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Embeddings in Besov–Triebel–Lizorkin-type algebra and
Sobolev spaces of Morrey scale

Fares Bensaid, Bochra Gheribi and Madani Moussai

Abstract. We deal with some embedding properties between the homogeneous
Besov–Triebel–Lizorkin-type spaces of bounded functions and the homogeneous Sobolev
spaces built on the Morrey scale.

1. Introduction. The homogeneous Besov-type spaces Ḃs,τ
p,q (Rn) and

Triebel–Lizorkin-type spaces Ḟ s,τ
p,q (Rn) are defined as the sets of all distribu-

tions f satisfying ∥[f ]∞∥ < ∞, where [f ]∞ := {f + u : u ∈ P∞}, where P∞
is the set of all polynomials on Rn and ∥ · ∥ is the corresponding (Besov
or Triebel–Lizorkin) quasi-norm. In a recent paper [5], we proved that the
subspace

(1.1) Bs,τ
p,q (Rn) := {f ∈ L∞(Rn) : [f ]∞ ∈ Ḃs,τ

p,q (Rn)}
endowed with the quasi-norm

∥f∥Bs,τ
p,q (Rn) := ∥f∥L∞(Rn) + ∥[f ]∞∥Ḃs,τ

p,q (Rn)

is a unital quasi-Banach algebra for the pointwise product if τ ≥ 0 and
s > max(0, n/p−n), and similarly for Fs,τ

p,q (Rn) after interchanging the roles
of Ḃs,τ

p,q (Rn) and Ḟ s,τ
p,q (Rn), i.e.,

Fs,τ
p,q (Rn) := {f ∈ L∞(Rn) : [f ]∞ ∈ Ḟ s,τ

p,q (Rn)}
endowed with the quasi-norm

∥f∥Fs,τ
p,q (Rn) := ∥f∥L∞(Rn) + ∥[f ]∞∥Ḟ s,τ

p,q (Rn).

We use Es,τ
p,q (Rn) to denote either Bs,τ

p,q (Rn) or Fs,τ
p,q (Rn), whenever it is not

necessary to distinguish between B-spaces and F -spaces.
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In this work, we establish embeddings between Es,τ
p,q (Rn) and homoge-

neous Sobolev spaces built on the Morrey scale Ẇm(Mw
v )(Rn). For embed-

dings of type E ⊂ Ẇ , we use distributions vanishing at infinity, while for
converse embeddings we employ realizations to handle the presence of poly-
nomials in Ẇ .

The motivation for this paper is to make these spaces more acces-
sible for applications in areas such as PDEs, including the Navier–Stokes
equations, and in the study of composition operators; see, for instance, [1,
Proposition 2.4], where the space Bs,0

2,2(R) naturally appears. In this context,
when τ = 0, the homogeneous Besov–Triebel–Lizorkin-type spaces coincide
with the classical homogeneous Besov–Triebel–Lizorkin spaces Ḃs

p,q(Rn) and
Ḟ s
p,q(Rn), which already have numerous well-known applications; see, e.g.,

[1, 2, 12, 15]. Moreover, their algebra versions Bs
p,q(Rn) and Fs

p,q(Rn), defined
in the same way as in (1.1), play a crucial role in the study of composition op-
erators on Besov and Triebel–Lizorkin spaces; see, e.g., [10, 11, 17, 19, 20]. We
also mention that embeddings between homogeneous Besov–Triebel–Lizorkin
spaces and Morrey spaces can be found in [14, Section 5.3], which further
supports their relevance for PDE applications.

The paper is organized as follows: In Section 2, we recall the definitions of
the relevant function spaces. In Section 3, we state our main results. Section 4
contains the proofs. The final section discusses potential extensions.

Notation.

• If X(Rn) is a function space defined on Rn, we simply write X.
• We denote by N the set of all positive integers, and N0 = N ∪ {0}.
• For k ∈ Z and η ∈ Zn, Pk,η denotes the dyadic cube 2−k([0, 1[n+ η).
• The symbol ↪→ indicates a continuous embedding.
• If 0 < p ≤ ∞, then ∥ · ∥Lp(Ω) denotes the quasi-norm of Lp(Ω); if Ω = Rn

we simply write ∥ · ∥p.
• For m ∈ N0 ∪ {∞}, we denote by Pm the set of all polynomials on Rn of

degree < m; we have P0 := {0}, P1 := {c : c ∈ C}, etc.
• If m ∈ N and E is any distribution space on Rn, we denote by Ẇm(E) the

homogeneous Sobolev space based on E, i.e., the set of all distributions
f ∈ E such that

∥f∥Ẇm(E) :=
∑

|α|=m

∥f (α)∥E < ∞;

we have ∥f∥Ẇm(E) = ∥f + u∥Ẇm(E) for all u ∈ Pm.
• If f ∈ L1, then f̂(ξ) :=

	
Rn e

−ix·ξf(x) dx and f̌(x) := (2π)−nf̂(−x) are the
Fourier transform and its inverse, respectively; they extend to any f ∈ S ′

in the usual way.
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• S∞ denotes the set of all functions φ in the Schwartz space S such that
⟨u, φ⟩ = 0 for all u ∈ P∞, and S ′

∞ denotes its topological dual, the space
of distributions modulo polynomials. If f ∈ S ′, the mapping that takes
any [f ]∞ to the restriction of f to S∞ yields an isomorphism from S ′/P∞
onto S ′

∞.
• The constants c, c1, . . . are strictly positive, depend only on the fixed

parameters n, s, p, q, . . ., and their values may vary from line to line.
• We use the letters B and F to indicate the Besov and Triebel–Lizorkin

spaces, respectively.
• Throughout the paper, the parameters s, p, q, τ satisfy s ∈ R, p ∈ ]0,∞]

in B-spaces, p ∈ ]0,∞[ in F -spaces, q ∈ ]0,∞] and τ ≥ 0, unless otherwise
stated.

2. Some function spaces

2.1. The Besov–Triebel–Lizorkin-type spaces. We fix, once and
for all, a standard cut-off function ρ, that is, a radial C∞ function such
that 0 ≤ ρ ≤ 1, ρ(ξ) = 1 for |ξ| ≤ 1, ρ(ξ) = 0 for |ξ| ≥ 3/2. We define
γ(ξ) := ρ(ξ)−ρ(2ξ); then supp γ is contained in the annulus 1/2 ≤ |ξ| ≤ 3/2
and ∑

j∈Z
γ(2jξ) = 1 (ξ ̸= 0).

Let us define the operators Qj , j ∈ Z, on S ′ by Q̂jf(ξ) := γ(2−jξ)f̂(ξ). To
extend the definition of Qj on S ′

∞, we adopt the following convention:
• If f ∈ S ′

∞, we define Qjf := Qjg for any g ∈ S ′ such that [g]∞ = f .
Then Qj is well-defined on S ′

∞ since Qjf = 0 (∀j ∈ Z) if and only if f ∈ P∞.
The distribution Q̂jf is of compact support, so Qjf is an analytic function of
exponential type, by the Paley–Wiener theorem, and f =

∑
j∈ZQjf in S ′

∞
for all f ∈ S ′

∞ (the Littlewood–Paley decomposition).
Definition 2.1.

(i) The homogeneous Besov-type space Ḃs,τ
p,q is the set of all f ∈ S ′

∞ such
that

∥f∥Ḃs,τ
p,q

:= sup
k∈Z

sup
η∈Zn

2knτ
(∑

j≥k

(2js∥Qjf∥Lp(Pk,η))
q
)1/q

< ∞.

(ii) The homogeneous Triebel–Lizorkin-type space Ḟ s,τ
p,q is the set of all

f ∈ S ′
∞ such that

∥f∥Ḟ s,τ
p,q

:= sup
k∈Z

sup
η∈Zn

2knτ
∥∥∥(∑

j≥k

(2js|Qjf |)q
)1/q∥∥∥

Lp(Pk,η)
< ∞.

We make the usual modifications in the case p = ∞ and/or q = ∞.
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We need to define the homogeneous Besov and Triebel–Lizorkin spaces.

Definition 2.2.

(i) The homogeneous Besov space Ḃs
p,q is the set of all f ∈ S ′

∞ such that

∥f∥Ḃs
p,q

:=
(∑

j∈Z
(2js∥Qjf∥p)q

)1/q
< ∞.

(ii) The homogeneous Triebel–Lizorkin space Ḟ s
p,q is the set of all f ∈ S ′

∞
such that

∥f∥Ḟ s
p,q

:=
∥∥∥(∑

j∈Z
(2js|Qjf |)q

)1/q∥∥∥
p
< ∞.

We make the usual modifications if p = ∞ and/or q = ∞.

For simplicity, we use Ȧs,τ
p,q to denote either Ḃs,τ

p,q or Ḟ s,τ
p,q , and similarly Ȧs

p,q

to denote either Ḃs
p,q or Ḟ s

p,q.

Remark 2.3. The space Ȧs,τ
p,q (respectively Ȧs

p,q) is a quasi-Banach space
with respect to the quasi-norm ∥ · ∥Ȧs,τ

p,q
(respectively ∥ · ∥Ȧs

p,q
). Indeed, as

observed previously, P∞ is the kernel of Qj , hence ∥f∥Ȧs,τ
p,q

= 0 implies f = 0

in S ′
∞. The same argument applies to ∥f∥Ȧs

p,q
= 0.

Remark 2.4. We have the following elementary observation: Es,τ
p,q ∩ Pm

= P1 for all m ∈ N, in other words Pm ⊈ Es,τ
p,q if m ≥ 2.

The definition of Ȧs,τ
p,q is independent of the choice of the function ρ (see,

e.g., [31]). Also, we can extend this definition to any τ < 0, but in that
case Ȧs,τ

p,q = {0} in S ′
∞. In particular, Ȧs,0

p,q = Ȧs
p,q, and we have various

embeddings:

(P1) S∞ ↪→ Ȧs,τ
p,q ↪→ S ′

∞,
(P2) Ḃs,τ

p,min(p,q) ↪→ Ḟ s,τ
p,q ↪→ Ḃs,τ

p,max(p,q) and Ȧs,τ
p,q1 ↪→ Ȧs,τ

p,q2 (q1 ≤ q2),

(P3) Ȧs,τ
p,q ↪→ Ḃ

s+nτ−n/p
∞,∞ = Ḟ

s+nτ−n/p
∞,∞ (see [30]),

(P4) Ḃs1,τ
p1,q ↪→ Ḃs2,τ

p2,q and Ḟ s1,τ
p1,q ↪→ Ḟ s2,τ

p2,r if 0 < p1 < p2 ≤ ∞ (p2 < ∞ in
F -spaces), s1 − n/p1 = s2 − n/p2, and 0 < r ≤ ∞ (see [29, Proposi-
tion 3.3]).

We also have the following two properties:

(P5) Let m ∈ N. Then f ∈ Ȧs,τ
p,q if and only if f (α) ∈ Ȧs−m,τ

p,q for all α with
|α| = m. Moreover,

∑
|α|=m ∥f (α)∥Ȧs−m,τ

p,q
is an equivalent quasi-norm

in Ȧs,τ
p,q (see [27, Theorem 1.5]).
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(P6) There exist constants c1, c2 > 0 such that

c1∥f∥Ȧs,τ
p,q

≤ λn/p−s−nτ∥f(λ(·))∥Ȧs,τ
p,q

≤ c2∥f∥Ȧs,τ
p,q

for all f ∈ Ȧs,τ
p,q and all λ > 0. The expression

λn/p−s−nτ∥f(λ(·))∥Ȧs,τ
p,q

defines an equivalent quasi-norm in Ȧs,τ
p,q (see, e.g., [4, Proposition 2],

[31, Remark 8.1]).

For Es,τ
p,q we have the following particular embedding, where Cub denotes the

Banach space of bounded and uniformly continuous functions endowed with
the supremum norm:

Proposition 2.5. If s > n/p− nτ , then we have the embeddings

S∞ ↪→ Es,τ
p,q ↪→ Bs+nτ−n/p

∞,∞ ↪→ Cub.

Proof. We provide the proof for B-spaces; the argument for F -spaces
is completely analogous. We first introduce an auxiliary set: Let ˙̃Bs

p,q be
the set of all f ∈ S ′ such that ∥[f ]∞∥Ḃs

p,q
< ∞. By (P3) we have Bs,τ

p,q ↪→
L∞ ∩ ˙̃B

s+nτ−n/p
∞,∞ . But it is well-known that B

s+nτ−n/p
∞,∞ = L∞ ∩ ˙̃B

s+nτ−n/p
∞,∞

(see, e.g., [26, Theorem 2.3.3]), so we have the second embedding. The last
one is well-known (see, e.g., [23, Theorem 2.2.4/1]).

2.2. The Morrey spaces

Definition 2.6. Let 0 < p ≤ w ≤ ∞. The Morrey space Mw
p is the set

of all f ∈ Lp,loc such that

∥f∥Mw
p
:= sup

k∈Z
sup
η∈Zn

2kn(1/p−1/w)∥f∥Lp(Pk,η) < ∞.

In this definition, the dyadic cubes Pk,η can be replaced by balls. We
have e.g.

Mp
p = Lp, M∞

p = L∞, Mw
p ↪→ Mw

r if p ≥ r.

In particular, ∥f(λ(·))∥Mw
p
≤ cλ−n/w∥f∥Mw

p
for all f ∈ Mw

p and all λ > 0
(see, e.g., [24, (6.71)]). For further properties of these spaces, we refer the
reader to [24, Section 6.1.5] and [31, Section 1.4.3].

2.3. Realization spaces. Let us introduce the space Ẇm(L∞) ∩
Ẇm(Mw

p ), endowed with its natural quasi-seminorm

∥f∥∗ := ∥f∥Ẇm(L∞) + ∥f∥Ẇm(Mw
p ).

Since Ẇm(L∞) ⊂ Cm−1 for m ≥ 1 (see, e.g., [6, p. 861]), it follows that
Ẇm(L∞)∩ Ẇm(Mw

p ) is embedded into L1,loc. Moreover, since ∥u∥∗ = 0 for
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all u ∈ Pm, the presence of polynomials naturally leads to introducing the
definition of realization spaces:

Definition 2.7. A subspace E of Ẇm(L∞) is said to be a realization if

(2.1) Ẇm(L∞) = E ⊕ Pm;

such a subspace is endowed with the norm ∥f∥E := ∥f∥Ẇm(L∞).

If the condition (2.1) holds, we obtain a linear mapping

σ : Ẇm(L∞)/Pm → S ′

such that
∀g ∈ Ẇm(L∞)/Pm : [σ(g)]m = g,

and σ(Ẇm(L∞)/Pm) ⊂ E, where [g]m := {g+u : u ∈ Pm}. If σ is continuous
from Ẇm(L∞)/Pm into S ′, then it is a realization in the sense of [6, 7].
For such a mapping, the following assertion was provided in [6, proof of
Theorem 1]:

∀f ∈ Ẇm(L∞) : σ̃([f ]m)(x) := f(x)−
∑

|α|<m

f (α)(0)
xα

α!
,

which clearly satisfies [σ̃([f ]m)]m = [f ]m, and is continuous from the space
Ẇm(L∞)/Pm into S ′ since

|σ̃([f ]m)(x)| ≤ c|x|m∥f∥Ẇm(L∞) (∀f ∈ Ẇm(L∞), ∀x ∈ Rn)

(see again [6, (11), p. 863]). We can associate to it the range

Eσ̃ := {f ∈ Ẇm(L∞) : f (α)(0) = 0, ∀|α| < m},
endowed with the norm ∥f∥Eσ̃ := ∥f∥Ẇm(L∞), continuously embedded
into S ′ and satisfying Eσ̃ ∩ Pm = {0} (an easy proof).

Remark 2.8. The space E ∩ Ẇm(Mw
p ) is the space of tempered distri-

butions endowed with the quasi-norm ∥f∥ := ∥f∥∗ in the sense of realiza-
tions. For further properties of realization spaces, we refer, for example, to
[6, 7, 8, 9, 13, 14] and [18, Section 3].

2.4. Distributions vanishing at infinity. Sometimes, the difficulty of
handling distributions modulo polynomials requires considering convergence
in S ′ in the weak sense, that is, the following notion:

Definition 2.9. We say that a distribution f ∈ S ′ vanishes at infinity
if limλ↓0 f(·/λ) = 0 in S ′. The set of all such distributions is denoted by C̃0.

We give some examples of such distributions: if f ∈ Lp (1 ≤ p < ∞)
then f ∈ C̃0; if f ∈ L∞ or f ∈ C̃0 then ∂ℓf ∈ C̃0 (ℓ = 1, . . . , n). Also, by an
easy computation we have C̃0∩P∞ = {0}. Another example is the following
useful assertion proved in [7, Proposition 4.2]:
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Lemma 2.10. Let Ω be a compact subset of Rn\{0}. Then every bounded
function f such that supp f̂ ⊂ Ω belongs to C̃0.

Other examples can be found in, e.g., [3, 7, 16, 21].

3. Statement of the main results. The following result concerns the
embedding of Es,τ

p,q into Ẇm(Mw
v ).

Theorem 3.1. Let 0 < p < ∞, 0 ≤ τ < 1/p and m ∈ N. Let s be such
that

(3.1) max

(
m,

n

p
− nτ

)
< s <

m

τp
+

n

p
− nτ.

For all real numbers 0 < v ≤ ∞ satisfying

(3.2) τ ≤ 1

v
and

1

n

(
m+

n

p
− s

)
<

1

v
<

m+ nτ

p(s+ nτ)
,

we have the continuous embedding

Es,τ
p,q ↪→ Ẇm(Mw

v ) where 1/w := 1/v − τ.

Remark 3.2. The preceding theorem covers some previous results.
Namely, if τ = 0 and m = 1, then under the assumptions of Theorem 3.1,
we have:

• (for n = 1) ∥f ′∥Lv(R) ≤ c∥f∥Fs
p,q(R), proved by the ±-method of interpola-

tion of Gustaffson and Peetre in [10, Proposition 13],
• ∥∂ℓf∥v ≤ c∥f∥Bs

p,q
for ℓ = 1, . . . , n (cf. [17, Proposition 3.23]).

Remark 3.3. For clarity, we add a few comments. In the estimate
∥f (α)∥Mw

v
≤ c∥f∥Es,τ

p,q
(|α| = m, f ∈ Es,τ

p,q ), replacing f by f(λ(·)) with
any λ > 0, under the assumptions of Theorem 3.1 we obtain

(3.3) λm−n/w∥f (α)∥Mw
v
≤ c1λ

s+nτ−n/p∥[f ]∞∥Ȧs,τ
p,q

+ c2∥f∥∞.

The constant functions belong to Es,τ
p,q , and the right-hand side of (3.3)

reduces to a positive constant if f(x) ≡ c for some c. Thus, excluding the con-
stant functions, we discuss the optimality of the assumptions of Theorem 3.1
by contradicting (3.1):

• Assume that m− n/w < 0; by letting λ → 0+, the left-hand side of (3.3)
makes sense if ∥f (α)∥Mw

v
= 0, i.e. f ∈ Pm, but this is impossible: see

Remark 2.4. Note that 1/v < (p(s+nτ))−1(m+nτ) implies m−n/w > 0.
• Assume that 0 < m + n/p − s − n/v =: K. The estimate (3.3) can be

written as

λK∥f (α)∥Mw
v
≤ c1∥[f ]∞∥Ȧs,τ

p,q
+ c2λ

−(s+nτ−n/p)∥f∥∞;

letting λ → ∞ shows that this inequality is impossible as above.
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Owing to the last remark, a natural question arises: Does Theorem 3.1
still hold if m− n/w = 0 (recall 1/w := 1/v− τ) or m− n/v+ n/p− s = 0?
The following statement gives the answer:

Theorem 3.4. Let m ∈ N and 0 < v < ∞ be such that

τ ≤ 1

v
and

m

n
=

1

v
− τ.

Let 0 < p < v. Put s := m− n/v + n/p. Then the following hold:

(i) Fs,τ
p,q ↪→ Ẇm(Mn/m

v ).
(ii) If either q < v, or q ≥ v and τ > 0, then Bs,τ

p,q ↪→ Ẇm(Mn/m
v ).

Remark 3.5. In Theorem 3.4, if in addition m = 0, i.e. w = ∞, the
conclusion becomes of type Es,τ

p,q ↪→ L∞, which is satisfied from the definition.
On the other hand, an interesting application of this theorem is in the case
of classical homogeneous Besov–Triebel–Lizorkin spaces and homogeneous
Sobolev spaces: for m ∈ N and p < n/m one has Fn/p

p,q ↪→ Ẇm(Ln/m) and
Bn/p
p,q ↪→ Ẇm(Ln/m), with q < n/m in B-spaces.

To see the converse of the embedding given in Theorem 3.1, we should
observe that Ẇm(Mw

p ) contains Pm, so we turn to realization spaces in the
sense of Section 2.3.

Theorem 3.6. Let m ∈ N and 0 < p ≤ w ≤ ∞ (p < ∞ in F -spaces).
Let τ be a number such that 1/p−min(1, p)/w < τ ≤ 1/p. Let E be the space
defined in (2.1). Then

E ∩ Ẇm(Mw
p ) ↪→ Em,τ

p,∞ .

Moreover, there exists a constant c > 0 such that

(3.4) ∥f∥Em,τ
p,∞ ≤ c∥f∥1−β

Ẇm(L∞)
∥f∥β

Ẇm(Mw
p )
, β := w(1/p− τ),

for all f ∈ E ∩ Ẇm(Mw
p ).

Remark 3.7. In Theorem 3.6 we cannot replace the space E∩Ẇm(Mw
p )

by Ẇm(L∞) ∩ Ẇm(Mw
p ). Indeed, if we take, for instance, um(x) := xm−1

1 ,
we have ∥um∥Em,τ

p,∞ = ∞ if m ≥ 2 and ∥u1∥E1,τ
p,∞

= 1, while the right-hand
side of (3.4) is equal to 0.

4. Proofs

Proof of Theorem 3.1. Let f ∈ Es,τ
p,q . For all |α| = m, we will prove that

(4.1) ∥f (α)∥Mw
v
≤ c∥f∥Es,τ

p,q
,

where the constant c > 0 is independent of f .
Set f1 :=

∑
l>0Qlf and f2 :=

∑
l≤0Qlf . Notice that f1 is a distribution,

while f2 is a distribution modulo polynomials. Thus, we are going to estimate
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∥f (α)
i ∥Mw

v
(|α| = m and i = 1, 2), and find conditions on the parameters s,

p, v and w. On the other hand, we will make repeated use of the well-known
Bernstein inequality (see, e.g., [25, Remark 1.3.2/1]):

Lemma 4.1. If 0 < u ≤ r ≤ ∞ and β ∈ Nn
0 , then there exists a constant

c := c(n, u, r, β) > 0 such that the inequality

∥g(β)∥r ≤ cR|β|+n(1/u−1/r)∥g∥u
holds for all R > 0 and all g ∈ Lu ∩ S ′ satisfying supp ĝ ⊂ {ξ : |ξ| ≤ R}.

We also use the following estimate: For any sequence (gl)l∈Λ of functions
in Mw

v (0 < v ≤ w ≤ ∞), we have

(4.2)
∥∥∥∑

l∈Λ
gl

∥∥∥
Mw

v

≤
(∑

l∈Λ
∥gl∥tMw

v

)1/t
, where t := min(v, 1).

Indeed, using the elementary estimate

(4.3)
∑
l

al ≤
(∑

l

adl

)1/d
for all al ≥ 0 and 0 < d ≤ 1,

and the Minkowski inequality in Lv(Pk,η; ℓt(Λ)), we have( �

Pk,η

∣∣∣∑
l∈Λ

gl(x)
∣∣∣v dx)1/v

≤
( �

Pk,η

(∑
l∈Λ

|gl(x)|t
)v/t

dx
)1/v

≤
(∑

l∈Λ

( �

Pk,η

|gl(x)|v dx
)t/v)1/t

≤ 2−kn(1/v−1/w)
(∑

l∈Λ
∥gl∥tMw

v

)1/t
;

then we divide by 2−kn(1/v−1/w) and take the supremum over all k ∈ Z and
all η ∈ Zn.

Step 1: B-spaces.

Substep 1.1: Estimate of f (α)
1 .We first introduce a function g such that

[g]∞ ∈ Ḃs,µ
r,q , where 0 < r ≤ w ≤ ∞ and µ := 1/r − 1/w.

Let k ≤ l. We have

(4.4) 2knµ∥Qlg∥Lr(Pk,η) ≤ 2−sl2knµ
(∑

j≥l

2jsq∥Qjg∥qLr(Pk,η)

)1/q

≤ 2−sl2knµ
(∑

j≥k

2jsq∥Qjg∥qLr(Pk,η)

)1/q
≤ 2−sl∥[g]∞∥Ḃs,µ

r,q
,

where we have used
∑

j≥l . . . ≤
∑

j≥k . . . .
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Let k > l. Applying (P3), we get

(4.5) ∥Qlg∥∞ ≤ c12
l(n/r−nµ−s)∥[g]∞∥Ḃs,µ

r,q
(∀l ∈ Z).

Then

∥Qlg∥Lr(Pk,η) ≤ 2−kn/r∥Qlg∥∞ ≤ c12
(l−k)(n/r−nµ)2−knµ−ls∥[g]∞∥Ḃs,µ

r,q
,

since 1/r − µ = 1/w ≥ 0, i.e., 2(l−k)(n/r−nµ) ≤ 1. Thus

(4.6) 2knµ∥Qlg∥Lr(Pk,η) ≤ c12
−ls∥[g]∞∥Ḃs,µ

r,q
(∀k > l).

Now, from (4.4) and (4.6) we have

∥Qlg∥Mw
r
≤ c2−ls∥[g]∞∥Ḃs,µ

r,q
;

for w = ∞ (M∞
r = L∞), the last inequality becomes

∥Qlg∥∞ ≤ c2−ls∥[g]∞∥Ḃs,µ
r,q

.

Then, by the assumption s > 0, we can use (4.2) with gl := Qlg and
t := min(r, 1) to obtain ∥∥∥∑

l>0

Qlg
∥∥∥
Mw

r

≤ c∥[g]∞∥Ḃs,µ
r,q

and ∑
l>0

∥Qlg∥∞ ≤ c∥[g]∞∥
Ḃ

s,1/r
r,q

for w = ∞.

Using these inequalities with f (α), v, τ = 1/v−1/w ≥ 0 and s1 := s−n/p+
n/v −m > 0 instead of g, r, µ and s, respectively, we need the conditions

(4.7)
1

ω
:=

1

v
− τ ≥ 0, v ≤ w and

n

v
> m+

n

p
− s.

We assume that

(4.8) p < v,

and use the embedding Ḃs,τ
p,q ↪→ Ḃs1+m,τ

v,q . We then need (cf. (4.7)) the con-
dition

(4.9)
n

p
> m+

n

p
− s ⇐⇒ s > m.

All these facts give∥∥∥∑
l>0

(Qlf)
(α)

∥∥∥
Mw

v

≤ c1∥[f (α)]∞∥Ḃs1,τ
v,q

≤ c2∥[f ]∞∥
Ḃ

s1+m,τ
v,q

≤ c3∥[f ]∞∥Ḃs,τ
p,q

.

Then the series
∑

l>0(Qlf)
(α) converges in Mw

v . If we denote its sum by gα,
we have

(4.10) ∥gα∥Mw
v
≤ c∥[f ]∞∥Ḃs,τ

p,q
,
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and for w = ∞,

(4.11)
∑
l>0

∥(Qlf)
(α)∥∞ ≤ c∥[f ]∞∥

Ḃ
s,1/v
p,q

.

Substep 1.2: Estimate of f (α)
2 . By translation invariance, we have, for

a fixed l ≤ 0,

(4.12) ∥(Qlf)
(α)∥Mw

v
= sup

k∈Z
sup
η∈Zn

2nτ(k+l)∥(Qlf)
(α)∥Lv(Pk+l,η).

Then
∥(Qlf)

(α)∥Mw
v
≤ Il + Jl,

where Il and Jl are defined similarly to the right-hand side of (4.12) by taking
supk≤0 · · · and supk≥0 · · · instead of supk∈Z · · · , respectively; for w = ∞ one
has

(4.13) ∥(Qlf)
(α)∥∞ = ∥(Qlf)

(α)∥M∞
v

≤ Il + Jl.

On the other hand, since p < v (see (4.8)), by the Bernstein inequality and
the inequality ∥Qlf∥∞ ≤ ∥γ̌∥1∥f∥∞ we get

∥(Qlf)
(α)∥Lv(Pk+l,η) ≤ ∥(Qlf)

(α)∥1−p/v
∞ ∥(Qlf)

(α)∥p/vLp(Pk+l,η)
(4.14)

≤ c2lm(1−p/v)∥f∥1−p/v
∞ ∥(Qlf)

(α)∥p/vLp(Pk+l,η)
.

Estimation of Il: In (4.14), by using
∑

j≥l . . . ≤
∑

j≥l+k . . . for any k ≤ 0,
we get

∥(Qlf)
(α)∥Lv(Pk+l,η)

≤ c12
l(m−sp/v)∥f∥1−p/v

∞

[(∑
j≥l

2jq(s−m)∥(Qjf)
(α)∥qLp(Pk+l,η)

)1/q]p/v
≤ c12

l(m−sp/v)∥f∥1−p/v
∞

[( ∑
j≥l+k

2jq(s−m)∥(Qjf)
(α)∥qLp(Pk+l,η)

)1/q]p/v
≤ c22

−knτp/v2l(m−sp/v−nτp/v)∥f∥1−p/v
∞ ∥[f (α)]∞∥p/v

Ḃs−m,τ
p,q

= c22
−knτ2knτ(1−p/v)2l(m−sp/v−nτp/v)∥f∥1−p/v

∞ ∥[f (α)]∞∥p/v
Ḃs−m,τ

p,q
.

So, as k ≤ 0 and p < v (i.e., 2knτ(1−p/v) ≤ 1), we obtain

Il ≤ c12
l(m−sp/v+nτ(1−p/v))∥f∥1−p/v

∞ ∥[f ]∞∥p/v
Ḃs,τ

p,q
(4.15)

≤ c22
l(m−sp/v+nτ(1−p/v))∥f∥Bs,τ

p,q
(∀l ≤ 0).

Estimation of Jl: In (4.14), we successively apply

∥(Qlf)
(α)∥Lp(Pk+l,η) ≤ 2−(k+l)n/p∥(Qlf)

(α)∥∞,
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the Bernstein inequality, and the following estimate (cf. (P3), see also (4.5)):

∥Qlf∥∞ ≤ c12
l(n/p−nτ−s)∥[f ]∞∥Ḃs,τ

p,q
(∀l ∈ Z),

to get

∥(Qlf)
(α)∥Lv(Pk+l,η) ≤ c12

lm(1−p/v)∥f∥1−p/v
∞

(
2−(k+l)n/p∥(Qlf)

(α)∥∞
)p/v

≤ c22
lm−(k+l)n/v∥f∥1−p/v

∞ ∥Qlf∥p/v∞

≤ c32
lm−(k+l)n/v2l(n/p−nτ−s)p/v∥f∥1−p/v

∞ ∥[f ]∞∥p/v
Ḃs,τ

p,q
.

Now, we observe that 2(k+l)nτ∥(Qlf)
(α)∥Lv(Pk+l,η) is bounded by

c2l(m−sp/v+nτ(1−p/v))2kn(τ−1/v)∥f∥Bs,τ
p,q

.

As k ≥ 0 and τ ≤ 1/v (i.e., 2kn(τ−1/v) ≤ 1), we obtain

(4.16) Jl ≤ c2l(m−sp/v+nτ(1−p/v))∥f∥Bs,τ
p,q

.

We now turn to (4.12) (or (4.13) for w = ∞). By employing (4.15) and
(4.16), and then (4.2) with t := min(v, 1), we get∥∥∥∑

l≤0

(Qlf)
(α)

∥∥∥
Mw

v

≤ c1

{(∑
l≤0

(Il)
t
)1/t

+
(∑

l≤0

(Jl)
t
)1/t}

(4.17)

≤ c2∥f∥Bs,τ
p,q

,

where we have used the classical inequality

(4.18) (a+ b)d ≤ ad + bd ≤ 21−d(a+ b)d, a ≥ 0, b ≥ 0, 0 < d ≤ 1;

and for w = ∞ we get

(4.19)
∑
l≤0

∥(Qlf)
(α)∥∞ ≤

∑
l≤0

Il +
∑
l≤0

Jl ≤ c∥f∥Bs,1/v
p,q

.

Thus, the series
∑

l≤0(Qlf)
(α) converges in Mw

v ; if hα denotes its sum, then

(4.20) ∥hα∥Mw
v
≤ c∥f∥Bs,τ

p,q
.

To justify (4.17) and (4.19), we need the condition

(4.21) m− sp

v
+ nτ

(
1− p

v

)
> 0.

Then, from (4.7) and (4.21), we choose v such that

(4.22) τ ≤ 1

v
and m+

n

p
− s <

n

v
<

n

p
× m+ nτ

s+ nτ
,

which requires

m+
n

p
− s <

n

p
× m+ nτ

s+ nτ
and τ <

1

p
× m+ nτ

s+ nτ
;
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these inequalities are equivalent to

(4.23) (s−m)

(
s+ nτ − n

p

)
> 0 and s <

m

τp
+

n

p
− nτ,

respectively. They are satisfied if

(4.24) max

(
m,

n

p
− nτ

)
< s <

m

τp
+

n

p
− nτ ;

the first estimate in (4.23) is also satisfied if s < min(m,n/p− nτ), but this
condition is excluded by (4.9). In checking (4.24), we observe that

m <
m

τp
+

n

p
− nτ ⇐⇒ (nτ +m)

(
τ − 1

p

)
< 0,

which is satisfied since 0 ≤ τ < 1/p.

Substep 1.3: We claim that gα, hα ∈ C̃0. Let us take φ ∈ S and λ > 0.

1.3.1. The case of hα. We define a sequence (uN )N∈N0 by

uN :=
∑

−N≤l≤0

(Qlf)
(α).

We have 0 /∈ supp ûN since it is a subset of 2−N−1 ≤ |ξ| ≤ 3/2. By the
Bernstein inequality, we also have

∥uN∥∞ ≤ c1
∑

−N≤l≤0

2lm∥Qlf∥∞

≤ c1∥γ̌∥1∥f∥∞
∑
l≤0

2lm ≤ c2∥f∥∞.

Hence Lemma 2.10 provides uN ∈ C̃0 for all N ∈ N0. On the other hand,

∥hα − uN∥∞ ≤ c1
∑
l<−N

2lm∥Qlf∥∞ ≤ c12
−Nm∥γ̌∥1∥f∥∞

∑
j<0

2jm

≤ c22
−Nm∥f∥∞ → 0 as N → ∞.

Now, we write

|⟨hα(·/λ), φ⟩| ≤ ∥hα − uN∥∞∥φ∥1 + |⟨uN (·/λ), φ⟩|.
For every ε > 0 there exists a positive integer N0 := N(ε) such that

|⟨hα(·/λ), φ⟩| ≤ ε+ |⟨uN (·/λ), φ⟩|
for all N ≥ N0. Thus, we conclude that hα ∈ C̃0.

1.3.2. The case of gα with w = ∞. We proceed exactly as in the preced-
ing paragraph by considering the sequence (vN )N∈N, vN :=

∑N
l=1(Qlf)

(α),
which clearly satisfies the assumptions of Lemma 2.10, since vN is a bounded
function (see (4.11)) and v̂N has support in the set 1 ≤ |ξ| ≤ 3 · 2N−1, i.e.
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vN ∈ C̃0 for all N ∈ N. We note that gα is the limit of (vN ) in L∞: indeed,
by property (P3) (see also (4.5)) we obtain

∥gα − vN∥∞ ≤ c1
∑
l>N

2lm∥Qlf∥∞ ≤ c1∥[f ]∞∥
Ḃ

s+nτ−n/p
∞,∞

∑
l>N

2l(m−s−nτ+n/p)

≤ c22
N(m−s−n/v+n/p)∥[f ]∞∥

Ḃ
s,1/v
p,q

→ 0 as N → ∞;

recall that τ = 1/v and m− s− n/v + n/p < 0. Now, we write again

|⟨gα(·/λ), φ⟩| ≤ ∥gα − vN∥∞∥φ∥1 + |⟨vN (·/λ), φ⟩|,
and obtain gα ∈ C̃0.

1.3.3. The case of gα with w < ∞ and v ≥ 1. Applying Hölder’s inequality
with 1/u := 1− 1/v, we get

(4.25) |⟨gα(·/λ), φ⟩| ≤
∑
η∈Zn

∥gα(·/λ)∥Lv(P0,η)∥φ∥Lu(P0,η).

Moreover,

∥gα(·/λ)∥Lv(P0,η) = 20×nτ∥gα(·/λ)∥Lv(P0,η) ≤ ∥gα(·/λ)∥Mw
v

(∀η ∈ Zn).

As x ∈ P0,η implies 1 + |η| ≤ 2
√
2n(1 + |x|), we have (setting N := n+ 1)∑

η∈Zn

∥φ∥Lu(P0,η) ≤ c1
∑
η∈Zn

(1 + |η|)−N
( �

P0,η

(1 + |x|)Nu|φ(x)|u dx
)1/u

≤ c1

( �

Rn

(1 + |x|)Nu|φ(x)|u dx
)1/u ∑

η∈Zn

(1 + |η|)−N

=: C(φ) < ∞.

Using a homogeneity argument of Mw
v , and inserting the preceding two

estimates in (4.25), we get

|⟨gα(·/λ), φ⟩| ≤ cλn/w∥gα∥Mw
v
,

where the constant c is independent of λ, but depends on n, m, ω, v and φ.
Thus, letting λ → 0+, we deduce that gα ∈ C̃0.

1.3.4. The case of gα with w < ∞ and 0 < v < 1. This case seems more
complicated than the previous ones. Let θ and r be such that 0 < θ < 1 <
r ≤ ∞ and (1 − θ)/v + θ/r = 1. We fix 0 < λ < 1, and apply the Hölder
inequality with exponents v/(1− θ) and r/θ to get

(4.26) |⟨(Qlf)
(α)(·/λ), φ⟩| ≤ λn+m∥Qlf∥θ∞

�

Rn

|Qlf(x)|1−θ|φ(α)(λx)|dx

≤ cλn+m∥f∥θ∞
∑
η∈Zn

∥Qlf∥1−θ
Lv(P0,η)

∥φ(α)(λ ·)∥Lr/θ(P0,η),
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where the constant c is independent of λ and φ. We put s2 := s − n/p +
n/v > 0, and use the embedding Ḃs,τ

p,q ↪→ Ḃs2,τ
v,∞ . Then (recall that l ≥ 0)

∥Qlf∥Lv(P0,η) ≤ 2−ls2(20×nτ ) sup
j≥0

2js2∥Qjf∥Lv(P0,η) ≤ 2−ls2∥[f ]∞∥Ḃs2,τ
v,∞

(4.27)

≤ c2−ls2∥[f ]∞∥Ḃs,τ
p,q

.

Further, as above, x ∈ P0,η implies

λ(1 + |η|) ≤ 2λ
√
2n(1 + |x|) ≤ 2

√
2n(1 + |λx|) (0 < λ < 1).

Hence, for N := n+ a, where a > 0 will be chosen later,

(4.28) ∥φ(α)(λ ·)∥Lr/θ(P0,η)

≤ c1λ
−N (1 + |η|)−N

( �

P0,η

(1 + |λx|)Nr/θ|φ(α)(λx)|r/θ dx
)θ/r

≤ c2λ
−N−nθ/r(1 + |η|)−N

( �

Rn

(1 + |y|)Nr/θ|φ(α)(y)|r/θ dy
)θ/r

.

We insert (4.27) and (4.28) in (4.26), and use
∑

η∈Zn(1+ |η|)−N < ∞ to get∑
l>0

|⟨(Qlf)
(α)(·/λ), φ⟩| ≤ c1λ

m−a−nθ/r∥f∥θ∞∥[f ]∞∥1−θ
Ḃs,τ

p,q

∑
l>0

2−ls2(1−θ)

≤ c2λ
m−a−nθ/r∥f∥Bs,τ

p,q
,

where the constants c1, c2 are independent of λ. Now, letting λ → 0+, we
obtain gα ∈ C̃0 provided we choose θ and a such that m− a− nθ/r > 0. To
do this, we choose

0 < θ < min(1, rm/n) and 0 < a < m− nθ/r (recall m ≥ 1);

then we may assume that r is chosen such that θ = r(1−v)/(r−v) < rm/n,
i.e.

r > max

(
1, v +

n

m
(1− v)

)
.

Substep 1.4: Summarizing the conditions on parameters. We first choose
s such that (4.24) is satisfied, then we take v satisfying (4.22). Altogether
we get conditions (3.1)–(3.2).

As f ∈ L∞, we have f (α) ∈ C̃0 since |α| = m ≥ 1. We know that
f (α) − (gα + hα) ∈ P∞. Now, since both f (α) and gα + hα belong to C̃0, we
conclude that they coincide. By combining (4.10) and (4.20), we obtain the
desired estimate (4.1).

Step 2: F -spaces. This is a simple consequence of the embedding Fs,τ
p,q ↪→

Bs,τ
p,∞ and the preceding step. The proof is complete.

Proof of Theorem 3.4. Let f ∈ Es,τ
p,q and |α| = m.
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Step 1: Preparation. We begin by estimating ∥
∑

l∈Z (Qlf)
(α)∥Mw

v
, where

w := n/m. We will systematically use inequalities of type (4.3) and (4.18).
We get ∥∥∥∑

l∈Z
(Qlf)

(α)
∥∥∥
Mw

v

≤ c1(I + J),

where
I := sup

k∈Z
sup
η∈Zn

2knτ
∥∥∥∑

l≥k

(Qlf)
(α)

∥∥∥
Lv(Pk,η)

,

J is defined similarly with
∑

l≤k instead of
∑

l≥k and c1 := max(21/v−1, 1).

Substep 1.1: Estimate of J . We put t := min(v, 1). By the Minkowski
and Bernstein inequalities and ∥Qlf∥∞ ≤ ∥γ̌∥1∥f∥∞, we get

2knτ
∥∥∥∑

l≤k

(Qlf)
(α)

∥∥∥
Lv(Pk,η)

≤ 2knτ
(∑

l≤k

∥(Qlf)
(α)∥tLv(Pk,η)

)1/t

≤ c12
kn(τ−1/v)∥f∥∞

(∑
l≤k

2tml
)1/t

(we put j := l − k)

= c1∥f∥∞
(∑

j≤0

2jtm
)1/t

≤ c2∥f∥∞ (here nτ − n/v +m = 0).

Hence J ≤ c∥f∥∞.

Substep 1.2: Estimate of I in F -spaces. Trivially, by (P5) we have

I ≤ ∥[f (α)]∞∥
Ḟ 0,τ
v,1

≤ c∥[f ]∞∥Ḟm,τ
v,1

,

and we finish by applying the embedding Ḟ s,τ
p,q ↪→ Ḟm,τ

v,1 .

Substep 1.3: Estimate of I in B-spaces. If p ≥ q we have Ḃs,τ
p,q ↪→

Ḟ s,τ
p,q ↪→ Ḟm,τ

v,1 , then we apply the preceding substep.
If p < q and q < v, we introduce p1 such that p < p1 < v and q ≤ p1,

and put s1 := s − n/p + n/p1. We obtain Ḃs,τ
p,q ↪→ Ḃs1,τ

p1,q ↪→ Ḟ s1,τ
p1,q ↪→ Ḟm,τ

v,1 ,
and again apply the preceding substep.

If q ≥ v and τ > 0, then by the Minkowski inequality we first have (recall
t := min(v, 1))

(4.29) 2knτ
∥∥∥∑

l≥k

(Qlf)
(α)

∥∥∥
Lv(Pk,η)

≤ 2knτ
(∑

l≥k

∥(Qlf)
(α)∥tLv(Pk,η)

)1/t
.

As before, for instance in (4.14), by taking the cube Pk,η instead of Pk+l,η,
we have

∥(Qlf)
(α)∥Lv(Pk,η) ≤ c2lm(1−p/v)∥f∥1−p/v

∞ ∥(Qlf)
(α)∥p/vLp(Pk,η)

.
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We then obtain(∑
l≥k

∥(Qlf)
(α)∥tLv(Pk,η)

)1/t

≤ c∥f∥1−p/v
∞

(∑
l≥k

2lt(m−sp/v)
[
2l(s−m)∥(Qlf)

(α)∥Lp(Pk,η)

]tp/v)1/t
.

Applying the Hölder inequality with exponents u := qv/tp > 1 and 1/u′ :=
1− 1/u, we find that the right-hand side above is bounded by

(4.30) c1∥f∥1−p/v
∞

(∑
l≥k

2ltu
′(m−sp/v)

)1/(tu′)

×
(∑

l≥k

[2l(s−m)∥(Qlf)
(α)∥Lp(Pk,η)]

q
)p/(qv)

≤ c22
k(m−sp/v−nτp/v)∥f∥1−p/v

∞ ∥[f ]∞∥p/v
Ḃs,τ

p,q
.

It suffices to check that m − sp/v < 0; indeed, m − sp/v = −nτ(1 − p/v);
recall here τ > 0. Observe also that m−sp/v−nτp/v = −nτ , thus, inserting
(4.30) into (4.29) and taking supk∈Z supη∈Zn . . . , we obtain

I ≤ c1∥f∥1−p/v
∞ ∥[f ]∞∥p/v

Ḃs,τ
p,q

≤ c2∥f∥Bs,τ
p,q

.

Substep 1.4. Now, since the series
∑

l∈Z(Qlf)
(α) converges in Mw

v ,
we prove that its sum belongs to C̃0. We proceed as in [7, p. 483] or [18,
p. 170]. Indeed, let λ > 0 and φ ∈ S. We introduce an integer r such
that 2−r−1 < λ ≤ 2−r. Then suppF(Ql−rf

(α)(·/λ)) (where F denotes the
Fourier transform) is contained in the compact annulus 2l−1 ≤ |ξ| ≤ 3 · 2l,
and F

(
Qk[Ql−rf

(α)(·/λ)]
)
= 0 if k − l ≥ 3 or k − l ≤ −2. Hence

⟨Ql−rf
(α)(·/λ), φ⟩ = ⟨Ql−rf

(α)(·/λ), Q̃lφ⟩,
where Q̃l :=

∑3
k=−2 Ql+k (recall that γ is an even function on Rn). We

turn to our assertion: since
∑

l∈Z (Qlf)
(α) =

∑
l∈Z (Ql−rf)

(α) (translation
invariance), we have∑

l∈Z
⟨(Qlf)

(α)(·/λ), φ⟩ =
∑
l∈Z

⟨Ql−rf
(α)(·/λ), Q̃lφ⟩.

We also have, for any N ∈ N0, ∥Q̃lφ∥1 ≤ c2−lN for all l ∈ N0 (cf. [18,
Proposition 2.5] or [17, Lemma 3.5]), and ∥Ql−rf

(α)∥∞ ≤ c2(l−r)m∥f∥∞.
Then∑

l∈Z
|⟨(Qlf)

(α)(·/λ), φ⟩| ≤ c2−rm∥f∥∞
(∑

l≥0

2l(m−N) + ∥φ∥1
∑
l≤0

2lm
)
.

Choosing N > m and letting r → ∞, we obtain the desired result.
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Step 2: Proof of (i) and (ii). We denote by wα the sum of the series∑
l∈Z(Qlf)

(α) in Mw
v , which belongs to C̃0. Proceeding as in the proof of

Theorem 3.1, Substep 1.4, we deduce that the functions f and wα coin-
cide. Now to prove (i), it suffices to observe that Substeps 1.1 and 1.2 yield
this statement; for (ii), we replace Substep 1.2 by 1.3. The proof is com-
plete.

Proof of Theorem 3.6.

Step 1: Preparation. For f ∈ L1,loc, we define the associated maximal
function

Mf(x) := sup
r>0

r−n
�

|x−y|<r

|f(y)|dy.

Then the following well-known lemma is useful (see, e.g., [28, Lemma 2.6]
for the proof):

Lemma 4.2.

(i) If 1 < p ≤ ∞, then ∥Mf∥p ≤ c∥f∥p for all f ∈ Lp.
(ii) If b > n, then

�

Rn

(1 + |x− y|)−b|f(y)|dy ≤ cMf(x)

for all f ∈ L1,loc and all x ∈ Rn.

Step 2. Let f ∈ E ∩ Ẇm(Mw
p ). For brevity, we set g := f (α) with

|α| = m.
Substep 2.1: B-spaces. We observe that |Qjg(x)| ≤ ∥γ̌∥1∥g∥∞ for all

x ∈ Rn, so

2kn/p∥Qjg∥Lp(Pk,η) ≤ c∥g∥∞ (∀k, j ∈ Z, ∀η ∈ Zn).

Hence

(4.31) ∥[g]∞∥
Ḃ0,τ

p,∞
≤ c∥g∥∞ with τ := 1/p.

We now introduce two numbers b and β such that b > n and 0 < β <
min(1, p). We have

|Qjg(x)| ≤
∑
ν∈Zn

�

Pk,ν

2jn|F−1γ(2j(x− y))| |g(y)| dy

≤ c
∑
ν∈Zn

�

Pk,ν

2jn(1 + 2j |x− y|)−N−b|g(y)| dy (where N := n+ 1).

For j ≥ k, x ∈ Pk,η and y ∈ Pk,ν we have

1 + |η − ν| ≤ 2
√
2n(2 + 2k|x− y|) ≤ 2

√
2n(2 + 2j |x− y|).
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Then Lemma 4.2(ii) yields

(4.32) |Qjg(x)| ≤ c12
jn∥g∥1−β

∞
∑
ν∈Zn

(1+|η−ν|)−N
�

Pk,ν

|g(y)|β

(1+2j |x−y|)b
dy

≤ c2∥g∥1−β
∞

∑
ν∈Zn

(1+|η−ν|)−NM(|g|βχPk,ν
(2−j ·))(2jx)

for all j ≥ k and all x ∈ Pk,η,where χPk,ν
is the characteristic function of Pk,ν .

We have M(|g|βχPk,ν
(2−j ·))(2jx) = M(|g|βχPk,ν

)(x) (an easy proof). Then,
by Hölder’s inequality with exponents 1/β and 1/(1 − β), we find that
∥Qjg∥Lp(Pk,η) is bounded by

(4.33)
c2−kn(1−β)/p∥g∥1−β

∞

∥∥∥∑
ν∈Zn

(1 + |η − ν|)−NM(|g|βχPk,ν
)
∥∥∥
Lp/β(Pk,η)

(j ≥ k).

By using Minkowski’s inequality in Lp/β(Pk,η, ℓ1(Zn)), and

∥M(|g|βχPk,ν
)∥Lp/β(Pk,η) ≤ ∥M(|g|βχPk,ν

)∥p/β,

and Lemma 4.2(i), we get

∥Qjg∥Lp(Pk,η) ≤ c12
−kn(1−β)/p∥g∥1−β

∞
∑
ν∈Zn

(1 + |η − ν|)−N∥g∥βLp(Pk,ν)

≤ c12
kn(β/w−1/p)∥g∥1−β

∞ ∥g∥βMw
p

∑
ν∈Zn

(1 + |η − ν|)−N (j ≥ k).

We set τ := 1/p− β/w. As
∑

ν∈Zn(1 + |η − ν|)−N =: c < ∞ for all η ∈ Zn,
we obtain

2knτ∥Qjg∥Lp(Pk,η) ≤ c∥g∥1−β
∞ ∥g∥βMw

p
(∀k ∈ Z, ∀j ≥ k, ∀η ∈ Zn).

Hence
∥[g]∞∥

Ḃ0,τ
p,∞

≤ c∥g∥1−β
∞ ∥g∥βMw

p
.

Now, in this estimate together with (4.31), as g = f (α), we apply (P5);
then (3.4) follows. Finally, using the elementary inequality a1−βbβ ≤ a + b
(a, b ≥ 0), we get ∥[f ]∞∥Ḃm,τ

p,∞
≤ c(∥f∥Ẇm(L∞) + ∥f∥Ẇm(Mw

p )), which yields
the continuity of the embedding.

Substep 2.2: F -spaces. As above, with the same notation, we arrive at
(4.32), i.e.,

sup
j≥k

|Qjg(x)| ≤ c1∥g∥1−β
∞

∑
ν∈Zn

(1 + |η − ν|)−NM(|gχPk,ν
|β)(x) (∀k ∈ Z).

Thus, ∥supj≥k |Qjg|∥Lp(Pk,η) is also bounded by (4.33), and the assertion
follows exactly as in the preceding step; we omit the details. The proof is
complete.
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5. Conclusion. Further research could address the necessity of the con-
ditions (3.1)–(3.2). For the moment, we only know that the assumptions of
Theorem 3.1 are optimal in a certain sense; see Remark 3.3.

It is underlined in the Introduction that one of the aims of this study
is the application of Es,τ

p,q in various domains. For this, the investigation on
Es,τ
p,q can be continued, e.g. to get characterizations by approximation (see

e.g. [22]) and by differences. In this direction, we have the following property:

Proposition 5.1. Let m = 1, 2, . . . . If s−m > n/p− nτ , then

Es,τ
p,q =

{
f ∈ L∞ : f (α) ∈ Es−m,τ

p,q , ∀|α| = m
}
,

and ∥f∥∞ +
∑

|α|=m ∥f (α)∥Es−m,τ
p,q

is an equivalent quasi-norm in Es,τ
p,q .

Proof. Without loss of generality we take m = 1. Assume first f ∈ L∞
is such that ∂ℓf ∈ Es−1,τ

p,q (ℓ = 1, . . . , n). By (P5) we have

∥f∥Es,τ
p,q

≤ ∥f∥∞ + c
n∑

ℓ=1

∥[∂ℓf ]∞∥
Ȧs−1,τ

p,q
≤ ∥f∥∞ + c

n∑
ℓ=1

∥∂ℓf∥Es−1,τ
p,q

,

and we obtain the assertion in one direction. Next, we assume that f ∈ Es,τ
p,q .

Again, by (P5), it suffices to prove that there exists a constant c > 0 inde-
pendent of f such that

∥∂ℓf∥∞ ≤ c∥f∥Es,τ
p,q

(ℓ = 1, . . . , n).

Indeed, applying Proposition 2.5 we obtain f ∈ B
s+nτ−n/p
∞,∞ . By [25, Theo-

rem 2.3.8] we have

∥∂ℓf∥Bs+nτ−1−n/p
∞,∞

≤ c1∥f∥Bs+nτ−n/p
∞,∞

≤ c2∥f∥Es,τ
p,q

,

and we then use the embedding B
s+nτ−1−n/p
∞,∞ ↪→ Cub. The desired result

follows.
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