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Embeddings in Besov—Triebel-Lizorkin-type algebra and
Sobolev spaces of Morrey scale

FARES BENSAID, BOCHRA GHERIBI and MADANI MOUSSAI

Abstract. We deal with some embedding properties between the homogeneous
Besov—Triebel-Lizorkin-type spaces of bounded functions and the homogeneous Sobolev
spaces built on the Morrey scale.

1. Introduction. The homogeneous Besov-type spaces By (R™) and
Triebel-Lizorkin-type spaces sz,’qT (R™) are defined as the sets of all distribu-
tions f satisfying ||[f]eo|l < 00, where [f]oo := {f + u : u € Ps}, where Py
is the set of all polynomials on R™ and || - || is the corresponding (Besov
or Triebel-Lizorkin) quasi-norm. In a recent paper [5], we proved that the
subspace

(1.1) Bya(R") := {f € Loo(R") : [floo € Byg (R")}
endowed with the quasi-norm

\|f||8§1;(Rn) = [ fll poo (m) + H[f]ooHB;j;(R")
is a wunital quasi-Banach algebra for the pointwise product if 7 > 0 and
s > max(0,n/p—n), and similarly for 7 (R") after interchanging the roles
of Bpg(R™) and Fyy (R"), i.e.,
FpigR™) :={f € Loo(R") : [floo € Fpyg (R")}
endowed with the quasi-norm

115 ey 2= 1oy + Mool 7 ey

»q
We use &q (R™) to denote either Bpg(R™) or Fpq (R™), whenever it is not
necessary to distinguish between B-spaces and F-spaces.
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In this work, we establish embeddings between &4 (R") and homoge-
neous Sobolev spaces built on the Morrey scale W™ (MY)(R™). For embed-
dings of type & C W, we use distributions vanishing at infinity, while for
converse embeddings we employ realizations to handle the presence of poly-
nomials in W.

The motivation for this paper is to make these spaces more acces-
sible for applications in areas such as PDEs, including the Navier—Stokes
equations, and in the study of composition operators; see, for instance, [I]
Proposition 2.4], where the space Bg’g (R) naturally appears. In this context,
when 7 = 0, the homogeneous Beso;/fTriebelfLizorkin—type spaces coincide
with the classical homogeneous Besov—Triebel-Lizorkin spaces B;q(R”) and
sz’q(R"), which already have numerous well-known applications; see, e.g.,
[T} 2, 12} [15]. Moreover, their algebra versions B, ,(R") and F; ,(R"), defined
in the same way as in , play a crucial role in the study of composition op-
erators on Besov and Triebel-Lizorkin spaces; see, e.g., [10} 1T}, 17, 19, [20]. We
also mention that embeddings between homogeneous Besov—Triebel-Lizorkin
spaces and Morrey spaces can be found in |14, Section 5.3|, which further
supports their relevance for PDE applications.

The paper is organized as follows: In Section [2] we recall the definitions of
the relevant function spaces. In Section 3] we state our main results. Section[4]
contains the proofs. The final section discusses potential extensions.

Notation.

If X(R"™) is a function space defined on R™, we simply write X.

We denote by N the set of all positive integers, and Ng = NU {0}.

For k € Z and n € Z", Py, denotes the dyadic cube 27%([0, 1[" +n).

The symbol < indicates a continuous embedding.

If 0 <p < oo, then [ - ||, (o) denotes the quasi-norm of L,(£2); if 2 =R"

we simply write || - [[,.

e For m € Ny U {0}, we denote by P, the set of all polynomials on R™ of
degree < m; we have Py := {0}, P; := {c: c € C}, etc.

e If m € N and E is any distribution space on R™, we denote by W™ (E) the

homogeneous Sobolev space based on F, i.e., the set of all distributions

f € F such that

1f lrmemy == D IF e < oo;
|a)|=m
we have HfHWm(E) = ||f+ “HWm(E) for all u € Pp,.
o If f € Ly, then f(¢) := §gn €7@ f(z) do and f(z) == (27) " f(—x) are the
Fourier transform and its inverse, respectively; they extend to any f € &'
in the usual way.
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e S, denotes the set of all functions ¢ in the Schwartz space S such that
(u,p) =0 for all u € Py, and S/ denotes its topological dual, the space
of distributions modulo polynomials. If f € S’, the mapping that takes
any [f]eo to the restriction of f to S yields an isomorphism from &'/Puo

onto S..
e The constants c,ci,... are strictly positive, depend only on the fixed
parameters n, s, p, q, . . ., and their values may vary from line to line.

o We use the letters B and F' to indicate the Besov and Triebel-Lizorkin
spaces, respectively.

e Throughout the paper, the parameters s,p, q, 7 satisfy s € R, p €]0, 0]
in B-spaces, p € ]0,00[ in F-spaces, g € |0, 00] and 7 > 0, unless otherwise
stated.

2. Some function spaces

2.1. The Besov—Triebel-Lizorkin-type spaces. We fix, once and
for all, a standard cut-off function p, that is, a radial C**° function such
that 0 < p < 1, p(§) =1 for |{] < 1, p(§) = 0 for [£| > 3/2. We define
v(§) := p(&) — p(2€); then supp ~ is contained in the annulus 1/2 < [¢| < 3/2

and A

d @) =1 (£+£0).

JEZ
Let us define the operators Q;, j € Z, on S’ by Cj]\f(ﬁ) = (2798 f (). To
extend the definition of Q; on S, we adopt the following convention:
o If f €S/, we define Q;f := Qjg for any g € S’ such that [g]oc = f.
Then Q; is well-defined on S, since Q;f = 0 (Vj € Z) if and only if f € P.
The distribution @); f is of compact support, so @; f is an analytic function of
exponential type, by the Paley—Wiener theorem, and f = ) jez Q;f in S
for all f € S/ (the Littlewood—Paley decomposition).

DEFINITION 2.1.

i) The homogeneous Besov-type space B37T is the set of all € S’ such
p,q [ee)
that

A 1/q
115z = sup sup 257 (37 (2711 fln, p,,,))7) T < oo

keZ nezZn ik

(ii) The homogeneous Triebel-Lizorkin-type space Fjg is the set of all

1 € S, such that
(2 i@,

Jjzk

2knT

< oQ.

fll sr := sup sup
H HF;’; kEZ neZn Lyp(Pr,)

We make the usual modifications in the case p = oo and/or ¢ = cc.
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We need to define the homogeneous Besov and Triebel-Lizorkin spaces.
DEFINITION 2.2.

(i) The homogeneous Besov space B;’q is the set of all f € S such that

4 /
175, = (@@l < oo

JEZ.

(ii) The homogeneous Triebel-Lizorkin space I, is the set of all f € S,
such that

s 1/q
£, = | (2 @ 1Qifh) | <o
JEZ
We make the usual modifications if p = oo and/or ¢ = 0o

. P AS,T . 58,T S, T . . As
For simplicity, we use Ap’q to denote either Byq or Fj ), and similarly A7
] S S
to denote either B, , or Fy

REMARK 2.3. The space Af,g (respectively As q) is a quasi-Banach space
with respect to the quasi-norm || - HAs T (respectlvely | - HAS ) Indeed, as

observed previously, P is the kernel of QJ, hence || f|] Ayr = 0 1mphes f=0
in S.,. The same argument applies to || f]| ;s = 0.
p,q

REMARK 2.4. We have the following elementary observation: £, N P,
= Py for all m € N, in other words P, € Epg ifm > 2.

The definition of A3 is independent of the choice of the function p (see,
e.g., [31]). Also, we can extend this definition to any 7 < 0, but in that

case AS7 = {0} in S’. In particular, A5Y = A;q, and we have various
embeddings:

(P1) S < Ay S’ _ ‘

(P3) A;g < Bs+ wr=nlp _ Fsof nr—n/p (see [30]),

(P4) Bpig — Bpig and Fpliy — Fpli i 0 < py < pz < 0o (p2 < o0 in

F-spaces), s1 —n/p1 = s2 —n/pz, and 0 < r < oo (see |29, Proposi-
tion 3.3]).

We also have the following two properties:

et m € N. en f € Ay7 if an only i e A5 ™7 for all a wit
P5) L N. Th Apy if and only if f(®) € Ay ™ for all h
la| = m. Moreover, >7,.,_,, Hf(a)HAsfm,T is an equivalent quasi-norm
. p,q
in Ayg (see [27, Theorem 1.5]).
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(P6) There exist constants ¢, ca > 0 such that
el fllisz < NPTz < el fllise
for all f € Ay} and all A > 0. The expression
NPT L) g

defines an equivalent quasi-norm in A;:g (see, e.g., [4, Proposition 2|,

[31) Remark 8.1]).

For &, we have the following particular embedding, where Cy; denotes the
Banach space of bounded and uniformly continuous functions endowed with
the supremum norm:

PROPOSITION 2.5. If s > n/p — nt, then we have the embeddings
Soo = ENT — Bg;gg—”/P — Cup.

Proof. We provide the proof for B-spaces; the argument for F-spaces
is completely analogous. We first introduce an auxiliary set: Let B;,q be
the set of all f € S such that ||[f]oo||357q < oo. By (P3) we have Bpg <
Loo N B3T7™/P But it is well-known that Bl P = Lo, N B /P
(see, e.g., |26, Theorem 2.3.3]), so we have the second embedding. The last
one is well-known (see, e.g., [23, Theorem 2.2.4/1]). m

2.2. The Morrey spaces

DEFINITION 2.6. Let 0 < p < w < oo. The Morrey space M) is the set
of all f € Lyjoc such that
£l o := sup sup 2" WPV £l g < oo,
keZ nezn
In this definition, the dyadic cubes P, can be replaced by balls. We

have e.g.

/\/lgsz, M;OILOO, M;’%M;”ifpzr.

In particular, || f(A())[lmp < c)\_"/w||f||M;; for all f € M)} and all A > 0
(see, e.g., |24, (6.71)]). For further properties of these spaces, we refer the
reader to [24, Section 6.1.5] and [31), Section 1.4.3].

~ 2.3. Realization spaces. Let us introduce the space W™(Lso) N
Wm(M,)), endowed with its natural quasi-seminorm

171 == 1A Wirm (o) = I i

Since Wm(Lpo) C C™ L for m > 1 (see, e.g., [6, p. 861]), it follows that
W (Loo) NW™(My) is embedded into Ly joc. Moreover, since ||ul|. = 0 for
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all u € Pp,, the presence of polynomials naturally leads to introducing the
definition of realization spaces:

DEFINITION 2.7. A subspace E of W™ (Ls) is said to be a realization if
(2.1) W™ (Loo) = E & Pr;
such a subspace is endowed with the norm || f[|g == || fllyirm r,__)-

If the condition holds, we obtain a linear mapping
0 W™(Loo)/Pm — S
such that .
Vg € W' (Loo) [P+ [0(9)lm = 9,
and U(Wm(Loo)/Pm) C E, where [g]m = {g+u : u € Py }. If 0 is continuous
from W™ (Loo)/ Py, into &’ then it is a realization in the sense of [6, [7].

For such a mapping, the following assertion was provided in [6, proof of
Theorem 1]:

VP (La) s ((fln)@) = f) — 3 FO0

|a|<m
which clearly satisfies [7([f]m)]m = [flm, and is continuous from the space
W™(Loo) /Py into 8’ since
15 ([f1m) @) < elz™ | fllyimry (Y € W™ (Leo), Yo € R?)
(see again [0, (11), p. 863|). We can associate to it the range
Es :={f € W™(Lso) : f(¥(0) =0, V|a| < m},

endowed with the norm || f|g, = |f ”W’"(Loo)’ continuously embedded
into 8" and satisfying Es NPy, = {0} (an easy proof).

REMARK 2.8. The space EN W™ (M) is the space of tempered distri-
butions endowed with the quasi-norm || f|| := || f||« in the sense of realiza-

tions. For further properties of realization spaces, we refer, for example, to
[6, (7, [8, 9] 3], 14] and [I8, Section 3].

2.4. Distributions vanishing at infinity. Sometimes, the difficulty of
handling distributions modulo polynomials requires considering convergence
in &’ in the weak sense, that is, the following notion:

DEFINITION 2.9. We say that a distribution f € S’ vanishes at infinity
if limyjo f(-/\) = 0 in S’. The set of all such distributions is denoted by Cj.

We give some examples of such distributions: if f € L, (1 < p < o0)
then f € Cy; if f € Lo or f € Cy then 9,f € Cy (£ = 1,...,n). Also, by an
easy computation we have Cy NPy = {0}. Another example is the following
useful assertion proved in [7, Proposition 4.2]:
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LEMMA 2.10. Let £2 be a compact subset of R™"\{0}. Then every bounded
function f such that supp f C {2 belongs to Cy.

Other examples can be found in, e.g., [3, [7, 16} 21].
3. Statement of the main results. The following result concerns the
embedding of £pq into W™ (MY).

THEOREM 3.1. Let 0 < p < 00, 0 <7 < 1/p and m € N. Let s be such
that

(3.1) max(m,n—m'> <s< =4 _nr
p ™ P
For all real numbers 0 < v < oo satisfying
1 1 1
(3.2) T<—- and — m+ = — s <—<M,
v n D v p(s+nT)

we have the continuous embedding
Epq W™(MY) where 1/w:=1/v—T.

REMARK 3.2. The preceding theorem covers some previous results.
Namely, if 7 = 0 and m = 1, then under the assumptions of Theorem 3.1
we have:

o (forn=1) ||f'lr,m®) < cll fll7; (), proved by the £-method of interpola-
tion of Gustaffson and Peetre in [I0, Proposition 13|,
o [0ufllv < cllflls, for £=1,...,n (cf. [T, Proposition 3.23]).

REMARK 3.3. For clarity, we add a few comments. In the estimate

1F Ny < ellfllegg (lal = m, f € &), replacing f by f(A() with
any A > 0, under the assumptions of Theorem we obtain

33) ATy < AT flocl|isr + 2l flloo

The constant functions belong to £y, and the right-hand side of (3.3
reduces to a positive constant if f(z) = ¢ for some c. Thus, excluding the con-
stant functions, we discuss the optimality of the assumptions of Theorem

by contradicting (3.1)):

e Assume that m —n/w < 0; by letting A — 0+, the left-hand side of
makes sense if ||f(a)\|M5u = 0, i.e. f € Py, but this is impossible: see
Remark Note that 1/v < (p(s+n7))~t(m+n7) implies m —n/w > 0.

e Assume that 0 < m +n/p —s —n/v =: K. The estimate can be
written as

NN F DN aay < ell (ool g + X772 £l

letting A — oo shows that this inequality is impossible as above.
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Owing to the last remark, a natural question arises: Does Theorem [3.1]
still hold if m —n/w = 0 (recall 1/w :=1/v—7) or m —n/v+n/p—s=07?
The following statement gives the answer:

THEOREM 3.4. Let m € N and 0 < v < oo be such that

1 m 1
7T< - and —=--—T.
v n v

Let 0 < p <w. Put s:=m —n/v+n/p. Then the following hold:
(i) Fpg = WM™,
(ii) If either ¢ <wv, or ¢ > v and 7 > 0, then Byg < Wm( If/m).
REMARK 3.5. In Theorem [3.4] if in addition m = 0, i.e. w = oo, the
conclusion becomes of type £py < Lo, which is satisfied from the definition.

On the other hand, an interesting application of this theorem is in the case
of classical homogeneous Besov—Triebel-Lizorkin spaces and homogeneous

Sobolev spaces: for m € N and p < n/m one has fgép — Wm(Ln/m) and
Byl — Wm(Ln/m), with ¢ < n/m in B-spaces.
To see the converse of the embedding given in Theorem we should

observe that W™ (M})) contains Pp,, so we turn to realization spaces in the
sense of Section 2.3

THEOREM 3.6. Let m € N and 0 < p < w < oo (p < oo in F-spaces).
Let T be a number such that 1/p—min(1,p)/w <7 < 1/p. Let E be the space

defined in (2.1). Then
ENW™(MY) < 1.
Moreover, there exists a constant ¢ > 0 such that
(3.4) [fllgmg <c HfHWm(L )HfHWm(Mw B=w(l/p—r1),
forall f € EN Wm(./\/l;;’)

REMARK 3.7. In Theorem we cannot replace the space EﬂWm(/\/lw)
by W (Lso) N Wm(/\/l;)”) Indeed, if we take, for instance, un,(x) := ="~ 1,
we have [[uplgmy = oo if m > 2 and ”“1“55;; = 1, while the right-hand
side of is equal to 0.

4. Proofs
Proof of Theorem . Let f € &g For all |a| = m, we will prove that
(4.1) 17 g < el Fllsr

where the constant ¢ > 0 is independent of f.
Set f1 =2 oo @Quf and fo := ), Q1f. Notice that f; is a distribution,

while f5 is a distribution modulo polynomials. Thus, we are going to estimate
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||fi(a)||M;Ju (o] = m and i = 1,2), and find conditions on the parameters s,
p, v and w. On the other hand, we will make repeated use of the well-known
Bernstein inequality (see, e.g., |25l Remark 1.3.2/1]):

LEMMA 4.1. If 0 <u <7 < oo and 3 € N{j, then there exists a constant
c:=c(n,u,r, ) > 0 such that the inequality

g ||, < eRIPIHPE/u=1/)) g1
holds for all R > 0 and all g € L, NS’ satisfying supp g C {£ : || < R}.

We also use the following estimate: For any sequence (g;);e of functions
in M¥ (0 < v <w < 00), we have

1/t ‘
(4.2) H ZngMw = (Z Hgl”,t/\/lg) ,  where ¢ :=min(v,1).
leA Y leA

Indeed, using the elementary estimate

(4.3) Zalg (Zald)l/d forall g > 0and 0 <d <1,
l !

and the Minkowski inequality in L (Pj ,; €:(A)), we have

(§ [ a) " <( | (ZEZArgl<z>|t)”“d$)””

P)Cy,,] leA P)Cy,,]

< (2§ la@rar)”™)"

leA Py,

1/t
- 2_kn(1/v—1/w)<z ||gl||tM$> / ;
leA

then we divide by 27#n(1/v=1/w) an( take the supremum over all k € Z and
all n € Z".

STEP 1: B-spaces.

SUBSTEP 1.1: Estimate of fl(a).We first introduce a function g such that
(9]0 € By, where 0 <r <w <ooand p:=1/r —1/w.
Let k <. We have

B . 1/q
(44) 2 QugllL, p, ) < 2712 (S22 Qigll 5, )
j=l

_ . 1/q _
< 272k (N2 Quglt 1) < 27 lgleel e
Jj>k

where we have used 3~ ... <> oy ...
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Let k > . Applying (P3), we get
(45) 1Quglloe < 12T [gloall o (VI € 2).
Then
HQlQHLT(Pk,T,) < 2—kn/r||ng||oo < ClQ(l—k)(n/r—nu)kanuflsH[9]00”3:357
since 1/r — p=1/w > 0, i.e., 20=R /=) < 1 Thus
@6) P IQlnr, < @2 el (%> D).
Now, from (4.4)) and (4.6) we have

1Qugllaey < 27 [glooll o
for w =00 (M° = L), the last inequality becomes
1Quglloe < 27 lglooll e

Then, by the assumption s > 0, we can use (4.2) with g; := Q¢ and
t := min(r, 1) to obtain

||, < cliglel sy
>0 "

and

> 1Qusllo < ellaloll gy for w=oo.
1>0 '
Using these inequalities with f(®, v, 7 =1/v—1/w > 0 and 51 := s—n/p+
n/v —m > 0 instead of g, r, p and s, respectively, we need the conditions
1 1
(4.7 —i=——72>0, v<w and Demtlos
w v v P

We assume that
(4.8) p <,
and use the embedding Byg < Bil™™7. We then need (cf. (&.7)) the con-
dition
(4.9) Pom+los = s>m
p p

All these facts give
> @n
>0

Then the series Zl>0(Qlf)("‘) converges in MY. If we denote its sum by gq,
we have

(4.10) lgallaty < ell ol e

e S A @leollzy < calllfleoll gy < eslllfloollzg
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and for w = oo,

(4.11) S @)@ lloe < el ol /e

>0

SUBSTEP 1.2: Estimate of f2(a). By translation invariance, we have, for
afixed [ <0,

(4.12) H@ﬂnw—wwwWHmmemm
kEZ nez™

Then
QA amy < I+ T,
where I; and J; are defined similarly to the right-hand side of (4.12)) by taking

SUpg<q -+ and supy>g - - - instead of supy¢y - - -, respectively; for w = oo one
has
(4.13) @) oo = QA e < I+ Ji.

On the other hand, since p < v (see (4.8))), by the Bernstein inequality and
the inequality [|Q1floc < [17[l1]|fllcc we get

414) @D NLprsry < QOIS I@QuH) IIQCEPHM

< A F QU

Estimation of I;: In ({.14), by using 3 5,5 ... < 3 55y - .- forany £ <0,
we get

||(Qlf)(a) ||Lv(Pk+l,n)

m—sp/v —p/v s—m) @ Hapery
< 2| e (3 2 Q)Y g )]
Jj=l
o - ) N L/qyp/v
< a2 [ (3D 2NN ey)
j>l+k

p/v
OO||Bsf'm T

< 022—kn7’p/1)2l(m—sp/v—n7p/v) HfH;p/vH [f(a)]

_ 0227kn7'2kn7'(17p/v) 2l(mfsp/v7n7-p/v) H fH})O*P/U ” [f ]oo Hp ; qm T

So, as k < 0 and p < v (i.e., 2877(1=P/?) < 1), we obtain
(15) Iy < e mn ) | ] 2
p,q
< 022l(m—sp/v+m'(1—p/v HfHB;’; (Vl < 0)
Estimation of Jy: In (4.14]), we successively apply
QU Lyper ) < 27 (Qu) oo,
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the Bernstein inequality, and the following estimate (cf. (P3), see also (4.5)):

1Q1flso < 12/ /P=77=9) | f] 0| s (VIE€D),
to get

QU L,y < 2O/ pA0/ (270502 (Qu ) o)

< 2RO £ 7P QB
< 2lmf(k+l)n/'u21(n/pfn'rfs)p/v 1-p/v ~ p/v '
<o ISP A

Now, we observe that 2(k+l)”TH(Qlf)(o‘)HLv(pkH,n) is bounded by

C2l(mfsp/v+n7—(17p/v))an('rfl/v) HfHB;:g )
Ask>0and 7 <1/v (ie., 2(7=1/%) < 1), we obtain
(4.16) J, < C2l(m—sp/v+n7'(1—p/v))HfHB;:g‘

We now turn to :4.12; (or (4.13) for w = o). By employing (4.15) and
(4.16)), and then (4.2)) with ¢ := min(v, 1), we get

(4.17) H g (Quf)@ s < CI{<§ (Il)t>1/t + <Z (Jl)t)l/t}

1<0

< el flssss
where we have used the classical inequality
(418)  (a+b)¥<a?+p?<2a+b)?, a>0,0>0,0<d<1;

and for w = oo we get

(4.19) D I@N Do <D 04D A< el g

1<0 1<0 1<0

Thus, the series Y ;. (Quf )@ converges in MY; if h, denotes its sum, then

(4.20) lhallay < el fllsg;-

To justify (4.17) and (4.19)), we need the condition

(4.21) m—Sp-i-nT<1—p> > 0.
v v

Then, from (4.7) and (4.21]), we choose v such that

n no n_  m-+nT
— and M+ -——s<—<—X ,
v P v p S+ nt

1
(4.22) T <

which requires
n n _ m-4+nT 1 m+nr
m+—-——s<—X and T < - X ;
p p S+ nt p s+ nt
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these inequalities are equivalent to
n m o n
(4.23) (s—m)(s+n7’—>>0 and s< —+ — —nrT,
p ™ D
respectively. They are satisfied if
n m o n
(4.24) max (m, - — nT) <s< —+ = —nT;
p ™ P
the first estimate in (4.23) is also satisfied if s < min(m,n/p —n7), but this
condition is excluded by (4.9). In checking (4.24]), we observe that

™ P
which is satisfied since 0 < 7 < 1/p.

m. o n 1
m<—+——n1 < (nT+m){7—-) <0,
p

SUBSTEP 1.3: We claim that go, ha € Co. Let us take peSand A > 0.
1.3.1. The case of h,. We define a sequence (un)nen, by

uy =y Q).
—N<I<0

We have 0 ¢ supp iy since it is a subset of 27V=1 < |¢| < 3/2. By the
Bernstein inequality, we also have

lunlloo <er Y 2" 1Quf oo

—N<I<0
< allFlhllfllee D 2™ < call fllos.
1<0
Hence Lemma provides uy € Cp for all N € Ny. On the other hand,
lha = unlloe <1 3 271 Quf oo < 127N 511 11l 3 27
I<—N 7<0
<2V flle = 0 as N — oo.

Now, we write

[(ha(-/A), @) < llha — unllooll@lls + [{un(-/X), ).
For every € > 0 there exists a positive integer Ny := N (&) such that

[(ha(-/A), 0)| < e+ [(un(-/N), ¢)
for all N > Ny. Thus, we conclude that h, € Cp.

1.3.2. The case of g, with w = co. We proceed exactly as in the preced-
ing paragraph by considering the sequence (vy)yen, UN = Zfil(Qlf)(o‘),
which clearly satisfies the assumptions of Lemma|2.10] since vy is a bounded
function (see (4.11))) and ox has support in the set 1 < |[¢] < 3.2V~ je.
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vy € Cp for all N € N. We note that g, is the limit of (vn) in Loo: indeed,
by property (P3) (see also (4.5))) we obtain

190 = vnloc S 1 Z 2"|Q1f oo < CIH[JC]OOHB(SJQ*"/P Z pllm=s=nrin/p)
I>N ’ I>N

< CQZN(m_S_"/”+”/p)||[f]oo||Bs,1/v —0 as N — oc;
p,q

recall that 7 = 1/v and m — s — n/v +n/p < 0. Now, we write again
[{9a(-/2), ) < llga = v lloollplly + [{on (-/A); )],
and obtain g, € C’o.

1.3.3. The case of g, withw < 0o andv > 1. Applying Hélder’s inequality
with 1/u:=1—1/v, we get

(4.25) [{9a (/) 0)] < D7 190/ M uron 121y
nezn

Moreover,

90 (/M Lo (ro) = 290/ M Lu(rog) < N9al-/ My (V0 € Z7).
As x € Py, implies 1 + |n| < 2v/2n(1 + |z]), we have (setting N :=n + 1)

S el < e 30D (§ @+ fa) Vo) dr) "

neLn nezm Py
Nu u 1/u —N
<o Ja+DMe@)de) " 3 1+ n)
R™ nezLm™
=: C(p) < 0.

Using a homogenelty argument of MY, and inserting the preceding two

estimates in , we get
(g0 (/2 0)] < Al gallmy,

where the constant ¢ is independent of A, but depends on n, m, w, v and .
Thus, letting A — 0+, we deduce that g, € Cy.

1.3.4. The case of g, with w < 0o and 0 < v < 1. This case seems more
complicated than the previous ones. Let 6 and r be such that 0 < 6 < 1 <
r <ooand (1 —0)/v+6/r =1. We fix 0 < X\ < 1, and apply the Holder
inequality with exponents v/(1 — ) and r/6 to get

(4.26)  [((QuN) /N0 < ATTQuf 1% | 1Quf (@) (M) da
R

< NS D MU py ) I Al oo

neL"™
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where the constant ¢ is independent of A and ¢. We put s3 := s —n/p +
n/v > 0, and use the embedding Bpyg < By%s. Then (recall that [ > 0)

(4.27)
1Quf L, (P, < 2_l52(2oxm)s§% 220Q5 fllL, o) < 2_l82”[f]00||Bi?£
J=

—lso .
< 27| [ flool g5
Further, as above, x € Py, implies
A1+ [n]) < 22v2n(1 + |2]) < 2v2n(1 + |Az]) (0 < A < 1).

Hence, for N :=n + a, where a > 0 will be chosen later,

(428) N L (P

0/r
<™+ )] @+ e )| da )
Poy

_N—n0/r _ r o . 0/r
< e N ) () O )
Rn
We insert (4.27) and (4.28)) in (4.26]), and use Znezn(l +1n)™N < 0o to get
S~ K@D /A, )] < e N0 £l [Flaoll el S 2715207
>0 m—a—nb/r >0
< e2 HfHB;;;

where the constants c1, co are independent of A. Now, letting A — 0+, we
obtain g, € Cy provided we choose 6 and a such that m —a —nf/r > 0. To
do this, we choose

0 <6 <min(l,rm/n) and 0<a<m—nb/r (recall m>1);

then we may assume that r is chosen such that 6 = r(1—v)/(r—v) < rm/n,
ie.

r>max<1 v+ — (1—v)>

SUBSTEP 1.4: Summarizing the conditions on parameters. We first choose
s such that ( is satisﬁed then we take v satisfying (4.22)). Altogether

we get condltlons .

As f € Ly, we have @ e Cy since |a] = m > 1. We know that
f) - (9o + ha) € Px. Now, since both @ and g, + ha belong to Cp, we
conclude that they coincide. By combining and , we obtain the
desired estimate .

STEP 2: F-spaces. This is a simple consequence of the embedding F,q <
B, 5 and the preceding step. The proof is complete. m

Proof of Theorem . Let f € &g and |af =
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STEP 1: Preparation. We begin by estimating || 3,5, (Qlf)( )| A, where
w = n/m. We will systematically use inequalities of type (4.3)) and -
We get
[ @n@||,  <ad+,

leZ My

where

> (@)

1>k

I := sup sup 27

)
kE€Z nezn Ly (Py,p)

J is defined similarly with -, instead of ;5 and ¢ := max(2'/v=1 1).

SUBSTEP 1.1: Estimate of J. We put ¢ := min(v,1). By the Minkowski
and Bernstein inequalities and ||Q;f]lco < |71 fllco, We get

knt o knt o) ||t 1/t
2 @@, <2 (@) )
1<k 1<k
< 251 fll o (Zztml) (we put j := I — k)
1<k
Y
= alflo( 2™) " <erllflle (here nr —nfv+m=0).
7<0

Hence J < ¢||f||so-

SUBSTEP 1.2: Estimate of I in F-spaces. Trivially, by (P5) we have
1< ol oy < el
and we finish by applying the embedding Fjy < F;n 7

SUBSTEP 1.3: Estimate of I in B-spaces. If p > ¢ we have B;jg —
Eyd < F;an, then we apply the preceding substep.

If p < q and ¢ < v, we introduce p; such that p<pr <vandgqg< pl,
and put 51 := 5 —n/p+ n/p1. We obtain By < Byl < Fplig — FJ77
and again apply the preceding substep.

If ¢ > v and 7 > 0, then by the Minkowski inequality we first have (recall

t := min(v, 1))

(4.29)  2kn7

> (@

1>k

As before, for instance in (4.14)), by taking the cube P, instead of Py,
we have

1
sy S 2 (@D p,)

1>k

QN upy ) < 2™ AP FILSPP (@) IE"
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We then obtain

(3 1@ r,) "

1>k
- v m—sp/v s—m (6 tp/U 1/t
< el fI (Do 21 [ 2N Q) Ol ] )
1>k

Applying the Holder inequality with exponents u := qu/tp > 1 and 1/u' :=
1 —1/u, we find that the right-hand side above is bounded by

/ 1/(tu’)
(4.30) el fire (Do 2 mswi)

>k
< (SR CTIQUN L, py ) )

1>k

)p/(qv)

— — — v

< c22k(m sp/v nTp/U)HfH})Op/vH[f]OOHIgZ:;"

It suffices to check that m — sp/v < 0; indeed, m — sp/v = —n7(1 — p/v);

recall here 7 > 0. Observe also that m —sp/v—n7p/v = —n7, thus, inserting
(4.30) into (4.29) and taking supjez Sup,ezn - - -, we obtain

1< erllf 1P ec e < call Nl

SUBSTEP 1.4. Now, since the series ZleZ(Qlf)(a) converges in MY,
we prove that its sum belongs to Cy. We proceed as in [7, p. 483] or [I8,
p. 170]. Indeed, let A > 0 and ¢ € S. We introduce an integer r such
that 277~1 < A < 27", Then supp F(Qi—f(®(-/))) (where F denotes the
Fourier transform) is contained in the compact annulus 2/~ < |¢| < 3 - 2!,

and F(Qk[Qi—, f(-/N)]) =0if k —1 >3 or k — 1 < —2. Hence
(Qurf /N @) = (Quer /), Qup),

where Q; := Yi__, Quix (recall that  is an even function on R"). We

turn to our assertion: since » ;. (Quf)( @ = Yoz (Qi—rf)® (translation
invariance), we have

D UQADC/N) ) =D AQur [ (/N), Que).
leZ leZ

We also have, for any N € Ny, ||Qielli < 27V for all I € Ny (cf. [I8,
Proposition 2.5] or [I7, Lemma 3.5]), and [|Qi—rf([lee < 24" f|| 00
Then

STH@N /N D) < 27 flloo (D22 4 ol D 2.
leZ >0 <0
Choosing N > m and letting r — 0o, we obtain the desired result.
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STEP 2: Proof of (i) and (ii). We denote by w, the sum of the series
ZleZ(Qlf)(a) in MY, which belongs to Cy. Proceeding as in the proof of
Theorem Substep 1.4, we deduce that the functions f and w, coin-
cide. Now to prove (i), it suffices to observe that Substeps 1.1 and 1.2 yield
this statement; for (ii), we replace Substep 1.2 by 1.3. The proof is com-
plete. m

Proof of Theorem[3.4,.

STEP 1: Preparation. For f € Ljjoc, we define the associated maximal
function

Mf(z)=supr™ | |f()]dy.
>0 lz—y|<r

Then the following well-known lemma is useful (see, e.g., |28, Lemma 2.6]
for the proof):

LEMMA 4.2.

(i) If 1 <p < oo, then | Mfll, <c|lfllp for all f € L,.
(ii) If b > n, then

V(1 + |z =) "1f ()] dy < eM f(x)
R
for all f € Ly oc and all x € R™.
STEP 2. Let f € EN Wm(./\/lg’) For brevity, we set g := f(® with
la] = m.
SUBSTEP 2.1: B-spaces. We observe that |Q;g(z)| < ||7]1]lg]|ec for all
xz € R" so

25P(1Qigll L, Py < cllgllse  (Vk,j € Z, ¥ € Z7),
Hence
(4.31) llglooll g0z, < cllglloc with 7 :=1/p.

We now introduce two numbers b and 8 such that b > n and 0 < § <
min(1, p). We have

Qig) < > | 2MF (2 (@ —y))l lg(y)] dy
VEL™ Pk’,/
<c Z S 21+ 2z —y|) N g(y)|dy  (where N :=n+1).
veL™ Py,

For j > k, x € P, and y € P, we have
1+ |n—v| <2v2n(2+ 28|z — y|) < 2v2n(2+ 27|z — y|).
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Then Lemma [£.2[ii) yields

B
. ()] < e1297]|gl1=5 BRI O S 7)) G
(452)  1Qug(a)| < a2 lgls? Yo (i)™ | iy
veL™ Pk,z/

<ellghs” Y (A+In—v) VM (|glxp,, (277 ))(2 )
veEZ™
forall j > kand all z € Py j,where x Py, 18 the characteristic function of Py .
We have M (lg|”xp,, (277 -))(27x) = M(|g|°xp,,)(2) (an easy proof). Then,
by Hélder’s inequality with exponents 1/8 and 1/(1 — (), we find that
||ng||Lp(pkm) is bounded by

(4.33)

2 A=A 1P S (14— v) Y M(Igl X,
veEL™

i > k).
Ly (Pr,n) Uz k)

By using Minkowski’s inequality in L,/5(Py, 5, (1(Z")), and
1M (191X P L, 5P < 1M 917X P, ) /a5
and Lemma [£.2(1), we get

Qs L, P,y < 127 ORGP N~ (1+ | — NHgHLp (Pe)
veL™

< e 25O gl P g Ry D (L I = )TN (G = k).
VEL™
We set 7:=1/p— B/w. As Y, czn(1+|n—v|])™" =t ¢ < 0o for all n € Z",
we obtain
2"711Qygl, Py < clgllic gl (Fk € 2,V = k, ¥y € Z7).

Hence

llglocll goz. < ellgllss?lgliiey
Now, in this estimate together with , as g = (¥, we apply (P5);
then follows. Finally, using the elementary inequality a'#b% < a + b
(0.6 2 0), we get ol < el irmqzy + 1 i (aggy): which yields
the continuity of the embedding.

SUBSTEP 2.2: F-spaces. As above, with the same notation, we arrive at

@32, ie.

5up|Qs9(0)| < eallgllc? 32 (14 In— )N M(lgx,, [*) @) (v € 2)
Jjzk vezn
Thus, |[sup;>x |Q;9lllL,(p,.,) is also bounded by (4.33), and the assertion
follows exactly as in the preceding step; we omit the details. The proof is
complete. m
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5. Conclusion. Further research could address the necessity of the con-
ditions f. For the moment, we only know that the assumptions of
Theorem are optimal in a certain sense; see Remark

It is underlined in the Introduction that one of the aims of this study
is the application of £y in various domains. For this, the investigation on
&y can be continued, e.g. to get characterizations by approximation (see
e.g. [22]) and by differences. In this direction, we have the following property:

PROPOSITION 5.1. Let m =1,2,.... If s—m >n/p — nr, then
&7 = {F € L /) € 8577, Vol = m},
and || flloe + 20 )=m P& | gs—m.r is an equivalent quasi-norm in g .
p,q

Proof. Without loss of generality we take m = 1. Assume first f € Lo
is such that 9,f € E5,"" (€ =1,...,n). By (P5) we have

n n
£z < Wl + ¢ 10l e < Wl 4¢3 100

and we obtain the assertion in one direction. Next, we assume that f € 5.
Again, by (P5), it suffices to prove that there exists a constant ¢ > 0 inde-
pendent of f such that

10ef o < ellfllegr  (£=1,...,m).

Indeed, applying Proposition we obtain f € Bg;f Z.f‘”/ P By [25, Theo-
rem 2.3.8] we have

10ef | gsnr—1-nrp < c1llfl gstnr—nso < cal fllezzs

and we then use the embedding B[;J; Q.f’l’”/ P <y Cup. The desired result

follows. m
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