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On automorphisms of some semidirect product groups and
ranks of Iwasawa modules
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Abstract. Let p be an odd prime number and k an imaginary quadratic field in which
p does not split. Based on some heuristic, Kundu and Washington asked whether the A-
and p-invariants of the anti-cyclotomic Zp-extension kg, of k are always trivial. Also, if
k%, /k is totally ramified, for n > 1, they showed that the p-part of the ideal class group
of the nth layer of the anti-cyclotomic Zp-extension of k is not cyclic. Inspired by their
paper, we study anti-cyclotomic-like Z,-extensions, extending both the above question and
Kundu-Washington’s result. We show that the values of A of certain anti-cyclotomic-like
Zp-extensions are always even. We also show that the p-parts of the ideal class groups of
certain anti-cyclotomic-like Z,-extensions of CM-fields are always non-cyclic.

1. Introduction. Let p be a fixed prime number. A Galois extension is
called a Zjy-exstension if its Galois group is topologically isomorphic to the
additive group of the ring of p-adic integers Z,,. Let k/Q be a finite extension
and K/k a Zy-extension. For each non-negative integer n, there is a unique
intermediate field k,,, called the nth layer, of K/k such that [k, : k] = p™. For
a finite extension F'/Q, let Ar denote the p-part of the ideal class group of F.
For a Z,-extension K /k, let X denote the Galois group of the maximal un-
ramified abelian pro-p extension L /K. The module X is also defined to be
the projective limit l'mn Ay, with respect to norm maps. By Iwasawa’s class
number formula, there are non-negative integers A, p and an integer v de-
pending only on K /k such that #A;, = p*T#P"+¥ for all sufficiently large n.
The integers A and p are structure invariants of Xg as a Galois module. In
particular, it is known that A = dimg, Qp ®z, Xk, and that A = p = 0 if
and only if X is finite. Here we denote by Q, the p-adic number field.

Suppose that p is odd. For each imaginary quadratic field k, there is a
unique Zy-extension k% /k such that k% /Q is a non-abelian Galois exten-

2020 Mathematics Subject Classification: Primary 11R23.

Key words and phrases: automorphism, semidirect group, Iwasawa module.
Received 14 May 2025; revised 4 January 2026.

Published online 28 April 2026.

DOI: 10.4064/aa250514-30-1 [1] © Instytut Matematyczny PAN, 2026



2 S. Fujii

sion. The extension k% /k is called the anti-cyclotomic Z,-extension of k. In
[KW24], based on some heuristic, Kundu and Washington posed a question:
Is A = p = 0 always true for the anti-cyclotomic Zj-extension of an imagi-
nary quadratic field k in which p does not split? For each non-negative integer
n let k% be the nth layer of k% /k. Kundu and Washington also showed the
following result.

THEOREM A. Letp be an odd prime number and k an imaginary quadratic
field in which p does not split. Suppose that k& /k is totally ramified at the
unique prime above p. If Ay, # 0 then Aga is not cyclic forn > 1.

In the present article, by giving tentatively the following definition, we
study more general settings than anti-cyclotomic Z,-extensions of imaginary
quadratic fields.

DEFINITION. Let p be an odd prime number. Let F'/Q be a finite exten-
sion and k/F a quadratic extension. A Zy,-extension k% /k is anti-cyclotomic-
like with respect to k/F if k% /F is a non-abelian Galois extension.

Let k and F be totally real fields such that k/F is a quadratic extension.
If Leopoldt’s conjecture holds true for p and k, then k has only the cyclotomic
Zy-extension, and hence there are no anti-cyclotomic-like Zj,-extensions with
respect to k/F. Also, let k be a CM-field and k' the maximal totally real
subfield of k. If [k : Q] > 2 then there are infinitely many anti-cyclotomic-like
Z,-extensions with respect to k/k™.

Let k% /k be an anti-cyclotomic-like Z,-extension with respect to a
quadratic extension k/F. Let J be the generator of Gal(k/F'). Since k% /F
is a non-abelian Galois extension, J acts on Gal(k% /k) as the inverse. For
each non-negative integer n, denote by k% the nth layer of k% /k. The first
result of this article concerns A-invariants.

THEOREM 1. Let p be an odd prime number, k/F a quadratic extension
over a finite extension F/Q and k% /k an anti-cyclotomic-like Z,-extension
with respect to k/F. Suppose that the prime p does not split in k% /Q. Then
A =0 mod 2.

Theorem [1| asserts that odd positive integers, half of all positive integers,
actually do not appear as A if p does not split in k% /Q. We remark that the
values of A for cyclotomic Zjy-extensions are often odd. We also remark that,
when p = 3 or 5, there is an imaginary quadratic field k in which p splits such
that A of k& /k is p; see examples below in Theorem 2 and [F13, Theorem 4.2].
To prove Theorem 1} the argument of the proof of [CK81, Theorem 3|, based
on the structure theorem for Z,[T]-modules, can be applied. In this article,
we will prove Theorem [I] using a group-theoretical method which can be
seen as a variant of [KW24, Lemma 6.6]; see Lemma [2] in Section 2. For
CM-fields k, Caputo and Nuccio have clarified the meaning of the integer
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A/2 for anti-cyclotomic-like Z,-extensions with respect to k/k™; see [CN23,
Corollary 4.16].
The second result is a generalization of Theorem A for CM-fields.

THEOREM 2. Let p be an odd prime number, k a CM-field and k™ the
mazimal totally real subfield of k. Let k& /k be an anti-cyclotomic-like Z,-
extension with respect to k/k™ such that p does not split in k% /Q. Suppose
that k contains no primitive pth roots of unity, Ax, # 0 and A+ = 0. Then
Aga is not cyclic forn > 1.

If p=3and k = Q(v/—3) then A, = 0. If k is an imaginary quadratic field
then £t = Q, and hence A;+ = Ag = 0. Thus we can say that Theorem
is a generalization of Theorem A for CM-fields. We will see that the proof
of Theorem A can be applied almost directly to the proof of Theorem [2, we
further consider the structure of the ideal class groups and the unit groups
as Gal(k/k™)-modules.

In the rest of this section we give some notations and recall certain funda-
mental facts. For a finite cyclic group G and a Gi-module M, let ﬁi(Gl, M)
be the ith Tate cohomology group for ¢ = —1,0. For a group G and a G-
module N, put

NY={ze N|gz=uzforall g e G}

Let p be a prime number. For an algebraic extension K/Q, let Lx /K be
the maximal unramified abelian pro-p extension and put Xy = Gal(Lx /K).
If K/F is a Galois extension, it follows that Lx /F is also a Galois extension.

Here, we briefly explain this fact. Let « € Lx and a1 = «,...,ay, be
all conjugates of o over F. Since K/F is a Galois extension and K («a)/K is
a finite unramified abelian p-extension, it follows that L, = K(aq,...,ay)

is also a finite unramified abelian p-extension of K, and L,/F is a Galois
extension. By the maximality of Lg, we have L, C Lg. Thus, since Ly =
Uaer, Las it follows that L /F' is a Galois extension.

We then define an action of Gal(K/F') on X as follows. Let g € Gal(K/F)
and z € X, and denote by g€ Gal(Lg /F) an extension of g. Then Gal(K/F')
acts on Xf as the inner automorphism g(z)=gzg—*.

When K/Q is a finite extension, by class field theory, the Artin map
induces an isomorphism Ax ~ X of Gal(K/F)-modules. Let (J) be a
cyclic group of order 2. For an odd prime number p and a Z,[(.J)]-module
M,put M~ = %M Also, for a Z[(J)]-module M, put M, = (Z, @7 M)~.
It is known that the functor M — M~ is exact. For a positive integer m, let
m be the group of all mth roots of unity.

2. Automorphisms of semidirect products of some pro-p abelian
groups. In this section, let p be an odd prime number. Let G1 = (1) be a
cyclic group of order p generated by 7, and let A be a cyclic group of order
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p“t1 for some positive integer u. Suppose that G acts on A; non-trivially.

Let G = A; x GG1. Kundu and Washington proved the following.

LEMMA 1 ([KW24, Lemma 6.6]). There is no automorphism ¢ of G such
that (1) =y with y € A;.

Kundu and Washington have used a presentation of G by 2 x 2 matrices.

We give another brief proof.

Proof of Lemma [1 Suppose that such an automorphism ¢ of G exists.
Let 2 be a generator of A;. We may assume that 7271 = 277", We remark
that (14p*)" = 14rp* mod p**! for all r € Z. Put y = 2 and ¢(z) = xb7¢
for some a,b,c € Z. Since 7P = 1 and

1=¢(r)P = (2% WP = 2% L2t 2072 7 P garp— i p

u)—1 w)—2 u)—(p—1) Pl _tpu
— 20p(1HP") a, (I4p*) e . (14pY) @ — g0 Y=o (1=tP") — gap

we have ap = 0 mod p**t!. Also, since 2P* # 1 and

U

14 ga)" = (abro)P" = obTimo (Lretn) _ gho
we have b Z 0 mod p. Then
p(rer™1) = (T)p(x)p(7) 7! = 2 LabrlraT = a0r LabrrepTar—ere

u)—1 _ u\c U _ U
_ xax(l—&-p ) b (14p*) a c _ .T(l p“)b+a—a(l+cp )Tc

)

—p¥\p— U U
— p(I=p")b—acp® ¢ _ ,(1=p")b_c

On the other hand, we have
¢(7_fo1) _ ¢(x1+p“) _ (bec)ler“ _ xb2f20(1+tcp“)7,(1+p”)c _ x(ler“)ch‘

Thus it follows that (1 — p“)b = (1 + p*)b mod p**!. However, since p is an
odd prime number and b # 0 mod p, this congruence does not hold. =

Here, we give a variant of the above lemma for semidirect products of
certain pro-p abelian groups. Let I' be a pro-p group which is isomorphic
to Z, with a topological generator . Let X be a pro-p abelian group isomor-
phic to Z;, for some 7 > 0. Let {z1,...,2,} be a basis of X over Z,. Suppose
that I acts on X and that X! = 0. We shall write the action ¢ € I" on
re€Xaso(x)e X.PutG=X x1TI.

LEMMA 2. Here we regard py—1 C Zy . Let ¢ € pp—1 and d be the order
of ¢. If there is a topological automorphism 1 of G such that ¥(X) = X and
that () = 245 with x € X, then r = 0 mod d.

Proof. If ( = 1 then d = 1, and hence there is nothing to do. Let
¢ # 1. Suppose that there is such an automorphism 1. Let (cu;), (d;5) be
invertible r x r matrices with entries in Z, such that y(z;) = ya;y ! =

I, a:?” and ¥(z;) = [[/_, xf” Since I' is a pro-p group, we can define
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(@ij)S. Let m1,...,m; be all the distinct eigenvalues of (ay;) with multiplic-
ities m1,...,my. Thus m; + -+ + my = r. By our assumption that I is a
pro-p group and X1 =0, we have n; = 1 mod w and n; # 1 for all 1 < i < ¢,
where 7 denotes a prime element of L = Q,(n; | 1 <14 < t). Indeed, let n be
one of n1,...,n; and let v € L ®z, X. Suppose that v is an eigenvector of
eigenvalue 7 with respect to the transformation ~, that is, v(v) = nv. Since
7 t(w) = n7tv, n is a unit of L. Write = wu with a root of unity w of
order prime to p and a principal unit u of L. Since 77" — 1 as n — oo, we
have (wu)?” — 1 as n — oo. It follows that u?" — 1 as n — oo. Thus we
also have wP" — 1 as n — oo. Let f be the relative degree of L/Q,. By
pf = 1mod p’ — 1, we have (pf)™ = p™f = 1 modp/ —1 for all m € Z.
Also, it is known that wP' =1 = 1. In particular, wP™ = w for all m € Z.
Thus, if w # 1 then 1 # w = limy, oo wP™! = 1, a contradiction. Therefore
7 = u is a principal unit of L, namely, n = 1 mod .

Moreover, all the distinct eigenvalues of (a;;)¢ are 77%, .. ,nf with mul-
tiplicities mq, ..., m;. Indeed, we can easily see that 77%, . ,ntc are all the
eigenvalues of (;;)¢. If nf = njg, then n; = (T]Z»C)C_l = (n§)<_1 = n;. Thus ele-
ments ng, . ,nf are all the distinct eigenvalues of (ozij)c with multiplicities

mi,...,my. Let (Bij) = (ay;)¢. Let j be an integer with 1 < j < r. Since
Vo (x5) = Yoz =1, lﬂ , it follows that

www—l)=w<v>w<mj>w<w>—1:(mq(nxiw)@—cx—l)

-
=I< 74$5kj7—c>x—l _ ( ﬁzk&cj) @ =1 511@5@
I+ IICEDE

k=11i=1
On the other hand, it also follows that

Yyt (H 33%) = f[ P(ay)
LI = Lo

k=11i=1
Thus ()¢ (di;) = (i) (cvij), and hence

[T@—n)m =TT —n)"

i=1 =1

(here we denote by T' a variable), because the multiplicity of nf as an eigen-

value of the matrix (ozij)C is m; as stated above. The correspondence 7; — 771-(

defines an action of () on {n1,...,n} without fixed points. Indeed, suppose
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that n; = mCC for some ¢ with 1 <+¢ <t and an integer ¢. We remark here that
n; # 1. If the order of 7; is finite then it is a power of p, hence (¢ = 1 mod p.
Since ¢ € pp—1, we have (¢ = 1. If the order of n; is infinite then (¢ = 1.
Thus ¢ = 0 mod d in both cases. Hence, if necessary, by rearranging, we can
see that all the distinct eigenvalues of (;;) can be represented as

¢ ¢t a-1
171,...,ns,nl,...,ng,...,nl ,...,ng
with multiplicities

miy..., Mg, M1y...,Mgy...,M1,y...,Mg,

for some s. Therefore, r = d(m; + -+ +ms). m

3. Lemmas. In this section, we give some lemmas.

LEMMA 3. Let p be a prime number and F/Q a finite extension. Let K/F
be a Galois extension. Assume that there is at least one prime | of k such
that K/ F is totally ramified at [.

(1) Let M/K be an unramified abelian extension such that M/F is a Galois
extension. Then Gal(M/F) ~ Gal(M/K) x Gal(K/F).

(2) Suppose that Gal(K/F) is isomorphic to Z, or Z/p"Z for some posi-
tive integer r. Let T be a topological generator of Gal(K/F). If K/F is
ramified at only the prime [, then X /(T — 1) Xk ~ Xp.

Proof. (1) Let T be the inertia subgroup of a prime of M above [ in
Gal(M/F). Since K/F is totally ramified at [ and since TNGal(M/K) =1,
it follows that

T ~ Gal(M/K)T /Gal(M/K) ~ Gal(K/F).
Hence Gal(M/F) = Gal(M/K)T. For z,2’ € Gal(M/K) and t,t' € T,
assume that zt = 2/t’. Since 2/~ 'z = t't71 € Gal(M/K)NT = 1, we have
x =2’ and t = t/. This shows that
Gal(M/F) = Gal(M/K)T ~ Gal(M/K) x Gal(K/F).

(2) Let L be the maximal intermediate field of Ly /F such that L/F is
abelian. Since the extensions Lp/F and K/F are abelian, it follows that
LpK C L. Let T be the inertia subgroup at [ in Gal(L/F'). Then the fixed
field of T in L is Lp. Thus Gal(L/LrpK) = T N Gal(L/K) = 1 since L/K
is unramified, and hence L = LpK. One can easily see that Gal(Lx /L) =
(1 — 1) X k. Therefore,

Xp ~ Gal(LpK/K) = Gal(L/K) ~ Xg /(1 — 1) Xf. =

Let F/Q be a finite extension, k/F a quadratic field and J the generator
of Gal(k/F). Let k& /k be an anti-cyclotomic-like Z,-extension with respect
to k/F.
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LEMMA 4. If the prime number p does not split in k% /Q, then k& /k is
totally ramified at the unique prime of k above p.

Proof. Suppose that k{/k is an unramified extension. By class field the-
ory, the Artin map induces an isomorphism Ay ~ Gal(L/k) as (J)-modules.
Since k{ is a subfield of Ly and J acts on Gal(k{/k) as —1, there is a surjec-
tive map A, — Gal(k{/k). By our assumption that the prime p of k above p
does not spht in k% /Q, p is inert in k{/k. Also, J(p) = p. This implies that
the Artin symbol of p in k{/k is trivial, and thus p splits in k{/k. This is a
contradiction. Hence k% /k is totally ramified at the unique prime above p. »

4. Proof of Theorem Until the end of this article, let p be an odd
prime number. In this section we show a somewhat general result which
yields the assertion of Theorem (I} Let F'/Q be a finite extension k/F a
finite Galois extension, and put A = Gal(k/F). Let K/k be a Z,-extension
such that K/F is a Galois extension and put I' = Gal(K/k). Let v be
a topological generator of I'. Then there is x € Hom(A, p,—1) such that
61707 = 4X©) for each § € A and an extension & € Gal(K/F) of 6.
Indeed, since Aut(Z,) = Z; = pp—1 % (1 + pZ,) and A is finite, there is
X € Hom(A, p1p—1) such that A acts on I" as x.

THEOREM 3. Let the notations be as above. Let d be the order of a fi-
nite cyclic group x(A). Let s be the multiplicity of T in the characteristic
polynomial, lying in Zy[T|, of the linear map v — 1 on Qp ®z, Xi. Then
A = smod d.

Proof. We know that Xy is a Gal(K/F)-module. Thus the Z,-torsion
submodule Torz, X of Xf is also a Gal(K/F')-submodule. This shows
that the fixed field of Torz, Xk is a Galois extension over F. Since A =
dimg, Q) ®z, Xk, we may assume that X is a free Z,-module of rank A.

For each element & € A, we denote by § € Gal(Lg /F) an extension of 4.
Also, let 7 € Gal(Lg /k) be an extension of . Since A acts on I" as y, there
is 25 € Xk such that 575 1 = 4x(0) 25 Also, each element g € Gal(LK/F)
can be written as g = y7%0 for some y € Xg, a € Zpand§ € A. Let z € XL
Then

Vg~ 2g)i™t = N(S“ffay ) S R U B SR

= 613X g5z X5 = 5 7X(5)x'y x(9) §
-1

-1

2y¥°d = g 'xg,

and hence X% is a closed normal subgroup of Gal(Ly/F). Suppose that
s > 0. By the theory of Jordan normal forms, the multiplicity of 7" in the
characteristic polynomial of the linear map v — 1 on X /XE ~ (v — 1) Xk
C Xk is less than s. Thus, by repeating the same argument, we can find an

=0 lzo =615
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intermediate field M of Li /K such that M/F is a Galois extension with
the property that Gal(M/K) is a free Z,-module, and that the characteristic
polynomial of y—1 on Gal(Lg /M) is T*. Put X = Gal(M/K). Then X! =0
and X ~ Z)~*. By Lemma [3, we have Gal(M/k) ~ X x I'. Let § € A be
an element such that the order of ¢ = x(8) is d. Let 6 € Gal(M/F) be an
extension of § and ¥ be an automorphism of Gal(M/k) defined by ¥(g) =
5gd—1. Since A acts on I' as y, there is z € X such that P(7) = 27X = z7€.
By Lemma [2| we have A — s =0mod d. =

We show Theorem [1| Let k be a quadratic extension of a finite extension
F/Q. Let k% /k be an anti-cyclotomic-like Zy-extension with respect to k/F.
Since k% /k is totally ramified at the unique prime above p by Lemma 4] it
follows that Ay ~ Xya /(7 —1)Xga . From the exact sequence

0= Xfa — Xpa, 75 Xy — Xpa /(v — 1) Xpa, — 0,

we have s = 0. The fields k, F' and k%, satisfy the conditions of Theorem [3]
with d = [k : F| = 2, and therefore we have A = 0 mod 2. =

5. Proof of Theorem Let k be a CM-field and k™ the totally real
subfield of k. Let J be the generator of Gal(k/k™). Let k% /k be an anti-
cyclotomic-like Zy-extension with respect to k/k*. We remark that k% /k is
totally ramified at the unique prime above p. For each non-negative integer n,
put A, = Aga. Since norm maps A,, — A, for each pair m and n of non-
negative integers with m > n are surjective, it suffices to show that A; is
not cyclic. If Ag is not cyclic then A; is not either. Suppose that Ag is a
non-trivial cyclic group. Suppose further that Ay+ = 0. Then Ay = A, .
Put G1 = Gal(k{/k) ~ Z/pZ. Following the method of the proof of [KW24]
Theorem 6.1, we show here that #A4y < #A;. Let 7 be a generator of G.
By Lemma

#A0 = #A1/(T — 1) A1 = #AT".

Suppose that #A4g = #A;. Then A?l = Aj, and hence Gal(k/k™) = (J)
acts on Ay canonically. The norm map A} — A, = Ay is surjective. Further,
since

#Ag = #A) <H#A] < F#A = #Ao,
we have A] = Aj.

For i =0 or 1, let I;, C; and E; be the ideal group, the ideal class group
and the unit group of k. Let P; be the principal ideal group of k{. From
the exact sequence

0P —~1LH—C,—0,

we have an exact sequence
167 5 & 5 A 4Gy, P) =0
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of abelian groups. One also sees that

(IfY), = A7 — H (G, P), =0

is exact since Z;, ®z C’lG b= A?l = A;. From the exact sequence
0— By — (k) — P, — 0,
we have an exact sequence
0— H NGy, P) — H(G1, Er).

Let u(k) be the group of all roots of unity of k, and let Ej be the unit group
of k™. By Hasse’s unit index, it is known that [Eg : p(k)Ej] = 1 or 2 (see
for example [W97, Theorem 4.12]). From the assumptions that p is odd and
k contains no primitive pth roots of unity, it follows that

(Eo)y = (u(k)Ef /ED)y = 0.

Since HO(G1, Ey), is a quotient of (Ep), , it follows that HY(GY, Er), =0.
Hence FIﬁl(Gl,Pl); = 0, and then it turns out that (IlGl)lj — A7 is sur-
jective. Let p be the prime of k above p, and p; be the prime of £ above p.

Then I = In(p;). There is the following exact sequence:
0= Io = I = (p1)Io/Io = 0.

Since J(p) = p, it follows that J(p1) = p1, and hence ({p1)1o/Io), = 0. Thus
(IlG1 )p = (o), - This shows that the lifting map A9 = 4y — A} = A is
surjective. However, the composition of the norm map A; — Ag and the
lifting map Ag — A; is the pth power map because A; = A?l, and thus the
lifting map Ay — Aj is never surjective. This is a contradiction. Therefore,
we have # Ay < #A;. Hence Gy acts on Ay non-trivially.

By Lemma [3| we have Gal(Lys/k) = A; x G1. Let J € Gal(Lye /k")
be an extension of J. Let ¢ be an automorphism of Gal(Lys/k) defined
by ¢(g) = JgJ ! for g € Gal(Lya /k). Since J acts as —1 on Gal(k{/k),
it follows that ¢(7) = 7~ mod A;, and hence there is y € A; such that
#(7) = yr~1. By Lemma [l such an automorphism ¢ does not exist if A; is
cyclic. Therefore, Ay is not cyclic. =
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