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Classification of certain C'*-algebras
generated by two partitions of unity

by

BJORN SCHAFER

Abstract. We study C*-algebras generated by two partitions of unity subject to or-
thogonality relations governed by a bipartite graph which we also call “bipartite graph
C~-algebras”. These algebras generalize at the same time the C*-algebra C*(p,q) gener-
ated by two projections and the hypergraph C*-algebras of Trieb, Weber and Zenner. We
describe alternative universal generators of bipartite graph C*-algebras and study parti-
tions of unity in “generic position” associated to a bipartite graph. As a main result, we
prove that bipartite graph C*-algebras are completely classified by their one- and two-
dimensional irreducible representations which provides a first step towards a classification
of the more general hypergraph C*-algebras.

1. Introduction. Let P and @) be projections on some Hilbert space H.
Famously, Halmos described the relation between P and @ in his Two-
Projection Theorem [6]: If the two projections are in a particular “generic
position”, then P and @ are unitarily equivalent to

<I 0) <02 CS)
and ,
0 0 cs S2

where C' and S are positive contractions on some Hilbert space K with
S24+C? = I, I € B(H) being the identity operator. This theorem has various
precursors of which we only mention [7, [5, [4]. A more thorough account of
the history is provided by Bottcher and Spitkovsky [3].

From a more abstract point of view, Pedersen considered the universal
C*-algebra C*(p, q) that is generated by two arbitrary projections p and q.
This algebra can be described explicitly as

C*(p,q) = {f € C([0,1], M2) | f(0) and f(1) are diagonal matrices},
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where Mj is the algebra of complex 2 x 2 matrices [§]. Different proofs of
this fact can be found e.g. in [9] (based on Halmos’ theorem), [12] (as a
special case of the more general situation of a Banach algebra generated by
idempotents), or [II] (using the Mackey machine). Another proof can be
found in [I6], see also [3].

In this paper, we investigate a class of C*-algebras associated to bipartite
graphs which generalizes C*(p, ¢). More precisely, given a bipartite graph
G = (U, V, E) with disjoint vertex sets U and V and edge set E C {{u,v} |
u € U,v € V}, we consider the universal C*-algebra C*(G) that is generated
by projections p, with x € U UV satisfying the two relations

(GP1) Zpuzlzzpm
uelU veV

" pupy =0 if {’LL, U} ¢E.
Thus, the families {py }yev and {p, }vey consist of pairwise orthogonal pro-
jections which add up to the unit of C*(G). Such a family is called a partition
of unity and therefore C*(@) is generated by two partitions of unity. We call
C*(G) the bipartite graph C*-algebra associated to G. As a particular case,
the universal C*-algebra C*(p, q) of two projections is retained as C* (K3 2),
where K5 o is the complete bipartite graph with two vertices on each side.

A special case of these C*-algebras has been investigated in the context
of singular integral operators. Indeed, Vasilevski [I5] studied the C*-algebra
generated by partitions of unity where one partition consists of two projec-
tions and the other partition consists of n projections without additional
relations. This corresponds to the bipartite graph C*-algebra C*(Kz,,) as-
sociated to the complete bipartite graph K»,. More generally, Bottcher et
al. [2] studied Banach algebras generated by two partitions of unity which —
in the Banach algebra setting — consist of idempotents instead of projections.

Our interest in these algebras stems from their connection to the recently
introduced hypergraph C*-algebras which have first been investigated by
Trieb, Weber and Zenner [14]. Hypergraph C*-algebras are a novel gener-
alization of graph C*-algebras and not much is known about them. Open
questions include their classification or which hypergraph C*-algebras are nu-
clear. The latter question was studied by Moritz Weber and the author [13].
There, a partial result was obtained: In order to tell which hypergraph C*-
algebras are nuclear it suffices to know which undirected hypergraph C*-
algebras are nuclear. In fact, the latter are exactly the algebras we study in
the present paper (see Proposition , though we prefer the language of
bipartite graphs for the sake of clarity.

As a first result of this work, we obtain alternative generators of the
bipartite graph C*-algebra C*(G) where the universal generators are not
projections associated to the vertices but contractions associated to the edges
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of GG. This offers a different perspective on these C*-algebras and might be
useful for future investigations.

PROPOSITION A (Proposition 2.12)). Let G = (U,V, E) be a bipartite
graph. Then C*(G) is the universal C*-algebra generated by a family (xe)eep
of elements satisfying

(GCT)) roxp =0 ifenfnU=0,
C2 Texy =0 ifenfnNv=>0,

(Zx:)xf = xy,

ecE

xe(z :c’}) = T,

fer
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for all edges e, f € E, respectively. In particular, the x. are contractions
which satisfy Terize = 2.

Next, we investigate how the classical notion of projections in “generic
position” can be adapted to our situation. In [I5] Vasilevski generalized Hal-
mos’ notion of two projections in generic position to the case of two partitions
of unity of the form {P,1 — P} and {Q1,...,Q,} where P and Q; are pro-
jections on some Hilbert space H. His results carry over to a G-projection
family for a bipartite graph G as follows.

THEOREM B (Theorem [3.3)). Every G-projection family (Py)zcuuv in
generic position on some Hilbert space H associated to a connected bipartite
graph G is (up to unitary equivalence) of the form

P, = (C* CUvQ)v1,U2€V S MV(B(IC))a

uv1
Py = (8u100050)v1,v0ev € My (B(K)),

for operators (Cuy)ucuwev on a Hilbert space IC that satisfy particular rela-
tions including Cyy = 0 if {u,v} € E.

The notion of a G-projection family in generic position is made precise in
Definition [3.I]and the conditions imposed on the operators Cy, can be found
in the statement of Theorem . They generalize the condition C? + 82 = I
from Halmos’ Theorem and incorporate the graph structure by requiring
Cyv = 0 whenever {u,v} ¢ E.

Finally, the main result of this work is a classification of bipartite graph
C*-algebras which answers the question: When is C*(G) & C*(G’) for two
bipartite graphs G and G'? For that we consider the subspace Spec,(C*(QG))
of the spectrum of C*(G) which contains only the (equivalence classes of)
one- and two-dimensional irreducible representations. The structure of this
space can be easily read off from the bipartite graph G. In fact, the one-
dimensional irreducible representations correspond to edges of the bipartite
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graph, while the two-dimensional irreducible representations correspond to
subgraphs that are isomorphic to K3 ; see Lemmas [£.5] and [£.8 Then we
obtain the following theorem.

THEOREM C (Theorem [5.6). We have
C*(G) = C*(G") <= Specy(C*(G)) = Spec,(C*(G")).

Recall that bipartite graph C*-algebras are special cases of hypergraph
C*-algebras. Hence, Theorem [C| provides a first step towards a classifica-
tion of hypergraph C*-algebras. As mentioned above, another open question
for hypergraph C*-algebras is which of them are nuclear. It is a simple ob-
servation that a bipartite graph C*-algebra C*(G) is not nuclear whenever
K33 C G} see Corollary . However, it is not known if the converse holds.
In upcoming work we investigate a special class of bipartite graphs G with
K>3 ¢ G, namely the hypercubes @,,. For these graphs we obtain an explicit
description of C*(G) as an algebra of continuous functions, and thus we can
show that they are nuclear.

1.1. Outline. In Section [2] we introduce bipartite graph C*-algebras
and discuss some of their properties including a set of alternative generators
and the connection to hypergraph C*-algebras. Section [3| extends results of
Vasilevski [I5] on projections in generic position to G-projection families
associated to a bipartite graph G. In Section [] we describe the space of
one- and two-dimensional irreducible representations of a bipartite graph
C*-algebra C*(@) in terms of the combinatorial structure of G. Finally, in
Section [5] we prove the classification result from Theorem [C]

2. Bipartite graph (C*-algebras. In this section, we introduce the
main object of our investigations: a class of C*-algebras that are generated
by two universal finite partitions of unity which satisfy certain orthogonality
relations. The precise relations are given by a bipartite graph, and this is
why we call the resulting C*-algebras “bipartite graph C*-algebras”.

2.1. Bipartite graphs. First, let us recall the notion of a bipartite
graph and settle some notation. Throughout this paper all graphs are finite.

DEFINITION 2.1. A bipartite graph G consists of two disjoint finite vertex
sets U and V together with an edge set £ C {{u,v} |u € U, v € V}. We
write G = (U, V, E).

For two vertices in a bipartite graph G = (U, V, E) let us write u ~ v if
{u,v} € Eandlet N(u) :={v eV |v~u} (resp. N(v) :={u €U | v~ u})
be the neighbors of u (resp. v). A path u in a bipartite graph G is a finite
sequence of vertices vy ...v, such that v; ~ v;41 for all ¢ < n. For every
i < n, we say that v; is contained in p. We set s(u) = vy and r(p) = vy,. For



C*-Algebras generated by two partitions of unity 5

two paths g = vy ...vp and v = uy ... u, with r(u) = s(v) we write pv for
the combined path vy ... vpuy ... upy.

EXAMPLE 2.2. For m,n € N, the complete bipartite graph K,,, =
(U,V,E) of order (m,n) is given by
U= {ul,... ,’U,m},
V=A{vy,..., o5},
E={{u,v}|i=1,...,m,j=1,...,n}.
In particular, the graph K » is sketched below.

Ui V1
DEFINITION 2.3. Let G = (U,V,E) and G' = (U', V', E’) be bipartite
graphs.

(1) G" is a subgraph of G, written G’ C G, if

o U' CU,
e V' CV,
o FMCc {{u,v} e E|luelU ,veV'},
or if the same holds after swapping U’ and V.
(2) G’ is the subgraph of G induced by the set {z1,...,z,} C UUV, written
G =G(z1,...,2p), if
o U =Un{xy,...,z,},
o V' =Vn{xy,...,xn},
o F'={ecEl|leC{x,...,zn}}.
Similarly, G’ is the subgraph of G induced by the set {e1,...,en} C E,
written G’ = G(eq,...,ep), if
e U'=UnU{e1,...,enl}
o V' =VnU{er,-..,en},
o F'={e1,...,en}.

(3) G’ is isomorphic to G, written G’ = G, if there are two bijective maps

¢:U— U and ¥ : V — V' such that
E' = {{o(u),v()} |ue UwveV,{u,v} € E},
or if the same holds after swapping U’ and V'.

2.2. Definition of bipartite graph C*-algebras. Let us now intro-
duce bipartite graph C*-algebras.
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DEFINITION 2.4. Given a bipartite graph G = (U, V, E) let C*(G) be the
universal C*-algebra generated by a family (ps).cyuy of projections subject
to the following relations:

(GPl) Zpuzlz vaa

uelU veV
(GP2) pupy =0 if {u,v} € E.

We then say that C*(G) is a bipartite graph C*(G)-algebra. We call a family
(Py)zcvuv C B(H) of projections on a Hilbert space H a G-projection family

if they satisfy (GP1)) and (GP2).

Recall that the universal C*-algebra generated by elements (z;); subject
to relations (R;); is the unique C*-algebra A generated by elements z; with
the following universal property: Whenever another C*-algebra B is gener-
ated by elements (y;); subject to the same relations (R;);, then there is a
unique *-homomorphism ¢ : A — B such that ¢(z;) = y; for all i. De-
pending on the generators and relations this C*-algebra may not exist. In
the special case above, the relations include that the p, are projections, and
in this case the existence of the universal C*-algebra is guaranteed. For a
reference see e.g. [Il, Section I1.8.3].

EXAMPLE 2.5. Consider the complete bipartite graph K o of order (2, 2).
Then C*(Ky ) = C*(Za+Zs2) is the universal unital C*-algebra C*(p, q) gen-
erated by two projections. Indeed, the two left vertices of K3 7 are associated
to the projections p and 1 — p, while the two right vertices are associated
to the projections ¢ and 1 — g. As Ka9 is a complete graph, there are no
orthogonality requirements on these two partitions of unity. More generally,

we have C* (K, ) = C" x¢ C™ for all n,m € N\ {0}.

Using the relations (GP1)) and (GP2)) one easily sees that a dense subset
of C*(@G) is spanned by elements associated to paths in G.

PROPOSITION 2.6. Let G be a bipartite graph as in Definition 2.4, and
for every path p = x1...x, in G, write p, 1= Py, - Pg, for the associated
element in C*(G). Then the elements p, span a dense subset of C*(G).

Proof. Evidently, a dense subset of C*(G) is spanned by arbitrary prod-
ucts of the form a = py, -+ ps,, with z1,...,2, € U U V. Since the p,, are
projections we may assume without loss of generality that x; # x;41 for all
1< n.

To prove the statement, it suffices to observe that a vanishes whenever
Z1...%p 1S not a path in G. Indeed, whenever x; and z;y; for i < n are
both in U or both in V, then pg;ps,., = 0 for 2; # x;11 (by assumption)
and (py)uev (resp. (py)vey) is a family of pairwise orthogonal projections by
(GP1)). Thus, a vanishes if the x; are not alternately from U and V. Finally,
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assume without loss of generality that z; € U and x;41 € V for ¢ < n. Then
Pa;Pe;, = 0 unless {x;, 2541} € E by (GP2). This proves the claim. =

In a similar way to the last proposition, one obtains the next lemma
which will be useful later.

LEMMA 2.7. Let G = (U,V, E) be a bipartite graph, and let x1,x2,y €
U UV be three distinct vertices. Then

PerPyPey 70 = {y} C N(z1) NN (22).
In particular, in this case there must be a fourth vertex vy such that
G(l’l, xr2,Y, y,) = K2,2-

Proof. Assume py, pypz, 7 0 and assume that the statement on the right-
hand side is not true, i.e. N'(z1) NN (x2) contains at most the vertex y. If
y is not in this intersection, then one has directly p;,p, = 0 or pyp;, = 0
thanks to and the fact that z1,y, xo are distinct. Otherwise, assume
without loss of generality 1,29 € V and y € U. Then

Pz PyPzs = P (Z pu>p:c2 = Px1Pxy = 0.
uelU

Indeed, for all uw € U \ {y} we have y & N(x1) or y & N (x2). Hence, for
these u, yields pg, pupz, = 0. The latter equality follows directly from
(GP1)) since > ,cpypu = 1. Finally, we have py,pz, = 0 for ;1 # x3 and
(pv)vev is a family of pairwise orthogonal projections by . .

Let us discuss how bipartite graph C*-algebras behave with respect to
subgraphs.

PROPOSITION 2.8. Let G = (U,V, E) be a bipartite graph and let H =
(U, V',E") be a subgraph. Then C*(H) = C*(G)/(S), where (S) C C*(Q)
is the ideal generated by the elements p, with x & U' UV'.

Proof. Let (pz)zcuruyr be the generators of C*(H) and set
o {pw ifzeU UV,

0  otherwise,
for all z € UUV. Then (P;).cyuy is a G-projection family, and the universal
property of C*(QG) yields a x-homomorphism 7 : C*(G) — C*(H) such that
m(pg) = Py for all x € UUV . Evidently, 7 is surjective and its kernel is (5). =

COROLLARY 2.9. Let G be a bipartite graph with Ko 3 C G. Then C*(G)
1s neither nuclear nor exact.

Proof. Combining Proposition 2.8 and Example 2.5 we see that the bi-
partite graph C*-algebra C2xcC? is a quotient of C*(G) as long as Ko 3 C G.
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It is well-known that C? ¢ C? is neither nuclear nor exact and both prop-
erties are preserved under taking quotients. Therefore, C*(G) is not nuclear
or exact either. m

We end the section with a technical looking lemma that will be useful
later in the classification of bipartite graph C*-algebras.

LEMMA 2.10. Let G = (U,V, E) be a bipartite graph and assume that
e = {u,v} € E is not contained in a subgraph of G that is isomorphic
to Koo. Then

C*G)= 0" (G e C,
where G’ is obtained by deleting the edge e from G. The isomorphism sends

pz € C*(Q) to the corresponding element (p,,0) € C*(G") & C if v € e, and
otherwise to (pz,1).

Proof. In view of Lemma[2.7]one has, for all v/ € V\{v} and v’ € U\ {u},

DPoPulv’ =0,  pupuPw = 0.

Using this it is not hard to show that p,p, = pyp. is a projection, and it is
orthogonal to all p, with x & {u,v}. Further, it is easily checked that the
family (pl)zcvuy defined by

;. ) Dx ifrde,
px L .
Pz — Pupy if x €€,

is a universal G’-projection family in C*(G). Thus, it follows that
C*"(G)=2C*(pl, |z e UUV) & Cpupy, =2 C*(G') & C,
where the isomorphism maps pyp, — (0,1). =

2.3. Connection to hypergraph C*-algebras. In this section, we
discuss the connection between bipartite graph C*-algebras and hypergraph
C*-algebras. Hypergraph C*-algebras were introduced by Trieb, Weber and
Zenner [14]. With the aim of studying nuclearity of hypergraphs, in [I3] their
definition was slightly extended to so-called undirected hypergraphs. Using
that definition the following result was obtained: For every hypergraph HI
one can construct an undirected hypergraph HA such that C*(HI") is nuclear
if and only if C*(HA) is nuclear [I3, Theorem 2.5|. We will show below that
undirected hypergraph C*-algebras are nothing else than bipartite graph
C*-algebras, and this explains our interest in the latter. More generally, we
believe that a good understanding of bipartite graph C*-algebras is a crucial
prerequisite for studying hypergraph C*-algebras.

Let us discuss the precise definition of undirected hypergraph C*-algebras.
An undirected hypergraph HI" consists of a vertex set E?, an edge set E!
and a “source map”’ s : E' — P(EY)\ {0}. The associated hypergraph
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C*-algebra C*(HI") is then the universal C*-algebra generated by pairwise
orthogonal projections (py),cpo and partial isometries (se).cp satistying for
alle, f € E' and v € E°,

(HRI) Se5f = OcfSe,

(HR2) 563: < Z DPv,
ves(e)

(HR3) P Y. sest;

ecEl:ves(e)
see [13, Definition 2.2|.

PROPOSITION 2.11. Let HI' = (E°, E',s) be an undirected hypergraph

and let the bipartite graph G = (U, V, E) be given by
U=E’ V=F, E={{ve}cE"xE"|vcse)}
Then C*(HI') = C*(G) as C*-algebras.

Proof. Let (py)yepo and (Se)ocp1 be the generators of C*(HI") and let
(Pz)zevuy be the generators of C*(G) as in Definition Then we define
a *-homomorphism ¢ : C*(G) — C*(HI") by

©(py) =ps if x € E°,

o(pe) = 5, ifxe€ B
It is an easy exercise to check that the relations (GP1|) and (GP2|) are satisfied
by the elements ¢(p,). Thus, the universal property of C*(G) implies that
this map exists. Similarly, one defines the inverse map ¢ : C*(HI") — C*(G)
using the universal property of C*(G). »

2.4. Alternative generators of bipartite graph C*-algebras. In
the previous section, we introduced bipartite graph C*-algebras C*(G) as
universal C*-algebras which are generated by projections associated to the
vertices of a bipartite graph G. Interestingly, one can define C*(G) in a dif-
ferent way as the universal C*-algebra generated by contractions associated
to the edges of G. This is the content of the following proposition.

PROPOSITION 2.12. Let G = (U,V, E) be a bipartite graph. Then C*(Q)
is the universal C*-algebra generated by a family (z¢)ecr of elements satis-
fying

(GC1) zixp =0 ifenfnU=0,
(GC2) rexy =0 ifenfnV =0,
(GC3) (Z xz)xf = xy,

ecE

(GC4) Te <Z m’}) = Ze,
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for all edges e, f € E. In particular, the x. are contmctions@ which satisfy
TexiT, = 22

Proof. First of all, conditions (GC1)) and (GC2|) together with (GC3)

entail for every edge e = {u,v} € E that
TeXpTe = fe(Z az}?) Te = xz,
fer

since in the second expression all terms for f # e vanish. It follows in partic-
ular that the x, are contractions, and the universal C*-algebra A generated

by the elements (z¢)ccp satisfying (GC1)—(GC4) exists. Further, (GC3|) and
(GC4) imply that A is unital with unit 1 =73 _px}.

Let us use the universal property of C*(G) to find a *-homomorphism
p:C*(G)— A
with
p(pa) = > we=:P, forallzcUUV.

ecFE:zce

First, one checks P, = P;. Indeed, assume z € U and apply (GC3) and
(GC1)) to obtain

P = Z x, = Z xZ(Z:Ef):ZxZ( Z acf>

ecE: xce ecE: xce feE eckE fEE:zef
= Z < g xZ)xf = P,.
fEE:zef ecE

In the second step, we use (GC3|) after taking the involution on both sides.
If x € V, one can use (GC4)) and (GC2) to obtain in a similar way

P = Z Ty = Z <fo>xZ:Z( Z a:f)xz

ecE: xce ecE:xzce feE ecE feE:xef
= g a:f( g x:) = P,.
fEE: z€f ecFR

Next, let us prove P2 = P,. Again we first assume z € U. Then (GCI]) and
(GC3) yield

P3:< Z xZ)( Z xf>: Z (Zx:)xfsz.

ecE:x€e feEE:xef fEE:xc€f eckE

(*) A contraction is an element x with ||z|| < 1. The relation zz*z = x> means that
x is a product of two projections; see e.g. [10, Theorem 8§|.
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If x € V, then one can use and to obtain
P2 = ( Z a;e)< Z x?) = Z xf(2x2> = P,.

ecE: x€ce fEE: z€f feE:xef eclk
Since
D Pu=), ) m=) wi=1,
ueU uelU eeE:u€e eckE
* *
E:PVZE: §: xe:§ 33'6:1,
veV veV eeE:vEe eckE

the projections (Py),cyuy satisfy (GP1)). It remains to check the orthogo-
nality relations (GP2)). For this, let v € U and v € V' be two vertices such
that {u,v} ¢ E. Then

R (Y ) X «)

ecE:vee geE:ueg
(X ) (X)X w)= X waje =0,
ecE:vee fEE geE:ucg e,f,geE:vefuef

where the second-last equality follows from (GC1)) and (GC2|), and the last
equality follows from the fact that v and v are not connected by an edge
in G. This proves (GP2)). Altogether, we showed that the elements P, € A

for z € U UV are projections satisfying the relations (GP1|) and (GP2).
Thus, the universal property of C*(G) yields the desired *-homomorphism

v : C*(G) — A.
Conversely, one can use the universal property of A to obtain an inverse
«-homomorphism ¢ : A — C*(G) with

Y(xe) = pupy =: X for all e = {u,v} € F,

where we implicitly require v € U and v € V. We need to check that the

elements X, € C*(G) satisfy the relations (GC1)—(GC4)). For (GC1)) let

e = {uy,v1} and f = {ug,ve} with uj,us € U and vy,vy € V' be two edges
such that uq # ug. Then

X:Xf = PuyPui PusPvs = 0

since py,pu, = 0 by (GP1)). The relation (GC2) is checked in a similar way.
For (GC3) let f = {u,v} € E and observe

(Z X:)Xf = (Zpuepue)pupv = ( > pv’pu’>pupv
ecE eceE

u'eUp'eV

_ (Z pv'> (Z pu’>pupv = pupo = X,

v'eV u'eU
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where we write e = {u,, v.} for all edges e € F with u. € U and v, € V. In
the second step, we use the fact that by all superfluous terms in the
sum vanish, and in the fourth step we use . Relation is checked
analogously.

Finally, it remains to verify that ¢ and ¢ are inverse to each other. For
e = {u,v} € E observe that

p((ze) = ploups) = p)e) = (3 23)(( X )

feEE:uef geE:veg
=( 30 )= (X i) =
fEE:uef feE

where we use (GC1)) in the fourth and fifth steps, and (GC3) in the last step.
Further, for u € U,

Y(p(pu)) = 1/J( > :ce) = Y pubu :pu(z pv’) = Pu

ecE:u€e ecE:uce v'ev
where we use in the second-last step and in the last step. One
checks ¥ (¢(py)) = py for v € V in a similar way. This proves that ¢ and
1) are inverse to each other, and hence they yield the desired isomorphism

C*(G) = A u

3. Projections in generic position. Let us recall again Halmos’ clas-
sical result: If P and @) are two projections in generic position on a Hilbert
space H, then there are contractions C' and S on some Hilbert space K with
C? + S? = I such that up to unitary equivalence one has

I 0 c? CS
P_<o o>’ Q_<cs 52>'

Following earlier work of Vasilevski [I5], we generalize this result to a G-
projection family for an arbitrary bipartite graph G. Thus, we specify what
a G-projection family in generic position is, and we write such projections in
a canonical block matrix form where the entries of the block are contractions
satisfying certain relations.

Throughout this section let G = (U, V, E) be a connected bipartite graph
and let (Py)zeyuy be a G-projection-family on some Hilbert space H as
defined in Definition Further, set

L,:=im(P,) CH
forallz e UU V.

DEFINITION 3.1. Following Halmos and Vasilevski [0, [16], we say that
the P, are in generic position if
L,NL:f={0}=LnL,
for all edges {u,v} € E.
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LEMMA 3.2. Assume that the P, are in generic position. Then
L,=L,
forallxz,y e UUV.
Proof. We borrow the proof from [6, Theorem 1]. As G is connected it
suffices to show the claim for {z,y} = {u,v} € E. Solet u € U and v € V

be two adjacent vertices. We claim that the operator P,|p, : Ly, — Ly is
injective with dense range. Indeed, for any f € L, one has

Pf=0 = feL,NLy = f=0,

which proves injectivity. Next, let g € L, and assume that g 1. P, f for all
f € Ly. Then for all f € L,,

0=1(9, Puf) = (Pug, f) = (9, f),

and hence g € L, N LUL, which implies g = 0. Thus, the operator P,|r, has
dense range in L,. Consequently, the spaces L, and L, are isometrically
isomorphic. =

THEOREM 3.3. Let (Pyp)zcuuv be a G-projection family on a Hilbert
space H in generic position where G is connected. Then there are opera-
tors (Cuv)uctwev on a Hilbert space IC such that up to unitary equivalence
one has

uvy

1
( ) Pv - (51;11)51)21))1)1,1126\/ € Mv(BUC)),

for allu € U and v € V, where 0y, = I € B(K) if v1 = v and 6y = 0
otherwise, and My (B(K)) is the algebra of square matrices indexed by V
with entries from the bounded operators on K.

The operator Cy, is zero if {u,v} € E, and is injective with dense range
otherwise. Moreover, the operators (Cyy)ucu,vev Satisfy

(2) Z uv1 u’Uz = 1}11)27

uelU

(3) Z CU«IUCZQ'U = u1u2~

veV

P, = (C* Cuvz)v1,v2€V € MV(B(K))a

Conversely, every family of operators (Cyy)ucuwev with the above prop-
erties gives rise to a G-projection family (Py)zcuuy via the formula ([1f).

Proof. Assume that (P,)zcyuy is a G-projection family on the Hilbert
space H. With respect to the decomposition H = @,y L, we can write the
P, in block matrix form as

Pu - (Pvlpupvg)vl,vzeV and Pv - <5v1U5v211)v1,v26V-

By Lemma there is a Hilbert space K and a family of isometric isomor-
phisms Uy : Ly — K with 2 € UU V. Let U := diag((Uy)vev) € My (B(K))
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and observe
UPU* = (Uy, Po, PLULUuPuPo, Uy, )y wsev

and

Z/{P’UU* = (6U1v6v2v)v1,v2€\/'
Setting

Cw =U,P,P,U; € B(K)
for all w € U and v € V we immediately obtain .

Let us prove that the operators C,,, have the desired properties. If {u,v}

¢ Eisnot an edge then entails P, P, = 0 and thus Cy, = 0. Otherwise,

Cyy is injective with dense range by the proof of Lemma Moreover, for
all ui,us € U and v1,v9 € V one easily checks

> CrCuvy = > Uy Py PUULPLP, U,

uelU uelU
=Y Uy Py, PuPo,Us, = Uy Py P Uy, = by,
uelU

using (GPI), and

Z CUIUC’ZQ’U = Z UUIPU1P'UU:U’UP’UPU2U'::2
veV veV
= Uuy Puy P, Uy, = Guyus

using again.

In the other direction, assume that (Cyy)uct, vev is a family of operators
on some Hilbert space K satisfying the conditions from the statement. Let
operators P, on the Hilbert space K" be defined via . We need to show
that the P, form a G-projection family. Evidently, the P, with v € V are
pairwise orthogonal projections adding up to the unit. On the other hand,
the P, with v € U are clearly selfadjoint, and we have, for all v{,v9 € V,

by @),
[Pu1Pu2]v1U2 = Z Czlvlculvsc:w;;cuzw

v3€eV
_ vk *
- Cu1v1 ( Culvg Cu2v3> CUZ’U2

v3€eV

— * —
- 5u1u20u1'u1 CU2U2 - 571«1“2 [PUI]’UIUQ'

Further, using ([2|) one easily obtains ) ., P, = I € My (B(K)). Hence, the
P, with u € U form a partition of unity as well. Finally, assume that {u,v}
with 4 € U and v € V is not an edge in G. Then it is not hard to check that
every entry of P, in the v-column or v-row is equal to zero, which entails
P, N P, = {0}. Therefore, the P, form a G-projection family.
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It only remains to show that the P, are in generic position. Let {u,v} € E
be an edge. First, we show L:- N L, = {0}. Assume g = (gy, )Joyev € L N L,
c KY. Then g,, = 0 for all v; # v as g € L,. Thus, one checks

Pug = (CZM Cuvgv)me\/a

which vanishes because g € Lf;. In particular, it follows that

Z Cun quvl Cuwwgv = Cq%vgv = 0.
v €V
Since Cy, is injective, we conclude g, = 0 and hence g = 0.
It remains to show L, N L:- = {0}. Let g = (gy,) € LuN Ly C KY. Then
go =0 as g € L. Further, since g € L,, we have P,g = g, i.e.

0= (R = X Gl — Cin( X Con).

v1EV v1 €V

Consequently, for f:= 3 v Cuygo, We have Cp f = 0. As Cy, has dense
range it follows that f = 0. Thus, we obtain, for every v € V,

0=Chf = Z Corvy Cuvs Gor = (Pug)vy = Gu,-
vieV

We conclude g = 0 as desired. =

4. One- and two-dimensional representations. Recall that the el-
ements of the spectrum Spec(A) of a C*-algebra A are equivalence classes
of irreducible representations of A with respect to unitary equivalence. Ev-
ery irreducible representation 7 of A induces a primitive ideal I, = ker(7),
and the set of all primitive ideals Prim(A) is equipped with the hull-kernel
topology, in which the closure of a set J C Prim(A) is

7= {I € Prim(A) ‘ 1> J@J}.

The topology of Spec(A) is then the coarsest topology that makes the map
Spec(A) — Prim(A), © — I, continuous. See [I, Section I1.6.5] for more on
the spectrum of a C*-algebra.

We say that a representation m of A is n-dimensional if it is a map
m: A — M, = B(C"). The following subspace of Spec(A) is of special
interest to us.

DEFINITION 4.1. For a C*-algebra A we set
Spec<y(A) := {7 € Spec(A) | 7 is one- or two-dimensional}.

This is a topological space with the subspace topology inherited from Spec(A).
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4.1. The complete graph Kss. To prepare a description of
Spec<o(C*(G)) for arbitrary bipartite graphs, let us analyze the algebra
C*(KQ’Q) of the complete bipartite graph K52 in detail. We use the labels
from Figure

€1

€2 €3

U2 V2

€4

Fig. 1. The complete bipartite graph K32

In fact, C*(K32) is isomorphic to the well-known universal C*-algebra
C*(p,q) generated by two projections p and ¢. This was already mentioned
in Example [2.5] but we repeat this observation here with an explicit isomor-
phism.

PROPOSITION 4.2. We have C*(K22) = C*(p,q). An isomorphism is
given by the assignment

Puy — D, Pv; — G,
pqul_p7 pvzHl_Q'

Proof. Evidently, {p,1 — p} and {¢,1 — ¢} are two partitions of unity.
Since Ko 9 is complete, there are no particular orthogonality relations that
the generators of C*(K3 2) must satisty, i.e. is trivial. Thus, the univer-
sal property of C*(K32) yields a x-homomorphism ¢ : C*(K32) — C*(p,q)
which extends the assignment from the statement of the proposition. Analo-
gously, the universal property of C*(p, ¢) yields an inverse x-homomorphism
Y C*(p,q) — C*(Kap2) with ¥ : p = puy, ¢+ Dy, m

As discussed in the introduction, the algebra C*(p, q) is well-known in the
literature. The following explicit description is essentially due to Pedersen [g].
Further proofs can be found e.g. in [9] 12], TT]; see also [3].

THEOREM 4.3 (Pedersen 1968). The universal C*-algebra C*(p,q) gen-
erated by two projections p and q is isomorphic to the algebra

A:={f € C([0,1], M2) | £(0), f(1) are diagonal}

of continuous functions from [0,1] to My whose values at the endpoints 0
and 1 are diagonal matrices. An isomorphism is given by the assignment

(1 o> ( ¢ i t))
p— ) q— .
0 0/, t(1—1) 1=t /e
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With this explicit picture of C*(p, ¢) at hand, it is not difficult to describe
the spectrum of C*(p, ¢). For that, let X be the quotient of the disjoint union
0,1]U[0,1] ={¢t,t': 0<t <1}

by the equivalence relation that identifies ¢ and ¢’ for ¢ € (0,1). The under-
lying set of this space has the form {a,b,c,d} U (0,1) and can be sketched
as in Figure

a C

b R d

Fig. 2. The space X

A neighborhood system of a is given by {{a}U(0,1/n) : n € N}, and there
are analogous neighborhood systems for b, ¢ and d. Note that the space X
is Ty but not Hausdorff.

COROLLARY 4.4. We have
Spec<,(C7(Ka2)) = Spec(C™(Kyp2)) = X.

The points a,b,c,d € X correspond to the one-dimensional representations
of C*(K2,2), while the points in (0,1) C X correspond to the two-dimensional
wrreducible representations.

Proof. Let Ko be labeled as in Figure [T} In view of Theorem and
Proposition we may assume that the generators p, of C*(Kz2) are con-
cretely given by the functions

m“:mﬁ]ath><;ED, pm:mJJBtH>< ;ljt) ﬂtﬂ>7

—Via -1
t(1—1) 1—t )
One easily checks that the two-dimensional irreducible representations of
C*(K3,2) are exactly the following (up to unitary equivalence):
Tt :C*(KQQ) — Mo, fr—)f(t), for t € (0, 1),

while the one-dimensional irreducible representations are exactly (up to uni-
tary equivalence)

7o 1 C*(K22) = C, f— f(0)11, e : C*(K22) = C, f— f(1)11,

Ty - C*(K272) — (C, f — f(O)QQ, T - C*(KQQ) — C, f — f(l)gg.
Together, these are all irreducible representations of C*(K32) up to unitary

equivalence. By looking at the hull-kernel topology of the primitive ideal
space

Prim(C*(K22)) = {m; '(0) : t € (0,1)} U {m; ' (0),m, " (0), 7 ' (0), 75 (0)}

0 0
Duy ¢ [0,1] Dt — 0 1) Doy [0,1] D¢ —
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one confirms that the map
@: Spec(C*(Ka2)) = X,
m—=t,  te(0,1),
g > Q,
Ty > b,
Te > C,
g > d,

is a homeomorphism of topological spaces. This concludes the proof. =

4.2. General situation. In what follows we investigate the connection
between an arbitrary graph G and Spec.o(C*(G)). It turns out that the
one-dimensional irreducible representations correspond to the edges of the
graph G, while the two-dimensional ones correspond to subgraphs that are
isomorphic to K. This enables a complete description of Spec,(C*(G))
from the combinatorial structure of G. -

Throughout this section let G = (U, V, E') be a bipartite graph and let
G={HCG|H=K}
be the collection of all subgraphs of G that are isomorphic to K3 ».
LEMMA 4.5. The following statements hold:

(a) Let m be a one-dimensional irreducible representation of C*(G). Then
there is an edge {ug,vo} € E such that for all vertices x € U UV one
has

() (pa) = {1 if © € {ug,v0},

0 otherwise.

Moreover, for every edge e € E there is exactly one such irreducible
representation, which we denote by me.

(b) Let o be a two-dimensional irreducible representation of C*(G). Then
there are vertices uy,uz,v1,v2 € U UV with G(ui,ug,vi,v2) = Kao
such that up to a unitary transformation one has

o=} ) o=ty V),

? o) = V) o= (2 )

01 Mi-p 1t
o(pz) =0 forallz € (UUV)\ {u1,us,v1,v2}
for some t € (0,1).
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Conversely, for all such vertices and some t € (0,1) there exists exactly
one such irreducible representation, which we denote by op; for H =
G(U/la uz, v, ’02).

In particular, one has the identity of sets
Spec<o(C*(G)) ={me |e€ E} U{om: | H € G, t € (0,1)}.
Proof. (a) Clearly,

1=n(1) = U(Ze:Upu) = W(;pv)7

and m(py), 7(py) € {0,1} for all w € U,v € V. Hence, there exist ug € U
and vg € V with 1 = 7(py,) = 7(pu,). Assume ug ~ vg. Using the relations

and one obtains
=20~ (S ) = 0)
veV

veEN (uo)
= T (Puo) Z m(pv) = 0.
veN (uo)

This is a contradiction. Thus, we must have ug ~ vg.

For the last statement, assume that vertices ug ~ vy are given. Then the
universal property of C*(G) yields a (unique) *-homomorphism 7 : C*(G)
— C with (). Indeed, it is not hard to check that the elements m(p,) and
7(py) satisfy the relations and required from C*(G). Evidently,

7 is irreducible.
(b) As

((1) (1)> = olp) = o(po)

uelU veV

and every o(p,) for x € U UV is a projection, there are vertices uq, ug, vq
and vy with

(1 0) = 0(Pur) + 0(Puy) = 0 (poy) + 0 (Pry)

01
=0

for all z € (UU V) \ {u1,u2,v1,v2}. For a contradiction assume

ff(pul):(g 8) and a(pu2):((1) ?)

Then im(o) is the closed span of o(p,,) and o(p,,), which are two orthog-
onal projections that sum to the unit. This would mean, evidently, that o

and
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is not irreducible — contradicting the assumption. Thus, all four matrices
0 (Puy), 0(Puy), 0(pyy) and o(py,) are projections onto one-dimensional sub-
spaces of C2. By applying a unitary transformation if necessary, we can as-
sume o(py, ) = E11 and Op,, = Fa2. Then o(py, ) is the projection onto some
non-vanishing vector ae; + bes € C2, and by applying a diagonal unitary
transformation we can assume a,b € [0,00). After normalizing this vector,
we see that o(p,,) is the projection onto te; + (1 — t)eg for some ¢ € [0, 1]
with #2 + (1 — ¢)? = 1. Consequently, we get

a(pvl)Z( ;;_t ) t(t_t)),
g<pv2>=(_ t(tl_t) ‘fo;”).

Further, one observes immediately ¢ ¢ {0, 1} since otherwise o would not be
irreducible. It follows, in particular, that o(py,)o(py,) # 0 for i,j < 2. As
before, and then entail u; ~ v; for all 7, j, which means that
G(ul, ug, V1, 1)2) = K272.

For the final statement, one readily checks that the elements o(p,) and
o(py) given by (b)) satisfy the relations (GP1|) and (GP2|). Therefore, the uni-
versal property of C*(G) yields a (unique) *-homomorphism o : C*(G) — M,
satisfying . Evidently, im(o) = My, and therefore the representation o is
irreducible. m

EXAMPLE 4.6. Let us again take a look at the complete bipartite graph
K39 which was discussed in the previous section. There we saw that the
spectrum of C*(K7332) is isomorphic to the space X = {a,b,c,d} U (0,1),
where the points a, b, ¢, d correspond to one-dimensional irreducible repre-
sentations. A sketch of this space can be seen in Figure 2| The points a
and b (and ¢ and d) have no disjoint open neighborhoods, while all other
pairs of distinct points from {a,b,c,d} have disjoint open neighborhoods.
By the previous lemma, these points correspond to the four edges of K5 . In
the proof of Corollary [£.4] the irreducible representations m,, mp, 7. and 74
corresponding to the points a,b,c,d € X were described explicitly. Let us
now check which edges correspond to which points. In the terminology of
Corollary [£.4] we have

C*(Kaz2) ={f € C([0,1], M) | £(0), f(1) are diagonal matrices},
1

(1 o> < NG —t))
Puy = y DPuvg = 5
' 0 0/ e, ' t(1—1) t t€[0,1]

(o o> < ¢ i t))
Pus = y Puvg = ,
’ 0 1/, ’ —Vt(1 —1) -t t€[0,1]
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and the representations m,, 7, 7. and g are given by

Tq - C*(KQ,Q) — (C, f — f(O)H, Te - C*(KZQ) — (C, f —> f(l)u,

Ty © C*(K272> — (C, f — f(O)QQ, g - C*<K2’2) — (C, f — f(l)gg.
It follows that 74 (u1) = me(v1) = 1 and 74 (u2) = me(v2) = 0. Using the edge
labels from Figurewe have {u1,v1} = e1, and we see 7, = 7,,, where 7, is
the one-dimensional irreducible representation corresponding to the edge e;
from the previous lemma. Checking the other representations in the same
way, one arrives at the following correspondences:
& T =Te, < €1 = {ul,vl},
& Ty =T, < eq = {ug, v},

o o <

& e = Tey €2={U1,1)2},
d + Td = Teg < 63:{UQ,’I)1}.

Interestingly, the pairs {a, b} and {¢, d} of points without disjoint open neigh-
borhoods correspond to the pairs of edges {ej,eq} and {ea,e3} which are
the only two pairs of non-adjacent edges in Kz 9. Thus, the spectrum X of
C*(K3,2) recalls which edges of K39 are adjacent and which are not. This is
an important feature which we will use later on. Therefore, we summarize
the results of this example in the following lemma.

LEMMA 4.7. Let the complete graph Koo have edge labels as in Fig-
ure . In Spec.,(C*(K2z2)) the one-dimensional irreducible representations
Teys Teys Tes and e, from Lemma have the following property: When-
ever e; and e; are two distinct edges, then me, and Tre; have disjoint open
neighborhoods if and only if e; and e; are adjacent.

Proof. See Example The proof follows from the fact that the points
a,b,cand d in X correspond to the edges e1, es, e3 and e4 in such a way that
{a,b} and {¢,d} correspond to non-adjacent edges, while all other pairs of
distinct points from {a, b, ¢, d} correspond to adjacent edges. m

In Lemmawe obtained a description of Spec<,(C*(G)) as a set. In the
next lemma, we describe its topology using the space X = {a,b,c,d} U (0,1)
from Corollary as a building block.

LEMMA 4.8. Recall that G = {H C G | H C G, H = Kz} is the
collection of all subgraphs of G' that are isomorphic to Ka 2, and recall from
Lemma L3 that

Speco(C*(G)) ={me |e€ EYU{og: | HE€ G, 0 <t <1},
For every H € G the set
Xy = {Tr@H,l’ﬂ-@H,Q?7T5H,3’7T€H,4} U {UH,t | 0<t< 1} - SpeCSQ(C*(G))
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is a closed subset that is isomorphic to the space X from Corollary[A.4], where
eH,1, en2, €3 and e q are the edges of H. Further, there is a homeomor-
phism

Ulomil0<t<1y= | ](0,1),
Heg Heg
which maps every set {op: | 0 <t < 1} onto a different copy of (0,1).
Finally, the following hold:

(a) me is clopen, i.e. {m.} is closed and open, in Speco(C*(Q)) if e is not
contained in any H € G, ;

(b) if e1,ea € E are contained in some H € G then m., and 7w, have dis-
joint open neighborhoods in Spec<o(C*(G)) if and only if ey and ey are
adjacent, -

(c) the points ops have an open neighborhood in Spec.o(C*(G)) that is
homeomorphic to (0,1) for every H € G and 0 < t < 1.

Proof. Let H € G be fixed. One checks that the set X consists of all one-
and two-dimensional irreducible representations of C*(G) that vanish on the
projections p, for x ¢ H. Let Iy C C*(G) be the (closed) ideal generated by
these projections p, with x € H. The irreducible representations that vanish
on Iy form a closed subset of Spec(C*(G)) and are in a 1-1 correspondence
with the irreducible representations of the quotient C*(G)/Ix via

Spec(C*(G) /1) — {m € Spec(C*(Q)) | m(pz) =0 for all z ¢ H},
T TOL,

where ¢ : C*(G) — C*(G) /Iy is the canonical quotient map. Moreover, the
map 7 +— 7o is a homeomorphism of topological spaces; see e.g. [I], 11.6.1.3,
I1.6.5.13]. Since the map also preserves the dimension of the representations,
we get a homeomorphism

Spec<o(C*(G)/In)
— {7 € Spec,(C*(Q)) | m(pz) =0 forall z ¢ H} = Xy,

where Xz C Spec<y(C*(()) is a closed subset. By Proposition the al-
gebra C*(G) /Iy is isomorphic to C*(H) = C*(Kaz2). For this algebra we
computed Speco(C*(Kz2)) = X in Corollary
To prove the second statement, let us note that the sets {op; | 0 <t < 1}

are pairwise disjoint for different H € G and isomorphic to (0,1) because
Xy = X. For

U{omslo<t <1y =] ](01),

Heg Heg
it suffices to show that {om |0 <t < 1} is closed in the subspace topology
of Ugeglon, | 0 <t < 1}. However, this follows immediately from the fact
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that Xy C Spec,(C*(G)) is closed. Thus, the map

Ufomslo<t <1y = [ |(0,1),  ousrs ta,
Heg Heg
is a homeomorphism, where for every ¢ € (0,1) we denote by ty the H-
labeled copy of ¢ in the disjoint union | |;;.4(0,1).
It remains to prove (a)—(c). For (a), let e € E be an edge that is not
contained in any H € G, and let G’ be the graph obtained from G by
deleting the edge e. From Corollary 2.10] one gets

(@)= (@) eC,
and 7, corresponds to the representation
C*(GY®C> (z,y)—yeC.
It follows immediately that {7.} C Spec<,(C*(G)) is clopen.
For (b) let H = G(e1,e2,e3,e4) € G. After identifying C*(H) with
C*(G) /Iy the above yields a homeomorphism
Spec<o(C*(H)) — Xu C Specy(C*(G)),
T oL,

where the quotient map ¢ : C*(G) — C*(H) is given by

pr ifx € H,
L(px): .
0 ifzgH.

To avoid confusion we denote the generators of C*(H) by p, for z € H.
Thus, for the edges e; the homeomorphism maps

Te; F e,

where 7, is the one-dimensional irreducible representation of C*(H) corre-
sponding to the edge e; according to Lemma As H = Kj 9, Lemma
tells us that e; and ey are adjacent in H if and only if 7., and 7., have
disjoint open neighborhoods in Spec.,(C*(H)). It follows that 7, and =,
have disjoint open neighborhoods in Spec.,(C*(G)) if and only if e; and eg
are adjacent in H. Evidently, this is equivalent to the fact that e; and e, are
adjacent in G, which concludes the proof of (b).

Finally, for (c) let H € G and 0 < t < 1. It is not hard to check that
{om+|0 <t <1} is an open neighborhood of o+ in Spec.,(C*(G)) which
is homeomorphic to (0,1). = -

In the next lemma we obtain a bijection between the edges of two
graphs G and G’ starting from a homeomorphism between Spec,(C*(G))
and Spec.,(C*(G")). This will be used in the next section to obtain a *-
isomorphism between C*(G) and C*(G").
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LEMMA 4.9. Let G and G’ be two bipartite graphs, and assume that
? : Spec<,(C*(G)) — SpecSQ(C*(G’))
is a homeomorphism. There is a unique bijection f : E — E' given by

D(me) = Ty(e) for all edges e € E. This map satisfies, for all edges ey, ez, e3, €4
e E,

(6)  Gler,en,e3,e4) = Koo <= G'(f(e1), f(e2), f(ea), fea)) = Kapo.
Further, whenever G(e1, ez, e3,e4) =2 Koo, then, for distinct i,j < 4,
(7) e; and e; are adjacent <= f(e;) and f(e;) are adjacent.

Proof. Due to Lemma a)—(c) the representations 7, for e € E and
oy for H € G and 0 < t < 1 can be distinguished by their topological
properties. Therefore, the map @ satisfies

P({me |e € E}) ={me | €' € E'},
d({ops |HeG, 0<t<1})={op,|H €G,0<t <1}
It follows that the map f is a well-defined bijection from F to E’. It remains
to prove that f satisfies @ and .

For that, let X C Spec<o(C*(()) be the closed subset corresponding to
a subgraph H € G as in Lemma We claim that for every H € G there is
an H' € G’ such that &(Xpy) = Xpg/, and conversely for every H' € G there
is an H € G with this property.

Indeed, Xp is the closure of {og; | 0 < t < 1} and by the previous
lemma we have

UA{onel0o<t<1}=]](0,1),

Heg Heg
U fomilo<t<1y= | | (0,1),
H'eg’ H'eg’

where the homeomorphism maps different sets {og |0 <t <1} for H € G
(or {om+|0<t<1}for H € G, resp.) onto different copies of (0,1). As a
homeomorphism, @ preserves connected components, and it follows that for
every H € G there exists a unique H' € G’ such that ¢({og, |0 <t < 1}) =
{om+ | 0 <t < 1}. By taking the closure we obtain the claim. The same
argument applied to @1 shows that for every H' € G’ there is a unique
H € G such that ¢(Xpg) = Xp.
Now, assume that H = G(e1, e, €e3,e4) € G. Then
for some H' = G'(€], 5, e, ¢y) € G'. It follows that

@({7"6177762:7763771'64} U {UH,t ‘ O0<t< 1})
= {71-6,1’7.(—6,2’7[-6%’77-611} U {UH’7t | O0<t< ]_}
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and thus
{f(e1), flea), f(es), f(ea)} = {e}, €5, €5,€}}.

This proves the forward implication in @ The converse implication is proved
in the same way using the fact that for every H' € G’ there is a unique H € G
such that &(Xpy) = Xg.

Finally, let e;,e2 € E be two distinct edges in some H € G. Then e;
and ey are adjacent if and only if 7., and 7., have disjoint open neighbor-
hoods in Spec<,(C*(G)) by Lemma (b) Similarly, f(e1) and f(e2) are
adjacent if and only if 7y, and 7y, have disjoint open neighborhoods in
Spec.o(C*(G")). Since @ is a homeomorphism we find that

7Tf(61) = @(Wel) and 7Tf(52) = @(WQQ)

have disjoint open neighborhoods in Spec.,(C*(G")) if and only if 7, and
e, have disjoint open neighborhoods in Spec<,(C*(G)). This proves (7). =

5. Classification of bipartite graph C*-algebras. Finally, every-
thing is ready for us to show that Spec,(C*(G)) determines C*(G) up to iso-
morphism. Throughout this section let G = (U,V, E) and G' = (U, V', E')
be two fixed bipartite graphs together with a homeomorphism

P : SpecQ(C*(G)) — SpecSQ(C*(G/)).

As seen in Lemma the homeomorphism @ yields a bijection f: £ — E’
between the respective edge sets of G and G’ such that for any edges e, e,
es3,eq € E we have

(6)  Gler,ea es,ea) = Kog <= G'(f(e1), fle2), fes), f(ea)) = Kap.
Additionally, if G(e1, ez, e3,€4) = Ka 9, then for i, j < 4 one has
(7] e; and e; are adjacent <= f(e;) and f(e;) are adjacent.

In this section, we prove that f gives rise to a x-isomorphism ¢ : C*(G) —

C*(G'). First, we show that any map f : E — E’ satisfying (6) and (7))
induces a *-homomorphism ¢ : C*(G) — C*(G').

PROPOSITION 5.1. Let G, G’ be two bipartite graphs and let f : E — E'
be a bijection between their edges which satisfies @ and . Then there is a
(unique) *-homomorphism ¢y : C*(G) — C*(G") such that for every vertex
xeUUV of G one has

(Pf(px) = Z Pwpy =: Py € C*(G/)7
{u/ w'}el(x)

where
I(z):={f(e)e E' :xz €¢e}
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and {u',v'} € E' implicitly requires that v € U’ and v € V'. Further, we
denote the generators of C*(G') by py with y € U' UV’ to avoid confusion
with the generators p, with x € UUV of C*(G).

To prove this, we need to show that the P, are projections which satisfy

the relations (GP1)) and (GP2) required for the generators of C*(G), i.e.

e every P, with z € U UV is a projection in C*(G’),

b ZUEUPUZIZZUEVPW
e P, 1 P, unless x ~ y.

We will prove these properties in the next lemmas separately. Throughout
the next lemmas, G, G’ and f are fixed as in the statement of Proposition [5.1]
Further, x € U UV is a fixed vertex in G and I(x) = {f(e) | z € e} is the
set from Proposition Let us start with a technical lemma.

LEMMA 5.2. Let v}, vy € V' be two distinct vertices of G' with common
neighbors vy, ... ,ul, € U'. Assume

{uj,vi} € I(x) and {u},vy} & I(z).

Then for all i < n we have
{ujvi} € I(x) and {uj,v5} & I(x).

Proof. If n <1 there is nothing to show. So assume n > 1 and let ¢ > 1.
The following is a subgraph of G:
uh = v1
€2 €3

! ’
U; €1 U2

where the edge e; (highlighted in red) is in I(x). This means that =z €
f~(e1). Since f has property () we know

G(f_l(el)v f_1(62)7 f_l(e?))a f_1(€4)) = K2,2-

Hence, either ey or eg is in I(x), while eq = {u},v4} & I(z). By assumption,
however, we have e3 = {u),v}} & I(x). Therefore, it follows immediately
that ea = {u}, v} € I(x) and this concludes the proof. =

LEMMA 5.3. The element P, = Z{u,m,}el(x) Pu P € C*(G") from Propo-
sition [5.1] is a projection. Further, the sets {P, | w € U} and {P, |v € V}
each form a partition of unity in C*(G'), i.e. they satisfy relation (GP1)).
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Proof. Observe that for any xt € U UV,

PJJP; = ( Z ﬁu’ﬁv’) ( Z ﬁu”ﬁv”)*

{w v}el(z) {w’ v"}el(z)

=( X bwne)( X pubur)
{u'v'}el(z) {u"w"}el(x)

= Z Dur Do Do Pur

{w v} {u ' el(x)
= Z ﬁu’ﬁv/ﬁu“a
{w v} {u’ w'el(z)

where we use (GP1)) for the generators of C*(G’) in the last step. Let v/ and
u” € U’ be fixed. We claim

Z P P Dur = ( Z ﬁu’ﬁv’)ﬁu”‘
o’ {u! '} {u v el (x) v {u w'rel(x)
To prove the claim let us distinguish the following cases.
CASE 1: v/ = u”. Then the claim is immediate, for {u’,v'} € I(x) and

{u",v'} € I(x) are equivalent.

CASE 2: v/ # «”. Further, suppose that there is a common neighbor v,
of v’ and u” such that

{W,vp} € I(z) and {u” vy} & I(z).

Then, by Lemma [5.2| the same holds for any common neighbor of v’ and u”
instead of v. Hence, we have on the one hand

Z ﬁu’ﬁv’f)u” = Z =0,
v’ {u! v} {u v el (x) 0
and on the other hand
Z ﬁu’ﬁv/)ﬁu” = ﬁu/ ( Z ﬁv’)ﬁu”
v {u ' el(z) v eEN (W )NN (u')
= ﬁu’ﬁu” = 07

where in the first step we use the fact that all common neighbors of u/ and
u” are in I(z) and products over non-neighbors vanish by (GP2)), and in the
last step relation (GP1]) for the generators of C*(G").

CASE 3: Neither of the previous cases applies. Then v’ # v and for any
common neighbor v of v/ and u” we have

{u' v} el(x) = {u" '} el(x).
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Using the relations (GP2)) for the generators of C*(G’) one obtains

Z ﬁu’ﬁfu’ﬁu” = Z ﬁu’ﬁv’ﬁu”

v {u '} {u v el (x) o' {u/ ' Yel(x) {u v eE'
= ( Z ﬁu’ﬁv’)ﬁu”-
v’ {u! v Yel(x)
Altogether we conclude

PxP; = Z ﬁu’ﬁv’ﬁu”
{w W'} {u" w'}el(z)

- (X bebeie)

u el v {u W'} {u" v'}el(x)

= > (( X bwpv)iw)

uw”el’ v {u v'}el(x)
(X i) (D b)) =P
{v' v'}el(x) u''el’

where we use (GP1)) in the last step. This shows that P, is a projection
in C*(G’") since one obtains directly Py = (P,Pf)* = P,P} = P,. Finally,
observe that

SP=Y( > bwbe)= Y bube

uelU uelU {u' v'}el(u) {u' Wv'}eE!
=(Z w)(Ta)=11=1
u'el’ v’ eV’

where we use (GP2)) in the second-last step and (GP1)) in the last step. This
shows that the set {P, | v € U} is a partition of unity in C*(G’). The
argument for {P, | v € V'} is analogous. =

LEMMA 5.4. Let P, = z{u,’vl}el(x) Puby € C*(G') be the element from
Proposition [5.1. For any w € U and v € V we have P, P, = 0 unless u ~ v,
i.e. the relations (GP2)) are satisfied.

Proof. By Lemma [5.3|the P, are projections. Observe that

PP=PPi=( Y bubw)( Y Bubur)

{w v} el(v) {u” v }el(v)
= Z ﬁu’ﬁv’ﬁv”ﬁu” = Z ﬁu’ﬁv’ﬁu”,
{w w'el(u), {u” v"}el(v) {w' v}el(u), {v" v'}el(v)

where we use (GP2)) in the last step. Assume that there are {u/,v'} € I(u)
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u

v

Fig. 3. The two possible forms of the subgraph G(f~*(e1), f~*(e2))

and {u”,v'} € I(v) such that
ﬁu’f)v’pu” 7£ 0.
We distinguish two cases. First, if v/ = u”, then

{u, 0"} € I(w) N I(v) = {f(e) | e = {u,v} € E},
and therefore u ~ v.

Second, let us assume u’ # u”. In view of Lemma [2.7] there must be some
v"” # v such that the following is a subgraph of G':
’ €1 ’
u v
€3 €2

u// 1 UN

Using the fact that f satisfies @ it follows that the subgraph

G(fHer), [ (e2), f(es), f M (en)) C G

is isomorphic to K3 . Because of the edges f~'(e1) and f~'(ez) are
adjacent. Using u € f~(e1)NU and v € f~!(e2) NV one easily checks that
the subgraph G(f~!(e1), f~!(e2)) can only take two different forms which
are sketched in Figure [3] In both cases, one sees u ~ v. =

Putting the previous lemmas together we obtain a proof of Proposi-

tion B.11

Proof of Proposition[5.1 The preceding lemmas show that the P, satisfy
the relations required for the generators of C*(G). Thus, by the universal
property of C*(G) there is a unique *-homomorphism ¢¢ : C*(G) — C*(G’)
with pf(py) = Py forallz e UUV. u

Let us summarize what we have seen so far. Given a homeomorphism
® : Specy(C*(G)) — Spec<y(C*(G")), we obtain from Lemma a bijec-
tive map f : E — E’ that satisfies @ and . Evidently, its inverse map
f~! : E' — E has the same properties. Thus, Proposition yields two
*-homomorphisms ¢y : C*(G) — C*(G') and @1 : C*(G') — C*(G) that
are defined on the respective generators as follows:
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(8) 0r:C (@) 3pe—Po= Y puby €CG), zeUUY,
{w v'}el(x)

(9) @p1:CHG) 2Py Pyi= > pupy € CHG), yeU UV,
{uv}ed(y)

where I(z) = {f(e) € B' : v € e} and J(x) = {f"1(e) € E : y € ¢} for

x € UUV and y € U' UV, respectively. In the above formulas we implicitly

require u € U,v € V and v’ € U, v € V.

To prove C*(G) = C*(G") it only remains to show that ¢ and @1 are
inverse to each other. In fact, it suffices to show ¢y-10¢f =idc+(g) because
the other statement, @y o 9 ;-1 = idg+(qry, follows by replacing f with L.
We prove this in the following lemma.

LEMMA 5.5. One has pg-1 0 pf = idcx(q)-
Proof. It suffices to show

0r-1(pf(Pz)) = Pa

for all z € U U V. Indeed, we only prove this for z € U because the case
x € V is analogous. Thus, let u € U be fixed. The definitions of ¢ ¢—1 and ¢y
yield

‘Pf*l(SOf(pu)):(Pf*1< > ﬁu’ﬁv/)
{w v }el(w)

= > ( > pulpm)( > pung)-
{uv'w'}el(u) {ui,v1}ed(u’) {uz,v2}eJ(v’)

Using ¢ 41 (puw) = (¢ -1 (pw))* = Z{ul,’ul}EJ(ul)pvlpul together with (GP2))
we can continue the computation as follows:

prlerp)) = Y ( > pvlpul)( > pugpv2>

{vw w'}el(u) {ur,v1}e(u’) {uz,v2}€J(v')
= Z ( pv1pu1pv2)-
{w'w'}tel(u) {ui,vi}ted’),{ur,v2}eJ(v’)
We claim
{(m Uy, v2) tur, vr} € J()
Y {ug,ve} € J(v')

={(v1,u,v2) | V301 ~un~ vy €V with py, pups, # 0},

for some {u',v'} € I(u) with py, pu, P, # 0}

where u remains the vertex fixed above. First, assume that (v, u,v2) is in
the set on the right-hand side, i.e.

Vovyu~u~v €V with DPv1PuPus 7& 0.
There are two possibilities. If v1 = vg, then setting {v/, v’} := f({u,v1}) one
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easily verifies {u,v1} € J(u') N J(v') while {«/,v'} € I(u). Thus, the triple
(v1,u,vy) is in the set on the left-hand side.

Next, assume vy # v2. As Py, pupu, is non-zero, Lemma [2.7] yields some
vertex ug € U such that the graph from Figure []is a subgraph of G.

€1 v

€2 €3

u2 V2

€4

Fig. 4. The subgraph G(u,v1,v2,u2)

As e; and e are adjacent in G(eq, ez, e3,€4), by (7)) the same holds in

G'(f(e1), f(e2), f(es), f(ea)). Thus, the subgraph G'(f(e1), f(e2)) must take
one of the two forms shown in Figure [5

, f(e1) , f(e1) ,

fle2) fle2)

'U/

Fig. 5. The two possible forms of the subgraph G’ (f(e1), f(e2))

Choosing the vertices u’ € f(e1) and v' € f(ez) as in the figure one easily
checks {u/,v'} € I(u) as well as e = {u,v1} € J(v') and es = {u,v2} €
J(v"). Thus, the triple (vi,u,v9) is in the set on the left-hand side, and this
concludes the proof of the inclusion (lhs) D (rhs).

For the other inclusion, assume that (vi,u;,v2) is in the set on the left-
hand side, i.e.

{ug,v1} € J(u)
{ur,ve} € J(V')
It suffices to show w; = w since py, Py, Pv, 7 0 implies v1 ~ uy ~ vo (using
(GP2) and thus the triple (v1,u1,v2) is in the set on the right-hand side.
If v1 = vo, then we obtain immediately f({uy,v1}) = {u/,v'} € I(u) and
this yields v’ = u.
Next, assume v1 # v2. In view of Lemma there exists some ugy € U
such that the graph from Figure [f] is a subgraph of G, where e; € J(u)

for some {u',v'} € I(u) with py, py, pu, # 0.

€1

U1 U1

€2 €3

U2 (%]

€4

Fig. 6. The graph G(u1,v1,v2,u2)
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(& u € f(er)), and e2 € J(V') (& V' € f(e2)). Again by (7)) the subgraph
G'(f(e1), f(e2)) must take one of the two forms shown in Figure [5| The
vertices u' and v' must be as depicted since e; € J(u') and eg € J(v'). Now,
one sees that either f(e1) = {u/,v'} or f(e2) = {u/,v’'}. Then the assumption
{v/;v'} € I(u) implies f(e1) € I(u) or f(ez) € I(u). In any event, it follows
that w1 = u.

Putting everything together we obtain

or1(erp)) = Y ( > pvlpu1pv2)

{ww'}el(u) {ui,vi}ed@),{ui,v2}eJ (@)

= Z DPviPuPvs = Z DPvy PuPovs

V3vi~u~vg €V v1,v2€V
= (Z pv1>pu< Z pvz) = Pu,
v eV %

where we use the claim for the passage from the first to the second line. The
last two equalities follows from (GP2)) and (GP1)), respectively. m

Finally, we can state the main result of this section. This theorem was
mentioned in the introduction as Theorem

THEOREM 5.6. We have
C*(G) = C*(G’) < SpecSQ(C*(G)) e SpecSQ(C*(G’)).

Proof. The implication from left to right is clear. Solet @ : Speco(C*(G))
— Speco5(C*(G")) be a homeomorphism. One obtains an induced bijective
map f : E — E’ which satisfies @ and as discussed in Lemma The
same properties hold for the inverse map f~!: E' — E. By Proposition
we obtain the x-homomorphisms ¢ and -1 described in and @D By
Lemma @1 is a left inverse of ¢, and by replacing f with f ~1 one sees
that ¢ is a left inverse of p;-1. Consequently, ¢ is a *-isomorphism. =
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