minimal length fixing at least one element
zeO.

Assume that w begins with 7. Then there is a partition

O=AS u---uA® uB§uU---uBY
for some A® and B for i < n such that v;(BP) = O — A9 for every i < n.
Proof. We apply the construction of Lemma [2.6] to get a partition
Fo=AgUBoU---UA,_1UB,_1
such that o=t € A; for all i < n, w € A; and, for all i < n,
Yi(Bi) = F2 — A;.
Next we define the sets AY and BE, for 0 < i < n, in the following way: for
each y € O, let ¢ be the word as in Lemma We stipulate that y € AZO
ory € Bio if and only if ¢ € A; or { € B;, respectively. Since
Fo=AgU---UA,_ 1 UByU---UB,_1,
by uniqueness of ¢,
O=Au---uA? ,uBSU---uBY .
It remains to prove that v;(BY) = O — A9 for all i < n.
First we prove that v;(BY) C O — A9 for all i < n. Let y € BP, hence
y = ( ¢ x for some ¢ € B; that does not end in 77! or w. Since
Yi(Bi) = Fo — Aj,

we can write y; o y = (7;() » x with 7,¢ € Fo — A;. In particular, if v;¢ does
not end in 77! or w, we conclude that v; e y € O — A?.
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If i = 0, then 79 = ¢!, which contains neither 7 nor 7—!. Since we are
assuming that ¢ does not end in 7! or w, we deduce that the same holds
for 70¢ = 0™ (recall that w begins with 7), as desired.

If i = 1, then v; = 70™ 2. Since ¢ does not end in 77!, the same holds
for

M¢ = 70" 3¢
Moreover, since ¢ does not end in w and w begins with 7, the only possible
case in which 76" 2¢ ends in w is when 70" 2¢ = w. In that case w =
v1¢ € Fy — Ay, which contradicts w € Ay as follows from the construction in
Lemma

If 2 < i< n, then v, = 0~170""2 and, as before, it is easy to see that
v;¢ does not end in 771 if ¢ does not. Finally, we have to exclude the case
in which

i = o~ g2
ends in w. Since ¢ does not end in w, and w begins with 7, the only possibility
would be w = 70'"2¢. However, in this case, 7, = o “tlw begins with
o717, so it belongs to Ar C A; (for the definition of A}, refer to the
notation of Lemma and the construction in Lemma , contradicting
'YZC € IE‘2 - A

Eventually, we are left to prove ~;(B; N Do0o-— AZO for ¢ < mn, equivalent
to

7 (O - A7) C B
Let y € O — AO Hence y = ( » x for some ( € Fy — A which does not end

in 77! or w. Smce'yZ Y(F, — 4;) = B; andalso*y oy—(fyllg“)ox we

conclude that v, " ey € BO provided that ~y;” ¢ does not end in 7! or w.
Let us divide again into three subcases.

If ¢ = 0, then 70_1 = ¢t which contains neither 7 nor 7=!. Hence it is
immediate to see that yalc does not end in 77! or w (which begins with 7),
as the same properties hold for (.

If i =1, then fyl_l = o271 Since ¢ does not end in w and w begins
with 7, we see that 'yl_lc = o "2771¢ does not end in w. Moreover, if
v ¢ = 67"+2771¢ ends in 771, by the fact that ¢ does not it follows that
(=¢c. In thiscase ( =¢ € A1 (by Lemma ., contradicting ¢ € Fy — Aj.

If 2 < z < n, then 7, o~ *2r=15=1 and, as above, it is easy to
see that ~, 1¢ does not end in w 1f ¢ does not. Finally, we have to exclude
the case in which ~; ¢ = 07277 1511¢ ends in 77!, Since ¢ does not end
in 771, the only possibility is ¢ = O'_H_l. In that case, ¢ belongs to A; (by
Lemma , contradicting ( € Fo — A;. =

LEMMA 4.7. Let Fo ~ §2 locally abelian, O be an orbit with nontrivial

stabilisers, and let w # e be of minimal length fixing at least one element
zeO.
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If w=0"F for some k > 0, then there is a partition
O=A8 u---uA? uBSU---uBY
with v;(BP) = O — A9 for every i < n.

Proof. By the construction of Theorem there are A; and B;, for 0 <
1 < n, with
Fo=AoUBoU---UA,—1UB,_1

and € and w both belong to the same element of the partition. Since w = 0%,

they both belong is By.

Now we define the sets A? and BZ-(9 in a way that is analogous to
Lemma [4.6} indeed, for y € O, let ( be the unique word determined by
Lemma and we put y € AZ(-9 ory € BZ-O if and only if ( € A; or ¢ € B;,
respectively. By uniqueness of ¢ and by the fact that the A; and B; form a
partition of Fy, we have

O=Au---uAQ ,uBSU---uBY .

As above, it remains to prove that v;(BY) = O — A9 for every i < n.

Let us prove %(Bio) CcCO- AZO for i < n. Let y € BZ-O. Then there is
some ¢ € B; that ends neither in ¢ nor in w = ¢~* and such that y = ¢ » z.
Since

7i(Bi) = Fa — A,

we can write y; o y = (7;¢) » x with 7,¢ € Fo — A;. In particular, if ;¢ ends
neither in ¢ nor in o~*, then we conclude that ~; e y € O — AZO.

If i = 0, then 79 = 0™ ! and it is clear that vo¢( = ¢" !¢ cannot end
in o—*. However, it may end in o. If this is the case, then we can consider
0" 1w = o™ 1¢o~*, which again does not end in 0%, since we are studying
the case where 0" 1( ends in o. If this new word does not end in o, then
we stop. Otherwise, we repeat the argument until we find the first word that
does not end in . Summing up, we find a word of the form o 1((o%),
where @ > 0, which ends neither in ¢~ nor in ¢ and, since w = o * fixes z,

W0 ey=(0""1¢) ea= (")) .z
If we prove that o™ 1((c7%)* € Fy — Ap, then we get vp ey € O — AY,
reaching our goal. To prove this, notice that we are dealing with the case
in which "¢ ends in ¢ (otherwise there is no need for this construction).
Since ¢ does not end in o, ¢ is a (negative) power of o. Hence o™~ 1((0%)®
is itself a power of o and, by the construction in Theorem it belongs to
By CFy — Ao.

If i = 1, then v; = 70" 2. Again it is easy to see that v,{ = 70" %(
does not end in w = o % if ¢ does not. Moreover since w = o~ %, by the
construction in Theorem we have By = B, so ( € By = B begins with
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o277 1 Therefore v1¢ = 70" 2( is a final part of (; hence, it does not
end in o.

Finally, we consider the case 2 < i < n, where v; = 0~ Tlr0'=2. Again,
by the construction in Theorem we get B; = B, so that ¢ begins with
o127 ~1 meaning that ¢ = o~"?7~ 1y for some 1 € Fy not starting with 7.
Hence

¢ = o,
Since ¢ does not end in o, neither does n. Hence also ~;( cannot end in o.
If 4;¢ does not end in 0% = w, we are done. Otherwise, we argue as in the
case i = 0: we consider the word v;¢(c%)% = o~ 1n(c*)?, where a > 1 is the
smallest such that this new word does not end in ¢—*. Also, by minimality
of a, it does not end in o. Since w = o~ * fixes «,
=it _ (=il _kya
viey=(o""Tm)ex=(c"""n(c")") e

and so it suffices to prove that (c~"Tln(c*)?) € Fy — A; = Fy — A¥. This
is true since 7 does not start with 7, so that (¢=""15(c*)%) does not begin
with o =17,

Then it remains to prove that v;(BY) 2 O — A9 for i < n. This is
equivalent to

7 (0 - A7) C B
Let y € O — AZO. This implies y = ¢ » z for some ( € Fy — A; which
ends neither in ¢ nor in ¢ *. Since ’yi_l(IFg — A;) = B; and also 'yi_l oy =
(v, 1¢) o , we deduce ;! ¢y € BY provided that v; '¢ ends neither in o
nor in o~*.

If i = 0, then ;' = 0" *! and it is clear that 7, '¢ = o~"*!¢ does not
end in o. If it does not end with 0% either, then we are done. Otherwise,
we can consider the word o= "+1((c%)®, where a > 1 is the smallest natural
number such that the corresponding word does not end in o~*. By minimal-
ity, such a word does not end in o either. Moreover, since w = o~ * fixes x,
we can write

Yo ey=(0") s r = (0" (")) o a.
If we prove that o "*1((c*)® € By, then we are done. Notice that ¢ "¢
ending in o~* implies that ¢ is a power of o (by the fact that ¢ ends neither
in o nor in 0~*). Therefore the same is true of o+ (o*)%. By construction,
the latter belongs to By.

If i = 1, then ’yl_l = o~ "2r~1 By assumption ¢ € Fo — A; = Fy — A}
(by Theorem . This means that ¢ does not begin with 7; hence ~; e =
o~"2771¢ has ¢ as final part and, like ¢ itself, it ends neither with ¢ nor
with o=*.

Finally, we deal with the case 2 < ¢ < n, where 7;1 = g 2 lgiml
Again, by the construction in Theorem [2.5] we get A; = A, so that ¢ does

77

i+2,—1
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not begin with o~"+!7. We notice that the word v; '¢ = o= "2 1g"~1¢ does
not end in o~*: this follows from the fact that ¢ does not end in o~ and it
does not begin with o~ +17. If *yi_IC does not end in o either, then the proof
is complete. Otherwise, we argue as in the case ¢ = 0: we consider the word

,Yi—lc(a—k)a _ U—i+27_—10i—1<(0—k:)a’
where a > 1 is the least natural number such that this new word does not

end in o. Also, by minimality of a, it does not end in 0=% = w. By the fact
that w = o~ F fixes z, we have

~1 —i42_—1_i—1 —i42_—1 -1, _—
vitey=(c""r o) ez = (o7 0" (o )a) o .
So it suffices to prove that o =277 151"1((c7%)% € B; = B}. This is true
since ¢ does not start with o7, so o2 "1g""1((67%)% begins with

o 21 g

Hence we can now prove the following result:

COROLLARY 4.8 (Generalised Banach-Tarski for S?). With respect to
SO(3) ~ R3, the sphere S? is (n,2n)-paradoxical and not (n,r)-paradozical
forr < 2n.

Proof. By Fact the group SO(3) has a subgroup isomorphic to Fa.
By Corollary SO(3) is (n,2n)-paradoxical. The action SO(3) ~ S? is
locally abelian because of Lemma hence by Theorem we get the
(n, 2n)-paradoxicality of S2. Moreover, Theorem implies that S? cannot
be (n,r)-paradoxical for r < 2n. m

5. The result for the ball. In this section we apply our generalisation
of the Banach-Tarski result for the sphere S? (Corollary to find the
minimal number of pieces needed to perform the same construction with the
closed ball D3,

DEFINITION 5.1. A closed hemisphere of S? is a subset H C S? for which
there exist a, b, c € R not all zero such that

H = {(zx,y,2) €S?*: ax + by + cz < 0}.

If in the definition of H we replace < with <, we say that H is an open
hemisphere. Clearly, one can define closed and open hemispheres relative to
any sphere in R? analogously.

LEMMA 5.2. Let B C R3 be a closed ball of radius 1 with centre {a,b,c) #
(0,0,0). Then there is a closed hemisphere of S* which is disjoint from B.

Proof. Consider the closed hemisphere defined by
H:={(z,y,2) € S*:azx+ by + cz <0}
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Let (x,y,z) € H N B. By definition of B, we have
(x—a)*+ @y -0+ (z—c)? <1

Since 22 + y? + 22 = 1 we get
a2+ +< 2(ax + by + cz) <0,

which is a contradiction since (a, b, c) # (0,0, 0). Hence a® + b> +¢c* > 0. =

DEFINITION 5.3. A map o : R? — R3 is called a direct isometry if it is
of the form

o(x) =p(x)+b
for some p € SO(3) and some b € R3.
We denote by SE(3) the group of direct isometries on R3.

THEOREM 5.4. Assume that D?® is (n,k)-paradovical with respect to
SE(3) ~R3. Then k > 3n — 1.

Proof. By assumption, we have D3 = Py -- U P,_; with Pj ~y; D3 for
all j <nand kg + -+ k1 = k. Assume for contradiction £ < 3n — 1.
Since it is not possible that P; ~q D3, there exist 0 < jo < j1 < n such that
kjo = kj = 2.

Hence there are pairwise disjoint subsets By, Bo, B3, B4 of D3 and isome-
tries o1, 09, 03, 04 With

O'1[B1] LJ O'Q[BQ] = 0'3[33] LJ 0'4[.84] = ]D)3;

here and in the following, o[X]| denotes the image of the set X under o.
We prove that at least one of the four maps o1, 02, 03 and o4 does not
fix the origin 0 := (0,0,0) of R3. Indeed, assume this is not the case. By
assumption, at most one of By, By, B and B, contains 0. Without loss of
generality, we can assume 0 ¢ B3UBy. Then, since 03(0) = 0 and 04(0) = 0,
we get
0 ¢ 03(B3) U 04[By] = D

Consequently, this proves that there is some 1 < i < 4 with ¢;(0) # 0.
Without loss of generality assume that i = 4. Then o4[D?] is a closed ball
with centre different from 0. By Lemma 5.2} there is a closed hemisphere H
of S? disjoint from o4[D3]. Since o3[B3] U o4[By] = D3, we have H C o3[Bs],
so 031 [H] C Bs.

Now, since H is a closed hemisphere of S?, we see that o5 '[H] is a closed
hemisphere of some sphere of radius 1. We have

o3 '[H] C By C D?,

hence o3 '[#] is a closed hemisphere of S2.
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Since By and By are disjoint from Bs, it follows that (B U By) NS? is
contained in the complement of o5 1[7—[] in S?, which is an open hemisphere
of S?. In particular, neither By nor By contains a closed hemisphere of S?.

If 01(0) # 0, by the same argument that we used for Bs, we find that Bs
contains a closed hemisphere of S?. Hence o1 (0) = 0 and the same argument
applied to oo shows that 02(0) = 0. Therefore o1 and o9 are direct isometries
fixing 0. Thus, they are rotations, and in particular they map S? into itself.
Hence we have

(0’1[31] UO’Q[BQ]) Ns? = 0'1[31 ﬂSQ] UO’Q[BQ QSQ}.

As we have already pointed out, B; N'S? and By N'S? are contained in an
open hemisphere of S?, hence the same holds for o1 [B; NS?] and 02[ByNS?].
Therefore the equality above implies that (o1 [B1]Uo2[Ba]) NS? is contained
in the union of two open hemispheres, so it is strictly contained in S?; this
contradicts the assumption that oq[B;] U 09[Bs] = D3.

Hence the initial assumption & < 3n — 1 must be rejected. =

THEOREM 5.5. D? is (n, 3n — 1)-paradoical with respect to SE(3) ~ R3.

Proof. For 0 < r < 1,let S, := {x € R®: ||x|| = } be the sphere of
radius 7 in R? centred at 0. Notice that D* = {0} U{J,,<; Sr and S; = S2.

Recall that SO(3) contains a subgroup F' isomorphic to the free group Fo
with two generators. We identify F' with Fy and we denote by v;, 0 <1 < n,
the rotations corresponding to the reduced words defined in Section 2. Sim-
ilarly, we denote by ¢, 01, ..., 0 "2 the rotations associated to the words
with the same names by a fixed isomorphism between F' and Fs.

Next, recall that the action of F' = Fy on S? is locally abelian. Hence,
for each 0 < r < 1, by Corollary (in particular, by the construction in
the proof of Theorem , we can split S, into 2n pieces, which we call Ag,
Bj,...,A] 4, By _,, such that 7;(B]') = S, — Al for all 0 <1i < n. Here we
point out that Corollary holds for every sphere, by homothety.

We assume that there exists a partition of S into 3n — 1 pieces, which we
denote by A}, BS,..., AL | Bl | and {x1},...,{Xn—1}, such that v;(B}) =
S1 —AZ1 for all 0 < ¢ < n, and each {x;} is a singleton. We postpone the proof
of existence of such a partition and we complete the proof of the theorem
first.

To this end, we consider a partition of D? consisting of 3n — 1 pieces

{Ao, {Bi}o<i<ns {Ait1<i<n, {Xi}1<i<n}
where we define Ag, B; for 0 <i <n and A; for 1 <i <n by

Ag:={0yu |J 45, Bi:== |J B}, Ai:= ] 4.

0<r<1 0<r<1 0<r<1
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Let p; be the Euclidean translation which maps x; to 0. Then we have

Ap U70(Bo) = Ag U ’Yo( U BS)

0<r<1
=A0U |J ~(Bp)
0<r<1
={0yu {J 4pu J (5 - 4p)
0<r<1 0<r<1
={o}u |J s =D
0<r<1

Similarly, for 0 < ¢ < n we have

AiU%-(Bi)Ugi({xi}):AiU%( U B;)u{@}

0<r<1
= U 47v U B ui{o}
0<r<1 0<r<1
= |J “ru(s, - 4an)ufo} =,
0<r<1

This proves that D? is (n, 3n—1)-paradoxical with respect to the action of
SE(3) on R3. In particular, we have obtained n — 1 copies of D3, each formed
by three pieces, and another copy (the one constructed from Ay and By),
formed by two pieces.

Therefore, it remains to prove that the partition of S; = S? with the
above mentioned properties does exist. First of all, we consider the action of
F ~ TFy on S? and we fix an orbit @ with trivial stabilisers. Such an orbit
does exist since F' is countable and each rotation different from the identity
fixes only two points on S2. Therefore there exists a point (hence an orbit)
with trivial stabiliser. We partition the set S> — @ as we did for S,, for
0 < r < 1, by using Corollary [£.8]

On the orbit O, we pick an element x; and we define

X = oI (x))
for 2 < j < n. Since O has trivial stabiliser, for every y € O—{x;:1 < j <n}
there is a unique element
weF—{eo . . o2}

such that y = w(x). Hence we partition O into 2n subsets as we previously
did: WeletyeAi1 if we A7 andyEB’i1 if w e B} for every 0 < i < n,
where A7, B} are defined in Section 2. Now, by applying Lemma we get
the existence of a partition with the required properties. =
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With reference to the construction of the sets A7 and B; preceding
Lemma [2.3] in addition to & we left behind n — 2 elements: those having
the form =% for 0 < 4 < n — 1. This is the difference from the classical
result for n = 2, where in the corresponding partition every element of Fo
except € is included. Our modification plays a crucial role in the proof of The-
orem in the construction of the n — 1 singleton pieces {x1},...,{xpn—1}
of the desired partition.

COROLLARY 5.6 (Generalised Banach-Tarski for D3). With respect to
SE(3) ~ R3, the ball D? is (n, 3n—1)-paradozical and is not (n, r)-paradozical
forr <3n—1.

Proof. Combine Theorems and .

We close with the observation that the proof of Theorem not only
shows that 3n — 1 pieces are necessary, but also that, in this minimal case,
one of the n “new” balls must be formed by two pieces and all of the others
by three. The partition that we define in the proof of Theorem [5.5] satisfies
that requirement: n — 1 of the pieces are singletons, each contributing to one
of the balls formed by three pieces. Hence a more meaningful way to express
the minimal number may be 2 + 3(n — 1).
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